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TIME SPLITTING AND ERROR ESTIMATES FOR NONLINEAR
SCHRODINGER EQUATIONS WITH A POTENTIAL

REMI CARLES

ABSTRACT. We consider the nonlinear Schrédinger equation with a potential,
also known as Gross-Pitaevskii equation. By introducing a suitable spectral
localization, we prove low regularity error estimates for the time discretization
corresponding to an adapted Lie-Trotter splitting scheme. The proof is based
on tools from spectral theory and pseudodifferential calculus in order to obtain
various estimates on the spectral localization, including discrete Strichartz
estimates which support the nonlinear analysis.

1. INTRODUCTION

1.1. Setting. We consider time discretization for the nonlinear Schrodinger equa-
tion with a potential,

(1.1) 10+ Au = V(z)u + W(z)u + elu/*u ; Ujg—0 = U0,

with z € R4, d > 1, e € {—1,+1}, and o > 0. More precisely, the nonlinearity is
H'-subcritical, 0 < 0 < —2—, that is, 0 < ﬁ if d > 3. We denote

(d—2)+
H=-A+V(x).

A typical physically relevant case in dimension d < 3, related to the physics of
superfluids or Bose-Einstein Condensation, is the cubic nonlinearity (o = 1), with
a quadratic confining potential (possibly anisotropic),

d
(1.2) Vauaa () = > _wla?,  w; > 0.
j=1

Equation () in that case may be referred to as Gross-Pitaevskii equation; see e.g.
[3,26] and references therein. The potential W may be considered as a perturbation
of V. A major difference between the two potentials, see Assumption [[LT] is that V'
is smooth, possibly unbounded, while W is in W2 (R?). We emphasize that we
make no assumption on the spectrum of the Hamiltonian H: for instance, V' may
correspond to a partial confinement, that is we may consider (2] in the case were
some (or all) w;’s are zero. The potential in (I2)) is not bounded, and cannot be
addressed by perturbative arguments, typically when solving the Cauchy problem
(1) and considering the associated dynamics. In this paper, and in agreement
with the above example, we assume that V' is bounded from below,

3Cy >0, V(z)> —Cy, Vo € R
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2 R. CARLES

The gauge transform u +— e~ (€0t Dy =  shows that @ solves (ILI)) with V replaced
by V + Cy + 1, so we may assume that V' > 1 without loss of generality. This will
simplify some technical arguments, without discarding potentials such as in ([[2)):

Assumption 1.1. The potential V is real-valued, smooth, V € C=(R%R), with
V' > 1. Moreover, it is at most quadratic, in the sense that

Va eNY, |a| >2, 0°V € L=(RY).
The potential W is real-valued, W € W2>(R%; R), that is
Va € N4 |a| <2, 0°W € L=(RY).
The operator H is self-adjoint, and we denote by
(1.3) S(t) = e H

the evolution group associated with the linear part in (II) (¢ = 0), in the case
W = 0, which is well defined under Assumption [[1] (see e.g. [32]).

1.2. Time discretization. This paper is focused on error estimates for the Lie-
Trotter time splitting scheme associated to (LII), see e.g. [2| B] and references
therein. Asin ([ILT), Oy is the sum of four terms, several strategies appear naturally
if one wants to write
Oyu = Aju + Agu,

where the equation d;u = Aju is convenient to solve numerically both for j =1
and j = 2. We do not consider more sophisticated splitting methods here, to avoid
extra technicalities. One may set A; = ¢4, and

Agu = —iVu — iWu — ielul*u.

This choice was made in, e.g., [4], in the case where V is quadratic like in (L.2)):
et is computed by Fourier pseudospectral methods, and the nonlinear ordinary
differential equation

Ou = Asu
is solved explicitly, as it turns out to be a linear equation, since ;|u|? = 0 (¢ is real).
Error estimates are proved in [40], assuming large regularity for the initial data,
but also considering a bounded spatial domain (hence the potential is bounded).

In the case W = 0, the other natural choice consists in setting Ay = —iH
and Asu = —ielu|?°u. This choice was made in, e.g., [5], again for V of the
form (2], and using the Hermite eigenbasis to replace Fourier pseudospectral
methods with Hermite pseudospectral methods: the operator e?4! is computed
on each Hermite mode, see Example [l below (with y = 1). In [41], the two
decompositions were addressed numerically (for a higher order splitting method),
and no crucial difference seemed to emerge regarding the size of the error. In the
isotropic case of (I2) (w; = 1 for all j), an error analysis in the case of Strang
splitting scheme was provided in [I7] for the cubic nonlinearity o = 1, in the spirit
of the proof in [30] for the case without potential, requiring a high level of regularity
for the initial data, and working in Sobolev spaces based on powers of H instead
of powers of —A, that is, accounting for the presence of the potential.

It is possible to mix the above two approaches, as in e.g. [4]], in the following
sense. Suppose for instance that V(z) = Vyuad () +e~1#" 41, Then it is possible to
consider A1 = 1A — iVyuaa — ¢ and Aou = —je~ ey — ic|ul?>*u. The flow generated
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by A; can be analyzed by spectral theory like in e.g. [I7], while the potential in A
is in the Schwartz class, and can analyzed by perturbative arguments.

The framework that we consider here is in the spirit of the latter option, and
we set A = —iH, Ay = —iWu — ic|u|?>?u. This distinction can be of practical
interest, even for W in the Schwartz class, as the spectral cutoff Il defined in
(T4 is explicit for particular potentials only. We emphasize that even in the case
where V' is quadratic, the tools we present in Section 2l may be interesting in other
contexts. Our main contribution, compared to the results evoked above, consists in
decreasing the regularity required on the initial data, thanks to Strichartz estimates
(but we stick to the Lie-Trotter discretization and do not address Strang splitting).
The motivation is theoretical and practical: the nonlinearity need not be smooth
(o can be arbitrarily small), and we know, in some cases (typically when o < 2/d —
L2-subcritical nonlinearity — or ¢ > 0 — defocusing nonlinearity), that the solution
to (L) is defined globally in time (at the level of regularity that we need), so the
main error estimates are true on arbritrary time intervals (see Remark [[7]).

We define N (t)¢ as the solution of the flow
i0yu = Wu + |ul* u, Up—o = ¢,
that is, N(t)¢ = pe W iteld As Equation (L)) is time reversible, we shall

only consider positive time, the case of negative time being similar. The standard
Lie-Trotter approximation is defined, for 7 € (0,1), as

Z(nt)p = (S(T)N(1))" ¢, n €N,

where S is defined in ([3]). Note that in the case where V is harmonie, ([L2]), S(-)
can be computed by using Hermite functions, see e.g. [3], and Example [l below.

|2a

Remark 1.2 (Time dependent potential). The potentials V' and W may even depend
on time: we just have to replace e " with a more general semi-group, as the
dispersive estimate from [I6] that we use below remains valid, and in the formula
for N(t), tW must be replaced by fot W. We emphasize that one has to be cautious
with splitting methods in that case though, as the expression (L3]) must be replaced
in order to account for the initial and final times, S(¢s,¢;). The numerical cost is

therefore different, as this semi-group is computed at each step, as well as fttf w.

Remark 1.3. The potential W could include a singularity, in the sense that the
assumption W € L*(R?) could be replaced by W € LP(R?) + L>°(R?), for some
p = 1 such that p > d/2, typically (for suitable v and p)

1 1
W(z) = Wl\z\q + W1\1\217

eLr(RY) €L (RY)
like in [12], with similar assumptions on 0*W for |a| < 2. However, if W is singular,

the nonlinear flow N(¢) becomes more delicate to handle numerically (when space
discretization is considered too), this is why we simply assume W € W2 (R?).

In the case V =W = 0, error estimates related to Z were first proven in [8], for
globally Lipschitz nonlinearities. The proof was made more systematic, for other
nonlinearities, in the more difficult case of Strang splitting, in [30]. In both papers,
the regularity requested on the initial data, in order to obtain an error estimate in
L?, is rather high (H? in [§] for Lie, H* in [30] for Strang — in both papers, the space
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dimension is sufficiently low so these Sobolev spaces are Banach algebras embedded
into L°°). This regularity constraint was relaxed in [23] and [14], by using discrete
in time Strichartz estimates. We give more details regarding this tool in Section [3]
which is crucial in our case too, where V need not be zero. As pointed out in
[23, 24) 25, [35], in the case V = 0, the group S(-) does not satisfy discrete in time
Strichartz estimates: a frequency cutoff is needed, see also [31]. When V is present,
this frequency cutoff must be replaced by a more general operator.

To prove discrete in time Strichartz estimates, we need to remove the singularity
at t = 0 of the dispersive rate in e®H. In the case without potential, this is
achieved by a frequency cutoff, see e.g. [23| B1]. In the present framework, the
frequency cutoff is replaced by a spectral cutoff, in order typically to keep the
commutation property between the cutoff IT and the exact flow S(t): for potentials
like in Assumption [T}, the lack of commutation between the Fourier multiplier
considered in [23] and H may generate error terms which cannot be controlled
(typically in the case ([L2])).

Throughout this paper, x € C>°(R;[0,1]) denotes a smooth, compactly sup-
ported function which is one on [—1, 1], and zero outside [—2,2]. For A > 0, we
set

(1.4) I = x° (g) ;

the spectral localization defined by functional calculus, see Section 2l In particular,
Proposition 23] implies that IIy and H commute, therefore so do IIy and S(t).

We emphasize the fact that when V. =W = 0 (like in [23 [I4] [31]), the Fourier
multiplier II, can be viewed as a convolution operator, which yields various es-
timates thanks to Young inequality. When V # 0, II, is no longer a Fourier
multiplier: we shall use the fact that since x € Cg°, Il is a pseudodifferential
operator, thanks to a result due to Helffer and Robert [20], and rely on properties
of pseudodifferential operators (see Section[2). The generalization of the truncated
free group from [23] B3] is then

(1.5) Sa(t) = HAS(t) = S(t)I1,,
and the modified Lie-Trotter splitting scheme reads
(1.6) u" = Zx(nt)ug = (SA(7)N(7))" Mxup.

At this stage, we have not related 7 and A\. We will eventually consider A = 1/7,
which is the same choice as in [23] and [I4]. Roughly speaking, this makes it
possible to show L? error estimates of order 7'/2 on bounded time intervals, for
H' solutions, and of order 7 for H? solutions. We point out however that the
setting we introduce makes it possible to adapt the strategy developed in [31], where
other relations between \ (denoted by K? there) and 7 are proposed, for another
integrator, in order to break the natural order barrier of 71/2 error estimates for
H' solutions.

Ezample 1.4. In the case of a harmonic potential as in (L2), a well-known eigenbasis
is given by Hermite functions, and the operator Il can be written in terms of the
eigendecomposition. If d = wy = 1, with V = Viuaa +1 = 2 41 (the constant
1 is added to be consistent with Assumption [[I]), Hermite functions ¢;, j € N,
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solve Hp; = (34 2j) ¢j, and, if they are normalized so that |¢|/z2 = 1, every L?
function ¢ can be decomposed as

oa) = 3 ool (6.00) = [ e

Jj=20

Then we may also write

o) = Sox (3) omleita A =342

j=0

and
: 2\ 2
$000) =S (3 (009 040
j=0
The expression of S(t) is obtained by setting x = 1.

1.3. Main results. The first L-based function space we consider is
H' = {p € H'(RY); oVV € L2(RD)},
equipped with the norm

ol 2= (6.0 = 19010, + [ V@ota) P

Note that in view of Assumption [T} since V > 1, [|¢]|3, = [|4]|3.. Also, & C H?,
where

2= {oe @) [ loPioo)Pde < oo}

In the case of a quadratic potential (I.2), the two spaces coincide, and correspond
to the sharp analogue of the Sobolev space H'(R?) compared to the case V = 0,
see e.g. [10]. Under Assumption [T ([T) is locally well-posed in X, see e.g. [9].
In Section @, we prove well-posedness results in the possibly larger space H'.

