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Abstract

We show the existence of Nash equilibria for the Navier-Stokes system and for the Oseen system. We
consider the cases of the Dirichlet boundary conditions and of the Navier slip boundary conditions. Then, we
study the asymptotic behavior of the Nash equilibria as the friction coefficient goes to co in the Navier slip
boundary condition. More precisely, we show that the Nash equilibria for the Navier slip boundary condition
converge towards a Nash equilibrium for the Dirichlet boundary condition. We also show the convergence of
the corresponding direct and adjoint states.
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1 Introduction

In this article, we consider a multi-objective optimization problem for the motion of a viscous incompressible
fluid. There are many studies in the literature of mono-objective optimization problems for the Navier-Stokes
system or for different fluid models, see, for instance, [3], [I7], [18], [28], [33], [31], etc. At the contrary, for
multi-objective optimization problems, there are very few results for the Navier-Stokes systems. First, let us
note that for multi-objective problems, there are several different strategies, coming from the game theory: see
[24], [27], [32], etc. One can quote [I5] where the authors consider a Stackelberg-Nash strategy for the Stokes
system and [7, 8] where the authors show the existence of Nash equilibria for the stationary Navier-Stokes
systems. Let us also the works [23], [29] for the case of the Stackelberg strategy for the Navier-Stokes system.

Up to our knowledge, there are no results for the existence of Nash equilibria for the Navier-Stokes system
and our first objective is to show such a result. We consider the case of two different boundary conditions:
the Dirichlet boundary condition and the Navier slip boundary condition. The first boundary condition is the
most standard and corresponds to the case where the fluid adheres to the exterior boundary, that is a no-slip
boundary condition. The Navier slip boundary condition is less standard but is important in some physical
situations. This boundary condition was introduced by Navier in [25] and was used for instance in the following
works: [I4], [16], [19], [20], |21], etc. Note that in [6], one can find a rigorous derivation of this condition
from the Boltzmann equation. These Navier slip boundary conditions model the possibility for the fluid to slip
tangentially to the boundary with a friction. Formally, if the corresponding friction coefficient goes to infinity,
one recover the standard no-slip boundary condition.



Our second objective is to show such a convergence result for the Nash equilibria. We will also consider the
corresponding critical points called Nash quasi-equilibria and show a similar convergence result. We have done
a similar work for a mono-objective optimization problem in [9]. As in the previous work, we need to choose
carefully the functional framework. Working with weak solutions seems an interesting approach since in that
case one can prove existence of global solutions without restrictions on the size of data and of the controls.
Nevertheless, the uniqueness of weak solutions for the Navier-Stokes system is an open problem in dimension 3
and consequently the objective criterion are more complicated to handle in that case. We choose here to work
with strong solutions and the drawbacks is that, in that case, we has to restrict either the the size of the data or
the time of existence. Here, we consider solutions and a criterion written in (0,7") where T' > 0 is given, and we
thus need to have small data and small controls. Moreover, in the idea to show the convergence result, we need
to have a restriction that is uniform with respect to the friction coefficient in the Navier boundary condition.

We consider Q C R?, with d = 2,3, a bounded domain of class C*! and we write the Navier-Stokes system
with Dirichlet boundary conditions:

o+ (u-Vu —divT(u,p) = f + g1, +¢P1,, in (0,T)
divu=0 in (0,7T) x Q, (1.1)
u=>b on (0,T) x 09, ’
u(0,-) =a in Q.

We have denoted by T(u, p) the Cauchy stress tensor:
1 T
T(u,p) :=2D(u) — pls, D(u):= 3 (Vu+ (Vu)').

Note that here, to simplify the notation, we have assumed that the viscosity of the fluid is equal to 1. In the
above system, u and p are respectively the fluid velocity and the pressure of the fluid. The functions a and b
are respectively the initial and the boundary conditions and f is a given source. The controls ¢(*) and ¢(?) are
acting on the open nonempty sets w1, ws C 2. We consider in this work the case where g := (g(l), g(2)) aims at

minimizing the following functionals
d:c dt + — / /
Wi

A

where O; (i = 1,2) are nonempty open subsets of 2, 2" € L2(0,T;L?(0;))? (i = 1,2) are given functions,
M > 0 and ug is the solution of (|I.1]) associated with g = (9(1)79(2))'
We assume that the control (g(V), g®) € Uy x U, where

dm dt (1.2)

U; is a nonempty closed convex sets of L%(0,T; L*(w;))%. (1.3)
We are interested by a Nash equilibrium for the above functionals, as defined in the following definition:
Definition 1.1. We say that
(5(1)@(2)) Uy x Uy
is a Nash equilibrium for (Jy, J2) if
B (ED.52) <5 (g0,5P) (g eth).,
{ Jy (@\(1)”9\(2)) < Jy (E(l),g(Q)) (9@ € Us).

In what follows, we will work in a framework for which .JJ; and J; are Gateaux-differentiable and in that case
if (§(1),§(2)) is a Nash equilibrium for (Ji, J3), then we have the following standard relations:

Dy GV, 5) (40 —gD) =0 (4O eth),
Dady (G1,52) (42 —5@) 20 (9 euhy).

In the above relations and in what follows, we have denoted by D1J;(g)(h) and D>J;(g)(h) the Gateaux-
differential of J; at g respectively in the direction (h,0) and (0, ).

(1.4)

(1.5)



Definition 1.2. We say that @(1)@(2)) € Uy X U is a Nash quasi-equilibrium for (Ju, J2) if it satisfies (L.5)).

As usual, in the case where (§(1),§(2)) € Uy X Us is an interior point of Uy x Us, a Nash quasi-equilibrium
for (Jy,J2) is characterized by the following relations:

{ DiJy (31, g?) (k) =0 (helh),
DsJy (g1, 3?) (h) =0 (hels).

1.1 Main results
Let us now consider the hypotheses on the data in . We assume
feL*0,7;L2(Q)% ac HY(Q)? diva=0, a=05b(0,-) on N (1.6)

and
be L2(0,T; H¥*(0Q))4 n HY*(0,T; L*(8Q))?, / b(t,)-vdy=0 (tel0,T)). (1.7)
o0

We denote by B, the closed ball of radius 7 > 0 in L2(0,T; L?(w;) x L*(ws))%:

B, = {g = (9(1)79(2)) € LQ(O,T; L2(w1) X LQ(wg))d : Hg(i)

<
L2(0,T5L2(wi))®

By standard results, if

||f||L2(0,T;L2(Q))d + ||a||H1(Q)d + ||b||L2(0,T;H3/2(6(2))dﬂH1/4(O,T;L2(69))d ST (1.9)

and
U, xUy C B, (1.10)

with r > 0 small enough, then for any g € U; x Us, there exists a unique strong solution (ug4, py) of (1.1) with
ug € H'(0,T; L*(92)) 0 C2([0,T); H' () N L*(0, T HX(Q)?, - py € L*(0,T5 H(Q)/R).

In particular, with such hypotheses, then J; and Jo are well-defined in Uy x Us. Our first result is the existence
of a Nash equilibrium for the system (|1.1)):

Theorem 1.3. Assume (1.9) and (1.10) for r small enough so that for any g € Uy X Us, there exists a unique

strong solution (ug,py) of (L.1)).
There exists My > 0 such that if M > My then there exists a unique Nash equilibrium for (Ju, J2) in Uy X Us.
Moreover it is the unique Nash quasi-equilibrium for (Ji, Ja2) in Uy X Us.

