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Abstract

In a review paper in this same volume, we present the state of the art on modeling of compressible
viscous flows ranging from single-phase to two-phase systems. It focuses on mathematical properties related
to weak stability because they are important for numerical resolution and on the homogenization process that
leads from a microscopic description of two separate phases to an averaged two-phase model. This review
serves as the foundation for Parts | and Il, which present averaged two-phase models with phase exchange
applicable to magma flow during volcanic eruptions. Here, in Part |, after introducing the physical processes
occurring in a volcanic conduit, we detail the steps needed at both microscopic and macroscopic scales to
obtain a two-phase transient conduit flow model ensuring: 1) mass and volatile species conservation, 2)
disequilibrium degassing considering both viscous relaxation and volatile diffusion, and 3) dissipation of total
energy. The resulting compressible/incompressible system has 8 transport equations on 8 unknowns (gas
volume fraction and density, dissolved water content, liquid pressure, and the velocity and temperature of both
phases) as well as algebraic closures for gas pressure and bubble radius. We establish valid sets of boundary
conditions such as imposing pressures and stress-free conditions at the conduit outlet and either velocity
or pressure at the inlet. This model is then used to obtain a drift-flux system that isolates the effects of
relative velocities, pressures, and temperatures. The dimensional analysis of this drift-flux system suggests that
relative velocities can be captured with a Darcy equation and that gas—liquid pressure differences partly control
magma acceleration. Unlike the vanishing small gas—liquid temperature differences, bulk magma temperature
is expected to vary because of gas expansion. Mass exchange being a major control of flow dynamics, we
propose a limit case of mass exchange by establishing a relaxed system at chemical equilibrium. This single-
velocity, single-temperature system is a generalization of an existing volcanic conduit flow model. Finally, we
compare our full compressible/incompressible system to another existing volcanic conduit flow model where
both phases are compressible. This comparison illustrates that different two-phase systems may be obtained
depending on the governing unknowns chosen. Part Il presents a 1.5D version of the model established herein
that is solved numerically. The numerical outputs are compared to those of another steady-state, equilibrium
degassing, isothermal model under conditions typical of an effusive eruption at an andesitic volcano.
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A magma is a three-phase mixture of gas bubbles, solid crystals and silicate liquid. During its deep storage, in
magmatic reservoirs, the gas is not abundant and the magma is essentially two-phase with crystals in suspension
in the silicate liquid. During a volcanic eruption, the magma rises to the surface, which creates gas bubbles by
decompression when volatile components such as H,O or CO5 dissolved into the silicate liquid reach saturation.
If the silicate liquid is viscous enough, the ascending magma can simply be viewed as gas bubbles suspended in
a complex fluid where liquid and crystals move together.

During an eruption, the degree of coupling between the liquid and gas phases of the magma strongly deter-
mines the eruptive style. Explosive eruptions are a consequence of the strong coupling between gas and liquid,
which yields magmas with large proportions of gas prone to fragmentation. Phase decoupling, on the other hand,
enables the gas to escape gently out of the volcanic edifice and fosters effusive eruptions. There is no consensus
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on what are the minimal elements to recover the transition between effusive and explosive eruptive regimes. A
closely related issue is that many volcanoes with frequent effusive—explosive transitions also feature oscillations
of mass flow rate at the vent. Both regime transitions and oscillating effusion rates are observed during the
same eruptive period, which suggests that the peculiarities of the overall architecture of the plumbing system
play a limited role in the matter. Instead, these observations point to a limited set of controlling processes, and
two-phase flow modeling with phase exchange has been shown to potentially be a unifying framework to study
them [Gonnermann and Manga, 2007, Burgisser and Degruyter, 2015].

Two-phase models have first been used to show that flow oscillations can result from rheology changes due to
microlites (small crystals growing during ascent in response to decompression) [Melnik and Sparks, 1999,/Costa
et al., 2013]. Similar models have also shown that temperature changes play a role in modulating flow rates
through rheology changes |Costa et al., 2007]. More recently, however, an isothermal two-phase model without
mass exchange but with variable permeability has shown that gas—liquid coupling is sufficient to create flow rate
oscillations [Michaut et al., 2009,[Michaut et al., 2013|]. Mass exchange, and temperature or rheology variations
may thus not be necessary to capture flow instabilities.

Mass exchange is measured by the degassing rate, which is a combined effect of diffusion of dissolved water
towards gas bubbles and pressure equalisation between the liquid and the gas. Simply dismissing it as a control
of flow modulation is not possible; the transition between explosive and effusive regime has been shown to be
fostered by slow diffusion of the dissolved water towards the gas bubbles [Mason et al., 2006]. Finding an ap-
propriate exchange rate between liquid and gas is challenging. Although exchange rates are well-established at
the micro-scale of a single gas bubble (e.g. [Proussevitch et al., 1993b, Lensky et al., 2004, |Forestier-Coste et al.,
2012]), the two-phase flow formulation is a macro-scale, homogenized model. The scale transition implies thus
information loss. The assumption of equilibrium degassing (a diffusion fast enough to always keep the dissolved
water content at the solubility value) has thus often been adopted in two-phase flow models (e.g., [Melnik,
2000, Degruyter et al., 2012]).

Often conduit flow models include many complexities [Gonnermann and Manga, 2007, and here we try to
minimize them by setting a few initial simplifying assumptions such as modeling a pure silicate liquid, or assuming
a constant bubble number density (thereby excluding nucleation processes). Our aim is to propose a two-phase
system with appropriate exchange terms and to provide important properties such as dissipation and invariant
region for the system. Using one of the homogenization techniques presented in the review paper [Bresch et al.,
2024], we propose a new formulation of mass exchange rate and compare it with others rates from the liter-
ature. The review paper [Bresch et al., 2024] also established that if mass and momentum conservation are
given, one can derive a energy balance from these two conservation relationships. We thus establish the energy
balance of our system with the constraints that one phase is compressible and the other not and that the system
should dissipate energy. The resulting equations describe changes in phase volume fraction, velocities, pressures,
and temperatures in the system. As our final model still involves many processes, we draw from the review
paper [Bresch et al., 2024] the techniques to establish a drift flux formulation of our system that is amenable
to scaling. Using a wide range of natural values for the involved parameters, we establish a minimal system
at the main order and we assess the consequences of the assumption of equilibrium degassing by proposing a
relaxed version of our model. Finally, we compare our approach of deriving energy conservation from given mass
and momentum equations of a compressible—incompressible system to an existing model [La Spina et al., 2014]
derived by assuming energy conservation from thermodynamics in a system where both phases are compressible.
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2 Physical model of volcanic conduit flow

The modeling of magma ascending within a vertical conduit from a magma reservoir to the Earth’s surface
implies peculiarities that the general models presented in the review paper [Bresch et al., 2024] do not contain.
We set a few initial simplifying assumptions to keep the modeling tractable. The magma is composed of lig-
uid and gas, which in turn are composed of several chemical components. It is usual to consider that the gas
phase is just composed of water because it represents more than 95 vol% of this phase. We assume that the
liquid phase (silicate liquid, or melt for short) is incompressible and composed of two components, H>O and
an average component representing all the other oxides. We denote by C) the weight concentration of H2O in
the liquid, hence (1—C}) represents the concentration of the other oxides. Both phases may exchange water mass.

Crystals will be neglected, keeping the system as a two-phase flow sensu stricto. This is an acceptable as-
sumption as long as the crystal load is small because melt viscosity is generally high enough for liquid and crystals
to move together. Neglecting crystals and crystallization is a limitation as both also influence magma ascent
dynamics (e.g., [La Spina et al., 2016, Arzilli et al., 2019,[Bamber et al., 2022|) by affecting the rheology of the
system. This is especially true at high crystal volume fraction, when the suspension becomes a granular system
subject to jamming, which affects both solid and liquid velocities (see the review paper, Section 2.3 [Bresch et al.,
2024]). The release of latent heat of crystallization also affects the temperature of the magma. As crystallization
proceeds by cooling or by dehydration, the water concentration in the liquid melt increases, increasing volatile
exsolution.

Fragmentation is not considered explicitly; the model can thus be used to approach the effusive—explosive
transition from the effusive regime. Integrating fragmentation is generally done by a threshold-controlled switch
of the constitutive relationship of the liquid viscosity so that the carrier phase becomes the gas instead of the
liquid (e.g., [Melnik, 2000, Degruyter et al., 2012]). This approach does not change the structure of the transport
equations, which means that adding fragmentation to the models presented herein would not affect the balances
of mass, momentum, and energy. Finally, the bubble number density with respect to the liquid, IV, is considered
constant. Varying N to account for nucleation (e.g., [Chernov et al., 2014]) and coalescence (e.g., [Mancini
et al., 2016]) was a tempting prospect but it significantly increases the complexity of the homogenization process.
It was thus left aside for future works.

Even with the simplifications mentioned above, many processes and length scales remain involved in controlling
flow dynamics (Figure[I)). At the smallest scale of a single bubble, the main processes are the diffusion of water
from the melt into the bubble and the viscous resistance of the melt to gas expansion. Bubbles are assumed to
form a mono-disperse population homogeneously distributed in space at the mesoscale. Finally, at the scale of
the volcanic conduit, the gas—liquid flow is controlled by viscous resistance against conduit wall over the whole
length of the conduit. We describe the macroscale transport equations (Section before focusing on closures
equations, which are based on a microscale description (Section that is averaged at the mesoscale (Section
[2.3)). These closure equations are integrated into the final macroscale system in Sections [2.4H2.6]

2.1 Mass and momentum transport equations

We consider a two-phase, three-component model of a liquid—gas mixture where ¢ represents the gas volume
fraction in the system and then (1 — ¢) is the liquid volume fraction. The gas has only one component, water
vapor (which may be in supercritical conditions). The liquid phase is composed of HoO with concentration C;
in the liquid phase, the other oxides (inert component) having the concentration 1 — C;. The total mass of the
liquid phase is thus decomposed as (1 — ¢)p; = (1 — ©)piC1 + (1 — @)pi(1 — C}). The velocities are denoted by
ug, and the densities by pg, with & = [, g for liquid and gas phases respectively.
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Figure 1: Scales over which the eruptive processes modeled herein occur: a single gas bubble (blue frame), a
bubble population (cyan frame), and a volcanic conduit (magenta frame).

Mass equations. In our system the components are conserved, that is, the oxides mass in the liquid phase and
the total water mass,
(1 =)p(1 = 1)) + div((1 — @)p(1 = Cp)uy) = 0, (21)

(ppg + (1 = 9)pC) + div(ppgug + (1 — @) piCrur) = 0. (2.2)

Summing up these two equations yields the conservation of the total mass in the system (see Remark below).
The exchange of mass between liquid and gas occurs between the gas phase ¢p, and the dissolved gas in the liquid
phase, (1 — ¢)pC;. Denoting R2© the gas-liquid mass transfer rate, the mass equations for these quantities
read

Or(opg) + div(ppgug) = R729, (2.3)

(1 — ©)pCy) + div((1 — ) pCruy) = —RH20. (2.4)
The sum of (2.1)) (oxides in liquid phase) and (2.4) (water in liquid phase) gives the liquid phase mass equation

9:((1 =)o) + div((1 — ) pruy) = —R™29. (2.5)

Remark 2.1. Conservation of the total mass is fulfilled. We introduce the mixture density and velocity as

_ Ppgtg + (1= p)piu

p=ypg+(1—9)p, u P (2.6)

Then from equations and we get
Op + div(pu) = 0. (2.7)
]
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Momentum equations. Momentum conservation reads for both phases:

0((L = @)pru) +div((1 =) prus @ ur) + V(1 = @)pr) = div((1 = 9)D1) = (pint1d = Dine.) V(1= 0) (5 g)
— farag — (1= @)pg + (ur) R =0

815(90)09“5]) + diV(‘Ppgug ® ug) + V((Ppg) - diV(‘PDg) - <pint,gId - Dint,g>VSO (2_9)
+ fdrag — PPgg — <uI>RH20 =0

where D;, D, are the diffusive quantities of the viscous stress tensors and fqrag is the liquid—gas drag. The
transport equations above are the basis of well-known two-phase models, see for example [Gavrilyuk and Saurel,
2002, |Guillemaud, 2007, Ishii, 1975, Ishii and Hibiki, 2011] and see also the review paper Section 3.1, [Bresch
et al., 2024]. They are obtained by an averaging process over the mixture domain, and so jump conditions at
the interface between phases must be prescribed. As a result, these relations contain the averaged values of the
velocity and stress tensors at the gas/fluid interface, denoted here like in [Bresch et al., 2024] respectively as
(ur), (Pint ) Id — Dine1), (Pint,gId — Dint,g). In particular, the momentum exchange due to mass transfer between
phases is a function of the exchange velocity +(u;)R"2C. Appropriate closures for these interface quantities
are given later in the microscopic study (Section [2.3) and when establishing the energy balance of the system

(Section [2.5)).

The diffusive quantities. The gravity vector being g = (0,0, —g) (g = 9.81m/s?), the viscous tensors D;, D, are
given by
Dy = Agdivugld + 214D (ug) (2.10)

Dy = Ndivyld + QmD(ul) (2.11)

where D(u) = £(Vu + V'u) is the deformation rate tensor of a velocity field u. We neglect the viscosity at the
gas/liquid interface. For each phase (j = 1,9), \j = (; — %773‘ with ¢; and 7; the volume and dynamic shear
viscosities, respectively. For H,O in either gas or supercritical state, (; = 117,/3 and A\, = 37,. For the liquid,
G =m and \; = %m [Webb and Dingwell, 1990], 7; being a function of C; and Tj; (e.g., [Hess and Dingwell,
1996]).

The drag term. Following [Kozono and Koyaguchi, 2009,|Kozono and Koyaguchi, 2010], the drag term fqrag
depends on the region where the conduit the magma is. Here we will consider a bubbly and a permeable flow for
the magma in the conduit, ¢y, ~ 0.6 being the threshold of the gas volume fraction between them. The critical
volume fraction for fragmentation is denoted by ¢. ~ 0.8 [Melnik, 2000]. For the bubbly flow region (¢ < ¢up)
the drag term is given by

fo =25 (1 = ¢)(ug — w)

and for the permeable flow region (5, < ¢ < ¢.) in laminar flow regime it is instead

fo =201 = ) g —w)

for k the permeability coefficient of the magma. Then we introduce the following unified formulation for the drag

term:
3% bubbly flow

farag = Kqo(1 — ¢)(ug — ;) with Ky = ) (2.12)
& permeable flow
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Pressure law. The ideal gas law relates gas density to gas pressure:

Py
_ 2.13
Py coTy (213)

where cg is the ideal gas constant for water (461.52 J/kg/K) and T, is the gas temperature that becomes a new
unknown of the system. Hence we must give a closure equation for Ty, which will be described when establishing
the energy of the system in Section

As p; is assumed to be constant and thus the liquid is incompressible, we will provide in Section a closure
equation for the liquid pressure, p;, that encodes the evolution of the bubbles, which will yield a formula of p; in
terms of the other unknowns.

The system has insofar 7 unknowns (¢, py, Ci, pr, ui, ug, Ty) for 5 equations: (2.5, (2.3), (2.1, (2.8), (2.9).

Closing the system involves several steps. First, the physics of gas bubble growth at the microscopic scale detailed
in Section allows us to add an equation for the gas volume fraction, ¢, and a closure for the mass exchange
term RM20_ Next, scaling these processes up to the macroscopic scale in Section yields in Section a
system without energy balance with 7 unknowns for 6 transport equations by adding the scaled-up equation for
o and an algebraic equation for the bubble radius, R. Finally, Section shows how to use the energy balance
to add the liquid temperature, T3, as a final variable and establish the needed equations for both temperatures.
Section summarizes our final, closed system with 8 unknowns (¢, pg, C, pi, ui, ug, Ty, T7), as many transport
equations, and algebraic closures for p, and R.

2.2 Closure equations: bubble growth at the microscopic scale

To establish the closure equations for the gas volume fraction ¢ and the mass exchange term R729 we focus
on the microscopic scale of one bubble submerged in the melt. According to previous work ( [Plesset and Pros-
peretti, 1977,|Arefmanesh and Advani, 1991}|Proussevitch et al., 1993bjLeighton, 1994/[Brennen, 1995, Toramaru,
1995| Lensky et al., 2001} Forestier-Coste et al., 2012}/Mancini et al., 2016,[Toramaru, 2022]), the description of
bubble growth in response to pressure changes involve several processes at the microscopic level. On the other
hand, scaling this description up to the macroscopic level involves additional assumptions. At the microscopic
level, we adopt the common assumption that the submerged bubble is affected by two effects that controls its
size. The first one is the deformation of the bubble itself by the gas expansion caused by the pressure jump at
its interface with the melt. At the macroscopic level, this will yield the closure equations for . The pressure
jump also causes an exchange of water mass between the bubble and the melt that is directly related to the
evolution of the water concentration in the melt. At the macroscopic level, this will give us the definition of
R™20 " An additional effect at that level is the bubble transport within the melt, which is assumed to be driven by
the —macroscopic— fluid velocity field u; (cf. [Leighton, 2007]). Section below focuses on the microscopic
effects and the scaling up to the macroscopic level is presented in Section [2.3]

2.2.1 Gas volume fraction equation

Bubble volume changes due to gas expansion is described by the Rayleigh-Plesset equation that governs the
dynamics of a gas bubble submerged in an infinite incompressible liquid with constant viscosity. The derivation of
the Rayleigh-Plesset equation is made from the Navier-Stokes equations written in spherical coordinates, where
r is the radial coordinate originating from the fixed bubble center. We thus consider the following Lagrangian
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coordinates for the radial velocity u, = u,(t,7(t)),

{ %(t, 7“0) = ur(tv T(t, TO))? (2'14)

7(t,70)|t=0 = T0-

In this section all variables are written in these Lagrangian coordinates and for clarity we use the calligraphic
notation for them to avoid confusion with the Eulerian variables. Variables represented with greek letters are
adorned by a tilde and there are no changes in the notation of the constant variables. Thus, for any variable
F = F(t,r(t)) we introduce the Lagrangian derivative

ng;ﬁzaf@ﬁ@)+qu@»@f@r@y (2.15)

In what follows the explicit dependence on (¢, 7(t)) is omitted for conciseness.

Rayleigh-Plesset with a bubble in an infinite medium. The Rayleigh-Plesset equation originally presented
in [Scriven, 1959] is based on the analysis of the behavior of a bubble of radius R, the center of which is as-
sumed to be at rest. The derivation of the Rayleigh-Plesset equation is classic and can be found in the literature
(e.g., [Toramaru, 2022]). For completeness we included it in Appendix [A] It is obtained through the integration
of the Navier-Stokes equation for the liquid, with radial velocity u, and pressure P;. The most relevant point is
that the dynamic mechanical equilibrium at the bubble/liquid interface given by the Young-Laplace equation is
considered as the boundary condition at the bubble wall (see (A.4))

o
Py — 2% =P, — 21,0, uy, at the bubble/liquid interface, (2.16)
where P, denotes the gas pressure, ¢ > 0 is the surface tension coefficient and the gas viscosity is neglected at
the interface. This condition will be also considered for our macroscopic model to determine the stress tensor at
the interface appearing in the momentum equations ([2.8)-(2.9), as we detail in Section 2.3
The Rayleigh-Plesset equation when the inertial terms are neglected reads

R_R(m—m—%>. (2.17)

where R represents the radial velocity at the bubble interface. This is the equation that we consider for the
evolution of the bubble growth.

Remark 2.2. We assume herein that the microscopic and macroscopic surface tension coefficients (& and o,
Section[2.3 below) are constant. Recent advances [Hajimirza et al., 2019], however, suggest that surface tension

in magmatic liquids follow:
0

- 1+ 26p/R

where o is a size-dependent surface tension coefficient, o; is the constant surface tension coefficient of a planar
surface, and 7 is called the Tolman length (0.32 nm in rhyolitic liquids, [Hajimirza et al., 2019]). As a result,

the Rayleigh-Plesset pressure term %’ becomes R-QSST where both o; and 61 are constants.

OR

Differential equation on the volume fraction ¢. To extend this single-bubble model to a magma containing
many bubbles, we follow the works of [Proussevitch et al., 1993b, Toramaru, 1995, Proussevitch and Sahagian,
1998 Lensky et al., 2001, |Lensky et al., 2004] that have since been widely adopted (e.g., [Forestier-Coste et al.,
2012, Mancini et al., 2016,/Su and Huber, 2017]). The magma is considered as a set of identical spherical cells
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Pam b

Figure 2: Configuration of a monosized bubble population in an infinite melt (adapted from [Lensky et al., 2004])

composed of a spherical gas bubble of radius R in a surrounding liquid melt of radius S > R, so the bubbles
do not interact with each other (see Appendix [A] for more details and in particular, Figure [2| for a sketch and
notation). The packing arrangement considers that these cells slightly overlap uniformly in the suspension in a
way such that the gas volume fraction of magma is:

. R3

Y= S3° (2.18)

In order to find a continuity equation for the Lagrangian, microscopic gas volume fraction, ¢, we use this

definition to write

TS s
As the liquid density p; is constant, the volume of liquid at the microscopic level, 47(S% — R3)/3, is conserved.
We thus have S = ?—;R which gives:

2 715 3 3 3 > :
&:3R R(l—R>_3R (1—R>R_3¢(1—¢)R.

3722 SR — RS

s?2S8 S3 S3 S3 )R R
So embedding (2.17)) into that last relationship yields the evolution equation of the gas volume fraction:

20

o= (P -Pi-27). (2.19)

3

=7

4my
A discrete homogenization procedure to deduce the equation on the volume fraction ¢ in one dimension.
In this subsection, we explain how to use the method developed in the review paper, Section 3.2 [Bresch et al.,
2024] (first introduced in [Burtea et al., 2023]) to deduce a volume fraction equation for a compressible mixture in
one dimension (1D). We consider the 1D case with bubbles arranged in such a way that all their radii are aligned.
We denote by z(t) the position of the bubble interface at time ¢ and consider the surrounding cell x4 (%), z;(t)]
with respective distances g,4(t) = x(t) — z4(t), &1(t) = 21(t) — (t) (see figure ). We define «(t) as the volume
fraction of the phase g in this cell that is

gg(1)

=0+ a
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Figure 3: 1D arrangement of the bubbles for homogenization with ¢, = R, ¢ =95 — R.

Omitting the dependence on ¢ for conciseness, we can write

(eg+e1)Dieg —egDi(eg +€1)

D =
o (eg + e1)?

