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Abstract

We examine three non-conservative interacting particle systems in one dimension model-
ing epidemic spreading: the diffusive contact process (DCP), a model that we introduce and
call generalized diffusive contact process (GDCP), and the susceptible-infectious-recovered
(SIR) model. For each system, we establish duality relations through an analytical approach.
As an application, we provide a new expression of the correlation functions for the steady
state of the finite volume DCP and GDCP in contact with boundary reservoirs. We explicitly
compute the one point correlation function of the steady state of a small sized DCP, and for
arbitrary size in a particular setting of the GDCP. For the infinite SIR model, the duality re-
lation obtained yields an explicit expression of the time evolution of some specific correlation
functions, describing the time decay of the sizes of chains of susceptible individuals.
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1 Introduction

In the context of Markov processes, duality is a remarkable tool to analyze a model of interest
using another model, its dual, via an observable for both models called duality function. For
interacting particle systems, there are various ways of deriving a duality relation, when it is
available: using analytical tools via computations on generators or intensity matrices, through
pathwise methods via a graphical representation, or by an algebraic approach; in the latter case,
a unified treatment of conservative systems has been derived. A non exhaustive list of books or
surveys that deal with duality is [23, 22, 16, 29, 33, 6], see also references therein.

In this article, we study three different non-conservative interacting particle systems, namely
(i) the diffusive contact process (see for instance [20]), which we augment with open boundaries
that allow particle exchanges with external reservoirs, abbreviated below by DCP, (ii) a general-
ization thereof with a variable death rate, abbreviated below by GDCP, and (i) the susceptible-
infectious-recovered (SIR) model ([30]). All these particle systems, described informally below
and defined formally in terms of their generators in Sections 2-4, are Markovian models for
the spreading of infectious diseases, but with different microscopic dynamics. For each of these
models we prove a duality relation using analytical tools. Nontrivial duality relations are, in
general, rare and exceptional. They occur, for example, in conservative particle systems, in the
presence of non-Abelian symmetries [26, 14], or when the time evolution of n-point correlations
is fully determined by k-point correlations of lower or equal order k£ < n ([27]). This is not the
case in general for models such as ours, where the total number of particles is not conserved
by the bulk dynamics, and the evolution of correlations involves higher order correlations. It
should also be noted that in general it is not guaranteed that the dual process turns out to be
simpler. As pointed out in Chapter II of [23], “for the contact process the dual Markov chain
may be no easier than the original problems for the particle system; duality yields interesting
and important connections between these problems which add insight into what is going on”.
Therefore, whether duality is useful or not, depends not only on the dual process, but also on
the type of question that one asks. Indeed, it will turn out that dualities for models of epidemic
spreading of diseases may be of different nature and address different questions.

Dualities that frequently appear in interacting particle systems are factorized dualities, mean-
ing that the global duality function is a product over local duality functions on each lattice site.
Such a duality is well-known for the contact process ([22]). Here, we prove that the same duality
function can be used both for the open DCP, and for its generalization GDCP, to obtain infor-
mation about the invariant measure. In the case of the GDCP, it also yields information on the
time-dependent one-point function for arbitrary initial states. For the SIR model, we prove a
different kind of duality, that we call cluster duality, since the duality function relates the particle
configuration in a cluster of neighboring sites, to the dual process which involves the boundaries
of the cluster. This type of duality function, reminiscent of the so-called empty-interval method
used to study correlations in reaction-diffusion processes ([1]), appears to be unexplored in the



context of interacting particle systems, and may have further applications to other models. We
use it to study the time-dependence of correlations in the SIR model. Our results induce many
open questions that we plan to address in the future. Also, note that although we treat each
model separately, we aim, in future work, at a unified treatment of such models, via an algebraic
approach.

We now briefly describe the three models studied in this work, that are one-dimensional
interacting particle systems, either on Z or on Ay := {1,.., N} with N > 1 sites, and the results
we obtain for them through duality. Let us first recall the definition of duality between two
Markov processes.

Definition 1 (Definition 3.1 in [23], Chapter II). Let X = (X¢)i>0 and Y = (Yi)i>0 be two
continuous time Markov processes with state spaces Q and QI respectively. We say that X
and Y are dual with respect to a local duality function D : Q x Qdual 5 R 4f

EmD(Xt7y) = E,UD(:L"Y%) (11)

for all (z,y) € Q x QW and t > 0. In equation (1.1), E, (respectively E,) is the expectation
w.r.t. the law of the process X initialized at x (respectively the process Y initialized at y).

In the diffusive contact process (DCP), each lattice site can be occupied by at most one
particle. Its dynamics is the superposition of the (basic) contact process (CP) with birth rate
A > 0, with the symmetric simple exclusion process (SSEP), a particle exchange dynamics
parameterized by a diffusion coefficient D > 0. In the CP, a particle on site x on the lattice
“dies” (i.e., disappears from the lattice) with rate 1 and “infects” (i.e. attempts to create another
particle), with rate A > 0, on a neighboring site, provided the latter is empty; otherwise the
creation attempt fails. In the SSEP, particles attempt to jump to nearest neighbor sites, at rate
D > 0, provided the chosen target site is empty; otherwise the jump attempt fails, see [23, 22]
for a precise definition of both the CP and the SSEP.

The dynamics of the DCP is irreducible and its state space finite, so it admits a unique
invariant measure (or stationary state). For the closed DCP (that is, with no reservoirs), the
empty configuration is an absorbing state, so the invariant measure is completely explicit and
corresponds to the Dirac measure concentrated on the empty configuration. When adding
reservoirs of particles, which can remove or inject particles into the system at random times,
the empty configuration is no longer an absorbing state, as the reservoirs maintain the process
“alive”.

The goal of using duality for the DCP, is to get a better understanding of its stationary
state, when in contact with reservoirs. In Section 2, we establish in Theorem 1 a duality result
between the DCP with an open boundary, and the DCP with a purely absorbing boundary.
From this duality relation, we provide a new expression for the correlation functions of the
invariant measure in terms of absorption probabilities, and compute them for small size systems
in Subsection 2.3. Somewhat unexpectedly, the bulk duality function is the same as for the CP
with closed boundaries. We also comment briefly on the fast stirring limit, in which the process
effectively reduces to a birth-death chain on the integers {0,1,..., N}. Note that fast stirring
limits have been much investigated for infinite volume systems in Z¢, to establish hydrodynamic
limits (see e.g. [7, 9]); much less is known in our case with a finite diffusion coefficient D. This
is also why, in the appendices A and B, we investigate other direct approaches to compute, on
small sized systems, the invariant measure, and its correlation functions.

The generalized diffusive contact process (GDCP) has the same structure as the DCP, namely
the superposition of a SSEP with diffusion coefficient D, and a generalization of the contact
process, that is, a process with infection rate A > 0, but with death rates depending on the



occupation variables on the neighboring sites, instead of being constant equal to 1. This model
is a special case of general models introduced in [25, 27]. As for the DCP, the goal of using
duality for the GDCP is to get a better understanding of its stationary state when in contact
with reservoirs. In Section 3, we derive in Subsection 3.2 several duality relations for the GDCP,
and focus on one of them that induces a dual process with no birth rate. As an application
of the latter dual relation, we compute in Subsection 3.3 the one point correlation functions of
the stationary state, for a general bulk of N sites. Moreover, we obtain a system of ordinary
differential equations for the time-dependent one-point correlation functions, for arbitrary initial
distributions. After some elementary transformations, this system of ODE’s becomes identical
to that of the SSEP with open boundaries, but without any nonconservative bulk processes.

The one-dimensional susceptible-infectious-recovered (SIR) model, that goes back to the
partial differential-equation model for epidemics introduced in [19], describes the evolution on
the infinite lattice Z (hence without reservoirs), of three species of individuals: susceptible (in
state S), infectious (I), recovered (R). An infectious individual infects a susceptible neighbor
at rate 8 > 0, it recovers at rate v > 0 and becomes immune (that is, it remains forever in state
R).
As in the previous sections, our goal is to compute correlation functions. However for the
SIR model, this is quite different to the DCP and the GDCP where we were interested in the
invariant measure. Here, the state space is not irreducible and there are infinitely many invariant
measures (Dirac measures on blocked states), so the asymptotic behavior of the system is highly
dependent on the initial condition. We are rather interested in the time evolution of correlation
functions according to the initial state of the system. In Section 4, we study the “n-point
cluster functions”, named as such in [30], which are quantities written in terms of higher order
correlation functions. Thanks to these cluster functions, we derive in Subsection 4.1 a duality
relation between the SIR model and a two dimensional random walk on two layers with a trap.
From that, using a probabilistic approach, we provide in Subsection 4.2 an explicit expression
of the average of these cluster functions at any time. This new treatment of the model allows
us to extend the results of [30] for translation invariant initial distributions, to the case of non
translation invariant initial distributions.

The paper is organised as follows. In Section 2, we study the DCP, adding in Appendices
A and B computations that do not rely on duality. In Section 3 we study the GDCP, and in
Section 4, we study the SIR model.

2 The diffusive contact process (DCP)

In this section, we define the DCP with open boundaries, and establish the duality relation with
the DCP with purely absorbing boundaries. A duality relation which turns an open boundary
into a purely absorbing one, is quite common in interacting particle systems, we refer to [31] for
an early result, where absorbing sites in dual processes were discussed. This also appears in the
SSEP on a discrete segment with two open boundaries, see [32, 5, 10]. However, the analysis of
the effect of reservoirs on the stationary state of the DCP substantially differs from the case of
conservative particle systems such as the SSEP, where the system is driven out of equilibrium
due to a current of particles produced by the effect of reservoirs tuned differently, see [8, 28, 15].
In our non-conservative setting, the system is constantly out of equilibrium.

2.1 The model

For N > 1, denote by Ay = {1, ..., N} the one dimensional finite chain of size N, which we refer
to as the bulk. A site of Ay is either empty (in state 0), or occupied (in state 1). Therefore,



the state of the system is described by an element 1 = (11, ...,ny5) € Qn := {0, 1}*~ such that
for1<z <N,
1 if x is occupied
Ne = . . (2.1)
0 if z is empty.
In the bulk, the dynamics considered is the superposition of a contact process with parameter
A > 0, with a symmetric simple exclusion process (SSEP). Both these dynamics are of nearest-
neighbor type and are defined as follows. For x,y € Ay, * ~ y means that z and y are
neighboring sites in Ay.

In the contact process with parameter A > 0, a site x € Ay becomes occupied at rate
)\Zywx 1y if it is empty, and becomes empty at rate 1 if it is occupied. The generator of this
dynamics acts on f: Qn — R as follows, for n € Qp:

N-1

LPFm) = [+ ML= n2) (nae1 + no11) ] [F(0F) — F ()]
o=2 2.2
+ [+ AL =m)me] [F(n") — fF(0)] 22
+

NN + )\(1 — TZN)TIN—ﬂ [f(TIN) - f(n)]-

where for z,y € Ay,

ny—{l_% ify = (2:3)

represents the flip of the occupation variable at site x € Ay. Note that this generator can be
re-written as follows:

N-1
LPFm) = TL0) = 1] + D2 L8+ L0 = F)] (2.4)
=1

with the bond generator

L8170 = e [F0r7) — FO0] + M1 = mmea [F7) — £ )]

: (2.5)
+ e [P = F)] + A = nar)na [f(0™) = f(m)]

Finally, one could also highlight the action on the site instead of the bond, i.e. by defining, for
1<z < N-—-1,

L5 £) = 5 [F0) = F0)] + A0 = o [F67) = F0)] (26)

and

LY f(n) = %nxﬂ £ ) = F)] + AL = o) [f (") = f(n)], (2.7)

so that the bond action is

£ ) = £S5 f(n) + £SF, _f(n).