We also show the existence of a Nash equilibrium for the following system similar to (1.1)) but with Navier
slip boundary condition instead of the Dirichlet boundary condition:

ou+ (u-Vu —divT(u,p) = f + gV, +9P1,, in (0,T) x Q,
divu=0 in (0,7T) x Q,
u-v=>b-v on (0,T) x 09, (1.11)
2MDu)v+a(u—>0)]., =0 on (0,T) x 0,
u(0,-) =a in .
Here a > 0 is a friction coefficient, assume to be constant and to satisfy
a 2 [|bl] oo 0,750 (902))2 T+ 1- (1.12)
We add in particular in ([1.7) that
be L>=(0,T; L°°(0))<. (1.13)



Similarly as for the Dirichlet case, we can define the functionals

M [T 12
Jia (g(l / / dx dt + 5 / / ’g(l)
0 Wi

where u,, 4 is the solution of (1.11)) associated with g = (g(l), 9(2)). We can also define a Nash equilibrium or a
Nash quasi-equilibrium for (Ji q, J2,o) in a similar way than for (J1, J2) (see Definition and Definition :

(9& ), 9&2)> is a Nash equilibrium for (J o, J2,q) in Uy X Uy if

Up,g — 21 0|° dz dt, (1.14)

o (857 < 2 (o087 60 220,
2.0 (9&1),@(12)) < o ( 35 9(2)) (9@ elr).

As for system (1.1)), there exists r > 0 small enough such that if (1.9) and (1.10)) hold, then for any g € Uy xUs,
there exists a unique strong solution (4q,g,Pa,q) of (L.11)) with

(1.15)

Ua,g € HY(0,T; L*(Q)* N CO([0,T); H()? N L*(0,T; H*(Q))?,  pa,y € L*(0,T; H(Q)/R).

However the value of » may depend on «. In order to have a constant uniform in «, we need to strengthen
our hypotheses on the data. We use a lift of the boundary condition and assume the existence of a solution
u©) ¢ HY(0,T; H'(Q))? of the system

Opu® — div T(u®,p@) =0 in (0,7) x Q,
divu® =0 in (0,7) x Q,

u® =b on (0,T) x 09, (1.16)
u(0,-) =a in Q.
Then we replace condition (|1.9)) by the condition
1l 20,7520y + H“(O) H < (1.17)

H(0,T;H (Q))4

We have shown in [J] that there exists r > 0 small enough such that if and hold then for any
g € Uy x Up and for any « satisfying (1.12)), there exists a unique strong solution (ua,g, Pa,g) Of (see
also Proposition . In particular, with such hypotheses, then for any « satisfying , J1,o and Jo , are
well-defined in Uy X Us. Then we have the following result

Theorem 1.4. Assume (1.10) and for r small enough so that for any g € Uy xUs and for any a satisfying
, there exists a unique strong solution (Ua,g,Pa,g) Of .

There exists My > 0 such that if M > My, then for any a satisfying , there exists a unique Nash
equilibrium Go, for (J1,a, J2.a) in Us X Us. Moreover it is the unique Nash quasi-equilibrium for (Ji o, J2,a) in
Z/[l X UQ.

Note that in the above result the smallness conditions (1.10) and (1.17)) are independent of a. We prove
Theorem in Section [6] we skip the proof of Theorem since it is completely similar. For these proofs, we
need in particular the adjoint system associated with (|1.1)) given by

0y — (uy - V)l (Vug) @) — div T (o )77%(7;)) = (ug —2)1p, in(0,7) x Q,
dive® =0 in (0,T) x Q, (1.18)
0 =0 on (0,T) x 99, '
©(T,)=0 in Q.



The adjoint system associated with (1.11]) is given by

—9pp) — (ta,g - V) ©® 4 (Vua,g)T 0@ —div T (cp(i), 7750(7:)) = (u(JZ g— 2 ) o, 1in (0,T) x €,

dive®™ =0 in (0,7) x Q,
s0<’> .v=0 on(0,T)x0Q, (1.19)

2DeD) v+ (a+b-v)pP] =0 on (0,T) x 9Q,
©(T,) =0 in Q.
We denote in what follows by @éi) and wg?g the solutions of the above systems.
In what follows, we write

VVO = {ueLQ(Q)d ;diveu=0, u-v=0on 69}, (1.20)
Vg ={ue HY(Q)*; divu=0, u=0on0Q}, (1.21)

Vo= (1)
We denote by P the Leray projector, that is the orthogonal projection P : L?(Q)? — V9.
If M is not large enough, it is not clear if we have existence or uniqueness of Nash equilibria or of Nash
quasi-equilibria. Moreover, a Nash quasi-equilibrium is not necessarily a Nash equilibria. In the case where

we have, for any a large enough, a family of Nash quasi-equilibria or a family of Nash equilibria, one can
nevertheless pass to the limit as o — co. We have the following convergence results:

Proposition 1.5. Assume (1.10) and (1.17)) for r small enough so that for any g € Uy X Uz and for any «

satisfying (1.12), there exists a unique strong solution (Ua,g, Pa,g) of (1.11).

Let us consider a family of Nash equilibria g, = (g,(ll),ﬁ((f ) for (J1,a,J2,a) in Uy xUs. Then, there exists a

Nash equilibrium g = @(1)’/9\(2)) for (Ji,Ja) in Uy x Us and a subsequence o — oo, such that
(39.32) = (39,59)  in L2(0,7: L3 (wn) x L¥(w2))". (1.22)

Moreover, the corresponding states (direct and adjoint) satisfy

Ung, — ug weakly *in L*(0,T; H*(Q))% N L>(0,T;L*(Q))4, (1.23)
Ung, — ug strongly in  L*(0,T; L*())%, (1.24)

Ung, — b strongly in  L*(0,T; L*(09))<, (1.25)

Dtz — Opug weakly in  L*3(0,T;Vyh), (1.26)

P = oW weakly *in L2(0,T3 H'(2))* 1 L=(0,T; L*($2))?, (1.27)
Prg = 0y strongly in L?(0,T5 L2 ()", (1.28)

@S’)@Y — 0 strongly in  L*(0,T; L*(09Q))%. (1.29)

0t<pg?§a — 8t<p(§i) weakly i L*3(0,T;Vyh). (1.30)

We have the following result of convergence for the Nash quasi-equilibria:

Proposition 1.6. Assume the hypotheses of Proposition[1.5 and let us consider a family of Nash quasi-equilibria

Jo = (@(11 79512)> for (Ji,a,J2,0) in Uy X Uz. Then, there exists a Nash quasi-equilibrium g = @\(1)7@(2)) for

(J1,J2) in Uy X Us and a subsequence o — oo, such that we have the convergence (1.22). Moreover, the
corresponding states (direct and adjoint) satisfy (1.23)—(L.30].



As a consequence of Proposition [L.5] or Proposition [1.6] we have the following result in the case where the
Nash equilibria are unique:

Corollary 1.7. Assume the hypotheses of Theorem , Then we have the convergence (1.22) for the Nash
equilibria Go, of (J1,0y J2,0) towards the Nash equilibrium g of (J1, J2). Moreover the corresponding states (direct

and adjoint) satisfy (1.23)—(1.30).

The above results of convergences in particular Corollary can be seen as extensions of previous results
obtained for other partial differential equations: [10], [11], [I2], [L3], in the case of elliptic problems and [4], [22],
in the case of parabolic systems. We have also obtained in [9] a similar result for the Navier-Stokes system.
Here the main difference is that we consider the case of a multi-objective optimization (Nash equilibrium).

