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A SYMMETRIC GROUP ACTION ON THE IRREDUCIBLE COMPONENTS OF

THE SHI VARIETY ASSOCIATED TO W(A,)

NATHAN CHAPELIER-LAGET

ABSTRACT. Let W, be an affine Weyl group with corresponding finite root system ®. In [9] Jian-Yi
Shi characterized each element w € W, by a ®'-tuple of integers (k(w,a)),cqo+ Subject to certain
conditions. In [4] a new interpretation of the coefficients k(w, a) is given. This description led us to
define an affine variety X w,, called the Shi variety of W,, whose integral points are in bijection with
We. It turns out that this variety has more than one irreducible component, and the set of these
components, denoted H O()? w, ), admits many interesting properties. In particular the group W, acts

on it. In this article we show that the set of irreducible components of X is in bijection with

the conjugacy class of (12 - n+1)e W(A,) = Sny1. We also computgvéﬁg)action of W(A,) on
H(X, G
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1. INTRODUCTION

1.1. General background on Weyl groups. Let V be a Fuclidean space with inner product
(—,—) and denote ||z|| = \/(z,z). Let ® be an irreducible crystallographic root system in V' with
simple system A = {a1,...,a,}. Let m = |®T|. From now on, when we will say “root system” it
will always mean irreducible crystallographic root system.

Let W be the Weyl group associated to Z®, that is the maximal (for inclusion) reflection subgroup
of the orthogonal group O(V') admitting Z® as a W-equivariant lattice. For o € ® we denote by s,
the linear reflection of V' defined as follows:

S V. — Vv
T x—2ég’§%a.

We denote s; := sq, for i =1,...,n and S = {s, | a € A} so that (W, S5) is a Coxeter system of
rank n (see [2], [3] or [8] for good references on the subjet).

We identify Z® and the group of its associated translations and we denote by 7, the translation
corresponding to x € Z®P.
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Let k € Z and a € ®. Define the affine reflection s, j as follows:

Sak 1V o — |4
(o)

T x—(2mfk)oz.

We consider the subgroup W, of Aff(V') generated by all affine reflections s, with o € ® and

k € Z, that is

Wo = (Sar | 0€P®, keEZ).
The group W, is called the affine Weyl group associated to ®. It is also well known [8, Ch.III, Section
11] that W, = Z® x W. Therefore, any element w € W, decomposes as w = 7,w where x € Z® and
w € W. The element w is called the finite part of w.

The classification of irreducible crystallographic root systems states that there are at most two
possible root lengths in ®. We call short root the shorter ones.

Let a € ® such that o = aja1 + - -+ + apay, with a; € Z. The height of a (with respect to A) is
defined by the number h(a) = aj + - -+ + a,,. Height provides a preorder on ®* defined by a < f3 if
and only if h(«a) < h(S).

We denote by aq the highest short root of ®. Then (W,,S,) is a Coxeter system (see for example
[7, Ch.4] or [9]).

The inversion set of w € W is by definition the set
Nw):={cd" |w () ecd ).
It is a well known fact that if w = wv is a reduced expression of w (that is £(w) = £(u) + ¢(v)) then
the inversion set of w decomposes as [5, Proposition 2.1]
(1) N(w) = N(u) Uu(N(v)).
Let « € ® and oV := (20‘

a7a)

. For any k € Z and any m € R, we set the hyperplanes
Hop={z €V |sqr(z)=2x}
={z eV |(z,a") =k},

the half spaces
+

Hyp={zeV|k<(z,0")}

and -
}IaJ:::{17€ VW (x’av) < k}v
and the strip
Holl’k:{azev | k< (z,0Y) <k+1}

+ —
- merHaﬁ+r
The connected components of

V>\ LJ }ka

acet
kEZ

are called alcoves. We denote A, the alcove defined as A, = (,cq+ H, é’o. It is well known that W, acts
regularly on the set of alcoves [7, Ch. 4]. It follows that there is a bijective correspondence between
the elements of W, and all the alcoves. This bijection is defined by w — A, where A, = wA,.
We call A,, the corresponding alcove associated to w € W,. Any alcove of V can be written as an
intersection of width-one strips, that is there exists a ®-tuple of integers (k(w, @)),ce+ such that

Av=[ Hypwa)
acdt

In [9] Jian-Yi Shi characterized the elements of any affine Weyl group w € W, by the ®*-tuple of
integers (k(w, a)),cq+ subject to certain conditions. This characterization is given by the following
theorem.

