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ABSTRACT
This study aims at modeling and investigating the impact of realistic turbulence
inhomogeneity on radiowave propagation by utilizing large eddy simulations (LES).
An up-to-date version of the X-LES method for generating realistic turbulent phase
screens is first introduced. It combines atmospheric simulations with the classical
Tatarski statistical modeling. This method naturally incorporates vertical turbu-
lence inhomogeneity into phase screens at scales resolved by LES. It is then ex-
tended to sub-grid scales by weighting statistically generated phase variations with
the vertical profile of the turbulent structure constant extracted from atmospheric
data. This method is applied to replicate turbulence of a classical tropical marine
atmospheric boundary layer. The impact of the generated medium on the propaga-
tion of a 10 GHz spherical wave emanating from a Gaussian aperture is analyzed
through a statistical study of log-amplitude profiles performed for three different
source altitudes. Results first show that contrary to a classical homogeneous turbu-
lence modeling, log-amplitude profiles resulting from the propagation into inhomo-
geneous turbulence exhibit a statistical heterogeneity strongly dependent of source
altitude. Furthermore, classical stochastic phase screen generation from a homo-
geneous Von-Kármán Kolmogorov spectrum seems to give a statistically significant
underestimation of the actual impact of turbulence compared to the X-LES method.

KEYWORDS
split-step propagation; inhomogeneous turbulence; log-amplitude fluctuations;
large-eddy simulations; marine atmospheric boundary layer

1. Introduction

The marine atmospheric boundary layer (MABL), which encompasses the region near
the ocean surface, introduces a complex interplay of atmospheric phenomena [1], along
with scattering effects due to the roughness of the sea surface, that can profoundly
impact radio frequency (RF) communications and radar systems [2]. This intricate in-
teraction involves both large-scale refraction effects, such as ducting, and small-scale
fluctuations of the refractive index. The ducting effect is defined by channels of en-
hanced refractive index along the sea surface. These ducts can bend or even guide
RF signals over considerable distances beyond the normal line-of-sight range. The
characterization as well as the modeling of these large-scale atmospheric effects is the
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object of numerous studies [3–5]. Their impact on electromagnetic (EM) wave propa-
gation now can be accurately modeled. However, precise understanding and modeling
of small-scale phenomena remain open problems.

Tropospheric turbulence results in a chaotic disturbance of thermodynamic fields,
leading to fast variations in the refractive index responsible for scintillation effects.
The random and multi-scale behavior of this phenomenon makes its modeling very
complex. Nevertheless, in the case of propagation over large distances at frequencies
higher than the X-band, these small fluctuations can impair both the phase and the
amplitude of the propagating signal [6–8]. A precise modeling of this turbulence is
therefore crucial to quantify and anticipate its impact on received signals.

The split-step wavelet (SSW) method is one of the split-step techniques used for
simulating long-range propagation in various complex media. This iterative algorithm
solves the discrete wide-angle formulation of the parabolic wave equation (PWE) [9,10].
The SSW method follows the same resolution scheme as the classical discrete split-step
Fourier method (DSSF) [11]. For every propagation step, the PWE is initially solved
in either the spectral domain (for DSSF) or the wavelet domain (for SSW) to account
for the propagation in vacuum. Then, to incorporate the influence of the atmosphere,
a phase shift is applied. It is modeled through a phase screen, which is theoretically
obtained by integrating the refractive index fields on each propagation step. Under
the assumption of forward propagation, the PWE also allows for the consideration of
the presence of a ground and relief [10,12]. This way, split-step methods enable the
handling of numerous propagation scenarios within large environments.

The stochastic multiple phase screen method (sMPS) is widely used to model at-
mospheric turbulence effects on EM propagation [6,8,13]. It is based on the Tatarski
theory [14] which consists in considering the turbulent phase screen as a stochastic
process where the phase variations are modeled as random variables. In this approach,
the statistical behavior of these phase fluctuations due to turbulence is described
by a Kolmogorov spectrum [15]. Although Kolmogorov spectra are commonly used
to generate the phase screens, they do not capture all the complexities of real at-
mospheric turbulence. In actual conditions, turbulence can exhibit different behaviors
that show statistical properties depending on various factors such as altitude, weather,
and geographical location. Therefore, using a simplified Kolmogorov model does not
provide an accurate representation of the turbulence encountered in specific scenarios.
In particular, the Kolmogorov theory assumes that turbulence is locally homogeneous
and isotropic [15]. In the MABL, strong gradients resulting from heat and moisture
exchanges between the atmosphere and the ocean surface induce significant vertical in-
homogeneities. Under these conditions, the use of classical Kolmogorov spectra seems
at least questionable. Indeed, recent studies have highlighted the non-negligible impact
of turbulence inhomogeneities on the propagation of an EM wave [16]. Furthermore,
Kolmogorov spectra only describe the statistical behavior of scales within the inertial
range of the turbulent flow which can be quite narrow and does not take into account
all the scales of eddies into the turbulent flow.

To accurately capture the dynamics of turbulent flows at large scales, previous
studies suggest to generate phase screens using large-eddy simulations (LES) of the
atmospheric boundary layer [17–19]. This numerical method for solving the Navier-
Stokes equations aims at resolving large-scale turbulent structures while modeling the
effects of smaller scales [20], known as sub-grid scales (SGS), which are beyond the
resolution of the numerical grid. Indeed, the smallest resolved scales are too large to
be naturally broken by physical viscous dissipation. Thus, through a sub-grid model,
characterized by a SGS diffusion νSGS, the dissipation is artificially enhanced in the
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simulation to prevent energy accumulation at the smallest resolved scales.
However, due to limitations in computational time, the LES grid cannot be as

detailed as the propagation grid. Consequently, the smaller sub-grid scales have to
be modeled using the Tatarski theory. This approach is referred to as extended-LES
method (X-LES) and consists in extending the turbulent behavior observed at resolved
scales to sub-grid scales [17].

In this paper, an up-to-date version of X-LES is applied to generate turbulent phase
screens representative of a tropical MABL. The objective is to highlight the influence
of realistic turbulence on RF beam propagation. Special attention is given to the effect
of the vertical inhomogeneity of the turbulent intensity. A local metric of field variation
is introduced to quantify its impact. Then, a parametric study on the altitude of the
electromagnetic source is performed. The results are compared to those obtained in
the case of a homogeneous statistical modeling of turbulence. Doing so, the importance
of an accurate modeling of turbulence is highlighted.