1.2 The bidimensional case

The above results are valid for d = 2 or d = 3. In the case d = 2, we can improve these results. First, we
can work here with weak solutions since one can show the uniqueness of such solutions. Moreover, we assume

(instead of (1.6]) and (1.7))
feL?0,T;L2(Q)¢, acL?Q)9 diva=0, a-v=">5(0,")-v ondQ (1.31)

with
be L2(0,T; H3?(0Q))4 n HY4(0,T; L*(8Q))?, / b(t,)-vdy=0 (tel0,T)). (1.32)
o

To simplify, we consider a lift of b on the boundary, that we still denote by b:
be HY(0,T; L*(2) nC°([0,T); HY(Q)* N L*(0,T; H*(Q))4, divb=0 in (0,T) x Q. (1.33)

We also assume relation (and thus (1.13)). With such hypotheses, we can show the existence and
uniqueness of weak solutions for systems and (L.1I). We can thus define (J1, Jo) and (J1,a,J2,0) by (1.2)
and and the Nash equilibrium and Nash quasi-equilibrium by using Definition and Deﬁnitionm
The main difference with the three-dimensional case is that we do not have any constraint on the size of the
data or on the controls; nevertheless, we need to have bounded controls and we replace by the following
hypothesis:

U; is a nonempty closed bounded convex sets of L?(0,T; L?(w;))<. (1.34)

More precisely our results in that case are

Theorem 1.8. Assume d =2, (1.31)), (1.33)) and (1.34). There exists Mo > 0 such that if M > My then

e there exists a unique Nash equilibrium for (Ji,J2) in Uy X Us. Moreover it is the unique Nash quasi-
equilibrium for (Ji,J2) in Uy X Us.

e Assume moreover (1.13)). For any « satisfying (L.12|), there exists a unique Nash equilibrium g, for

(J1,05 J2,0) @ Uy X Us. Moreover it is the unique Nash quasi-equilibrium for (J1,a, J2,a) in Uy X Us.

As for the tridimensional case, if M is not large enough, it is not clear that we have the existence or the
uniqueness of Nash equilibria or if a Nash quasi-equilibrium is a Nash equilibrium. Below, we state general
results of convergences that simplify for M large enough.

Proposition 1.9. Assume (1.34). Let us consider a family of Nash equilibria g, = (E&l),ﬁg)) for (J1,a,J2.0)

in Uy X Us. Then, there exists a Nash equilibrium g = (’g\(l),’g\@)) for (Ji, J2) in Uy x Us and a subsequence
a — 00, such that we have the convergences (1.22)), (1.23)—(1.25), (1.27)—-(1.29), and

Ot 5, — Opug  weakly in L*(0,T; Vi h, (1.35)
8t<p(ai?§a - atcpg) weakly in  L*(0,T;Vy ). (1.36)



Proposition 1.10. Assume ( m Let us consider a family of Nash quasi-equilibria g, = (g,(l ,g&z)) for

(J1,05 J2,0) iUy X Us. Then, there exists a Nash quasi-equilibrium g = g, g® for (J1, J2) inUy xUs and a
subsequence a — 00, such that we have the convergences (1.22)), (1.23)(1.25), (1.27) (1.29) and - -

The proofs of these results are completely similar and easier than in the tridimensional-case, and we thus
skip them.

The paper is structured as follows. In Section [2] we establish preliminaries results, which are necessary for
the development of the following sections. In Section [3] we consider a simplified case where we replace the
Navier-Stokes system by the linear Oseen systems. This part can be seen as a warm-up before the proof of the
main result. We show the existence and uniqueness of Nash equilibrium and Nash quasi-equilibrium and prove
the asymptotic behavior of the Nash controls and states (direct and adjoint), when the parameter a — oo. In
Section [} we go back to the nonlinear problem and we show estimates on the direct and adjoint states for a
Navier-Stokes systems with slip boundary conditions. Section [5]is devoted to the proof of the existence of Nash
quasi-equilibria for the Navier-Stokes system. Finally, in Section [f] we prove the main results of this paper.

2 Preliminaries

2.1 Some useful inequalities

In what follows, we use many times the following Sobolev embeddings valid since d = 2, 3:
HY(Q) — L5(Q), W%(Q) c L>=(Q). (2.1)
We recall the Korn inequality (see, for instance, [26]): there exists C' > 0 such that for any w € H(Q),
2 2 2
s ye < € (lwllfzya + IDwlFagana) - (2:2)

In order to estimate the nonlinear term in the Navier-Stokes system, we have the following standard result:

Lemma 2.1. There exists a positive constant C' > 0 such that for any t > 0 and for any
w e L2(0,t; HY(Q)Y) N L>=(0,t; L2(Q)Y), w e L*(0,t;Wh4(Q)9),

we have the estimate

t ¢
2 2 2
(w-V)u) -w dz ds| < C/o (HUHWLG(Q)d + ||u||W1v6(Q)d> [wll72(qya ds +/0 /Q|]D)w| dx ds.

Proof. First, we use a Holder inequality:

t
<C [ 19l ayocs Il zoqoys Nl zgape s

((w-V)u) - w dx ds

Then, using the Sobolev embedding in (2.1)) and the Korn inequality (2.2)), we deduce

t
(- Vy) - da ds| < C [ 1Vulloqqyics (ol + Bl ga oyena) llgaqaye s

Combining the above estimate with a Young inequality, we conclude the proof of this lemma. O
For the next result, we recall that V.0 is defined by (1.20).

Lemma 2.2. There exzists a constant C' > 0 independent of o such that for any w € H*(Q)4N V2, we have

lwllwr e < € (IPAwl s + 2D}y + awl, l1/2p0y0 ) -



Proof. We write that w is solution of the following Stokes system:
—Aw+VQ = —-PAw in Q,
divw =10 1in €,
w-v=0 on Jf,
2D(w)v + aw]_ = j; on 0L,
where j := 2D(w)rv + aw. Then, we obtain the result by applying Theorem 2.2 in [2] (see also [I]). O

Since U; is a nonempty closed convex subset of L2(0,T; L?(w;))?, we can consider the projection P, onto
U;. Let us consider an element e € U;. Then we have the relation for any ¢ € L2(0, T; L?(w;))%:

H'pui g® — g® e — 4

<
L2(0,T;L%(wi))d

L2(0,T;L2(w;))?

and in particular, there exists a constant C' > 0 such that for any ¢ € L?(0,T; L?(w;))?

(@)

HPuig <C (1 + Hg(i) (2.3)

L2(0,T5L2 (w;))* L2<0,T;L2(wi>>d> '

2.2 Derivatives of the states

As we recall it in the introduction, it is classical that for » > 0 small enough, (1.9)-(1.10) imply the existence
and uniqueness of a strong solution (ug,p,) of (LI) for any g = (¢V,g@) € Uy x Us. We can thus consider
the control-to-state mapping

£ig=(9D,9?) €t xUp > (ug,py).
One can show (see, for instance [I8]) that £ is Gateaux-differentiable in any direction h € L2(0,T; L*(w;))¢ and

the corresponding derivative (wéi), Ww(i)) := D, L (g) (h) is the solution of

@wéi) + (ug - V) wg(,i) + (wy) . V) ug —divT (wy), ng,-,)) =hl,, in (0,T) x 9,
divw!) =0 in (0,T) x Q,
wl? =0 on (0,T) x 9,
wi?(0,)=0 in Q.

