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ON SUMS OVER PRIME IDEALS

BRUNO ANGLES, HUY HUNG LE, AND TUAN NGO DAC

ABSTRACT. In 2017 Speyer proved a rational theorem for certain sums over
irreducible polynomials of the polynomial ring A = Fq[6]. In this paper we
generalize Speyer’s theorem for sums over prime ideals for an arbitrary coeffi-
cient ring A. Our approach is based on the theory of Goss’s zeta values and
that of Drinfeld-Hayes A-modules related to the class field theory.
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1. INTRODUCTION

Throughout this paper, Z=% (resp. N) denotes the set of non-negative integers
(resp. the set of positive integers).

Let F, be a finite field of g elements, where ¢ is a power of a prime number p.
Let K/F, be a global function field (F, is algebraically closed in K) and oo be a
place of K. Let A be the ring of elements of K which are regular outside co. Let
K be the oco-adic completion of K and F,, be the residue field of K., of degree
doo := [Foo : Fy]. We denote by v the discrete valuation on K corresponding to
the place oo normalized such that v (KZ) = Z. Let Co be the completion of a
fixed algebraic closure Ko of K.,. The unique valuation of Co, which extends v
will still be denoted by vs.

1.1. Speyer’s theorem for A =TF,[d].

In [14] Speyer considered the function field K = F,(¢) where 6 is an indetermi-
nate over F, and the place oo which is the pole of 6. Then A = Fy[0], Koo = Fo((3)).
The main result of [14] is the following remarkable theorem on sums over irreducible
polynomials (see [14, Theorem 1.4]):
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2 B. ANGLES, H. H. LE, AND T. NGO DAC

Theorem 1.1. For k € N and k=0 (mod g — 1), we have
1
> G, or ) €K
PeP+
where Pt denotes the set of monic irreducible polynomials in F,[0] and G, is the
rational function given by
(1-X?) = (1-X)"

e Fp(X).

We note that the numerator of G,(X) is a polynomial in Z[X] with coefficients
that are multiples of p. Hence G, (X) is well-defined as a rational function in I, (X).

Further, Speyer computed the previous sum for some small values of k. In
particular, he proved a vanishing result for the first sum (see [14, Theorem 1.7]):

Theorem 1.2. We keep the notation of Theorem 1.1. Then

1
S @ (p) =0
PepP+
1.2. Statement of the main results.
The aim of this paper is to generalize Theorem 1.1 of Speyer for an arbitrary

coefficient ring A.

Theorem 1.3. Let k € N and k = 0 (mod g%~ — 1). We consider the rational
function G, as in Theorem 1.1. Then we have

1;3(},, ([Pl]k> €F.

Here P denotes the set of prime ideals of A, |.] is the Goss’s map given as in Section
2.1, and F is a finite extension of K defined as in Eq. (2.5).

We also prove some surprising results for the first sum:

Theorem 1.4. We keep the notation as above. We suppose that doo = 1. Let h be
the class number of A (i.e., h = |Pic(A)| where Pic(A) is given as in Section 2.1).

(1) Ifh =1, then
> (i) -

PeP
(2) There exists a base ring A with h = 2 such that

1
> 6o (fper) 0
PcP

Our approach is based on two main ingredients. First, we use Goss’s map [.]
and Goss’s zeta values (4(.) introduced by Goss in [8] (see also [9]), which play
a primordial role in recent work on zeta values for arbitrary A (see for example
[1-7,10,11]). Second, another important ingredient is the theory of class field
theory for function fields via Drinfeld-Hayes modules as developed by Hayes (see
[12,13] and also [9]).

This paper is organized as follows. Section 2 is devoted to presenting some
background on Goss’s zeta values and Drinfeld-Hayes modules. In Section 3, we
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briefly recall basic facts about symmetric polynomials and introduce sums over
ideals. In Sections 4 and 5, we prove Theorems 1.3 and 1.4 (see Theorems 4.10, 5.3
and 5.4).
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gion and the ANR Grant COLOSS ANR-19-CE40-0015-02. T. Ngo Dac would
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2. (GOSS’S ZETA VALUES AND DRINFELD-HAYES MODULES

In this section we review Goss’s map and Goss’s zeta values associated to A.
Then we briefly recall the theory of Drinfeld-Hayes modules or rank one Drinfeld
A-modules related to the class field theory developed by Hayes. We refer the reader
to [13] and also [2; 9, Chapters 4 and 7] for more details.