Theorem 1.1 ([9], Theorem 5.2). Let A= () H!, withk, € Z. Then A is an alcove, if and
acdt e
only if, for all a, B € ®F satisfying o+ B € ®T, we have the following inequality

(2) [lalPka+11811Pks +1 < |l Bl (katp +1) < [lal*ka +[181*ks + (e [* + [18]]* +[le + BI]* — 1.
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Let Py be the polytope:
Py = () Hhp.
aEA
and let A, C Py. It is clear that k(w,a) = 0 for all « € A, and reciprocally, if w’ € W, is such
that k(w’,a) = 0 for all & € A then A, C Py. The elements of this polytope seen as ®*-tuple of

integers are called admitted, and more precisely a vector A € @ Za is admitted if and only if there
acdt
exists w € W, such that k(w,a) = A\, for all « € T and such that A,, C Py (see [4, Section 4.3] for

a more detailed explication of admitted vectors).

Example 1.1. In type A,, an admitted vector A\ = (X;;)i<i<j<n+1 is defined by the following
conditions:
3) Aig TN S Nip < Aij+ A+l for all i < j < k,

Aiji+1 =0 forall 1 <@ < n.

1.2. The Shi variety in type A. In [1] the author defines an affine variety )Z'Wa, called the Shi
variety of Wy, whose integral points Xy, (Z) are in bijection with W, [4, Theorem 4.3].
The construction of the variety in full generality is not needed in this article, except in type A

where we use in Lemma 2.1 the nature of the equations that define XW( AL We briefly recall the
construction in type A, and we refer the reader to [4, Section 4] for the general construction.
First, we can realize a root system of type ® = A,, as follows: Set {e1,---,en+1} the canonical

basis of R"*1. Then @ := {+(e; —¢j) | 1 <i<j<n+1} with®T ={e; —¢; | 1<i<j<n+1}

and with simple system A = {e; —e;41 | 1 <4 < n}. Let us write for short k(w,e; — e;) = k; j(w).
Second, from Theorem 1.1 we know that each element w € W(ﬁn) is characterized by a ®T-tuple

(Kij(w))e;—e;en+ satisying a system of inequalities given by (2). These inequalities become in type

A,, as follows:
(4) kij(w) + kjo(w) < kip(w) < kij(w) +kje(w)+1 forall 1<i<j<l<n+1.
In particular we see that:
kip(w) = ki j(w) + kje(w) or  kie(w) = kij(w) + kje(w) + 1.

Iterating this process for any root o = e; — e; € @1, we can express kq(w) in terms of the ks(w)’s
with 0 € A as follows:

kij(w) = Kiiv1(w) + kiy1iva(w) + . ki (w) 4+ Aij(w)

where \; j(w) is a positive integer that belongs to [0, h(e; — e;) — 1], that is to [0,j —i — 1].
Setting X; ; to be the formal variable corresponding to the positive root e; — e;, the Shi variety
n+1)/2

o~

X is defined as the set of solutions in R™ of the equations:

W (An)
(5) Xiivr + Xiprire +.. Xy + Ay — Xij =0

with 1 < i < j < n+ 1 and some particular \;; € [0,7 —i — 1]. It turns out that the \; ;’s
appearing in the equations (5) are precisely the coefficients of admitted vectors [4, Section 4.3].

1.3. The irreducible components of the Shi variety. It turns out that the irreducible compo-
nents of this variety are in bijection with the alcoves of the polytope Py [4, Proposition 4.1]. Writing
H°(Xy,) to be the set of irreducible components of Xy, , we have

HY(Xw,) = {Xw,[\ | A admitted}.

From the above parameterization and the fact that the components have no intersection we have the
following decomposition of Xyy, [4, Theorem 4.3]:

Xw.= || Xw.IN.
A admitted

The admitted vectors A are built, in type A, for example, via the coefficients ); ; appearing in the
equations (5).
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1.4. The ®*-representation. Let s,, € W,. In [1] we defined the affine map F(sqp) as

F(sap)(2) = La(2) + Upa
forallz € @ Rp, with Ly € GLn(R) defined via the matrix (¢; j(«)); je[i,m] Where

Bedt
1 if sq(ay) = @
(6) loja;(a) = Lj(a) = 0 if se(w) # +a;
-1 if sa(ai) = —aQy,
and with v, € @ RS the vector defined by v, = (vpa(7)) o+ Where
ped+
— —p(a;5a(7)7) if sa(y) € T
@ e ={ _y Tperi ity -

For w € W, we denote L,, to be the left multiplication by w. In [1] we showed that F' extends
naturally to W,. We also showed that F' induces a geometrical action on the irreducible components.

Theorem 1.2 ([4], Theorem 3.1). There exists an injective morphism F' : Wy — Isom(R™) such that
for any w € W, the following diagram commutes. This morphism is called the ®-representation of
W, and the corresponding action is called the ®*-action of W,.

