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Abstract. Let W, be an affine Weyl group. In 1987 Jian Yi Shi gave a characterization of the elements w € Wy
in terms of ®* -tuples (k(w, @)), ¢ g+ called the Shi vectors. Using these coefficients, a formula is provided to
compute the standard length of W,. In this note we express the twisted affine length function of W in terms
of the Shi coefficients.
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1. Introduction

Each Coxeter group W has a natural generating set S: the one used in its presentation (W, S). This
set allows us to define the standard length function #. This function is fairly well understood and
of great interest as it provides relations between the algebraic structure of reflection groups and
their underlying geometry. It is used, among others, as an organizing principle to prove that any
finite Euclidean reflection group is a Coxeter group. This function is also involved in a wide variety
of algebraic and combinatorial subjects such as Hecke algebras, Bruhat order, Kazhdan-Lusztig
polymonials, coset representatives, descent algebras, inversion sets, Garside shadows, Artin-Tits
monoids etc.

Another useful function obtained from ¢ and related to the twisted orders on W is the twisted
length function ¢, introduced in [1], where A € P(T) and T is the set of reflections of W. A
reflection order of W is a total order on T satisfying a local condition on any dihedral reflection
subgroup of W (see [2, Definition 2.1]). Initial sections of reflection orders, which are certain
subsets A c T, lead to define partial pre-orders <4 on W that are similar to Bruhat order. The
twisted length function plays an important role to determine which are the subsets A = T such
that < 4 is a partial order [1,7]. The collection of subsets of T satisfying this property is exactly the
set of biclosed subsets of T, which is denoted by B(T) (we recall this notion in Section 1.1).

In the context of affine Weyl groups, length function has also been well studied. In particular
Jian Yi Shi gave a geometrical interpretation of ¢ as a sum of absolute values of integers subject
to certain conditions [12] (we recall this material in Section 1.3). These integers are called Shi
coefficients. In private communications Matthew Dyer conjectured, in the setting of affine Weyl
groups, that the length ¢ 4 (with A € B(T)) should be related to the Shi coefficients.
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This note contains two results: Proposition 3 and Theorem 7. These results provide geometric
tools in order to determine the twisted length function. In particular, Proposition 3 expresses
the affine twisted length function ¢, in terms of Shi coefficients when A is a very specific
subset of T'. For this specific set A, the order <, is essentially Lusztig’s alcoves order introduced
in [10, Sections 1.4, 1.5]. Theorem 7 expresses ¢ 4 for any A € B(T) in terms of Shi coefficients.
The formula in this theorem is given by means of a sum and difference of four terms that are
introduced in Definition 1.

The organisation of this paper is as follows. Section 1.1 recalls some general material about
Coxeter groups, twisted order and twisted length function. Sections 1.2, 1.3 recall basic defini-
tions about affine Weyl groups and particularly Section 1.3 explains the notion of Shi coefficients.
Section 1.4 gives a theorem (due to M. Dyer) used later on to prove Theorem 7. Finally, in Section 2
we give and prove our two statements.

1.1. General background

Let (W, S) be a Coxeter system with standard length function ¢, root system ¥ and positive root
system ¥*. The length function satisfies: for all w € W
L(w)=¢0(w™). 0

Let T = {wsw™ | s € S, w € W} be the set of reflections of W. The set ¥* is naturally in
bijection with T and by denoting y this bijection, we set s, := y(a) to be the corresponding
reflection of a € P*.

Let P(T) be the power set of T. This set is an abelian group under symmetric difference:
A+ B:=(A\B)uU(B\ A) and W acts on P(T) by conjugation.

For w e W we denote N(w) ={te T | £(tw) < ¢£(w)}. The cardinality of N(w) is equal to ¢(w).
The map N: W — P(T) is a reflection cocycle, thatis N(xy) = N(y) + xN(y)x‘1 forall x,ye W
and N(s) ={s}forall s€ S.