This article is organized as follows. Section 2 reminds theoretical aspects of EM wave
propagation in turbulent media using phase screens. The updated version of X-LES
method used in this study for generating realistic phase screens is then introduced in
Section 3 before being applied to the case of a tropical MABL in Section 4. Then,
Section 5 presents numerical results aiming at highlighting the influence of inhomoge-
neous turbulence on RF signal propagation. Finally, Section 6 summarizes our findings
and suggests several perspectives for future works.

2. Theory

The aim of this section is to introduce the theoretical context of this study. The itera-
tive SSW solving method for the 2D-PWE used in this paper is first presented and an
overview of tropospheric turbulence and its stochastic modeling for EM propagation
developed by Tatarski is then proposed. This notably allows to highlight the limita-
tions of certain assumptions in the context of radiofrequency (RF) propagation in a
turbulent ABL.

Hereinafter, the propagation is computed in free space in a 2D domain of size
Lx×Lz. u indicates the classical reduced scalar electromagnetic field [10] that is here
discretized along the vertical axis so that u(x, z) = u(x, pz∆z) for pz in [0, Nz], where
∆z denotes the vertical mesh parameter of the propagation domain.

2.1. Split-step wavelet propagation algorithm

A discretized formulation of the parabolic equation theory is particularly suitable for
numerical implementation, aiming at minimizing numerical errors. This approach is
commonly referred to as an auto-coherent method [11].

The propagation of an EM wave is described by the well-know Helmholtz equation.
In a discretized environment, this can be written as

∂2u

∂x2
− 2jk0

∂u

∂x
+ d2

zu+ k2
0(n2 − 1)u = 0, (1)

where k0 indicates the EM wavenumber in vacuum, n is the tropospheric RF refractive
index and d2

z represents the second-order centered finite-difference operator. Following
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a similar reasoning as in the conventional continuous “wide angle” parabolic equation
development [10], the discrete forward parabolic wave equation (PWE) is given by [11]

∂u

∂x
=

[
−jk0(n− 1)− j

(√
k2

0 + d2
z − k0

)]
u. (2)

In split-step methods, equation (2) is iteratively solved in two steps. The EM field is
first propagated in vacuum (n = 1) on a propagation step ∆x. Then, a phase shift
defined as exp(−jΦx+∆x

) is applied to the propagated field to account for the contri-
bution of the atmosphere. Φx+∆x

stands for the 1D vertical phase screen corresponding
to the portion of medium located between x and x+ ∆x and is theoretically obtained
at every z by

Φx+∆x
(z) = k0

∫ x+∆x

x
(n(x′, z)− 1)dx′. (3)

In this study, numerical simulations of EM propagation are performed using the
open-source software “SSW-2D” [21], that is based on the SSW algorithm [9]. This
algorithm shares the same formalism as the DSSF algorithm, with a key distinction:
the propagation in vacuum is computed in the wavelet domain rather than Fourier and
is achieved through a fast wavelet transform (FWT) [22]. Wavelet bases show notable
invariance and compression properties that make this decomposition algorithm faster
than the fast Fourier transform (FFT), justifying the choice of the SSW method.

Similarly to the DSSF approach, the iterative SSW solution of equation (2) is ex-
pressed as

u(x+ ∆x, z) = e−jΦx+∆x (z)W−1[PW(u(x, z))]. (4)

Here, W represents the FWT, and P is the free-space propagator in the wavelet
domain. The latter is a dictionary of propagators, computed and stored prior to the
initial iteration [12]. Initially, the electric field at position x is decomposed into the
chosen wavelet basis, characterized by a decomposition level L = 3, using a FWT [22].
It is then represented in the wavelet domain by its corresponding wavelet coefficients.
Subsequently, individual wavelets undergo vacuum propagation over a step ∆x using
the dictionary of propagators to obtain new wavelet coefficients. Finally, the field at
x+∆x is reconstructed in the spatial domain through an inverse FWT. It then remains
to compute Φx+∆x

and apply the corresponding phase shift to obtain the real electric
field at x + ∆x. The generation of the turbulent phase screens is explained in the
following sections.

2.2. Stochastic modeling of tropospheric turbulence

In the lower troposphere, the thermodynamic fields chaotically evolve over time at
every point in space, leading to small-scale variations in the refractive index that
cause fast fluctuation in the amplitude and phase of the EM signal. Turbulence is a
mode of irregular flow that superimposes random agitation on the mean motion of
a fluid. Thus, the refractive index is often modeled through a decomposition into a
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deterministic mean part and a random fluctuating part such that

n = 〈n〉+ ∆n, (5)

where 〈n〉 and ∆n represent the mean and turbulent components of the refractive
index, respectively, and 〈·〉 denotes spatial averaging. This article only focuses on the
specific impact of turbulence on EM wave propagation. In the following, the mean
part is therefore supposed homogeneous such that 〈n〉 = 1. The impact of turbulence
on an EM signal is thus modeled by a 1D vertical turbulent phase screen given by

Φx+∆x
(z) = k0

∫ x+∆x

x
∆n(x′, z)dx′. (6)

Turbulence, as defined by Richardson [23], is a multi-scale phenomenon. Indeed,
multiple turbulent structures of various scales coexist within a turbulent flow. Their
behavior is linked to the distribution of initially produced kinetic energy across dif-
ferent flow scales. The classical theory of homogeneous and isotropic turbulence de-
veloped by Kolmogorov [15] has identified three main scale ranges, as illustrated in
Figure 1. The first zone corresponds to the largest structures responsible for energy
production. The scales involved are flow-dependent, as their behavior is conditioned
by the geometry of the problem. In the second zone, known as the inertial subrange,
turbulent kinetic energy is transferred to smaller scales with a constant decay rate pro-
portional to k−5/3, where k = 2π

l is the spatial wavenumber related to the structure of
scale l under consideration. This domain is delimited by two characteristic scales. The
outer-scale length Los denotes the largest eddy within the inertial subrange while the
inner-scale length Lis indicates the smallest one. Finally, in a third zone corresponding
to the smallest scales of the flow, nonlinear processes become negligible, and kinetic
energy is rapidly dissipated by viscous forces.