This shows that J; defined by (1.2) is Gateaux-differentiable in any direction h € L2(0,T; L?(w;))¢ and the
corresponding derivative writes

D;J; (g) (h) :/ / <ug - z(’)> cw® drdt + M/ / g9 - h dz dt.
0 O; 0 Wi

Note that we have the following useful relation with the adjoint system ([1.18):
/ / <ug — z(l)) ~w§l) dz dt = / / cpg) - h dx dt.
0 Ol 0 Wiy

D;J; (g9) (h) = /OT/‘ ((pgi) + Mg(i)> - h dxdt. (2.4)

In particular, the relations in (1.5)) write

/OT/. (cpg) + Mﬁ(i)) . (gu) ,@\(i)) dedt >0 (g@) c u)

We have shown the following result:

Therefore,



Lemma 2.3. The couple @(1)@(2)) is a Nash quasi-equilibrium for (J1, J2) if and only if

COMPNECON

(gm’g(z)): Pu, — Pus -

where Py, is the projection from L%(0,T; L*(w;))?® onto U;.
We can now consider the control-to-adjoint state mapping
M) g = (9(1)39(2)) €l XUz — (@é“,%m) :

One can show that M) is Gateaux-differentiable in any direction h € L?(0,T; L?(w;))? and the corresponding
derivative (wy), 7Tw(i)> := D; M9 (g) () is the solution of
g

0 — (g D+ (Tug) Y — e T (7,70
, , NT ‘
= (- V)¢ = (V) o) + w0, in (0,7) x 2,
divel? =0 in (0,7) x Q,
D=0 on (0,T) x 09,
9(r,)y=0 inQ.
Using this property and (2.4]), we can differentiate J; a second time and we obtain

D}Ji (g) (h,h) =/T/ (wguMh) -h du dt.
0 Jw;

This formula is the cornerstone of the proof of the strict convexity that will be done in Section[6] We have similar
formulas and results for the case of the Navier slip boundary conditions. We can define the control-to-state
mapping and the control-to-adjoint state mappings:

Lo:g= (g(”,g@)) €Uy x Us = (Ua g, Parg) s MY :1g= (g(l),g(2)> €Uy X Uy v (wg,)g7w¢ggg> :
They are Gateaux-differentiable in any direction h € L?(0,T; L?(w;))¢ and the corresponding derivatives
(w(()c)gaﬂ- 2 ) = D;L, (g) (h) and (%/fg,)gyﬂd,ggg) = D;M$ (g) (h)
are respectively the solutions of
wy + (tag - VYW, + (W - Vg g — div T(w,, 7,0 ) = hly, in(0,7) x Q,
divwl, =0 in (0,T) x Q,
w,  v=0 on (0,T) x 09, (2.6)
{2 (]D)w((f,)g) v+ aw(()f)g} =0 on (0,7) x 99,
wi,(0,)=0 inQ,

and
*atd’t(xz’)g (Ua,g V) g,)g + (Via, g)T g,)g —divT (wﬁf)g, Ty, )
= (wt(xiv)g : v)%@a 9~ (Vwa,g) ‘ng)g + w&) lo, in(0,7) x €,

divel, =0 in (0,7) x 0, 27)
(l) -v=0 on (0,T) x 09,
2 (Dul) v+ (a+-v) &?g] —0 on (0,T) x 99,
9T, ) =0 inQ.

We have the following result



Lemma 2.4. The couple (g,(ll),g& )> is a Nash quasi-equilibrium for (Ji,q, J2,a) if and only if

©) ) ( 2) )
(SOC% ga |w1 800‘ sJa IW2

(§é1)7§é2)> = PLﬁ - M 7PM2 - M (28)
Moreover, J; o is two times Gateauz-differentiable and
D2 Jia (g) (R, h) / w e+ Mh -h dzdt. (2.9)

3 The linear case

In this section, we consider a simplified case, where we replace the (nonlinear) Navier-Stokes system by the
following linear Oseen systems. We can work here for d =2 or d = 3.

o+ (U -Vu+ (u-V)U —divT(u,p) = f + gM1y, + gP1,, in (0,T) x Q,
divu=0 in (0,T) x Q, (3.1)
u=">b on (0,T) x 09, '
u(0,-) =a in Q,
and
ou+ (U -Vu+ (u-V)U —divT(u,p) = f 4+ gM1y, +¢P1,, in (0,T) x Q,
divu=0 in (0,T) x Q,
u-v=>b-v on (0,T) x 09, (3.2)
2Mu)rv+a(u—>)],. =0 on (0,T)x 0L,
u(0,) =a in Q,
where

U e L*0,T; H* Q)N H(0,T; L)), divU =0 in (0,T) x Q.
In that case, there are several simplifications with respect to the nonlinear case. First, we can work with weak

solutions and we can weaken the hypotheses on the data. More precisely, we can consider the same hypotheses
on the data than in the bidimensional nonlinear case: we assume relations (1.31)), (1.32) and (1.33]) instead of

and (9.

We also replace the relation (1.12]) by

az HU”LOO(O,T;LOO(BQ))"’ +1 (3.3)

and the relation (1.13]) by
U € L>=(0,T; L>(00))%.
The weak solutions ug of (3.1) are defined as functions satisfying
ug € L*(0,T; HY ()% n C((0, T]; L2(Q)") N H* (0, T; Vy 1),

divug =0 1in (0,T) x Q,
ug=>0 on (0,T) x 0Q,

and

T T T
7/ /ﬁtgaougd:cdt—/ /[(U.V)go}.ugdxdw/ /[(ug~V)U]-<pd:1:dt
0 Q 0 Q
T
/ /QID) ug) da dt = / /f-apda:dt—i—/(p((),)-adw
0 Q Q
T T
+/ /g(l)~<pdzdt+//9(2)~<pdzdt,
0 w1 0 w2

10



for any ¢ € C1([0,T); V). We recall that Vg is defined by (1.21).
We define similarly the weak solutions uq,q of (3.2)): they are the functions satisfying

Ua,g € L2(0,T; HY ()Y N CO([0, T); L2 ()Y n HY(0,T; V1),

divta,g =0 in (0,7) x Q,
Uag-v=">0-v on (0,T) x 09,
and

T T T
—/ /ﬁtgaouayg dx dt—/ /[(U~V)<p]~ua7g dx dt+/ /[(ua,g-V)U]~god:c dt
0o Ja
/ /QD D(tq,q) dx dt+/ / (U V) (tayg), + (ta,g —b)r]| - or dy dt
[5}9]
:/ /f'gadxdt+/cp(0,~)~adx
0o Ja Q
T T
+/ /g(l)-cpdmdt-i-/ / 6@ - dz dt,

0 w1 0 w2

V5= {uGHl(Q)d; divu=0, w-v=0ondQ},
v, b= (V.

v

for any ¢ € C1([0,T);V,}) where

We also introduce the functionals

2
J; ( MW g / / —z(Z dxdt—i-f/ / ‘g(z)
T
Ja(g(l <2> / / d:cdt—k%/ /
2 0 Wiy

As for the nonlinear case, we can define the Nash equilibrium and the Nash quasi-equilibrium for (Ji o, Jo2,)
and for (Jy,Jz) as in Definition [1.1) and Definition

Theorem 3.1. There exists My > 0 such that for any M > My and for any « satisfying (3.3)), there exists a

unique Nash equilibrium (g&l),gg)) for (Ji,a,J2.0). There exists also a unique Nash equilibrium (ﬁ(l),ﬁ(z)) for
(J1,J2).

da dt (3.4)

and

2
g\ dzdt. (3.5)

Ug,g — 27

In order to show the above result, we introduce the adjoint systems associated with (3.1)) and with (3.2):

00 = (0 V)9 + (VD) 0~ i T m0) = (15— 29) Loy in (0.7) ¢ 2
dive” =0 in (0,7) x Q,
_ ©® =0 on (0,T) x 0%,
©O(T,) =0 inQ,

~0yp® — (U - V) + (VU) T @ — divT(p®, 7w 0) = (ta,g — 2) 1o, in (0,T) x Q,
dive®™ =0 in (0,T) x Q,
e .y =0 on (0,T) x 99, (3.7)
[2(DeD) v+ (a+U- 1/) @] =0 on (0,T) x 99,
©(T,-)=0 in Q.
In what follows, we denote by gpgi) and wgf?g the solutions of the above systems. As in the nonlinear case, we can

use these adjoint systems to characterize the Nash equilibrium as the Nash quasi-equilibrium. We show below
the existence and uniqueness of these quasi-equilibria.