If we adopt the notation used here, then the phase g corresponds to the gas and the phase [ to the melt and

R
eg=R, g=8-R, azE

so
SDy(R) — RDy(S)

S2
At the center of the cell x we consider, as for the Rayleigh-Plesset equation, the dynamic mechanical equilibrium:

DtOd =

20
Py = 20g(0stt)g — =5 = P = 2m(0su)1- (2.20)
Since we neglect the viscosity of the gas phase, we obtain

Di(S) = Di(R) 20
S—-R R

20
Py=P — 2?71(3xu)1+§ =P — 2

where we approximated (9yu); ~ “c with u; = u(xz;). Assuming D¢(R) is known, we obtain Dy(S) from this
expression to replace it in Dy« First,

S—R 2
Di(S) = Dy(R) — o (g—ﬂ—"),

and embedding it in the previous expression of D.« gives,

Dy(R) R Dy(R) ( R) R(S —R) ( 20)
Dia = — D)= (1) 22 (p, —p—
@ s @O =—% s)t e PR
_ B Dy(R) 1 20
= ol —a) ( = + o (Pg P R>)
If we identify D;(R) = R and use the equation ([2.17)), we obtain
R 1 20 3 20
Dia=a(l —a) (R + o (Pg - Pl_R)) =o(l - 04)4—m (Pg - Pl_R) (2.21)

August 24, 2024 10



Despite the different definition of the volume fraction a (1D) versus ¢ (3D), we obtain the same kind of
relationships (compare (2.19) and (2.21])). Remark that the two representations are equivalent when R ~ S
because the cubic configuration implied by the 1D approximation then becomes close to the spherical one and
P~

2.2.2 Mass exchange term R0

Equation on the bubble number density per unit volume of melt. It is usually introduced the bubble number
density per unit volume of melt, denoted by N/, that is given in terms of the total bubble number density 71, as

N(1 - @) =. (2.22)
-1 3\ —1
Using previous definitions we write 72 = (4{83) = (%” R;) , Which yields
3 9
e 2.2
A7R31 — ¢ (2:23)

The derivative of this expression is:

so thanks to (2.17)) and ([2.19)), we obtain that the bubble number density with respect to the melt is conserved:

N =0. (2.24)

The microscopic definition of gas volume fraction implies that the magma is arranged as adjacent spherical
cells where there always is melt surrounding a bubble, which stops gas bubbles to interact directly with each
other. As a consequence, no coalescence/nucleation effect is considered in the system. The limit case ¢ — 1
thus implies an infinite . In detail, however, the arrangement of melt cells is such that a certain overlap can
occur (see Figure . There is thus an opportunity for two bubbles to come into contact with each other depend-
ing on the overlap distance. In the Lagrangian microscopic framework, however, the assumption of a uniform
distribution (i.e. all bubbles have the same radius R) implies that all bubbles are in contact at the same time.
So, introducing coalescence/nucleation effects can only be done in the Lagrangian framework if bubbles have
different sizes. For coalescence, this is discussed in [Mancini et al., 2016] for a magma containing a polydisperse
distribution of bubbles.

Water mass balance at the interface of a bubble. A description of the mass exchange between the bubbles
and the melt at the microscopic level is needed to establish the macroscopic closure for R29 In the Lagrangian
framework, the driving force is the changes experimented by the pressures. In magmas, mass diffusion at the
bubble interface plays a large role in controlling bubble size in the melt cells (e.g. [Plesset and Prosperetti,
1977, Arefmanesh and Advani, 1991, Proussevitch et al., 1993b) Lyakhovsky et al., 1996, Lensky et al., 2004]).
Interesting macroscopic closures for the mass diffusion are found in [Lyakhovsky et al., 1996] and [Mancini et al.,
2016]. The comparison of these relationships with the closure we propose and the resulting macroscopic mass
exchange variable R20 is analyzed in Appendix .

Henry's law, which relates pressure and the concentration of the dissolved water in the melt (C), is valid for
silicate melts (e.g., [Burnham, 1975]). In the fluid adjacent to the bubble, Henry's law reads:

Cod = kP2, (2.25)
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where kj, is Henry's constant. P at the interface is equal to P, so that when there is a pressure disequilibrium in
the gas, the concentration of dissolved water at the bubble wall changes [Lensky et al., 2004]. When Cjr=r > C*,
the bubble grows and when C‘r:R < C®4, the bubble shrinks [Plesset and Prosperetti, 1977,|Proussevitch et al.,
1993b]. The moving boundary diffusion equation of C is:

ac 1

i ﬁ(?r(T‘QD(‘)rC); R<r<S; (2.26)

where, as in (2.15]), % = 0;C + u,0,C, and D is the volatile diffusivity, which we here consider constant in a

given melt cell (see [Forestier-Coste et al., 2012] for an example of variable diffusion). This equation is completed
by the following boundary conditions:

(C)jr—r = kn\/Py and  (8,C),_s = 0. (2.27)

The first condition is the equilibrium at the bubble interface established by , and the second condition
stipulates that the water concentration flux is zero at the outer limit of the melt cell. Notice that consider-
ing the quasi-static approximation, which is valid at small Peclet number (Peclet number is the ratio between
the diffusion and viscous time scales Pe = g—j, where 03 = R?/D, 6, = n/AP.), equation reduces to
7,%@(TQD&«C) = 0, which in turn leads to the equilibrium solution ([2.25)).

To study the water mass exchange at the interface bubble level, we define the bubble gas mass as:

4
M, = gﬁgRB. (2.28)
The conservation of the total water in the cell states that the sum of the water in the bubble and the water

dissolved in the melt must remain constant in time:
S 2 AT 3
M, +/ drrepCdr = ?SOC(),O[. (2.29)
R

Here Sy represents the radius of the influence region for a zero radius bubble, S§ = 83 — R?, that is constant in
time, and Cy is the constant water concentration in the melt for a bubble of radius zero. We rewrite this equation
in radial coordinates:

dM, S d 9 B
i +/R £(47T7‘ piC)dr = 0.

Using equation ([2.26]) to write % = 7%&(rzD&C) yields that

dt

+478*pD(0,C)jp—s — 47R*p D(0,C) i = 0.

Using the previous boundary condition at the limit of the cell r = § in ([2.27]), we obtain the water mass balance

at the bubble interface:
dM,

dt
which represents the accumulation of water in the bubble by diffusion. On the right hand side, the term
D(0,C)jr—r represents the diffusion flux of dissolved water from the melt to the gas bubble at the interface
(Fick’s law) [Arefmanesh and Advani, 1991]. So p;D(9,C)|,—r is the mass flux at the interface per unit area and
it depends on the concentration gradient at the bubble interface.

= 4nR*pD(9,C)p=r, (2.30)

The concentration gradient at the interface is given by equation ([2.26)-(2.27)). This is an issue because the
resolution of this equation is not direct. As a result, several analysis have been performed in order to find a profile
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for the water concentration C in different dynamic regimes [Proussevitch et al., 1993b| Arefmanesh and Advani,
1991} Lensky et al., 2004, Lyakhovsky et al., 1996, |Forestier-Coste et al., 2012}|Mancini et al., 2016].

Here we propose a simple approximation of the concentration gradient using Taylor's formula:

Cr) = (Op=r + O:C)per = R) + O((r = R)?) = (D) ~ ——

By evaluating this expression at the outer melt boundary (r = §), we find

=S — kh\/Pg
S—-R '

The value (C)|,—g can be considered as a water concentration independent of r that we must define. The closure
of the concentration gradient given by determines the water mass balance at the bubble interface thanks
to equation . See Appendix for comparison with the closures proposed in |Lyakhovsky et al., 1996
and [Mancini et al., 2016].

(0rC)jr=p ~ 2 (2.31)

M" at limit cases that are

Remark 2.3. We would like to analyze the behavior of the rate of mass exchange

relevant at the macroscopic scale. It is desirable that ¢ g tends to 0 when R tends to 0 since in this case there
would be no gas in the cell and thus no exchange happens Conversely, when R tends to S, there is only gas in
the cell, so it is convenient that dMy

i
lim My =0 and lim Mg = 00. (2.32)
R—0 dt R—S dt
For the proposed approach (2.31f), (2.30|) reads
dMg R?
a = AmeD g 72< r=s = ny/Po)
for any fixed value of (C),—s. We easily check that both limits are achieved. O

Macroscopic mass exchange rate. The gas mass exchange at the bubble level needs to be scaled up to
the macroscopic framework in order to find an expression for R72C  which appears for instance in the mass
balance of the concentration of water in the melt C;. As all the calculations done in this section involve
variables written in Lagrangian coordinates (2.14]), we also introduce the notation R2€ for the exchange rate

in Lagrangian coordinates. Since d/;;lg is the water mass exchange rate over the surface of one bubble, we may

identify

_dM,

T puadd]
dt

where 71 is the totaI bubble number density, which for uniform cells — the layout considered above — is defined

as il = (4{83) Equation ([2.30) describes the rate of M that we remind here, Mg = 47R%pD(0,C) =R,

where D is the volatile diffusivity in the melt cell. Thus we have a first expression for RHQO.

RI20 — (2.33)

C)ipes — kny/P
RHQO:47rp1DR2fL( ) g_Rh g

Using and i = (%”53)_1, we get

3 >1/3@2/3 [r=8 — kh\/

HyO _ ~
R =4mwp Dn (47”~1 1/
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This rate may also be written in terms of bubble number density per unit melt A/ (see equation (2.22))):

C)r=s — kn/Py

S—-R ’

R0 — 47 REN(1 — go)plD (2.34)
which can be understood as the diffusion rate of water over the interface surface 47 R?N (1 — ¢) divided by a
measure of the interbubble spacing S — R. In order to reduce the number of variables in the macroscopic model,
we use the following form that no longer involves R and S:

s — kny/Py
RH20 — 31/3, D (4x N 3 (1 <p))2/3 ‘15_ 1/’; . (2.35)

Similarly to dgttg, we would like the same behavior at the limits for R2C (see equation (2.32)). So we search
for
lim R72© =0  and  lim R™29 = 0. (2.36)
@—0 p—1
Thanks to and taking into account that 7 = (1 — @)/, the limit when @ tends to zero (or equivalently
R — 0) still holds Conversely, when ¢ tends to one (or equivalently R — S), we have:

2/3
H2O __ q1/3 2/3 . /
(}IEIIR =3 ,0[D(47T./\/) |T S kh 4}71—>H11 1_ 1/3
1_,_901/34_@2/3)2/3
_ 9l/3 2/3
= 312 p DTN (C)jrs = K/ Py) limy 1)1

=0
since (1 — @) = (1 —@'/3)(1 + @Y/3 + p2/3).

In Appendixwe present the equivalent exchange terms R2C when the approaches in [Lyakhovsky et al.,
1996| and [Mancini et al., 2016] are considered. In Part Il, Section 6.1 |Burgisser et al., 2024], we compare the
influence on flow dynamics of the proposed mass exchange R™2€ to those proposed by [Lyakhovsky et al., 1996]
and [Mancini et al., 2016], which are given respectively in equations ((A.23)) and (A.24)). We find that, in the
flow conditions studied, the |Lyakhovsky et al., 1996] approach and ours yield similar results. In comparison,
the [Mancini et al., 2016] approach overestimates the mass exchange rate at small gas volume fraction and
overestimates it at high gas volume fraction. This result is consistent with the limits established in Remarks [2.3]

and Appendix [A.2]

2.3 From microscopic to macroscopic closures

In the macroscopic model, all quantities are averaged locally, so for example, R is the averaged local radius of the
bubbles and M, is the averaged local bubble mass. We use the microscopic equations developed above to complete
the system (2.5)-(2-13) by determining closure equations for ¢ and R20. As established microscopically, these
quantities depend on R and N, which need to be expressed as macroscopic variables of the system. The
microscopic bubble growth equations were established in terms of the radial coordinate, so all the variables
involved were functions of (¢,7(t)). To write such variables in terms of the Eulerian coordinates, (t,z(t)), we
assume that the bubbles of the microscopic configuration are transported through the velocity field of the liquid
phase, u; (see |Leighton, 2007]). Thus, for example, for the bubble radius R(t), we define

R(t,z(t)) = R(t) (2.37)
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and then R = dt = O,R + u; - VR. The same reasoning for the pressures, bubble number densities and volume
fraction yields:

py(t,x(t)) = Py(t), pult, x(t)) = Pu(t), N(t,x(t)) =N(t), nlt,z(t)) = n(t),
Pt x(t) = pg(t),  (t,x(t)) = @(t), o(t.x(t)) =6(t), RTEO(tx(t) =RMEO(®).
The closure equations are then given by (2.17), (2.19), (2.22), and (2.35), which we write here for clarity in

Cartesian coordinates:

R 20
O:R -VR=— —p— = 2.38
iR+ up -V I (pg n R)’ (2.38a)
3 20
. = ——p(l- —p - — 2.38b
dhp+w -V 477[90( ©) (pg p R)7 (2.38b)
n=N(1-¢y), (2.38¢)
and the expression of R720 s
C) — kn\/Dq
R0 =313, D (4nrNp(1 — ¢))*/? Y (2.38d)

To write R29 we identified that (C)jr=s is C, the dissolved water concentration in the liquid. The equivalent
equilibrium water concentration at saturation associated with Henry's law (2.25)) is:

CP% = ki /Py (2.39)

The microscopic bubble number density, N, becomes at the macroscopic scale a local number density, N, that
thanks to (2.24)) is a transported variable. We assume that N is constant, so if initially

3
(R3)|t:0 = (m %) o’

then equation ([2.23)) yields an algebraic relationship for the bubble radius:

3_ 3 ¢

—_— 2.4
ATN1— ¢ (2.40)

This removes the need to include R as a variable controlled by (2.38al). If NV is not constant, R and ([2.38a]) need
to be considered instead.

Remark 2.4. When ¢ — 1, equation implies that R — oo. At high ¢ values, however, the monosized
bubble population configuration of Figure[3is no longer valid. Bubbles are so close to each other that they deform,
adopting a geometry made of polyhedral shapes made of inter-bubble films (nearly planar surfaces) connected by
thicker wedges of liquid called Plateau borders. These geometries have been described in natural magmas; such
magma fragments (pyroclasts) are called reticulite and can reach ¢ values of 0.95-0.99 [Mangan and Cashman,
1996]. There is thus no longer a single length scale involved, and the dynamics of such high porosity foams
is generally described by considering planar films and Plateau borders separately [Proussevitch et al., 1993al.
Equation has thus a limited applicability above the critical volume fraction for fragmentation . ~ 0.8
(see bubbly and permeable flow drag relationships ). Our focus on permeable flow implies that our model
best represents situations propitious to bubbles interconnection and percolation (e.g., [Castro et al., 2012]), which
prevents reticulite formation.
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Now the system has 7 unknowns (i, pg, C, pr, ui, ug, Ty) for 6 equations ((2.5), (2.3), 2.1), (2-8). [2.9).
(2:38B)) with NV constant and the variables n, R72¢, and R given by equations (2.38d), (2. 38d]) and (2.40),

respectlvely The new equation ([2.38b)) for ¢ is important because it will later (cf. Section allow us to
characterize p; in terms of the other unknowns using that p; is constant.

We must still define (pineiId — Dint1), (Pint,gId — Dint,g), (ur), and an equation for the gas temperature T}.
To establish a closure relationship of the tensor at the gas—liquid interface, we follow the same condition as that
used in the microscopy study, which is the dynamic mechanical equilibrium stipulating the balance of the interface
forces as in the Rayleight-Plesset equation ({A.4)), and the homogenization procedure (2.20). For the macroscopic
situation, this condition is written as:

(Pint,gld — Dint,g) — 20(H) = (Pint1d — Ding ) (2.41)

where (H) is the mean interface curvature. As bubbles are spherical, the radius of curvature is taken as R and
the mean curvature becomes (H) = 1/R. Ignoring as before the gas viscosity at the interface, we get

20

<pint,gld - Dint,g> = <pint,g>a <]9mt,l1d - Dint,l> = <p'mt,g> - ﬁ (242)

where (pint,g) must still be specified. We assume that the interface pressure (pin:,4) and exchange velocity (ur)
are convex combinations of gas and liquid pressures and velocities, respectively, through two constants, a and b:

(Pint,g) = apg + (1 — a)p;. (2.43)
By analogy, the exchange velocity must be such that (u;) = uy = w; when uy = w;:
(ur) = bug + (1 — b)u. (2.44)

The values of the coefficients a,b and the closure equation for T, will be defined in Section to ensure a
dissipative energy balance of the system.

Proposition 2.1. Let consider a constant liquid density p;. Then we have the following relation

, 3 ( 20) RH20
divuy = p— (pg—pr— = ) = L 2.45
T\ TR pi(1—¢) (2:45)
where from ([2.38d)
H>0 = 80)@)2/3 : 1/3 2/3
Proof. From equations ) and (2.38b)) the result comes directly using that p; = cte. O

Remark 2.5. If we neglect surface tension and set R#2C = 0 in (2.45)), we get a dilatancy-like constraint
) 3
divu = = (p, — p) (2.47)
Ul

where p, = copyTy and p; is an unknown encoding that one phase is incompressible at the macroscopic scale.
More precisely, if p; > py then divu; < 0 and if p; < pgy then divu; > 0. ]
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Bounds on the volume fraction . Even if equation ([2.40]) is not an accurate descriptor of the bubble network
geometry above a critical gas volume fraction (see Remark , it is important that our system maintains a
consistent behavior even when ¢ — 1. We start studying the bounds of ¢ by assuming that at time ¢ = 0 there
is € > 0 small enough such that ¢g € [¢,1 — €]. Assuming then that the flow related to w; is regular and that
pg — p; bounded, two cases arise:

» If 0 >0, then for all T" fixed there exists 6 > 0 such that ¢ € [0,1 — §] on (0,7) x Q.
» If 0 >0, then for all T" fixed, there exists § > 0 such that ¢ € [d,1 — ¢] almost everywhere on (0,7") x 2.

Formal proof. The quantity ¢/(1 — ¢) plays a crucial role in the proof. Remark first that
1 1 1

e(l—p) » 1-—¢p
Dividing ([2.38b]) by ¢(1 — ) yields

¥ %) 3 o
log [ —— Viog (—— ) = (py—p —2= .
o Og(l—w)Jrul vog<1—w) 4y (pg b R)

A change of variable can be done by defining that

® = log(w/(l - w))

When depending on ®, the equation to solve becomes:

exp P. (2.48)

3 ag
d+u -Voé=— —p—2— ith 3 =
Oy uj 4my (pg D R> wi R N

Recall that the characteristics & (¢, x) associated to wu; are defined as being a solution of

& (t, ) = w(t, & (t, x)), &(0,z) = x.

This definition allows us switch to Lagrangian coordinates related to the velocity ;. In other words, the charac-
teristics (¢, ) related to w; allows us to rewrite equation (2.48) (and thus (2.38b])) with the new unknown @
as:

(P (t,&(t,x))) = 43771 (pg —p— 2;) (t,&(t, x)) (2.49)
with
R (0,6(t,2)) = T (exp @), (0, 2).

This is a nonlinear ODE in time governing ®. As /R > 0, integrating ([2.49) in time from 0 to any ¢ yields

O(t,&(t,z)) < P(0,2) + /Ot 4377l (pg — i) (1,& (1, 2)) dr.

for g = ®,—¢ = log(¢o/(1 — ¢0)) < C < +o00. This bound on @ is obtained because we assume there exists
e > 0 such that ¢y € (¢,1 — €). Therefore

sup sup ®(t,§(t,z)) < C < +o0 (2.50)
te(0,T) zeQ

if initially we assume fOT(supz]pg — pi])dt < +o00. Assume that we have solved the equation related to @ in the
Lagrangian coordinates. Defining ¢ such that

/(1 —¢)=exp® (2.51)
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then ¢ € [0, 1] because exp® > 0. Using that ® is bounded by ([2.50]), then exp ® is bounded, which provides
from that ¢ is far from 1 (i.e. there exits § > 0 small enough such that ¢ < 1 —¢).

We now assume that o > 0. Going back to ([2.48)), integrating it in time from O to any ¢ yields

D(t,&(t,x)) +20/R7_€l(7_x))d ®(0,x) —1—/4 ) (1,& (7, x)) dr,

which gives more constraints than (2.50). Using the expression of R with respect to ® provides the bound

¢ 1/3
/0 sup (exp(fé)(t,fl(t,x))) dr < C < +oo,

which implies that there exists M >0 such that (—®) < M < 400 almost everywhere. Therefore, coming back
to the definition ¢/(1 — ¢) = exp ®, we deduce that there exists § > 0 such that ¢ > ¢ almost everywhere.

Importantly, (2.38b) is not used to compute ¢ but to express p; as a function of R29, div ; and pg- Equation
(2.5) is used to calculate o with the expression (2.38d). To ensure that ¢ € [0, 1] starting with ¢;—y € (0, 1),
we have to consider the relationship (2.45)) and therefore when ¢ is close to 1 we have

R™0 = 0((1 - ).

Conversely, when ¢ is close to 0, (2.38d)) implies that R29 = O(y). This property is ensured at the continuous
level.

Remark 2.6. As noted in Remark [2.2, recent results suggest that the surface tension coefficient depends on

bubble size, which would change the Rayleigh-Plesset pressure term from %" to RiUZ%T where both o; and 6t are

constants. This does change the reasoning above and we cannot conclude ¢ to be far from 0.

2.4 Resulting macroscopic system without energy balance

The system at this point has 7 unknowns (¢, pg, C1, pi,u, ug, Ty) for 6 equations ((2.5), (2.3), (2.1), (2.8).
(2:9), (2-40), (2:380)) with RH20 given by (2.38d)), (pint Id — Dinss) given by (2:42)), and (pint ), (ur) given

by equations ([2.43))-(2.44)). The coefficients a, b of these last two equations need to be determined and we must

also give a closure for the gas temperature T} in (2.13). Variable p, is given by (2.13)), and R is given by ([2.40)).
In summary, the system is thus:

0i((1 = @)pr) + div((1 — @) pru) = — R (2.52a)
i(ppg) + div(ppgug) = R7C (2.52b)
(1 =)ol = C1)) + div((L = @)p(1 = C)ug) =0 (2.52¢)

O ((1 = )pru) + div((1 = p)pruy @ w) + V((1 = ¢)pr) = div((1 = )Dy)

o 2.52d
- <<pmt79> - QR>V(1 — @) = Kao(1 = )(ug — ) — (L — )prg + (u) R™° =0 (2.52d)
A (ppgug) + div(ppgug @ ug) + V(ppg) — div(eDy) (2.52%)

~ (Pint.g) Vo + Kap(1 = 9)(ug — w) = opgg — (ur) R0 =0
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20

3
Opp+up -V = (1 — 90)4771 (pg - — R) (2.52f)

Locally, the gas volume fraction ¢ can also be related to the amount of water dissolved in the melt, C;, and
to the amount of gas exsolved. Defining the total amount of water, Cr, as:

Cp = PPat (L= @)pCi

p (2.53)

allows us to express the gas volume fraction with a classical mass balance that will be useful when establishing a
relaxed system in Section [5}
pi(Cr = Cr)

7T oGl = Cr) + py(Cr — 1)’

From the definition of C'r we can find a nice relation with C; that serves to write the continuity equation for the
total water content. We have that

(=@l =C1) = (1 = @)pr = pCr + ppg = p(1 = Cr).
Thus from equation (2.52c|) we write
Au(p(1 = Cr)) + div(p(1 — Cr)ur) = 0. (2.54)

The convective part can also be developed using the total mass conservation as follows

O (p(1 = Cr)) +div(p(l — Cp)uy) = (1 — Cp)div(p(u; — u)) — p(0,Cp + u; - VCr)
= (1 = Cr)div(ppg(u; — ug)) — p(&Cr +w - VCr),

SO we can write

1_
0,01 +uy - VCOp = Cr

div(ppg(u — uyg)). (2.55)

Equation (2.54)) or ([2.55) may replace (2.52d) when the unknown C7 is considered instead of Cj.

2.5 Energy of the system

We use the energy balance to constrain (pintq), (ur) and thus find a closure for the gas temperature Tj,. Note
that our approach differs from the classical one that uses fundamental principles of thermodynamics to establish
the heat equation. We refer the reader to Appendix |B| for a justification of the temperature equations proposed
herein and how they relate to the thermodynamic theory. This is done by proving the following proposition.