Like in [I4], the statements of our results contain a restriction on the dimension,
since when o > 2/d, we assume in addition o > 1/2 for the nonlinearity in (L))
to be of class C? (or W2 in the case ¢ = 1/2), which implies d < 5 since
0 < 2/(d—2)4. This extra condition is therefore only present when d = 5. Note
that our results cover the physical case of a cubic nonlinearity in dimension d < 3.

Theorem 1.5. Let Assumption [ be verified. Assume that either 0 < o < 2/d,
ord <5 and 2/d < o < 2/(d— 2)4+, with in addition o > 1/2 when d = 5.
Let ug € H', assume that (L) has a unique solution u € C([0,T);H'), for some
T > 0, and denote by u™ the sequence defined by the scheme (LGl), where we set
A =1/71. There exist 79 > 0 and C = C(T) > 0 such that for every T € (0,70], we
have the error estimate

[u" —u(nT)||L2@ey < ort’? o< nr <T.
To prove a better error estimate in terms of the time step, we assume higher
regularity: let
"= {¢ € H*R?); Vo € L*(RY)},
equipped with the norm
16132 = | AGNIZ2@ay + IVl Z2 (Ra)-
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Theorem 1.6. Let Assumption[I1 be verified. Assume that 1/2 < o < 2/(d—2)+.
Let ug € H?, assume that (LI) has a unique solution u € C([0,T];H?), for some
T > 0, and denote by u™ the sequence defined by the scheme ([LOl), where we set
A =1/71. There exist 79 > 0 and C = C(T) > 0 such that for every T € (0,70], we
have the error estimate

u” —unt)||p2rey < C7, 0
(RT)
0

< T
[u™ — u(nT)|j2: < CTY2, < T.
Remark 1.7 (On the time T'). As we will see in Section [] the time T involved in
Theorems and can be taken arbitrarily large (global solution) in two cases:
0 < 0 < 2/d (L*-subcritical case) or ¢ = +1 (defocusing case). When o > 2/d
and ¢ = —1 (focusing case), finite time blow up may occur (see e.g. [9 [12]), so
having a solution u well-defined up to time 7" becomes a nontrivial assumption, even
though we know that a unique local in time solution always exists (for some time
T > 0). In the case 0 > 2/d and € = —1, we can prove that the solution is global
provided that |Jugl|3 is sufficiently small. However, this theoretical statement does
not yield an explicit smallness condition (unless o = 2/d, see e.g. [12]), so it is not
very convenient in practice.

Remark 1.8 (Nonautonomous equation). In the case of a nonautonomous nonlin-
earity of the form

i0u + Au = V(x)u + W(x)u + h(t)|u* u,

where the function h is bounded on [0, T], Theorems and remain valid, as
it is easy to check that the introduction of A does not change the error analysis.
Moreover, the local Cauchy problem can be handled like in Section @ global exis-
tence is not straightforward though, as the conservation of energy is lost when h is
not constant (see e.g. [12, Section 4.11]).

1.4. Notations. For Y a Banach space, we shall denote || f[lL1y = ||fllLa0,7.v)-

The Japanese bracket is classically defined as (z) = (1 + |2[?) 1/

2. TECHNICAL TOOLS

In this section, we gather technical results which are useful in the rest of the
paper, related to functional and pseudodifferential calculus. Most of the results that
we shall use in the proof of Theorems and are presented in Subsection 2.6
and concern properties of the spectral localization II). We will also rely on the
equivalence of norms stated in Lemma The perturbative potential W does
not appear in this section.

2.1. Preliminaries. We first state a consequence of Assumption [Tl which is ob-
vious in the case of a quadratic potential:

Lemma 2.1. If V satisfies Assumption[I1], then

|VV(2)|? < 2d||V?V |1~V (z), Va&eR%
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Proof. The property V' > 1 is not needed for this lemma, as V' > 0 suffices. Taylor’s
formula yields, for z,y € R,

Viz+y) =V(z)+y - VV(z)+ /0 (1-19) <y, V2V (x + 9y)y> do

2
V@) +y- IV @) + vy e

Since V(z + y) > 0, the polynomial in y on the right hand side is everywhere
nonnegative. Taking for instance y = y;e;, where (ex)i1<k<a is the canonical basis

2
of R%, the discriminant of V (z) + y;0;V (z) + %||V2V||Lao is nonpositive, hence
0;V(2)]? <2|V?V|r=V(z), VaoeR™
The result follows by summing over j. O

We will also invoke the following result, known either as Schur test, or Young
inequality for integral operators, as stated in [34, Theorem 0.3.1]:

Proposition 2.2. For d > 1, consider an operator T with Schwartz kernel K,

To(x) = | K(z,y)o(y)dy.

]Rd
Let 1 < p<qg<ooandr > 1 be related by
1 1 1
- =1—-=-4+-.
r P q

If K satisfies

Sup ”K(xv')HL““(]Rd)v sSup HK('vy)”L’"(Rd) < Cv
zERY y€ERd

then T is continuous from LP(RY) to L4(R?),
1T ¢l La@ay < CllpllLomay, Vo € S(RY).

Proof. We give a direct proof, as it is simple. If r is finite, setting

1
azr(l——), B:C,
p q

we have a + 8 =1, a, 8 > 0, and Hélder inequality yields, for ¢ € S(R?),

ot < [ ([ 1ealiowiar) o= [ (1K@l owit) d

a/p’
<lolt, [ s i@ ([ 1K) as

yeR?
As 8q = ap’ = r, the assumption yields
1T él7a S CUIIT-

and we note that

()0 (roa-) o) oG-

The case r = oo corresponds to the situation where p = 1 and ¢ = oo, and the
proposition is straightforward. 1
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2.2. Functional calculus. We recall properties presented in e.g. [33, Chapter VIII],
or [I3] Chapter 8]. The standard way to define functions of a self-adjoint operator

(typically, H) consists in using the spectral measure (see e.g. [33]), or, equiva-

lently Helffer-Sjostrand formula (see e.g. [15]). We note that H is self-adjoint on

L2(RY), it is elliptic, and its spectrum o (H) is included in [1, +00), since V > 1 by

Assumption [Tl The square root of H is defined in terms of quadratic forms, by

<H¢7 ¢> = HH1/2¢||2L27 V¢ € S(Rd)v
and we have
[H'? H] =0,

where [A, B] denotes the Lie commutator [A4, B] = AB — BA. We can also infer
the following result from [33] Theorem VIIL.5] and [I3] Propositions 8.3 and 8.20]:

Proposition 2.3. Let V satisfying Assumption[L 1], and H = —A + V.
For any f € S(R), [f(H),H]=0.
For any f,g € S(R), f(H)g(H) = (fg)(H) = g(H)f(H), on

{u € Dom(g(H)) ; g(H)u € Dom(f(H))}.

For any nonnegative bounded Borelian function f, || f(H)||r2—r2 < ||f]|pe-
o If Hyp = M\, then for any f € S(R), f(H)y = f(A)y.

Recall that Ty is defined by (I4), with xy € C°(R%[0,1]). As a consequence
of the first point of the above proposition, [IIy, H] = 0, and as [ITy, d;] = 0 since
I, does not depend on time, [IIy,e”*#] = 0, hence ([FH). We insist on this
aspect, since if we had defined initially IT) as a pseudodifferential operator of symbol
X2 ((J€]* + V(x))/A) (the definition is recalled below, see ([Z2)), the commutation
relation [T, H] = 0 would have become false, this bracket being only, in general,
a (nontrivial) smoothing operator. It seems crucial, however, to know that II is a
pseudodifferential operator, but whose symbol is not fully explicit, see Section 2.5

2.3. Weyl-Hormander pseudodifferential calculus. We present aspects of pseu-
dodifferential calculus which can be found in [22] Chapter XVIII] and [I9] Chap-
ter 4]. This will be crucial to establish properties of the spectral localization IIy.
Define the function m by

m(z, &) = \/[€[* + V(z).

We introduce two metrics,

go(z, &) = da® +d€>,  or, equivalently, go (2.¢)(y,n) = |y|* + ||,
dg? 2 dg? .

gz, &) =da* + ———— =da* + ——=—, or, equivalently,

) Vi (.6

s
m?(x,§)
We recall [22] Definitions 18.4.1 and 18.5.1] (the standard notation o in the context
of pseudodifferential calculus being used only in this subsection, no confusion with
the exponent of the nonlinearity in (II)) should be possible):

91,6, m) = [yl +

Definition 2.4. The metric g is called o temperate if it is slowly varying,

ElC, C > 07 g(w,f)(ya 77) g c— g(w+y,£+n)(za C) g Cg(w,f)(zv C)a
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and there exist C, N > 0 such that for all x1,z,y,&1,&,n € RY,

I, (W) < Cgiae)(y,m) (1 + 906 (@1 — 2,61 — £)N) :
where

oy, m; 2, ¢

oolz0)= sp W2

(w70 9(a.&) (Y:1)

A positive function w is o, g temperate if it is g continuous,

w(z, §)
C

;. where o(y,1m;2,¢) =y-(—z-1.

3e,C >0, gae(y,n) <c= <w(z+y,§+1n) < Cw(x,),

and there exist C, N > 0 such that
1) wlyn) <Cw@d) (L+le—yP+lg-n)" . VeyEneRr
We note that, classically (see e.g. [7,[19]), g5 = go, and
g7 (2, €) = m?*(z,€)da® 4 d&?.
Lemma 2.5. Let m? = |£]? + V(z), where V satisfies Assumption 1l Then m?
is o, g temperate, for g = go and g = g;.
Proof. The term |£|? is standard, and Peetre inequality (see e.g. [1]) yields
l? < (L4 [EP) (L + 1€ = nf*) < m®(2,€)) (1 + [€ —nl?),
where we have used V' > 1 for the last inequality. Regarding the term V., we

argue like in the proof of Lemma [ZJl and write that from Taylor formula and
Assumption [[T]

V(y) SV(2)+ |y —zl|[VV(@2)| + Cly — > S V(@) + |y — 2[V/V(2) + |z — y[*

where we have used Lemma 2] for the second inequality, and Young inequality for
the last one. Then (1)) follows, with N =1, since V' > 1. (]

The class of symbols S(w, g) is defined as follows:

Definition 2.6 (Symbols associated with a weight and a metric). Let w be o
temperate. The set S(w,g) consists of functions a € C*(R? x RY) such that for
every z,& € RY, every o, B € N¢,

w(x,{) ng = 9o,

w(z, §m(z,6)1if g = g1.

The best constants C(a, B) define the seminorms of a,

s = sup w7 (e IO a@ Q)] 5 =0.1.

080 a(x, &) < Cla, B) {

We consider the Weyl quantization for pseudodifferential operators. For a symbol
a € S(w,g) and ¢ € S(RY), we set, with the usual convention D = —iV,

22) oo Do = (Opa)*s(a) = (2n)* [ cena (T00 6 olypay.