The universal behavior of scales within the inertial subrange is well suited to a sta-
tistical description of the turbulent phenomenon. The stochastic multiple phase screen
method (sMPS) [6,8,24] arises from Tatarski’s theory [14] and models the turbulent
phase screen as a stochastic process such that Φ ∼ N (0, SΦ) where N denotes a nor-
mal distribution and SΦ is a Kolmogorov-type scintillation spectrum. In this paper,
the classical Von-Kármán Kolmogorov spectrum [25], adapted to fit the discretized
auto-coherent theory [24], is employed and is given by

SΦ(kz) = 2πk2
0∆x0.055C2

n

(
k2
z +

(
2π

Los

)2
)−4/3

. (7)

In the above equation C2
n represents the turbulent structure constant, which charac-

terizes the amplitude of fluctuations in the turbulent refractive index, while kz denotes
the vertical component of the spectral variable.

Although widely used, this stochastic generation method using the Von-Kármán
Kolmogorov spectrum relies on strong assumptions and thus has obvious limitations.
Firstly, the saturation effect imposed by the Von-Kármán Kolmogorov spectrum in
the production zone does not accurately represent the actual energetic behavior of the
largest scales of the turbulent flow. Additionally, studies have highlighted the impact
of the vertical inhomogeneity of turbulence on the propagation of an EM wave [16–18].
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Figure 1. Schematic representation of the turbulent kinetic energy (TKE) spectrum and the different sub-
range of scales.

In the context of ABL propagation, where strong vertical inhomogeneities occur [26],
homogeneous modeling of turbulence may appear too simplistic.

In the next section, we present a method for generating realistic phase screens
based on LES results of a MABL. This is widely inspired by the X-LES developed
by Gilbert et al. [17] but it differs in the algorithm employed to extract the vertical
profile of the refractive index structure constant. This profile is subsequently used to
introduce vertical inhomogeneity in the modeling of turbulence at sub-grid scales. This
approach enables to overcome the two main limitations of the sMPS method. Firstly,
LES accurately captures the behavior of large scales in turbulent flows. Additionally,
this method allows for the generation of realistic turbulence that is representative of
the dynamics of an ABL. In particular, our study highlights the impact of turbulence
inhomogeneity in a MABL on RF propagation.

3. Realistic phase screen generation method

The LES is used to numerically solve the filtered versions of the governing equations
to yield three-dimensional (3D) turbulent fields representing the largest and most en-
ergetic scales within a turbulent flow. In the practical case of generating an ABL, LES
allows for the computation of 3D instantaneous fields of thermodynamic variables
within an atmospheric domain of size lx× ly× lz down to a grid resolution dx×dy×dz
which precision is constrained by obvious computational capabilities. In particular,
for RF applications, these current limitations prevent the generation of full-scale at-
mospheric domains (∼km) at resolutions that align with the mesh requirements for
RF wave propagation (∼cm). To overcome this issue, Gilbert et al. [17] proposed to
extend LES fields to finer resolution using stochastic generation. This so-called X-LES
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method consists in considering every field f as the combination of two contributions
such that

f(x, y, z, t) = f r(x, y, z, t) + f s(x, y, z, t), (8)

where f r represents the component of the field associated with scales directly resolved
by LES, and f s is a stochastic field that models the contribution of sub-grid scales.

The objective of this section is to precisely develop the formalism of the X-LES
method that is used in this paper to generate realistic turbulent phase screens from
atmospheric simulation. As in equation (8), the 1D turbulent vertical phase screen is
here modeled by a resolved phase Φr and a sub-grid phase Φs as

Φ = Φr + Φs. (9)

Particular attention is given to the sub-grid phase generation with a focus on the
evaluation method of the refractive index structure constant that differs from that
used in [17].

3.1. Resolved scales

The resolved phase Φr is directly derived from LES outputs. The tropospheric RF
refractive index is expressed as

n = 1 +N × 10−6, (10)

with N the refractivity given by [27]

N = 77.60
p

T
− 9.00

pqt

T
+ 6.035× 105 pqt

T 2
, (11)

where p, T , and qt denote the instantaneous atmospheric pressure, absolute tempera-
ture, and specific humidity, respectively. At every instant, the resolved scales refractive
index field nr is first computed at every LES grid point (x, y, z) = (ixdx, iydy, izdz) with
(ix, iy, iz) ∈ [1, nx]× [1, ny]× [1, nz] from thermodynamic outputs using equations (10)
and (11). The turbulent component ∆nr is subsequently derived by subtracting the
mean value obtained on the horizontal plane such that

∆nr(x, y, z, t) = nr(x, y, z, t)− 〈nr(x, y, z, t)〉(x,y) , (12)

where 〈·〉(x,y) indicates the mean operator over a – statistically homogeneous – hor-
izontal plane. In the following, the time dependence is omitted. Additionaly, we re-
mind that the objective is here to compute 1D turbulent phase screens to perform 2D
propagation. The y-dependency is thus supressed and phase screens computations are
performed at an arbitrary chosen y-location. The turbulent phase screen associated
with the contribution of resolved scales Φr over a propagation step is finally computed
as

Φr
x+∆x

(z) = k0

∫ x+∆x

x
∆nr(x′, z)dx′. (13)
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Figure 2. X-LES vertical phase spectrum representation.

Note that the propagation step must satisfy ∆x > dx. Interpolation enables obtaining
a vertical phase profile with the same numerical precision ∆z < dz as the chosen
propagation grid vertical spacing. Nevertheless, at this step of the process, the energetic
contribution of the sub-grid scales of the turbulent flow is missing, necessitating the
extension of resolved phase variations to finer scales.

3.2. Sub-grid extension

This extension process has been introduced by Gilbert et al. [17] and is reminded
here. This consists in an hybridization between LES and the Tatarski theory. Indeed,
under the assumption that the LES mesh parameter d = 3

√
dxdydz lies in the inertial

subrange of scales of the turbulent flow, the resolved phase spectrum can be extended
with a Kolmogorov spectrum to account for the energetic contribution of sub-grid
scales down to the resolution required for propagation. A schematic representation of
the X-LES method is given in Figure 2 from a spectral point of view.