Proposition 2.2. Let (¢, pg, Ci, N, pi,u, ug, Ty, 1}) be a smooth enough solution of the system ([2.52al)—(2.52f))
with the following equations

O (pepgpgTy) + div(ecpgpgTyug) — ¢ (6t <p9_2;-> + ug - ng) =Ty = Ti) — div(prgVTy) (2.56)
¥ (QUQD(UQ) Vg + )‘g(di"“g)2) =0 |
and
0U(1 = P)eppTi) + div((1 = @)egupiTiun) = "LRIC +(Ty = Ti) = div(1 = ) V) -

—(1—1¢) (QmD(ul) : Vu, + )\l(divul)Q) =0,
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where ¢y, ¢, are the constant heat capacities (at constant pressure), «y is the heat exchange coefficient (either
constant or function of the existing variables), and kg, K; are the thermal conductivity coefficients. Then we have
the following conservation of energy

2 2
U u
O ((1 - <P)/)zu + 90/79‘ 1

2 2
20
— (g X)X = @)1+ @pg) + @cpg = co)pgTy + (1 = p)picpTito—4
+ div(gpcpgpngug (1 = @)eppTiug + (1 - @)pﬂu>

) 2 U 2
+ div <( @)pzw@ﬂo [ —(g-X)((l—w)pzuersopgug))

2 2
— div(rg VT, + (1 = @)mVT})
- div((l — p)u(Ndivld 4+ 2mD(uy)) + pug(Agdivugld + QngD(ug)))

(2.58)

3 20\%? 1
+Kd90(1—¢)|U9—Ul|2+¢(1—¢)fm (Pg—pl—R) +§|ug—uz!2|RH2015=0

where § € {0,1} is a unifying coefficient defined below in (2.67)). Recall that o is a positive constant and that
R is related to ¢ through the formula (2.40)),

T 4rN1- o

and therefore 20/ R is a positive quantity.

Proof. To study the associated energy balance we multiply the momentum equations for respective velocities and
sum up the results. We detail for instance the calculations for the fluid phase, by multiplying equation ([2.52d))
by u;. For the convective terms we develop (2.52d]) - u; as follows:

1 .
w(0((1=)prw) +div((1—) pru@u) ) = (1=)prsy (Orlua*+ur-V )+ [ (9 (1= ) prt-div (1= ) prun )
We use (2.52a)) in the last term above and in the time derivative to obtain:

(816(( ©)pruy) + div((1 — @) pru; @ ul))
= 0((1 — ©)pizlwl?) — Sw>(—RH29 — div((1 — @)pw)) + (1 — @)prdw - V|w|?—|u | RH20,

and we finally have

2 U 2 U 2
(at(( o) + div((1 — o) pruy @ul)) s <(1 A |u ;I ) +div <( smwl;l) B ‘QRHQO
(2.59)

The viscosity term can be written as:

wdiv((1 — ¢)Dy) = wV((1 — p)Ndiv ) + 2udiv((1 — @) D(uy))
= div((1 — ) Nwdiv ) (2.60)
— (1 — @)N|div g |* + 2div((1 — @)muyD(up)) — 2(1 — )y D(w;) = Vg
= div((1 — @) (Ndiv g Id + 2D (w))) — (1 — @) (N|div g |* 4 2D (w) = V)
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To develop the gravity term, we use the space variable denoted by X and (2.52a):

(1= @)pwg = (1 — p)pudiv(g - X)
= div((g- X)(1 =)o) — (g X)(—R™C = (1 = ) 1)) (2.61)
=0((g- X)(1 =)o) +div((g - X)(1 — @)pw) + (g - X)R™C

We use (2.59)), (2.60) and (2.61) and gather together the terms in the time derivative and the divergence,
respectively. We add the remaining terms of the relation (2.52d)) - u; (i.e. the pressure, the interface tensor, and
the drag and exchange terms), so that the energy balance from the liquid momentum equation becomes

Jug|?

o ((1 - w)pzT —(g-X)(1 w)m)

U 2
+ div ((1 - @)Pluz‘g —(g- X)(1 = p)pru — (1 = @)uy(Ndivw1d + 2"71D(“l>)> (2.62)

V(= @) = ({Pinsa) = 5 )1 V(1= )+ (1= @) ufdivanf + 20 D) V)

— Katpl1l = )y — s — (g )R + (fur) — 45 10 — g

Multiplying (2.52¢]) by u, and working similarly, we get for the gas momentum equation:

Ug|? . Ug|? )
O (s%' ;” - (g'X)stg> +div (s@pgug‘ ;' — (- X)ppgug — pug(Agdiv ugId+277gD(ug))>
+ ug - V(opg) — (Pint,g)ug - Vo + @(Ag,divugp + 2ngD(ug) : Vug) + Kq (1 — ¢)(ug — w)ug (

+(g- X)RM0 4 (M — (ug)u )RH20 =0
g 2 1)Ug -

2.63)

We can then write a preliminary expression of the energy balance for the total system as follows,

| 2

u, 2 u
0 ((1 ~ o5 4 p, M (g 3)((1 - ) + W)

|

. ‘Ug|2
+div | (1 — )plul——i-go Pgllg

: 5~ (9 XA =)o+ 9099“9)>

- div((l — p)uy(Ndivuld 4+ 2mD(w;)) + pug(Agdiv ugld + 2779D(ug)))

9 (2.64)
+u - V(1= ¢)p) — (<pint,g> - R>ul V(1= @)+ ug - V(epg) = (Pint,g)ug - Vi
+(1—) ()\1|divul|2 + 2mD(w) : Vul) +o ()\ |div g | + 21y D(ug) Vug)
+ Kap(1 = ¢)lug — w?
wl® | JuglN pryo _
+ ((ur) (o — ug) — >t FILY RO = 0,
Viscosity terms of the fifth line can be simplified by using A\, = 31, and \; = 21, (see (2.10)-(2:11)):
(1 — @) (Nildiveu|? + 2mD(w) : Vur) + o(Agldivug|? + 20y D (ug) : V) (2.65)

L . .
=(1—p)n (3]d1vul|2 +2D(w) : Vul> + ©ng (3|d1vug| +2D(ug) : Vug)
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All these terms are giving dissipative contributions because 7, > 0, 1y > 0, and D(uy) : Vuy > 0.

The drag term on the sixth line of (2.64), K¢ (1 — ¢)|ug —w;|?, has a dissipative contribution. The term on
the last line does not have a fixed sign as R729 can be either positive or negative. The simplest energy equation
is obtained by setting (ur)(u — ug) — %|w|*+3|ug|?= 0, which implies that b = % in (2.44) and:

(ur) = UQTH” (2.66)

This is the natural choice of b value in two-phase or two-layer models with mass exchange because when the
velocity of the exchange is given as the averaged of the two phase velocities, it provides an exact balance of this
effect in terms of energy. Note that the exchange of mass must be exactly compensated since the amount of
mass released by one phase is fully absorbed by the other one. This is not strictly true for the velocity of the
transfer (uy) involved in the momentum exchange. This leads us to define the exchange velocity (ur) taking into
account the sign of the transfer R720. When R 20 > () the transfer is made from the liquid phase to the gas
phase, so the appropriate exchange velocity would be ;. On the contrary, when RH2©0 < ( the transfer is made
from the gas phase to the liquid phase, so the velocity of the exchange would be u,. This is summarized with
the following definition of the coefficient b in ([2.44)),

11 w RM0 >0

B H>0 _ =

Notice that Rf2€ > () leads to b = 0 and R29 < ( leads to b = 1. A unified formulation considering the

previous case b = % is achieved under the following definition

11 Hy0 _ ] 0 if averaged

For the binary case, the momentum exchange term does not disappear from the energy balance and it has a

dissipative contribution, |u, — u|*|R29|.

We must still analyze the pressure terms on the fourth line of (2.64) that we write as:

Q = w-V((1-¢)p)— (<pint,g> - i;j)uz V(1 =) +ug - V(ppg) = Pintg)ug - Ve (2.68)

20
= (w <<pmt,g> —pL— R> + ug(pg — <pint,g>)) Vo + (1 —@)u - Vp + @ug - Vpg

In order to relate the first term with (2.52f]), we cancel the term in u, by setting (pint,4) = pg (equivalently a =1
in (2.43))). This value coincides with that considered by [Guillemaud, 2007] when mass transfer occurs.
Then using (2.52f)) to replace u; - Vi in the first term we find

20 3 20
<pg —p— R) <—0t<p+90(1 - w)rm <pg - — R)) +(1—e
20

Jug
= =0 <s0 (pg—21;>) +¢ (f‘% <pg—21;> + ug - Vpg> + (1 - 30)43771 <pg —p— R>2 (2.69)
+div((1 — @)upr) — pi(9e(1 — @) + div((1 — p)uy)).

Q

“Vpy + pug - Vpg
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We use again (2.52f]) and (2.52a)) to simplify the last term, which yields:

Q = -0 (Lp(pg_zg)>+diV((1—<P)Ulpl)+90(1—‘P>?;7[ (pg_pl_20>2

RHQO

20
+ <at <pg_R) + ug - VPQ) +

The first two terms contribute directly to the time and spatial derivatives of the total energy balance, respectively.
The third term has a dissipative contribution. To write the last two terms in (), we use the two equations related
respectively to the gas temperature T, and to the liquid temperature 7}, (2.56)) and (2.57)). From (12.56)), we get:

20 . .
2 (at (Pg_ R ) + ug - Vpg) = at(%DCngng) + le(SOCngng“g) - ’Y(Tg =T - le(‘P’igVTg)
—p <2ngD(u9) : Vug + )\g(divug)Q) ,

and from (2.57)) we get

RHQO

P = (1 = @)ep pTy) + div((1 = @)ep, piTiw) +7(Ty — Ti) — div((1 — ) VT))

pi (2.70)
—(1—1¢) (QmD(ul) s Vuy + )\l(divul)Q) )

Embedding these quantities into @ yields:

20
Q = 0o (‘Pcpgpng -¥ (pg_R> +(1- @)szPlTl> (2.71)
+div(pepgpgTyug + (1 — @)ep pTiw + (1 — p)upr) — div(prg VT, + (1 — 0)r V1)
—(1—¢) (QmD(ul) : Vuy + )\l(divul)z) —p (277gD(ug) : Vug + )\g(divug)2>

3 20\ ?
+90(1—s0)47” pg—p— 4 | -

Finally, we can bring the expression of @ given by (2.71]) back into (2.64)):

|2 |ug|?
Oy ((1 - @)m’2 + Py

20
—(g- X)((L = @)pr +¢pg) + ©(cpg — co)pgTy + (1 — w)cplpszﬂoR)
|2

. Ul|2 u
+ div ((1 - @)pzw’ 5+ ‘PPgug‘ ; —(g- X)((1 = @)prug + sopgug)>

(2.72)
+ diV(SOCpgpngug + (1 = )eppTiug + (1 — @)WM)
—div(erg VT, + (1 — )k, VT})
- div((l — p)u(Ndivuld 4+ 2mD(wy)) + pug(Agdiv ugld + 217gD(ug))>
20

3 2 1
2 2 HyO
+ Kap(1 — p)|ug — w| +90(1—s0)477l (pg—pz—R) +§|ug—w! |26 = 0.

August 24, 2024 23



Remark 2.7. The term e, = (cpg — co)pyTy in the time derivative of involves both the gas heat capacity,
Cpg, and the gas constant for water, cy. The heat-conducting Navier-Stokes equations are usually written in terms
of (p,p,T) expressing p and the internal energy e in functions of (P,T). Denoting S the entropy, the specific
heats at constant volume and pressure are given by [Gaskell and Laughlin, 2017]

s _ 1 (98/0T)(9p/0P) — (9/9P)(9S/IT)
ar T 8p/OP

cp=T

with the identity
dS/OP = p~2(dp/OT)

which implies that
& (9S/T)(9p/0P)

¢~ (9S]OT)(@p/0P) — p2(0p/0T)*
This proves that ¢, > c¢,. In our system, we consider the gas to be ideal so we can define c,q = cpq — co [Gaskell
and Laughlin, 2017 and thus ¢,y — co > 0.

Remark 2.8. The temperature equations, and ([2.57)), do not have the same structure. The inertial term
appearing in the gas temperature equation, ©(0;py + ug - Vpg), is not present in that of the liquid, where we
find instead the term p—iRHQO. A different option is to propose similar equations for both phases , which of
course modifies the conserved energy. This option comes from a different way to write the term @ in (2.69)).
Instead of using the equation of to simplify the last term, we write it in conservative form, which yields
div((1 — @)upr) — pi(0c(1 — @) + div((1 — p)uy)) = —0:((1 — @)p1) + (1 — ) (Oepi + wi - Vipr). The resulting
liquid temperature equation is:

N . o . B H,0 MY il (] — _
!
(L= @)epp(0T) +w - V) — (1= ) (Orpr + w - Vi) — e TIR™Y + (T — 1)) — div((1 — )i VT}) = 0.

In this case

20 .
Q = 0 (@pg(cpng —pg) + (L —)pi(cyTi — pl)‘HOE) + div(epgpgTyug + (1 = )ep piTiu)
20

. 3 2
—div((1 = )R VT + o, VT) + 91— ) (n~ = 5 )

~(1 =) (2mD(w) : Vi + Ni(divn)?) = @ (2| D (utg) P4Ag(dlivusy)?)

and the energy balance reads

|| Jug|? 20
Oy <(1s0)pz2 +s0pgi; *(g-X)((l*w)pz+<ppg)+sopg(cpg*Co)Tg+(1*w)pl(cpszfpz)ﬂofR
2 2
. uy u
+div ((1 - w)mmu + sopgug| ;'

5 —(g- X)((1 —p)pw + sopgug)>

+ div (‘Pcpgpngug + (1 =)oy, PlTlul)
—div((1 — @)k VT + prgVTy)
+ div( — (1 = p)w(Ndivauy + 2D (w)) — pug(Agdivug + 2ngD(ug)))
9 3 20\% 1 2| HsO
+ Kap(1 = @)fug —wl” + (1 = ¢) 7 (pg —p1 — ) + Slug —w[ [R5 = 0.
4am R 2

All the terms in the time derivative are positive except the liquid pressure term. O
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Remark 2.9. The presence of the term 2¢o /R in (2.72)) is interesting. [Kostin, llya et al., 2003] consider a
system of two incompressible phases separated by a diffusive interface, which may be seen as a system with
miscible phases. It is written as:

O + div(pu) = 0, (2.73a)
O+ u - Vu+ Vp — e20VpAp = 0, (2.73b)
dive =0 (2.73¢)

with initial conditions on ¢ and u that assume @y = 1 inside the fluid 1, pg = 0 inside the fluid 2 and 0 < ¢ < 1
on a diffuse interface of size 2. The variable o represents the volume fraction of fluid 1 in this non-overlapping
continuum. The quantity oV A represents the surface tension force written for a diffusive interface of size €
where o is the surface tension coefficient (assumed to be constant). The quantity YV is an extension of the
normal n on the whole space and Ap = div(V) is an extension of the curvature. When evaluating the energy
balance, the term —c20V Ay tested against v and integrated in space yields

2

d e“d
_ .2 a2 _&a 2
€ /O’V(pAgO U= —¢ t/ ocpApdr = > o|V|“dx.

This quantity encodes the effect of surface tension when using a diffuse interface PDE system with an order
parameter . The limit e — 0 of such a system is the system for two incompressible phases separated by a sharp
interface.

O]

2.6 Resulting macroscopic system with energy balance

Here we present the final proposed system for the 8 unknowns ¢, py, Cp, pi, wi, ug, Ty, T}, taking into account the
specific closures deduced from the energy analysis:

0((1 =)o) + div((1 — ) pruy) = —R™9 (2.74a)
O (ppy) + div(ppyu,) = R0 (2.74b)
(L= )p(1 = 1)) + div((1 = @)p(1 = Cp)uy) =0 (2.74¢)

(1 = p)pruy) + div((1 — @) prw @ wy) + V((1 — @)p) — div((1 — ¢)Dy)

20 Ug + u (2-74d)
- (Pg - R> V(l - ‘/7) — Ky @(1 - ‘P)(Ug - Ul) - (1 - ‘P)Plg + QTZRHZO =0
B di v —div(pD,) — p, Ve + Kg (1 — ) — _ Yt U p0 _
i (pgug) +div(ppguy @ug) +V(ppg) —div(pDy) —pg Vo + Kqo(1— @) (ug —ur) — ©pgg =
(2.74¢)
3 20
. =l —p)— —p— — 2.74f
Orp +u- Vo =1 —p) ) (pg D R) : ( )
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where we chose the averaged case for the exchange velocity (§ = 0 in (2.67))) and the mean curvature H = 1/R
in (2.42). Closures are given by the pressure gas law

by = COPnga (2'74g)
the bubble radius expression
3
3
— 2.74h
R ATN1— ¢’ (2.74h)
the mass exchange expression
Cl — kh P .
R0 = 330D (4nNp(1 — ))*/? I3 S01\//;77 (2.74])
equations ([2.10)-(2.11) for the viscosity tensors D, and D;, and the following equations for the temperatures:
: 20 :
O(pepgpgTy) + div(pepgpgToug) — ¢ (&t (pg_R> +ug - Vpg) =Ty = T1) — div(prgVTy) (2.74))
-14)
— (QngD(ug) : Vug + /\g(divug)z) =0,
00((1 = £)cp piTE) + div((1 = ey pTin) = LRI 49(T, = T7) = div(1 = ) V)
(2.74k)

—(1—=¢) (277lD(ul) : Vuy + Uz(divuz)2) =0.

The energy equation of this system is ([2.58]).

A few alternative equations highlighting various physical processes can be built. They present different sets
of advantages. An alternative equation for ([2.74f]) is given by ([2.45)):

, 3 20 R0
divuy =p— |pg — 01 — = _pli

n, R (1—¢)
This expression allows to obtain the liquid pressure p; in terms of the other variables of the system:
20 4 . RH20
PL=pg— 55 |dvu+———|. (2.75)
Y R 3p ( pi(l =)

Another equivalent equation for the gas temperature that can replace (2.74j)) can be obtained in terms of

pgsPg, Tg when using (2.74a)) and the gas law (2.74g)). First we write

(pcopgTy) + div(pcopgTyug) — p(Oipg + ug - Vpg) = Oi(ppg) + div(ppguy) — (Opg + ug - Vig)
= pg(Orp + div(ipuy))
= —pgOi(1 — ) + pydiv(pug)
— P9 pH20 + pgdiv(pug + (1 — @)uy).

Thus,
. D .
co (Oi(opgTy) + div(ppgTyug)) — ;jRH?O — pydiv(pug + (1 — p)ug) = @(Fpg + ug - V),

and embedding it in ([2.74])) yields an alternative equation for the gas temperature:

. 20 . .
9 ((cpg — co)ppgTy) + div((cpg — co)ppgTyug)+40; <R> — div(pryVTy) + pgdiv (SOUg +(1- @)Ul> ( )
2.76
— (T, - T)) — %RHQO + ¢ (209D (ug) : Vug + Ag(divuy)?)
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3 Geometry, initial and boundary conditions

The geometry of volcanic conduits is complex and often poorly constrained. The simplest approximation is to
consider the domain to be a cylinder with a very small ratio radius/length. Thus we consider that the total bound-
ary of the domain is divided in three parts: the cylinder base at the bottom I'y, the cylinder top I';, and the lateral
walls Ty, which make 02 =T, UT, UT,. Assuming an open volcanic conduit, we set an inflow boundary at the
bottom I', and an outflow boundary at the top I';. The system has eight unknowns (¢, pg, Ci, pi, u, ug, Ty, T7)
for the eight equations in ([2.74]).

Establishing appropriate boundary conditions is not an easy task for viscous compressible flows [Strikwerda,
1977, Oliger and Sundstrom, 1978, Rudy and Strikwerda, 1981}|Dutt, 1988, Poinsot and Lele, 1992]. While some
theoretical results have been developed to prove the well-posed character of the Euler equations, it is not the case
for the Navier-Stokes equations. This system can be viewed as an extension of the compressible Euler equations
with viscous terms, so it seems reasonable to consider the boundary conditions for the inviscid case and to add
the proper boundary conditions linked to the viscosity. These conditions are also differently addressed for subsonic
and supersonic flows. Here we assume subsonic flow. Let us consider the 3D compressible system with unknowns:
density p, velocity u, temperature 7" and pressure p (pressure satisfying the ideal gas relation), which is:

Op + div(pu) =0
O(pu) + div(pu ® u) — dive =0

1
(cp — c0)(0:(pT) + div(pTw)) — div(kVT) — o : Vu =0 (3.1)
p = copT
with the total stress tensor o = —pld + 7, 7 being the viscous stress tensor, ¢, the heat capacity and x being

the thermal conductivity. The initial conditions for this problem are given by p(t = 0) = p°, pu(t = 0) =
p%ul, pT(t = 0) = p°T0, p(t = 0) = cop®T°. In what follows, and according to the literature, the term “viscous”
is used to describe both viscous and thermal diffusion effects related to the Navier-Stokes equations. The term
“inviscid” refers then to the Euler equations where the viscosity of the fluid and the thermal diffusion are neglected
(i.e. 7=k =0 in the previous system).

The work developed in [Strikwerda, 1977] specifies the number of conditions to be imposed at inflow and
outflow boundaries, which we summarize in Table[I] Table 2 summarizes boundary conditions for slip and no-slip
walls following [Poinsot and Lele, 1992].

Boundary type | Euler (inviscid) | Navier-Stokes (inviscid & viscous)
inflow 4 5
1 4

outflow

Table 1: Inflow and outflow boundary conditions required for compressible flow problems as in (3.1

Wall type | Euler (inviscid) | Navier-Stokes (inviscid & viscous)
isothermal no-slip 4 4
adiabatic no-slip 3 4
adiabatic slip 1 4

Table 2: Boundary conditions at walls required for compressible flow problems as in ((3.1]
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Many types of conditions can be found in the literature, such as the ones proposed in [Rudy and Strikwerda,
1981} Dutt, 1988,|Poinsot and Lele, 1992], where they are also analyzed numerically. An interesting summary is
presented in [Poinsot and Lele, 1992 (see Tables Il and IV in that paper) with also a reasoning supporting the
choice of such conditions. In particular, well-posed problems are found for the inviscid case when the pressure
at the outlet boundary is imposed alongside, at the inlet boundary, either (i) the velocity and the density, or
(ii) the velocity and the temperature. The pair velocity/pressure leads to an ill-posed problem (cf. [Oliger and
Sundstrom, 1978|). As mentioned, several extensions to the viscous problem have been proposed. In particular,
following |[Rudy and Strikwerda, 1981} Dutt, 1988] and [Poinsot and Lele, 1992|, stable solutions are found when
we consider at the outlet boundary a fixed pressure together with zero normal viscous stress. In other words for
the total tensor 0 = —pld + 7 we consider (7n), = (Tn)tan = 0, where the sub-indices n and tan denote the
normal and tangential components of the outlet normal, n, respectively.

At the inlet, different choices can be found in the literature. For example, in addition to conditions (i) (resp.
(ii)) we may impose the temperature (resp. the density) compatible with the state equation, or alternatively
(tn)n, = 0 or 9,7 = 0 (resp. 9,p = 0). A different kind of inlet conditions consists in imposing the pressure
—instead of the velocity— together with the temperature, keeping also the pressure value at the outflow boundary.
These conditions are usually found in engineering applications of gas dynamics for isentropic inflow in terms of
the total pressure (static plus dynamic components) and total temperature, see for example [Briley and McDon-
ald, 1977], or more recently [Kim et al., 2004,|Carlson, 2011,/Choudhary et al., 2016]. Notice that in this case,
additional conditions are needed to ensure that the velocity at the inlet enters the domain by either imposing
the flow directions, or by setting the pressures values ensuring that this condition is fulfilled. In [Benzoni-Gavage
et al., 2003| it is proven that for the Euler equations, this additional condition may be given by prescribing the
tangential velocity in 2D and the flow angles in 3D. In [Laurén and Nordstrom, 2018] the well-posedness of
imposing total pressure, total temperature and vanishing tangent velocity at the inlet for the 2D Euler equations
is proven. In [Odier et al., 2019], the entry angles of the flow are chosen instead to solve the problem.