In the SSEP, particles jump to one of their neighboring sites, under the exclusion rule, namely
each site can accommodate at most one particle, and the direction of the jump is not biased to
the left or right. The generator of this dynamics acts on f : Q2 — R as follows, for n € Qn :

N-1
L f(n) = L3SER F(n), with L35EF F(n) = f(n™™ ™) = f(n), (2.8)

r=1



where for z,y € {1,..., N},
n. iz ¢ {xy}
naY =19 ny if z=2 (2.9)
Na if z=y.
The generator of the bulk dynamics resulting from the superposition of the contact process
and the SSEP is therefore given by £CF 4 £55EF,

We study the open boundary version of the DCP, namely we attach reservoirs of particles at
each end point of the system, which introduce or remove a particle from sites 1 and N. These
reservoirs are parameterized by four positive parameters a,~y,d, 3. A particle is introduced at
site 1, resp. N, at rate «, resp. &, provided the site is empty. A particle is removed from the
system at site 1, resp. N, at rate -, resp. (3, provided the site is occupied (see Figure 2.1). The
associated generators of these boundary dynamics act on f : Qny — R as follows, for n € Qn:

Lof(n)=a(l=m)[f") = f)] +ym[f(n") = f(n)] (2.10)

and
Lifn) =061 =nn)[f™) = f)] + Ban [F(0™) = F(0)]. (2.11)

Note that we do not put an index ‘DCP’ in these generators since they are not specific to our
dynamics.
Finally, the generator for the open DCP is given by

PP — £ 4 L L DLEP (2.12)

where D > 0 is the diffusion parameter.

Since the DCP and the GDCP are particle systems on a finite lattice, and therefore with a
finite state space, the duality function can be written as a matrix and the Markov generators
of the processes can be written as intensity matrices [24]. Recall that an intensity matrix L is
such that

L(z,y) >0 for x#y and Z L(z,y)=0.
y

For x # y, L(z,y) represents the rate to go from state x to state y.

Remark 1 (Countable state space). If both the original process X = (Xi)i>0 and the dual
process Y = (Y;)i>0 are Markov processes with a countable state space, the duality relation can
be written in matriz notation as ([/34))

T
LD=D <Ld“““> (2.13)

where L is the intensity matriz corresponding to the Markov generator £, LY js the intensity
matriz corresponding to LY and the superscript T denotes matriz transposition. Equivalently
one could choose to adopt the quantum Hamiltonian representation [25, 28] of the intensity
matriz, namely H = —LT, and in this case duality reads HT D = DHI! see [26].

Therefore, as the state space of the DCP is finite, one can encode the dynamics in a finite
sized matrix. To write these matrices in the canonical basis (e;);<on of R%" | to each vector e,
we associate the unique configuration n° = (1}, ..., n}y) such that

N
i=14> 2N kg (2.14)
k=1

6



For example, for N = 2, the order is

e1 = (1,0,0,0) associated to (0,0), es = (0,1,0,0) associated to (0, 1),
es = (0,0,1,0) associated to (1,0) and e4 = (0,0,0,1) associated to (1,1).
With this ordering of configurations, the bulk dynamics matrix writes

N-—1
L + DL = N "0, + 0y + Uy, (2.15)
z=1

where for x = 1,..., N — 1, denoting by ® the Kronecker product and 1 the two-dimensional
unit matrix,
0, =180 g ¢ g 1 ®N-1-2) (2.16)

with £ corresponding to ESE 1t DEE?EE:

0 0 0 0
oo |12 —2+D 4N D A

~ 112 D —(1/24D+XN) A |’
0 1/2 1/2 ~1

and, for x =1 and x = N, Zl and ¢, n correspond to the first and last terms in the right hand
side of (2.4) with, B B _ —
0 =0 1801 and Iy :=1°0V-D gy (2.17)

£= <1(/)2 —?/2) '

Regarding the boundary dynamics the matrices ¢; and Zf correspond respectively to £_ in
(2.10) and L4 in (2.11), with

where

07 =0 @101, and o =180 g g+ (2.18)

_ (o « ) 5>
£_<’Y —7)’ ‘ _<B -8

In total, the intensity matrix of the DCP dynamics is given by

where

N—-1
LPOP =N "l + 6+ Iy + 47 + 2, (2.19)
r=1
The dynamics of the DCP is irreducible and as the state space €y is finite, the process admits
a unique invariant measure ¥P¢P which depends on «,d,7,3,D and A. As soon as o # 0 or
§ # 0, the empty configuration is no longer an absorbing state and vP°Y cannot be found by
direct computations when N is large.

2.2 Duality for the DCP

Introduce the dual space
Q?\}lal = No X {0, 1}AN X No,

where Ny = {0,1,2,---} is the set of non-negative integers.



Figure 1: Contact + exclusion process on Ay with reservoirs.

Theorem 1. The open DCP (n:)i>0 with generator (2.12) is dual to a purely absorbing contact
process (&)t>0 with duality function D : Qn x Q38 — R, given by

)" Hmo(545)" (220)

P& = (17

where the bulk duality function is:

Hpo = [ @=m)= [ @=m)*, (2.21)

TEA(E) TEAN
with A(§) = {y e{l,..,N}, & = 1}. The dual generator is given by

LDOP.Dual _ pDual | pCP | 1 SSEP 4 pDual (2.22)

CP SSEP
c L

where is the generator of the contact process defined in (2.2) 1s the generator of the
exclusion process defined in (2.8) and the action at the boundary on function f : Q?\?al — R s

PFE) = (atMalFE) - fE)] (2.23)
LRRf©) = 0+ PEn[FENNT - £(O)]. (2:24)
We denote the reservoir densities by
o
c_ = al’y’ and c; = EwR (2.25)

From now on, in this section, the letter n will be relative to a DCP and & to the dual process
introduced in Theorem 1.

First, notice that in our case Definition 1 is equivalent to the following relation involving the
corresponding Markov generators of the processes:

Proposition 1. ([24, Theorem 3.42]) Let L the generator of the process X and LY the gen-
erator of the process Y. Then X and Y are dual with local duality function D if

(£D(2)) (y) = (£*D(y, ) (@) . (2.26)

for all x € Q and y € Qdval,



It is known in the literature that both the contact and the exclusion processes with closed
boundary conditions are self-dual with duality function (2.21), see in particular [23, Chapter 3,
Section 4] and [20, Chapter 5]. This leads to a self-duality relation for the bulk of the DCP,
namely we have that for any n,£ € Qp,

(£°F + L5V H (n, ) (€) = (L7 + LBFPYH(, &) () . (2.27)

Remark 2. As noticed in [29], for the system with either closed or periodic boundary conditions,
given a,b,c,d € R, the function

Hp, &)= ] la+bn]*

TEAN

is always a self-duality function for the exclusion process. The case a =1, b= —1, ¢ =0 and
d =1 yields H = H, the self-duality function for the contact process.

Proof of Theorem 1. Taking into account Proposition 1, and by equation (2.27), we are left to
show that

(L_+ L£4)D(.,€)(n) = (£P" + £P D(n, ) (€),

where we recall that £P! is defined in (2.23), £ in (2.24), £_ in (2.10) and £ in (2.11).
Without loss of generality, we prove the result for the left reservoir, i.e.

L_D(.,&)(n) = L2 D(n, )(©),

and the proof that £, D(.,&)(n) = L2 D(n,.)(€) follows the same steps. We have

‘C—D(7£)(77) = a(l - 771) [D(ﬁlvf) - D(va)] +m [D(nlag) - D(nag)]

Now,
¥ o 1 1) EN+1
o =(—=)" II a-n(+—)
T Lae p+o
= ( i )éo (1-n )(L>£N+lmﬂ1 A) T D1, ) Tigace
- x S ) .
YTV A\ o
Therefore,

D(nlv §) D(na é) D(U é) (TI’ 5)]11614({) - D(na 5)]11¢A(§)

’y 50 5 5N+1
=) 57 mlicae) — D, §) e
(a + 'y) zeA(g)\{l} (6 + 5)
ol 50 0 \ént1
= Cm-1 J] Q=) Ticage)-
(a + 'y> AL <ﬂ + 6)



Figure 2: Diffusive contact process with absorbing reservoirs.

Finally, we are left with

&o 1) EN+1
£oom=a(-m) () en-0 I 0-m)(555)" teaw
zeAO\{1}

~ &o B B L EN+1
tam (a + 7) =) xeAg\{l}(l ) <ﬂ + 5) Tieac

v \éo 6 \én+1
= —aD(n,§)Licace) + 7(04 n 7) IT a-m (m> mlieage
z€AO\{1}

y So+1 0 \ént1
=@+ NPmOeae + 0+ (1=) I -m(555)" heae
zeA(\{1}

= (@ +7)& [D(n,¢") = D(n,€)),

which is exactly the dual absorbing generator of the left boundary. O

2.3 Correlation functions via duality

In order to provide a better understanding of the invariant measure vPP of the DCP with ab-
sorbing boundaries, we study its correlation functions thanks to the duality relation established
in Theorem 1. The dual process is seemingly simpler, as it almost surely becomes extinct. We
are thus able to express the correlation functions of the original process in terms of absorption
probabilities of the dual process. This allows to get an upper bound for the one point correlation
function, see subsection 2.3.1. However, the explicit computation of these correlation functions
relies on solving large systems of linear equations, see subsection 2.3.2, and it is not clear whether
they are simpler to solve than the ones obtained in the appendices A and B, through a more
standard approach based on solving Fokker-Planck equations.

In the following, for 1 < ¢ < N, the ¢-point correlation function of vPCP

defined by

is the function p?CP

Vg < ...<xy € AN, p?cp(l’l, xg) = ]EVDCP [77331"'7790@] (2.28)

10



with the convention py“F = 1. Introduce 7y the extinction time of the DCP (£(t));>0 with
purely absorbing boundaries:

TN :=inf {¢t >0, Vz € {1,.., N}, &(t) =0}. (2.29)
Also, introduce the total number of particles absorbed on the left and right hand side boundary:
€o(00) = lim &o(t), and Eny1(00) = lim Ena(2), (2.30)

where the limits are almost sure. As the process almost surely becomes extinct, 7n, {o(c0) and
En+1(00) are almost surely finite and &y(00) = &o(7n7), and En41(00) = En+1(7n) almost surely.

2.3.1 One point correlation functions

For y € Ay, denote by d, the element of Q‘}V“al where there is a particle in site y € Ay and all
other sites x # y are empty.

DCP

Proposition 2. The one point correlation function of v s given by

Vy € Ay, p]?CP(y) =E,pcr[ny] =1 —Es, [C@(w)CiNH(OO)] =1-E;, [Cfo(TN)CiNJrI(TN)]' (2.31)

Proof. By definition (2.20) of the duality function D given in Theorem 1, if we choose as dual
process £(t) = d,(t) we have

D(n,0y) =1 —mny .
The duality relation (2.26) then yields that for any ¢ > 0,

/En [D(n(t), 6,)]vPF (dn) = /an [D(n, €()] P (dn). (2.32)

By invariance of vPCP| the left hand side in (2.32) does not depend on t and equals

/En [D(n,6,)]vPF (dn) =1 —E,peen,] (2.33)

while the right hand equals
E: [D " DCP (4 R [80(00) £n1(o0) 234
5, (D01, €00 (dn) — B, [0 1), (2:34)

since for ¢ — oo all dual particles will eventually be absorbed at the boundary. Collecting (2.33)
and (2.34) yields the result. O

Although the dual process is seemingly simpler than the original one, it remains a non-
conservative process and the total number of particles absorbed by the reservoirs can reach
arbitrary values. Therefore, we are not able to provide an explicit expression of the right hand
side term in (2.31), contrary to the case of conservative particle systems where exact formulas
are available, we refer to section 2.3 of [12] and Theorem 2.2 of [11], where a closed formula for
the n points correlation is found in the non-equilibrium steady state of two models with open
boundary and the same purely absorbing dual.