In practice, the sub-grid component of the inhomogeneous phase screen Φs is gen-
erated following [16,17]

Φs(z) =
√
C2
n(z)Φ̃s(z). (14)

C2
n(z) denotes the vertical profile of the structure constant computed from LES data

that is representative of the generated medium. Its evaluation method is detailed fur-
ther in this section. Φ̃s is a C2

n-normalized and statistically homogeneous phase screen.
This is a purely theoretical phase realization generated from an artificial Kolmogorov
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spectrum SΦ̃s(kz) derived from equation (7) with C2
n set to 1:

SΦ̃s(kz) =

{
2πk2

0∆x0.055C̃2
nk
−8/3
z , if kz ∈

[
2π
dz
, 2π

∆z

]
,

0 otherwise.
(15)

Note that the term in Los does not appear here as only a part of the inertial regime of
turbulence is generated. The use of equation (14) amounts to introducing a posteriori
a realistic vertical inhomogeneity of the turbulence intensity in the sub-grid phase
screen. At each altitude, the variations of the generated phase are weighted by the
local value of C2

n. Note that this development is similar to the one carried out in [17],
with the noticeable difference that the inhomogeneous extension operation is here
directly performed in 1D on the phase rather than on the 2D refractive index.

3.3. Evaluation of the refractive index structure constant

In our study, the structure constant of the refractive index is directly evaluated from
LES outputs following the algorithm proposed by Wilson and Fedorovich [28]. This re-
lies on the Obukhov law [29,30] stating that the statistical fluctuation of the refractive
index is steady over the inertial subrange of scales. This is written as

C2
n(z) =

Dn(r, z)

r2/3
, ∀ r ∈ [Lis, Los] . (16)

In the above equation, r indicates the separation distance and Dn is the autocorre-
lation function of the refractive index. For radiofrequency wavelengths, the impact of
dissipative scales of turbulence on the propagation signal is negligible [6]. Moreover,
in the lower troposphere, the inner-scale length is at most of the order of centimeters.
Since the LES mesh resolution cannot achieve such precision, the condition r > Lis

is always satisfied. Therefore, the direct application of equation (16) only requires
knowledge of Los at each altitude. It is to be noted that the evaluation of the outer
scale parameter remains a very open problem. As emphasized by Klipp [31], even its
physical representation varies depending on the application context. It is here defined
as the largest scale above which the power spectral density of the turbulent flow no
longer follows a −5/3 slope.

The direct computation of Los from LES outputs is, therefore, not straightforward.
However, its value in the x-direction is usually linked to the corresponding integral
length scale Lx, with Los|x ≈ 1

6Lx according to [32]. This formula is empirical and may
not be optimal. However, this is not critical since the outer scale length is only used
here to set the validity framework for equation (16). Specifically, Los does not play a
role in generating turbulent sub-grid phase screens from equation (15). By substituting
the expression for Lx, Los|x follows

Los|x(z) =
1

6

∫ ∞
0

Dqt(rx, z)drx, (17)

where rx is the separation distance in the x-direction and Dqt represents the autocor-
relation function of specific humidity given by

Dqt(rx, z) =
〈

[qt(x+ rx, z)− qt(x, z)]
2
〉
. (18)
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Note that Dqt(rx, z) here indicates the autocorrelation between two specific humidity
vectors of size ny located at (x, z) and (x + rx, z), respectively. The Los|x value is
computed at each time step and for each altitude to obtain a vertical profile averaged
over time. For the sake of simplicity, and since this article focuses on the homogeneity
hypothesis, we assume an isotropic modeling of turbulent structures in our study giving
Los = Los|x.

Algorithm 1 details the numerical evaluation of the structure constant of the re-
fractive index in the x-direction for given altitude and time. This is approximately
the same algorithm as the one proposed in [28]. In particular, since C2

n is a critical
parameter of the X-LES method, the autocorrelation function of the refractive index is
calculated pointwise, unlike the algorithm for computing Los. The difference with [28]
lies in the limiting criterion imposed on rx concerning the validity of equation (16).
In [28], the maximum value of rx is constant with z and is graphically derived from
the plot of the autocorrelation function of the refractive index at a given altitude of
interest. In the present case, the maximum value of rx varies with z regarding the ver-
tical profile of the calculated Los(z). As for the the outer scale parameter, the isotropy
assumption is applied to the structure constant of the refractive index and leads to
C2
n|x = C2

n|y = C2
n|z = C2

n. This hypothesis is quite common and usually satisfied in
the case of convective boundary layers [18,28].

The generation of turbulent phase screens using the X-LES method thus occurs
in two steps. The contribution of scales directly resolved by LES is simply obtained
through the integration of the refractive index fluctuations over a propagation step.
The observed phase variations are extended to sub-grid scales from a Kolmogorov
spectrum, following the same principle as the sMPS method. This phase extension is
representative of the generated medium since the sub-grid phase screen is a posteriori
multiplied by the time-averaged

√
C2
n(z) computed from LES outputs. This process

allows for the consideration of the inhomogeneity of turbulence that is characteristic
of an ABL at every scale. In the next section, this method is applied to the case of a
tropical MABL.
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Algorithm 1 Computation of C2
n|x(z, t)

Require: instantaneous resolved scales turbulent refractive index ∆nr(x, y, z, t), LES
domain size lx and ly, LES discretization step dx, Los(z)

Ensure: C2
n|x(z, t) instantaneous structure function parameter at altitude z

for ix ∈ [1, Los(z)//dx] do
rx ← ix × dx set separation distance
is ← 0 initialize the counter
s← 0 initialize temporary sum
for y ∈ [0, ly] do

for x ∈ [0, lx] do
if x+ rx ≤ lx then
s← s+ [∆nr(x+ rx, y, z, t)−∆nr(x, y, z, t)]2 evaluation of local structure
function
is ← is + 1

end if
end for

end for
D∆n(rx, z)← s/is mean structure function at z for separation distance rx

C2
n|x(rx, z, t)← D∆n(rx, z)/r

2/3
x value of C2

n at z for separation distance rx
end for

C2
n|x(z, t)← Los(z)

dx

Los(z)∑
rx=dx

C2
n|x(rx, z, t) mean over the different rx

4. Generation of a turbulent marine atmospheric boundary layer for long
range propagation

In this study, atmospheric simulations are to be regarded as a tool for investigating
the impact of realistic inhomogeneous turbulence, representative of a turbulent ABL,
on RF propagation. In particular, this study does not aim at undertaking an in-depth
investigation of the generation of a turbulent ABL through LES.