Extensions to multi-component gas flows have been also developed, see for example [Baum et al., 1994,
Okong'o and Bellan, 2002, Odier et al., 2019]. These components share the same temperature and velocity,
so the system is defined as in (3.1 with additional equations for component mass fractions {¢;}7_; such that

?:1 ®; = 1. Such a system is presented in equation for g; being a source term:

Op + div(pu) =0
O (pu) + div(pu @ u) — dive =0

(cp — ¢0)(Oc(pT) + div(pTw)) — div(kVT) —o : Vu =0 (3.2)
O (po;) + O(pdju) = g;
p = copT

together with the initial conditions p(t = 0) = p° pu(t = 0) = p%u°, pT(t = 0) = p°T°, pp;(t = 0) =
o0 ?,p(t = 0) = cop”T°. In general, the same type of boundary conditions as for single component Euler or
Navier-Stokes equations described before are considered, and one must additionally impose the component mass
fractions at the inflow boundaries. So for s components, the number of conditions to be imposed at the inflow
boundaries increases by s — 1 those specified in Table [I]

To summarize, Tables [3] and [4] show a compilation of the boundary conditions proposed in the literature that
we will consider to establish those suitable for our two-phase system. For convenience, we write the additional
conditions to be considered for multi-component models with mass fraction {¢;};_;.

Remark 3.1. /n order to ensure a well-posed problem, the appropriate variables to be imposed at the boundaries
are the "characteristic variables"”. This method is called the Characteristic Boundary Conditions and has been
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Boundary type Euler (inviscid) Navier-Stokes (inviscid & viscous)
{u7p}v {U,T}, {U,p,T},
inflow {p7 P, Utan = 0}: {pa T, Utan = 0} {p7 T, ugan = 0, 8n(un) = O}
additionally for multi-component: {¢; j;} additionally for multi-component: {¢; j;}
outflow P p, (Tn)n = (TNn)tan = 0

Table 3: Inflow and outflow suitable boundary conditions for compressible flow problems of the form ({3.1]) and

B2).

Boundary type | Euler (inviscid) | Navier-Stokes (inviscid & viscous)
isothermal no-slip | u=0,T=T"Y u=0T=TY
adiabatic no-slip u=20 u=0, 9,7 =0

adiabatic slip (u), =0 (u)p =0, 0,T =0, (Tn)tan =0

Table 4: Suitable wall conditions for compressible flow problems of the form (3.1)) and (3.2).

largely studied and applied for Euler and Navier-Stokes equations, see for example [Thompson, 1987, Poinsot
and Lele, 1992 |Laney, 1998,|Nicoud, 1999, Okong’o and Bellan, 2002, Benzoni-Gavage et al., 2003,|Kim et al.,
2004, Carlson, 2011,|Odier et al., 2019]. To write an hyperbolic system in characteristic formulation, one must
find the diagonalization of the Jacobian matrix of the flux function and to get a relationship between the
characteristic and primitive variables. Notice that the primitive variables are the ones known in physics and thus
easy to impose. The number of boundary conditions to be imposed at one boundary is given by the number of
entering characteristic waves that moves with a characteristic velocity given by the eigenvalues of the Jacobian
matrix. The boundary conditions are then imposed in such a way that all the characteristic variables associated to
these entering waves are determined. The outgoing waves remain undetermined since the corresponding variables
will be determined by the equations in the system. This is how one concludes in particular that the pair {velocity,
pressure} provides an ill-posed problem for the Euler equations because it determines the characteristic variable
associated to an outgoing wave. This kind of analysis is not simple and it is out of scope of the work presented
here, although it would be useful to better know how boundary conditions must be set. Here, we simply use the
related literature as guidelines to establish the boundary conditions for our model.

As discussed in [Poinsot and Lele, 1992||Choudhary et al., 2016], the mathematical /physical boundary condi-
tions are not always enough to solve the problem numerically and additional numerical boundary conditions may
be considered to avoid numerical instabilities. Here we focus on theoretical aspects and we only propose boundary
conditions to close the problem based on the works cited above. It must nevertheless be kept in mind that our
model is a two-phase system for ten unknowns with strong couplings (mostly due to the term R2©) that
entails a more complex situation. The viability of a subset of the proposed boundary conditions, together with
possible additional numerical boundary conditions to get stability in the numerical solutions, is analyzed in Part
[I, Section 5.2 [Burgisser et al., 2024| for the 1D case.

We frame the discussion on the boundary conditions by considering equation as a closure equation for
the liquid pressure p;, which means that equation is no longer considered as a part of the system. At the
outlet, we consider the conditions of viscous type presented in Table [3| by imposing the pressure value together
with zero viscous tensor for both phases. The inlet is more difficult to handle. Our magmatic system is composed
of two phases, a gas with volume fraction ¢, and a liquid with volume fraction 1 — . The liquid phase is in
turn composed of two components, H2O and other oxides with corresponding concentrations C; and (1 — (),
their mass fractions in the system being determined by p;(1 — ¢)C; and pi(1 — ¢)(1 — C}), respectively. We can
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thus interpret our system as a three-component model (gaseous H>O, dissolved H2O, and dry silicate liquid)
with volume fractions ¢, (1 — ¢)Cy, and (1 — ¢)(1 — C}), respectively. The analogy with the works dealing with
multi-component systems ( [Baum et al., 1994,Okong’o and Bellan, 2002}Odier et al., 2019]) leads us to impose
the values of the volume fraction ¢ and the concentration Cj at the inlet.

For clarity, we set aside for now the coupled nature of the system to focus on its two-phase nature with
two components in the liquid phase. The equations of the system may be split in the following two groups
corresponding to the gas (left) and to the liquid (right), respectively:

Orprp + div(prouy) = —RH20

Ot (prpwr) + div(prou ® ) — divey = F

O (cppipTy) + div(eppiTiw) — div(s,VT;) = G
F(pip(1 = C1)) + div(pi, (1 = Cp)uw) = 0

pi = pi(pg, ¢, divy, R720)

Oipgp + div(pgpug) = RH29

Or(pgptg) + div(pgeug ® ug) — dive, = Fy

Ot (CpgpgpTy) + div(cpgpgpTyug) — div(kgVT,) = Gy
Pge = Copgply

where py, = pgp. Dgp = Pgp. Pl = pi(1 — ¢) and functions F;,G;, j = g,l, are defined appropriately to
recover the system (2.74). The initial conditions are pg,(t = 0) = pj,, pgpug(t = 0) = pd ul, py(t = 0) =
P Prou(t = 0) = ppup, pepTy(t = 0) = po, T, Tt = 0) = pp, TP, prpCi(t = 0) = pp, G, pg(t = 0) =
copSe T, pi(t = 0) = pi(p), °, divuf, R"2€(t = 0)). The similarity of the gas equations with the general
system is clear, so the same number and kind of conditions may be considered for both cases. Thus, from
Table [1} four conditions are needed for the inviscid case and five for the viscous case at the inlet, following the
same type of conditions presented in Table [3| for the gas variables py,, ug, Ty, pgp. The liquid equations have a
two-component structure with an additional equation for the fraction Cj in affinity with the system . As
argued before, in addition to the general conditions, the fraction of each component must be imposed. Thus
five conditions are needed for the inviscid case and six for the viscous case at the inlet. The type of conditions
are again those in Table (3| for the liquid variables py,, u;, 17, p;, Cj, with C; being the additional variable to be
prescribed.

To recover now the coupled nature of the two-phase system, the volume fraction ¢ has to be imposed at
the inlet because otherwise the system loses consistency as a whole. The density p; is constant, so by imposing
a condition on p;, we are prescribing the volume fraction ¢ as well and no additional measure is needed. If,
however, p;, is not chosen as a variable to be imposed, then the system requires an additional condition on
¢. This is the case for example when the shortlist {p;, T}, (u;)tan = 0} is chosen for the inviscid problem. The
situation is simpler when considering wall boundaries because the same number and type of boundary conditions
as in Tables [2] and [4] are valid for both gas and liquid.

We summarize in Tables [f] and [ the number of boundary conditions needed for our system to be closed. As
in Table [, one additional condition for the viscous case is needed at the inlet and three more at the outlet for
both gas and liquid.

Boundary type ‘ Proposed model (inviscid) ‘ Proposed model (inviscid & viscous)
inflow 4 (gas) + 5 (liquid) + 2 (N, R) + 1*(¢) | 5 (gas) + 6 (liquid) + 2 (N, R) + 1*(¢)
outflow 1 (gas) + 1 (liquid) 4 (gas) + 4 (liquid)

Table 5: Inflow and outflow. Number of boundary conditions required for the proposed compressible model
(2.74)). The last condition marked with an asterisk needs to be added iff ¢ is not already considered among the
variables imposed for the liquid phase.
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Boundary type ‘ Proposed model (inviscid) ‘ Proposed model (inviscid & viscous)

isothermal no-slip 4 (gas) + 4 (liquid) 4 (gas) + 4 (liquid)
adiabatic no-slip 3 (gas) + 3 (liquid) 4 (gas) + 4 (liquid)
adiabatic slip 1 (gas) + 1 (liquid) 4 (gas) + 4 (liquid)

Table 6: Walls. Number of boundary conditions required for the proposed compressible model (2.74)).

Next, we propose suitable boundary conditions for our system considering the two types of inflow con-
ditions by imposing the discriminatory variables: velocity (denoted by BCU) or pressure (denoted by BCP). As
further discussed in Part Il, Section 5.2 [Burgisser et al., 2024], all the values have to be set to keep compatibility
in the system because of its strong coupled structure.

Inlet boundary conditions.
o BCU. We consider inflow condition by fixing the values of the velocities

(w)r, = u?, (ug)r, = ug, such that  u} - ny < 0, ug -np <0, at T, (3.3a)

for ny being the normal vector to the boundary I'y, pointing outwards. The presence of the thermal diffusion implies
that the temperatures must be imposed, which is the additional condition related to the viscous contribution. To
extend the stable conditions found in the literature for the gas phase, we chose to give the value for the conserved
density ¢p, that must be compatible with (2.74g). For the liquid phase we also impose the density (1 — ¢)p;
(hence, ¢) and the additional condition on Cj. These conditions thus are:

(pe)ir, = (pg)%,  (@)r, =", (C)pr, = C7, (3.3b)
and
(T, =Ty (T)r, = T} (3.3¢)

o BCP. In this case the pressures are given at the inlet instead of the velocities. We must then impose the flow
directions, for which we will consider a vanishing tangent component of the velocity as in [Laurén and Nordstrom,
2018] and a zero normal derivative of the normal velocity as in [Briley and McDonald, 1977]. Since the volume
fraction is not chosen for the liquid phase, then it must be additionally prescribed. Note that the value of p; at
the boundary must be compatible with . These conditions thus are:

(i, =0y T, =To. @O, =00, (T, =17, (3.42)
((ug)tan)ir, = (Wtan)r, =0,  ((Dgne)n)r, = (Drnp)n)r, =0, (3.4b)
@, =¢" (C)r, =07 (3.4¢)

Outlet boundary conditions. We impose the value of the pressures and viscous, stress-free condition for
both phases:

(pl)\rt = pfa (Dl nt)n = (Dl nt)tan =0, where uf “ny >0, at I

3.5ba
(Pg)ir, = 1Y (Dgnt)n = (Dgnt)tan = 0, where u - ny > 0, at I (3:52)

where the viscous tensors are given in equations ([2.10)-(2.11)) and n; is the normal vector to the boundary I';
pointing outwards. In case the velocities are inbound at this boundary, that is, uf -ny < 0, ug -my < 0, we should
impose the values for the corresponding advected variables. In that case we introduce,

(e, =¢" (C)r, =Cf, (Ti)r, =T} where  uf-n; <0, at T}

3.5b
(Pg)ir, = (pg)t, (Ty)r, = Tg, where ug -ng <0, at TIYy. ( )
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Wall boundary conditions. We consider impermeable walls by imposing no-slip or slip conditions for the
velocity. If the wall is considered adiabatic then the normal derivatives of the temperature vanish and if it is
considered as isothermal then fixed temperatures must be defined. We can also impose a temperature gradient
at the wall by fixing the values of the derivatives. We denote n,, the normal vector to the boundary I', pointing
outwards.

No-slip isothermal wall: ~ (u)ir, =0, (ug)r, =0, (LY, =7,, T)r,=1" at TI'y. (3.6)

or
No-slip adiabatic wall: ~ (w)r,, =0, (ug)r, =0, (OnTy)r, =0, (0T}, =0 at T'y. (3.7)
or

No-slip temperature gradient wall: (), =0, (ug), =0, (ITy)r, =q, OuT)r, =a at Ty.
(3.8)
or

((w)n)ip, = ((ug)n)ir, = 0, (OuTy)ir, = (GuTi)r, =0, Ly (3.9)

Slip adiabatic wall:
P (Dl nw)tan = (Dg nw)tan =0

Remark 3.2 (Simplified case used in Part Il, Section 2 [Burgisser et al., 2024]). If we neglect the thermal
conductivity (i.e. k; = kg = 0), the temperature no longer follows a parabolic equation but follows a transport
equation. Thus, the values of the temperatures may only be imposed at the inlet and so the corresponding
conditions in (3.6))-(3.9) must be eliminated. We then impose inflow conditions as in or (3.4), and outflow
conditions in . The boundary conditions at the walls are instead

Wall:  (No-slip) (u)ir,, Z(E (ug)r, =0 (3.10)

or (Slip) ((Ul)n)le ((ug)n)ll“w =0, (Di-nw)tan = (Dyg - Ny )tan = 0.

If we also neglect the gas and liquid viscosities in the stress tensor, we obtain an Euler-type system. For the outlet
condition , only the pressure should be prescribed. The number of inflow conditions must be reduced by
one and the walls conditions must be adapted by eliminating the conditions related to viscosity. To summarize,
the conditions are then

(@, =¢", (C)r, =Cf, (Ti)r, =T/ where uj-n; <0,
(Pg)r, = (pg)t, (Ty)r, = Tt  where ul -n; <DO.

g g (3.11a)
Wall:  (No-slip) (u)r,, =0, (ug)r, =0
or (Slip) ((ul)n)u“w = ((ug)n)\rw =0.
together with
Inlet BCU: {(pg)m = (pg)" or (Ty)r, = Té’}, O, = ¢ (M), =17,
(w)r, = v,  (ug)r, =ub, (Co)r, =C7,
o (3.11b)

In/et BCP (pg)IFb = pba (Tg)lFb = Tb? (pl)|l“b = pg7 (ﬂ)‘rb = 1"’;77
(80)|1“b =¥, (Cl)\l“b =Y, ((ug)tan)lfb = ((ul)tan)lrb = 0.
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In the simplified case used in Part Il, Section 2 [Burgisser et al., 2024] we neglect the thermal conductivity and
the gas viscosity and we keep the liquid viscosity. The boundary conditions then differ for the gas and the liquid.
Based on the development above, these conditions are:

Outlet: (p)ir, =i, ()i, =15 (Ding)n = (Di7ng)tan = 0,
(@)\Ft = @ta (Cl)|Ft = Clta (T‘l)|Ft = T‘lt where ulle s < 07

(pg)ir, = (pg)'s  (T)r, =T, where ul -ny <O.

(3.12a)
Wall: (No-slip) (w)r,, =0, (ug)r,, =0
or (Slip) ((Ul)n)ll“w = ((Ug)n)\l“w =0, (D ny)tan = 0.
together with
Inlet BCU: (Ty)ir, =T, (o), =" (T, =17,
(u)jr, = uf, (ug)r, = uf, (Cjr, = C7,
o (3.12b)

Inlet BCP: (po)ir, =1 (Ty)ir, = T2, (i, = pbs (TD)ir, = T2,
((Ug)tan)\Fb - ((ul)tan)‘r‘b == 0, ((Dl nb)n)lrb = O’
(‘P)\Fb = 90b7 (Cl)|pb = Clb.

where we chose to keep the gas temperature as the imposed variable at the inlet.

4 Drift flux system

A drift flux formulation characterizes two-phase systems in which one velocity (pressure, temperature) is an
average of that of the two phases and the other is a relative velocity (pressure, temperature) between the two
phases [Ishii, 1977]. The objective of rewriting our two-phase system into a drift flux form is to propose
a system that is amenable to simplification by neglecting terms that have vanishing control on the the relative
behavior of the two phases involved, gas and liquid. We first write the system as a drift flux model before
formulating it in a dimensionless form in Section We then assess in Section [4.3] the relative importance of
physically meaningful terms under ranges of parameter values that are relevant in magmatic systems. Section
ends with a simplified model in dimensionless and dimensional drift-flux form and in the original two-phase form.
This is a generalization of the approach detailed in Section 5 of [Bresch et al., 2024] to a temperature-dependent
case involving unknowns specific to the situation of volcanic conduit flow.

Remark 4.1. For clarity, we neglect in this Section |4 the effects of surface tension that are included in (2.74]).
This can be justified a priori by considering surface tension effect as a modification of the gas pressure (i.e.
surface tension is systematically additive to pressure in (2.74])):

ATN(1 — 4,0))1/3

i (4.1)

Pg — ﬁ =Pg — 20 <
In Section we present a simplified model by neglecting terms < 10™3 in the dimensionless drift flux system
using characteristic ranges for all variables that are set in Table[7, As it will be developed in Section we use
the characteristic variables denoted by subscript 0 and the diacritical mark tilde for the dimensionless variables,
hence ¢ = ¢ for any variable ¢. Following this procedure, let us write (4.1)) in non-dimensional form

s (AT(1 = o)\ ?
pofy — 200N, *5 N'/3 (F(?w “0)) .
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Thus surface tension can be neglected if

N3 41— 1/3 An(1 — 1/3
97070 ( m( 90)) <1073 <= py > ZaoNg/?’ (ﬂ( 90)) 103,
Po 3 3

We assume that a typical value of the surface tension between water vapor and silicate melt is o = 1072 and we
use the range values in Table[z, that is Ny = 1012, 106 < po < 108 Pa. For the most unfavorable case, po = 108
Pa, we get that surface tension can be neglected if ¢ > 3 x 10~2, which corresponds to nearly the whole range
of ¢ values.

We define the bulk variables Y, p, u, w, p, ¢, T and 0T, which we link to the primary unknowns with:

pY = ppy (4.2)
p=pg+(1=¢)p (4.3)
u="Yus+ (1 -Y)y (4.4)
W= Ug — U (4.5)
p=¢pg+ (1 —¢)p (4.6)
q=Dpg— D (4.7)
T=YrT,+(1-Yp)T, (4.8)
0 =T, — 1T, (4.9)
where the coefficients for the temperature variables are given by
Com YT = QPgCug,  Cpm = PPgCvg + (1 — @) prcpr, (4.10)

where, for clarity, we used the shorthand c,q = ¢y — cp (see Remark [2.7]). To ease the readability of the variable
change, the expressions of the original variables in terms of the new ones are:

pm=p—vq, pg=p+(1-¢)qg, w=u—Yw, ug=u+(1-Y)w, T,=T-YréT, T,=T+(1-Y7)oT

(4.11a)
and we can also notice that
p(l—p)=p(1=Y), pu=ppgug+ (1 —p)pu, cpm(l—Yr)=cup(l—¢). (4.11b)
The constitutive equation for the ideal gas reads:
copY Ty =o(p+ (1= ¢)q). (4.12)

To transform the system into drift flux variables, we choose convenient combinations of the equations.
The first one is the total mass as the sum of (2.74al) and (2.74b]). It is followed by the equations for the gas mass
(2.74b)), the concentration ([2.74d) and the volume fraction ([2.74f]). For the velocity equations, we consider the
sum of (2.74d)) and (2.74€) that yields and we keep the momentum equation for the gas phase (2.74¢).
Finally, for the temperature equations, we consider the alternate equation instead of and we keep
for the liquid temperature. These primary temperature equations in drift flux form are:

CogPY (T + (u+ (1= Y)w) - VI,) + (p+ (1 = @)g)div(u+ (¢ — V)w) (4.13)

. . +(1—
= (T, — T7) + div(pr,VT,) + nggo(QD(ug) : Vg + 3(dlvug)2) — p(pl*")qRH” — CpgTyRH20
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enp(1 = VYO D1+ (u—Yw) - V) = —(T, - Ty) + div((1 - 9)mVT))
]_ —
(1l — o) <2D(ul) LV + 3(divul)2> + Z%RHZ’O + ey TIRH20.
I
(4.14)

Appendix D presents a detailed calculation of the drift-flux conversion. Briefly, we chose the sum of (2.76] and

(2.74k]) to get (4.15g)) and we calculated (1 —Y7) x (4.13]) — Y7 x (4.14]) to get (4.15h)). The resulting converted
system ([2.74) is:

Ap + div(pu) = 0 (4.15a)

A (pY) + div(pY (u + (1 — Y)w)) = RH20 (4.15b)

A(p(1 —Y)(1 =) +div(p(1 = Y)(1 - C))(u — Yw)) =0 (4.15¢)

Opp + (u —Yw) - Vo = (1 — ¢)xq (4.15d)

A (pu) + div(pu @ u) + div(pY (1 — Y)w ® w) + Vp — divD — pg = 0 (4.15¢)

or(pY (u+ (1 = Y)w)) + div(pYu @ u) + div(pY (1 — Y)?w @ w)
+div(pY (1 = Y)u®@ w) + div(pY (1 = Y)w @ u) (4.15f)

+oV(p+ (1= @)q) — div(¢D,) + Kqgp(1 — )w — pYg — (u n (% _ Y)w> RO _

Or(cpmT) + div(cpmTu) + div(cpm((YT -Y)T+Yp(l— YT)5T)w) +(p+ (1 =¢)g)div(u+ (¢ — Y)w)

— _piRHzO + div(pr, V(T + (1 — Y7)6T) + (1 — @) V(T — Y76T))
1

+ 19 (2D(u + (1= Y)w) : V(u+ (1= Y)w) + 3(div(u + (1= V)w))?)
+m(1 =) <2D(u —Yw):V(u—-Yuw) + %(div(u - Yw))2>
(4.15g)

cpmYr(1—Y7) (8t((5T) +(u—-Yw) - VOT)+w-V(T+(1—- YT)5T)) +(1=Yr)(p+(1—¢p)g)diviu+(p—Y)w)

RH20 ¢ Yr(1—Yr)
=T — (p+ (1 —p Y- - =

+ (1 = Y7)div(pr V(T + (1 — Y7)oT) — Ypdiv((1 — )k V(T — YroT))
+ (1= Yr)nge (2D(u+ (1 = Y)w) : V(u+ (1= Y)w) + 3(div(u + (1 = V)w))?)

(T+ (1 -Y — Yp)dT)RH20

—Yrmi(1 — ) <2D(u —Yw):V(u—Yw)+ %(div(u - Yw))2>
(4.15h)

3
where x = I and D = (1 — ¢)D; + ¢Dy (see (2.10)-(2.11))).
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The unknowns of the system are: p,q, Cj,u,w,p, T,0T. The density p is obtained from the constitutive
equation (4.12)). From the original system, we also have this relation as an alternative to equation (4.15d)):

RHQO

et (4.16)

div(u — Yw) = pxq —

Thus, considering ({4.16]) instead of (4.15d]), the unknowns become p, p, C, u, w, q, Ty, T; and ¢ is obtained from
the constitutive equation (4.12)).