Twisting the conjugation action on P(T) by N we obtain another action, called the twisted
conjugation, and defined by

W xP(T) — P(T)
(w, A)— w- A= Nw) + wAw™".
Let A€ P(T). The twisted length function £ 4 on W is defined by
Ca(w):=0(w)-2|N(w)nA4|.
For x, y € W the function ¢ 4 has the property (which is proved in [1, Proposition 1.1], 1)
Caxy) =L4(Y) +Ly.a(X). 2)

Let X « ¥*. We denote by coney (X) := cone(X) Nn'¥. We say that X is closed if coney ({a, 8}) ©
X for all a, § € X. We also say that X is biclosed if X and ¥* \ X are both closed. A set A€ P(T)
is called closed (resp. biclosed) if )(’1 (A) is closed (resp. biclosed). We denote by B(T) the set of
biclosed subsets of T. Using the cocycle property of N and [8, Proposition 2.11] it is easy to see
that the set B¢(T) of finite biclosed subsets of T is stable under the N-twisted conjugation. The
more general case is proved in [4, Lemma 4.1].

Let A€ P(T). Define now a pre-order <4 on P(T) by: v <4 w iff there exist 1, ..., # € T such
thatv=1,---nwand ;€ t;--- ywAfori=1,..., p. In particular <g4 is the usual Bruhat order

11n this proposition M. Dyer took a specific A, but the formula is still valid for all A€ PP(T) and the proof is exactly the
same.
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and <7 is the reverse Bruhat order. The pre-order <4 have been strongly investigated in recent
decades [1,2,4,7] and used, among others, to prove the existence of Kazhdan-Lusztig polynomials
and to study the structure constants for the generic Hecke algebra [1].

There exists a characterisation of subsets A € P(T) such that <, is a partial order. M. Dyer
showed that if A € B(T) then <, is a partial order [1]. The reverse direction was proved by T.
Edgar [7].

For A € B(T), the length ¢4 can be used to characterize the partial order <,4: v <4 w iff there
exist 1, ..., fp € Tsuchthat w=1, --- vand € (t;—y --- Gv) <AL --- fv)fori=1,..., p.

1.2. Affine Weyl groups

Let V be a Euclidean space with inner product (-, —). We denote || x|| = v/{x, x) for x € V. Let ® be
an irreducible crystallographic root system in V with simple system A := {aj, ..., @,}. From now
on, when we will say “root system” it will always mean irreducible crystallographic root system.
We denote by Z® the Z-lattice generated by ® and we identify Z® with the group of its associated
translations.

Let W be the Weyl group associated to Z®, that is the maximal reflection subgroup of O(V)
admitting Z® as a W-equivariant lattice, or equivalently the group generated by the reflections
associated to A.

Due to the classification of irreducible crystallographic root systems, we know that there are
at most two possible root lengths in ®. We call short root the shorter ones. Let @ € ® such that
a=aa)+ - +apa, with a; € Z. The height of a (with respect to A) is defined by the number
h(a) = ay + - -+ + a,. Height provides a pre-order on ®* defined by a < § if and only if h(a) < h(f).
We denote by —a the highest short root of ®.

For a € ® we write a"
=x—(a¥{a,x)— k)a. The af‘ﬁne Weyl group as5001ated to @, denoted Wy, is deﬁned by

W= (sqk|ae® kez).

It is known that W,; = Z® x W (see for example [9, Ch. 4]). In particular any element w € W,
decomposes as w = T, w where 7 is the translation corresponding to x € Z® and w € W is called
the finite part of w. The pair (Wy, S,) is a Coxeter system where S, := {Sg;, ..., Sa,,} U{5-ay,1}-

1.3. Shi parameterization

For any a € ®, any k € Z and any m € R, we define the hyperplanes
Hyp={xeV|[(x,a")=k},

and the strips
Hl' ={xeV|k<(x,a")<k+mj}.

We denote by # the set of all the hyperplanes H, ; with @ € ®*, k € Z. It is easy to see that
H_g i = Hy, —- Therefore we need only to consider the hyperplanes Hy ;. with @ € ®* and k € Z.

The connected components of

v\ U Haxk
aedtkezZ

are called alcoves. We denote by A the set of all the alcoves and A, the alcove defined as A, =
Naeo+r H Llw. W, acts on A and it turns out that this action is regular (see for example [9, Ch. 4]).
Thus, there is a bijective correspondence between W, and .A. This bijection is defined by w — A,
where A, := wA,. We call A,, the corresponding alcove associated to w.