W, _Lw W,

L
Rm N Rm
F(w)
Proposition 1.1 ([4], Proposition 4.3 ). Let F : W, — Isom(R") be the ®*-representation of W,,.
Then we have:

1) W, acts naturally on the irreducible components of)A(Wa via the action defined as wo Xy, [\ =
F(w)(Xw,[\]). Furthermore if we assume that w € W, decomposes as w = 1,w, then
w o Xy, [\ =w o Xw,[A\]. Finally this action is transitive.

2) The previous action induces an action on the admitted vectors by w o A := = such that
w o Xw, [\ = Xw,[7]. In other words we have w o X[\ = X[w o A].

1.5. The main theorem of the article. In this article we thoroughly investigate HO()A(W(Zn))
from a combinatorial point of view. The main result of this article is Theorem 1.3. Let us first recall
some basics about the symmetric group:

We call circular permutations the (n 4 1)-cycles of S, 11 = W(A,,). The action by conjugation of
W (A,) on itself is defined for all o, € W(A,) by 0.7 := oyo~!. This action appears in a lot of areas
and has been studied many times. In particular, understanding the orbits of the action, which are
the conjugacy classes, yielded a lot of research work. For example, M. Geck and G. Pfeiffer used in
[6] the technology of cuspidal class in order to express any conjugacy class in terms of these cuspidal
classes.

We relate in this article the conjugacy class of (1 2 --- n+ 1) with the irreducible components of
the Shi variety corresponding to W(gn) Finally, the action by conjugation plays a crucial role in
the following theorem:

Theorem 1.3. There is a natural bijection between HO(X'W ~ ) and the circular permutations of

- (An)
W(Ay). In particular |HO(XW(Z ))| =nl.

In Theorem 1.3 the word “natural” is used because the bijection involved respects the action of

W (A;) on two different sets, namely the action we have defined on H O(XW A )) and the conjugation

action on the circular permutations in W(A,,). Because of Proposition 1.1 we know that the compo-
nents are invariant under translations, that is only the finite part matters. Consequently, we will only
look at the action of the finite part W (A,,). Thus, the goal is to understand how the components
behave when we apply F'(w) on them for any w € W(A4,,).
Giving explicit formulas for the action of W (A,) on H(X

These formulas are established in Theorem 3.1.

is of particular interest as well.

W(Zn))
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2. BIJECTION BETWEEN H9(X AND THE SET OF CIRCULAR PERMUTATIONS OF W (A4,)

W(Zn))
2.1. Notations and setup. Let E be a R-vector space and let G be a group that acts linearly on
E. This action induces a linear action on the rth exterior power A"(E) for all » € N. We call this
action the diagonal action on \"(E).

For instance, if G = W(A,,) is the symmetric group and F is the vector space E := span(ey, - ,€p41)
then G acts on E by permutation of the coordinates, that is o.e; = e,(;). Then the diagonal action
of G on A%(E) is given by
o - (ex New) = exry N eo(p)-

From now on {ey,--- , e, 1} represents the canonical basis of K := R"T!. Recall that a way to
represent the root system A, in K isby ® := {£(e;—¢;) |1 <i<j<n+1} with @t ={e;—e; |1 <
i < j <n+1} and with simple system A = {e; —e;1+1 | 1 <i < n}. We recall that m = |®*| and we
set Y to be the R-vector space with basis e; ; for 1 <1i < j <n+ 1. The elements e; ; are in obvious
bijection with the positive roots e; — e;. We denote by s; ¢ the reflection s, ¢, 0, namely s ¢ is the
transposition of S, 41 that swaps k£ and ¢. Finally, we will denote Ly ¢ := L¢, ¢,

2.2. Affine diagonal action.

Definition 2.1. We define the affine diagonal action of W (A,) on A*(K) as follows. Write W (A,,) =
(s1,-++,Sn) where s; is the adjacent transposition (i,7 + 1). We define the operation © on the
generators s; and on the basis of A\?(K), where for all k < £ we have

(8) siOep Neg:=(i,i+ 1) (ex Aeg) —ei Aeir1 = g1y A €s,0) — €i A €it1,
and we extend it as follows
9) 8 ® (Z Ty sy N €) Z Ty s€s,(r) N €sy(s)) — €i N\ it

r<s r<s

Proposition 2.1. The operation ® : W (A,) x N2(K) — A*(K) is an action which is not linear.