However, note that the dual process (£(t))¢>0 either dies out before any particle lying in
the bulk has had time to reach the boundary, or, it dies out and at least one particle has been

absorbed by the boundary reservoirs. Thanks to this observation, the following upper bound
holds:
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Lemma 1. Fory € Ay, denote by Ay(oco) the following event:
Ay(00) = (£(0) = 8, S <),

that is, starting from a single dual particle at site y, at least one particle is absorbed by the

boundary of the system. Then,
prF (y) < Ps, [Ay(c0)]. (2.35)

Proof. We have

an [Cﬁo(oo)ciNﬂ(OO)] _ Pay [A (c0)° ] 1 Ey [ o(c0) €N+1( )]lA (Oo)]
—1-P,, [A (00 )] +E; [50(00) Ent1(o0 )]lAy(oo)]v

therefore,

pDCP(y) E5 [50(00) Ent1(o0 )] < ]P6y [Ay(oo)]

O
Remark 3. This inequality is of interest if the upper bound is small, that is, when the probability
that starting from a particle at y, the process reaches the boundary before it becomes extinct, is
small. Heuristically, if the time of extinction Ty of the process is small, then the particle should
not have time to reach the boundary. The extinction time is small when A is small. Precisely, an

estimate of Ty is known in the case of a subcritical contact process on Ay (without exclusion),
and we refer to [22, Part 1, Theorem 3.3].

2.3.2 Higher order correlation functions

The idea of relating the £ points correlations using the dual absorption probabilities goes back
to [13] for a model of stochastic diffusion of energy. In the same spirit as in Proposition 2
in [13] we can show the following results for the DCP model. Given 1 < ¢ < N and sites
1<z <..<x¢ <N, denote by 6z, z,,.. 2, the element of chi\}‘al where there is a particle at
sites x1, ..., zy, and none elsewhere.

Proposition 3. Forany 1 </ < N andany 1 <x1 < .. <z <N,

4
E bce {H (1- ij)] = Z(—l)k Z PR (iys oy 2,

j=1 1<i1 <. <ip <l (2.36)

m,n>0

Proof. For simplicity, we consider that only the left reservoir interacts with the bulk, that is,
0 = 8 =0, but the reasoning remains the same if that is not the case. Our goal is therefore to
prove that for any 1 <z < ... <xy < N,

L
E,por [H (1- nmj)} o [go(oo) - k] e (2.37)
j=1
In this case, it follows that the duality relation (1.1) holds with duality function

D(n, &)= J] (0 —na)*. (2.38)

JJGAN
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In other words, the initial process is dual to a DCP with an absorbing reservoir with rate o+ .
Then, proceeding as in the proof of Proposition 2.31, we consider the duality relation (1.1) under
the invariant measure for the original process and, taking £ = 0z, 4,.... z,, We have:

Ew@[m—nmﬂ1—mgnx1—m@}:E%Na WF@wq. (2.39)

,,,,,

Expanding both sides of (2.39), we are left with

4
STEDE Y AR @) = D oy [€0(00) = Bk

k=0 1<ig <...<i <l k>0

O]

Below, we show that, if we consider a small bulk, we can explicitly compute the absorption
probabilities. The idea is to perform a conditioning on the first step of the dual dynamics, and
to get an explicit expression for the absorption probabilities of the dual process.

N =1 site

The behavior of the bulk is conservative as the contact dynamics has no effect here (no possible
birth). This provides a finite sum in the expression of the correlation function (2.37) obtained
through duality, allowing us to compute it conveniently. By (2.31), we have

E,pcp[l —m] =1— plljcp(l) =Ps, (50(00) = 0) &+ Ps, (fo(oo) = 1) c_.

To compute the absorption probabilities Ps, <§0(oo) = 0) and Ps, ({0(00) = 1), we perform a
conditioning on the first possible outcome of the process, starting from a particle at site 1:

Py, (§0(00) = 0) = Py, (&0(00) = 0| Teft jump ) Py, (left jump)

+ Py, (50(00) =0]it dies)IP’(gl(it dies)

o+ 1 1
O a+q+1 a+y+1
1
a+y+1

and,

Py, (§0(00) = 1) = Py, (8o(00) = 1| left jump ) Py, (left jump)

+ Ps, (50(00) =11]it dies) Ps, (it dies)
o+ 0 1
a+v+1 a+y+1

ety

a+y+1

if there is one particle absorbed. Therefore,

DCP a
)=—"
i (1) at+y+1

which matches what we get in Appendix B, for N = 1, through the Fokker-Planck equations.
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N = 2 sites

This is the first non trivial case. In addition to the dynamics for one bulk site, the effect of
the exclusion process (with rate D) as well as the effect of the contact process (with rate \)
are present, therefore we have an infinite sum in equation (2.37), as expressed below in (2.40).
Recall the expressions of the correlation functions (2.28) provided by the duality relations (2.31),
and (2.37):

P?Cp(l) =1- Zkzo Ps, (50(00) = k)cli
PPT(1,2) =1=3450Ps,(60(o0) = k)ck (2.40)
P?CP(Q) =1- Zkzo Ps, (50(00) = k:)c]i .

To compute the absorption probabilities appearing in the infinite sums, as in the case N =1,
we condition on the first possible outcome of the process, starting from a particle at site 1, 2 or
at both sites. For k > 0, we define

:clf = Ps, {fo(oo) = k}, :Cg = Ps,, [fo(oo) = k}, and xlg = Ps, {f@(oo) = k},

the probabilities that £ > 0 dual particles are absorbed in the left reservoir starting from a
particle at site 1, 2 or at both sites. To alleviate notation we do not write the dependence on the
model parameters «,y, A and D on these absorption probabilities. For k > 0, define the column
vector

Cv=|2k]. (2.41)

e For k£ = 0, the conditioning on the first step leads to the following system:

20— A 29 _ D 29 — 1
17 afy+DFAF1 Y2 7 afyF+DFAF1 U3 — afy+DFAF1
=1 .0 o_ 1 .0 __
otz Y1 T 22~ o T3 = 0 (2.42)
-D 0 A 0 0_ 1
DAl X1~ Dt L2 T 23 = ppagie
that is,
-1
Aty +FD+A+1
MyCo = 0 : (2.43)
1
DFrA+1
where
1 D) -D
At +D+IMT  atyFD+AHL
e | =1 _ =1
My = aty+2 1 aty+2 ) (2.44)
—D -\ 1
DrA+1 DHA+1

and where 2 in Ms refers to the fact that N = 2. We have

d
d = det My = , 2.45
ST DI T D+ +2D+tatyrArtl) (245)

where

d:=DA+ (a+)[(a+7+A+2)A+1)+1]+2(A+1), (2.46)

14



with
A= (a+7+2A+2? = AA+4) = (a+7+2)*+ 27 (a+7) (2.47)

So det My # 0, and solving (2.43) by inverting Moy yields

d'2D+ A+ 1) (a+7v+2)

d 4D+ a+v 42X + 2] (2.48)
d 2D+ a+v+ A+ 1) (a+v+2).

7
5
75

For k = 1, the same conditioning leads to

! — A zl D pl— oty
L aty+D+A+1 72 aty+DHA+HL 73 T aty+D+HA+HL

-1

Jr
aTaTz U1 T2 — Grae ¥ = ST o8 (2.49)

at 2 T3 = a2 T3

D .1 A 1,1
Diagt L1~ Dot T2 T 23 =0,

that is,
a+y
aty+D+FA+1

MyCy = | 505 o} (2.50)

0

Again, as det Ms # 0, we can invert this and, to lighten the formulas of the solution, we
introduce the notation

¢ =DB+XN+ANa+y+2)+a+vy+1, (2.51)
where
B:=(a+7y+2X+2). (2.52)
We get:
~ [ Ma+v+1)
1=d*? 2) | D+ 14+ ——-~
1 (a+vﬂa+7+)_ T
+m4@D+A+mQD+a+7+A+m}
~ 2D+ A +1  ~
v =d Ha+y)(a+v+2) ) +d 1@0(2D+a+’y+1+)\)} (2.53)
a%:J4m+ﬁﬂa+7+m-D+4—lL—~HfQQD+A+a+7+1P.
L i at+y+2

e For k = 2, the same conditioning leads to

k A k D k _

1~ oty DAl L2~ arrpiarT 3 =0
-1 ko k_ 1 k_ _aty k-1

a2 L1122~ o572 U3 7 a2 T3 (2.54)
Dk A ko ok _

DA+l ¥1 = ppagT Y2 T3 =0
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that is,
0
MyCh = | 35525 o5~ (2.55)
0

Again, inverting Ma, using the definition of ¢ given in (2.51), and introducing

¥ = Da+v+2)+A+d ANa+v+2)2D+a+vy+A+1)? (2.56)

we get: B
=d2XMNa+7)?2D+ A+ 1)y

2
1
23 =d *(a+7)%p0 (2.57)
2=d 2\ a+7)2@D+a+y+ A+ ).

e For k = 3, the same reasoning as for the cases above yields

=d 3N+ 7)P2D+ A+ 1)2D +a+y+ A+ 1)y

3

.%'1 ==

3 =d3Ma+79)32D+a+y+ A+ Dy (2.58)
3

"E3 —

d3N2(a+7)32D +a+v+ A+ 1)%p.
e For k > 3, using the same conditioning and reasoning recursively, we find that

ok = gl:_kA(k_2) (@+7FCD+A+1)2D+a+v+ A+ 1)E 3y
k= (i_k)\(k_‘g) (a+NFED +a+y+ X +1)E3p2y) (2.59)
2 = dFAFD (a4 )FED + a4+ + A+ 1)),

Finally, we are left to plug in the terms 2%, 25 and 2% in (2.40). We refer to Appendix B where an
alternative explicit expression of p1(1), p1(2) and pa(1,2) is computed using the Fokker-Planck
equations.

N sites

Generalizing the above strategy to N sites and showing that the corresponding matrix My is
invertible would allow us to completely determine the correlation functions. To this end, we
stress that the order of the unknown variable is chosen in an arbitrary way. One possibility to

systematically ordering the variables is the following, defined recursively for IV sites. There are
N

Z <JZ> = 2V _ 1 total number of configurations to order: the first 2~! unknown variables
ﬁai/e a particle at site 1 and the rest is completed by a configuration from the N —1 th ordering.
The 2V~ — 1 coordinates left are the ones such that site 1 is empty and the rest is completed
by a configuration from the N — 1 th ordering. More explicitly, for N = 2 sites we have ¢! = §y,
€2 = 612, £ = 55 which is the order we used (See Figure 3). For N = 3, this rule would give us
the ordering fl = 51, 52 = 5172, 53 = 51’273, 54 = 5173, 65 = 52, 66 = 5273, 57 = 53 and so on.

For N fixed and for k > 0, denote z¥ = P,i[§(c0) = k]. Also, for n € Ay introduce A(n)
the set of configurations containing at least one particle and resulting from 7 after the jump,
birth or death of a particle in 7 (but not an absorption in the left side reservoir). Denote by
(p(n',17))1<i j<n the transition probabilities between configurations. Then for any 1 < i < 2V -1
and for any k > 2, the following recurrence relation holds:

oN_1 oN_1
k i i\k i g\ k—1
d= S Y s
j=1 j=1
nd e A(n®) nJ AN\ A(n?)
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A particle at site 1 and
the rest completed by a
configuration from the
N-1 th ordering

No particle at site 1 and
the rest completed by a
configuration from the
N-1 th ordering

Figure 3: Ordering of configurations

For k = 0,1 the recurrence relation remains the same modulo some changes on the second sum
in the right hand side. Therefore, denoting Cj, the column vector (xf)lSz-SgN_l, for any k > 0,
there is a matrix of size 2V — 1 of the form M = I,ny_; — P such that

MCy = Ry,

where Ry is a columns vector involving some constant terms for £k = 0,1 and terms from Cj_1
for k > 2, and where

P = (p(nl’n])nﬁjeA(Wi))lgi,jSQN—l’
By the Perron-Frobenius Theorem, as P is the transition matrix of an irreducible dynamics, one
has that M is invertible and
Mt =) PN

k>0

2.3.3 Fast stirring limit

It is interesting to consider the fast stirring limit, that is, D — oo for the DCP model. Unlike
in hydrodynamics, here, we discuss the setting where time is not rescaled when performing this
limit.