C. R. Mathématique — 2021, 359, n° 7, 873-879
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Any alcove of V can be written as an intersection of particular strips, that is there exists a ®*-
tuple of integers (k(w, @))4c o+ such that
AW = ﬂ Hti,k(w,a)‘
aedt
The coefficient k(w, a) is called the Shi coefficient of w in position a@ and the vector
(k(w, @) qc e+ is called the Shi vector of w. For any w € W, and any a € ® we use the conven-
tions

k(w,—a) = —k(w, ), S
k(w,a¥)=k(w,a). 4)

In the setting of affine Weyl groups the length of any element w € W, is easy to compute via
the coefficients k(w, a). Indeed, thanks to [12, Proposition 4.3] we have

w)= Y lk(wa)l. (5)

aedt

1.4. Affine root system

Let V = V@ R6 with 6 an indeterminate. The inner product (—,—) has a unique extension to
a symmetric bilinear form on V which is positive semidefinite and has a radical equal to the
subspace Ré. This extension is also denoted (—, —), and it turns out that the set of isotropic vectors
associated to the form (—, —) is exactly Ré.

The root system of W, is denoted by @ . Using [6, Section 3.3 Definition 4 and Proposition 2]
a concrete description of the affine (resp. positive) root system of W, is provided by:

O, =0Y +76,
;= ((@¥)" +N8)u((@¥)+N"6).
There is a natural bijection between the roots of ®} and the hyperplanes of . This bijective
correspondence is given by
a” +ké— Hgy, k. (6)
In particular the reflection s, acting in V can be thought of as the reflection s,v_s acting in V.
Let 6 € ®¥. We denote by

g |o+No ifge (V)"
O0+N*6 if6e(dV) .

For ' c ®" we also denote T = | 0.
Oel
Let A;,Ay c A. For X,Y < V we denote spany (Y) := span(Y) n X. Then, we denote by <I>I’,2 the

set
Dy ,i= [(CI)V)+ \ spangy (Al)] U [spangy (A2)]
and by A, the set
Al,g = {Sg EE (DIL,Z}
={sqvirs| @’ €], keNifaed" andkeN" ifae 7}

:{sa,k|a€®+n(<bfz)v, kEZ}.

Definition 1. Let x, y € W,. We define (using the convention (3))

rax):i= ) k(x,a) and r{,(x):= > k(x, a). @)
aecbf'z ae(l)izk(x,abo
k(x,a)<0
Ry, (%, y) =11 ,(yx) =11 ,(y)  and R ,(x,y):=1,(yx) =1, ). 8

C. R. Mathématique — 2021, 359, n° 7, 873-879
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Theorem 2 ([3, Theorem 1.15]). The set
{of |88, <a, @8 =0}

is a complete set of W, -orbit representatives for the twisted conjugation on B(T).

Some explanations of this theorem can be found in the preliminaries of [11].

2. Main results

The goal of this section is to give formulas about the affine twisted length function ¢ 4 for specific
A € P(T). Proposition 3 expresses the length function ¢4 with A = (®V)*. Finally, Theorem 7
expresses the length ¢, for B a biclosed subset of T, using the Shi coefficients.

Proposition3. Let A= (®V)*. Thenl (w)= ¥ k(w™!, a).

aedt

Proof. First of all, [12, Proposition 3.4] tells us that V w € W, and V a € ® we have
k(w™, a)=—k(w,w(a) 9)

where w is the finite part of w. It is well known that for each y € W, the hyperplanes correspond-
ing to the reflections of N(y) are exactly the hyperplanes between A, and A,. Via the correspon-
dence (6), the sets (®V)* and {Hy ;. | @ € ®*, k < 0} are in bijection. Through this identification,
N(w™!) n Ais the set of hyperplanes Hyg, . such that k <0 and Hy i is between A,,-1 and A,. Fur-
thermore, for a root @ € ®* fixed, the number of a-hyperplanes between A,,-1 and A, is exactly
lk(w™!, @)|. Thus we have the formula