Proof. In order to prove this statement we just need to check that the relations of W (A,) are
preserved under the operation ®. It turns out that this is the case because
8; © (8i+1 © (8i © (ex A eg)))

= 8i O (Si+1 O (eg;(k) A €5,00) — €i N €it1))

=50 O (€ 185(k) N Coprsi(t) = Coipr(i) /N sy (i41) — €it1 A €iy2)

=81 O (€gp15;(k) N €spprsi(0) — €i A €Cita — €ip1 A €ig2)

= Cg5i418i(k) N\ Csisiprsi(0) — €si(i) N €si(i+2) — si(i+1) /N €s;(i42) — €i N\ €it1
= ;50 18i(k) N Csisiprsi(0) — Citl N €it2 — € N €iyo — € N\ €iy,

and

Si+1 © (8 © (si41 © (ex N er)))
= 8i+1 © (8i © (€5, (k) A 5,1 (0) — €i1 N €it2))
= Si+1 © (€g;5,1 (k) N Csysigr () — Esi(it1) N Esy(i2) — €i A €it1)
= 8i+1 O (€s;5, 1 (k) N Csisipr(0) — € N\ €iv2 — € N eiy1)
= Esipasisip1(k) N Csipsisip1(0) T Csipr (i) NN Csipa(i42)
€si41(i) N\ siy1(i+1) — Citl N\ €2
= Cg;sip18i(k) N\ Csisiprsi(6) — € N\ €ig1 — € N €jpa — €ip1 N 2.
Thus the mesh relation $;$;118; = S;+18i8i+1 is preserved under this action. For |i — j| > 2 we
know that s;s; = sjs;. Let us show that this relation is also preserved. This is the case because
5O (550 (e Nep)) =50 (esj(k) Nes o)y —€j Neji1)
€sis;(k) 1\ €sisj(0) ~ i) N\ Esi(j+1) T € N Cigl
= €s,5;(k) N €sys;(0) — €5 N €1 — € N €ig,
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and
550 (8 ® (ex Neg)) = 85 © (6si(k) Neg;0) — € N €i+1)
= €55:(k) N €s;si(0) — €s;(i) N s;(i1) — €5 N €t
= €s;5,(k) N €sys;(0) — €i N €iyl — €5 N eji1.
There is one type of relation left to check: those coming from the involutions. Thus
S8 © (SZ' ®ep N 64) =50 (esi(k) A €s;(0) — €i N €i+1)
= Es;5i(k) /N €sisi(0) ~ €si(s) N\ €sy(i+1) — € N €i
=epNep—eip1 Ne; — e Neip
=ep Nepte; Neir1 —e; Ner1 = ep N eg.
O

Definition 2.2. We define © from Y to A?(K) to be the linear map sending the elements e; ; of the
basis of Y to the elements e; A e; of the basis of A*(K).

Proposition 2.2. The map © is an isomorphism from the ® T -action of W(A,) on'Y to the affine
diagonal action of W(A,) on N*(K).

Proof. We need to show that the following diagram commutes for all w € W(A4,,)

% F(w) v

e
N2 (K) —— NX(K)

where @, (e; \ej) == w®e; Ae;j. However, it is enough to only show the commutativity of this diagram
for the generators s; € S. First of all, © is an isomorphism because the set {e;; | 1 <i < j<n+1}
is a basis of Y, and {e; Ae; | 1 <i<j <n+1}isa basis of A2 (K). Let 1 <k < ¢ <n+ 1. With
respect to the commutativity we have

Ps; © @(ek,g) = gosi(ek Neg) = €s;(k) \ €s;(¢) — € N €it1.
Moreover, it follows from (6) and (7) that F'(s;)(eke) = €s,(k),s;(¢) — €i,i+1. Therefore
O o F(si)(er,e) = O(es,),5:(0) — €ivit1) = O(es,(),5,(0)) — Ol€isit1)

= €s,(k) N\ €sy(0) — € N €iy1.

(]
Corollary 2.1. Let w € W(Ay) and 1 <k <{ <n+1. Then we have
WO e Aep = eyk) N Cwr) — Z er N es.
er—es€EN(w)

Proof. We proceed by induction on the length. The base case follows from (8). Let us write

W= 84 Siy t Sy, 1= si,;w’ be a reduced expression of w. Let us also assume that w' © ex A ey =

Cuwr (k) N Cwr(6) — > er A es. Because of (1) we know that
er—esEN(w’)
(10) N(w) = N(si;) Usiy N(w') = {ei, — i1} U siy N(w').
Therefore, it follows that
siw ©epAep = s, © (W O e Aep) =55 O (€ (k) N ewr (o) — Z er N es)
er—es€N(w)
€
- 6si1w’(k) A esilw’(g) - Z 6sil(r) A 657;1 (s) — G N €iy+1
er—es€EN(w')
(10)
= Ey(k) N\ Cw(e) — Z er N €s.
er—esEN(w)
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2.3. Proof of the main theorem.