When D — oo, the DCP essentially reduces to a birth-death chain on the lattice {0,1,..., N}.
This can be seen by considering a configuration 7(t) with n(t) particles, where 0 < n(t) < N, and
where the process n(t) is defined in a way that is analogous to the derivation of the reaction term
in the fast stirring limit of a reaction-diffusion processes, as discussed in [7, 9]. More precisely,
between any attempt to create or annihilate a particle in the bulk or at the boundaries, the
process is just a SSEP with infinite rate, which has the uniform measure as its stationary
distribution. This means that in between any creation/annihilation event of a particle (death,
infection, and reservoir events), any configuration 7n(t) with n(t) particles, moves uniformly
to another configuration 7n/(t) with n/(t) particles, so that on the time scale of the creation
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and annihilation processes, the following transitions occur: any given configuration with n(t)
particles will turn uniformly into another one with n(t)£1 particles. The invariant measure of the
process in this limit thus becomes a convex combination of uniform measures on configurations
with n particles, where the weights are given by the stationary weights of the birth-death chain
that describes the transitions between configurations of n and n + 1 particles.

Specifically, the rate at which a particle dies in the closed DCP at a given site (transition
n(t) — n(t) — 1), is n/N (which is the probability of finding an occupied site in the uniform
distribution), and since there are N sites where particles can die, the rate of transition is n.
In the open DCP, particles can also die at the boundary sites with rates v, and [ respectively.
Hence the transition rate from a configuration with n(¢) particles to a configuration with n(t)—1
particles is n + (8 + v)n/N. Likewise, the rate at which a particle is created in the DCP by
infection at a bond, is given by the probability of finding an occupied site with a vacant neighbor
in the uniform distribution (which is n(N —n)/(N(NN — 1)) times the number of bonds (which
is N — 1) times 2\ (since at each bond the infection can occur with rate A from a particle on
the right or on the left site of the bond). In the open DCP particles can also be created at the
boundary sites with rates «, and J respectively. Hence the transition rate from a configuration
with n(t) particles to a configuration with n(t) — 1 particles is 2An(1—n/N)+ (a+0)(1 —n/N).
Thus, the DCP degenerates into a birth-death chain n(¢) with the following transition rates:

n—n—1, at rate n[l+ (8+7v)/N], n—=n+1, at rate 2 An+ (a+6)](1 —n/N). (2.60)

Without reservoirs, n = 0 is an absorbing state, but not when a # 0 or § # 0.

Since the arguments that lead to these rates are analogous to those of [7, 9] we refrain
from providing a formal proof. For the stationary probabilities and general properties of this
birth-death chain we refer to [18].

Here, we illustrate the role of the limit D — oo in the computations, done in subsection
2.3.2, of the absorption probability for N = 2 sites, and 8 =6 =0. For all k >0 and i =1,2,3

we denote
k

(00) := lim

D—oo

The solutions obtained in (2.48), (2.53), (2.57), (2.58), (2.59) become (recall the definitions
(2.47) of A and (2.52) of B):

e For k =0,

Uoo) =247 a+~v+2)

19 (00) = 4471 (2.61)
9(o0) =247 Ha+v+2).

o For k =1, we get:

1 AN a+y)(a+~v+2) [14+4471)]
23(00) = A7 12(a+7) [1+ A Bl + v + 2)] (2.62)
i AN a+y)(a+v+2) [1+4471)]

e For k = 2, we get:

23(00) = 2A7 2N (o +7)%(a+ v+ 2) [1 + 4A71)]
23(00) = A2B(a+7)*(a+7+2) [1 +4A71)] (2.63)
23(00) = 2A7 2N+ 7)?(a+ v+ 2) [1 +4A71)].
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e For k = 3, the same reasoning as for the cases above yields

23(00) = 4A3N (a+ )3 (a+ v +2) [1+4A71)]
23(00) =243 BAa+7)3(a+ v +2) [1 + 4471 (2.64)
3(00) =4A3N (a+ )3 (a+ v +2) [1+4A71N].

8

e For k > 3, we find that

AP 2Bla+v)F(a+v+2) [1+4471)]
ATRENEBB2(a+ )P+ v +2) [L+4A71)] (2.65)
ATR@NE2Ba+ )k (a+v+2) [1+4471A].

OJ??‘N)H?T"—‘??‘

—~

888
|

These formulas induce simple expressions for the values (2.40) when D — oo, where in particular
for all k > 0, 2¥(c0) = z5(c0), that is, the absorption probability to the left reservoirs of one
particle at site 1 is the same as the one of a particle at site 2.

3 Generalized diffusive contact process (GDCP)

In this section, we introduce a generalized diffusive contact (GDCP) which also exhibits a
factorized duality property, similar to the one for the DCP. For a specific choice of the parameters
of the GDCP on a finite one dimensional lattice with reservoirs, one can extract an explicit
expression of the one point correlation function for its invariant measure. This is in contrast
with the DCP, where we were not able to extract explicit expressions of the correlation functions
from the duality result provided by Theorem 1. Duality also leads to a system of first-order
ordinary differential equations with constant coefficients.

3.1 The model

Here, as for the DCP, particles evolve on the open one dimensional finite lattice Ay. The
reservoir dynamics is the same as in Section 2, and given by the generators £_ and L, defined
in (2.10) and (2.11). The exclusion dynamics is the same as for the DCP, and given by the
generator £5FF as defined in (2.8).

What differs is the contact dynamics which is here more general. The birth rate is A > 0,
while the death rates, instead of being 1, will depend on the occupation variables in the nearest
neighbor sites: a particle dies with rate 2u; when both neighbors are empty, with rate p; + pa
when one of the two neighbors is empty and the other is occupied, and with rate 29 when both
neighbors are occupied. The generator of the generalized diffusive contact processes is given by

EGDCP - L +£GCP +D£SSEP +£+ (31)

Above, L, resp. L, is the left, resp. right hand side reservoir generator, and is given by (2.10),
resp. (2.11), with the boundary rates a, 3,7, for the GDCP, instead of «, 3,7, for the DCP.
As before, D > 0 is the diffusion parameter which tunes the exclusion dynamics described by
L55EP in equation (2.8). While £L5CF is the generator of the generalized contact process, whose
action on a given function f : Qy — R, is, for n € Qy

N-1

LYFfm) = LI (), (32)

=1
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with the bond generator

ﬁgcc;x+1f< ) =Tz [N277x+1 + Ml(l - 77z+1)] [f(nx) - f(ﬁ)] + )‘(1 - nz)nm-‘rl [f(ﬁx) - f(”)]
+ et [pane + (1= 12)] [f ") = F()] + A = nag)ne [F (1) = f ()]

Notice that we can rewrite this bond generator as follows. Define
ﬁGCPf( ) = 0 [paner1 + p1 (L = g )| [f(0F) = F()] + AL = n2)nar [f(0®) = f(0)], (3.4)
and

LI F ) = nas [pone + 1 (L= 12)] [F0") = £0)] + A1 = Nt [f(7"T1) = ()], (3.5)

so that
LS fn) = LS f(n) + LS f(n).

Then,
N—-1
L9Ffm) = (LS Fm) + LS _f()
N
_ EGCP + Z EGCP (36)
r=1
N—-1
=LY F(m) + D (LS F ) + LS £ () + LK f (),
=2
that is,

LY f(n) = [771 (11 + (p2 — p1) m2) + A1 = m)n2] [f(n') — f(ﬁ)]
N—
Z [nz 201 + (k2 = p1) (o1 + M41) ) + A(1 = n2) (-1 + n;m)] L") = fm)]  (3.7)

+ [771\7(#1 + (2 — p1) mv—1) + A1 =8 )on—1] [f(n™) — f(”)} .

Remark 4. (1) One can recover an open DCP with boundary parameters o, 3,7,9, from an
open GDCP with boundary parameters & 5 v, 5 and death parameters py, po, by taking

1 _ _ 1 ~ ~ 1
ulz,ung,a:a,’y:'y—{—?&:é, andﬂzﬁ—l—a (3.8)

(2) For us =0, the GDCP reduces to a biased voter model with stirring by symmetric simple
exclusion, and when pus = 0 and p1 = A this is the usual voter model with stirring, studied
in [3] for asymmetric simple exclusion with step initial condition on Z, and [21] for totally
asymmetric simple exclusion on An and open boundaries with ¥ = § = 0.

As for the DCP, since the state space is finite, one can encode the dynamics in a finite sized
matrix. In this setting, the intensity matrix of the GDCP in the bulk writes as the following
2NV _sized matrix

LGCP + DLSSEP Z ng (39)
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where forz =1,...N — 1

by =180 @ ¢ g 1®N-1-2) (3.10)
with the two-dimensional unit matrix 1, and the local intensity matrix
0 0 0 0
pi —(u1+D+A) D A
l= 3.11
M1 D (1 +D+N) A ( )
0 2 2 —2/12

The intensity matrices of the boundary dynamics are the same as for the DCP dynamics, see
(1) in Remark 4.

The bond transition rates for neighboring sites (z,x + 1) can be schematically represented
in tabular form as

Initial Final Rate

01 — 00 1

01 — 10

01 — 11 A

10 — 00 [ (3.12)
10 — 01

10 — 11 A

11 — 01 149

11 — 10 149

3.2 Duality results for the GDCP

In this section we show several duality relations for the GDCP. One, in particular, will be of
interest for applications, as it allows to find a dual process with no birth rate. This means that
the sum in the correlations equation (2.37) is finite, and can be explicitly computed for a general
bulk of N sites. We start by considering the closed GDCP, namely we set a =6 =~ = = 0.
In order to prove a duality relation we have to show that (2.13) holds with the intensity matrix
corresponding to the initial process being LEPCP. Again, our goal is to obtain a bulk duality
function in factorized form, namely

Gn,& = 1] &t &)

TEAN

which corresponds to a duality matrix of the form G®V, with a local duality matrix

G:<Z Z) (3.13)

3.2.1 Main results

Below we state the three main duality results for the GDCP, whose corresponding proofs can
be found in the next subsection.

Theorem 2. Assume D+ 1 —ps >0 and A+ ps — 1 > 0. Whend=0anda=b=c=1,
the open GDCP with generator (3.1) is dual with a purely absorbing GDCP with generator

ﬁGDCP,Dual — £]3ual + £GCP,DuaI +5£SSEP + ﬁgual’ (314)
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with duality function the one obtained for the open diffusive contact process in equation (2.20),
with rates a, 3,7, 6, in place of o, B,7,0.

Above, D=DD+ w1 — pa is the diffusion parameter of the exclusion dynamics, L2"! and
L2l are defined in (2.23) and (2.24). Finally, LSF:Pval js the generator (3.7) of the generalized

contact process with birth rate A=A+ o — w1 and death rates exchanged, that is,

EGCP,Dualf(g) —
N-1

[69& (2M2 + (/~L1 - M?) (5&:—1 + fz-l—l)) =+ O‘ + po — Nl) (1 - fcc) (fx—l + 5:(:-&—1)} [f(fw) - f(f)

Tr=

2
[51 po + (p1 — p2) &2) + A+ p2 — 1) (1 — &1)&] [f(fl) - f(ﬁ)}

+ [En (2 + (1 — p2) En—1) + A+ p2 — pn) (1 — En)én—1] [f(ﬁN) - f(f)} :
(3.15)

A special case of the above setting is elucidated in the Corollary below.

Corollary 1 (Annihilating dual process). Under the same hypothesis as before, setting ji; =
A+ o, the dual GDCP has birth rate X = 0, i.e. no particle is ever created. The intensity
matriz associated to the local dual generator is given by

0 0 0 0

Dual __ 2 7(D+>‘+M2) D+ A 0

FUE e DEN (DA 0 (3.16)
0 A+ 2 A+ o —2(A + p2)

We are now left to study the setting where d # 0. In this setting, we establish a self-duality
result (Theorem 3), as well as another duality relation where both processes involved have no
birth mechanism. (Theorem 4).

Theorem 3. When d #0 and a =b = ¢ = 1, the closed GDCP with generator LSF + DLSSEP
1s self-dual with duality matriz
1 1
G = < | mm ) (3.17)

Theorem 4. When a =b=c =0 and d =1 the closed GDCP process with generator LSF +
DLSSEP and no birth, i.e. A =0, is dual with duality matriz

G:<8 ‘1)) (3.18)

to a GDCP with no birth, i.e. A= 0, arbitrary diffusive rate 13, arbitrary death rate j11 and
iz = p2.