2.1. Goss’s map and Goss’s zeta values.

We denote by Z(A), L4, and P respectively the group of non-zero fractional
ideals of A, the set of non-zero ideals of A, and the set of prime ideals of A.

We denote by deg : Z(A) — Z the natural homomorphism of groups such that
for every prime ideal P of A, we have

deg(P) = dimg, (A/P).

In particular, for a € A\ {0}, dega = dimg, (A/aA) and further for z € K*,
deg(zA) = —doovoo ().
From now on we fix a uniformizer m € K, and consider the sign function

(2.1) sgn: KX — FX

given by sgn (Zizm ami) = a;,, for ig € Z, a; € F, a;, #0. We set

() LA
Pic(A) := Az e K7
and
. Z(A)
A =
Pie™(4) = {zA,x € K>, sgn(z) =1}
We define

h := |Pict(A)|.
We recall a lemma which will be necessary in the sequel.

Lemma 2.1. For x € 1+ 7F[[n]], there exists a unique y € K, such that
Voo(y — 1) > 0 and y" = x.

Proof. See [9, Lemma 8.2.2]. O
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Let 7’ € K such that n'% = 7. We define Goss’s map
[1:Z(A) = K
as follows. For I € Z(A), there exists a unique z € K* such that sgn(z) = 1 and

I" = 2A. Note that =@ € 1+ 7F[[n]]. Thus, (ﬁ)% is well-defined by
Lemma 2.1. We define
1
1) = ()~ (2"
ﬂ”m(m)
We present some basic properties of Goss’s map.
Proposition 2.2. For all I,J € Z(A), we have
(1) U][J] = [1]].
(2) If a € K* and I = aA, then
a
I = .
1] sgn(a)
(3) [] is injective.
Proof. See [9, Section 8.2]. O
We now define Goss’s zeta values associated to A. Let k € N. As for all n € Z=°,
HI € I4 : degl = n}| < 400 and for all I € I4, voo([I]) = —dde—il, the sum

1 .
2 rer, TF converges in Koo

Definition 2.3. The Goss’s zeta value at k € N associated to A is given by

Calk) ==Y ﬁ € Koo

Iela

We note that for k € N, the value (4(k) is a 1-unit, i.e., voo(Ca(k) — 1) > 0.
Hence (4 (k) is always non-zero.

2.2. Drinfeld-Hayes modules.

2.2.1. Drinfeld modules.

First, we recall the definition of Drinfeld A-modules and its related objects (see
[9, Chapter 4]). Let 7 : Coxc — Cs be the Frobenius map given by 7(z) = x4
for all z € C. A Drinfeld A-module over C, is an Fy-algebra homomorphism
¢ : A — Cyo{7} such that

ba —a+aT+...+agr?
for some d > 1, ay,...,aq € Cx, ag # 0. By [9, Lemma 4.5.1], there exists r € N
such that deg, ¢, = rdega for all a € A. This number r is called the rank of ¢.
The exponential of ¢ is the unique element exp, € Coo{{7}} such that exp, =1
(mod 7) and exp, a = ¢, expy foralla € A. If we write exp, = > ;- e;tt, e; € Coo,s
then exp, induces a homomorphism Co, — Co such that for all z € C, we have

exp, () = Z ezt .
>0

We denote by Ay C Co the kernel of expy, : Coo = Cqpo.
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Proposition 2.4. Recall that r is the rank of ¢. Then Ay is an A-lattice, i.e., Ay
is discrete in Co and Ay is a finitely generated A-module of rank r.

Further, for all x € C, we have the following factorization of the exponential

eXPy:
expy(r) = H (1 - ;) .