The alternative equations (2.54)—(12.55]) for the total water content, Cr, give the following equivalent con-
servation and transport equations:

O (p(1 = Cr)) + div(p(1l = Cr)(u — Yw)) =0, (4.17)
1—

8,Cr + (u—Yuw) - VOr = ——Taiv(pyw), (4.18)

4.1 Alternative momentum equations

In the momentum equations, needs to be replaced by an alternate equation on the relative velocity w
(i.e. a equation with only w in the time derivative). This calculation is similar to those performed in the review
paper [Bresch et al., 2024] in Section 5.2 with the following equivalence in the notation: T = Rf20  Ajw|=
Kqp(1—¢), © = 39047” , fg=fi =9, Bu=1, B, =0. Notice that this calculation is made for the model
in [Ambroso et al., 2008] where the viscous tensor is not considered and no exchange appears in the momentum
equation due to the term RH20 (T in their paper). Nevertheless we can follow the same calculations to obtain
the following equation for w:

Ow +div((l = Y)w@w)+u-Vw+w-Vu—Yw-Vw — (1 - Y)wdivw

- py(ll_y) (—chp(l —p)w+ (1 = Y)div(eDy) — Ydiv((1 — ¢)Di) + (Y —¢)Vp — oV ((1 — ¢)q)
_ pH:0 ( > w)
(4.19)

This formulation is useful when the asymptotic equilibrium w = 0 is satisfied in the physical system considered.
It is not the case for magmas because the gas phase can accelerate significantly compared to the liquid owing to
the large viscosity contrast between the two phases. The large density contrast between the two phases, however,
causes |u — u;|<< 1 (Part Il, Section 6 [Burgisser et al., 2024]). That u — u; = Y'w makes an equation based on
this quantity a desirable goal. We thus follow the reasoning used to obtain to find an equation on Yw

instead of w. From ({4.15b]) and (4.15¢€]), we have:
A (pYu) + div(pYu @ u) + div(pY (1 — Y)w)u = uR™° + Y(—div(pY(l —Y)w®w) — Vp+divD + pg).
Then we write (4.15f) as

o(pY (1 = Y)w) +div(pY (1 = Y)*w @ w)
+div(pY (1 - Y)u®@w) +pY (1 = Y)w- Vu — (% — Y)wR10 (4.20)

—Ydiv(pY (1 - Y)w ®@w) + Y (=Vp + divD + pg)
+eV(p+ (1 —¢)q) — div(¢Dy) + Kap(l — p)w — pY g = 0.
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Using mass equations (4.15al), (4.15b]) we can write
Yuw(9(p(1 = Y)) + div(p(1 = Y)u) = div(pY (1 = YV)w)) = ~R*OVw,
We now rewrite ((4.20)) as follows:
p(1 =Y)3,(Yw) 4+ Ywd(p(l —Y)) +div(p(l — Y)?w)Yw
+p(1 =Y)?w-V(Yw)+div(p(l = Y)u)Yw + p(1 — Y)u- V(Yw)
1
+pYw(l=Y) Vu— (2 — Y) wR™9 — Y2div(p(1 — V)w)w

—pY(1-=Y)w-VYw)+Y(=Vp+divD + pg)
+oV(p+ (1 —p)q) —div(eDy) + Kqp(1l —p)w — pY g = 0.

This last identity can be simplified using (4.21)):
p(1 =Y)0(Yw) 4+ div(p(l = Y)w)(1 = Y)Yw+ p(1 = 2Y)(1 - Y)w
1
VYw)+p(l =Y)u - V(Yw)+p(1-Y)Yw  Vu— QwabO
+Y(=Vp+divD + pg) + ¢V (p+ (1 — ¢)q) — div(¢Dy) + Kaqp(l — p)w = 0.

Dividing by p(1 —Y), collecting similar terms together, and using pw = éYw in the drag term yields:

(Y w) + div(p(1 — Y)w);Yw (1 —2Y)w-V(Vw) +u-V(Yw)+Yw-Vau
- ml_n (1= Y)div(Dy) = YAiv(1 = $)D1) + (Y = ¢)Vp — V(1 = ¥)a)

_ _ P 1 mo
Ka(l =) -Yw + JuR ).

g

Equations (4.19) or (4.24) may replace (4.15f).
Remark 4.2. Note that the term in (4.24)
. 1
div(p(1 = Y)w)-Yw
p
may be written as
Vp

div(p(1 — Y)w)[l)yw = div((1 = Y)w)Yw+ Y (L= Y- 2P

4.2 Dimensionless drift flux and ranges of physical parameters

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

The goal of this section is to transform the drift flux model into a dimensionless form that contain classical
dimensionless numbers. The resulting model features dimensionless factors that are easily compared to each
other to decide which terms have the most weight or on the contrary which ones can be neglected. The natural
application of the (full) model in Part Il [Burgisser et al., 2024] suggests three relevant limits. As mentioned in
Section , |u—w;|< 1. For the temperatures it is observed that |T;, —7;|< 1. For the water concentration, the
steady state solution is close to the equilibrium state |C} — kj,,/pg|<< 1, which in turn suggests that |RM20|< 1.
We analyze here these cases to understand why these limits are achieved by bracketing the ranges of the physical

quantities involved.
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To isolate the three observed limits in the dimensionless system, we replace R72€ in (4.15g), and
(4.24) with its expression in ([4.15b]). The same substitution is not possible for the other quantities, Yw = u— 1,
6T = T,—T), because they are affected by continuity equations, and ([4.15h)), that act as relaxed equations
for the relaxation parameters K; and -, respectively. These equations must thus be analyzed first to find the
respective orders of Yw and §7". We then use in Section [4.3] the orders of magnitude of these two quantities to
perform the scaling of the rest of the equations. The system to be analyzed for unknowns p, ¢, Ci, q, u,w, T, 6T
is thus:

Bp + div(pu) = 0, (4.26a)

O (pY) + div(pY (u + (1 — Y)w)) = RH20 (4.26b)

Bi(p(1 —Y)(1 = Cp)) +div(p(1 - Y)(1 - C))(u — Yw)) =0 (4.26¢)
Do+ (1 — Y - Vip = iflu — o) (4.26d)

O(pu) +div(pu @ u) + div(pY (1 = Y)w ® w) + Vp — div((l — @)Dy + ngg) = pg (4.26¢)

O(Yw) + div(p(1l — Y)w)le +(1-2Y)w-VYw)+u-VYw)+Yw-Vu

p
- ﬂ(ll—Y) (1= ¥)div(eDy) — Ydiv(1 = @)D1) + (Y ~ 9)Vp — @V((1 ~ @)a) ~ Ka(1 ~ @,;%Yw)
- ;p(ll_y)w(at(ﬁ’y) +div(pY (u+ (1 - Y)w))).

(4.26f)

Or(cpmT) + div(epmTu) + div(cpm((YT -Y)T+Yp(1-— YT)éT)w> +(p+ (1 —¢)g)div(u+ (¢ — Y)w)
=div(prgV(T + (1 = Y7)0T) + (1 — @) V(T — Y7oT))
19 (2D(u + (1= Y)w) : V(u+ (1= Y)w) + 3(div(u + (1 - V)w))?)

+m(l—¢) <2D(u —Yw):V(u—-Yuw)+ %(div(u - Yw))2> — pllq(at(pY) +div(pY (u+ (1 — Y)w)))
(4.26g)

cpmYT(1—Y7) (875(5T) +(u—Yw)-V(T)+w-V(T'+(1 —YT)5T)> +(1-=-Yr)(p+(1—¢p)g)div(u+(p—Y)w)
B 1 cemYr(1—Yr)
=0T — ((ij(l_(p_YT)Q)pﬁ—prl—Y)T
+ (1= Yr)div(prg V(T + (1 = Y7)oT)) = Yrdiv((1 = @) V(T — YroT))

+ (1= Yr)nge (2D(u + (1= Y)w) : V(u+ (1= Y)w) + 3(div(u + (1 - Y)w))?)

(T+(1 —Y—YT)éT)> (Ou(pY) + div(pY (u+ (1 — Y)w)))

—Yrn(1— ) (2D(u —Yw):V(u—-Yw)+ %(div(u — Yw))Z)
(4.26h)
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where
1
Dy=mn (2D(u —Yw)+ gdiv(u - Yw)), Dy =14 (2D(u + (1 —Y)w)+ 3div(u + (1 — Y)w)).
The calculated variables are Y, Y7, p from

¥YPg Yy = pYCvg

Y = ,
copTy Cpm

copY (T + (1 - ¥)5T) = o(p+ (1 - ¢)q) (4.27)

We introduce the diacritical mark tilde for the dimensionless variables, that is ¢ = ¢op where ¢y is some refer-
ence value. As we deal with a three dimensional problem, the space variable (z,y, z) has a different characteristic
length for each component. In the present application, the domain is the volcano conduit that can be depicted as
a cylinder where the z component, representing the conduit length, spans a distance much larger than the horizon-
tal component representing the cylinder diameter. Here we are interested in analyzing a most unfavorable case,
so we consider only one characteristic length L for the three dimensions, which we equate to the cylinder radius.
For simplicity, some dimensional constants are kept unchanged in the calculations (D, ky, cpi, ¢pg, Co, K1, Kg). The
dimensionless variables are thus defined as:

t=tot, w=wuol, w=wol, p=pP Pg=Pg0Pgs P =DDs q=qod,

Cy=CpC, T=TyT, 6T =0or,oT,

m= Mo, Mg = Ngoflg, 9= 9|7,

Kd = Kdokdv 7= 70;5/7 RHQO = RORHQOv
and the space derivative operators are denoted as
div() = —div(), V()= V()
iv(s) = —div(- )= —V(-).
Ly ’ Ly
The characteristic values Cy, K49, 70 and Rg correspond to the partigular expressions considered for these terms.
In the exchange term R2© given by (2.38d]), we consider N = NoN,py = pgopg and we identify

- . 2/3(1 — p)2/3 , .
Ry = 3Y3(47No)*2 Dy Cho, RM20 = ﬁl(N)z/?’m (C'z - \/]?g) ,with  Cjg = kp/Pgo,

(4.28a)
To avoid confusion with the operator D(u) appearing in the velocity and temperature equations, we
will use the notation D, (u) for this operator in this Section, hence D, (u) for those without dimension. In Part
[I, Section 2 [Burgisser et al., 2024], we will use the following expression for the heat transfer coefficient ~:

_ Vut+Vty
- 2

24/€IQONU 2 3 3%0
= — Nu=7-10(1— 5(1 — RE=—TI .
Rg ) u ( ()0> + ( @) ) b 47TN(1 _ SD)
Then, considering that Nu = NugNu, we identify
4 2/3 ~ ~
Yo =24 (:f) Ne*kiNug, 7= (1 — )3 ANul?/3, (4.28b)

The drag coefficient K is given in equation (2.12]) for bubbly and permeable flow. As our application in Part
Il [Burgisser et al., 2024] is based on permeable flows, we choose K; = 7,/k, where k is the permeability
coefficient of the magma. Then we set

Mgo

Kg = -~ Kq=

4.28
3 (4.280)

R
|3
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The bulk density variable Y is written as

1 - 1
Y:@WY’ SO ]_—Y:Wv
P01+ o0 1+ o0
for V = 2P — _pwY Two-way variable conversion can be done with:

(A=w)pr — pgo(1-Y)

0 ~ ~
P = pio (1 + Z‘I’OY) (1—¢)p and  pY = peo(1 —@)pY.

To keep the temperature equations concise, we introduce

Cy
C, = 29
Cpl

and we write

Pg0 1 > Pg0 S -
Yp=P " ¥ oand e :plo(1+c Y>1—goplcl.
po T1+ —’;fg C,Y pm oo L ( Jhicy

Two-way variable conversion can be done with:

1 S
1t l0, Y and - com YT = pgoceg(1 = @)Y .
Plo

1-Yr
Several classical dimensionless numbers are found in the equations: St is the Strouhal number, Ma is the Mach
number, Re is the Reynolds number, Fr is the Froude number, Pe is the thermal Peclet number, and Br is the
Brinkman number based on a reference temperature (see |Costa et al., 2007]):

Lo u? ol 10uoLo ouoLo
St = —, Fr?=—° Ma2 = P10 0 Relzipo , Reg:L
upto Lo|g| Po Mo 140
2 2
uoLoc uogLoc U U,
Pe; = Plo pl7 Pe, = PgoUo Lo vg, Br, — Mo 0’ Br, = NgoUp
Kl Kg K107, Kq0T

The resulting dimensionless, drift flux system is lengthy, which led us to present it in Appendix [E] The
simplified version of the system omitting lower-order terms is presented in the next Section.

4.3 Drift flux simplification to the main order

In this section we write the dimensionless drift flux system up to order 1073. The complete system is written
in Appendix [E] Tables [7] [8] and [9] contain characteristic value ranges of the physical quantities involved. In a
volcanic conduit, we expect different ranges of values between the bottom and the top of the conduit because of
the different gas volume fractions and pressures at each end (generally p, and p, are high at the base and low at
the top and ¢ has the opposite trend). For completeness, we assess both situations separately to then consider
the more unfavorable case between them to write the asymptotic system.

For simplicity, we assume St ~ 1, which implies a characteristic time of tq ~ 10% s. This assumption is revisited
when discussing the final simplified system in two-phase form (see below). The particular limits we hope
to find are related to R29, Yw and 07. As R2© has been already replaced in the system, we must first study
the equations of Yw and 7 to find their orders and then replace them as well in the other equations of the system.
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Description | Conduit bottom | Conduit top Remarks

Ly 10 10

to ? ? to be determined (see main text)
o 1072 1

wy 0ifug = 0ifu, =1y maximum value 100
Plo 2200 2200

Pg0 200 0, 2

Do 108 108

Qo 0 if py = py 0 if py = py maximum value 10°
Pgo 10% 10°

To 10° 10°

o7, 1 1

Mo 10° 10°

g0 107 107°

kp 4 %107 4 x 1076

Cpl 103 103

Cpg 2 x 10° 2 x 103

co 5 x 10? 5 x 102

c, 1.5 1.5

Ky 2.3 2.3

Kg 2x 1072 2x 1072

No 1012 1012
Nug 2 2

Table 7: Dimensionless quantities |: elementary values

August 24, 2024

Description Conduit bottom | Conduit top Remarks
St = Lo/ (uoto) 103 /to 10/tg
Fr? = u3/(Lo|g|) 1076 1072
Ma? = pioud /po 2% 1077 2% 1073
Re; = prouwoLo/mo 2 x 107* 2 x 1072
Rey = pgouoLo/ng0 2 x 109 2 x 10°
Pe; = piouoLocpi /K 10° 107
Pey = pgouoLocyg/ kg 106 10° undefined if ¢ =0
Br; = moug/(m(hﬂo) 5 x 10t 5 x 10°
Br, = ngoud/(kgdm,) 5x 1078 5x 107* | undefined if ¢ =0

Table 8: Dimensionless quantities |l

: classical dimensionless numbers
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Description Conduit bottom | Conduit top Remarks
Pg0/ P10 10! 1074
q0/Po 0if pg =m 0if pg =m maximum value 1
wo /ug 0if ug =y 0if ug =y maximum value 100
Tv/o, 103 — 108 10% — 108
P/ (Pg0T0Cpi) 0.5 0.5
Cio = kn+\/Pgo 4 %1072 4x1073
L /ko 102! 1014
Ry 3 x 10% 3 x 102 for D=10"190r0if D=0
LoRo/(piouo) = 33 (47w No)?/2 DCyo Lo Jug 10 1 for D=10"1° or 0if D=0
~voLo/ (pouocy) = 24 (47 /3)%% Pe; 'Nug No/* L2 10° 107 if o =0

Table 9: Dimensionless quantities Ill: particular relations

The drift velocity Yw is involved in a relaxation equation for the drag coefficient K;. In the dimensionless
equation (E.6)) , the coefficient becomes L2/ky, varying from 10 to 10%! (see Table @ The term giving the
main order is the same at the bottom and at the top of the conduit, the order being however different:

- —1
Kal—¢)s pgo wo 1 L% 1 —p = (~ q0 ~) —9 bottom
———Yw =0 - = ——V(p+ —(1— =0(10™), mq =

Pg pro uo Reg ko Ma? ,01(1 — ) p po( ) ( ) 1 —4  top

Similarly, the temperature difference (E.8)) is involved in a relaxation equation for the coefficient . The corre-
sponding dimensionless coefficient is 7o Lo/(piouocp), which is on the order of 105 — 107 (see Table @:

-1
~ L - _
30T = 0 (( ot ) B (54 L1 g)q) div(a+ WD)) = 0(10™), ma = { T3 oem

PLOUOCL 0T, PLOCpI Do

We can now study the rest of equations in the system where we embed

8 12\ 1 p A,
Vi = <P90w00> Py *Osp)v (ﬁ+ Dy —cp)fi), (4.29)

pio uo Rey ko Ma? f('d(l — ) (1 — Do
Lo \ ' 1
oT = [ 00 Po_ - (15 + D0 <p)q> div (@i + o) . (4.30)
PLOUOCpl 0Ty P1OCHL Y Po

The mass equations.
The total mass equation ([E.1)) is:

o at the bottom of the conduit:

St 05 ((1 + p’”?) (1— cp)ﬁl) + div ((1 + p’“ff) (1— @)ﬁlﬂ,) =0,
Pio Pio
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o at the top of the conduit:
St9; (1 — )p) + div (1 — p)ait) = O(1077).

The gas mass equation (E.2) gives the limit for R20:

—1
HpH20 _ P LoRo (1 NAT o L NATn _ ms )] —5 bottom
R™*¥ =0 ((pgo pmuo> (St O; ((1 cp)plY) + div ((1 go)plYu>)) = 0(10™M3), ms = { 4 top

The water concentration (E.3)) is:

o at the bottom of the conduit:

St 9 (1= 9)A(1 = CioC)) +div (1 = @)pu(1 = CoCi)) = O(107%), (4.31)

o at the top of the conduit:
St 0 (1 — @)p) + div (1 — @) i) = O(107%).

This equation does not give any information about C; because the characteristic concentration is Cjy ~ 103
at the top of the conduit (see Table [9).

Finally, the gas volume fraction (E.4) is:

3 _ Re; q0>1 I —8 bottom
l—p)—q¢=|—7— t Oy . 104 =
P -9)pmi= () (St +- Vo) £000™),  my=3 Z¢
. e -1 —
with O ((;}aggg) > = 0(1071).
The mixture velocity equation ([E.5|)
o at the bottom of the conduit:
- Ma?® Pg0 v ~ -3
Vp=—5 (1+==Y ) (1—¢)p+O(107°) (4.32)
Fr Plo
where O (1\]?[]?22) =0(1071).
o at the top of the conduit:
\7 Ma? (@ ((1 )7 Li u) + 2di ((1 )i D (a))) + M32(1 VoG + 0(1073)
p Re; ¥ 7713 ®)m 2 ®)pig

where O(Ma?/Re;) = O(Ma?/Fr?) = O(1071).

The mixture temperature equation ([E.7))
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o at the bottom of the conduit:

St 07 ((1 + %CPY>(1 - @)ﬁﬁ’) + div <(1 n %cpf/)u — sp)ﬁlfa>

— _Pe0_ Do (p + 00— @q) divii + O(107?)
P10 PgoLocp Po

with O (pgo o ) = 0(1072) and O(qo/po) = O(1).

P10 pgoTocy

o at the top of the conduit:
$t0; (1~ @)aT) + div (1~ )aTa) = (107,

Pressure equation (E.9)

Cp(1 —@)py T =9 10 @(ﬁ+q“<1—so>q~)+0<10m5>, mf’:{

co pgoTocyl Po —10 top

—6  bottom

(4.33)

(4.34)

where O (C”—g Lo ) = O(Cp) = O(qo/po) = O(1). Using the expression of C), it can also be written as

co pgoTocy

~ A Po ~ 90 ~
l—)pY T=—2 <p+1— q)+010m5.
(1—p)p pgoToCOsa po( ©) ( )

We can now write the asymptotic system where only the most unfavorable cases remain:

RH20 = 0 ((WJLORU> - (St 0; ((1 - w)ﬁzf/) + div ((1 - gp)f)lffa))) = 0(107%)

Pg0 PLOUO
poowo 1 L3 -1y F; o a
Yo=0| 2220 _— =0 R — @<~+°1— ) =0(10™*
(<”ZO upReg ko) Ma? By(1—g) (1 — )\ po 179 (107)
L ! 1
Plo%oCpl O, P10CpL ¥ Do
St 0; ((1 + pgo{/) (1- @)ﬁz) + div ((1 + pgo?) (1- @)ﬁﬂ) — 0,
P10 P10
St 0; ((1 —p)pi(l — Cloél)) + div ((1 —)p(1— Cloél)@) =0(107®),
L & Re; qo 3 N 6
o+u- Vo MaZ po 47, o( ©)G+ O( )

7 (5+ 20 9a) = 2 (9 (50— ppaediv ) + 20k (- 9)Du(@))

Ma? ~
2 (14 227) (1 - @)g + 00107
r Plo
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(4.35a)

(4.35b)

(4.35¢)

(4.35d)
(4.35¢)

(4.35f)

(4.35g)
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St &; (( pgoc V¥ )(1— )plT) + div (( + 200, 7)1 - )plTu>

oo pio (4.35h)
Ll divii + O(10~
Pio PgoTOCp ( > (107%)
- Do - q - —~13 .
1-— YT= (+1— )—|—010 . 4 .35i
(1—=)p proToe? \P pO( ©)q ( ) (4.35i)

Convection effects are kept in the velocity equation because it is driven by the pressure and viscosity forces.
In dimensional form, the system (#.35)) and the three limits for R29, Yw and 6T are:

RM20 = 9,(pY) + div(pYu)

Y
Yw= —mV(P‘F (1-¢)a)

T =~ (p+ (1= @) div (u-+ o)
Op + div(pu) =0
Bulp(1 = Y)(1 = C1)) + div(p(1 — Y)(1 = CoJu) =

3
. = (1l — p)—
Orp+u-Vo=p(l—p) I

Vip+1-yp)g) = %V (1 = @)mdivu) + 2div ((1 — p)mDu(u)) + pg
Ot (cpmT) + div(epmTu) = — (p+ (1 — ¢)q) divu

(4.36)

In this system, not all drift-flux variables have an immediate physical meaning, so we convert some of them
back into their two-phase counterparts. Mass conservation involves the drift variables p and Y, the latter of
which we convert into a combination of p,, ¢, and p;. The pressures are also converted because p; can be
written explicitly. We keep u and w because the bulk velocity is obtained from a single Stokes equation and the
drift velocity is obtained from a single Darcy equation. Finally, 6T is neglected owing to its very small order. The
strict drift-flux system (|4.36)) can thus be rewritten in a system depending on, respectively, p, ¢, C;,u, and T :

(L= @)pr) + dw(( — o)) = —RM=0
Op + div(pu) =

(1 —)p(1 = Cl)) +div((1 — @)1 — C)u) =0 e
Vpy = 3

'y (1 = @)mdivu) + 2div ((1 — p)mDu(u)) + pg
+

O(cpmT) + div(cpmTu) = —pgydivu

where the variables w and p; are respectively given by:

1
W=V
(1—-9)Kq Ps
o 0 (4.37b)
P =Dpg — o | divu + —————
7 3 (1—o)p
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and the variables pgy, py, and cp,, are respectively given by:

Pg = PgCOT
pg=p—(L—p)p (4.37¢)
Cpm = PgPCug + (1 — ) picy

This system highlights the essential physical processes governing volcanic conduit flows. The mass
exchange is a major control of flow dynamics and cannot be neglected. At the time scale assumed here (10°
s), the main transient terms are those related to mass exchange and conservation. This drove us to propose in
Section [5| a limit case of mass exchange by establishing a relaxed system in which C; = C{?. The bulk magma
flow can be represented by a viscous, steady-state Stokes flow. We expect that transient terms in the momen-
tum play an important role at time scales < 10 s, such as those involved in pulsatory eruptive dynamics (e.g.,
Strombolian and Vulcanian regimes). Conversely, the largest length scale is the conduit length, which is on the
order of several kilometers (say 10 km). A Strouhal number, St = Lo/(uoto), of 1 thus implies that the transit
time of a parcel of magma from the base to the top of the conduit occurs over ¢y ~ 106 s, and that the transient
term of the liquid momentum equation can no longer be neglected. Part Il, Section 6 [Burgisser et al., 2024],
illustrates transient behaviors lasting 10 — 10° s and the conditions to obtain steady-state solutions in which all
transient terms can be neglected.