Note that in the case where a = b = ¢ = d = 0, we have a trivial duality relation with duality
function equal to zero.

3.2.2 Proofs for Subsection 3.2.1

Proof of Theorem 2. In order to show the matrix duality relation of equation (2.13), as the
generator acts on two sites, it is enough to show that

0G®? = G2 (zDual)T. (3.19)
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For G, ¢ defined respectively in (3.13) and (3.11); we have

a®> ab ba b?
ac ad bc bd
ca c¢cb da db
& cd de d?

a%2 — (3.20)

For any choice of the parameters a, b, ¢, d, this defines a self-duality function for the SSEP (see
Remark 2), and we only have to take into consideration the action of the GCP. The left hand
side of equation (3.19) becomes

0 0 0 0
xlapy — bA] aypy —dz\ — AD  cxpy —byd+ AD  ylepu — d
zlapr —bA]  cxpy —byA+ AD  aypuy —dah — AD  yleps —dA] |’
2bxpuiz (dz + by) po (do+by)pz  2d(c— d)p2

(G%?% = (3.21)

where A := ad —bc,  := a—b and y := c—d. For the right hand side of (3.19), we first consider
a local generator ¢Pual which describes a GDCP with possibly different rates: D is the diffusion
coeflicient, A the birth rate while ;11 and o are the death rates. This gives the following dual
local intensity matrix

0 0 0 0
gDual _ ﬁl _(D +~)\ + ﬁl) - 12 ,)\\, . (322)
[ D —(D+X+m) A
0 [2 2 —241p
Computing the right hand side of (3.19), we get
2 ( yDual) L
G® (5 ua) - (3.23)

@i -) _ a-oWm-d) _ 2a- )i
a(b = d)py —d(a — c)A = AD  bla — )1 — c(b—d)A + AD  (ad + be — 2cd) iz
bla—c)jg —c(b—d)A+AD a(b—d)jug —d(a—c)A— AD (ad + bc — 2cd) fio

(b — d)[bjiy — d] (b — d)[bfiy — d] 2(b — d)dfiz

Since we are aiming to match expressions (3.21) and (3.23), we first notice that equality in the
first column requires x = 0, i.e. a = b, while equality in the first row requires a = ¢. Thus
a=">b=cyields A = —a(a — d), and we are left with

0 0 0 0
0 apw+aD —al—aD au; —di
®2 _ (, 21 M1
(G =(a=d)| o .\ _ap apr +aD  apy — dX (3.24)
0 ap aiz 2dpo
for the left hand side, and
0 0 0 0
T 0 api1+aD —a\—aD apo
G®2 (gDual) — —d L - N ~ . 3.25
(a ) 0 —aX—aD ap+aD apo ( )
0 aﬁl —d\ aﬁl —dA 2(1;72
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for the right hand side. Consider d = 0 in both equations (3.24) and (3.25). Then, the identity
holds if we set fio = p1 and 3 = po, D = D+ puy — pe and A = X\ + po — pq. Furthermore,
without loss of generality, choosing a = 1, we are left with the duality matrix

G:G é) (3.26)

which corresponds to the duality function

G &) = T (@ —n(a)*®. (3.27)

TEAN

Note that G is the same duality function as in (2.21). Since the bulk duality function is the
same as the one for the diffusive contact process, we can extend the result to the GDCP with
the corresponding boundary parameters. Hence, the duality function has the same form as for
the diffusive contact process, that is: D : Qn X Q?\}lal — R given by

D(n,§) = (&zi)& g[ (1 —nm)fac(g(jrg)&v“. (3.28)

Notice that for uy = pus = %, we recover Theorem 1. O
The proof of Corollary 1 follows from Theorem 2.

Proof of Theorem 3. If d # 0 and a # 0 in both (3.24) and (3.25), it has to be verified that
o = o, afl] = apo + dX, and the constraint d = a®5#2 where, again, without loss of generality
we can choose a = 1. Again, as the the death rates do not depend on the number of neighbors,
i.e. p1 = pa, we get the same function as in (3.26). O

Proof of Theorem /. Setting a = 0 in equations (3.24) and (3.25) leads to

0 0 0 0
0 0 0 —d\
®2 _
62==d| o oo | (3.29)
00 0 2dus
and
0 0 0 0
T 0 0 0 0
®2 [ pDual _
G (£ )_ o o o o (3.30)
0 —d\x —d\ 2djis

Since d # 0, we require that g = p2 and that there is no birth in both the initial and the dual
process, namely A = A = 0. ]

3.3 Application of duality: computing correlations

As for the DCP, the dynamics of the GDCP is irreducible and the state space is finite so there is
a unique invariant measure vSPCP for the GDCP, which depends on the birth, death, exchange
and boundary rates. For a particular choice of these rates, the one point correlation function
of vSPCP can be explicitly computed, see Proposition 5. Furthermore, some information on the
time-dependent one-point function for arbitrary initial distributions can be obtained.
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3.3.1 Invariant measure

Here, for 1 < ¢ < N, the {-point correlation function pSPCP of yGPCP ig the function pGDCP
defined by
Vo < ...<xy € Ay, GDCP(aZl, IZ) = EVGDCP [77901"'771‘@]' (3.31)
From now on, we denote by
_ 5 N 5
p—— —, and ¢y 1= =——=. (3.32)
o+ B+46

As for the DCP, the dual (£(¢)):>0 of the GDCP (we keep the same notation £ to refer to the dual
process) becomes extinct almost surely and, recall that the total number of particles absorbed
on the left, resp. right hand side boundary is:

€o(00) := lim (1), resp. En1(o0) := lim Enya (D), (3.33)

where the limits are almost sure.

Following the same lines as the proof of Proposition 3, one can prove the following general
formula for the correlation functions of the GDCP:

Proposition 4. Forany 1 <{< N, andany 1 <z1 <..<z¢ <N,

l y4
VGDCP[H %)}:Z(—l)k ST P (g )

j=1 1<y <. <ig <t (3.34)

k=0
= " Poryy, [f0(00) = miEn(o0) = n|E e

m,n>0
where 0z, z,...x, denotes the configuration with a particle in x1, ..., ¢, and none elsewhere.

In the particular setting of Corollary 1, the one point correlation function can be computed
explicitly.

Proposition 5. Consider a GDCP with birth rate A > 0, diffusion coefficient D, boundary rates
,B 7,5 and death rates p1 and pa, with p1 = ps + A. Then,

PP (@) = (1 - 2) + va(1 — &),

where with the constants

- a+y - D+ A
T A+A+D+ A+’ A+A+DH N+ 535
— B+3d P D+ (3.35)
C B+0+DHA+u B+ DH N+ ps
and
D+ A 1441 - A2
A = oA =V (3.36)
D+ X+ o A
By = r_(1—=br_ )1 —driY) + 7Nl N oy — 1)1 - drZh, (3.37)
By = a(@N+1-2) +(1-2a), (3.38)
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the terms u, and v, are given by, for allx € {1,...,N},

BiN[(l —dr7Yr® 4 (drTt = )N e >0

up = { . (3.39)
B§V[1—0+C(N—JJ)] po =0,
B [(br+ —Dr Nt (1 —gr_)ri_N p2 >0

vy = _ (3.40)
BC,N[1—a'+a(m—1)] po =0

Remark 5. o For us > 0 one finds that the stationary bulk density

PERCT (s) i= Jim_p([sN]) (3.41)

vanishes for all s € (0,1). A non-trivial exponentially decaying density profile appears near
the boundaries.

e In contrast, for ps = 0 a linear bulk density profile emerges,

GDCP .y _ @ 1_ g _ 4 a0 — 53 3.42
Ptk (3) = = S = e T D) .

This phenomenon is reminiscent of a superposition of shock measures appearing in the voter
model with totally asymmetric stirring (rather than symmetric stirring as in the present
case) on Ay and open boundaries with ¥ = 0 = 0 ([21]). The invariant measure of that
model is a convex combination of shock product measures with marginals 1(n;) = 1 for 1 <
x < xzs and p(ng) = 0 for xs < x < N and uniform distribution of the microscopic shock
position xs € Ay which leads to a linear stationary density profile and a simple form of
the two-point correlation function computed in [17]. For the present more complicated case
of symmetric stirring and arbitrary boundary parameters we leave a detailed investigation
of the two-point correlation function for future work.

Proof of Proposition 4. In this setting, by Corollary 1, the dual process of the GDCP is a GDCP
with no birth rate, diffusion coefficient D + A, boundary rates 0,a+7,0, 3+ ¢ (purely absorbing
boundaries), and death rates po and A+ p2. Thus, the generator of the dual process is given by

ﬁGDCP,Dual _ Elzual + ﬁGCP,Dual + (D + )\) ESSEP + Eliual)

where we recall that £ and £ are defined in (2.23) (with & +7 instead of o+ and B+6
instead of 8+ J) and,

=

EGDCP,Dualf(é-)

(12 (2002 + A (a1 + &10)) | [£(€7) = £(€)]

8
I

2
& (p2 +A\0) | [f(€Y) - f(f)}

_|_
+ [en (i + v )] [FEY) - £(€)]

o
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By Theorem 2 the duality function D : Qpy x Q?\}‘al — R is the same as for the DCP, that is given
by (3.28). The same reasoning as in the proof of Proposition 2 yields that for z € {1,..., N},

E,epcr [1 = nz] = P, [€0(00) = 1 N Ena(o0) = 0]
+ P, [€o(00) = 0N Enta(o0) = 1]E4
+ (1= s, [€(00) = 1N &pa(o0) = 0] — By, [60(00) = 0N Evpa(o0) = 1])
= UpC + gy + (1 — up — vy).

Therefore,
pIGDCP('T) = ux(l - E—) + Ux(l - E—i—)

In this case the sum (3.34) is finite due to the fact that the rate of birth is zero, so {y(c0) and
En+1(00) can be at most equal to one. O

Proof of Proposition 5. To prove Proposition 5, we are now left to compute (uz)i<y<n and
(vz)1<z<n. By conditioning on the first possible event (jump, birth, death, or absorption by
a reservoir) of the process starting from a particle at site x, we have the following discrete
equations

e For (’u,m)lgng:

(3] :a—FEUQ

N

Uy = E(um_l +ug1) Ve e{2,..,N -1}

uy = duy-_1,
with the constants Zi,g, cz and A, defined in (3.35) and (3.36).

o For (vy)1<z<n:

v = b’U2

A
Uy = 5(1)1,_1 +vp41) Yz e{2,...N—1}

vy = C+ dun_1,

with the constants Z, c, cj, and A, defined in (3.35) and (3.36).
Both recurrence relations are of the form
w1 = a + bwy

A
Wy = 5(w1—1 T wet1) Vo e{2,.,N-1} (3.43)

wN = C+ dwa,l

witha=a,b="0b, c=0,d=d, for (ugp)i<z<ny and a =0, b = b, c=7¢ d=d, for (Vz)1<z<N-
The properties of the solution of this recursion depend on puo as follows.

Case 1: s >0
To solve the general recurrence relation, notice that the constants defined in (3.36) satisfy A < 1,
r_ <1 and r. > 1. Then, there are p,q € R such that for 2 <z < N — 1,

wy = pr¥ 4+ qry, (3.44)
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which follows from the bulk part of the recurrence relation (3.43). Furthermore, the recurrence
relation involving sites 1 and 2 yields pr— + qry = a + b[pr2 + qr2], therefore pr_(1 —br_) =
a+ qry(bgry —1). Since 0 < r— < 1 and b < 1, for both u, and v,, one obtains

_a+qre(bry —1)
oo (1=bro)

In a similar fashion, the recurrence relation involving sites N and N — 1 yields pr + qrﬂrv =
c+dlpr¥ =1 + qr¥ 71, therefore pr¥(1 — dr=') = ¢+ qr¥¥ (dr;' — 1). Since r1 > 1 and d < 1,
for both u, and v,, one obtains

Ce—prN(1—drZt)

B r¥(1— drjrl)

Finally, introducing

By i=r_(1=br_)(1 —dr7t) + ¥l N or, — 1)(1 - drZh), (3.45)
one finds
1
q = B—N[cr_(l —br_) +arN(drZt — D)V (3.46)
1
p = B—N[a(l —drit) +erim N (bry — 1)) (3.47)

This result yields (3.39) and (3.40) for us > 0.
Case 2, up =0

In this case, A =1 and the bulk part of the recurrence relation (3.43) can be written Aw, =0,
where A is the discrete one-dimensional Laplacian. The general solution is the linear function

wy =p +q'z. (3.48)

The boundary condition at site 1 yields p’ + ¢’ = a + b(p' + 2¢’) and therefore p'(1 — b) =
a+(2b—1)q. Likewise, the boundary condition at site N yields p' +¢'N = c+d(p' +¢' (N —1))
and therefore p/'(1 — d) = ¢ — ¢'[(1 — d)N — d]. We then discuss the following cases:
(i) b=d=1. In this case, we have closed boundary conditions, and the empty lattice is the
absorbing state, implying without further computation u, = v, = p?DCP(;r) = 0 for all

ze{l,...,N}.