In this section, the X-LES method is applied to generate turbulent phase screens
from a well documented LES case of a Barbados Oceanographic and Meteorological
EXperiment (BOMEX) shallow cumulus MABL [18,33,34]. This scenario results in a
non-precipitating shallow cumulus layer located between 500 m and 1500 m in altitude
above the ocean. Given that specific humidity is the primary factor influencing RF
tropospheric scintillation, this moist MABL case is well-suited for our study.

4.1. Large eddy simulation of a marine atmospheric boundary layer

Simulations are perfomed with the open-source computational fluid dynamics code
MicroHH [34] developped for LES in the atmosphere and in which Siebesma’s BOMEX
case is implemented [33,34]. The complete model setup can be found in [33].

In this study, we use an atmospheric domain of size lx×ly×lz = 5×5×3 km. Periodic
boundary conditions are applied in both x and y directions while a free-slip boundary
condition is set at the top the domain and surface fluxes are governed by the Monin-
Obukhov similarity theory [30]. Note that MicroHH uses the Smagorinsky-Lilly SGS-
model [35]. The simulated medium is resolved down to a grid resolution of dx×dy×dz =
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(a) Absolute temperature. (b) Specific humidity.

Figure 3. Absolute temperature (a) and specific humidity (b) mean vertical profiles averaged over the last

3 hours (black plain line) along with the corresponding initial profiles (black dashed line). Red dashed lines
indicate the temporal variability of these mean profiles.

5×5×5 m. Such mesh precision is more than sufficient to achieve solution convergence.
It notably exceeds that employed in similar RF propagation studies [17,18] but aligns
with the empirical recommendations outlined in [36] concerning LES of convective
boundary layers. This is, to the author’s knowledge, the finest LES grid resolution
ever used for the study of RF propagation in an ABL. The interest here in choosing
the finest possible resolution is to ensure that the majority of the turbulent energy
contained in the X-LES phase screens is generated with near-exact accuracy from
atmospheric simulations, ensuring the highest possible precision in our turbulence
modeling.

The evolution of the generated medium is computed over a period of 6 hours,
with the initial 3 hours dedicated to the convergence of the simulation towards a
statistically steady solution. During the last 3 hours of the simulation, instantaneous
3D thermodynamic fields are recorded every τ = 10 min. Simulations are run on 500
processors using high performance computing (HPC) ressources.

Figure 3 shows the absolute temperature and the specific humidity vertical profiles
averaged over the last 3 hours of the simulation on the horizontal plane. The red
dashed lines delimit the interval of twice the standard deviation of the successively
saved domains. The negligible variability with time of these mean thermodynamic
profiles indicates that the simulation effectively converges towards a statistically steady
mean solution. Furthermore, it is important to note the temperature gradient inversion
between 1500 and 2000 m. This inversion is indicative of a stable vertical stratification,
which is characteristic of the entrainment zone of a convective atmospheric boundary
layer.

4.2. Phase screens computation

Vertical profiles of the structure constant of the refractive index and the outer scale
parameter are necessary for the use of the X-LES method to generate the sub-grid
component Φs of the phase screens in equation (9). The mean profiles of Los and C2

n

averaged over the last 3 hours of simulated time in our computation domain are plotted
in Figure 4(a) and 4(b), respectively. As expected, the outer scale length globally grows
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(a) Los(z). (b) C2
n(z).

Figure 4. Outer scale length (a) and structure constant of the refractive index (b) mean vertical profiles

averaged over the last 3 hours of the computations. Red dashed lines indicate the temporal variability of these
mean profiles.

with altitude, in particular above z = 2000 m in the free atmosphere. This vertical
profile is used to compute the structure parameter of the refractive index at each
altitude using algorithm 1. The variation of C2

n with altitude plotted in Figure 4(b)
highlights a significant vertical inhomogeneity in the turbulence intensity across the
studied domain. Indeed, it clearly shows two different regimes of turbulence. Strong
turbulence is located below 2000 m, more specifically between 500 m and 1600 m
within the generated shallow cumulus layer, while it is clearly negligible above 2000 m
in the free atmosphere. Thus, no impact on the propagated signal is a priori expected
for radio frequencies at these altitudes. This profile is directly used in equation (14)
to generate inhomogeneous phase screens at sub-grid scales Φs.

Figure 5 shows a 2D ∆n(x, z) map at arbitrary chosen instant and y-position. It is
directly obtained from LES outputs using equations (11) and (12). The observed be-
havior is identical to that identified in the C2

n profile with significant variations in the
refractive index within the convective cloud layer. We also notice a quite evident dif-
ference in organization of turbulence between the entrainment layer, located between
1500 m and 2000 m in altitude, and the mixing layer below. While the fluctuations
in refractive index exhibit a chaotic dynamics below 1500 m, we observe a periodic
vertical stratification of these variations between 1500 m and 2000 m. As mentioned in
Section 4.1, the temperature gradient inversion observed between 1500 m and 2000 m
in Figure 3(a) indicates a stable stratification characteristic of the entrainment zone
of a convective atmospheric boundary layer. In a stratified entrainment layer, the sta-
ble atmosphere inhibits convection and promotes the propagation of internal gravity
waves [37]. These gravity waves induce periodic vertical movements of air particles,
thereby creating a more organized vertical structure in the turbulent fluctuations of
the refractive index. Indeed, gravity acts as a restoring force that tends to restore the
vertical equilibrium of the atmosphere, thereby favoring the coherent vertical propa-
gation of turbulent perturbations. The internal gravity waves generated in this layer
thus lead to periodic upward and downward oscillations of air particles, resulting in a
appearance of periodic vertical structure in the refractive index fluctuations.