AeAg\{0}
Proof. See [9, Theorems 4.6.9 and 2.14]. O

2.2.2. Action of ideals on Drinfeld modules.

This section follows closely [9, Section 4.9]. We keep the notation of the previous
section and work with a Drinfeld A-module ¢ : A — C{7} of rank r € N.

Let I € I4. We denote by I the left ideal generated by {¢q }acr. As Coo{7} is
a principal ideal domain, the ideal I4 is generated by one element. We denote by
¢1 € Coo{r} the monic polynomial in 7 generating I, i.e.,

Z Coo{T}(yba = (Coo{T}d)I
acl

We denote by 1(I) the constant coefficient of ¢;.

Since ¢ is monic, it is stable under the right multiplication with ¢, for all a € A.
Thus, for each a € A, there exists a unique element in Co. {7}, denoted by I * ¢,
such that

brda = (I x ¢a)d1.
The map
Ix¢p: A— Coo{7}
ar— I ¢,
is a Drinfeld module of rank r. The kernel of its exponential map (see [9, Corollary
4.9.5]) equals
Ageg = V()T Ay,
By [9, Theorem 2.14] we have

X
2.2 expr.(X) =X 1——.
(2.2) pras(X) Ae[g¢\{0}< WM)

2.2.3. Standard Drinfeld-Hayes modules.

We review the notion of standard Drinfeld-Hayes modules, also called standard
sgn-normalized Drinfeld modules of rank one. We follow closely [9, Chapter 7].

We recall that the sign function sgn is given as in Eq. (2.1).

Definition 2.5. 1) A Drinfeld-Hayes module also called sgn-normalized Drinfeld
A-module of rank one is a homomorphism of F -algebras p : A — Coo{7} such that
there exists ¢ € N satisfying

Vaec A \ {O}a Pa=0C+ ...+ Sgn(a)qdeeg(a)_

2) We say that a sgn-normalized rank one Drinfeld A-module p is standard if
kerexp, is a free A-module of rank one.
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There always exists a standard sgn-normalized rank one Drinfeld A-module (see
[9, Chapter 7]). If doo = 1, then the standard module is unique. In general, this is
not true.

From now on, we fix a standard sgn-normalized Drinfeld A-module of rank one
and denote by exp, the exponential of ¢. We can write
¢

(2.3) expy = Z e,7", with e,, € C.
n>0

There exists ™ € C, such that
(2.4) ker exp, = TA.
We set
HY = K(e,,n >0),
and
(2.5) F=H}{([I],I € Z(A)).

We recall the following property of H:{ related to the class field theory developed
by Hayes.

Proposition 2.6. The extension H\ /K is a finite abelian extension which is ram-
ified outside co.

Proof. See [9, Proposition 7.4.4]. O

We set G := Gal(H} /K) and let o : Z(A) — G be the Artin map. Recall that if
P € P is a prime ideal of A, then the Frobenius map op € G is the map such that

deg(P)

Vb € OHX’ op(b) = b? (mod POHX)

where OHZ is the integral closure of A in H:{.

Proposition 2.7. 1) Let I € I4. Then o1(¢) = I x ¢. In particular, we have
eXPr,s = 01(exp,)

where o(expy) = ano or(en)r™.

2) The Artin map induces an isomorphism of groups Pict(A) = G.

Proof. See [9, Theorem 7.4.8 and Corollary 7.4.7]. O

3. SYMMETRIC POLYNOMIALS

In this section we will discuss some combinatorial results about symmetric poly-
nomials. We will represent some symmetric polynomials as expressions of elemen-
tary symmetric polynomials.
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3.1. Symmetric polynomials.

Let S be a finite set of variables. We set s := |S|. For n € Z2% we denote by
Sn(X)xes or s, the elementary symmetric polynomial of degree n in the variables
{X}xes- In particular, sg = 1.

Let f(X)xes or f be a homogeneous symmetric polynomial of degree ¢ in the
variables {X}xes. Recall that the ring of symmetric polynomials is generated by
elementary symmetric polynomials s,, n > 0. Hence, we can write f as

f= Z CA\S),
[Al=¢
where [A] ;= A+ ...+ A with A = (Aq,...,A) € N, A\ > ... > A > 1 and
SAIZ S)\I-HS)\,,_.