(3.6)

11



Proposition 3.2. There exists My > 0 such that if M > My, for any « satisfying (3.3), then there exists a

unique g, € Uy X Us such that
~ ~ w1 w2
(gé )7 gé )> = | Py, T » Pus, T . (3.8)

There exists a unique g € Uy x Uy such that

(2)
(QDE ) Jwa

@
(So/g\ )|w1

(3.9%) = | P | ———7
Proof. We only perform the proof for the Navier boundary conditions since it is completely similar for the
Dirichlet boundary conditions. We consider the following map

(1) (+2)
w1 _ ‘UJ2

Aa :Z/{1 X UQ —>U1 XUQ, Pul e — 7PZ/IQ M

7 (3.10)

We are going to show that for M large enough (independently of a) A, is a strict contraction (and thus admits
a unique fixed point). Let us consider
94, 9» € U X Uy

and let us denote by (Ua,m 908,21’ gaf%) and (ua,b, <p$)b, gp((f)b) the corresponding solutions of (3.2)), (3.7)). We set

U= Uq g — Ug,b, 90(2) = sp(al,)ﬁ - Qp(al’)b? g =94 — G
that satisfy the following systems

ou+ (U -Vu+ (u-V)U —divT(u,p) = ¢V, +¢P1,, in (0,T) x Q,
divu=0 in (0,7) xQ

u-v=0 on (0,T) x 09, (3.11)
2(Du)v+aul, =0 on (0,7) x 09,
u(0,-) =0 in Q,

—0p® — (U - V) + (VU)o — divT(p™, 7 0) = ulp, in (0,T) x Q,
dive® =0 in (0,T) x Q,
.y =0 on (0,T) x 09, (3.12)
2 (D) v+ (a+U-v)p®] =0 on (0,T) x 9,
©(T,-) =0 in Q.
Then, using the property of the projection, we deduce from the existence of a constant C' > 0 such
that

C
[Aa(gs) — A(X(gb)||L2(0,T;L2(W1)XL2(W2))¢1 < i H <<P(1), 80(2)) ‘ (3.13)

L2(0,T;L%(9))24
Multiplying the first equation of ([3.12) by ¢(¥), we deduce the existence of a constant C' > 0 such that for

a satisfying (3.3),

,00) e
H(@ ,p L%OJEHIGDVd%_ o

Multiplying the first equation of (3.11]) by u, we deduce the existence of a constant C' > 0 such that for «
satisfying (3.3)),

L>°(0,T;L2(2))24 < Cllullpz0,m;z2()) - (3.14)

||“||L2(0,T;H1(Q))d + ||u||L°°(O,T;L2(Q))d <C H9HL2(0,T;L2(Q))2d . (3.15)
Combining (3.13)), (3.14), (3.15]), we conclude the proof. O

12



We are now in position to prove Theorem

Proof of Theorem[3.1, We only show the proof in the case of the Navier slip boundary conditions, the proof in
the case of the Dirichlet boundary condition is similar. We are going to show that (ﬁ&l), /g](f)) given by (3.8)) in

Proposition [3.2]is the unique Nash equilibrium for (J 4, J2,4)-
Assume 0 € [0,1] and g™ € U;. Let us also consider the system

Byw + (U - V)w + (w - V)U — div T(w, my,) = (g<1> - g&”) 1o, in (0,7) x 9,
divw =0 1in (0,7T) x €,
w-v=0 on (0,T) x 99, (3.16)
2Dw)v+oaw], =0 on (0,T) x 09,
w(0,-) =0 in Q.

Then, using the linearity of the Oseen system ([3.2), we have the following relation

Yo (690 +(1-0)g 0 g) T Yeda T w.

In particular, from (3.5)),
T 1 (T
J1 o (9g<1> +(1— 9)§g>,§§>) = J1.0 (Ga) + 9/ / (ua@ - z(l)) cw dx dt + 7/ / 02 |w|* da dt
0 Ol 2 0 Ol

T M T 2
+M0/ /§g>-(g<1>-§g>) dxdt+7/ / 92‘9(1)—§S)’ dedt. (3.17)
0 w1 0 w1

Then multiplying the first equation of (3.16|) by @&1) and the first equation of (3.7]) by w, we obtain after some
integrations by parts that

T T
/ / (ua’g — z(l)) cw drdt = / / oL . (g(l) — @\&1)> dz dt. (3.18)
0 O 0 w1

We deduce from the above relation and (3.17) that

T ~(1)
T (6974 (1= 0)50,52) > D0 @) + 216 [ [ (a&”ﬁ;)(g“)—a@) dedt.
0 w1

Using (3.9)), the above relation implies

Jia (09 + (1= 0)50,52) > i (Ga)

and thus
Jl,a (9(1)7/9\512)) 2 Jl,a (lg\a) .

With a similar proof for Js o, we deduce that g, is a Nash equilibrium.
Conversely, if g, is a Nash equilibrium, then we deduce from (3.17) and (3.18) that

T ~(1)
51 L Po ) () 50 S
/O/wl<ga+M> (g ga)dxdt/O

for any ¢(*) € U, and this yields that
A(1)>
( * \wl

@\&1) = 7Dl/ll - M

By proceeding similarly for ¢ = 2, we deduce that g, is the solution of (3.8) which yields the uniqueness of the
Nash equilibrium, by applying Proposition [3.2 O
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Theorem 3.3. There exists My > 0 such that for any M > My, we have convergence as o — oo of the Nash
equilibria:

(30.99) = (31.9%) i L2(0,T: LA (wr) x LA (w2))".
Moreover, the corresponding states (direct and adjoint) satisfy (1.23])—(1.25)), (1.27)~(1.29) and (1.35)—(1.36).
Proof. First, let us recall that u, g, and ¢, 5, are the solution of (3.2)), (3.7) and (3.8). Setting

Ui=tiag, —b, fi=f—0b+Ab—(U-V)b—(b-V)U,
we have
Qi+ (U-V)i+ (@ VU —divT(@,p) = f + 51w, + 301, in (0,T) x €,
divi=0 in (0,T) x €,
u-v=0 on (0,7) x 09,
2(D@) v+ ai]. = —[2(Db)v], on (0,T) x O,
u(0,-)=a—0(0,-) in Q.