On the contrary, in the convective mixing layer, turbulence is dominated by
buoyancy-driven thermal phenomena associated with shear, which prevents the oc-

13



Figure 5. Extraction of a 2D mapping of turbulent refractive index fluctuations at a specific time and arbi-
trary chosen y-position within the simulated LES domain using MicroHH. Dashed lines indicate the integration

step of ∆n used to compute phase screens at resolved scales Φr. Note that the 3D domain is a schematic rep-
resentation of one LES domain.
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(a) X-LES. (b) LES.

(c) X-LES (zoom). (d) LES (zoom).

Figure 6. Examples of phase screens generated with (a) the X-LES method, (b) directly resolved LES fields.

(c) and (d) are zoomed views of (a) and (b) in the area between 1500 m and 1700 m delineated by a red
rectangle in these figures.

currence of gravity waves and leads to a chaotic distribution of refractive index fluc-
tuations as depicted in the 2D instantaneous ∆n(x, z) map in Figure 5 below 1500 m.

The resolved scales phase screens Φr are computed by integrating these refractive
index fluctuations on the considered propagation step ∆x that is here set to 250 m.
This process is repeated on the entire length of the LES domain which leads to the
computation of 20 turbulent phase screens over a 5 km range. The full scale turbulent
phase screens Φ are ultimately obtained by combining Φr and Φs.

Figure 6(a) presents an example of a phase screen generated using the X-LES
method, while Figure 6(b) shows the same screen without the extension of phase
variations, only using equation (13) with a propagation step ∆x = 250 m and an EM
wavenumber k0 corresponding to a frequency of 10 GHz. As mentioned in Section 4.1
the atmospheric simulation is here highly resolved. Therefore, the contribution of sub-
grid scales Φs is barely noticeable in Figure 6(a). Figures 6(c) and 6(d) are zoomed
views of the altitude range from 1500 m to 1700 m, providing a clearer distinction
of the small phase variations induced by the X-LES method. Similarly, the impact of
phase fluctuations at unresolved scales Φs on the propagation results is also minimal
in our case. This is explained by the fact that the turbulent energy generated with
the sMPS method at scales smaller than 5 m – that corresponds to the LES grid pa-
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rameter – has a small impact on the propagation of a 10 GHz radiowave. However, it
should be noted that conducting atmospheric simulations at such fine grid resolutions
is extremely costly. The methodological interest of X-LES primarily lies in the rapid
generation of sub-grid scale phase screens through a stochastic approach and it is, of
course, more viable to work at coarser LES grid resolutions for which a preliminary
study on this issue [38] has shown that the impact of the extension process would be
more significant.

The generated vertical phase screens are inhomogeneous in the z direction and
it appears that the amplitude of the phase fluctuations statistically follow the same
vertical evolution as the C2

n profile with the most significant phase variations located
below 2000 m. Furthermore, it is worth noting that the vertical inhomogeneity is also
conveyed by the sub-grid phase. In particular, almost no sub-grid variations Φs are
added to the phase profile above 2000 m.

4.3. Extension to long range propagation

The effect of turbulence accumulates as the signal propagates through the medium. In
the context of RF systems, its impact becomes noticeable after several tens of kilome-
ters. However, as specified in Section 3, it is currently impractical to generate turbulent
domains of such dimensions at the necessary resolution. This issue was addressed in
[17] using the ergodicity principle. Indeed, since a periodic boundary condition is ap-
plied in the propagation direction, it is possible to juxtapose LES domains saved at
uncorrelated instances to artificially extend the propagation domain. The physical
decorrelation time is simply defined as the ratio τ = lx/ < U >, where < U > is the
mean flow velocity in the propagation direction averaged over the last 3 hours of the
simulation. In the present case, it is equal to 10 minutes. Thus, for each instantaneous
set of data, phase screens are computed using the previously presented X-LES method
and stored. During the propagation process, screens are randomly selected to mitigate
the occurrence of correlation phenomena on the observed results.

Figure 7 displays the average turbulent phase profile calculated from the 380 screens
generated from the concatenation of 19 atmospheric domains. It is first remarkable that
the calculated mean profile is clearly not centered, contrary to the modeling assump-
tion classicaly made with the sMPS method – which involves generating turbulent
phase from Gaussian white noise. Furthermore, the plot of the standard deviation
interval (red dashed lines) once again highlights that the variability of the profile is
governed by the vertical profil of the refractive index structure constant C2

n.
In the following, we propose to study the free-space propagation of a spherical EM

wave at a frequency of 10 GHz for a source located at different altitudes corresponding
to various turbulent intensity zones. This aims at highlighting the impact of inhomo-
geneous turbulence on the propagated signal.

5. Numerical simulations

The impact of turbulence on the amplitude of an EM signal is often quantified by the
evolution with range of the log-amplitude variance [6,8,14], denoted as σ2

χ and given
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Figure 7. Average phase screen calculated from the 380 samples obtained from the simulation of 19 atmo-

spheric domains via MicroHH (solid black line). The dashed red lines indicate the interval plus or minus the
standard deviation.

by
〈
χ2
〉
z
− 〈χ〉2z, where the log-amplitude χ is defined as

χ(z) = ln

(
|Et(z)|
|E0(z)|

)
. (19)

In the above equation, Et indicates the propagated electric field in the considered
turbulent medium while E0 is the field that would have been obtained at the same
point in an atmosphere without turbulence. The variance along the vertical axis of
the log-amplitude σ2

χ illustrates the specific effect of atmospheric perturbations on the
amplitude of the electric field by quantifying its intensity variations around a certain
mean.

This metric has two important limitations for our study. Firstly, σ2
χ only provides

a global quantitative measure of the turbulence effect, losing any information about
localization. While this information may be of little importance in the case of a clas-
sical modeling with a homogeneous Kolmogorov spectrum, it is in our case crucial
to assess the influence of turbulence inhomogeneity on EM propagation. Secondly, as
illustrated in Figure 4(b), the generated turbulence is here strongly inhomogeneous
over the 3000 m vertical window. It is quite strong between 0 m and 1800 m and weak,
even negligible, above 2000 m. It is therefore legitimate to consider that studying the
variability of the propagation signal around an arithmetic mean calculated over the
entire vertical range is not an appropriate approach in this study.