We can also express (Opa)™ thanks to its Schwartz kernel,

(Opa)” é(a) = [ K(o.p)d(y)dy, K(x,y) = (2r) /

R4 R4

PR <—$ ;— i ) 5) dg.
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We denote

OPS(w,g) ={(Opa)”, a€ S(w,g)}.
The composition of pseudodifferential operators is described in [22, Theorem 18.5.4],
and implies the following result, where we consider only the metric g;:

Proposition 2.7. Ifa; € S(w1,¢91) and as € S(wa,¢g1), then (Opai)¥o(Opag)® €
OPS(wiwe, g1). The symbol of this pseudodifferential operator is denoted by aqfas,
and we have, for all N € N,

= 1 (iU(DvaE;DvaU

alﬁQQ(xvg)_ Z ) 2 TN(I,&),

5! =)

))j a1 (2, €)aa(y, )

j=0
where ry € S(m™Nwiws, g1).
We note that H = (Opp)¥ for
p(z,&) = [§]* + V(z) € S(m?, g1).

As V > 1, H is elliptic (since p(z,&) = m?(z,€)), and we emphasize two conse-
quences:

Proposition 2.8 (From Theorem 4.8 in [19]). The operator \/H is a pseudodiffer-
ential operator, belonging to OPS(m,g1), and

VH = (Op p)” € OPS(1, g1).
Together with Proposition[Z7], and the proof of [22] Theorem 18.1.9], this implies:

Proposition 2.9. There ezists q € S(m™2, g1), with \/q € S(m™*, 1), such that
for all N € N,

Ho(Opq)” -1, (Opq)“oH —1€OPS(m™,g1),

VH o (Op/Q)” —1, (Op Q¥ o VH —1€ OPS(m™N, g1).
More precisely,

T ——1 m,3 1 x —71 m72 1
q(z,§) p(x,f)es( ,91)5 q(z,§) p(%g)és( ,g1)-

The metric g1 satisfies the assumption of [6], and we have, from [6, Theorem 3.1]:

Proposition 2.10. Let 1 < p < co. If a € S(1,¢1), then (Opa)¥ is bounded in
LP, and its operator norm is controlled by finitely many seminorms of a.

Remark 2.11. In the case V = 0, the set S(1, g1) coincides with the class of symbols
SY from [22, Definition 18.1.1], and the above result meets e.g. [36, Chapter VI,
Section 5.2], [39, Theorem 5.2], or [34, Theorem 3.1.6]. The proof is actually similar
in our case, based on decay estimates for the Schwartz kernel K off the diagonal
(obtained by integrations by parts, using the property m(z, &) > [£|), which makes
it possible to eventually invoke Proposition (with r =1).

As a first application of these general results, we compare Sobolev norms:

Lemma 2.12 (Equivalence of norms). Let V' satisfying Assumption [l For any
1 < p < oo, there exist Cy,Co > 0 such that for any ¢ € S(R?),

IV6lr +16VV o < CLIE26l120 < Co (V6o + 63V 1)
18610 + IVollr < CrlHl Lo < C2 (18] 2o + V]2
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Proof. We follow the same strategy as in the proof of [28 Lemma 2.7], and invoke
analytic interpolation (from [38] Section V.4], see also [29, Theorem 2.7]). First,
considering the function on Ry \ {0}, x — 2% for s € R, the main result from [I§]
implies the bound

I ¢||e < 116l e-

The estimate | V9| r» < ||¢]| e is straightforward, and [[(—=A)#||Lr < @]l Le fol-
lows from the Hérmander-Mikhlin multiplier theorem (see e.g. |21, Theorem 7.9.5],
or [29, Theorem 2.8]), so

IVEdllLe + 1(=2)*¢llzs + [H*6|lLo S |gllzs, Vs €R.
On the other hand, triangle inequality yields
[1HollLr < |AG|Ir + [V Lo

The maps
i V@
§* +Vi(z) §2 +Vi(z)
define symbols, as can be checked directly, keeping Lemma [2.1] in mind for the
second map. Proposition 210 implies

IAE 610 + [V 6l|1e S 6]l 2s,

(z,8) — and (z,€)

hence the second inequality of the lemma by replacing ¢ with H¢. Analytic inter-
polation for the operator-valued functions z — (—A)*H % and V*H~* yields

[(=A)°¢lle +VZelle S NH Glle S I(=A) ¢l +[[V PllLs, forall0<s <1,

as the case s = 0 is trivial. The first inequality of the lemma corresponds to the
case s = 1/2. O

Remark 2.13. We give an alternative proof of the main estimate in the proof of
Lemma 2.12] in the spirit of [42] Lemma 2.4]:

(2.3) [1AG][r + [VOllLe S IHS Lo
Setting @ = (Op q)*, Proposition 29 yields
Ap=AQHp+ AR¢p, Vo=VQH¢p+VRod, RE OPS(m72,gl).
Since V@Q and A o @ belong to OPS(1, g1), Proposition 210 implies
[AQH ||y + [VQHO||Lr < [IH| Lr-
Also, Ao R,VR € OPS(1,g1), hence
ARG Lr + VRO 2o S ||@ll2e S N1HO Lo,

since H=1 € OPS(m~2,g1), and using Proposition .10 again, hence ([Z.3). Note
that by considering Proposition 2.9 again (now for the parametrix of vV H), we also
have, by following the same lines as above,

IVolLr + 16vVVliLe S IVH Lo,

without invoking interpolation.
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The following consequences of Lemma will be convenient: if 1 < p < oo,
f,g € S(RY), and v > 0,

1 2(f9)llze S IF Lo |HY 2 gl Loe + 1V f ]l gl zos
SNz llH 2 gl Lo + | HY2 f|[Leslgll o,

1 1 1 1 1
(2.4) L I
p a1 a2 a3 Qaq
1 ¥ 1
LHY2 (7 ) e S UL [HY? fllpez, == —+—.
p ai as

2.4. Semiclassical pseudodifferential calculus. The spectral localization ITy
is defined by functional calculus, in order to have the exact commutation relation
[II), H] = 0. In the case V = 0, I is a Fourier multiplier, which makes it possible
to establish various estimates, needed for the analysis of error estimates for the
discretization in time. When V # 0, the generalization of the notion of Fourier
multiplier is the notion of pseudodifferential operator. It is therefore crucial to
know that I, is indeed a pseudodifferential operator: this follows from the initial
result of Helffer and Robert [20], which was revisited by Dimassi and Sjéstrand [15].
For h € (0, 1], the semiclassical version of ([2.2) is

23) (Opa)” ole) = ) [[ e (T2 6 ogayac
R2d
In view of Lemma 25 we have, from [20, Theorem 4.1] or [15, Theorem 8.7]:

Proposition 2.14. Let P(h) = (Op, p)¥, where p € S(m?, go) is real-valued. If
f € C2(R), then f(P) € Op,(S(m~F, o)) for every k € N. In addition,

f(P) = Opy, (ao + hay + B2p") ",
where
(lo((E,g) = f (p(x,f)) ) ay (:’E,g) =P (‘Tug)f/ (p(fC,f)) )
for p1 € S(m?,go) and p" € S(m~F%, go) uniformly in h € (0,1] (the corresponding
constants C(«, B) from Definition [Z8 do not depend on h € (0,1]).

2.5. The spectral cutoff as a pseudodifferential operator. We can now prove
that IIy, defined by functional calculus, is indeed a pseudodifferential operator,
whose kernel is estimated like in the case V = O:

Proposition 2.15. Let x € C°(R;[0,1]), equal to one on [—1,1], and zero outside
[—2,2], and 11\ defined by (L4), where V satisfies Assumption [L1]

e For every A > 0, Iy is a pseudodifferential operator, 11, € OPS(1, g1).
o [ts Schwartz kernel Ky is such that

Mo(@) = | Kx(z,9)6(y)dy, Vo € SRY),
R
and for all N > 0, there exists Cy > 0 independent of A > 1 such that
)\d/2

(2.6) |Kx(z,y)] < C )
) (1+\/Xlw—yl)N
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o We have the following decomposition:

w 1 1
Iy = (Opwk) y A= ax T+ ﬁb)\ + XT’)\a

where

e, = (L) 09 = o (BT,

for some q1 € C®(RY x R?) independent of \, and r € NS(m™*, go)
whose seminorms are bounded uniformly in A > 1. In particular,

Yo, €N 3C(e, ), [020¢ra(x, &) < Cla, Bym(x, &)~ YA > 1.

Proof. Set h=1/+/X, and py = |€|? + h2V. Then
H w w
T iea+12V(@) = Opup)” = 12 (Opp)".
and we have pp, € S(m?, go). We can therefore invoke PropositionZI4l with f = x?:
w 1 1
II, = (Ophah) , ol = g + ﬁal + Xph,

with
O‘O(xug) = X2 (|§|2 + h2V(fL‘)) ) al(x,f) = p1($7§)XX/ (|§|2 + h2V(fL‘)) )

and p; € S(m?, o), p" € S(m™*, go) uniformly in & € (0,1] for all £ € N. The first
claim of the proposition follows readily. In addition, we have

g (29,

Kl) = (2nt) [ oy

Rd

d
_ VA iVNae—y)E h [T TY
= (g) /Rde Vs (T,g) dg

As o is integrable in &, uniformly in z € R? and 7 € (0, 1], | Ky (x, y)| < =% = \¥/2,
Since for all 8 € N, Bgah is also integrable in &, uniformly in z € R? and h € (0, 1],
N integrations by parts yield

/\d/2
(V2 =y’

hence ([26]) by combining these two estimates.
Going back to the definitions ([22)) and (2I), and changing variables in &, we
have

(Opja0)” = (Opax)”, (Op,a1)” = (Opbr)“+h (Op Tf)w , (Oph ph)w = (Op rg)w ,

where 77, 8 satisfy

|K>\(.’L',y)| S

Vo, €N, k€N, (02017 (x,&)] < Cm(z,€)™%, Va,£ €R?, Vhe (0,1].

The proposition follows by setting r = r1 + rs. O
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2.6. Estimates on the spectral localization. We can now establish some results
which are the analogue of the tools used in [I4] 23] for the case V' = 0, where II, is
a Fourier multiplier.

Lemma 2.16. For any 1 < p < oo, there exists C' such that for any ¢ € S(R?)
and A > 1,

(2.7) Tzl Lr < C @l L,

<

\/XIIH”%#HLP-

(2.8) [TIx¢ = @l 1p <

C
(29) IMx6 = 6l < S HO 20

Remark 2.17. If we consider only the case p = 2, the above lemma is a direct
consequence of Proposition 23] since x is bounded, as well as

2 2
N1 1 RO -1 _
g] (2) - ZJ/2 - AJ/Q CJ/2 C:z/)\, — 17 27

is bounded, with ||g;||z < A79/2. However, we will need the above inequalities in
the case p # 2, for which pseudodifferential calculus turns out to be very helpful.

Proof. The first inequality is a direct consequence of (Z8]) and Proposition [Z21
To prove [2.8) and ([29), we invoke Proposition 2.9 (with N = 2): if 5 =1 or 2,

My — 1= ﬁ/\ﬂﬂ ((H,\ ~1) (oqu/Q)w HP/? 4 (I — 1)Rﬂ) ,

with Rg € OPS(m™2,g1). In view of our assumption our x, the symbol y, given
in Proposition 2.15] satisfies:

B
A\B/2 (my—1) = <£> (mx — 1) mP e S(mﬁ,gl), uniformly in A > 1.
m

Therefore, Proposition 2.7 implies that
N2 (1T, — 1) (opqm)w and /2 (IL, — 1) Ry

are pseudodifferential in OPS(1,g;), whose symbols have seminorms uniformly
bounded for A > 1. Proposition 2.10] then concludes the proof. O

Lemma 2.18. For any 1 < p < oo, there exists C' such that for any ¢ € S(R?)
and any A > 1,

|t 26| < VA Lo

Proof. In view of Proposition 28 H'/? € OPS(m, g;), and from Proposition 215
I, € OPS(1,g1), so Proposition &7 implies that the operator IIyH/? = H/?1I,
is a pseudodifferential operator, IIyH/?> € OPS(m, g1). Propositions 27, and
also entail that the symbol of IIyH'/? is

VPX’ (g) +q1\/§xx’ (g) + %px,
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where py € S(1,¢1) has its seminorms bounded uniformly in A > 1. Writing

() -nB (3
VPx ( ) =V
Proposition yields the result. O

We conclude this section with an easy generalization of Bernstein inequality:

Lemma 2.19. For any 1 < p < q < 00, there exists C such that for any ¢ € S(R?)
and any A > 1,

d(1_1
ITIAB| La(ray < orgs q)H¢||LP(Rd)'
Proof. This follows directly from Proposition 22l and (Z8): if r is finite,

rd/2
A / sz < )\(7“71)d/27

[ Ex(x, e + 1 EAC )l S /Rd (1 + (V2 |)d+1>

and, if r = oo, || K| e < \4/2, (I

zy ™

3. STRICHARTZ ESTIMATES

We recall Strichartz inequalities in the case of continuous time, and prove their
analogue in the discrete case, thanks to the operator IT).