Unlike the vanishing small temperature differences, bulk magma temperature is expected to vary because of
gas expansion (quantified by pydivu). This is noteworthy as the non isothermal character of the flow has often
been neglected in conduit flow studies. One notable exception is the series of works by La Spina and collabora-
tors [La Spina and de’ Michieli Vitturi, 2012}[La Spina et al., 2014||La Spina et al., 2017], in which temperature
changes are explicitly taken into account. This drove us to carry out a detailed comparison between our model
and that of [La Spina and de’ Michieli Vitturi, 2012] in Section [6]

In Part Il [Burgisser et al., 2024], Section 2, we neglect surface tension effects, temperature diffusion, and
shear effects in the gas phase. Other effects absent from the first-order system are kept and quantified.
Scaling argument for neglecting surface tension were stated at the beginning of Section [4] Our scaling choice in
Table [7| is not the best to estimate whether gas viscosity can be neglected because we chose Lg as the conduit
diameter. The gas flow, however, occurs within the interconnected bubble network, which has a characteristic
cross-section on the order of (4mNy/3)Y/? (see equation (@.1])), which is O(10~5Lg). Taking this correction
factor into account, the 7, term in the mixture velocity equation is at most O(10~1*) whereas all the other terms
are > O(1). In the drift flux velocity equation, the 7, term is at most O(10~%) whereas all the other terms
are at least one order of magnitude larger. Shear effects can thus be neglected in the gas momentum equation.
In the temperature equation, the viscous dissipation due to the gas is at most O(1071%) and heat diffusion
terms are at most O(10?), whereas the leading order terms are O(1). In the relative temperature equation, the
viscous dissipation due to the gas is at most O(107!2) and heat diffusion terms are at most O(10~%), whereas
the leading order terms are > O(1). Thus, neglecting temperature diffusion does not affect the two-phase flow
dynamics. Finally, the system ({4.37|) suggests that relative velocities can be captured to the main order with a
Darcy equation . This simplification is only accurate within limits that are explored in Part Il, Section
6 [Burgisser et al., 2024].
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5 Relaxed system

In this section we analyze a particular case of the proposed system ([2.74)) that we assume to be at the chemical
equilibrium, that is, C; = C (see equation (2.39)):

Cr = kn/py-

This limit is achieved for small Peclet number when the diffusive effect is more important that the viscous one,
which corresponds to a infinite diffusion coefficient D. Since R2¥ is defined in terms of the D (see equation
(2.38d)), this limit implies that R72€ is not defined, so it can no longer be part of the new, relaxed system. In
other words, one equation must be eliminated from the system to establish the relaxed system since now
we know (7 in terms of p,. So we sum up the equations of mass and momentum conservation, respectively to
eliminate the term in R729. The relaxed system at the chemical equilibrium for unknowns ¢, Pg» Ui, Ug, D1, Ty, T}
then reads:

Op + div((1 — ) pru + ppgug) = 0, (5.1a)
0i((1 = @)pu(1 = 1)) + div((1 = )1 = CiJu) = 0 (5.1b)

(1 — @) prug + ppgug) + div((1 — ©)pru @ up + Epyug @ ug)

20 .
+ V(1= )pi + ¢pg) + ﬁV(l — ) —div((1 — @)Dy + ¢Dy) — pg = 0

(5.1c)

O (pgug)+div(ppgtg@uy)+V (opg)—div(eDy) —pg Vio+ Ka o(1—0) (ug—up) —ppgg— 2 5 L0 (ppg)+div(ppgug)) = 0
(5.1d)
3 20
6t<P+Ul'V<P—SO(1_‘P)4T7Z (pg—pz— R) (5.1e)
. 20
8t(@cpgpng) + le(SOCngng“g) - (at (PQ_R> +ug - Vpg) - ’Y(Tg -T) (5.1f)
—21,D(ug) : Vg — Ag(divug)? — div(pr,VTy) = 0
(1 = p)epmTr) + div((1 — @) ey piTrur) + pi(0:((1 — @) + div((1 — @)wr)) +(Ty — Ti) (5.1g)

—2mD(w;) : Vg — N\ (divay)? — div((1 — @) VT}) = 0.

where p = (1 — ¢)p; + ¢pg and py = copyTy. Note that equation (5.1b]) is no longer used to solve C; but that
it can be used now to solve p, and ¢ together with (5.1a)).

The system being still complicated, we consider two additional relaxation limits. The first one is to assume
an infinite drag coefficient Ky, which leads to a system with a unique velocity u, = u; = u. This is a restrictive
assumption according to our dimensional analysis in Section [4.3] The second limit assumes an infinite heat
transfer coefficient -y, which leads to a unique temperature T, = T; = T'. Our dimensional analysis shows that
this is a generally valid assumption. The unknowns of the system are reduced to ¢, pg, u,p; and T" and we have
to build equations without R72€, K; and . We thus add the equations of mass, momentum and temperatures
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of the two phases to eliminate one equation for each eliminated unknown, respectively. The system is now given
by the following equations:

Bp + div(pu) = 0, (5.2a)
(1= @)p(1 = C1)) +div((1 = 9)pu(1 — Cp)u) = 0 (5.2b)

Or(pu) + div(pu ® u) + V((1 — ©)p; + opg) + %"V(l — ) —divD — pg =0 (5.2¢)
dp+u-Vo=p(l- @)fm (pg —pr— 2;) (5.2d)

(@Cvgpg +(1- @)szpl> (0T +u-VT) + (cp,pgT — pr — cp,T) (Do +u - Vep)
. 20
+ (pepgpgT + (1 = @)pr + (1 = @)ep,pT)dive + @eug T (O pg + u - Vpg)+¢0; (R) (5.2e)

— D : Vu—div(((1 — @)k + ¢re)VT) = 0,

where now py = copyT’, cyg = cpg — co, and D = (1 — ¢)D; + Dy = =V (pAdivu) — 2div(enD(u)) with

A= (1 =)\ +org, n=(1—p)m + ¢ng (see (2.10)-(2.11])). We now neglect the temperature diffusion term,
k| = kg = 0, which is a valid assumption according to our dimensional analysis.

We now prove that 0, + u - V¢ may be expressed with respect to divu. In such case, thanks to ([5.2d)
there is a dilatancy effect (as introduced in Remark[2.5). [Fowler and Robinson, 2018] present a similar relaxation
analysis, which will be shown to be a particular case of the relaxed system developed herein. In [Fowler and
Robinson, 2018], the equation for the gas volume fraction is 0;(1 — ¢) + div((1 — ¢)u) = 0 for their unique
velocity u, so in their system Oy + u - Vi = (1 — ¢)divu.

We introduce the variable )y = 1—C} = 1—kj,py, which uses a more general, power-law form of Henry's law.
This generalization is motivated by the fact that we have hither to used v = 0.5, whereas the Fowler-Robinson
work is based on v = 1. Keeping v unspecified for now will become handy to relate our work to that of [Fowler
and Robinson, 2018|.

From equation (5.2b]), Q, satisfies
— Qy(Op+u- Vo) + (1= 9)(0Qq +u-VQg) + (1 — p)Qgdivu = 0. (5.3)
From equation (5.2a)) we write
(pg — P1)(Orp +u- Vo) + @(dpg +u-Vpg) + pdivu = 0. (5.4)

Since our objective is to find an equivalent expression for d,pp + u - Vi in terms of divu, we want to cancel the
terms on py and @y. First we use that Qg = 1 — kp(copyT)", which yields the following material derivative:

Qg +u-VQy = ng(pg)COT(atpg +u-Vpg) + Q;(pg)COPg(atT +u-VT)
and then we use ((5.2€)) to get
Cpm(atT +u- VT) = _Cpr(at(/? +u- th)

2
— Ppdivu — p(cpg — c0)T(0rpg +u - Vpg)—@0; <];> +D:Vu
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where

Cpm = PCugPg + (1 — P)cpipr
Cpr = CpgpgT - (pl + CplplT) (56)
P = pepgpgT + (1= @) (pr + cpupiT) = cpgpgT — (1 = @) Cpr.

Embedding these expressions into (j5.3)) yields:

— (Quly) + (1 = ) LIP3 )

pm
+ (1 —¢) (Qg(pg) - PmQ/g(pg)copg)divu

Q’CIEm ) (5.7)
+(1—¢) (ng(pg)COT - wcugT) (Orpg +u-Vpy)

Cpm

Qa)c0ls . Gy (1 — ) “alPe) 0Py (20) -

+ (1 =) I

Cpm Cpm

Now we compute the combination (5.4) x (1 — @)(Q;(pg)coT — WCWT) + (5.7) x ¢ that gives

(O +u- V)N + (1 — ) Mdivu

Qy(pg)copy (. 20\ (5.8)
where Q' (v0)
M= 5 (Qq(py) + P20 ) Q) (pg)eaT(1 4+ £22 ) (5.9)
pm pm
N = (= Qulpg) + (1= ) T () (1= )y my)eoT(1 + Do) (5.00)
pm pm
Then we find

1 ng(pg)c()pg ) 20 M
G (D  Vu—pd; <R>) where A= . (5.11)

Notice that when p—f =0, N ~p 00 pi(1 — 9)kpcoT and M =, oo —pi(1 — @)kncoT then —N /M = 1, so in
that case we find (notice that however M — )

Op+u-Vo=(1-¢)Adivu+ p(1 — )

O +u-Vo=(1-¢p)divu, when P9 0,

Pl

which coincides with the expression in [Fowler and Robinson, 2018]. In the general form, using that Q'(p,) =

—vCy/pg, (5.11)) can be written as:

. 1 v ] 20
Op+u-Vo=(1-¢)Adivu + (1 — ga)A—/sTcpm (D : Vu—pdy <R>) (5.12)
where M M
‘A:_W:_/\/S‘ (5.13)
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1.6,

— Conduit base
---Conduit top

1.4

O 02 04 06 08 1
2

Figure 4: Rayleigh-Plesset correction factor A (5.13]) as a function of ¢ for two extreme values of p, (conduit
base and top).

and

VCpr  VPCpgPyg

Me=—v20+f)+o+0-0)

Pg Tepm Com
B ) Ve (5.14)
No=-v(l==)0+fo)+o—(1-9)
Pg Tepm

where f. = pcygpg/cpm is the fraction of total enthalpy carried by the gas phase. The terms multiplied by v in
the factors M, and N are ratios of energy densities (units of J/m?). Thus, the factor A is a correction factor
to the Rayleigh-Plesset dilatancy that accounts for the work done by changing phases when degassing
occurs under a fully relaxed fashion to maintain chemical equilibrium. A is a function of thermodynamical con-
stants and of four variables (¢,p;,p4, and T'). Using the same numerical values as in the assessment of the main
order approximation of the drift flux system (Section Table , we find that A depends very weakly on p;.
Table [7] also suggests that using only one value of T is sufficient. The behavior of A can thus be captured by
varying ¢ from 0 to 1 and p, within the bounds of Table Figure [4] shows the evolution of A as a function
of ¢ at the conduit base and top. A is close to 1 except at high gas volume fraction. At the limit ¢ — 1,
A = ¢yg/((3v — 1)cpg — (2v — 1)co), which is equal to 1.5 with the values of Table [7]

Note that along the lines of Remark we can also relate (5.12)) with (5.2d]) to write

1 3¢ 1 v

divu = =22 (p, — =
ivu A4771(pg pl)""PN—S

finding also a dilatancy-like relation that can be compared with (4.16]) without drift velocity w:

D : . 5.15
Fo DV (5.15)

5 (0 — ) — 1

divu = —(pg —p1) — ————.

YT pi(1 =)

The relaxation thus converts the gas exsolution rate R2¢ into a modified viscous heating regardless of the
expression chosen for RH#20 (see Remark |A.1)).

One can build a conservation equation on the quantity © = (1 — ¢)Q4(py):

8,0 + div(Ou) = 0.

August 24, 2024 50



We prefer to use the alternative equation for the total water content, C'r, to change this conservation equation
on O into a perhaps more intuitive transport equation:

0Cr +u-VCr =0.

All the calculations made before allows us to write the following system (neglecting viscosity and surface
tension):
Op + div(pu) = 0,
oCr +u-VCr =0, (5.16a)

O(pu) + div(pu @ u) + V((l —o)(p — pg)) + Vpy = pyg,
where p, and ¢ are given in terms of p and Cr solving the algebraic constraint

(ppg + (1 —)pQqy(pg))/p = Cr,
(1 =)+ wpg = p, (5.16b)
Pg = COPgTy Qg(pg) =1- khpg-

where p; is solution of the nonlinear relation

: P
divu = me(pg —Di)- (5.16¢)

and the gas volume fraction ¢ is the solution of the following equation
(Orp +u- V)N + (1 — p)Mdivu = 0 (5.16d)

Note that (5.16)) is a closed system with the unknowns (p, Cr,u, T, ¢, pi, pg, pg) Where A, Mg, and N are
given by (5.13))—(5.14)). The system obtained by [Fowler and Robinson, 2018]| can be retrieved exactly by choosing
v =1 and letting py/p; tend to zero.

6 Incompressible vs. compressible liquid phase

One assumption of our conduit flow model is that the liquid is incompressible and thus that p; is constant. In
a series of papers [La Spina and de’ Michieli Vitturi, 2012} |La Spina et al., 2014,La Spina et al., 2017], a one-
dimensional conduit flow model of two compressible phases is analyzed and applied, the model being originally
presented in [Romenski et al., 2010]. In this model a unique temperature is considered and the system is written
with a drift-flux structure (see Section . Depending on the application, different relaxation terms are chosen
in [La Spina and de’ Michieli Vitturi, 2012}|La Spina et al., 2014}|La Spina et al., 2017]. Here we chose the mass
conservation equations of the bulk density, p = ¢pg, + (1 — ¢)p;, given in [La Spina et al., 2017, which is a
version of the model close to the one we propose herein:

Op + Oz (pu) =0 (6.1)

with u = Yug 4+ (1 —Y)u; where Y = pgo/p (see (4.2) sqq. in Section [4)). The equations on ¢ and p; are given
by:

9 (pp) + Ox(ppu) = Tlp(pg — 1) (6.2)
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and
Br(pu(1 — @) + D1 — @)uy) = —jdpl(l )€ - C) (63)

where C] satisfies: .
Ot(pr(1 — 0)Cp) + O (p(1 — ) Cruy) = —;dpl(l — ) (C = CY). (6.4)

For the momentum equations, we chose the form given in [La Spina et al., 2014] p. 286-287 in the case when
7(6) = 400 because they use the two phase velocities:

1—9)pipg + I 1—9)p
(1 —¢)pipg @%p>%¢¢( @p%$rww&T
p p
(1 —9)ppg 1

- Y (1= Y)(uy —w) + ppgg
p2 T g g

é%(wpgug)%ax(wng§+wpg)==< 65)

and

1 + 1
B((1— @)prur) + 0u((1 — @) + (1 — QY1) = — (( 2)eipg W’) Do+ “;")’”%l 5)0sT

P
1-— 1 -
+ @(pf)plpngY(l —Y)(ug —w) + (1 = @)pg — Bu

(6.6)

with Tf,B constants and where p; = e; + p;/p; — s;T for i = g,l (precised later on). Note that the authors
consider two compressible components with pressure state laws in the form [La Spina and de’ Michieli Vitturi,
2012]

Pi = (Cpi — Coi) pil — s

where T is the single temperature, c¢,; is the heat capacity at constant volume and p; quantifies the effects of
the molecular attraction in phase ¢ at a reference pressure, density, and sound speed. This is in contrast with our
work, where the liquid phase is incompressible with a constant liquid density and the gas phase is compressible
with p, = 0 and ¢y = ¢pg — cyg. Our pressure, py, is an unknown given (without surface tension effect) by the

relation
RHQO

3
divun = “am g = 1) = p(l—p)

The total energy conservation to characterize the temperature is chosen by considering that the mixture is
mainly governed by the total density p and the averaged velocity u. They thus start from the quantity

Jul?

[ otB+ 550

where E = e + Y(1 — Y)w?/2 with the internal energy ¢ = Yey(pg,s,) + (1 — Y)ei(pr, s1) recalling that
pi = p20ei/dp;, T = Oe;/ds; = T where i = g,l. They then derive the momentum equations on u and w
and the corresponding equation on the total energy from the Lagrangian associated to such variables. Their
conservation energy reads

2 2 2

u u u
O(p(E+ =) + 0u (01 = )wier + % +20) 4 pypugleq + % ]
g

5 5 5 ) (6.7)

_m%¢ﬂ—w%

5,2
; Sg — sl)wT> = —pgu — puj.
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Remark 6.1. One difference with our system is that the La Spina model has the following pressure at the interface

(1 —©)pipg + wpgmi

(pr)rs = P =(1-Y)p,+Yp
instead of our interface pressure
(Pint,g) = Pg-
As a result, the difference between interface pressures reads
PPg\Pg — DI
(01)15 — (Bineg) = LL2PI=P) _ )

p

Remark 6.2. Another difference is that the La Spina model includes in the momentum equations the term
1 —
—@(p(p)plpg(sl — 5¢)0;T = —pY (1 =Y)(s1 — 5¢)0,T

that is absent from our model.

Remark 6.3. A similar approach of deriving two-phase systems has been introduced by Shugrin [Shugrin, 1994].
In this approach, one starts from thermodynamics, derives the equations on u and w and then deduces the
equation on ug and w;. [Gavrilyuk, 2020] proved that different two-phases equations may be obtained depending
on the governing unknowns chosen. As indicated in his abstract, "a very surprising fact is that one can obtain
different governing equations from the same Lagrangian. Different types of the governing equations are due to
the choice of independent variables and the corresponding virtual motions. Even if the total momentum and total
energy equations are the same, the equations for individual components differ from each other by the presence
or absence of gyroscopic forces (also called ‘lift’ forces). These forces have no influence on the hyperbolicity of
the governing equations, but can drastically change the distribution of density and velocity of components.”

Let us now explain how the equations on the mean velocity u and the drift velocity w are obtained in the
La Spina model. The authors start from a Lagrangian with the unknowns u and w and deduce the following
equations:

O(pu) + 0u(pi(1 — @)uf + pgus + (1 — ©)pi + pg) = —pg — Puy (6.8)
and
up  uf P P 1 pip 1 -
Ow+0, [ 2 — L te,+ —eg—5 —(sg— )T | = ——p(1 — Sw + uy. 6.9
; (2 p Tt maT, (89— s1) Tf@( ©) e pl(l_@)ﬂl (6.9)

The equations on the variables u, and w; are then deduced from these u and w equations. For the readers
convenience, we present the reverse (i.e. how to deduce equations on u and w from equations on u, and ;).
We follow the procedure described in the review paper, Section 5.2 [Bresch et al., 2024]. Table lists useful
relationships to convert phase variables into drift-flux variables.

The equation on u is easily obtained adding the momentum equation on u, to the momentum equation
on u; and using relationship 1 from Table [I0] To obtain the equation on w, we use the relationship 2 of Table
and the equation on ppgu, from which we subtract the equation on pYu obtained from the equations on u
multiplied by Y, and use the equation on Y. After calculations, we get

2 2

Yo W), 1

1- +
<a:c(90pg) - Yaxp - <( @)Plpg SOpgpl)axgo) - (Sg - Sl)axT

p (6.10)

1 PiPg 1 >
=——p(l-p)—F w+ Bu.
T ( p? pi(1 =)
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Relationship Formula
1 pi(1 — p)uj + pgpu = pu® + pY (1 = Y)w?
2 pgpg = pY (u+ (1 —Y)w) = pYu+pY(1-Y)
3 %377 uw + (3 — Y)w?

Table 10: Relationships to convert phase variables into drift-flux variables (see also the review paper, Section
5.2 [Bresch et al., 2024]).

To obtain equation on w, we first note relationship 3 in Table [I0] and that

8x(§0pg) _ Yaxp _ ((1 - So)plpg + @Pg]%) 814,0 _ pY(l . Y) (836])9 _ M)

p Pg Pl

Then we use the definitions p; = e;+pi/p; — s;T with p; = p; 20e;/0p; and Oe;/0s; = T coming from the identity

Tdsi = dei — %dpi

i

to establish that
1 1

8:v(ug - Ml) = —0zPg — —OzPl — (sg - Sl)axT-
Pg pi

Finally, we remark that
TOys; = Oye; — piOzpi/ pa-

Remark 6.4. In the equation on w from our model, the terms coming from the pressure and volume fraction ¢

are
1

1 1
—0zpg — —Oupi + ———— (g — P1)O2p.
pg 0 T A=) !

The difference between these terms and the equivalent terms in the La Spina equation on w is

1

_m@g — P)0up — (59 — 51)0:T.

The first quantity comes from the difference in the expressions of the interface pressure in the two systems (see
Remark|[6.1)). The second quantity comes from the derivation of the two-phase system from a Lagrangian quantity
when choosing u and p as the reference velocity and density.

The relaxation parameters 7,, 74, 77 are linked respectively to the pressure, the dissolved gas, and the velocity.
The mixture energy E depends on (p,Y, o, w, sg, s;). So when each relaxation parameter tends to zero, we find
the following respective equilibrium limits: p, = p;, C; = C/4, and w; = uy.

One can easily check the equivalence of equations (6.1), (6.3)), (6.4)), with our equations (/4.153)),

(2.74a), (2.74d), (4.15€) for the 1D case, neglecting the tension surface effect and taking D, = 0. By fitting
these equations, we find the relaxation parameter for the dissolved gas, denoted as 74, to be

p(l-9)(C -G SR
RH20 ATrR2ND

T4 =

since from (2.34) and (2.38d)), we have R20 = 47 R?N (1 — go)plD%, where R is the local bubble radius
and S — R is half the interbubble distance. Hence the relaxation exsolution coefficient in our model would be a
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1/D function of the ratio between the interbubble distance and the surface area of the bubbles. Conversely, we
could give an expression for the exchange term for the system given by La Spina (along the lines of Remark ?7)
as

1 (1—¢)'3(1— '3

Ta 313D (4nNy)?/?

Focusing now on the continuity equations for ¢, and (2.74f]), our model and that of La Spina differ
on the velocity transport. In the La Spina model, we found that the carrier velocity is the mixture velocity, u,
while in our model it is instead the liquid velocity. Our ¢ equation comes from the microscopic analysis related
to the Rayleigh-Plesset equation in Section . Following [Leighton, 2007], we assumed that the macroscopic
velocity related to the transport of the bubbles in the melt is the velocity field of the fluid phase, u;. The La
Spina model uses a different choice; the transport is ensured by the mixture velocity u. Assuming for simplicity
that transport velocities are identical, an equivalence between the two models would be achieved for the following
pressure relaxation parameter:

RI20 = A gR™20  with Apg =

Lo Am _m_ 4 m
P 3pp(l—9)  pm3p(l—¢)p

~1
where 7;/p; is the kinematic liquid viscosity and we can write % = (cp%‘l? +(1— <p)) .