3.2. The polynomials p,.
We keep the notation of Section 3.1. Let n € N. We set
Pn=Pn(X)xes = »_ X"
Xes
We express
(X)xes = Y dasa(X)xes

where the sum runs through A=A, ) €22, reZ20 M > N> >
Ar > 1and A +- -+ A = n. The coefficients d are determined as follows (see for
example [14, page 1240})

Proposition 3.1. Let n € N. Recall that S is a finite set of s variables. Then we
have

_1\ntiadtFis /4 2 _ '
R = e ) L

(2 e 1 11,12 R
i10eie>0 1.t 1,125+ 50s
i1+2i2+...Fsis=n

Proof. Let Z be an indeterminate. We write

ZZ J 1XJZJ Zlog +XZ)

XeS j>1 Xes

Z (—1)j_1pj.(X>XeSZj = log (H (1+ XZ)) .

i1 J Xes
We note that []ycg(1+XZ) =1+37 | s;Z". Expanding the log on the right-hand
side as a Taylor series, we get

Z (=1 "'pj(X)xesZ’

Hence

izl J
1 Z
D ]
j=1
D D R B e
= i yeis >0 Wyeeesls
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‘We consider the coefficients of Z" in both sides. It follows that

(—1)" " 'Pn(X)xes _ > W“(“ +"'“S)Si1 g

n o i1 4 ...+

T1,...,10
i1 yeyis >0 byeeeots

i1+2i2+4...+sis=n
Hence, we have

Syt G
pu(X)xes=n Y GO fadesiNG g
>0 /T T S N 11,22, ..., 1%g

i1+2i2+...+sis=n
3.3. The polynomial g,.

We keep the notation of Section 3.1. We consider the following symmetric poly-
nomials

(3.2) gy = 8p(X)xes = é ((Z X) - Z XP) € Z[X].

XeS XeS

We want to express this polynomial in terms of elementary symmetric polynomials
Sn, n > 0.
As a consequence of Proposition 3.1, we have the following corollary.

Corollary 3.2. We have

B (_1)P+z1+‘..+z5—1 i1+--~+is i i
gp(X)xes = E - - . . |81 " Sg.
i s0 11+ ..o+ 21,22,...,105
i142i2+...+sis=p
11 <p

In particular, we have go = so.

Proof. We see that g, = %(szf — pp). The coefficient of s} in p, in Eq. (3.1)
corresponds to i1 = p, io = ... =1i; = 0. The corollary follows immediately. (]

3.4. Sums over ideals.

We now describe the values of a homogeneous symmetric polynomial f at the
value of Goss map. We denote by I4 <, the set of non-zero ideals of A of degree

less than or equal to n. As |14 <,| < 400 and for all I € I4, voo([I]) = —dde—il, the

sequence {f (qu%_l) }rer, <, converges in Coo. Thus we can define

1 1
N7 ey ot NI ey,

Similarly, we can define

1 1
Sy (doo—l) = hm Sy (doo—l) S (COO
[I]q I€Iy nTreo [[]q I€la,<n

and

1 1
3.3 g () = lim g () € Ceo.
(3.3) NTIE Ier, "0 Nk T€l, <n

Thus, as a consequence of Corollary 3.2, when passing to the limit, we obtain the
following proposition.
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Proposition 3.3. We have

().

_ 3 (1Pt <i1 +... +is)si1 (1) gis <1>
i14eeeyis >0 it tis 01502, 50 ! [I]k Iela ’ [I]k IEIA'

i1+2t2+4...+sis=p
i1 <p

4. A GENERALIZATION OF SPEYER’S THEOREM
In this section we prove Theorem 1.3 (see Section 4.3).

4.1. Speyer’s identity.
For j € Z29, we set

P
e(g) = {lma,...,mp) € ZP : Zmi =j, min{m;,i=1,...,p} =0}|.
i=1
Then we have the following equality in Z[[X]] (see [14, page 1237]):
1-XP
X7 =
Z (i 1-x)p
Thus, ¢(0) = 1 and for j > 17 we have
(4.1) ¢(j) =0 (mod p).
As a corollary, we get
Proposition 4.1. We have

ZW in Z[X]).