3.1. Continuous time.

Definition 3.1. A pair (q,r) is admissible if 2 < r < d2Td2 R2<r<ooifd=1,
2<r<ooifd=2) and

2 1 1

—=6(r)=d{z-—-]).

q ) (2 7“)

Remark 3.2. We note that the range for ¢ is equivalent to: ¢ € (2,00] if d > 2 (we
do not consider the endpoint case), and ¢ € [4,00] if d = 1.

It is a direct consequence of the main result in [16] that the group S(t) satisfies
local in time dispersive estimates, in the sense that there exists > 0 such for all
¢ € S(RY),

c
(3.1) 1S (@)l oo ey < MT/QIIstLl(Rd), [t < 6.

The fact that such estimates are local in time may be sharp under Assumption [[1]
even though the restriction |[t| < 0 can be removed when V' = 0. Typically in the
harmonic case V() = |z|?, Hermite functions ¢,, n > 0, satisfy Hy, = A\, for
A € d+ 2N, and S(t)p,(z) = e~ ¢, () has a constant L°°-norm in space.

Together with the fact that S(t) is unitary on L?(R%), we infer from [27] the
classical result (see e.g. [12 Section 9.2]):

Proposition 3.3 (Strichartz estimates). Let d > 1 and S(t) = e~ *H
(1) Homogeneous estimates. For any admissible pair (q,r), there exists Cq such
that for any T > 0,

I1S(#)9l Lo, 3527y < CyTY @2, Vo € L2
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(2) Inhomogeneous estimates. Denote

D(F)(t,x) = /0 S(t— s)F(s,x)ds.

For all admissible pairs (a1,b1) and (az,b2), there exists C' = Cq, 4, such that for
any bounded interval I 5 0 such that |I| <1,

(3.2) ||D(F)||La1(I;Lb1) <C ”F”L“/z (I;Lbé) , YF e L%(I; ng).

3.2. Discrete time. As pointed out in [23] in the case V = 0, discrete in time
Strichartz estimates cannot be true without a frequency cutoff. One way to un-
derstand this consists in recalling that the proof of Strichartz estimates relies on
Hardy-Littlewood-Sobolev inequality (fractional integration), and the discrete ver-
sion of this result requires some care regarding the behavior of the kernel at the
origin, as integration is replaced by summation. We give more details below to
explain this phenomenon, by revisiting a result from [37]:

Lemma 3.4. Let 0 < a < 1, and consider a kernel satisfying, for some co,c1 > 0,

1
lk(n)| < —————, nezZ.
co + c1|n|®
Then the operator I defined by I f = fxk is continuous from ¢P(Z) to £1(Z) provided

that 1 < p < q < oo and

11
S=-—l+a
q p

There exists C' independent of co and ¢1 such that for all f € (P(Z),

1
1 fllenzy < Omax< )Iflep

Proof. We single out the diagonal term as follows:

11 = S = 3|2 f(n = m)k(m)

nez neZ \mez

q

S Y fln—m)k(m)| +|f(n)k(0)"

ne”L meZ\{0}

1 q
< > fo-m) |+l

nes meZ\{0}

The first (double) sum is estimated thanks to [37, Proposition (a)], by
q

1

ne€Z |meZ\{0}

The second sum is equal to

quHéq Z) quHép Z)7

since ¢P(Z) C £4(Z) from the assumption p < ¢. The lemma easily follows. O
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Lemma 3.5. There exist C > 0 and § > 0 such that for all X > 0, Sy, defined by
TR, satisfies:
C

15X ()@l oo (may < W”¢HL1(Rd)7 Vo € S(RY), [t| <.

Proof. First, we use the dispersive estimate (B from [16], and write, for ¢ € S(R?)
and [t| < 4,

1
[SA() |l oo (ray = [SOIAB]| oo (ra) S MT/QHHWHLI(W)-

Choosing for instance N = d + 1 in (Z0)) yields
”K)\HL;;oL; S L
Fubini Theorem implies
TGl L1 ray S 9l L1 (ray-

This yields the lemma for |¢| > 1/A. For small values of ¢, we write

H i H
S)\(t)zx(x)oe tHox<X),
—— ——

L?2—L?
L2 =L Ll1—L?

and invoke the classical TT* argument, which entails, since y (%) is self-adjoint,

G (R)

so we can write, since e~ "H

[SA#)@ll oo (may < [l L1 poo 1Bl L1 (o)

1/2
1/2
Ll— Lo

= [ITLA]]

L'— L

L'— L2

is unitary on L2,

We readily have [[IL\|[z: 5z < [[Kx|Lee, < A%/2 where the last inequality stems
from (24). This completes the proof of the lemma. O

For any interval I C [0, 00), we define the space ¢4(n7 € I; L"(R%)), or simply
¢9(I; L"), as consisting of functions defined on 7Z N I with values in L"(R?), the
norm of which is given by

1
(T Z ||u(nT)||%T(Rd)) & if 1 <q< o0,
(3.3) lwlleacr; Lry = nrel
sup [u(r)lLr@ey — if ¢ = oo
As A > 1 (we will choose A — oo as 7 — 0), Lemma [34] shows that in Lemma B35
the factor involving A is dominant in the discrete Strichartz estimate: proceeding
like in [31], we infer

Proposition 3.6. Let (¢,7), (a1,b1) and (ag,bs) be admissible pairs. Then, there
exist Cg.q,Cd,ay,0, > 0 such that for any bounded interval I such that |I| < 1,
provided that A\t > 1,

(3.4) 15x()llearry < Cag AT (|Gl 2,
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and
n—1

(35) (|7 3" Sa((n—k)7) f(k) < Casaran A7) 722 || £ o G
k=—occ
el o1 (ILP)

hold for all ¢ € L? and f € (72(I; Lb).
Similarly, the analogue of [23, Lemma 4.5] (see also [14, Corollary 2.4]) is:

Corollary 3.7. Let (a1,b1) and (az,bs) be admissible pairs, and X = 1/7. There
exists C = C(d, a1, a2) such that for any bounded interval I such that |I] < 1,

Sx(nt — s)f(s)ds < OHfHLaé(I;Lbé)’ Vf e L%(I; L"%).

£e1(I;L01)

s<nT
sel

4. CAUCHY PROBLEM

4.1. Well-posedness in H!. We adapt well-posedness results known in X for (L)),
under Assumptions [[LJ] For a time interval I, denote

(4.1) llull x1(ry) = max sup | Awl|La I;L7)5
0 A€{1,V,VV} (¢,r) admissible ( )

and let X!(I) be the corresponding (Banach) space. Note that X!(I) C C(I;H?').
When I = [0, 7], we simply denote X*([0,7]) by X1.

Proposition 4.1. Let Assumption [I1] be verified and 0 < o < ﬁ. For any

ug € H', there exist T > 0 a unique solution u € X+ to (LI). In addition, its mass
and energy are independent of time,

d 2

— t dr =0
& [ utt.a)pas =0,
d

<|VU(t, D) + V@)t o) + W (@)[u(t, )2 + —

ERd 0'+1

Finally, the above statement is true for all T > 0 (global solution) if 0 < o < 2/d
(L2-subcritical case), or e = +1 (defocusing case).

|u(t, a:)|2‘7+2> dx = 0.

Main steps of the proof. Denote by

4o + 4
(qo,m0) = (7,20—1— 2) ,

the pair present in the above statement, which is admissible (see Definition B1]).
Local existence follows from a fixed point argument on Duhamel’s formula asso-

ciated to (LTI,
t t
(4.2)  wu(t) = S(t)up — z/ S(t—s)(Wu)(s)ds — ie/ St —s) (Jul*7u) (s)ds,
0 0
in a ball of the space
Zr = {u e O([0, T} H"); u, Vu,uV/V € L©(0,T; L™ (R?))},
which, equipped with the distance

d(u,v) = [Ju = vl o pro + [l = vl Lge L2,



TIME SPLITTING FOR NLS WITH POTENTIAL 19

is a complete Banach space (see e.g. [I2], Section 4.4]). Let

20(20 + 2)
4.3 0= ————.
(43) 2—(d—2)o
Then we have
1 20 1 1 20 1
Tt =t
4y 0 qo0 o 7o 70

Denoting by ®(u)(t) the right hand side of (£2), Strichartz estimates (Proposi-
tion B3)) yield, for (¢,r) admissible,
[®@)llLgrr S luollz> + [Wullpyz2 + |||“|20“||L;6y6
S lluollze + TUW [ poe lull e 2 + ull7 oo lull L0 Lo
where we have used Holder inequality. In view of Sobolev embedding,
(4.5) [2Wlrgrr < Clluollze + TIW |z |lull ez + CT>7 ||l 2 g [l pao o

Unlike in the case without potential, V' = 0, the group S(¢) and the operator
V do not commute: we may either consider the commutators [V, H] = VV and
WV, H] = -VVV-V—1AVV, and get a closed system of estimates (see e.g. [10]),

or use directly the operator v H, and rely on Lemma 212 which implies
Zp ={ue C((0,T);H"); VHu € L (0,T; L™ (R%))}.

We choose the latter option, as it paves the way to the analysis of error estimates
in the discrete in time setting. We have

VH®(u)(t) = VHS(t)yuo — ivVH /O t St —s) (Wu) (s)ds
- ia\/ﬁ/ S(t —s) (Ju*7u) (s)ds
0
— S(t)VHuo — i /0 S(t — s)VH (Wu) (s)ds
- is/o S(t—s)WH (Jul*7u) (s)ds.

We resume the same Lebesgue exponents as above when applying Strichartz esti-
mates:

IWHOW)| g1 S IVHuolz + IVEW)ll gy 2 + |V (jul*w)|

Lort
In view of ([24]) and Holder inequality like in (4],

v
Using Sobolev embedding, Lemma 212 and (24]) again,
IVH® () g1 S IIVHuol| 2 + TIVHu| g 2 + TV [l 3% g |V Hull 10 o

S ||\/EU0HL2 + TH\/EUHL;ON + Tl/eH\/EUH%%Lz||\/EU||L?FUU0-

|l 75 oo IVHull 20 170 -

q! /§|
LL"0

Choosing successively (¢,7) = (00,2) and (go,70), we have a closed system of in-
equalities, and so picking T = T'(||uo||%:) sufficiently small, we can prove that ®
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maps a suitable ball in Zr into itself. Contraction for the norm [|-[| a0 p.ro + ||| L5 22
is proved similarly, and local existence follows.