We here recall that the La Spina equation on w reads

2 2
Uy u 1 PP I 5
w0, |2 — Ly, —w)=——pl—¢p Sw + Buy
t 9”(2 g 1 T ( )p3 pi(1 =)

where OE /Y = iy — py+ (1 —2Y)|w|?/2 with g — 1 = (eg+pg/pg — 54T) — (e1+p1/pi — s1T). The term B
with § = %, where 7. is the radius of the cylindrical conduit, replaces the diffusion term —d,((1 — ¢)D;) as it
is usually done in one-dimensional problems to keep wall effects (see Part II, Section 3 [Burgisser et al., 2024]).
The equation for the drift velocity for our system is given in (4.19). As before we neglect D, and replace the
diffusion liquid term by Bu;, which yields:

-+ 0 (a0 + (1= V) = G ) — s ((V = 90— 20,((1 = 9)0)

= —py(ll_y) (Kdtp(l — @) + RO (; - Y>> w+ /)(1/81—”1/)

Relationship 3 in Tableyields uw+(1-Y)w? — tw? = %(ug —u}). The last term coincides with those in the
La Spina equation since p(1 —Y') = p;(1 — ¢). The first term on the right-hand side of the La Spina equation
may be compared with the drag term in our model with coefficient K, providing the following definition of the
velocity relaxation parameter:

| 1 Y(1-Y)
= —ppY(1—Y) = — )
f delpg ( ) Kd QO(l—SO)

To compare the energy balances of the two models, we first rewrite the La Spina energy equation ([6.7]) as

2 2

uw U (1 — oy
0e(p= + pE) + 0: (pgipug 5 T ol —eu 2)

6.11
+ 0, (paeuseq + 1) + pilL = phuler + ) = p¥ (1= ¥) (8, = siT)w) (6.11)
g

— —pgu—
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Note that this equation could be fully recast as a function of u, w, and Y by using :

b
popgleq + 22) + pu(1 = @)uiler + 2) = pY (1= Y)(5,T — siT)w

" P gl P P (6.12)
l g 1
=pu(Y(e,+ D)+ (1 -=Y)(eg+=)) +pY (1 - Y)w( (e, + 2 —5,T) — (e + = — 5:T)
(Yieg + 00+ A=Y+ )+ p¥ (1= Vyu((ey + 12 = sT) = (v - = )
and
u? 2 2 2 1
pgcpug?g + (1 - go)ulu?l = pu(% +Y(1- Y)%) + pY (1 = Y)uw?® 4 pY (1 — Y)w(§ —Y)w® (6.13)

Using the relationships 1 and 2 of Table 10} we can recast our energy equation ([2.58) with drift-flux variables to

match the form of (|6.11)):

U2 w2 u2 'LL2
(0" + Y (1= Y) o 4 p(Yew T+ (1= Y)epT)) + 0y (pyoug -2 + pi(1 = p)ur's)
p P
+ 0y (pggoug(cng + ) + (1 — @ uy(epT + J))
Po 7 (6.14)
— pgu— 3T P72
= —pg TRl
3 ug — uy)?
— Kap(1 = @)|ug — w|* — p(1 - ) g o~ p)* - 5RH20|92‘

In both model we can define E =Y (1 —Y)w?/2+ Ye, + (1 — Y)e, but the definitions of the internal energies
differ:
eg(pg,sg)Ls is found using  py = p2deg/Opy and T = dey/0s,,

ei(pr,s1)Ls is found using p; = p%@el/ﬁpl and T = 0e;/0sy,

whereas for our model these quantities are:
€g = CygT), er = cpl.

The main difference between our energy equation and that of La Spina thus comes from the addition in the
latter of the entropy quantity 0,(pY (1 — Y)(sy — s;)T'w), which explains the concurrent addition of the term
pY (1 —Y)(sg — 51)0.T in the momentum equation (see Remark [6.2). A more minor difference is that the La
Spina model does not feature the term 3¢ (1 — ) (p, — p1)%/(4m;), which quantifies the work done by growing or
shrinking bubbles against the surrounding viscous liquid.

Conclusions

There are several ways to create two-phase flow models, mostly because of the diversity of ways to average mi-
croscopic processes to the macroscopic scale of the transport equations. One goal of this Part | of our three-part
series of works dedicated to two-phase flow modeling is to detail the steps needed to obtain a self-consistent set
of equations adapted to the modeling of magma flow in a volcanic conduit. We adopted a series of assumptions
to reduce the physical processes to sets that are compatible with the two-phase flow framework.

The three-phase nature of the magma was simplified by considering a gas—liquid mixture where the gas is
pure HoO. The incompressible liquid phase ignores the presence of crystals but is composed of dissolved HoO
and dry silicate liquid. Fragmentation is not considered explicitly (although doing so does not change the struc-
ture of the proposed transport equations). Under these assumptions, the mass and momentum conservation
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yield 5 transport equations with 7 unknowns: gas volume fraction and density (¢, py), dissolved water content
(C1), liquid pressure and velocity (p;,u;), and gas velocity and temperature (ug4,Ty). Closing this partial system
involves microscopic processes. The physics of gas bubble growth adds one equation for the gas volume fraction
() and a novel closure for the mass exchange term (R29). Neglecting nucleation and coalescence yields a
constant bubble number density with respect to the liquid (IV). Scaling these processes up to the macroscopic
scale yields a system without energy balance with 7 unknowns for 6 transport equations. Finally, considering the
energy balance adds liquid temperature (7;) and the equations for both temperatures. The final system ([2.74))
has 8 transport equations on 8 unknowns (¢, pg, C1, pi, wi, ug, Ty, T7) as well as algebraic closures for the gas
pressure (py) and bubble radius (R). A 1.5D implementation and application of this model is presented in Part
[I, Sections 5-6 |Burgisser et al., 2024].

Establishing appropriate boundary conditions is not an easy task for viscous compressible flows. The two-
phase, multi-component nature of our system adds complexity to that task. We started from a literature review
of the number and type of conditions to be imposed on single-phase, multi-component Euler or Navier-Stokes
equations. We then extended the underlying reasoning to establish sets of boundary conditions suitable to our
system. Our analysis suggests that maintaining compatibility between conditions at the boundaries and within
the system restricts the possible sets of conditions. We listed valid sets of boundary conditions linked to imposing
pressures and stress-free conditions at the outlet and either velocity or pressure at the inlet.

Using principles from the review paper |Bresch et al., 2024|, Section 5.2, we rewrote our two-phase system
following a drift flux structure so that velocities, pressures, and temperatures are separated into a bulk and a
differential component. Dimensional arguments led us to focus on the mass-averaged drift velocity, Yw, instead
of the classical drift velocity w. A dimensionless version of this novel drift flux system was used to assess the
relative importance of physically meaningful terms. Considering ranges of parameter values relevant to magmatic
systems led us to propose a simplified model valid up to order 1073. This simplified system suggests that
mass exchange is a major control of flow dynamics. Bulk magma temperature is expected to vary because of gas
expansion but temperature differences can be neglected. Relative velocities can be captured to the main order
with a Darcy equation and pressures differences partly control magma acceleration. The accuracy and limitations
of these simplifications are assessed in Part I, Section 6 [Burgisser et al., 2024].

The simplified system highlights the importance of mass exchange. This drove us to propose a limit case
of mass exchange of the proposed system by establishing a relaxed system at chemical equilibrium (i.e.
C; = C%). This system has a single velocity and a single temperature without diffusive effects. We
demonstrate that it is a generalization of the system obtained by |[Fowler and Robinson, 2018].

Finally, we explored the consequences of choosing different sets of initial assumptions to create a two-phase
flow model by comparing our new system to that of La Spina and co-workers [La Spina and de’ Michieli Vit-
turi, 2012, |La Spina et al., 2014}/La Spina et al., 2017]. Unlike our compressible/incompressible mixture, these
authors assume energy conservation from thermodynamics in a system where both phases are compressible. Their
model construction starts from a Lagrangian on the bulk and drift velocities  and w. The equations on u, and
u; and the energy conservation then deduced from these initial mass and momentum equations. The main dif-
ferences arising from these different constructions are liquid pressure relationships, which differ because of the
contrasted definitions of the internal energies of both phases, the carrier velocity of ¢ (u in the La Spina model
and u; in our model), the interface pressures, and the mass exchange (based on a constant time scale in the La
Spina model and based on diffusion in our model). This comparison illustrates that different two-phase equations
may be obtained depending on the governing unknowns chosen. Numerical evaluations of these differences is
carried out in Part I, Section 6 |[Burgisser et al., 2024].
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A Details on the microscopic analysis

This section contains details on the microscopic analysis developed in Section [2.2]

A.1 Rayleigh-Plesset equation

In this section we present the derivation of the Rayleigh-Plesset equation. We consider Lagrangian coordinates
as it has been introduced in Section [2.2.1] (see Figure 5] for sketch and notation).

liquid

ur(t,T)
Poo

]

__________

Figure 5: Configuration of a spherical bubble in an infinite liquid (adapted from |Brennen, 1995])

Rayleigh-Plesset with a bubble in an infinite medium. The Rayleigh-Plesset equation originally presented
in [Scriven, 1959] is based on the analysis of the behavior of a bubble of radius R, the center of which is assumed
to be at rest. The gas inside the bubble is at the vapour pressure, P, and density, p,. Both are assumed constant.

The integration of the incompressibility equation, T%@T(rzur) =0inr € [R,00) gives the radial velocity of
the liquid adjacent to the bubble wall (i.e. the velocity orthonormal to the wall). As boundary condition we use
the Lagrangian coordinates to introduce the velocity of the bubble surface,

pv AR Po
ur(t.R) = (1= 29 T8 = 1= Py,
which yields )
up(t,r) = (1 — /;1;)75272, r>R. (A.1)
The momentum equation in radial coordinates reads,
1 9 2u,
1Oy + upOruy) = =0, P + 2 (Tzar(mr Oruy) — M 2 > (A.2)

where P is the pressure in the fluid adjacent to the bubble. If 7; is assumed constant, the viscosity term on the
right hand side vanishes for the radial velocity (A.1)), leading to

pl(atur + Urarur) = _87”7)' (A3)
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This equation is integrated in 7 € [R,00) using the dynamic mechanical equilibrium (cf. chapter 4 of
[Toramaru, 2022]) given by the Young-Laplace equation as the boundary condition at the bubble interface, that
is,

2

Pp—(—0m(R)) = 2 with o, = —P+2n0,u, the stress orthonormal to the bubble wall (see Figure [9)),
where Pp is the pressure in the bubble (the sum of the pressure in the bubble gas, P,, and the vapour pressure
due to the temperature changes, P,) and & is the surface tension of the bubble. So we obtain the value of the
pressure P at the bubble surface:

5 R
P(R) = Pp — 22 — 4

= —dn. (A.4)

We integrate equation (|A.3)) in 7 from R to oo, remarking that

r2

R?2 .. 2RR? 1. R* .
pl(atur + Urarur) = (pl — pv) (7"2R+ + 28T(T4)R2>

using expression (|A.1]). This integration using the boundary condition on P(R) then leads to the Rayleigh-Plesset
equation:

1 ( 5) . 3. mR
Pp—Poo—2=]=RR+-R2+4-— A5

p—po \ ° R 2 R (A-5)
where P is the pressure of the liquid far from the bubble. This derivation can be found in several references,
such as [Leighton, 1994, Brennen, 1995].

A usual simplification is found when the evaporation or condensation effect is neglected (P, = 0 under a
constant temperature) and the vapour density is considered small in front of the liquid density giving

kS

Pl

(7?9 — P — 2%) _RE+ SR 4R

An even more simplified equation is found when the inertial terms are neglected, which is the case for magma
with high viscosity liquid and small particle Reynolds number [Arefmanesh and Advani, 1991} Proussevitch et al.,
1993b)|Proussevitch and Sahagian, 1998]:

A R-

1 o
= 4—771 <73g — Pso — 2R> . (A.6)

Rayleigh-Plesset with a bubble population. To extend this work to a magma containing many bubbles,
the magma is considered as a set of identical spherical cells composed of a spherical gas bubble of radius R
in a surrounding liquid melt of radius & > R, so the bubbles do not interact with each other. The packing
arrangement considers that these cells slightly overlap uniformly in the suspension in a way such that the gas
volume fraction of magma is (see Figure [2| for a sketch and notation):

RS

The reasoning to deduce the Rayleight-Plesset equation may be adopted to this case as it has been developed

in [Arefmanesh and Advani, 1991||Lensky et al., 2001] for a general non-constant viscosity. Here we consider that
7y is constant in the melt cell as in [Proussevitch et al., 1993b] and we also neglect the inertial terms (that means
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the total time derivative) and set P, = 0 . The radial velocity is still given by (A.1)) but now for r € [R,S] and
we integrate the momentum equation (A.2) in r € [R,S], which yields, after integration in space:

P(8) = P(R) =0. (A8)

It remains to express P(S) and P(R). At the bubble surface (r = R) we use the boundary condition (A.4)) so

we have .
& R

—2—= —Adn—. A9
= Ao (A.9)

At the limit of the melt cell (r = §), it is assumed (cf. [Arefmanesh and Advani, 1991, Proussevitch et al.,

1993b)|Lensky et al., 2001]) that

P(R) =P,

JTT(S) = (_P + 277187”“7’)\7”:8 = —/amb (AlO)
where Py, is the external ambient pressure to the cell. Plugging expressions (A.9) and (A.10]) in (A.8]) yields
& (1 R? R 1 25
Pay — 22 =R = -] = S (P Pamy — — ). A1l
Po = Pty =27 = (R 83> R =g (PP g) D

where we used ([2.18). Note that there is a modification of the left hand side compared to (|A.6)) because the
factor 1 — ¢ appears in the denominator. [Toramaru, 2022| interprets 7;(1 — @) as the effective viscosity of the
liquid that is modified by the presence of the bubbles.

In our case, we consider that including a bubble population instead of a single bubble means that there is a
continuity of the liquid phase that implies a continuity of the pressure and the viscosity component of the normal
stress. As a result, the boundary of the melt cell (see equation ((A.10])) follows:

Pamp =P — 2nl(arur)\r:$ SO P(S) =P, (A12)
and the resulting equation reads:
. R 26
= — -P—-—=. Al
R (739 P R) (A.13)

Equation ((A.13) coincides with the original Rayleigh-Plesset equation (A.6) for Po, = P;. Following the [Tora-
maru, 2022] interpretation, this assumption is equivalent to considering that the effective viscosity equals the
liquid viscosity.

A.2 Mass exchange term R™20 in the literature.

As mentioned in Section we analyzed two propositions from the literature ( [Lyakhovsky et al., 1996];
[Mancini et al., 2016]), to define the water mass balance and its impact on the exchange mass term R20.

Approaches to find 0,C at the interface. The first approach is from [Lyakhovsky et al., 1996]. Since the
boundary condition at the bubble interface r = R in ([2.27)) is taken to consider the equilibrium state at that place,
it seems suitable (or at least compatible) to search for the value of the concentration gradient at the interface
with the same assumption. In [Lyakhovsky et al., 1996], an explicit expression is found for the concentration
gradient at the bubble interface for the quasi-static case (small Peclet number) given in terms of the cell size
(see equation 13 in that paper):

pg R3
Co — Cir=r — 5 53 Co — kn/Py

R-§(ST-R)E T R-I(ST-RYE

(0:C)pper = with S3=8-R3 (A.14)
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where for the last approximation the authors assumed p, < p;. For the case of a tiny bubble, § > R, equation

(ATA) yields (9,C);,_g = 2=2VPo.

The second approach is given by [Mancini et al., 2016]. The water mass balance (2.30]) is written in terms
of the water mass at the equilibrium, /\/lgq:

dt  RE

(ng - My) (A.15)

for a dimensionless coefficient A and a characteristic radius Rg, both of them to be defined. To find the
equilibrium water mass, M4, the authors use the conservation equation (2.29) for C = C®? that reads:

o W SE—R3 An
ng + 4mpiC qT = ?Sg’copl,
leading to
eq am 3 eq
Identification of (|A.15) with ([2.30)) using (A.16)) and the definition of M, gives
1 ASS pgR? q
C)r=R = 55 55 — —C° A.17
(8 C)\ R 3 ,Rg R2 ((CO PZSS’ C ( )
or, using that S§ = 83 — R3,
1 AS8—-R3 PR3
hC)per = 55— (C* — kpy/ , with C*=Cy— ——F—+. A.18
OOrr =gz~ gz (¢~ nPa)o 0 (S - RY) (A-18)

Embedding (|A.14]) or (|A.18) in equation (2.30) yields the water mass balance at the bubble interface.

Limit behavior of the rate of mass exchange. We analyze the behavior of the rate of mass exchange

d%g as made in Remark for the previous approaches. In particular we check if the following limits to be
satisfied: M M
lim =0 and lim Y =00 (A.19)
R—0 dt R—S dt
When the first approach (|A.14)) is considered, (2.30)) reads
dM, R
g P T w0 Ry Po)
27 S3-R3
As S3—R3 = (§—R)(S? +SR+R?), then gﬁ:gﬁ = 52459%1722 and we also obtain both desired limits. When

the second approach (A.18)) is considered, (2.30]) reads

My VA o e (o AR o
o —47TPZD3R(2)(S R%) | { Co (S8 =) kny/ Py

and we are only able to write

dMgy  4rm

. = 3 . . s
7IQH_I}O 7 =3 p1DS°(Co — kpy/Py) lim RZ
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dMg  4Ax , A 3 pgR?
i = = oD Jim, <Rg<5 7”((0 0 S —REy ) VP
The limits depend on the behavior of % and so we cannot be conclusive at this point. The choice of [Mancini

0
et al., 2016] of A=1and Ry =R yieléls the undesirable limits of co for R — 0 and —47Dp,S/3 for R — S.
Other values for A and R are discussed below in Remark [A.T]

Remark A.l. The previous propositions of [Lyakhovsky et al., 1996] and [Mancini et al., 2016] can also be
written under the structure of our proposed approach in (2.31)). Thus, in the definition given in equation ((A.14)),
we write the denominator as follows

3 , R RS (1(R\® 3R 1 RS (R R, R
RS- Rg-5 wm <2<8> st s (s )((E) 5 2)

that using (2.18)) it becomes,

3 2R _ 15152 % - 51F%)
R—E(S R)S3_§ = (S—R).
Then using the definition of ¢, (A.14) also reads
Co — kn\/P, 1-¢
(0:C) e ~ Ap2"MVI yith Ap = — Ld (A.20)

S—-R L/3(1 — %@2/3 _ %@1/3)'

The proposition in (A.18)) presented in [Mancini et al., 2016 reads as

C* — kn/P, , 1A -9 Py

Note that A,; can also be written as

LA »(1L-9)(1=3'%)

AM: 3R(2) ¢4/3

(A.22)

The values of A and Rg need to be set. One way to do so is to use equation 2.31 as a reference. In other

words, to fit (A.21)) with (2.31)) we may set (C)|,—s = C* and Ay = 1, so that RQ = 3?%73(3 7y Then, if

we define for instance Ro = & — R, then A = 35 2 (P ~1/3 _1). Another way was chosen in Part Il, Section
6.1.2 [Burgisser et al., 2024] for consistency with II\/IanCIn/ et al., 2016] ; A was set to 1 and Ry was set to R. [J

Macroscopic mass exchange rate. We present the mass exchange term R™2© for the two proposals. If with
the first approach (/A.20) we identify (C)|,—s with Co, we can write

. 1—-¢
R0 — A, RM20 with  Ap = — - —, (A.23)
L 901/3(1 _ %@2/3 _ %(pl/?))
and then 2/3
H>0 1/3 3 /P ¥
hm R =3 / plD(47TN) / CO — kh hi)no 1_71/3./4[,
= 33, D(4xN)?/3(Co — kpy/P,) lim il 1—¢
=01 — 1/3 (1 _ %@2/3 _ %@1/3)

=0
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and

Ap

' 1 _@)5/3
=353 D(A7N)*3(Co — k[ Py) 1 (
PDUTNY*(Co =k Po) iy 15— S

(1 _ s5)2/3(1 + @l/& + S52/3)5/3
1— %@2/3 _ %@1/3

_ »)2/3
. HyO _ q1/3 2/3 . : %
lim RYC = 55 DURN/(Co — iy /P) lmy e

= 33 D(4nN)?/3(Co — kny/Py,) limy

= 0

where in the last equality we used again 1 — @ = (1 — 3'/3)(1 + $'/3 + 3?/3). In order to consider the second
approach' (A.21), we must identify (C)|,—s with C*~ =Co— %. N.ote that for this def.inition,.whern @ ten‘ds to
zero we find C* = Cy but, on the contrary, when @ tends to one, C* is not bounded. This last limit is consistent
with the fact that when there is only gas, the concentration tends to infinity. Focusing on R#29 we can similarly
write

1A 3 2/3 (1 . S5)1/3(1 o @1/3)
HoO __ H>O . - -7
Raf~ = AuR with Ay = 3R (47TN> 523 ) (A.24)

where we used (|A.22) together with the definition of 7. Then

A A
. H>O __ * . S A * e
éln%) Ruyf~ = pD(C* = kny/Py) %}m%)(l P) 7 = p1D(C* — kpy/Py) %IH%] 2

and A
. HQO _ * : — A —
¢h§1 Ry~ =pD(C kih\/?q) %1_>1111(1 @) R

B Relating the proposed temperature equations to thermodynamics

We followed the approach of deducing the temperature equations, and , a posteriori to obtain a
dissipative energy balance. Classically, in single-phase, compressible flows models, the mass and momentum
equations are completed with the energy equation from the thermodynamic theory. As we show below, the tem-
perature equation can be obtained from the energy equation through the thermal equations of state (e.g., [Kolev,
2007}, Miller and Miiller, 2009]).

From the thermodynamics of compressible fluids [Miller and Miiller, 2009|, the general, single-phase balance
of the total energy E for a fluid with density p, velocity v and internal energy e, £ = %\u|2+e, reads

O(pE) 4+ div(pEu) = div(Zu) + div(kVT) + p(f - u) + 7 (B.1)

where > = —pld + D is the total stress tensor and D is the viscous tensor. The term xVT is the flux of internal
energy according to Fourier’'s law with thermal conductivity coefficient k, f represents the potential energy and r
is the external absorption/emission energy contribution (in this work, we ignore the contributions from chemical
reaction and nuclear, radiative, or electromagnatic processes).

Building two-phase flow systems involves homogenization procedures (see Section that rest on various
sets of assumptions. Because of this variety, two-phase systems may share the same total energy balance, but
feature different partitions between the phases (see Remark [6.3)). Unlike single-phase flows, two-phase energy
balances involve the material derivative of the phase volume fraction ¢, which is the work done by the expansion
of volume fraction [Gidaspow, 1994]. In our case, we first established the mass and momentum conservation
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equations of our two-phase system by leaving some quantities undefined: the interface quantities (pins,q)
and (ur), and an equation for the gas temperature T;,. We then used the calculation of the total energy balance
obtained explicitly from the mass and momentum equations to find suitable relationships for these quantities.
The equation for the gas temperature needing to be consistent with thermodynamics, we based ourselves on
the standard structure coming from the thermodynamic theory to propose relevant adjustments or extensions
that match the specificity of our two-phase model. One of these extensions is the inclusion of the heat transfer
between the two phases, which is quantified by the term v(T; — T;). This term, involving the additional variable
T;, drove us to prescribe the closure equation for the liquid temperature. In other words, our approach
aims at finding a minimal model that ensures energy dissipation.

The total energy balance (B.1f), which is constructed from first law of thermodynamics (e.g., [Brennen, 2005]),
contains the contribution from the momentum equation, which can be seen by splitting it into a balance for the
internal energy e and one for the kinetic energy % |ul?:

Oc(pe) + div(peu) = X : Vu + div(kVT) + r, (B.2)

and
Oy (;p\ul2> + div (;plu!%) = =% : Vu+div(Zu) + p(f - u).

As the kinetic energy balance is constructed from the momentum and mass transport equation, it can be
viewed as a transport equation of energy |Gidaspow, 1994, Bird et al., 2007, Ishii and Hibiki, 2011]. To find the
corresponding temperature equations, we use the equation of state of the fluid, which in particular provides the
following rule for derivatives,

p T 3p)
D.e = pc, Di/T + =D —|==) D
pDe = pcp Dy +p tP'i‘p(an D,
where D& = 0;£ + u - V& is the material derivative for any variable £&. Then we get
O (cppT) + div(eppTu) + r (8,0) Dip —D :Vu—div(kVT) —r + g(@ p + div(pu))
e g p\ar),” ' p (B.3)

= (¢, T — €)(Op + div(pu)).

For an ideal gas, p1 = cop1T1. Using X1 : Vuy = —py divug + D1 : Vug and that ¢y is constant, we find the
temperature equation

O¢(cpip1Th) + div(cpipr1Thu1) — Dyp1 — Dy 2 Vuy — div(ki1 V1) — 11

: (B.4)
= ((cp1 — co)T1 — e1)(F¢p1 + div(pru1))

or equivalently

8t((cp1 — CO)plTl) + diV((Cpl — co)plTlul) — 21 . Vu1 — diV(IQ1VT1) — T
= ((cp1 — c0)T1 — €1)(Orp1 + div(prur)).

As the internal energy is e; = (¢p1 — )T, we obtain (B.2)) whether the mass is conserved or not.