(ii) b= 1, d < 1. This corresponds to a closed left boundary, with @ = 0, but with open right
boundary, leaving the invariant measure non-trivial. The recurrence for w, yields ¢ = 0
and one obtains u, =0, v, =1 forall x € {1,..., N}.

(iii) d = 1, b < 1. This corresponds to a closed right boundary, with ¢ = 0, but with open left
boundary, leaving the invariant measure non-trivial. The recurrence for w, yields ¢’ = 0
and one obtains u, = 1, v, =0 for all x € {1,..., N}.

(iv) d < 1, b < 1. The recurrence yields

, c(l=b)—a(l—-d)
J = B, (3.49)
al[(1=d)N +d)+c(2b—1)

/
po= , (3.50)
By

with
By =1 -b[(1—-d)N+d + (2b—1)(1 —d).
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Hence, observing that for ys = 0, one has 1 = a + b = ¢ + d, we arrive at (3.39) and (3.40) for
p2 = 0, which covers all four cases (i)-(iv). O

Remark 6. Computing higher order correlations is in general a complicated task. For these
models, the difficulty lies in the fact that if there are two or more dual particles, the death rates
depend on the configuration. We leave this for future work.

3.3.2 Time-dependence of the one-point function

For the choice p; = A + pg the duality function of the GDCP yields the finite inhomogeneous
system of ordinary differential equations (ODEs)

Sl) = PN nert) + (1) = 2n) — 2ol 1<a <N
Slm) = @+ N(m) — (m) = (2 +3+7)(m) + & (351)
Sw) = D+ () = () = (e + 5 +5) () +5,

where (-) means expectation at time ¢ for an arbitrary initial measure v. The inhomogeneity
arising from the constants a and § can be removed by considering the centered variables 7, :=
ne — p1(x), and by noting that invariance of the measure yields & = (D + A+ p2 +a+7)p1(1) —
(D+XNp1(2) and § = (D+ A+ pe+5+0)p1(N)— (D+ N)p1(N —1). With the recursion (3.43),
which by linearity is also valid for p;(x), we conclude that

%<ﬁx> - (D+)\)(<ﬁx+l>+<ﬁz—l>_2<ﬁz>)_2ﬂ2<ﬁx>7 1<IL’<N,
Sy = @+ NI~ (1)~ o+ &+ 5)(m). 552)
d

a<WN> = D+N{(Tin_1)— (Tin) = (p2+ B+ ) (T ),

which is a homogeneous system of first order ordinary differential equations. Denoting by

g(a,t) = e*=(T,), (3.53)
one then finds
((iit (x,t) = (D+N)(g(z+1,t) +g(x—1,t) —2g9(x,t)), 1<z <N,
Solt) = (D4 N(02.0) —g(1,0) ~ @+7 — p)g(1,1) (354)

It = (D+ NN = 1,1) - g(N,t)) - (B+0 — p2)g(N, t).
In this system, we recognize the ODE’s for the tlme—dependent centered one-point correlation
function of the open SSEP with diffusion coefficient D = D + A, and reservoir rates @, ﬁ 4,4,
satisfying L

a+y=a+75—pu, and 5+ =+ 0 — uo. (3.55)

Following [28], this system can be solved in a closed form by a discrete Fourier transformation
with a reflected wave, in the special cases obtained from the four combinations of reservoir
parameters given by a+75 € {p2, 2 + D+ A} and B+ 0 € {u2, po + D+ A}. We find surprising
that the system of equations (3.54) matches the one for the space time empirical profile of an
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open SSEP, see equation (19) and below in [15]. In particular, the choice a +75 = 5 +6 = 142
corresponds to @ = f =7 = ¢ = 0 for the boundary parameters of the SSEP (i.e. kK =0 in [15])
and leads to the same system of equations, both for the SSEP with reflecting boundary which
conserves the total number of particles and for our GCDP which does not conserve the total
number of particles due to positive birth and death rates. We believe it would be interesting
to prove the hydrodynamic limit for this non-conservative process with open boundary, in the
same spirit as for the open finite volume SSEP.

4 The susceptible-infectious-recovered (SIR) model

We now consider another non conservative model, originally introduced in [19], in terms of a
nonlinear system of differential equations for the sizes of populations of three species of individ-
uals which are subject to an infection/recovery mechanism. The susceptible-infectious-recovered
(SIR) model describes propagation of infections in the following sense: a susceptible individual
(characterized by its state S) can become an infectious individual (characterized by its state
I), according to an infection rate (3, if it is in contact with an infectious individual. An infec-
tious individual recovers (then it is characterized by its state R) with recovery rate ~; once an
individual has recovered it stays immune, that is, it remains in state R forever.

Despite the simplicity of the original mean-field type model, it is known to capture important
features of the temporal dynamics of an infection. However, only limited results are available
if fluctuations (which inevitably occur in a real system) are taken into account. This question
was addressed in the SIR model of [30] where particles evolve on a one dimensional space of
sites, as in the diffusive contact process. However, contrary to the diffusive contact process, the
model is defined on the infinite translation invariant lattice Z, so that in particular, there are
no reservoirs. Notice that the parameters 8 and ~ for the SIR model have nothing to do with
the reservoir parameters in the previous sections. The reason for which we keep this notation is
that it is canonically used in the literature on the SIR model.

The stochastic evolution of the collection of particles in the system is governed by a Markov
process denoted by {n(t),t > 0}, with state space 8 =: {S, I, R}?, so that at each time t > 0,
n(t) = (m(t),....nn(t)) € S. For z € Z,a € {S,1,R} and a configuration n € g, Ny = @ Means
that z is in state a.

For n € 8, denote by (7°,77,n%) the element of 8 := {0,1}% x {0,1}% x {0,1}* such that:

Vo € Z, Ya € {S,I,R}, 1y =1,,—a. (4.1)

The correspondence (4.1) between S and S allows us to use indifferently the representation of a
configuration as an element of § or of §. Note that for z € Z, since n, € {S,1, R},

i = 1 (4.2)
The generator of the SIR dynamics acts on local functions f : § — R as follows:

L) => {80l n3er [f(Teran)®) = f(0)] (4.3)

TEZ

+ B0k 5y [f(Teeam)®) = £(n)]
+ 7yl {f((fm)l) - f(n)” :
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where the operators T" and T are defined, for y € Z, a configuration 1, and a state a € {S, I, R},
by: when 775 =1,

o_ oz ifz#y
ame={ g7y (4.4)
while, when né =1,
= ova_ ) Nz ifzFEY
(T2 = { T (45)

In other words, recovering the notation in [30], the (translation invariant) transitions between

nearest neighboring sites are
Initial Final Rate

15 — Il 15}
SI — II 8
I — R 0%

(4.6)

Note that this dynamics is not attractive (one cannot check the conditions required in [4]) , so
we cannot rely on monotonicity and need another technique to study it.

Our first goal is to find a duality relation for the SIR model with generator (4.3).

4.1 Clusters as duality function

This section is devoted to showing a duality relation for the SIR model, for the purpose of
studying the expected population size, and correlations as a function of time for arbitrary ini-
tial distributions, rather than only for translation invariant initial distributions, as studied in
[30]. This is achieved using a duality relation between cluster functions (defined below) with
a bi-layered two-dimensional random walk on two copies of the semi-infinite lattice N x Z that
we shall label below by G and J respectively. The random walk is asymmetric on each lattice
and lattice G is absorbing, i.e., once the random walker has left lattice H it cannot return to it.
In addition, there is a further (single) absorbing cemetery state which the random walker can
reach from lattice G. On both lattices the random walk is asymmetric.

To make this qualitative picture of the dual process precise and obtain information about
the original process, we use the notation (-), := E,[ - | to denote the expectation with respect to
some initial distribution v, e.g. (n%(t)), is the expected state at site  and time ¢ with respect to
v. As already noticed in [30] quantities of interest are written in terms of high order correlation
functions, called n-point cluster functions, for n € N, the set of strictly positive integers:

n—1
G (rnit) = () | [T 7@ | nln(®)s (4.7)
7=0
n—1
HY(rn,t) = (| [T 0@ | ofn(®) (4.8)
7=0

where in what follows, to lighten the notation we do not write the dependence in time explicitly.
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Instead of the cluster H, it will be more convenient to define a different cluster which is of
the same size as G. Namely,

n—1
T (ryngt) = (g () | [T o @) | nin(®)s - (4.9)
j=0
Due to (4.2), one has
JY(r,n,t) = H"(r,n,t) — H'(r — 1,n+1,t) — G"(r,n,t), (4.10)

so that given J¥(r,n,t) and G¥(r,n,t), the cluster function H"(r,n,t) can be computed recur-
sively.

In particular, one can gather information about the correlations of the SIR model by choosing
short clusters, see also Remark 8 below. We are now ready to give the duality result for the SIR
model. To this end, denote by

sl .= (Z x N x {G, J}) u{a}, (4.11)
where 0 will be a trap for the dual evolution.

Theorem 5 (Duality relation for SIR). The SIR model (n:)i>0 with generator (4.3) is dual
to a two dimensional biased random walk on two layers (see Figure /) with duality function
d:8 x 8l R given by: forn €S and & € S, if ¢ = (r,n,i) € Zx N x {G, H},

. I S S I R S S I
d(na (Ta n, Z)) =My 77T+n—177'r+n]li:G + N lany nr+n—1nr+n]li=J

n—1
(4.12)
= [} lice + 0l Liy] H Mo () |
§=0
and
d(n,d) = 0. (4.13)

The dual generator acts on local functions f : S — R as follows: for € € 8 if ¢ =9,
L4efE) =0, (4.14)
while if € = (r,n,i) € Zx N x {G, H},

Cdualf(r,n,i) =pli—c[f(r—1,n+1,7) — f(r,n, 1)]
+ BIf(ron+1,3) — f(r,n,i)]

. . (4.15)
+ ’Y]li:J[f(Tv n, @b(l)) - f(T, n, Z)]
+ 27]11':G[f(8) - f(’l”, n, ’L)],
where we define the flip operator as
¢:{G,J} = {G,J}, such that ¢(G)=J and ¢(J)=G. (4.16)

Remark 7. By (4.14), 0 is indeed a trap: once the process reaches 0, it remains there forever.
Furthermore, the generator of the dual dynamics defines the following transitions on the dual
state space, illustrated in Figure 4:

(r,n,i) = (r,n+ 1,7) at rate B for both layers: i € {G, J} (4.17)
(r,n,G) = (r—1,n+1,G) at rate B only for layer G. (4.18)
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Figure 4: Dual dynamics for the SIR model

It is only possible to go from layer J to layer G, (but not the other way around):
(r,n,J) = (r,n,G) at rate ~, (4.19)
and absorption in the trap is only possible if the walker is in layer G:
(r,n,G) — 0 at rate 2. (4.20)

Notice the non-translation invariance nature of the dynamics in the second transition (4.18)
above.