Uniqueness stems from the same estimates as above. We refer to [12] for the
rigorous justification of the conservation of mass and energy. Globalization is a
consequence of these conservations, and Gagliardo—Nirenberg inequality when € =
—1land o < 2/d. O

4.2. Well-posedness in 2. For T > 0, denote

4.6 ullx2(ry) = max sup Aullpacr.nrys

(4.6) llwll x2(1) B oy P e | Aullpa(r;r)

and let X2(I) be the corresponding (Banach) space. Note that X?(I) C C(I;H?).
When I = [0, 7], we simply denote X?([0,T]) by XZ.

Proposition 4.2. Let Assumption [I1] be verified and 0 < o < ﬁ. For any
ug € H?, there exist T > 0 a unique solution u € X+ N C([0,T];H?) to @I). If in
addition o > 1/2, u € X%. The time T > 0 can be chosen arbitrarily large (global
solution) if 0 < o < 2/d (L?-subcritical case), or ¢ = +1 (defocusing case).

Proof. Since H? C H', Proposition Il provides a local solution in X} for some
T > 0, which is arbitrarily large in the cases addressed at the end of the statement of
the proposition. Arguing as in [I2], Section 5.3], we note that applying the operator
Oy in (), we find that O,u solves

(i0y — H) Oyu = Woyu + €0y (Ju[*u), Opuj—o = —iHug — iWug — ie|uo|* uo.

We check that since ug € H? C H*(R?), |ug|>**up € L*(R?) by Sobolev embedding
H? ¢ H%/(o+1) < 4942 We also note that in view of Lemma 212

H? = {p e L*(RY), H¢e L*RY]},
and, in the sense of the equivalence of norms,

||U||X2(I) ~ sup ||Hu||Lq(I;LT)-
(g,r) admissible
Writing Duhamel’s formula for d;u and resuming the estimates from the proof of
Proposition[d] we see that d;u € L1.L" for all admissible pairs (¢, 7). In particular,
Owu € C([0,T]; L?) (see e.g. [12] for continuity). At this stage, we know:

i0u  =Hu+ Wu  +elul*7u.
— —~
€C((0,T];L?) €C([0,T);L?)

We show that the linear term Hu controls the nonlinear term, in L?:

ol Zaats S NSl b oy S IO ISl e,

with s =1if do <20+ 1, and s = (d — 2)0 < 2 if do > 20 + 1, so there is always
n € (0,1) such that

1175 S el "ol S IVHSIE "I HS| .

In view of Young inequality, since u € X+, there exists C such that for all ¢ € [0, T,

” 1
@175 < €+ 1 Hu (@)l 2.
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We infer that Hu € C([0,T]; L?), hence u € C([0,T]; H?). If in addition o > 1/2,
we can differentiate the nonlinearity twice, and so

(i0y — H) Hu = HWu) +eH ([ul*u) = A(Wu)+VWu+eA (|ul* u) +eV|ul*u.
We can then prove that u € X#%. We emphasize that unlike what is claimed in
[14, 23], even in the case V' = 0, the proof that Au € LLL" for admissible pairs
with r # 2 is not stated in [I2, Section 5.3]. To simplify the presentation, we
assume W = 0, as the corresponding term bears no extra difficulty. We distinguish

two cases:
o If 0 < 0 < 2/d, we have 1/qp < 1/0, and thus

ull g o < TYO~ /0l 0.
Strichartz estimates like in (£4) Lemma 212 yield, on I = [t;,%;41] C [0,T7,

|HullLacrory S 1Hw(t;)] 2 + lullorae) + @35 1oy |Vl oo (2:270)
Hal 7% 7oy IVl Logrsnro) | Vel oo (1 r0y + l[ull Lo 10 | Aull Lo (1,170))
S IHu(t)] L2 + [l Loe iy + 1wl 7% 7,10y 1] Lao (1:L70)
20—1

+ ”u”LQO LTO)”\/EU‘H%QU(I;LTU)'

If w € X}, then in particular u € L%([0,T]; L™), so we can write [0,7] as the
union of finitely many intervals on which ||ul| a0 (7,270 is sufficiently small so the
nonlinear terms are absorbed by the left hand side when choosing (¢, 7) = (g0, 70),
up to doubling the constants on each intervals [¢;,¢;41]. We infer Hu € LI L™, and
resuming the above estimate with (¢,r) an arbitrary admissible pair, we conclude
that u € X7.

eIf2/d < o <2/(d—2)y, we resume the argument from [IIl Section 2.2], and
change the above estimates to

[Hullpagr,nry S [Hu(tj)llee + [ Hullgre + [l o) IVl oo (1;200)

+||u||i‘{, Ile) (||VU||L9 fLTo)HVU”qu (I;Lm0) T [l Lo I‘LTO)HAUHL‘?O(I;LW))
SN Hu(t))| ez + | Hull pge £z + [[ull 3% 7, pro) IVl oo (1,270

+||u||2a 1Lm) (||u||L9(I w2 b1)||VU||Lfm I;Lmo) T ||u||L9 I; Lr0)||AU||qu I; Lm))

where by > 2 is such that (0, b1) is admissible: indeed, § > 2 when ¢ > 2/d, and
moreover W1 (R?) — L™ (R?) with

1 1 2 2 do—2
5 d (bl T‘Q> q0 9 20 € [07 )

If uw € X+, then in particular u, Vu € L%([0,T]; L), and we can follow essentially
the same lines as in the case o < 2/d. g

The following corollary explains why, in the statements of Theorems and [L.6],
we do not assume that u € XJ. or u € X2, even though the proof of these results
will rely on such properties:

Corollary 4.3. Let ug € H'. Either the solution provided by Proposition [.1] is
global, in the sense that T > 0 is arbitrary, or there exists T* > 0 such that

||Vu(t)||Lz(Rd) t?* “+00.
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In particular, if uw € C([0,T];H'), then u € X7.
If in addition ug € H? and o > 1/2, a similar statement holds: if u € C([0,T]; H'),
then u € X7.

Proof. The construction of a solution in the proof of PropositiondI]relies on a fixed
point argument, which provides a local existence time T = T'(||ug||31). Standard
ODE arguments imply that either the solution is global, u € X1. for all T' > 0, or
its H'-norm becomes infinite in finite time,

I >0, |ult)| — +oo.
t—=T*

Recall that the L?-norm of u is independent of time. We now examine the con-
servation of the energy. The conservation of mass implies Wu € L°°([0,T*]; L?).
If Vu € L>([0,T*]; L?), then the Sobolev embedding H'(RY) — L2+2(R%) im-
plies that w € L>([0,T*]; L?**2). In the conserved energy, three terms out of four
are bounded, so we infer u\/V € L([0,T*]; L?), and thus u € L>([0, T*]; H'):
therefore, either the solution is global, or

T >0, |[|Vu(t)|z — +oo.
t—=T*
In view of [I2l Proposition 4.2.1], uniqueness holds for solutions of () which

belong to C([0,T]; H'), hence the first part of the corollary. In the proof of Propo-
sition 2] we have seen that if u € X+, then u € X2, hence the corollary. O

5. STABILITY IMPLIES CONVERGENCE

The goal of this section is to establish the convergence results of Theorems
and [[L6, when stability is assumed:

Theorem 5.1. Let Assumption[I1] be verified. Suppose that for some T > 0, (L))
has a unique solution u € X4. Denote by u™ the sequence defined by the scheme
(L6, where we set A = 1/7. Suppose that there exist v, M > 0 such that for all
interval I C [0,T], the numerical solution satisfies

20(20 + 2)

(5.1)  Nu"lleor.rroy < I'M, V7 €(0,1), 9=m’

ro = 20 + 2,

where the above 9 norm is defined in B3). Let (q¢,7) be an admissible pair.
o Assume that either 0 < o < 2/d, ord <5 and 2/d < 0 < 2/(d — 2)1, with in
addition o > 1/2 when d = 5. There exists C' such that

lu™ — u(nT)leaco,1);0m) < Ccri/?.
e If1/2< 0 <2/(d—2)+, and u € X2, then there exists C such that
[u" = w(nT) |l gao, ;L) < CT-
e If1/2< 0 <2/(d—2)+, u € X2, and, up to increasing M,
(5.2) [u{[e (r;zr0y < M, V7 €(0,1),
then there exists C' such that

HH1/2 (u"™ — u(nt)) < Crt/2.

£a([0,T)L7)
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Setting (q,7) = (00,2), we get the conclusions of Theorems and [[.G
We note that the condition (52)) is stronger than (B.1), since (B.2)) and Holder
inequality imply

™| gocr;zroy < 1M 1wl goo (1,170 < |T[MO M.

The proof of this result is very similar to the proof of [23, Theorem 1.2] and [14]
Theorem 1.4]. We note however that the assumption (5.1]) is weaker than the one
made in [I4] Theorem 1.4]: it turns out that in the proof of [14, Theorem 1.4], it
is precisely (B.I]) which is used. We recall the main steps of the arguments, with
enough details so it should be clear that only the condition (&1l is required on
the numerical solution, and emphasize the modifications due to the presence of the
potential V' here.

5.1. Preliminary lemmas. We first note that (271), (2.8), Lemmas [2.18 and 219
provide the analogue of [14, Lemma 2.6]. Also, contrary to what happens in [I4] 23],
the operators IT, and V do not commute: this is why we consider the operator H'/?
instead of V, using ([Z.4)). The next result corresponds essentially to [14] Lemma 2.5],
except for the last statement, which appears in the proof of |23 Lemma 4.3], and
is easily deduced from explicit computations and (54):

|20

Lemma 5.2. Denote by Ny the map N when W = 0, No(t)¢p = ¢~ !¢
ezists ¢ > 0 such that

. There

N, -1 N, -1
(5.3) o(7) v— o(7) w‘ < (] + [w]*?) jv — wl
T T
and
N, -1 —1 20y 1
(5.4) o(7) ol = exp(—iTelv[*7) ol < |,U|2<7+1
T T

hold for all v,w € C. Furthermore, for f smooth enough, we have the pointwise

estimates
v (RO ) s e

and, if c > 1/2 and 0 < 7 < 1,

(5.5)

6o [a(RULERr) S pelas e+ el

Together with Lemma 2.12] and Holder inequality, the above lemma entails:
Lemma 5.3. Let 1 < p < co. The exist constants such that for all f € S(RY),

Mo -1 1 20 1
o0 H\/ﬁ(%f) S A3 IVH S| e, 1o,
and, if c > 1/2 and 0 < 7 < 1,

Lp a1 CL27
T

SUAIZNH fllzes + L FI7% IVH flFes

Lr

(5.8) + 7l A IVH |
1 20 1 20-1 2_40—1+2
P a  as as as as ag’

with, for all j’s, aj € [1,00].
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The analogue of [23] Lemma 4.6] and [I4, Lemma 2.7] is rather straightforward:

Lemma 5.4. For any admissible pairs (a1,b1) and (az,bs2), any interval I = [0,T]
of length T < 1, and 8 € {1,2}, there is a constant C' = Cq,q4,,a, > 0 such that if
A\ = 1/7, for any test function f € S(R1),

n—1

/ S)\(TLT—S)f(S)dS—TZS)\(HT—ICT)f(kT)
(59) 0 k=0 va1 (I;Lbl)
< CT6/2||Hﬂ/2f||L“/2(I;Lb/2) +C T”atfHLaé(J;Lb’z)'

Main steps of the proof. In the case V = 0, this result appears in [23] Lemma 4.6]
when 8 = 2, and in [I4] Lemma 2.7] when 5 = 1. Following the proof of [23]
Lemma 4.6], the quantity to estimate is rewritten as

(k+1)7
Z/k (Sx(nT — s)f(s) — Sx(nt — k1) f (k7)) ds
(k+1)7 s d
/k /k 7 (SA(nm =) f(¢)) dtds

- Z //kr<t<s<(k+1)r (@Sx(nT — ) H f(t) + Sx(nT — 1), f(t)) dtds
(k+1)T
_ Z /k ((k + D)7 — ) (iSx(n7 — )HF(£) + Sa(n7 — )0 f(¢)) di

( 1>r
— Z/k " (nT—t) (k+ 1)1 —t) (Hf(t) + 0, f(t)) dt

Then (9] follows from the inhomogeneous discrete Strichartz estimate from Corol-
lary 37 applied to

Z ((k+1)7 =) GHf(t) + 0 f (1) L(gr, (k1)) (B),
0

and from triangle inequality. Passing from 8 = 2 to 8 = 1 is a direct application of
Lemma [2.T§ 0

5.2. Stability implies convergence in L2. In this section, we prove the first two
points of Theorem 51 The argument is similar to the one introduced in [23] and
extended in [I4], so we describe the main steps, and emphasize the main differences
due to the present framework.