By multiplying the first equation of the above system by w and integrating in time and space, we obtain

1 [ ¢ _ ¢ _
,/ |u(t7-)\2 dx—i—/ /2|}D)u|2 dx ds+/ / 04|u7|2 dy ds
2 Jo o Ja o Jao
f t [al”
+//('1Z~V)U-t7dmds+/ U-v— dy
0 Jo 0 Joa 2

t t t
=/ /fﬂd:cds—i—/ / §g1>-adxds+/ / G2 .7 dx ds
0 Q 0 w1 0 w2

t _ 1 i
7/0 /8Q [2(Db) v], - @ dy ds+§/ﬂ|a(x)fb(0,:1:)| dz. (3.19)

Using Lemma there exists a constant C' > 0 such that

t t t
0 JQ 0 0 JQ

Combining the above estimate with (3.19) and the Gronwall inequality, we deduce that there exists a constant
C > 0 such that

2 ) ,
e go e 0.miz2@p)e + e gallrao rim e + @ lltage = BllLe o ria o0
~ 2
< C (1 + ||ga||L2(07T§L2(UJ1)XLQ(wz))d) . (320)

Then we multiply the first equation of system (3.7) by wg) and integrating in time and space, we obtain

Ja
L[ o 2 g ()
5/9 ‘/’a,ga(tax)‘ dx—|—/t /92’11)90&7%

9 T
dx ds—|—g/ /
2 Je Joa
< - (VU) o= ) -ou dxds+/ / U g, — 2 ) o da ds.
t Q( e e t Jo, o e

Proceeding as above, we deduce

@S,)Zia dy ds

2 2 2
10 gall Lo (0. 7522 )2 T 1P0ga 2207511 ()2 T @ 10050l 1200, 12002

2
<C (14 ltag oo sy ) - (3:21)
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On the other hand, from (3.8 and (2.3)), there exists a constant C' > 0 such that

2 1 2
||g()(||L2(0’T;L2(WI)XL2(W2))¢J <C (1 + M2 |§Oa,§a||L2(0’T;L2(Q))d) .

Combining the above relation with (3.20) and (3.21]), we deduce the existence of two constants My and C' > 0
such that for any M > M, and for any « satisfying (3.3)),

2 2 2
a5, ||Loo(o,T;L2(Q))d + ||uag. ||L2(07T;H1(Q))d + a |[uag, — bHLz(o,T;Lz(aQ))d
2 2 2
+ ||('DO‘7§“ HLOO((],T;L?(Q))d + ||50a,§(, ||L2 (0,T;H(Q))4 + o H(pa»f]\a ||L2(0,T;L2 (682))¢
~ 2
+ ||gDé||L2(O,T;L2(UJ1)><L2(W2))d < c.

We can now show the convergence of the controls and of the state. First we deduce from the above bounds and
the linearity of the system the existence of g € U; x Us that

Ja =g in L*(0,T; L*(w1) x L*(w2))?, (3.22)
Uag, — ug weakly *in  L?(0,T; H'()) N L>®(0,T; L*()), (3.23)
g, — Opuy weakly in  L2(0,T;Vy ), (3.24)
Uqg, — ug strongly in  L2(0,T; L*(Q))4, (3.25)
Ung, — b strongly in  L*(0,T; L*(09))%, (3.26)
PV = oUW weakly *in L2(0,T5 H'(Q)) N L=(0,T; L*($))?, (3.27)
8159027)?& — a@” weakly in  L2(0,T;Vy 1), (3.28)
(pg?ga — npg) strongly in  L?(0,T; L*(Q)), (3.29)
@S?ﬁa — 0 strongly in  L?(0,T; L?(0%))4. ( )
Using the continuity of the projection Py, we deduce from (3.29)), (3.8) and (3.9) that
Ga =g in L*(0,T; L*(w1) x L*(w2))?,

and thus we obtain that g = g, which concludes the proof of the theorem. O

4 Estimates on the direct and the adjoint states

In this section, and all that follows, we go back to the study of the nonlinear problem, that is the study of
the Nash equilibria for (|1.1)) and (1.11). This section is devoted to several estimates, independent of a of the

systems (1.11)), (1.19)), and their derivatives, (2.6) and (2.7).

We define the following norm:

2 2 2 1/2
ety o= (el o201y + P AU 20 rizaqae + NelFaozwnsiaye) s

where we recall that P is the Leray projection. First we recall a result obtained in [9]:

Proposition 4.1. Assume T > 0 and that (I.16) admits a solution u®) € H'(0,T; H*(Q))?. There exist
positive constants v and K such that if (1.10) and (1.17) hold, then for any g € Uy x Us and for any o >
1Bl oo (0,71 (922 + 1, system (L.11)) admits a unique strong solution

(Ua,gsParg) € (H'(0,T5 L2 () N L*(0, T; H*(Q))?) x L*(0,T; H' (Q)/R).

Moreover,

2 2
l[tagllyy + alltia,y — b||L°0(07T;L2(8Q))d S K. (4.1)
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Remark 4.2. Note that in [9], we consider a different lifting than u©) for the nonhomogeneous boundary
condition in system . Newvertheless, the proof is completely similar and the additional reqularity hypothesis
ul® € HY(0,T; H*(Q))? only involves a and b here (see (L.16)), which is why we choose to consider such a
lifting instead of the lifting in [9].

Let us state now the result for the adjoint system (1.19)):

Proposition 4.3. With the hypotheses of Proposition there exists a constant C > 0 such that if (1.10) and
(L.17) hold, then for any g € Uy x Uz and for any o = ||b]| e (o 11,00 (902))a + 1, system (L.19) admits a unique

strong solution

(80, ) € (0, T3 L2(Q)* 0 L2(0, T5 HA(R))?) x L2(0,T; H (2)/R).

where K is the constant appearing in Proposition .

Moreover,

@) 2 () 2 CeCK
) ; < ’ 4.2
Yoy ’w N a‘ Pog ‘Loo(o,T;L%Bﬂ))d ‘ ()

The proof is similar to the proof of Proposition [f.I] and also to the proof of Proposition [£.5] below, and we
thus skip it.
For the system ({2.6]), we have the following result:

Proposition 4.4. With the hypotheses of Proposition there exists a constant C > 0 such that if (1.10) and
[L17) hold, then for any g € Uy x Uz, for any a = [[b]] e 1. (a02)ya + 1, and for any h € L*(0,T; L*(wi))?,
system (2.6) admits a unique strong solution

(wly w0, ) € ('O, T3 LA Q)" 0 L2(0, T3 HA(Q)?) x L2(0,T: H' (Q)/R).

Moreover,
’2

2
g 2
‘W + Hw((l’)‘g < CeOK Hh||L2(0,T;L2(wi))’i s (43)

[t
9 Lo°(0,T;L2(9))4

where K is the constant appearing in Proposition .

Proof. The proof can be done by a standard Galerkin method. The key point in a such a proof is the a priori
estimates for the approximated solutions obtained by the Galerkin method. Since these proofs are classical (see,
for instance, [30, pp. 255-260, pp. 283-289]) we show here only the a priori estimates on the solutions (without
approximation).