7>1
For I € I4\ {A}, we set
(42)  N(I):=|{,.... L)) € I% ged(ly, ..., I,) = A, I, - I, = I}].

We see that if I = PllCl .- Pkr P, € P, k; € Z is the prime decomposition of I,
then

(4.3) N(I) = ¢(k1) - p(k).

As a consequence of Proposition 4.1, we obtain the following corollary (see [14, page
1237)).

Corollary 4.2. We have the following equality in Cy

NI)/p _ 1
2 ‘ZGP([P]k)'

Iela\{A} pPeP
Proof. We consider Eq. (4.3). If » > 2, by Eq. (4.1), p? divides ¢(k1)p(ks). Hence
N(I)/p=0inF,. It implies
N(I)/p
ORRIICE 35 SRR

Iela\{A} PeP j>0
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B w(4)/p

:Zc;p([Pl]k).

pPeP

The last equality follows from Proposition 4.1. (I

We deduce the following equality in C,.
Proposition 4.3. With the notation in Eq. (3.3), for every k € N, we have

(a4 Z G, ({Pl}k) _ 8p ([U’“)zeu.

o Ca(pk)

Proof. For all n € N, we set A,, :={(I,...,I) € I} _,}. Let C be the cyclic group
of degree p that acts on Ifx,gn by rotating coordinates. We have

o(m). = X mpm

(I, Ip)€(Ta,<n\AR)/C

| 1
= E X E _ .
k k... k
DI e nyeta ety T 1)
ged(Iy,....0p)=A

Letting n — +o00, we get
1 1

g | 7 = Calpk) x TR TR

) > i

(I, Ip)E(IaN{(A,...,.A)})/C
ged(Iy,....Ip)=A

= Calpk) x ) N(II)/p

IeIs\{A} [ ]k
1
=o)X 2, Gy (77)-

Here N(I) is given as in Eq. (4.2) and the last equality follows from Corollary 4.2.
We note that 4 (pk) # 0 by the discussion just after Definition 2.3. Thus, the proof
follows. 0

4.2. A rationality result.

In this section we first prove a rationality result (see Proposition 4.5). Then
we use this rationality result to show that both the numerator and denominator of
(4.4) are rational up to a suitable power of 7 (see Corollaries 4.8 and 4.9).

The following proposition will be necessary in the sequel.

Proposition 4.4. Let I € 14. Recall that ¢(I), F are given as in Section 2. We
denote by Of the integral closure of A in F. Then the element % belongs to O}

and depends only on the class of I in Pict(A).

Proof. This proposition is a combination of results in [9, Lemma 4.9.2, Theorems
7.4.8 and 7.6.2, Proposition 8.2.10]. a
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Let g € G and I € 14 such that g = ;. By Proposition 4.4 the following element
is well-defined:
_¥()

a(g) := i € Of.

Proposition 4.5. For I € I, we denote the class of I in Pict(A) by I and put
g=o07 € G. Let X be an indeterminate, then

g(expy)(§a(9)X) (X %o —1
11 Sa(g)X = 1I <1 <%[J]> )

ECFX JFX Jelan[l]

Proof. We set
exp,(a(g)X
Fy(X) : g( P¢((g)(9) ))

Then F,(X) belongs to F[[X]].
As g = oy, by Proposition 2.7 and Eq. (2.2), we have

roo= I (-5)

acI—1\{0}

Replacing a(g) = [1 ) vields
X
F,(X) = 1——.
0= T (-5
acl-1\{0}

By Proposition 2.7, 0: Z(A) — G induces an isomorphism Pic™(4) = G. We see
that if oy = o7, then J = Ia for some a € K*, sgn(a) = 1. On the other hand, for
a,b e I71\ {0}, then Ia = Ib if and only if ¢ € F. Hence

o= T T (1-=75)-

JCA,J=Ia s
[ A= T 11 (- s75)

EEFX R JCA,J=Ia scF%

- I )

JEIANI §EFZ

: H(l—%)““)-

JelanI

It follows that

Proposition 4.6. With above notation we have
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Proof. We have

n(-()" )- 1 o (-(5) )