Denote I = [0, T]. We estimate Zy(n7)ug—I u(n7) instead of Z) (n7)ug—u(nr).
Indeed, Lemma 216 yields, for any admissible pair (g, r), since A = 1/7,

[[u(nT) — H/\U(nT)Héq(I;LT) ~ )\3/2 |2 u(nt)|ga(rizry S 2,

where we assume u € Xg, with 8 € {1,2}. Indeed, Corollary B.7] implies

)

V2o ey S P 2ol + |2 Woal gy g2+ |72 (fuf>7w)|

/ ’
LioLmo
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and the right hand side is bounded if u € X:fi, as we have seen in the proofs of
Proposition Il and Proposition @2l To lighten notations, we now write Z,(n) for
Zx(nT)ug = u™ with A = 1/7. In view of 3] and Proposition 1]

la(km) o riproy S IV Nullgomn S 1Y llull -

Keeping (5.1 into account, we infer that for any n > 0, we can find a finite number
K = K(n), and p = p(n) > 0 with p/7 € N such that, if we set

Ii =[jp,(j + 1)p] =: [mjT,mjp17], 0<j<K-—1,

we have
K—-1 K
0,7=J Lu[Ep,T =] L,
j=0 j=0

and for 0 < j < K,
Hu(kT)”fe(Ij;L”’) + HZT(kT)HeG(Ij;Lro) <7

On each interval /;, the discrete Duhamel’s formula can be written as

n—1
(5.10) Z (m;T+n7) = Sx(n7)Z,(Mm;T)+T Z S’,\(nT—kT)MZT(ij—i—kT),
-
k=0

for 0 < n < p/7. Combining this with [@2]), we obtain the following decomposition:
(5.11) Z:(myT 4+ nt1) — Iu(m;T +n1) = A1 () + A2(5) + As(j) + Aa(4),
where
A1(j) = Sa(nT) (Z7(my7) — au(my7))
Az(j) = Sx(n7) (Ixu(m;7) — u(m;7)),
n—1
N(t)—1
As(j) =7 Z Sx(nt — kT)(i(T)
k=0
n—1
N(t)—1
Ag(j) =7 ; Sx(nt — kT)%H,\u(ij + k)

—i—i/om Sa(nT —s) (Wu) (myT + s)ds

N(r)

-1
Z(myT + k1) — ————TIu(m,;7 + kT)),
T

T

+ ie/ Sx(nt = s) ([u*7w) (m;T + s)ds,
0

and we omit the dependence of the Ax’s upon n to ease notations. The goal is to
show that in the estimates, the term A3 can be absorbed by the left hand side of
GII), A and Ay are O(7'/2) or O(7), according to the case considered in the
theorem, and A; is then estimated by induction on j.

Let (¢,7) € {(q0,70), (00,2)}. The homogeneous Strichartz estimate (4] yields

AL ()l eaz;;my < Cag 127 (myT) — Tzu(my7)|| 12 -

The term Aj is controlled again via the homogeneous discrete Strichartz estimate
B4), and @) or @I): it is O(7/?) in the first case of Theorem 5.1, O(7) in the
second case. To estimate Ag, we use (5.3)), the inhomogeneous Strichartz estimate
B3), and Holder inequality like in (@), to obtain

A3 (D leacr;;nry < CUGIZr — Taullgoo(1522) + O | Zr — Taullgao (11709
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where we have used the definition of the intervals I; in terms of n. We now choose
n > 0 and |I;| sufficiently small so that, for all 0 < j < K,

. ) 1
A3 () M| eao (1;;270) + | A3(5) e (1;;22) < 5 (||Zr — Iullgao 1,370y + |1 Z7 — H/\u||é°°(1j;L2)) .
The estimate of A4 is postponed to Lemma below,

(5.12) 0K (A2 (1;:22) + [A4G) leao (1,5270)) S T

where « € {1/2,1}. Thus, we get
1 Z7 — Txullgao (1;:0m0) + 127 — Txullgoo(1,;22) < C || Z7(my1) — Txu(my7)| 1
07 4 2 (120 ~ Tyullen 00y + 127 — Tt 12)
hence, for all 0 < j < K,
1 Z-=Txullgso (1;;0m0) + | Zr =Txul [ goe (1, 12) < 2C || Z-(my7) — Ixu(my7)|| 2 +2C07%
Now by construction mg = 0, Z.(mo7) — xu(mer) =0, and for 1 < j < K,
12, (my) = Ty )| o < 1120 = Mot gy, o) -

hence, by induction,

127 — Waullgso (0,17;70) + |27 — Wl o, 17,22) S 77
Using Strichartz estimates again, for any admissible pair (g, r),

1Z- — Wxullgao,ry:2m) S 7%

hence the first two estimates in Theorem BT}

5.3. Proof of (LI2). We start with the following lemma, which is an adaptation
of [I4, Lemma 2.8].

Lemma 5.5. Set A = 1/7. There exists C independent of 7 € (0,1) and the time
interval I of length at most one, such that

|||HAU|4U+1||L76(I;L7‘6) + |||H>\U|20H>\(|u|2UU)HLq6(I;Lré) g OT—1/2||U||§(014(>11)’

and,

H|HAU|4U+1HLq()([;LT6) + H|HAU|20HA(|U|2UU)HL%(I;U()) S C”unég;(rll)'

Proof. The first case is proven in [14, Lemma 2.8], by combining Bernstein inequal-
ity, Holder inequality, and Sobolev embedding. We can thus mimic the proof, up
to the modifications provided by (7)), (28], Lemmas 212] and 219 which
provide the analogue of [I4, Lemma 2.6].

For the second case, like in the proof of [14] Lemma 2.8], we write

H |H7.u|4‘7+1 HL%LT& = ”HTuHiT;lﬂ)q()L(uﬂ)r() )

and we distinguish two cases:
o If 0 < 0 < 1/d, we use the same embedding as in [14],

s (Tod (4o+1)r d _ 2
H*(RY) = L "R =y T Ger oot < 0
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hence X2(I) ¢ L>®(I; H') ¢ LUotD% ([; LA4o+ro),
e Now if 1/d < 0 < 2/(d — 2)4, we define the pair (az,b2) by
1 1 2
=4 gy, —==——
a2 ( o+ )q07 b2 92 da27
that is, we consider the Lebesgue exponent in time in the last estimate, and pick
bs so that (as,be) is admissible. We check that for such value of o,

W27b2 (Rd) N L(4a’+l)’r‘6 (Rd),

11\ d d (2 1
=d|l———|=z———|5+3 2|.
s <b2 bl) 2 lot1 <d+2) 0.2

The second inequality follows, using (2. O

as

The main result of this subsection is the following, in which the last case will be
used for convergence in H! instead of merely L?:

Lemma 5.6. Let A\ =1/7, and 3 =1 or 2. Foru € Xg, 7€ (0,1), denote
n—1
N _ 1 nTt
A(u)(nt) =71 Z Sx(nt — kT)LH)\’UJ(kT) + z/ Sx(nt — s)Wu(s)ds
T 0
k=0

+ is/ Syx(nt — s)|ul*?u(s)ds.
0

In the case f = 2, we assume in addition o > 1/2 (hence d < 5). Then for all
admissible pairs (q,r) and oll T € [0,1],

2 20+1 do+1
1A oo,y S 77 (||u||X;+||ull;; +lullys )-

We also have the higher order estimate: if o > 1/2,

HY2 A(u) < 71/2 (||u||X% + ull? + IIU||§§’%“) :

£4([0,T;L7)

Proof. In the case V' = 0 and 8 = 1, this result is exactly [I4] Lemma 3.1]. We
emphasize how this result is adapted to the case where V satisfies Assumption [T,
and to the case § = 2. The last case of the lemma corresponds to (5.19) in [14],
when V = 0.
The assumptions of Lemma [0.6] imply, by Holder inequality and Sobolev embed-

ding,

we L=([0, T, H') € L°([0,T1; L™),
where 6 is given by ([@3]). Decompose A(u)(nt) as

A(u)(nt) = A1 (u)(n7) + Az(u)(nT),

where

n—1

Ay(u)(n7) =73 Sx(n — kr)By (u) (kr) — /0 " Sa(n — 8)Bu(u)(s)ds,

k=0

As(u)(nt) = /Om Sx(nt — s)By(u)(s)ds + i /Om Sx(nt — s)Wu(s)ds

+ ia/ Sx(nt — s)|ul*7u(s)ds,
0
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with
T)—1
Bi(u)(s) = ————TILu(s).
Recall that Ny denotes the nonlinear flow in the case without W, Ny(t)¢ = ¢e‘i€t|¢|2a ,
and decompose By (u) = Ba(u) + Bs(u), with
7“- N, e*iTW -1
Ba(u)(s) = W%nw(s), Ba(u)(s) = —— LT u(s).

-
By Lemma 54 we can estimate

141 @) 07750y S 772 | HP72Ba(u)|

L(;,U,LT() + T ||atB2(u)||L§10/LT‘6

4 B2 HHﬂ/2BB(u)HL1TL2 + 7 0B ()| s 12
for all admissible pair (¢,7). In view of (1), Holder inequality (@A), and (27,

'L S Ml 35 1o |V HTvull 3o 170

Sl 7 o TV Hul 30 100 < [Jull 3
In the case § = 2, we invoke (5.8)): like above,

2 —
ITLxull o (| Txull o o + Il 3570 IVETIxul| g oo |V HILxu] a0 1o

S Ml

For the last term estimating HBs(u) in (B8], Lemma [Z19 yields

_d( 1L _ 1
it [V, 57 O it

(40+1)T6 ~

2
\/EH)\UH

[(ao+1)ry

where 71 is chosen like in the proof of the first inequality in Lemma (see [14}
Lemma 2.8]), so we get eventually

[ HB2(u) Il 3 + v/l 35

||L§,0/LT

For the other term, Lemma yields

||8t82(u)||LqT6LTO/ = Hat (%n u) H < || T2 9T yu| Lih
Observing that 9; and IT, commute, (TI) 1mphes

||6t82(u)||LqTéLm, < || I0, (Hu)| Ltopry ¥ (| x| Iy (Jul?7w) || Lot
For the first term of the right side, Holder inequality (4] implies

[y ul* T | o 1rh <l 75 o TN H g0 10 S [l 36 1T H ] Lo o

In the case 8 = 1, we also invoke Lemma [2.I8] which introduces an extra factor
771/2. The second term of the right hand side is controlled thanks to Lemma [5.5l
For Bs(u), we easily have

s

rire Slullxg,  10Bs(wll g o S T Hull ge p2+ [T ([ul*7w) [, e -
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Only the last term requires some extra care: when 8 = 2, we invoke (27)) and the
embeddings H? ¢ H/(o+1) ¢ L4742 ysed in Section @2