Proof. First, note that due to the definitions and conventions (4.11), (4.13), (4.14), (4.15), we
have, for any configuration 7,

L[, 9)(n) = L4*d(n, )(9). (4.21)

Then, in order to show the following duality relation for all configuration n and (r,n,i) €
ZxNx{G,H}

ﬁSIRd('a (Ta n, Z))(U) = £dua1d(,'77 ')(Ta n, Z)a (422)
it is convenient to split the SIR generator into three different actions, namely
LMA(-, (ryn, i) () = Y [Ay + By + Gy, (4.23)
YEL

where
Ay = By |d( Ty, (rny) ) = d o, (o) |
By = Bus [d(Ty-1m, (rns)) = d o, (., 1) | (4:24)

Cy =y [d(Tym, (.0, 1)) = d (. (r,m,0) |,
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and where the operators T and T were defined in (4.4), (4.5). We now proceed by direct
computation of each of the three operators.
Let us compute A,:

e Ify+1¢{r—1rr+1,.,r+n—1,r+n}, A, =0;

Ify+1e€{r,...,r+n}, then 7735775+1d(Ty+177, (r, n,z)) = 0;

Ify e {r,....,r +n}, then 7735775+1d(777 (rym,i)) =0;

If y+1=r—1, then

n—1
775775+1d<Ty+177, (73 n, 7’)) = 775—277;‘9—1 H 77§+j 77£+n]li=G'
j=0
Therefore,
Ap o= Bﬂi:Gd(% (T‘ —Ln+1, Z)) (425)
o Ify+1=r, then
n—1
7735775+1d(77, (r,n,i)) = 77£—1 H 77§+j 777{+nﬂi:G-
§=0
Therefore,
Ar—l = _ﬂ]}-iZGd(na (T, n, Z)) (426)
Collecting (4.26) and (4.25), we are left with
> Ay = Blicg [d(n, (r = 1,0+ 1,0)) = d(n, (r;n, )] (4.27)

yeZ
Now, we similarly compute B,:
e Fory—1¢{r—1,..,r+n}, B, =0.
o lfy—1e{r—1,...,7r+n—1}, then 7735775_1d(Ty—177> (r,n,i)) = 0.

o Ifyec{r,..,r+n—1}, then nénf_ld(n, (rym,i)) = 0.

Fory—1=7r+4+mn—1, then

n—1
77{,775—105(77’ (Ta n, Z)) = 777{+n77§+n—1[777{—1]1i:G + 7771«%—1]1i:J] H 77§+j nv{—l-n'
=0
Therefore,
By = —pd(n, (r,n,17)). (4.28)

For y — 1 =7+ n, then

n—1
7775775—161(%71777 (r,m, Z)) = 777{+n+177§+n[777{—11z’:0 + 775—11z':J] H 775—}—]‘
§=0

Therefore,
BT+7Z+1 - /Bd(n7 (7’7 n+1, Z)) (429)
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Collecting (4.28) and (4.29), we are left with

Z By, = ﬂ[d(n, (ryn+1,4)) —d(n, (r,n, z))} (4.30)

yezZ
Finally, let us compute Cl:
e Ifyé¢{r—1,---,r+n}, C, =0.
o If y € {r,...,r +n}, then néd(fyn, (r,n,i)) = 0.
o Ifye{r,..,r+n—1}, then néd(n, (r,n,i)) = 0.
o Ify=r—1,

n—1

I : 1 S I
Uyd(Tyn, (ryn,1)) =np_y | | M+ Mrynli=g
J=0

n—1
néd(na (’I", n, Z)) = 777{—1]1i:G H 775+j 777{-‘1-71‘
j=0

Therefore, recalling the definition (4.16) of the layer-flip operator, we have

Cro1= ’YﬂiZJd(nv (T, n, d)(l))) - V]Ii:Gd(Tla (Ta n, Z)) (431)
o Ify=r+n,
n—1
myd(n, (r,n, 1) = 0l [ = i lice = nfaLizs) | [T 00+ )
j=0
Therefore,
Crin = —W’d(ﬁz (Ta n, Z)) (432)
Collecting (4.31) and (4.32) we are left with
Y Cy =Lizg[d(n, (r,n, (i) — d(n, (n,1))] = 2yLi=gd(n, (r,n,1)). (4.33)
yEL

Finally, collecting (4.27), (4.30) and (4.33), we get
L5 (r,m,0)) () = Blizg [d(n, (r = L+ 1,0)) = d(, (. 1))
+ Bld(n, (r,n +1,2)) = d(n, (r,n, )|
YLy [dln, (1, 0(0))) = d(n, (7,1, )]

+291=¢ |:d(77> 8) - d(na (T7 n, Z)):| = ﬁduald(na ')(T, n, i)a

(4.34)

where we used that d(n,d) = 0, so that we have recovered the generator L£4val of equation
(4.15). O

We remark that the trap state is in the same spirit as in [2], where the dual operator is
interpreted as a particle system (an asymmetric exclusion process) with a cemetery state 9 and
a bigger state space, see equation (2.15) in [2].
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4.2 Applications of the duality relation

Consider a measure v on {S,I, R}” and recall the n-point cluster functions G”(r,n,t) and
JY(r,n,t) defined respectively in (4.7) and (4.9). Note that J¥(r,n,t) is not the same as H(n)
n [30], because of the term 1, _ )—g but we still obtain closed equations for G and J type
chains.

Remark 8 (SIR correlations for small clusters). Choosing n =1 the duality functions can give
information on the three point correlations given in terms of the clusters G or J, which can then
be used to get two point correlations via the cluster H.

4.2.1 Coupled equations for the cluster functions

In [30] (see equation (20)), two first order differential equations are provided and explicitly
solved for G¥(r,n,t) and H”(r,n,t), provided that the initial measure v is translation invariant.
Therefore, the initial measure and the dynamics (we are on Z), being both translation invariant,
one can drop the dependence on r and write G”(r,n,t) = G¥(n,t) and H"(r,n,t) = H"(n,t).
Below, we show that one can recover these equations for G¥(n,t) and J”(n,t), by only using the
duality relation of Theorem 5. Fix n € N, then

46 (n,1) = TE[dC (r,m, @) (0] = B [£5%a( (7, G (n(1))]

dt
=E, [ﬁDuald(n(t), J(ryn, G)]
= B[E,[dl. (r = L,n+ 1, ()] ~ . [d(., (om0 (n()]
+ BB, [d(. (rn+1,0)(n(®)] —Eu[d(. (nm, @) n(#)]
= 2B, |d(., (r,n, @) (n(1))]
=28[G"(n+1,t) — G"(n,t)] — 29G”(n, 1),

where we used the duality relation in the first line and the fact that G¥ does not depend on r,
by translation invariance, in the last line. In the same way, we get:

C 1) = S [al, (rm, )n(0)] = By [ €5, G, H)) ()]

dt
~E, [zDuald(n(t), ) H)}
:B[Ey[ (. (rn+1,H)) } Ey[ (- (ﬁmH))(n(t))H
+fy[ﬂ-«: [d( rn, Q) ] E,,[d (o, H)) (1 ())H
=pB[J"(n+1,t) — J”(n 6] +v[G"(n,t) — J"(n,t)] .
that is:
d&"(nt) _ =2(y+ B)G"(n,t) + 28G¥(n + 1,t)
auy;(l?’t) =—(v+ B)J"(n,t) + BJY(n + 1,t) + vG¥(n,t) .

Note that indeed these are the analogous of equation (20) in [30]. The first equation is exactly
the same one as for G in [30] and the solution is given by:

26t)*
G¥(n,t) = e 20FAY " (*Z)G”(z +n,0). (4.35)
>0 )
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The second equation can be solved similarly in a recursive way, by treating the terms J"(n+1,t)
and G”(n,t) as inhomogeneities. The solution is given by

t _ l
JY (n,t) = e”OFALY " (5;,) JY(0+n,0)+7 / <V+5><t8>z(’3(t08))a'f(£+n, s)ds. (4.36)
>0 >0 ’

Then, using that n° ; +nf_; +nf' | =1, and noticing that
H"(n,t) = H"(n+1,t) + J"(n,t) + G"(n, t),
the equation for H”, which is the same as the one in [30], is

‘W = (v B)H (n, 1) + B(H (0 + 1,8) — G (n, 1),

with solution

HY(n,t) = 'Hﬁtz g‘ ﬁ/ ~OHA) (- S)Z t—s Gl +n,s)ds .

>0 £>0

Therefore, we can write the solution J” in terms of the H” cluster as

JY(n,t) = H"(n,t) — H'(n+ 1,t) — G"(n, t) . (4.37)

4.2.2 Non-translation invariant case

Recall that in section 4.1, we have proved that the SIR model is dual with a process defined on
the state space Qpual == (Zx N x {G, J}) U{0}, where 0 is a trap state. Recall the dynamics of
the dual process given in Remark 7. Denote by & an element of {dp,,. For any SIR configuration
7, by abuse of notation, we write

G"(r,n,t) =: GO (r,n,t) and J"(r,n,t) =: Jo (r,n,t),

the cluster correlation functions when the system is initially in state 7. Note that the measure
9y is no longer a translation invariant measure for the SIR process (unless it is a constant
configuration, in which case the system remains unchanged).

In [30], these cluster correlation functions have not been solved in the case where v is not
translation invariant, because the equations obtained in G and J or H are not closed. Our goal
now is to get an explicit expression of such cluster functions in the non translation invariant
case, by using the dual process.

Theorem 6. The G"(r,n,t) cluster is given by:

G'(r,n,t) = e 20HOL " <2b) (261)" G — a,n + b,0). (4.38)

(a,0)e(N)?
a<b

Theorem 7. The J"(r,n,t) cluster is given by:

v _ —(y+P)t (Bt)k v
JY(r,n,t) =e ZT‘] (r,m+k,0)

£>0
2 ‘ (4.39)
+,y€(7+,8)t/ —+8)(-9) 3 Z 58 (28( . 5))" GY(r — a,n + k + b, 0)ds.
0 k>0 a<b )
(a,b)€N2
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For the proofs of Theorems 6 and 7, we introduce the dynamics on Z x N x {G} given by
the following transition rates

(r,n,G) - (r—=1,n+1,G) : atrate §, and (r,n,G) — (r,n+1,G): at rate 5.  (4.40)
Denote by P(C;:,n, J)» Tesp. El(?ntl;ll}c); the probability measure, resp. expectation, under this dynam-
ics, when starting from (r,n,G).

Also, consider the dynamics on Z x N x {.J} given by the following transition rates

(ryn,J) — (r,n+1): at rate S. (4.41)

Denote by P‘(]r,m J)» Tesp. E{r,n, ) the probability measure, resp. expectation, under this dynamics
when starting from (r,n, G).

Proof of Theorem 6. Fix (r,n) € Z*

G"(r,n,t) = By [d(n(t), (7‘ n G))] = E(n ey [dn,€(1)] = EQg) [d(n, £(2)) N (&(1) # 9)]

= B0 [d(n, N(V0<s<t, &+ 0)]
= B3 [1{V0<s<t e, 20yd(n, (1))

= Pl [VO <5 <t, & # BN [d(n, §(1)IV0 < s < t, & # 0]
=Pl [VO < s <t, & # 9] X EF,, o [d(n, (r(t),n(t), 7))
= e PTEG, o [d(n, (r(1),n(t), G))].