TePic(A) Jelanl

The proposition follows from Proposition 4.5. (]

Corollary 4.7. For all ¢ € 7Z2°, we have

1 ~[( doofl)
Sy (oc_) em\d F.
1771 re,

Proof. We have

I (- () ) - S aom (), v

Iela >0

By Proposition 4.6, the left-hand side of Eq. (4.2) is in F[[X]]. Hence, we have

(=1)* 1
= s e F.
lla?= 1" [Ma*~=1) e,

The proof follows. ([

Corollary 4.8. Recall the notation in Egqs. (3.2) and (3.3). Fork >0, k=0
(mod g%~ — 1), we have
1 ~pk
g <> € TP F.
g [I]k I€la

Proof. The corollary follows from Corollary 4.7 and the fact that the polynomial
gp (ﬁ) is symmetric in the variables {1} . (I
Tela Ie€la

[rese

To end this section we recall a rationality result concerning Goss’s zeta values.
Proposition 4.9. For k € N such that k =0 (mod g% — 1), we have
Ca(k) e T°F.

Proof. See [9, Theorem 8.19.4]. O

4.3. The rationality result.

We prove the main result of this section which generalizes the work of Speyer
[14].

Theorem 4.10. Let k € N such that k =0 (mod g% —1). Then we have
1

> G, ([P]k> eF.

pPeP

Proof. The proof follows directly from Proposition 4.3, Corollaries 4.8 and 4.9. O
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5. VANISHING AND NON-VANISHING RESULTS FOR THE FIRST SUM

In this section, we will find an explicit formula of Theorem 4.10 in the case
dsw = 1 and k = ¢ — 1 (see Proposition 5.2). Then we show Theorem 1.4 (see
Theorems 5.3 and 5.4) which proves some vanishing and non-vanishing results in
several examples presented in [11,12,14,15].

5.1. An explicit formula for d,, =1 and k =¢q — 1.
We suppose that do, = 1, k = ¢ — 1. Tt follows that Pic(A4) = Pic*(A). Recall

that h = | Pict(A)| = | Pic(A)|.
For g € G and I € I4 such that o; = g, by Proposition 4.5, we have
glexpy)(a(9)X) 1 <1 - < X >‘”>
X N Wi :
a(9) Jeland Il
Here I is the class of I in the group Pic(A). Hence
10 g(expy)(a(9)X) _ 1 (1_ (X)q1>
g€G a(g)X Il ]
Expanding the right-hand side, we get

9(expp)(@(9)X)  q~ gy L 1 “a-1)
gle_[G a(g)X g( ! wia—D ™ <[I]q1>I€IAX .

Recall that

exp, = Z e; 7!

i>0
as in Eq. (2.3). We have

[12> gtenate™'x7" = Z(—l)é%a;n st ([1]11>161A X

ge@ i>0 £>0

Comparing the coefficients of X*4~1) in both sides, we have the following lemma.
Lemma 5.1. For all ¢ € N, we have

S ; — (_ f%@(q—l) (e Vol as q'ij—l.
(), =0 ) TT oses)alsy)

_ i15eeyin >0 j=1
(@1 =1)+...+(g"r —1)=£(q—1)

In particular, we have

5 (ml) = F Y glen)alg)T

geG

Proposition 5.2. Suppose that doo =1, k =q— 1. We have

1
G ([—— ) =
3 & ()
Z (_1)P+i1+...+is—1 (il +.+ is> Séz (ﬁ)leu 51 (ﬁ)leu

4.+ p—i 1
’ 51 (*mw)zeu

i1,eis>0 1,02, s Us
t1+...F8is=p
11 <p

e F.
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Proof. On one hand,

o (7).c.

- ¥ (—1)ptitetd <i1 +~~~+is)si1 ( 1 ) i ( 1 )
- . . . . . 1 7_1 ce 8y — .
i aso 1+...+ g 11,29, .- ,1s [[]q el [I]q rers
i14...+sis=p
i1 <p

On the other hand,

Calp(g = 1)) =Calg — 1)" =} ([I]i—l)l L

1 Ep ([1];—1) el
2 G <[P}q1> T Calplg - i))l

. ) 2 1 c..gls 1
- Z (et <i1 o Jris) - ([I]qﬂ)IeIA S ([I]q1>I€IA.