We multiply the first equation of (2.6)) by w((f)g and we integrate in time and space:

1 L2 t L2 t 2
f/ ‘wg) dz —|—/ / 2 ‘]Dw((j) dz ds —|—/ / 2wt dry ds
2 ol ™ 0 Ja 9 0 Joa 2

«,g

t
< / / (hlwi—(wgf’)g-V)ua’g) cw), de ds. (4.4)
0 Q

Using Lemma we have

t
/O /Q ((w87)g.v)ua7g) ) dr ds

t 2
< C/o (”ua,g”Wl,G(Q)d + ||ua,gHI2/Vl,G(Q)d) ‘ dz ds.

w ’

a,g

2 t )
ds + / / ‘Dngg
12(9) o Jol
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Combining the above estimate with (4.4)) and (4.1)) and using the Grénwall lemma, we deduce that

. 2
w

(4) 2 CK
|« 91| 20,51 () Cllalzz0,ri2 @i €

o +|
L (0,732 (@)

«a Hw(i) <
91 L2(0,T;L2(09))4

Then, we multiply the first equation of (2.6 by —IP’AwC(,f,)g and we integrate in time and space:

/‘Dw(’) tm dx—i—/ / ‘]P’Aw(z) dx ds—l—g/
2 Joa

. 2
/ / ]uag wa7g+(wg}g.v)ua,g] da ds+ C |h|2ago 2y - (45)

w®

Wy g dv

Then, from Holder’s inequality,

t . ) 2
/0 /Q ‘(ua’g . V)w((j’)g + (wg)g . V)ua,g’ dz ds
¢ 2
<cf <||ua,g||mmd

Applying Lemma . the Korn inequality and Sobolev embeddings, we deduce from (4.5 and . ) that

. 2 t ,
ngg(ty.)HHl(mdjL/o /Q’ngg dz ds+/ Hwag

SC/H%AQ
0

W1.6(Q)d
Thus, combining (4.5]), , and the Gronwall lemma we deduce the result. O

(@)

Weg

H (i)
L2(Q)dxd .9

L5(Q)d ||Vua,g||ie(9)dxd> ds. (4.6)

« 12
ds+ 5 [ |w,|" a
W1.6(Q)d s+ 2 /BQ Wa,g v

. 2
w1,

Hl(Q)d

ds + C ||l 70, 7,£2(w0yye -

Proposition 4.5. With the hypotheses of Proposition there exists a constant C > 0 such that if (1.10) and
(1.17) hold, then for any g € Uy X Ua, for any a > Hb||Loo(07T;Loo(BQ))d + 1, and for any h € L?(0,T; L?(w;))?,
system (2.7) admits a unique strong solution

(ngj}g,w M) € (H'(0,T; L2 ()" N L*(0,T; H*(Q))%) x L*(0,T; H'(Q)/R).

Jo4

where K is the constant appearing in Proposition [{.1]

Moreover,

2
o+ ot

2
g CGCK ||h||L2(0,T;L2(wi))d . (47)

o ’LOO(O T;L2(89))¢

Proof. As the proof of Proposition [£.4] the proof of this proposition can be done by a standard Galerkin method
where the main point is to show the a priori estimates for the approximated solutions obtained by the Galerkin
method. We refer for instance to [30, pp. 255-260, pp. 283-289] where more details are given. Here, we show
only the a priori estimates on the solutions (without approximation).

We multiply the first equation of (| . 2.7) by 1/)a,g

; 2 T 2 T o
Oyt ) dx+/ /2‘%(@}; de ds+/ / = v,
t JQ t Joa
T ' 4
<h/ [ ((Fa)™ ) -, o as
Q

NT , 2
olty = (V) o8l + vl

dvy ds

2
dz ds.
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From Lemma we have

T T .(3) 3 r 2
[ (00" 010, 080, i ds <€ [ (ol + s lnocars) |

. 2
P ds

L2 (Q)d

T L2
—|—/ /‘Dw((;)q dz ds.
. Jo y
Moreover,
2
/ /‘ (Z7g a (Vw(z)) @S?g dx ds
(H (i) G || + [0 (i || )
a.g g g 9
Le=(0,T;H (2))4 L2(0,T;W16(2))¢ L2(0,T;W6(2))¢ Le=(0,T;H (92))4

Applying the Gronwall lemma, we deduce

(i) ’ ‘
91l L= (0, T’LQ(Q))d L2(0,T;H(Q))? wo‘ Il L2(0,T; L?(aQ))d
S )
I poo 0,1 Q) 1T I L2(0, ;W 1.6(Q))d Wag L2(0,T;W1.6(Q))d Il Loo (0,1 H(Q))d

ot

p (C ||ua,g||iz(o,T;W1=6(ﬂ))d) :

a,g

ex
L2(0,T; LZ(Q))d>
Combining the above relation with (4.1, (4.2) and (4.3), we deduce

Now, we multiply the first equation of (2.7) by —IP’Az/JaZ,g and we integrate in time and space:

/\m} tm)‘ dx+a/ I (¢, d’y+/ /’sz dz ds
<C (H“’( ‘ (i) ‘ >+0/T/ [ e
t Q

googg
Combining the above relation with (4.1]), (4.2) and (4.3)), we deduce (4.7).

i

2 ‘

CK 2
*9 ‘LOO(O T;L2(Q))4 ‘ d}a g < Ce ||h||L2(O,T;L2(wi))d .

I 20,1551 (Q))4 L2(0,T;L2(69))¢

w&?g ds.

‘Hl(Q)d

5 Existence of the Nash quasi-equilibria

This section is devoted to the proof of the existence of Nash quasi-equilibria for (J1 4, J2,o) in Uy X Us. More

precisely, we show the following result:

Theorem 5.1. Assume (L.10) and (1.17) with r > 0 given in Proposition[{.1 There exists a constant C' > 0

such that if

M > CeK (5.1)
with K in Proposu‘wn then, for any o > ||bHLoc(o T L°°(8§2))d+1 there exists a unique Nash quasi-equilibrium
Go for (J1,a, J2,a) in Uy X Us. Moreover, the corresponding (direct and adjoint) states satisfy

(tag 805022 ) € (0, T5 L2(Q)! 0 L2(0, T; HA(©))%)

and there exists a constant C > 0 independent of a such that

ltag. Iy +Z]

@ ?

CK
Paga e

2
2
5, oo, = blie 072200y |

Lo (0,T;L2(0Q))4
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Proof. Assume o > Hb||L(X>(0 7.1 (002 T 1. We define the following mapping:

(o) (+2)
|ws |w2

Aa UL X Us — U XUQ, Pul -_ 7731,{2 —

where (4,0((1727 ap((f?q) are the solutions of (1.19) obtained in Proposition From Lemma the fixed points

go of A, are the Nash quasi-equilibria for (J1 4, J2,o). We thus have to show the existence and the uniqueness
of a fixed point of A, in Uy X Us.
Assume
94,9 € Ur X U

and let us denote by (uaﬁ %(x ;, @g )ﬁ) and (uoz,bv gp(al)b, 2 )> the corresponding solutions of (| , . We

set , ) )
U= tag —tap,  $D =00 -0l gi=g—g,

We can check that

O+ (u- Vg + (Uay - VIu—divT(u,p) = gM1,, +gP1,, in (0,T) x Q,
divu=0 in (0,7) x Q,
u-v=0 on (0,T) x 09, (5.2)
2[Du)v+au]l. =0 on (0,T) x 08,

u(0,) =0 in Q.