I (7w ||y pe S Ml 25 e S Tull 3
In the case § =1, we invoke Lemma 2.9 for 1 < p < 2,

[Ty (Jul?) S 726 |u) 2t

||L,}L2 ~ LIDS’L(20+1)p-
If o < 1/d, we pick (20 + 1)p = 2, and

110y (Jul*u) STl 2L S v fuol 25T

HLlTL2 ~ LL2 ~ L2

If ¢ > 1/d, we use the Sobolev embedding H*(R?) — L%(%“)(Rd) where
5 do —1 -
20 +1 ’
and this Lebesgue index is chosen so that the power of 7 is exactly —1/2,

I (), o S 72355 S 72l 25

~

We come up with

141 (@)l ga o, 7152y S 772 (lull g + Il 3 + llull i) -
(10,7];L7) T X5 X4

To complete the proof, we perform another decomposition, for the term As,

Bi(u) + iWu + ieu?* u = C1 (u) + Co(u) + C3(u) + iCy(u) + ieCs(u),

where
. N -1
Cl (u) = (E_WW - 1) O(T) H)\u,
T
N, -1
Co(u) = Ll_b\u + e |Myul|* Myu,
T
e*iTW -1
Cs(u) = ——Iu + iWTlu,
T

Cy(u) = W(u — Iu),
Cs(u) = |u*7u — [Myu|* yu.
The discrete inhomogeneous Strichartz estimates (B3] yields, for (¢, r) admissible,

A2 (@l eao,rysry S NCDN L oy HIC2 a1y + €Ly 2 + 1Ca(w)ll g 12

+ |Cs(w)

HL‘ITéL’“é ’
In view of (B4), we have the pointwise estimate
C1(w)| < 7][W | oo [Txul*7,

hence
20+1
Xp

IC1(w)

g S rllul
T

Recall that No(7)z = ze~712*" Taylor formula yields the pointwise estimate

= No(T)

-1
|Cz(U) HAu+iE|HAu|2‘7H>\u 5 7‘|H>\u|4‘7+1,
T
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Thus, we have
ICatu)l g, 7 IM0val =+

and this last term is estimated by Lemma We readily have

ik
ICs(w)ll s e S TIMullpgere S Tlluollzz,  ICa ()l gy 2 S 777 ull .
Finally, Holder inequality ([£4) yields

|\C5(U)||LqT6LT6 = [||[Mxul* Tyu — |U|20“HLQT6LT6

< (ITxll3 oo + N30 ) 1T = w0 o S 77721l
where we have used Lemma [Z161 This yields the announced estimate for A(u) in
09([0,T]; L™). We now emphasize the modifications needed to estimate v HA(u)

in the same space, and thus conclude the proof of Lemma Invoking discrete
Strichartz estimates like above, we have

|VEA () <2 | HB(w)

, +TH\/Eath(u)‘

09(10,T;L7) i L Lo
FV By e 7 [VEOB W), -

The previous computations, in the case 8 = 2, can then be resumed with essentially
no modification, except maybe for the term involving 9;B2(u). The factor e=™W
is obviously discarded, and 9;82(u) appears as a linear combination of the terms
N -1 N, -1 S
O(L|H,\u|2”8,gﬂ,\u and LH’I,\UF‘T—2 (l_b\u)2 Ol \u.
T T
Like before, we use the commutation between 0, and II,, and (). Invoking
Lemma 53] and ([Z)), the most delicate terms to control are

2
I =|Wul[# ., |[VATH| .
I =35 VHTIxul| g oo 1T Hul| o o

when differentiating the power of IIyu,
ITT =|Tyull 3% farg | VETINU 20 200 [TINH U] L0 o

L%@LQTO
N, -1
when differentiating O(L
-

again.
Proceeding like before, Lemma and (Z)yield
I e
For the term I, when 1/2 < 0 < 2/d, we write
IVHT ] g pro < TV % | VHI 0 3o 1o S [Jullxs-

When o > 2/d, we resume the estimate from the proof of Proposition 2 with
(0,b1) admissible,

IVELwlls 10 S [HIl g g S lullxs

We obtain, in both cases,
IS Jlul3s
T
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The last term is estimated differently from the proof of Lemma

I S | Tnull 50 g IVHTIN0 20 2o || .-

L29 1270
We check that since o < 2/(d — 2); and d < 5, H?(RY) — L2 (RY) = LA T4(RY),
HH>\U||L2T9L2’"0 S ||u||L2T9L2m S llullrgeme S ||u||X§7
and, using Lemma 218
TV Hul 3052 S 7'_1/2||U||X;-

We leave out the details of the other estimates. O

5.4. Stability implies convergence in #'. We now get to the last estimate in
Theorem Bl We therefore assume 1/2 < 0 < 2/(d — 2)4. Again, in view of
Lemma [ZT6] it suffices to consider the difference Z.(n7) — Hyu(n7). The scheme
is essentially the same as in Subsection 5.2} we decompose [0, 7] into a finite union
of intervals /;, on which some convenient norms will be sufficiently small so the
corresponding term on the right hand side is absorbed by the left hand side, when
using Strichartz estimates. The core of the proof of convergence in H' then relies
on higher order estimates of the terms involved in Subsection

We resume Duhamel formula (&I0) and the decomposition (GIT)). The terms
A; and Aj are estimated thanks to the homogeneous discrete Strichartz estimate,

IVHA G eo(rys2r) = |[SAVH (Ze(my7) = Tu(m, 7))

La(l;;Lr)
< |V (2, (mj7) = Tau(m;n))|

SN Z7(my) — au(my)

L2

”7{17

and the term Ajs is estimated similarly,

IVHA()eo(r, 2y S |[VH (Maulmyr) = u(m;))|

L2

S | Humgr) = Viu(m)|

L2

S T2 ulm)llaee S 72 lull xz,

~

where we have used (Z8). The term A4 is estimated thanks to the last case of
Lemma [5.6]

IVHA G oy S 772 (g + Nl 3+ Jull )

Therefore, the new estimate needed at this stage is the estimate of As. To simplify
the presentation, we treat the case W = 0 only, as we have seen before how to
handle the presence of this term. We prove the analogue of [14, Lemma 5.2
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Lemma 5.7. Let 1/2 < 0 < 2/(d — 2)4+. There exists C' such that for all time
interval I and all wy,ws sufficiently regular,

(B

T

£90 (I;170)

< Cle”?g(LLro)H\/ﬁ(wl — w2) || gao (1;L70)

+C( ||w1|4‘L 119 o1 +T||w2|4zn 119 40-1
(I;L20-170) (I;L20-179)

+ w757 oy + |\w2|\§511y0)) IVHws g9 1;70) w1 = wllao (1:170)

+ OT||w1H44n foto 1T0)”wl”W(I;LTO)”\/E(wl — wa) |l gao (1;L70)-

Proof. When v/H is replaced by J € {/V,1} on the left hand side, the result is a
direct consequence of (5.3) and Holder inequality ([@4]), recalling Lemma [ZT21 We
thus consider the case J = V, and compute

v(N()(T)—lw No(1) -1 )

1= w2
T T
e—iar\w1|2a -1 e—iar\w2\2° -1 e—ia‘r|w1|2a -1
=—Vuyg - ——Vuy £ ————Vw,
T T T
. 20 . 20

' e—za‘r|w1| _ ) e—za‘r|w2| -1

— itew; V|w; |7 ————— 4 iTews V|wy|* ———————
T T
e—ia‘r|w1|2a -1

+ iTewy V|ws [*

)

T

where the symbol “4+” means that we add and subtract the same term in order to
group suitable terms together. We have, in view of (&.4),

e*isT\wl\z” -1

V(wr — wa)| < |w1*7|V (w1 — ws)],

T

and ([{4) yields, together with Lemma 2.12]

—ieT|wy|?7 _ 1

€ V(wl — ’wz)

< w787, £ro) IV (w1 — w2) |l gao (1,270

T ’ ,,,/
£9 (I;L70)

S w175 proy I VH (w1 = w2) | gao (1:70

We next write, like for (5.3),
e—iar\w1\2° _ e—iar\w2\2°
ng
-

e—ia‘r|w1|2a -1 e—iar\w2\2° -1
T T
w1 *7 — w27 | [V |

S|
S (w771 4 [wal 77 Jwr — wa| x [V,
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and ([@4) yields

e—ieTlwi|*? 1 g—der|wa|*T _ 4
— sz
T T

S (Il oy + 0225200y ) 190 o rizroy s = w2llano (1270

090 (1;L70)

Writing in a rather loose fashion, that is, proceeding as if wy,ws > 0,
w Vw27 — woV]ws|?? =~ 20 (wf"le — w3 Vwy + w%"ng) ,
we also have, in view of (G4,

e—ia‘r|w1 |20 _ 1

(w1 Vw1 [*7 = wy V]ws[*7) S [ [YV (wi = ws)]

—|—|w1|2" (|w1|2‘771 + |’LU2|2071) |’LU1 — ’LU2||V’LUQ|

Finally, like for (5.3),

efisﬂwl\z” -1 67i57|w2|2° -1 )
— - ’LU2V|U)2| 7

T

S JJwr 27 = |wa 7 | Jwa [ *7 |V
so the sum of the last two terms considered is controlled by
lw |2 |V (w1 — wa)| + (|w1|40_1 + |w2|40_1) |wy — wa||Vws|.
The % (I; L"0)-norm of this quantity is estimated, in view of ([@4), by

[|w1 | 430 119 = lwileo (1,70 IV (w1 — w2) | a0 (1;270)

Z [[w; 4Za 11 L%TO) ||Vw2||é9(I;LT0)||w1 - w2||éq0(I;LT0)a

hence the lemma. O

We apply Lemma 5.7 to As, with wy = Z, and wy = IIyu. We have, thanks to
Strichartz estimates [B.3]), (24) and Holder inequality,

IVHA3 () lea(rys2m) S 12138 1,100 IVH (Zz = Txu) [ gao (1,10

(THZ | 4(10711 401 + T||H)\u| 4Zo 11
F (1 854 0)

12125 oy + ||Hw||§s@.{m)) IVHTul| o 153170 1 27 = Tt gno (1,0
+ THZ | 4Za 119 do—1 ||ZT||E9(Ij;LT0)||\/ﬁ(ZT - HA“)HEQO(IJ;LTQ
(1L )

70

(1L21)

SILIPTIVH(Z, - HAU)Iquouj;m)

do 4o
(THZ || 4(7 19([.;L%T0)+T||HAUH do— 19(1 ;L%g:iTU) +1)

LYV Hul o (100 | 2 = Txu]| ao 1,170
+ 72> ||44a doo1, a1 \L;|"M||VH(Z; — TIxuw)||gao 1,170,
=301, 355170y
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where we have used (B.I]). Noticing that the assumptions on x imply

x(z) =x (Z) Xx(z), hence IIy = IIy,\I1,,
we have
Zr =1ly\Z;.
To control the LZ=1"-norms in space, we now invoke Lemma 2.19 with
4o —1
p=ro<q= 5y — 10

applied to ¢ = Z, or I\u, so we have ¢ = II41¢ (leaving out the time dependence
at this stage), and thus

DTS s el T

4(7' 1 L70
We compute

d/(/1 20—1 (4 1) = do <1 . - 2
2\ro  (o—1)rg ) 0 T o2 S SN TS T

so the loss induced by this Bernstein-type inequality is compensated by the factor
7 in front of the corresponding norm,

I Z- H44<r 40-1, 401 +THH>\“H440 40-1, sor, S M 1+||u||4g Y
—1 (I];L2U —1 (1‘77 2

=170 20=170)

where we have used (5.2)) and the Sobolev embedding H'(R?) — L™ (R%). We can
then simplify the above estimate to

|V HA;(j Meacr;iry S 1 *\VH(Z. - Iw) |l gao (1;;270)
+ |I |1/9 (M4G’ 1 + Hu| 4(7 1 + 1) HUJHX%”ZT — H)\UHZ‘ZO(IJ-;LTO)
+ LMY |VH(Z, — Hw)Heqo(Ij;Uo)-

We can then proceed like in Subsection [5.2] and leave out the details.