The fourth line comes from the strong Markov property. The fifth line is due to the fact that
when conditioned on not having reached the trap 0 up to time ¢, the dual process starting from
(r,n,G) has the same dynamics as the one defined in (4.40). The last line comes from the fact
that the time it takes to reach the trap 0 from any (r,n,d), is given by an exponential clock of
parameter 2. Expanding the expectation in the last line, we are left with:

G(r,n,t) = e " d(n, (7,0)PG, ¢ [(r(1),n(t), G) = (7,7, G)]
(7;n)€ZxN

— e Z d(n,(r—a,n+b))P (rnG)[( r(t),n(t),G) = (r —a,n+b,G)]

(a,b)eN?
a<b

=27 Z d(n, (r —a,n+b))e —2ﬁt( ) (2575)

b !
(a,b)eN? 2 b!
a<b

_ 20t
— ¢ 200+B) E (22 ( b') G"(r —a,n+b,0).
(a,b)eN2
a<b

The third line comes from the fact that in order to reach (r — a,n + b) starting from (r,n) and
with the dynamics (4.40), one has to perform (2) steps, where r decreases by 1 and n increases
by 1 and, the rest of the steps where it is only n that increases by 1. The time between two
such jumps is an exponential clock with parameter 2. O

The other cluster can be found in a similar fashion.
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Proof of Theorem 7. Similarly to the previous computation we have

T, n,t) = By [d(me, (r,n, )] = B [d(n, £(2)] = B [d(n, £()) N (6(t) # 9)]
:Egu,le [ (, (r(£),n(t),8(£)) N (Y0 < s <, &(s) # D)]

= EP [d(n, (r(2),n(t), @) N (VO < s < t, &(s) # 0)]

LEPSL dn, (r(0) (1) )) (VO <s <t &(s) #9)],

where in the last line, we partitioned according to having or not a jump from J to G before time
t. Defining:

A= (M0<u<s, &u)=J)n Vst <u<t, &) =G)N(Mo<u<t, &(u) #0),

the event that before time ¢, the walk does not reach the trap 0 and at time 0 < s < ¢, the walk
jumps from lane J to G, we have:

(4.42)

EDTur?lJ [d(n, (r(t),n(t),G)) N (YO < s < t, &(s) # 0)] :/ ]EDTu:IJ [At]
’ (4.43)

= [ e, AR o, (o) mie. e AL

Using that the law of the jump from state J to G is an exponential law of parameter -, and
that the rate of jump from state G to the trap 9 is 2, we have

t—s
dIPgule [AZ] = 'ye*”(l _/0 276727“du)d8
= qe Ve =8 dg = yem V3 s,

Now, we expand (4.43) by partitioning on the number of increases in n up to time s for the dual
process conditioned on being of type J between times 0 and s, for a certain s € [0, ¢]:

E]au:lJ) [d(n, (r(t),n(t), Z(t))‘A’;]
= SOER [do, (r(0). (0. 6(0) 1 (r(8),m(5),(6)) = (rom+ b, D] 4]

(r,n,J)
k>0
= Z P{qﬂﬂJ) [(T(S)v n(s), J) = (Ta n+k, J)]E(C;,n—&—k,G) [d(na (’I"(t - 5)7 n(t - S)) G)}
k>0
N0 (B8)0 53
=) e > A (r—an+k+bG)
k>0 a<b

(a,b)eN2

P(Gr,n+k,G) [(’I“(t —s),n(t—s),G)=(r—a,r+k+bGqG)

= Z Z e_BSWe_Qﬁ(t_S)CDWG”(T —a,n+k+b,0),

2b b!
k>0 a<b
(a,b)eN?

where we used the strong Markov property in the second line, and expanded the expectation
under the process (4.40) in the third line. Therefore,

Epsel sy [d(n, (r(8), n(t), G)) N (VO <5<t &(s)#£9)] =
zw/ o3 Y =05 (B8)" _ap(t—s) ) () @28(t—5))" G —an+k+b,0)ds.  (444)

26 b!
k>0 a<b
(a,b)EN2
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Finally, the second expectation in the last line in (4.42) is given by:

ey e ~ae (B n+k,0). (4.45)
k>0

Collecting (4.44) and (4.45) yields:

n — o (v Bt (ﬁt)k n
JNr,n,t) =e ZT‘] (r,n+k,0)

k>0

—Bs\F°2) — S a (2/3(t - 8))
2“/t/ Y Y e ps e (22 —ar G"(r —a,n+k+b,0)ds
k>0 a<b
(u. b)cz2
7+6tz J"rn-f—kO)
k>0 :
_ s (26(t —s))°
e (v+ﬁ)t/0 ~OB)(-9) 3 Z =G — a,n+ k+b,0)ds.
k>0 a<b
(a,b)eZ2

O]

Theorems 6 and 7 hold for any initial measure v which is not necessarily translation invariant.
We conclude this section showing that under the extra assumption of translation invariance we
can recover the expressions (21) and (22) in [30].

Special case: translation invariance

Let us recover the formulas obtained in [30] in the translation invariant case using ODE’s (here
we have not used such ODE’s), from (4.38) and (4.39). If v is invariant under translation,
G¥(r,n,0) and J¥(r,n,0) are independent of r, so

b b
G (n,t) == G¥(r,n,t) = e~ 20+A) Z (52 i G”(r —a,n+b,0)
(a,b)eN2
a<b

o248t ZZ = ) (25t)° n+b,0). (4.46)

b!
b>0 a=0

Therefore, G¥(n,t) = e 20+ Z (2&) G"(n+b,0),
b>0 !
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which matches (21) in [30]. Now,

v . JV _ —(v+p)t (5t)k v
J(nat) .—J(r,n,t)—e ZT‘] (7’L—|—]€,0)

k>0
+,Ye('y+ﬁ)t/ —(v+B)(t—s Z Z 2ﬂ(tb‘_ 5)) G”(n—i—k—i—b,())ds

0 k>0 a<b ’

(a,b)eN2 (4.47)
e~ (VB Z (ﬁt) JV(n + k,0)
E>0

t k 9 _ b
Y / - 33 W]j) ( B(tb' ) G (0 + & + b, 0)ds.

0 k>00>0 '

Performing the change of variable u =t — s in the second integral, we get

/ —(v+B)(t—s ZZ ﬂs Qﬁ(tb_ S)) Gu( —i—k—i—b O)d

k>0 b>0
_ 2
/ BE=w)* s PPpa ( 5“) G"(n+k +b,0)ds (4.48)
0 k>0 b>0
/ t_u ) G”(n-l—k?,s)dsa
U

where we used the expression for G”(n,t) given by (4.46). Finally, we get

JY(n,t) = e~ A1 Z (m) 7 (L, 0)+ / t —W*ﬁ)(t—s)ZMG%un s)ds, (4.49)

1l
>0 >0

which is exactly the solution given in (4.36), found by solving the ODE for J, in the same spirit
as in [30].

A Invariant measure of the diffusive contact process on small
finite sets

Here, in the same spirit as [20], we compute the stationary distribution of the diffusive contact
process for small N, where we recall that the dynamics is given by the generator £LPCF | defined
n (2.12), here we stress the dependence on the lattice size with the subscript N. This approach
is based on the definition of the invariant measure as the probability distribution vPC? satisfying
yPCP £DCP — . Here, configurations are represented in their vectorial form, for instance, for
N =1, (0) is the empty configuration and (1) the full one.

We notice that in our case the presence of boundary reservoirs allows to see the effect of the
diffusive coefficient D already when the bulk size is N = 2. This is in contrast to the scenario
studied in Section 6.2 of [20] with boundary conditions 79 = nny4+1 = 1 when the results are
equivalent to the case of D = 0.

N =1 site

Let us solve the stationary condition PP LPCP = 0. For N = 1, the corresponding intensity

matrix is
JDCP _ < —(a+9) (a+9) >
(v+B8+1) —(v+B8+1),
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and the stationary condition yields

Y+ B+1
1+B8+7+d6+a
a+9d

vPP((0)) =

vPEP((1))

T 14+ B8+v+0+a’

Notice that for just one bulk site there is no diffusive effect.

N = 2 sites

This is the first non trivial case where the diffusion parameter D plays a role. In this case the
intensity matrix is

—(a+9) 0 ! 0
B 1+~ D —(14+v+D+A+9) A+4
0 1+~ 1+ -2+ 5+7)

and the stationary condition yields

aPCP((0,0)) =DB+y+2+(@+B+7+0+2+20)(1+5+7+7)
aPP((1,0)) =D+ B+)(a+08)+ (y+1) [Ma+6)+da+S+~+05+2)]
cPCP((0,1)) =D2+B+Y)(a+8)+ B+ [Ma+0)+ala+B+v+6+2)]
cwPCP((1,1)) =D(®+ 82 +2a+2Xa+6)) + Ma+6)(a+6+ A+ 1)+ XaB +796),
(A.1)
where

c=Dl(a+B+7+0+2)°+2Ma+0)] +(a+f+7+6)"+3(a+f+7+4)
F(@+Y)B+N)a+B+7+0+2) +Aa+0)(a+5+A+3)+2AB+y+1)

In both cases, setting @« = § = X and v = § = 0, our results correspond to the ones in [20],
as expected. This strategy explicitly characterizes the stationary measure but only works when
the size of the system is small.

Taking the limit D — oo, the solutions in (A.1) become

B (B+v+2)

VDCP((O7O))(OO) *(a+5+7+5+2)2+2)\(a+5)
PN = (o

, (a+B+7+d+2)2 42 (a+9) (A.2)
WPP(0,1))(0) = o L)

) (a+B+7+5+2)2+2\a+0)
JPCP (1 1))(00) = (@28 20+ 2\(a+9))

; (a+B+7+5+2)2+2\a+9)

Due to the infinite diffusion, vPP((1,0))(c0) = vPCP((0,1))(c0), so this quantity only depends
on the total number of particles, regardless of their position.

B Fokker-Planck equations

Recall that given L, the generator of a dynamics on a state space {2, we have the following
characterization of an invariant measure
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Theorem 8. (in [23, Chapter 1, Proposition 1.8]) A measure p is invariant for L if and only
if, the following Fokker-Planck equation is satisfied:

/Efduzo, Vf e Q). (B.1)
Q

Consider £PCP | the generator of the open diffusive contact process, defined in (2.12) with
state space {2, and where in the boundary generators £_ and L4, we take o,y # 0 and § =
f =0, in other words, the right hand side boundary is closed. Recall that we denoted by vP¢F,
the unique invariant measure of the process. Applying (B.1) to the functions f(n) = 1z,...7,
allows to compute the correlation functions.

e For N =1, take f(n) =n;. Then,

Lom=all—m)—ym,  L%m=-mn,
so (B.1) yields
a(l —p1(1)) —vp(1) — p1(1) =0,

that is,
Q@

)=—
) =177

e For N =2, we have

Lom=al-—m)—ym=a—(a+y)m, L-n=0,

L_mng =mL_m = any — (a+y)mna,

L = =+ ML —n)nz, L% = —m2 + AL — n2)m1,

L = m L ny + e LCFn, = —2(A 4+ D)mnz + A + A2,
DLy = D(ny —m), DLy = D(m —ma), DL iy = 0.

Now we have, recalling the notation pP°F(1) = E,pce (m] ==, pPCP(2) = B per (2] =y

and pY°F(1,2) = E per [mne] =: 2:

/ (Lom + L+ DLS ) dvPF () = 0

& a—(a+y)r—xz+Ay—Az2+Dy— Dz =0 (B.2)
then
/ (L_mz + L1 + DLBE 00) dvPOF () = 0
& —y+Ar—Az+Dx—Dy=0, (B.3)
and

/ (Lomnz + LCmme + DL p102) dvPCF () = 0
& ay—(a+7v)z—2A+1)z+ A x+ Ay =0, (B.4)

Gathering (B.2), (B.3), (B.4), we are left to solve

(a+7+D+1)z— (A+D)y+rz=a
A+D)z— (D+1)y—Az=0 (B.5)
A+ (a+ Ny — (a+7+21+2)z=0.
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The solution of this system is given by:

z=dD)a [(D+1)(a+7+2\+2) +ar+2\?)],
y=d(D) ta [D(a+ 7+ 2)A +2) + aX + A + A2+ 2)], (B.6)
z:c/l\(D) a[D(a+2)\)—|—a)\+)\2—|—)\].

where
dD) = D[(a+7+2)%+2\] +(a+y+A+1)(@+7+Aa+2)+ Ma+7).

Taking the limit D — oo, the solutions in (B.6) simplifies to

( x(oo)_a(a+fy+2)\+2)
(a7 +2)2 + 20
ala+v+2)2+2)
p— B.
¥0o) = I 7+ 2)7 1 20 (B-7)
B ala+2X)
A= T F 2P 1 2an

\

Notice that, as remarked in Section 2.3.3 for the absorption probabilities of one dual
particle either in site 1 or site 2, also the corresponding correlations pP¢P (1) and pPCF(2)
are the same.
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