- h1+...+1 11,29, ... ,1 p—i1 1

i 'LS_>O 1 S 1,02, 3 ls S1 ([I}q—l)

i14...Fsis=p I€ls
i1 <p

Since i1 + ... + sis = p, the factor 7 in the above formula is canceled when we
substitute Lemma 5.1 into Proposition 5.2. The remaining terms are in F', so

Y pep Gp (ﬁ) cF. O

5.2. The genus 0 example.

The first example is studied by Speyer in [14]. We consider the rational function
field K = F,(0) with an indeterminate 6. Let oo be the infinity place of degree
doo = 1. Then A =T, [f], which is a principal ideal domain, thus h = 1. The set P
of prime ideals of A is in bijection with the set of monic irreducible polynomials in
A. We choose m = % and Ko, = F,(($)) equipped with the discrete valuation ve.

Speyer showed that the sum ) ,.» G, ([H%) vanishes (see [14, Theorem 1.7]).

In the next section, we will generalize this vanishing result for all base rings A whose
class number is 1.

5.3. The class number 1 examples.

We consider an important class of rings A consisting of principal ideal domains,
i.e., h = 1. In particular, do, = 1. Besides the polynomial ring A = F,[f] mentioned
above, there are only four other rings (see for example [5,7,11,15]).

(1) A=TFslz,y]/(y> —2® + 2 +1).

(2) A = Fyfz,y]/(y® +y — 2> — a). Here a is an element of F, satisfying
a’+a+1=0.

(3) A=TFalz,yl/(y* +y— 23—z —1).

4) A=TFal,y]/(y* +y—2a® -2’ - 1).

We prove that

Theorem 5.3. The sum Zpep G, ([P]%) vanishes.
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Proof. Since h = 1, the Galois group G is trivial and F = K. By Lemma 5.1, for
all £ € N, we have

>0
q‘—=1=£(g—1)

In particular, s ([I]%) =0forall 2 < ¢ < q. Werecall that s; ( L )I L=
€la

=T
Iela (7]

¢aq— 1) # 0. Hence, Proposition 5.2 implies 3" pp G ([P]%) - O

5.4. The class number 2 examples.

In this section, we consider the class of rings A such that doo = 1 and h = 2.
We suppose that ¢ > 2. We recall that £k = ¢ — 1. By Lemma 5.1, for all £ € N, we
have

> <[I]1_1>161A N (71)%4@71) Z gl(eil)o‘(gl)qil7192(6i2)04(92)qi271-

) 11,1220
(¢ =D+(¢"2-1)=L(¢—1)

By [16], we know that e; # 0. Thus

S1 <[I]i_1>leu =Calg—1) #0,

S2 (11> =7 Vg1 (e1)a(g)?  galer)a(ga) ™ # 0,
[[]q Iela

q—1

1
Sy <I> =0, forall3</¢<q.
[] IEIA

Proposition 5.2 implies

.y . ) g2 ( 1 )
> G o) = > (=pprate=l Gy i\ P2\ ey,
PAIPlt) 11 + 12 gP— 1

21,1 P—11 ’
PeP i1,i2>0 b2 /s <[1]q—1)
i1+2i2=p Iela
i1<p

5.5. A non-vanishing result.

There exists a global function field K such that doo =1, ¢ =3, and h = 2. An
example is given in [12, Example 11.7] (see also [11, Example 9.2]): we consider the
elliptic curve y? = 62 — %2 — 1 over F3 equipped with the rational point oo.

Since ¢ = 3, we get

1-X3—(1-X)3 X
G3(X) = = .
3(X) 3(1— X)3 (1-X)?

Theorem 5.4. We keep the notation as above. Then

% 6 () - )i, 4

P2
Pep [P] S% (ﬁ)IEIA

Proof. The proposition follows immediately from the calculations given in Section
5.4. O
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