6. STABILITY

To complete the proof of Theorems and [LG] we now have to prove that
the stability conditions (E1I), and (52)) in the corresponding case, are verified.
Throughout this section, T' > 0 is fixed, such that u € C([0,T]; H'). We distinguish
two cases, for which the roadmap is the same, but the technical details are different.
Indeed, we emphasize the property

2
9<q0<:>0<a.

In the L2-subcritical case 0 < o < 2/d, we use the Hélder inequality

< |I|1/9*1/ZI0||U

HunHé@ (I;L70) n||£qo(1;Lro)7

and the goal is to prove that [[u"||se0 (jo,7];270) < M for some M independent of
€ (0,1).
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If 0 > 2/d, we use Sobolev embedding and Holder inequality,

™o (r,zroy S N lleor iy S IO lu™ s (1m0,

™[l (r52r0) S 1w lle (2119,
and the goal is to prove that [[u" | ge(fo, 77,1y < M for some M independent of
7€ (0,1).

6.1. L?-subcritical case: 0 < o < 2/d. In the absence of potential, V = 0, (5.1))
was proven in [23] Theorem 1.1] and resumed in [I4] Proposition 4.1]. We slightly
modify the argument here, in a lemma where we do not try to make the constants
sharp:

Lemma 6.1. Let 0 < 0 < 2/d, ug € H' and T > 0 such that uw € X+1. There exists
70 > 0 such that for all T € (0,70], Zr(nT)ug € €°([0,T]; L"), and there ezists
C > 0 such that

1 Z+(nT)uol[ a0 (j0,73;270) < Cllullpgens.
Proof. The idea of the proof is a bootstrap argument: as long as Z,(kT)ug is
bounded in ¢% L™ Theorem [B.1] implies that its size is the same as that of u

modulo O(71/2), hence a uniform bound for 7 > 0 sufficiently small. Let A = A(7)
defined by

A= {N € N, || Z-(kT)uo||gao (0<nr<NriLro) < (C A4 C1)|uol 2

+ Cilju(nr) eso 0, 7152) }

where C = C(d,0,T) is the best constant provided by the homogeneous discrete
Strichartz estimate ([B4) in the case A = 1/7, on the time interval [0, T,

151/l e (0,7; 70

C= sup sup :
r€(0,1) peL?(R4) 9l 22

and C7 > 0 is determined below. Note that Sobolev embedding and the finiteness
of T yield (even though this estimate is far from being sharp)
||U(”7')Héqo([o,:r];yo) S HUJHL;’?HL
First, regardless of the value of Cy, A is not empty, as 0 € A:
7% Z(0)uol[Lro = 7|1 /7(0)uol| L0 < Clluol| -

If A is infinite, then (5) holds, in view of the above presentation. If A is bounded,
let N, = N.(7) be its largest element: we suppose that N, +1 < T'/7. Like in the
proof of Lemma [5.6] we decompose

N(r)—1 N, -1 —irW _ 1

N -1 _”WO(LZT (nT)up + eiZT(nT)uo.

T T

In view of the discrete Duhamel’s formula (see (5I0)), discrete Strichartz estimates
yield

Z:(nT)ug = e

N.+1 1/q0 N ( ) 1
o
<r > |Zf<kf>uo|;‘§°m> < ke + ¢ 2222, (uryu
k=0

29 (0<nT <N L70)
e—iTW -1

+C Z(nT)ug

)

T 21(0<nT< N7 L2)
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for some C' = C(d,o,T). Using ([&4]), we infer
No+1 1/qo0
(T Z ||Zf(k7')u0||%om> < Clluol|zz + Cl| Z7 (nT)uo] jgjinqﬁ (0<nT <NL7;LEoHIT0)
k:0 <X ~ * b
+ CHZT(TLT)uO||El(0<nT<N*T;L2)'

We note that (20 + 1)r(, = r¢, and, since

1 1 2 2 d

(20 +1)¢, qo Qo 2

Holder inequality yields
o —do o
||ZT(nT)u0||§(2ji1)q6(I;L(2n+1)r6) < |I|1 2 ||Z‘F(n7_)u0||§qo-i(_]1;[,m)'
We infer
||Z.,-(TLT)’U,0||gq0 (0<nT<(Nu+1)7;L70) < QHU’OHL2 + C(T)||ZT(nT)u0||§‘Z)jzé<n‘r§N*T;LT0)
+ C(T)||uol| L2-
The definition of N, and Theorem 5.1l imply, for 7 < 1,
20+1

||Zr(n7')uo||eqo(0<nrg(N*+1)r;Lm) < Clluol|z2 + C(T)||u(n7-)||zqg(ognq-gN*T;Lm)
+ C(T)||uol| 2 + Cor/2.
We can then set
C1 = 2C(T) + 20(T)|lu(n7) 17 o< nr<sz o)

SO
Cq
| Z=(nT)uolleao (0<nr< (V.4 1)rszm0) < Clluol 22 + 7||u0||L2

Ch
+ 7”“‘(”7-)”@‘70 (0<nT< N, 1;L"0) + C(27-1/2-

Taking 7 > 0 sufficiently small then contradicts the maximality of V., hence the
lemma. (]

6.2. Case o > 2/d. When V = 0, the case u € X1+ is considered in [14]: a central
role is played by Proposition 5.1 there, where the authors prove a local stability
result at the H! level, based on continuity arguments and the density of H2(R%) in
H(R4). Typically, (5.5) in [I4] is exactly the convergence stated in the last point
of Theorem [5.1] here. In the present context, we shall therefore prove that there
exists M such that

(6.1) 20 g t0,1:22) = |1 H'? Zo (n7) | oo 0,17:22) < M.
We first consider the case u € X#:

Lemma 6.2 (Local stability, L?-(super)critical case). Let 2/d < o < 2/(d —2)4,
with o > 1/2, ug € H?, and T > 0 such that uw € X3. There exists 7o > 0 such that
for all 7 € (0,70], Z-(n7)ug € £2°([0,T); H'), and there exists C > 0 such that

1HY2 2 (n7)uo e o, 11522) < Cllullxy..
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Proof. The spirit of the proof is the same as for Lemma [G.Il Set
A= {N EN, |[HY2Z:(n7)uo| a0 (0.n 10y + [1H>Ze (n7)tt0 | g (0,8 7:12)
< K H o]l + Cilullxy, }.

where K = K(d,0,T) is defined by

)

K= sup sup ||H1/281/T¢”f"0([07T];U0)+||H1/251/T¢||£°°([o,T];Lz)
T e sen [H729]) 2

and C7 will be given in the course of the proof. This set is not empty, as
HY2Z,(0)uo = H*S, /7 uo,

and so 0 € A. If A is infinite, then (&) holds, in view of the above presentation. If A
is bounded, let N, = N.(7) be its largest element and we suppose that N,+1 < T'/7.
Strichartz estimates yield, for (¢,7) € {(qo,70), (00,2)},

|HY2 Z (07 )uol|ea o, (No1)7)s2m) < KN H g 12

o Na(7) —
+C HH1/26_”WO(LZT(717)UO
T

£90 ([0, N, 7];L"0)
—iTW 1
+C HHI/Q;ZT(TLT)UO

T

L1 ([0,Ny7];L2) .

Invoking Lemmas 2.12] and (£.2]

HH1/2 Mol =1 Zz(nT)uo
T 29 ([0,N, 7 ]‘LTI)
< Z [1Z-(n T)uo|*7 I Z:( 0 ([0,N.7];L"0)
Je{V VV 1}
< 20
SN2 (nr)uollif o, n, 7270 Z 17 Zz(n7 )uolleao (jo, . 71;L70)

Je{VVV, 1}

S ”Z‘r(nT)uOH?g([O,N*T];LTo)”HI/QZT(T”—)UO”Z"O([O,N*T];L’"O)
On the other hand,

”Z (’IIT)’UJOH@B ([0,N.7];L™0) S ” T(nT)uOHée([O)N*T];Hl)
< C(D)||Z7 (nT)uol| g (jo, 5, r);H1Y)
c(T)

N

||H1/QZ-,—(’I7,T)U0||goo([07N*T];L2).

The factor e~ does not change the nature of this estimate, and we find, setting
T. = (N, + 1)1, for some constants depending on T,

|HY2Z, (n7)uo)|ga o)1y < KN HY *ug)| 2
+ C”Hl/zZT(TW)“OH?go([o,N*q-];U) HH1/2ZT(TLT)UOHeqo([o,Nu];UU)
+ C|H"? Z-(n7)ug | e (jo,N. 7 12) -
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Summing the cases (¢, ) = (qo,70) and (g, r) = (o0, 2), we infer

S I Ze ooy < 2K HYug] 12
(a,7)€{(q0,70),(o0,2)}
+ CIIHY? Zo (n7)uoll7% (j0, Nrjs 2y | Z (07 )0 | 00 (0,8, 7); 70
+ CIH'? Z, (n7)uo |l (o, 7):2)-
We then set
Cr =20+ 2C||H1/2u(m'), H?g"([O,T];L?)a
so the definition of N, and Theorem [5.] yield, for all 7 < 1,

Z |H'? Z (7 )uolla(o, )iy < 2K H Pug| 2
(q,’l‘)E{(qo,’r‘o),(OO,2)}

O

1||H1/2 w(n)||gao ([0, N, ]; L70)

C
- ||H1/2 (n7) |l e (jo,n.7];22) + crl/2,

For 7 > 0 sufficiently small, the max1mahty of N, leads to a contradiction, hence
the lemma. (]

We have assumed so far u € X#. In Theorem [[F we assume only u € X},
and the nonlinearity is supposed to be C? (or almost) when o > 2/d: like in [14],
passing from the X% case to the X} case relies on a density argument:

Proposition 6.3. Let Assumption [T be verified and 5<0< @ 2) . For any
M > 1, there exists T > 0 and C = C(M,d,o) such that if ug,vo € H' with
[lwolla1s lvoll: < M, then the solutions w and v to (1)) with respective initial
data ug and vy are such that u,v € X 7, and

lu = vl[xy < Clluo = voll3-

We refer to [I1, Theorem 2.3] for a proof which is readily adapted to the present
framework. We also invoke the following result, whose proof is essentially the same
as for [I4, Proposition 5.1, (5.4)] or [11} Proposition 6.2, (6.4)]:

Proposition 6.4. Let Assumption [T be verified and L 3 <0< gy 2) . For any
M > 1, there exists T > 0 and C = C(M,d,o) such that if ug,vo € H' with

[lwolla1s |vollagr < M, then for all 7 € (0,1], and all admissible pair (q,r),

< Cllug — vo |31

HY? (7. — 7.
H (Zr(nT)uo (n7)vo) 2a([0,T];L7)

In view of Theorem [l Propositions [6.3] and 6.4l we have (like in [I4] Propo-
sition 5.1, (5.6)]), by approaching ug € H1 by vg € H? with [|ug — vg|l31 < & and
eventually letting € go to zero:

lim (| Z-(n7)uo — u(n7)lle=((o.11:201) = 0.
In particular, for 75 > 0 sufficiently small and 7 € (0, 79], we know that
12+ (nr)uoll e (jo,111) < M

for some M independent of 7 € (0, 9], which is (slightly more than) what we wanted
to prove.
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