Multiplying the first equation by u and integrating in time and space, we deduce that

/| d:c+//2|Du| dxds+// alul? dvy ds
Juf*
+ (u-V)uay-udr ds+ b-v— dy
0 Jo 0 Jogo 2
t t
://g(l)-uda:ds+//g(2)-udxds.
0 w1 0 w2

Using the Gronwall lemma, we obtain

Cllua g2 .
Hu||L°° (0,1:L2()) T ||U||L2(0TH1(Q)) CHgHL2(OTL2(w1)><L2(w2))de tedlezowhond,

Multiplying the first equation of (5.2) by —PAu and integrating in time and space, we deduce that

/|]D)uta:)| dx+//|IP’Au| dx ds+/ alur(t, ) dy ds
//|u Vtas + (tay - VYu|* dz ds+ CllgllFaiorrex 2@y - (5:3)

On the other hand, there exists a positive constant C > 0 such that

t
/ / ‘(u-V)uQ,ﬁ—k(u%b-V)u’2 dz ds
0 Jo

t
2
<c / (el sy It oy + 1105 e gy 19013 gy ) s, (5.4)
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Thus, combining (5.3)), (5.4)), and the Gronwall lemma we deduce

2 2
lullyy + a llull Lo (0,7:22 (502))4

t
2 2 2
<C HgHLZ(O,T;L2(w1)><L2(w2))d exp (C/o (”ua,ﬁHWl,s(Q)d + Hua,wal,G(Q)d> ds) .

Using (4.1]), we obtain

2 2 2
[ullyy + o ||u||L°C(O,T;L2(8(2))d < CeK ||9||L2(0,T;L2(w1)xLz(wQ))d . (5.5)

Using (1.19)), we obtain the system satisfied by ¢:

~ 0D = (tag - V) + (Vg ) T 0 — (u- V) + (V) T
—div T((p(i),mp(i)) =ulp, in (0,7) x Q,
dive® =0 in (0,7T) x Q,
o .y =0 on (0,T) x 99,
[2(De@) v+ (a+b-v)p®] =0 on (0,T) x 09,
©(T,-) =0 in Q.

Multiplying the first equation by ¢(*) and integrating in time and space, we deduce that

1 . 2 T 12 T ,
5/ ‘cp(z)(t,;v)‘ dx—i—/ /2’[@9@ Y dx ds + %/ / ‘ap(l)
Q t Jao t Joa
T . , T G _ T .
—/ /Q ((Vumu) tp(l) — (u- V)goéz) + (Vu) wél)) . <p(z) dx ds —|—/ /O u - <p(l) dx ds. (5.6)
t t i

In order to estimate the right-hand side of (5.6, we first use an integration by parts to obtain

/Q ((Vu)T cpéi)> o dg = —/Q ((ap(i) . V) goﬁi)) - dx.

Then, using the above relation and combining it with Lemma [2.I] and with Holder inequalities, we find

dv ds

Vuau oW — (u- V) + (Vu) " (Z)> @) dz ds

(i
pmd@+/)@¢

g sve [ oo
Lﬁ(Q)dXd t

<o (s st |
/t || U ,ﬁ||L6(Q)d+|| U ,ﬁ”LG(Q)d ¥ L2(Q)dxd

T 2
+€ [ Tl e
t

Combining (5.6) and (5.7)), we deduce
dx ds + — / / o®
o0

/‘ap(’) (t,x) dx—i—/ /‘Dap(z)
<0 [ (1t lapns +1) [y 50 [ Wl ([
[ (19tasaayoea + 1) [0 54€ [ Tl

Applying the Gronwall lemma, we obtain

ds. (5.7
Leys 5 O7)

Ve,

dvy ds

+ 1> ds.
LG(SZ dXd

2
(@)
L2(0,T;L2(8Q))4

T
2
LOo(Q)dxd + 1) dS) exp (C/t (Hvua,ﬁHLe(Q)dxd + 1) ds) .

12
(@)
L>=(0,T5L2(R2))4

2
<cnmum@ﬂHmmd</ <H

12
ol

W

W L2(0,T3H' (2))
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Using (4.1)), (4.2) and (5.5)), the above estimate implies

2 2 2

H‘p(i)

o

+a Hgo(i)

CK 2
SO 9l 0,712 (@) x 22 () -

L2 (0,T;L2(Q))¢ L2(0,T;H ()4 L2(0,T;L2(09))"

The above estimate and the property of the projection yield

C
||Aa(gﬁ) - Aa(g")||L2(O,T;L2(w1)><L2(w2))d < M H (4,0(1), <,0(2)> '

CveCK 9
< Y HgHL2(O,T;L2(w1)><L2(W2))d ’

L2(0,T;L2(€))2¢

Thus, we deduce that if M satisfies (5.1]) for a constant C sufficiently large, then A, is a strict contraction on
U1 X Us and thus admits a unique fixed point. O
6 Proof of the main results

6.1 Proof of Theorem [1.4]

Proof of Theorem[I]} Assume o > 1]l oo (0,71 (902 + 1. First, from (2.9) and Proposition we deduce
that if M satisfies (5.1]) for C large enough, then for any g € U; x Us, and for any h € L2(0,T; L?(w;)),

Dzzji,a (9) (h,h) = C ”hHi?(O,T;LZ(wi))d :

By assuming (5.1)) for C possibly larger, we can also apply Theorem and deduce the existence and uniqueness
of a Nash quasi-equilibrium g, for (J1 o, J2,o) in Uy x Us. It satisfies in particular

Diia (35.37) (a0 =38") 20 (90 ewn),
Dada (380.32) (92 - 3) 20 (92 ).

We thus deduce (|1.15) and this ends the proof of the theorem. O

6.2 Proof of Proposition

Proof. Since (@\&1),@\&2)) € B, (where we recall that B, is defined by (1.8)), we can use the Banach-Alaoglu

theorem: there exists g := (/g\(l), §(2)) € B, such that, up to a subsequence, as a — 00,
(500,39) =3 in L2(0, T L3(wr) x L3(w2))". (6.1)

Since U; x Uy is a closed convex sets of L2(0,T; L?(wy) x L?(w2))?, then using the Mazur theorem (see, for
instance, [5l Theorem 3.7, p.60]) we deduce that § € Uy X Us. Then, using [9, Proposition 3.1], we deduce
(1-23)-(T.30). Assume now that g(*) € L?(0,T; L?(w;)). Then as a — oo,

(90,32) = (91.52) in L2(0, T5 L2 (wn) x L (wn)".
We deduce again from [9, Proposition 3.1] that if & — oo,

ua’(g(l)@&g» = Uy o) strongly in  L*(0,T; L*(€))%.
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In particular, taking the lim sup of the relation

¢

2
e [0S dz dt

Jia (g&” : §§3

A(l) ,\(2)

2 T
M
0 wi
gjl,oz( 7ga / /

T 2 T 2
limsup/ / ‘@&1)‘ dmdtg/ / ‘ﬁ(l)’ dx dt.
a—00 0 w1 0 w1

T 2 T 2
/ / ‘g(l)‘ dxdtghminf/ / ‘/g\g})’ d dt
0 w1 a—o0 0 w1

G0 gD in L2(0,T; L2 (w))L

2
<1>‘ da dt

()‘

9(1) A(2)) -z

we deduce

From (6.1]), we also have

and we deduce that

We have similarly
32 =g i L2(0,T; L(ws))".

Then we can pass to the limit in (1.15) and we obtain (1.4). This implies that g is a Nash equilibrium for
(J1, Jg) in Z/{l X UQ.

6.3 Proof of Proposition

Proof. We proceed as in the proof of Proposition there exists g := (§(1),§(2)) € Uy x Uy such that, up to a
subsequence, as o — 00,

( (1) g<2>) G in L2(0,T; L% (wy) x L2(ws))% (6.2)
Then, using [9, Proposition 3.1], we deduce (1.23)-(1.30). From (2.8), (1.28) and (6.2), we deduce that g

satisfies (2.5). Using Lemma we conclude that g is a Nash quasi-equilibrium and from ((1.28)), we also obtain
[T22).
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