Lemma 2.1. (12 --- n+1)o Xy, 7
Proof. Let us write E; ; for the equation X, ; — ]2_31 Xppp1 =0for1 <i<j<n+1,and E;] for
r=i
the equation X ; — X111 — T%—l Xrrp1 =0for 1 <@ <j <n+1 We know that XW(Zn)
cut ;)ut by the equations E; ;. We analyze the action of (12 --- n+1)

[0] is

the component of XW( i

on XW(Z )[0] by studying the action of (1 2 --- n + 1) on the equations F;;, with the relations
Xi; = =X, for i < j. The equations that cut out (12 --- n+ 1)<>XW(Xn)[O] are exactly the
(12 --- n+1)-E;;, and a short computation shows that

Eiti1jv1 itj#n+1
(11) (12"'n+1)'Ei7j: Eipy ifi=1,j=n+1

o if1<i, j=n+1.

Thus, some of the equations that determine the component X [0] are just swapped, namely

W(Ay)
the E; ; with j <n +1, and Eq ;1. The other ones are sent to some equations that are not in the

set of equations cutting out XW( i )[()].

However (12 --- n+1) acts as an homeomorphism on Y. Thus theset (12 --- n+4+1)¢ XW(Z )[O]
must be an irreducible component of XW(Z ) Thanks to (11) we see that 0 € (12 --- n+1)o
XW( gn)[O]. Since there is an only one component in )?W( i that contains 0, namely XW( Zn)[()], it
follows that (12 --- n+1) OXW(Zn)[O] = XW(Zn)[O}' O

We are now ready to prove our main result.

Proof of Theorem 1.3. Tt is well known that in the symmetric group W (A4,,) the stabilizer of any
circular permutation for the conjugation action is the subgroup generated by this permutation. More
precisely, let o be a circular permutation of W(A,). Then Staby (4,)(c) = (o). It is also clear
that this action acts transitively on the circular permutations. Let us consider now the action of
W (A,) on HO()A(W(ZH)). Since W (A,) = Z® x W (A,) we also have W (A,,) that acts on HO()A(W(Zn)).
Moreover, because of Lemma 2.1 we know that the circular permutation (1 2 --- n+1) of W(A,,) is
such that (12 --- n+ 1)<>XW(Zn)[O] = X7 ,]0]. Then, the subgroup generated by (12 --- n+1)

W(An)
is included in StabQ(XW( T )[O]). Besides, by Proposition 1.1 we know that the action ¢ is transitive.
Theorem 4.3 of [1] tells us that ]HO()A(W(X ))] = nl. Thus it follows

/Stabo(XW(gn)[O]) | HY (X7, = k.
Then, one has |Stab<>(XW(Z )[0])\ =n+ 1 and it follows
Stabo(XW(Zn)[O]) =(12 - n+1)).
Therefore, the map given by (12 --- n+1) — XW( i )[0] induces a bijective map defined as follows
{Circular permutations of W(A,)} — HO()A(W(Zn))
0’(12 TL—i—l)o'*l — UOXW(Xn)[]

O

In Figures 1, 2, 3 and 4 we describe the two posets respectively associated to W (As) and W (Ay).

When we express a vector v € @, A Ra as a row vector, or column vector, the way to proceed
is by adding, from left to right and from bottom to top, the diagonals of the triangle. Therefore, the
coefficient v;; in the below triangle is the coordinate of v in position a = e; — e;. For example in
Figure 1 this expression is as follows: v = (vi2, V13, V14, V23, V24, U34).



NATHAN CHAPELIER-LAGET

11

1 1

01 10

o o s \/
(24 (13)

1
00

(14

0
00

FIGURE 1. Poset associated to )A(W i) The coordinates on the simple roots are
erased since they are all equal to 0. The red labels represent the natural order on
75, that is the red label on an edge indicates the positive root whose coordinate is
increased when going up the edge.

(14)(13)(24)(14) (1234) (14) (13) (24) (14) (1432)

(14) (14)

(13) (24)(14)(1234)(14 (24)(13) (1524)

(24)(13) (14) (1234) (14) (13)(24)

(24)(14)(1234)(14)(24)  (13)(14)(1234)(14)(13) = (1243) (1342)
(14)(1234)(14) (1423)
(14) (14)
(1234) (1234)

FIGURE 2. Poset of admitted vectors of W(;lg) on the left hand side and circular
permutations of W (A3) on the right hand side. The red labels indicate the cover
relation which is the conjugation action.
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W (i)

[]ll'l 1 0']11 lllll(l 110

01 )
000 0

|
0.0
000

(15)

0
00
000

FIGURE 3. Poset of admitted vectors of W(Ay). The four coordinates on the simple
roots are erased since they are all equal to 0. The red labels represent the natural order
on Z'9 that is the red label on an edge indicates the positive root whose coordinate
is increased when going up the edge.
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(15432)

(15)

(14325)

(13254) (14352)

(12543) (13524) (14532)
(14)
(15243) (13542) (15324)

(15423) (12435) (15342) (13245)

(12354) (14253) (13452)

(15234)

(15)
(12345)

FIGURE 4. Poset of circular permutations of W(szl). The red labels indicate the cover
relation: this is the conjugation of the lower circular permutation by the red label.