For a compressible fluid with constant density ps, the same procedure yields the temperature equation obtained

from (B.3):
Or(cpap2Ty) + div(cpapaTous) + padivug — Dy : Vug — div(keVTa) — 10 = (cpTn — e2)padivug, (B.5)

where the term padivus depends on the compressibility law chosen. Again, if the internal energy is ex = cp275,

we get (B.2).
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As mentioned above, the internal energy balance for multiphase flows involves an additional term that takes
into account the work done by the expansion of the volume fraction ¢; [Gidaspow, 1994]. For each phase i, the

equivalent equation to (B.2) is thus
Oc(pipiei) + div(pipieiu;) = —piDypi + pi%i : Vu; + div(pir; VT;) + 14, (B.6)

Following the same procedure as before yields the alternate equation to (B.3)) for each phase,

. T; (0p; .
Or(cpipipiTs) + div(cpipipiTiui) + %# (8;@) Dypi — ¢iD; = Vu; — div(pir VT;) — 1
(A (A Di

Di . .
+piDipi + @i;(atpi + div(pius)) = (epiTi — €;) (0 (wipi) + div(pipiui)).

7

(B.7)

For an ideal gas, with the fractional density p1p1 and pressure p; = cop111, we get the equivalent equation to

(B.4),
O(cporpiTh) + div(epiprpiTiur) — 1 Dipr — 1Dy 2 Vuy — div(e1k1VI) — 1

= ((ep1 — co)T1 — €1) (A (p1p1) + div(p1p1ur))
where the term on the right hand side vanishes for e; = (¢p1 — ¢9)71. Our proposed equation for the gas tem-
perature ([2.56)) follows this structure, considering surface tension plus heat exchange as the external contribution
r1. From the energy equation ([2.58) we deduce that the associated internal energy would be e, = (cpg — c0)Ty.
For a compressible fluid with constant density p2 and fractional density w2p2, (B.7)) yields:

Ot (cpaip2paTy) + div(cpapapaTous) — @2Do : Vug — div(pakoVTh) — 12 + pa(0ip2 + div(pous))

= (cp2T — e2) (0 (p2p2) + div(papaus)),
that is the equivalent equation to (B.5). Again the term on the right-hand side vanishes for ez = ¢,2T5. Our
proposed equation for the liquid temperature (2.57)) also follows this structure, ro containing again the heat

exchange. Note that from (2.52a) we have the value of ;2 + div(paus), providing the term %RHQO appearing
in (2.57). The corresponding internal energy would be e; = ¢,/1;.

As for our system the internal energies are e, = (cpg — c0)Ty, €1 = cp1y, the total energy balance obtained

in (2.58]) becomes:

O 0Py (luglP+eq) + (1 = ©)pu(luP+er) = (oo + (1= @)p)(g - X) + %)

+diV(80Pg(%\Ug|2+€g)Ug + (1= @)pulzlul+e)u — (ppgug + (1 = @) prur) (g - X))
(B.8)
—div(eXgug + (1 — ©) X)) — div (prg VT, + (1 — ©)r V)

2
+Eap(1 = @)ug — wP+o(1 - @) & (pg - — %) =0.

where we added and subtracted div(pyugy) to using p; = copgT, and we denoted X, = —pyId + Dy,
¥ = —pId + Dy, with Dy, D; the viscosity tensors defined in (2.10)-(2.11]). This equation is identical to (B.1]) if
we neglect surface tension and we consider the potential energy as the gravitational potential, f = V(g-X). The
terms on the last line represent the loss of energy due to the drag terms on the relative velocities and pressures.
Finally, the internal energy equations for gas and liquid phases can be written from the proposed temperature

equations ([2.56)) and ([2.57)) using (2.13)), ([2.52a]) and ([2.52b)):
20

Oi(ppgeq) +div(ppgeqty) = —pg (Orp + ug - V) + X, : Vug +div(ergVTy) +v(Tg —T1) — 00, (R) (B.9)
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(1 = p)per) + div((1 — ) pequr) = —pi (O4(1 — @) +up - V(1 — @) + (1 — )% : Vay (B.10)
+div((1 — @)k VT}) — v(Ty — T) '

These equations follow the same structure as equation where the external contributions are r, = (T —

T)) — o0 %") and r; = —y(T, — T}). By subtracting the internal energy equations ((B.9)), (B.10) from the total
A

energy (| , we can also get the kinematic energy balance:

U 2 U 2
O ((1—cp)pz| ;' +sopg| ;" —(g‘X)((l—sO)szrcppg))

2 2
. up u
+ div <(1 - @)mm'zy + wpgug| ;” —(9- X)((1 = )prw + cppgug)>
= —(ngg :Vug+ (1 — )% : Vul> + div(eXgug + (1 — @) X)) — Kap(1 — @)|ug — w|?* + py(ug — u)Vep.

(B.11)

The last term comes from the remaining terms

20 3 20\ 2
—EatSD + Py (815(;0 + ug - V‘P) + (8t(1 - ‘P) + uy - V(l - 90)) - 80(1 - 90)47771 <pg — Dl — R>
20 20
=~ 0+ g (O +ug - Vo) = pr (Oep + - V) = (pg -pn— R) (Orp +ur - Vo)

= pg(ug - ul)Vw,
where we used ([2.52f)).

Our proposed temperature equations are thus compatible with thermodynamics. They keep the structure of clas-
sical equations and they provide a dissipative energy balance for the proposed system. We also refer the reader to
Section @]where we conduct a comparison with the thermodynamics-derived model proposed in [Romenski et al.,
2010,|La Spina and de’ Michieli Vitturi, 2012].

C From compressible-compressible to incompressible-compressible at low Mach

Connecting seamlessly compressible-compressible formulations to incompressible-compressible formulations is not
trivial. [Varsakelis and Papalexandris, 2011] generalize the concept of low-Mach-number approximation to multi-
phase flows and apply it to a two-phase flow model by performing a joint, low-Mach-number limit for the two
phases. Here we show that it is possible to obtain our incompressible-compressible system representing liquid—gas
flows with respective indices g and [ from a compressible-compressible system governing two gas phases with re-
spective indices (g, 1) and (g, 2) by performing a low-Mach-number limit Ma — 0 with respect to the phase (g, 2).

For simplicity, we replace the Mach number Ma by a parameter e. We also assume that all quantities are
dimensionless. To perform the asymptotic calculation, we choose a perfect gas law for the phase (g, 1),

£ _ (1 €
Pg1 =700g1Tg1

and use a simplified stiff gas pressure state law for the other phase (g, 2):

Pa2 =P+ 5(]3;2 - asz)
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where o > 0 is a fixed constant, ¢ is the Mach number associated to the gas (g,2), and p is a given positive
constant that is chosen to be equal to our constant fluid density p;. The asymptotic is obtained by looking at
solutions that are expanded with respect to ¢ as follows:

P = Py TPy + €0y 4
T, =Ty +el,;+To;+ -
©gi = 908,1' + 5@51;,1‘ + 52%2;,1‘ +o
Ug ;= u27,~ + Eu;,i + EQUfm +---
Cf =C) +eCl +2CF + -+

where ¢ is assumed to be sufficiently small. The equations involving the phase (g,2) are the most relevant ones
because the (g,2) pressure law depends critically on €. These equations are

O(g5.2Pg.2) + div(pg 205 2Ug o) = — Ry, 0,
3
g o + g Vg o =g o(l — 902,2)4771(17;,1 —DPg2)s

(g 2P 2Ug o) + div(pf 2pg oUg o @ ug o) + V(‘P;,zpf,,z) —div(pg 2Dy 5) — Pg1 V52

€ € € € e & u;ul + u;? €

- Kd@g,z(l - SOg,Q)(Ug,l - Ug,2) — Pg.2Pg29 T o ''H0 =0, (C.1a)

. Tso

O(g.2¢p2Pg 2Ty 2) + div(py ocp2pg 2Ty 2ty o) — 57?’ ©5.2(0ipg 0 + ug 5 - Vg o)
9,2
p272 15 15 1

- e H20 + V(Tg,l - Tg,2)

9,2

— div(if 2kaVT5,) — ¢ (2mD(uf 5) : Vg + a(divug )%) = 0.

Note that the stiff gas pressure state law and the expansions of the unknowns we consider imply the following
pressure expansion with respect to the Mach number:
0 ~

pg,2 —p

1
Ph2 = “Pg2 T Pga+epgat = + (g2 + aTya) +*(pgo + aTya) + .

In the gas fraction equation on ¢ 5, the main contribution at order e~! only involves the pressure p;é This
contribution is

908,2(1 - <P2,2)Pg_,5 =0,
which can be written as
00 a(1— ) 5)(p5, —p) =0. (C2)

£
9,2

V(ggalps, —p) =0

Using the momentum equation related to uS ., we get at order £~! that

and therefore
Py2(Pys — p) = C(t).
Coupling this result with the constraint ((C.2)) yields

(1 - ¢52)C(t) =0,
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which implies that C(t) = 0 or @272 = 1 identically because C(t) does not depend on space. The second choice
is not possible because it implies a single phase system. Thus,

9050772<pg,g - ﬁ) = 0.

Note that if @2’2 = 0 at some point in space, it means that phase (g,2) is zero at that point and we therefore
can choose p272 = p. Therefore the conclusion is that ,0272 = p everywhere. Note that this implies that p;é =0,
which is be used later on when looking at the temperature equation on TgQ.

We address now the mass and gas fraction equations at order €. Using that p272 = p = constant, we obtain
that

(9t(s02,2ﬂ2,2) + diV(802,2P2,2U2,2) = _R(I]-IQO

and therefore
Lo

0rp) 5 + div() Hul ) = ~=Rio (C.3)
The volume fraction equation yields
3
5t<P2,2 + Ug,z : V@S,z = 802,2(1 - @2,2)11771(132,1 - Pg,z) (C.4)
with p) o = pg o + aTyo. Combining (C.3) and (C.4) yields:
0 Jicn,0 10 0 0\ 3 /0 0
Pgodivug o = —;RHQO + gl — wg,Q)fm(pg,1 —Pg.2)

where p871 = ropg,ngoJ. Note that p272 corresponds to p; in our incompressible-compressible system. Importantly,
p272 = p‘é’g + aT&Q, where pflﬂ is an unknown. The salient unknown to consider is therefore p272 because it
appears everywhere. In the temperature equation at the main order, (C.1a)4, the quantity with ¢ in front yields
the quantity

) 0 -1 -1

)

which is zero because pg_é = 0. Also, the quantity related to Rp,0 in (C.1a)4 simplify to

0
Dg2
0
pg,2

0
RHQO'

Therefore we obtain that

8t(¢2,20p,2p(g),2TgO,Q) + diV(SDS,sz,2P2,2TO,2U(g),2)
0
Py
— R0 +1(Tg1 — Tyo) (C.5)
9,2

— div(g) sk VTys) — 2 (anp(ugvz) : Vo + AQ(divugz)?) -0

which is the equation on 7} that we have considered. The main order of the other equations (e.g., that of
Cy and those related to the phase (g,1)) easily yield equations that are identical to the ones we use in our
incompressible-compressible system.
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D Detailed calculations of the drift flux system

The drift flux system (4.15]) is obtained from the original system ([2.74)) by performing the change of variables
detailed in Section 4] (see in particular the relationships (4.11))). Obtaining the equations for mass, concentration
and volume fraction, (4.15a)-(4.15d]) is straightforward. Here we detail the calculations for the remaining equa-

tions ([4.15€)-(4.15h)), which are less obvious.

Equation (4.15¢) is the sum of (2.74d) and (2.74€). From the definition of the drift flux variables we can
easily achieve the conversion into drift-flux variables. We only detail the conversion of the divergence term, where

we use relationships (4.11)) to write

div((1 = @)prn & 1 + wpygity @ uy) = div(1 = V)p(u — Vo) & (u — Yw))
+div(Yp(u+ (1 —-Y)w) ® (u+ (1 —=Y)w))
=divi(p(1 = Y)(u®u) —pY(1-Y)(u@w)—pY (1 -Y)(w®u)
+pY2(1 - Y)(w@w)) +div(pY (u @ u) + pY (1 — Y)(u @ w)
+ oY (1 =Y)(weu)+pY(1—Y)*(waw))
=divijpu @ u+ pY (1 - Y)w @ w)

Equation (4.15f)) is the momentum equation for the gas phase (2.74€). We also only detail the divergence term,

the other terms being easily converted:

div(pgpug @ ug) = div(pY (u+ (1 = Y)w) ® (u+ (1 = Y)w))
= div(pY (u®@u) + pY(1 = Y)(u@w) 4+ pY (1 - Y)(w@u) + pY (1 — Y)*(w @ w))

The coefficient of R72€ is calculated using the definitions of the velocities,
1 1 1
i(ug—l—ul) = §(u+(1 —Y)w+u—Yw) :u+(§ —Y)w.

Equation (4.15g)) is the sum of (2.76)) and ([2.74k)). In the primary variables, that sum reads
O((cpg — co)ppgTy + (1 — p)ep o) + div((epg — co)ppgTyug + (1 — @)ep prliu)
— div(iprg VT, + (1 = @) V) + pydiv(ioug + (1 - )

+ (pgp_lpl)RHQO —p <2ngD(ug) : Vug + )\g(divug)Q) —(1-9) (2771D(ul) : Vu, + Ul(divul)Q) =0.

Using the definition of ¢y, in (4.10) and 7" in (4.8]), the time derivative term reads
9 ((epg — co)ppgTy + (1 = )ep piT1) = Op(cpm YTy + cpm (1 = Yr)Ti) = Or(cpmT)

We develop the divergence term where we replace all variables to get

div((epg — co)ppgTgug + (1 — @)ep,piTiw) = div(cpm Y (T + (1 = Y7)oT)(u+ (1 — Y)w)
+ Cpm(l — YT)(T — YT(ST)(’LL - Yw))
= diV(Cpmu(YT(T + (1 - YT)5T) + (1 - YT)(T - YTdT))
+ epmuw(Yr(T+ (1 —=Y7)0T)(1-Y) — (1 = Yp)(T — Y70T)Y))
= div(epmuT + cpmwT (Y7 —Y)
+ cpmwéT(l — YT)(YT(I — Y) + YYT))
= div(epmuT + cpmw((Yr —Y)T + Yr(1 — Y7)T))

The remaining terms in the temperature equations are directly obtained by using (4.11])) to convert the original
variables.
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Equation (4.15h)) is calculated as (1 — Y7) x (4.13) — Y7 x (4.14). This combination yields:
(1 =Yp)epgpY (0iTg+ (u+ (1 = Y)w) - VTy) — Ypep,p(1 = Y) (0,1 + (u — Yw) - VT)
+ (1= Yr)(p+ (1= @)g)div(u+ (¢ — Y)w)
=Ty —T1) + (1 = Y7)div(ereVT,) — Ypdiv((1 — )k, VT})
. L .
+ (1 - YT)nggp(QD(ug) : Vug + 3(d1vug)2) =Y (1 — o) (2D(ul) : Vu, + 3(d1vul)2)
RHQO

— (1 =Y7)(p+ (1 — 9)g) + Yr(p — ¢q)) — (1= Yr)ew Ty + YreyT) R0

The time derivative terms are
(1 — YT)CngyatTg — YTCplp(l — Y)&tTl = (1 — YT)CmeTatTg — YTCpm(l — YT)atTl = CmeT(l — YT)at(5T>

The velocity terms are

(I =Yp)epgpY (u+ (1 = Y)w) - VT, — Yre,p(1 =Y)(u—Yw) VT
=cpmYr(1 = Y7r)((u — Yw) - V(T 1)) +w - VTy,)
1-—

= cpmYr(1 = Y7)((u = Yw) - V(6T) + w - V(T + (1 — Y7)T))

Finally, we develop the term in RH20,

—((1=Yr)(p+ (1 = ©)q) + Yr(p — 99) 222 — (1 = Yr)ewy Ty + YreuTy) RH20

~(p+ (1= @)g— Yrq) 22 — ((1 — Yr) BT + (1= Yp)oT) + Yy 2200 (T — YroT) ) RH20

~(p+ (1 - —Yr)g ))Rgfz — n YY) (1 Y)(T 4 (1 - ¥7)oT) + Y (T — YpoT)) R0
~(p+ (1= = Yp)q) 22 — mlB S0 (T 4 (1 - Y — Yp)T) RI20

Like before, the rest of the terms are obtained by using (4.11)).

E Dimensionless drift flux system

Mass equations

The mass equations for p, Cj, and ¢, (4.26a)), (4.26b)), (4.26d), and (4.15d)) are:

St 9; ((1 + ’;fl’sY) (1- ap)ﬁl> + div ((1 + ’;fl’s}?) (1- @ﬁla) =0, (E.1)

St 07 ((1 - go)ﬁlf/) + div ((1 —o)pY (u + 01+£9°Y )) = ﬂmﬁmo, (E.2)
&@«1—@mu—axm)+&le—@mu—@&m<u—2§$1+%pj%>>:u (E3)
St e + <u - %Iﬁ”}fiﬁm) V= ﬁz;gg o1 — ‘p)fmq (E.4)

LoRg
" prouo’

The exchange coefficient on the right-hand side of the second equation
the system. Using (4.28p), it reads

also appears in other equations of

LoRy  3Y3(4mNy)?2DCy Ly
Ploto Uuo '
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Mixture velocity equation

Equation (4.26€]) in dimensionless form is:

2
Pg0 ~ i Pg0 < U T [ Pg0 Wy 1 o~
St3~(<1+Y> 1- lu>+dlv<<1+ Y) 1- lu®u>—|—d1v —————=1—-p)pYuuw
; 0 (1—¢)p o (I—¢)p oo 11 ZfSY( ©)p
1

. 1 - - 1 - ~ Pg0 W0 Y/ﬁ) ~ - Pg0 Wo }N/TIJ
Vp— —d 1-— —d -~ _|1d+2D L
" Ma? " Reg v <( o) (3 v (u pio o 1+ ’;%(?Y " u(u pio vo 1+ @Y)

P10
0 L (i, (3div (a0 L _g)1aten, (ar L g
ploReg 1V<90779< v u+u01+pﬂ)~/w + ” u+u01+pﬂf/w

Plo Pio

1 po~) -
== (1+=ZLY)(1-
Fr2< (1—=v)ng

Plo
(E.5)
Velocity equation on Yw
Equation (4.26f)) in dimensionless form is:
Y 2 1 Y .
P gt (“’) PR=g Y div(a(l - o)) (E6)
Plo Uo 1+ %Y pio ug pi(l — @) (1 + %y)
2 g ~ < ~ g ~ C ~
Pgo WG [ - pgo YW ~ Yo Pg0 Wo . = Yo pgowo YW ~
t 2\ 02 s | VT | T w YV Ty | T w1 Py
Plo U pio 1+ 20V 14 20Y Plo %o 14 20Y pro uo 14 7Y
1 pgo 1 1 Iod - Iod - wo 1 ~ ~ ~ U)() 1 -
= | LT ——————=div 3div | t+———F—=w | Id+2D,, | i+ ——F—=w
I (plo Reg 1+ 20y (*0779( ( w1+ oy w1 ey

1 1 Y - 1 -~ Vi ~ Vi
[P _div (1 )iy | odiv(a- PR ) 1d 42D, (6 PP E
pi(l—@) \ pro Rer 1+ 20y 3 puo uo 14 L0y po o 1+ 20y

1 1 pgo Y = Q0 = - poowo 1 KaLd Ka(l— ) o
t T o M iw—w Vi — —¢V((1-¢)q) —L*R e e 40
pi(1 — @) Ma plo 1+ o plo uo Reg  mgo Pg

1pgow0 1 o < PO wo 1 - ~
+ = ——— [ StO; ((1— Y)+div|(1- Y e+ ———F550 w
2 po uo pi(1 — ) ( ! <( eI ) <( o ( uo 14 2V >>>

Using (4.28c), the drag term coefficient reads:

KgolLé L3

Tlg0 kO

Temperature equations

We write equations (4.26g]) and ([4.26h]) in dimensionless form by using again p,¢ = pY to write (¢ —Y)w =
- (1 - ;%) (1 — )Y w. Equation (4.26g]) becomes:
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St@;(( pfoc ) @;ﬁ) + div (( ’/’j‘)c ) - )Mu)

+%Z—§d§v (( ’;?Oc Y)( ©)pi <(1+C’);%C +£y)T+(;T(;)1+,§§C Y&T) Y/m)
O (e 20— )i (- (2 M) s @m)

:—<’;j(?> ZZ%(Z%CM (St@;(( )plY)—f—le( ?( u01+ngY N)))g

Z‘ZISC —dlv (go@ (T (;7;0 1—|—p900Y6T>> —|—P—6ldlv (1—-p)V <~ ng%M?5T>>
+ 2‘;{;)0‘;’2017?;@779 Du (a+ Z);)Hlpigl?@ .V (a + ﬁ@w)
3%%017?29@% (div <u + 1:—271 " 1%;3?@))2
_ wopgo 1 Vi )

wo Pgo 1 5\ &
7}/11) : V u — 00
up pro 1+ plOY

90 "¢
+ TO Pel
2
1 5T0 BI‘l v - wo ng 1 ~
=0 d T 4
3 To Pel( i div (@ w po 1+ 22y "
(E.7)

The relative temperature equation (4.26h|) becomes:
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PO e 51— )i (Staner) + (a— P2 Y o) e+ Lo Lrye L g7
(L= o) (1007 + (3 00 ) 96+ R0V (4
- Y
+ 20 B0 <}5+qo(1—g0)cj>div e
P10 Pg0OTyCpi Po Ug

Pg0y
Plo 1 + P!zo Y
Y L ~ ~
00 (1 4 Pa0 CpY> 58T

PL1oUOCpl P10

pgo To  po ( Pg0 ~) L (. q 1 N o
— P00 1+2%cv) - (p+ 2 — — St 0y ((1— )Y
pio 01, proTocpr po ) P po \1+2°CY 7)1 ! <( 2L )

T PO - 'LUO ]_ B
+div <(1 — @)Y (u + pw>>>
) up 1+ ﬁgY
Po0 Cp (1 Py (Lo (q_Poo(_ Y GY - s
- (1 * Y) < T+ ( P10 (1 4 POy 1y ﬂgOcp?)>5 St 9; ((1 SD)MY>

P10 Pg0 pio 0Ty P10 P10
~ - - wo 1 ~
+d 1-— Yo+ ———F5=
v <( 2L (u uop 1+ ’;,%)Yw>>>
Pg0 ~ Lo 1 = (7, 0% 1 7
+ L0y ———div [ ¢V (T + 22— =0T
pio o1, Pey v (cp ( To 1+ %CPY
ng T() ].

o N
——=C,—=—Ydiv|(1l—-p)V|T-—=———7——YT
pio ' 1, Pey <( #) ( pio To 1+ 522Gy ))

pgo ~ Brg = [ wp 1 . ~ (.  wg 1 -
1200 2oom Dy la+ L ) v(a+ L 5
Plo pPeg(Png u( uQ 1+’;)%§Y ) ( ug 1—1—%’}/
p w 1 2
13800 =9 div a4+ —2 i
oo PPe, u 1+ L2y
_oPay Bl i by (a1 gp) (a1 gy
pio ? Pey up po 1+ %’Y ug po 1+ %’Y
2
1pgo Br _ s (. wopgo 1 ~
— = Cyg—— (1 — div|t— ——————=Yw
3po Y Pel( 2l ug pro 1+ %’Y
(E.8)
Using (4.28b), the heat transfer coefficient, _wlo  paads:
PLOUOCpl
L 4m\2/3 N
020 _ 9y (W) SN
Pl1oUOCpl 3 Pe,

Pressure

Finally we write the calculated mixture pressure p from (4.27)

(- 1 2\ ) e )
Co(1— @)Y <T+ (ST@ (1 - pg0~cpy> 5T> — Qg PO <p 1
0

- ®
po 1+ ’%CI,Y co pgoTocy
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