Thus, we introduce the log-amplitude vertical profile χ(z) at different ranges in
order to retain local information regarding the impact of inhomogeneous turbulence
and to provide a comprehensive qualitative interpretation of the phenomenon. The
obtained profiles result from averaging over Nsimu = 500 simulations to give a local
statistical estimation of the turbulence influence on propagation.

In this theoretical investigation, the free-space propagation of a 10 GHz frequency
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spherical wave emanating from a complex source point (CSP) [39] representing a Gaus-
sian aperture with a width of 6λ, located at xs = 50 m before the first turbulent phase
screen and at different altitudes zs, is studied over a range of 95 km. This distance cor-
responds to the concatenation of 19 atmospheric domains saved at 10-minutes intervals
during the last 3 hours of the simulation. The propagation step ∆x is set to 250 m
while the vertical parameter of the propagation grid ∆z is equal to 5/3λ = 0.05 m.
Simulations are performed with the open-source SSW-2D software [21].

In order to highlight the influence of vertical turbulence inhomogeneity on the prop-
agation of a spherical RF signal, simulations are conducted for three different source
altitudes. The two first altitudes are respectively of 600 m and 1600 m, corresponding
to the two local peaks of turbulence intensity observed on the vertical profile of C2

n in
Figure 4(b). A third altitude of 2250 m is studied where turbulence is negligible.

(a) Total E-field. (b) Final E-Field.

Figure 8. (a) Complete propagation of an electric field from a CSP located at an altitude of 600 m simulated
with SSW 2D. (b) Vertical profile of the final electric field from the same scenario.

Figure 8(a) depicts one sample of the evolution of the complete electric field am-
plitude as a function of distance for zs = 600 m, in which the effect of turbulence is
noticeable through the appearance of interference patterns. Horizontal dashed lines
located at 150 m and 2850 m indicate absorbing conditions applied to the propagation
signal to prevent from numerical reflections [10]. Figure 8(b) shows the vertical profile
of the final field amplitude obtained once the signal has crossed the whole horizontal
domain. As highlighted above, it is not possible to draw conclusions about the effect
of an inhomogeneous turbulence model compared to the classical homogeneous model
based on this result alone. Indeed, the random nature of turbulence necessitates a
statistical study for a relevant comparative analysis.

The mean log-amplitude profiles computed at x = 60 km and x = 95 km are
plotted in colored solid lines for three different source altitudes in Figure 9. These
three configurations for which phase screens are generated with the X-LES method are
compared to an equivalent homogeneous turbulence case plotted in black line. For this
reference simulation, the classical sMPS is used to randomly generate phase screens
every ∆x from a Von-Kármán Kolmogorov spectrum introduced in equation (7). In
this formula, both the structure constant of the refractive index and the outer scale
length are set to the mean value of the profiles obtained from LES results in Section 4
that are plotted in Figure 4, giving C2

n = 1.23× 10−13 m−2/3 and Los = 246 m.
Figure 9 first demonstrates that unlike what is obtained with a classical homoge-

neous modeling, log-amplitude vertical profiles resulting from the propagation of a
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(a) zs = 600 m ; x = 60 km. (b) zs = 600 m ; x = 95 km.

(c) zs = 1600 m ; x = 60 km. (d) zs = 1600 m ; x = 95 km.

(e) zs = 2250 m ; x = 60 km. (f) zs = 2250 m ; x = 95 km.

Figure 9. Comparison of vertical profiles of log-amplitude averaged over 500 simulations at 60 km (a)(c)(e)

and 95 km (b)(d)(f) ranges resulting from X-LES propagation of an electric field generated by a complex
point source located at zs of 600 m (red), 1600 m (blue), and 2250 m (green). The black curve corresponds to

the profile obtained for propagation through screens generated from an equivalent homogeneous Von-Kármán
Kolmogorov spectrum. Dashed lines indicate the range of variation within plus or minus one standard deviation.

spherical wave within realistic turbulence are statistically inhomogeneous. Note that
for a homogeneous statistical modeling, the effect of turbulence on signal propagation
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is independent of the source altitude. Indeed, in this configuration, since the generated
turbulence is statistically homogeneous in x and z, its effect on the spherical wavefront
is independent of both the propagation angle and the source altitude. It also indicates
that, in this case, phase screens generation from a homogeneous Von-Kármán Kol-
mogorov spectrum leads to a statistically possible underestimation of the effects of
turbulence on the propagation signal.

A complementary study to this paper was conducted in [40], addressing an inhomo-
geneous and purely stochastic modeling of turbulence. The results obtained show that
while accounting for the vertical inhomogeneity of turbulence also leads to a statisti-
cal heterogeneity of the log-amplitude profile compared to the equivalent homogeneous
modeling, the local discrepancies observed are less significant than those obtained here.
Thus, this overall underestimation by the classical sMPS method is both due to the
stochastic Gaussian generation method and to the failure to account for the vertical
inhomogeneity of the medium.

Furthermore, χ profiles resulting from propagation in inhomogeneous turbulence
depend on zs. Indeed, when the source is located in a region of high turbulence, a
variation peak is observed in the log-amplitude profile in the area around zs. The
comparison between plots at 60 and 95 km ranges also illustrates that this behavior is
cumulative with range: the observed peak intensifies as the EM wave progresses. The
occurrence of this fluctuation peak can be explained by the accumulation of strong
variations of the refractive index in the main direction of propagation. Indeed, since the
source under study is spherical, the rays propagate in different directions. In particular,
the more grazing the propagation angle, the more turbulence the ray traverses along
its path. Therefore, if the source is placed in a region of strong turbulence, a significant
and statistically quasi-homogeneous phase shift accumulates on the wavefront in this
region during propagation. The high amplitude of the fluctuation peak observed in
Figures 9(a)(b)(c)(d) is explained by the fact that at altitudes of 1600 m and 600 m, the
phase fluctuations encountered are not zero-mean, as indicated by Figure 7, contrary
to the classical modeling of the sMPS method, which assumes that the turbulent phase
screens are centered Gaussian processes. Thus, the observed cumulative effect is even
more significant.