Remark 2.1. In [1] we thoroughly investigated the structure of H° (XW( i )) from another combi-
natorial point of view, and we gave a deeper explanation of the above bijection. We have shown in
particular that this poset map is an isomophism of posets. We also showed that these posets are

semidistributive lattices and we provided a way to compute the join of any pair of elements.
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3. INVESTIGATION OF THE ¢ ACTION ON HO()A(W(L))
3.1. Motivation and example. In [1] a concrete description of the coefficients k(w, ) for a €
®* \ A can be found in any type in terms of the coefficients k(w,d) with 6 € A. We use here this
description in type A.

Let w € W(A,) and let 1 < i < j < n+ 1. We denote k(w, o) = ki j(w) where o = e; — e is a
positive root of A,. According to Theorem 4.1 and Lemma 4.1 of [4], there exists a positive integer
Aij such that the coeflicient k; j(w) is given by the formula:

j-1
ki j(w) = Z Frry1(w) + A j.
r=1
It is precisely from these formulas that the Shi variety )A(W( i, s defined in [4]. Therefore, if

A = (Aij) is an admitted vector and if x = (2;;) € X, 7 ,[Al, because of the construction of the

(An)
irreducible components we must have for all 1 <14 < 57 < n 4+ 1 that:
j—1
(12) :L'i,j = ZxT,T-‘rl + )‘i,j-
r=i

Since W (A,) ~ ZA, x W(A,,), one can express w as w = 7, w0 where u € ZA, and w € W(A,).
The goal of this section is to understand, in a practical way, the following action
W(A,) x HO(XW(Xn)) — HO(XW(ZR))

(w’XW(Zn)P‘]) — wOXW(Xn)[)‘]’

It is of particular interest to provide convenient formulas for the action ¢ in order to better
understand the poset structure, and more specially its cover relation.

We know that the irreducible components of X, (A, e parameterized by the admitted vectors of

W (A,) (see [4] Theorem 4.3). Therefore it is equivalent to look at this action on the set of admitted
vectors. Let A be an admitted vector. Because of Theorem 1.1 we know that the action by translation
has no effect, that is wo A = wo A. Thus, it is enough to understand this action restricted to W (A4,,).

Let us then take g € W(A,) and let us denote 5 = g o A. Our purpose is to express  in terms
of \. The way to proceed is as follows. W(A,,) acts on the integral points of XW( Zn)[)\] via the

dT-representation. Hence, in order to determine the admitted vector 3, we just have to find which
component contains the element F'(g)(x).
Recall that {e; j | 1 <i < j <mn+ 1} is a basis of Y. Therefore one has

j—1
F(g)(z) = F(Q)(Z Tij€ij) = F(Q)(Z(Z Trort1 + Aijj)e€i)-

Finally, the goal is to find the expression of 3 in terms of A from the equation:

j—1 Jj—1
F()O_ O mrrri+Xijleig) = D O yrri1 + Bij)eis.

1<j r=t i<j r=t

Example 3.1. Let us take the group W (As). Because of Theorem 1.3 we know that XW(Z;;) has 6
irreducible components. We think of these components as admitted vectors and we delete the A-part
since these coordinates are zero.

Using (3), a short computation shows that these vectors (with positions [A13, A14, Aa4]) are
{[0,0,0],[0,1,0],[0,1,1], [1,1,1], [1,1,0], [L, 2, 1]}

Let g = s12 € W(A3) be the reflection corresponding to the positive root e; — ez, A be an admitted
vector and x € XW(Zg)P‘]' Let 8 = (f;,;) be the admitted vector such that F(g)(z) € XW(A})W]'

Because of (6), (7) and (12) it is easy to see that the matrix representation of the affine map F(g).
The next computation gives the expression of F(g)(x):
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-1 0 0 0 0 O T12 —1 —x19 — 1
0O 0 0 1 0 O Ti2 + x23 + A13 0 T23
0 0 0 0 1 0 12 + T23 + T34 + A1a n 0 T23 + 34 + A24
0 1 0 0 0 O 23 0 T12 + 23 + )\13
0O 0 1 0 0 O Ta3 + T34 + Aog 0 T12 + 23 + T31a + A1a
0O 0 0 0 0 1 T34 0 T34
Let us denote F(g)(z) = y. Once again because of (12) it follows that
—x12 — 1 Y12
T23 Y12 + Y23 + P13
223 + X34 + Ao2a _ | Y2 + Y23 + Y34 + P14
12 + T23 + A13 Y23
T12 + T23 + T34 + A14 Yo3 + Y34 + Poa
T34 Y34
Thus one has
Y12 = —x12 — 1 T2z = Y12 + Y23 + P13
Y23 = T12 + T23 + 13 and { T2z + X34 + A2g = Y12 + Y23 + Y34 + P14
Y34 = T34 T12 + T3 + 234 + A4 = Y23 + Y34 + Poa.