IN(w™)nal= Y |k(wha)|. (10)

acd*t
k(w™,a)<0
Then, the following computation gives the answer
Caw) =w) -2|N(w™)n A2 e@w™) -2 |N(w)n 4

Q¥ |k(w™, a)l-2IN(w ™) n 4

aed*
VY kww@)|-2 Y |k(wa)l
aed* aed*
k(w™t,a)<0
=Y |k(ww@)|[+2 Y k(wa)
aedt aecdt
k(w™,a)<0
2Y k(ww@)-2 ¥ [k(ww@)
aed* aed*
k(w,w(@)=0
= )Y |k(www)|+ )Y @ |k(www)|-2 Y  k(ww®)
aed* aed* aed*
k(w,w(@)=0 k(w, w(a)) <0 k(w,w(@)=0
= )Y kwww)- Y k(ww@)-2 )Y  k(ww)
aed* aed* aed*
k(w,w(@)=0 k(w,w(@) <0 k(w,w(@))=0
== Y  kwww)- Y k(www)
aed”t aed”t
k(w,w(@)<0 k(w,w(@)=0
- Y k(ww@) 2 Y kw a). O
aedt aed+

C. R. Mathématique — 2021, 359, n° 7, 873-879
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Example 4. We give in Figure 1 an element w where we can see the formula of Proposition 3.
Indeed £ 4(w) =4-2|N(w HnA|=4-2-4=-4,

N

’

Figure 1. Application of Proposition 3 for ® = B,.

Remark 5. We also want to point out the following fact: in the formula of the standard length
of W, (5), the absolute value is involved, which most of the times makes the computations
difficult. In Proposition 6, the computations of £ 4 in terms of Shi coefficients make the absolute
value disappears. This phenomenon is of interest in order to understand the set N}‘(w) ={Sq k€
We | a(Sq, kW) = €a(w) —1}. It is likely that for any B € B(T), a better expression of ¢ would
provide a better comprehension of N llg(w).

When A = @, the set N'(w) := N/li(w) is strongly related to the automatic and geometric
structure of Coxeter groups, namely to a conjecture due to M. Dyer and C. Hohlweg relating low
elements and Shi regions [5].

Lemma6. Letxe W, andA;,Ap c A. Then we have the formula
Oa,,(x) = 0(x)+2r], (x 1) - 2ry, (x7h).

Proof. By definition ZAI.Z (x)=0(x)=2IN(xHn Aj,2|. Using the bijection (6), we see that A » is
in bijection with {H, x| @ € CI)f’z, k<=0lu{Hylace CDT,Z, k > 0}. It follows that

IN(T) A= X |kxha)l+ X [k(xTha)
a(—:(I)Iz aed)fz
k(x L a)<0 k(x"La)>0
== Y k(xYa)+ Y  k(xha)
aqu;2 aetbfvz
k(x1a)=0 k(x™1,a)>0
=-r1, (x_l) + r1+,2 (x_l).
The result follows. O

C. R. Mathématique — 2021, 359, n° 7, 873-879
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Theorem 7. Let B € B(T). Then there exist A1,A, € A (two pairwise orthogonal sets) and y € W,
such that for all x e W, we have

C(x)=0(xy)—€(y)+2R , (x7 1 y~') —2R} , (x~ 1 y7 ).
Proof. By Theorem 2 we know that B = y - A; » for some Ay, A, A and for some y € W,. By (2)

we know that €4, ,(xy) = a,,(y) +£y. 4, ,(x). In particular we have £g(x) = €4, ,(xy) — €, ,(}).
Then, Lemma 6 implies that

Cp(x)=0Cp,,(xy) =L, ()
=[0Gy +2r, (™) =2rf, ()] = [€0) +2r, () =2, ()]
= [eGeyy+2arp, (vt —2rf, (v = [+ 2, () —2r, ()]
=0y~ +2[r, () = ()] =2 [ (7 ) =L ()]
= 0(xy) - () +2R , (x"y ) =2R} , (x 7, y7Y). O
Remark 8. In particular, if xy is a reduced expression it follows that £p(x) = £(x) + 2R,

(xLy™hH- Zsz(x‘l, y~1). We also see that the formula in Proposition 6 can be obtained from
Theorem 7 with y =e.
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