On the contrary, the green curve corresponding to the case for which the source is
positioned at 2250 m, in a region where turbulence is negligible, shows the absence of
such a peak. Ultimately, the value of χ at a given position, as well as its variability
characterized by the interval of plus or minus the standard deviation (dashed lines),
are strongly dependent on the turbulence encountered along the propagation path.

Therefore, considering the differences between the log-amplitude profile that results
from a homogeneous stochastic modeling and that obtained from the realistic approach
using the X-LES method, an accurate modeling of turbulence, in particular its vertical
inhomogeneity, is recommended at least in the region between the source and receiver
altitudes.

6. Discussion and conclusion

The objective of this study was to model and study the impact of turbulence inho-
mogeneity on radiowave propagation. In this article, a revised version of the X-LES
method [17] for generating realistic inhomogeneous turbulent phase screens has first
been presented. It consists in an hybridization between atmospheric simulations and
the classical statistical modeling of turbulence [14]. In this method, the vertical inho-
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mogeneity of turbulence is naturally carried by the phase screens for scales directly
resolved with LES. It has been here a posteriori extended to the sub-grid scales by
directly weighting phase variations that are randomly generated following the sMPS
method by the

√
C2
n(z) profile extracted from the atmospheric simulations. The algo-

rithm used to calculate the vertical profile of the refractive index structure constant
differs from that in [17] and is inspired by the one proposed in [28], which involves
utilizing the Obukhov relation at each altitude. We also proposed to vary the validity
domain of this formula with altitude by calculating the value of the outer scale length
Los at each z of the LES domain.

This method has been applied to generate realistic phase screens representative of
a BOMEX tropical MABL [33], for which the turbulence intensity is vertically inho-
mogeneous. The effect of this turbulent medium on the propagation of an EM wave in
the X-band has then been analyzed through a statistical study of the vertical profile of
the resulting log-amplitude. This original metric provides a local statistical estimation
of the turbulence impact, particularly suitable when studying inhomogeneous turbu-
lence. The resulting vertical profiles of log-amplitude, averaged over 500 simulations
and bounded by the interval plus or minus the standard deviation, were examined after
60 and 95 km of propagation for 10 GHz spherical waves originating from Gaussian
sources positioned at three different altitudes.

We first pointed out that contrary to that resulting from the equivalent homoge-
neous sMPS generation method, the log-amplitude profiles obtained in the case of an
inhomogeneous modeling of turbulence are statistically heterogeneous. Moreover, the
observed log-amplitude profiles were strongly dependent on the source altitude, which
can be easily explained. Indeed, considering both a spherical wavefront and a vertically
inhomogeneous turbulence, the turbulent intensity encountered by a given ray varies
along the propagation path between the source and the considered observation point.
We finally noticed that the classical stochastic phase screen generation from a homo-
geneous Von-Kármán Kolmogorov spectrum statistically underestimates the impact
of turbulence on the propagation field compared to X-LES method. It is however im-
portant to note that the amplitude of the observed gap is case-dependent and similar
studies in different meteorological conditions or using different LES grid resolutions
are the subject of future work. To provide more in-depth quantitative results, future
work involve accounting for both the uncertainty related to the turbulence statistics
themselves and the uncertainty related to the LES simulations of the studied boundary
layers.

This gap between the two methods might have two origins. Firstly, the error may
arise from the spectrum itself. Indeed, the Von-Kármán Kolmogorov spectrum only
provides an approximate estimation, in the form of a saturation effect, of the distribu-
tion of refractive index fluctuations related to the turbulence in the production zone. It
is to be noted that the latter corresponds to the scales with the highest energy content,
as illustrated in Figure 1. Additionally, as indicated in equation (7), the limit of the
inertial range and thus the origin of this saturation effect is governed by the value of
Los, which is difficult to estimate accurately, as discussed in Section 3.3. Moreover, the
use of a Von-Kármán Kolmogorov spectrum assumes that the inertial range is entirely

described by a constant ratio in k
−8/3
z . However, recent studies on non-Kolmogorov

turbulence have shown that, actually, this slope varies significantly across different and
complex sub-ranges [41]. Finally, the modeling error may also stem from the chosen
law to model the phase screen as a stochastic process. In the sMPS method, screens are
generated by filtering Gaussian white noise with a Kolmogorov-type spectrum. This
approach assumes that phase fluctuations related to turbulence have zero mean. This
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assumption seems questionable given the average phase screen profile calculated from
atmospheric simulations and plotted in Figure 7. Indeed, it is evident that contrary
to the classical modeling, the generated phase screens can’t be modeled as centered
processes. Moreover, since at a given altitude the phase fluctuation is locally not
zero-mean, the resulting localized phase shift statistically accumulates which may be
responsible for both the discrepancies between the two methods observed in the es-
timation of potential losses due to turbulence, and the occurrence of highly localized
log-amplitude fluctuation peaks around the source altitude when the latter is located
in a region of strong turbulence. It is important to note that the observations made
here, particularly regarding the mean phase profile, are highly dependent on the case
studied. Studies on other meteorological scenarios are the subject of future work in
order to draw conclusions about the assumptions made regarding the origin of the
differences between the results obtained with the sMPS and X-LES methods.

In future works, equivalent studies at higher frequencies and on other cases of at-
mospheric simulations would first be interesting to enrich these initial results. For
instance, the study of a stratus layer or precipitating cumulus layer would be of high
interest but requires a substantial collaborative work from meteorologists and LES
researchers to accurately reproduce such atmospheric boundary layers. Moreover, sim-
ilar works in complete environments are necessary to quantify the relative effect of
turbulence compared to other phenomena such as large-scale refractivity variations
or the effects of terrain or sea surface. Thus, a sensitivity analysis would enable to
precisely assess the necessity to take turbulence inhomogeneity into account. Also,
Finally, it should be noted that in the current version of the X-LES method, phase
screens are calculated within atmospheric domains saved at different time instances
and then randomly selected to extend the propagation domain while mitigating corre-
lation effects. By doing so, one of the advantages of LES, which allows for generating
a medium with controlled physical correlation, is lost. It would therefore be judicious
to utilize the periodicity of boundary conditions in the propagation direction as well
as the knowledge of the generated medium dynamics to determine the optimal data
saving time and thereby proposing a propagation through realistically correlated and
ordered phase screens.
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