It follows that

P13 = xa3 — (—x12 — 1) — (12 + T23 + A13) = =iz + 1
P14 = xa3 + x34 + Aoa — (—x12 — 1) — (12 + 23 + A\13) — 34 = —A13 + Aag + 1
Poa = x12 + ®23 + X34 + Mg — (12 + 223 + A13) — T34 = — A3 + A4

Finally one has
g0 M3, Aia, Aaa] = [ A3+ 1, =Xz + Aog + 1, —Aig + Aial.

Doing these computations for all the simple reflections we obtain the data in Table 1:

TABLE 1. Action of the simple reflections of W (A3) onto the set of admitted vectors.

0,0,0] | [0,1,0] | [0,1,1] | [1,1,1] | [1,1,0] | [1,2,1]
51,2 [17170] [L]-)l] [1a271] [03170] [0,0,0] [07171]
523 | ILL1) | [1,2,1] [ [1,1,0] | [0,0,0] | [0,1,1] | [0,1,0]
s34 | 10,11 | [LLL [10,0,0] | [0,1,0] | [L,2,1] | [1,1,0]

3.2. Computation of the ¢ action. The goal of this section is to give an explicit formula of the ¢
action, that is we want to express the component wo X, (i) [A] in terms of X, (i) [A]. As mentioned
in Section 3.1, we approach this question using the action on the admitted vectors instead of the
components, in other words we want to express w ¢ A in terms of A. In Proposition 3.1 we give the
formula of this action for w = s . There is no real difficulty to extend it for each element of W.
We keep the presentation of the root system A, as a triangle with base A. Let sz, € W(A4,).

Notice that the inversion set of s, ¢ is easy to express, indeed

N(spe) = {ex — ery1,k — g2, " 1€k — €0, €1 — €0, €2 — €4y ,€4—1 — €g}.

Let A € Y (the definition of Y is given in Section 2.1). We denote by Ay ¢ the coordinate in position
ek of A. See for example Figure 5.
We define now the following sets that will help us to understand how the action ® behaves.

Definition 3.1. Let s, be a reflection of W (A,). We denote
A%J(k>€) = {p € {Z> to 7j - 1} | €p — Ep+1 ¢ N(sk’,f)}v
Bij(k,6) ={pe{i,---,j—1} | ep —eps1 € N(srp)}-
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1<i<k—1
j=4
i=k
1<i<k L<ji<n
L<j<n —
1<i<k—1
j=k
1<i<k
k<j<t
k<i<t i=4
L<j<n L<j<n
1<i<k-1 k<i<t—1
1<j<k k+1<j<e

i<n
+1<j<

F1GURE 5. Those are the different regions of the root system A,_; cut out by the
action of sy ¢. The red part is N (s ). The blue part is the set of positive roots that
are nontrivially permuted by s; ¢; the remaining positive roots are fixed.

Definition 3.2. Let w € W(A,). We define the function ~,, by

-~

Y X x[l,n+1] — Z

W (An)
(7,v) = Zu(|w))w(|vt))-

If w = id we denote ~,, by ~.

Lemma 3.1. Let z € X,
have the formula:

A )[)\], t:= sk, e, —e; € DT, and let us denote y := F(t)(z). Then we

t(5) J J
/ +(,v)dv / Yy, v)dv = — / (A v)du + By,
t(4) ( ¢

Proof. From the definition of F'(¢) we have that

t(p+1)—1 )
2% | Trr+1 + )‘t(p),t(p—l-l) 1fp € Ai,j
r=t
Ipp+1 = )1
— X Tro+1 — M)t — Lifp € Bij.
r=t(p+1)
Therefore, using Definition 3.2 and the fact that A\, = —\p 4, One can express yp, 11 as follows:
t(p+1)
/ ’Y(LE, v)dv + At(p),t(p-i—l) if pe Aiyj
t(p)

Yp,p+1 = t(p+1)

/ ~y(x,v)dv + At(p) tp1) — L if p € Bij.
t(p)
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Consequently it follows that

t(5) J

/’y(:c,v)dv—/’y(y,v)dv

t(4) i

NATHAN CHAPELIER-LAGET

) i
= [ ~(z,v)dv — Z Yp.p+1
t(i) p=t
t(5) t(p+1) t(p+1)
= [ y(z,v)do— > ( Y@, v)dv + Ny i) — 2 ( / (2, 0)dv + M) s(pr1) — 1)
(i) PEALT yip) PEBL i)
(13)
t(5) t(p+1) t(p+1)
= [ y(=z,v)dv - y(w,v)dv — Z Ab(p) t(p+1) — Z / v(z,v)dv
t(’L) PGA” t(p) pEAiJ' pEBi,j t(p)
- Z At(p) t(p+1) T | Bil-
PEB; ;

However, since A; j U B; j = {1,...,7 — 1} it is clear that

t(7)

t(p+1) t(p+1)

(14) /’y(m,v)dv: > /’y($,v)dv+ > /’y(a?,v)dv.

t(4)

PEALT 1) PEBLT ()

Therefore, using (14) in (3.1) it follows that

t(5)

[t /

t(4)

Theorem 3.1. Let X be an admitted vector, o := e;—ej, t := s, Ajj = A j(k, 1),

Then we have the formulas:

(t & )‘)iJ =

Y(y,

V)dv == 3 Ny — D M) + 1 Bil
peAi,j pEBi’j
j—1
== M)tp+1) + [Bigl

p=i

J
= — /%()\,v)dv + |Bi7j|.

J
Moy ats) — / W\ v)dv + Byl if o & N(t)

J
)‘t(i),t(j) — /%()\,v)dv + |B¢7j| —1 ifa € N(t).

i

O

Bi,j = Bi,j(k, E)

Proof. Let x = (z;;) € Xw,[A] with O(x) = X x; je; Aej, O(X) = X N\ jei Aej, and F(t)(x) == y.

1<j 1<j

Since W, acts on the components, it is enough to see where goes x under this action. Let us denote
by 8 = (Bi,;) the admitted vector such that F(t)(x) € XW(Z )[ﬁ}. The goal it then to express 3 in

terms of \.

This question is exactly the same as understanding the component O(

Xy q181) in A*(K). We

will answer this question with the second point of view. We adopt the convention that for j > i,
x;i; = —; ;. These relations also apply to A.



A SYMMETRIC GROUP ACTION ON HO(X 15

W (i)

From Definition 2.1 and Corollary 2.1 we have
e(D_wigei Nej) =t (D wijei Aej)
i<j i<j
= meet(i) A\ e(j) — Z e N\ €j

1<j ei—EjEN(t)

= Y mgawhemt Y, TgemAeg— D, eile
ei—EjEN(t) eq;—ejéN(t) ei—e]-GN(t)

- Z Ty(i),e(j)€i N € + Z Ty(),4(5)€i N\ €5 — Z e; N ej
e;—e;EN(t) ei—e;¢N(t) ei—e;EN(t)

- Z Ty(i),u(j)€i N €+ Z (xt(i),t(j) — 1)6i Nej.
e;—e;EN(t) ei—e;EN(t)

Since © o F(t) = ¢; 0 © we obtain that

00 F(t)(x)
- Z Ty(i),(5)€i N €5+ Z (th(z‘),t(j) —1)e; Nej
e;—e;EN(t) e;—e;EN(t)
t(5)—1 t(i)—1

= X (X menthapglane = 2 (X @+ Mg +DeiAe
ei—ejEN(t) r=t(i) e;—e; EN(t) r=t(j)

t(4) t(7)

= > (/ V(@ v)do + Ny ay)e Aej + (/ V(@ v)do + Xy a) — 1)ei A e
ei—e €N (1) 41y ei—e; EN(L) 4y

Moreover, we must have

OoF(t)(x)= ),  wmgelei+ D, yigeile;
€i7€j¢N(t) eifejEN(t)
j—1

j—1
= Z (Z Yror+1 + Bijlei Nej + Z (Z Yrrt1 + Bijlei Nej

ci—e; gN(1) r=i ci—e EN(t) =i

J J
= /7 Yy, v dv_“ﬁzy)ez/\e] /’Y dv—l—ﬁw)ez/\e]

€;i— e]¢N e;i— eJEN(t i

Hence we have

t(5)

j / 7(3:, U)dl} + At(i),t(j) if €; — ej §é N(t)
o) t)

/’7(3/7 v)dv + B = t(7)

’ / 'y(:v,v)dv + )‘t(i),t(j) —1life; — e;j € N(t),

t(i)

which is equivalent to

t(4) J

Ae(i) () + /’y(:c, v)dv — /’y(y, v)dv if e; —e; ¢ N(t)

G i

t(7) J

M@yt (@, v)dv — /v(y, v)dv —1if e; —ej € N(t).
0 ;

Bij =
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Moreover, because of Lemma 3.1 we know that
t(5) J J
[ oo = [ oo == [ oo+ B
t(4) i

i

Thus it follows that

J

)\t(i)ﬂg(j) - /'yt()\,v)dv + |Bi,j| if € — €5 ¢ N(t)
Bi,j = ij
)\t(i),t(j) — /’)/t(/\, ’U)d’l) + ’Bl‘,j’ —1ife; — e; € N(t)

1

This ends the proof since 3; ; = (t o \); ;. O
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