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Curvature in chemotaxis:
A model for ant trail pattern formation

Charles Bertucci∗, Matthias Rakotomalala∗, Milica Tomašević∗

Abstract

In this paper, we propose a new model of chemotaxis motivated by ant trail pattern
formation, formulated as a coupled parabolic-parabolic local PDE system, for the population
density and the chemical field. The main novelty lies in the transport term of the population
density, which depends on the second-order derivatives of the chemical field. This term is
derived as an anticipation-reaction steering mechanism of an infinitesimally small ant as its
size approaches zero. We establish global-in-time existence and uniqueness for the model,
and the propagation of regularity from the initial data. Then, we build a numerical scheme
and present various examples that provide hints of trail formation.
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1 Introduction

Chemotaxis is the process of movement in response to chemical stimuli. This phenomenon
can be observed at the scale of bacteria, cells, or insects. When the chemical is produced by the
population sensing it, collective behavior emerges. In the celebrated paper of Keller and Segel [1],
the authors proposed a PDE system modeling both the evolution of a chemical and the density
at the macroscopic scale of cells, that are attracted by the concentration of the chemical they
produce. The minimal version of the proposed model has the following form:

∂tρ = ∆xρ− χ∇x · (∇xcρ), in (0, T )× R2

∂tc = ∆xc− γc+ ρ, in (0, T )× R2

where c is the concentration of the chemo attractant, ρ the density of cells and χ the force of
interaction, with initial data ρ0, c0. The chemoattractant diffuses and evaporates, and its produc-
tion is proportional to the density of cells. The cells are diffusing in space and the transport term
∇xc models the attraction of the cells towards the points of high concentrations. This parabolic-
parabolic version of the Keller-Segel model has now been extensively studied in the literature,
see e.g [2, 3, 4, 5]. Contrary to the elliptic version of the model, in this case, there is no sharp
threshold for global existence vs finite time blow-up for a reasonable class of initial data. However,
we do expect, when χ is large and the support of ρ0 small, a finite-time blowup. Recently it has
been shown that this model can be derived as the mean-field limit of interacting particles under
a smallness condition on χ in R2 and it has now been rigorously proven that the particle system
converges towards a Mckean-Vlasov process [6]. For a review of chemotaxis models, we refer to [7].

The Formicidae family, which includes all ant species, is known for its complex collective
behaviors. They can be observed forming trails connecting food sources to the nest. These trails
are formed using chemical markers (pheromones), emitted by individual ants and detected through
their antennae. This chemotaxis phenomenon has peculiar qualitative properties, differing from
the Keller-Segel framework, allowing the colony to coordinate and form complex trail structures.
This process is known as stigmergy [8], a concept that has been extensively studied in biological
literature, see e.g., [9, 10, 11, 12, 13, 14]. The complexity of ant stigmergy raises new modeling
challenges, and there is ongoing literature on the subject.

A discrete approach consists of modeling the movement of particles as a biased random walk
on a discrete lattice [15, 16]. In [17], the authors study a model where both the ants and the
pheromones they deposit are treated as discrete particles, with the ants adjusting their movement
orientation based on the surrounding pheromone particles.

For continuous models, Amorim [18] proposed a PDE system that shows hints of trail formation
in the presence of attractive food sources. Other studies, such as [19, 20, 21], focus on the role of
antennae in the sensing-reaction mechanism of ants to chemical stimuli. These studies emphasize
the types of scalar fields, derived from the chemical concentration, that are necessary for the
steering mechanism of a particle to follow a trail of chemoattractant. Fontelos and Friedman [22]
proposed a PDE model and proved the existence of trails if the interaction intensity with the field
is sufficiently large. In [23], the authors derived a model where each particle senses the gradient of
the concentration field ahead of its position. This anticipation term, which could be understood
as the length of an antenna, is essential for lane formation.

In this paper, we propose a new PDE model for ant trail pattern formation. The ants are seen
as particles that are modeled through a position x in space and an angle θ of orientation. They
move at a constant speed in their direction θ and diffuse in space. The main novelty resides in the
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Figure 1: Typical Monte-Carlo particle simulations of our McKean-Vlasov model. The orange dots
represent the particles and in blue the concentration field of pheromones.

dependence of the drift of the angle in the second-order derivative (curvature) of the chemotactic
field.

To illustrate the necessity of this term, imagine the chemo-attractant field c as a mountain
range, where the altitude represents the concentration of the chemo-attractant. A trail is analogous
to a mountain ridge, a curve along which there is a high concentration—a local maximum. At
such a crest, the gradient is zero. To distinguish between a crest, a summit, and a valley, we need
second-order information, specifically the bi-dimensional curvature of the terrain at that point,
which the Hessian of the chemo-attractant provides: ∇2

xc. The Hessian allows us to understand
the local geometry of the field, enabling the ant to follow trails accurately.

To incorporate the Hessian, we suppose that the density of particles diffuses in θ and that the
following scalar field transports the orientation:

B(θ,∇xc(x),∇2
xc(x)) = v⊥(θ)∇xc(x) + τv⊥(θ) · ∇2

xc(x)v(θ),

where τ ≥ 0 represents the level of anticipation of the ant, and where v(θ)(resp. v⊥(θ)) are defined
as (cos(θ), sin(θ)) ∈ R2 (resp. (− sin(θ), cos(θ))). Given this scalar field, we couple the system in
a manner similar to the Keller–Segel model, incorporating a chemical field c, and obtain:

∂tρ = −λv · ∇xρ− χ∂θ(B(∇xc,∇2
xc)ρ) + σθ∆θρ+ σx∆xρ on (0, T )× R2 × T2π,

∂tc = −γc+ σc∆xc+ µ

∫
ρdθ on (0, T )× R2,

ρt=0 = ρ0, ct=0 = c0,

where T2π is the 2π-periodic Torus. This system is the main focus of this paper. In Section 2,
it is derived as the limit of an anticipation-reaction mechanism performed by an ant using its
two sensory antennae. The differential quantity is obtained by taking the limit as the size of
the antennae approaches zero. The dependence on the second-order derivatives of c allows us to
derive a local PDE model while still achieving trail formation (see Figure 1 for a typical numerical
simulation of our model). Setting τ = 0 would result in aggregation towards a center of mass,
similarly as in the Keller–Segel model (cf. [23]), rather than trail formation.
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Our model is a singular, attractive coupled PDE system. However, under a uniform ellipticity
condition, we can obtain uniform bounds on the average in θ of the density due to the boundedness
of the spatial speed (see Lemma 4.4). This estimate prevents finite-time blow-up, allowing for a
global-in-time existence and uniqueness result (see Theorem 3.5). One could wonder about the
behavior of the model for σx = 0, since the operator −v ·∇x+∆θ satisfies Hörmander’s condition,
implying hypoelliptic regularity. Nevertheless, deriving estimates on the singularly coupled system
remains a nontrivial challenge, and we leave it for future works.

The PDE model is naturally associated with a system of interacting particles representing a
colony of N -particles (see Section 2 and Section 6 for a detailed presentation). The particle model
is written as the following stochastic differential equation system:

dX i
t = λv(Θi

t)dt+
√
2σxdW

1,i
t ,

dΘi
t = χB(Θi

t,∇cN(t,X i
t),∇2cN(t,X i

t))dt+
√
2σθdW

2,i
t ,

∂tc
N = −γcN + σc∆c

N + µmN ,

ct=0 = c0, (X
i
0,Θ

i
0) i.i.d. ∼ ρ0,

for 1 ≤ i ≤ N , where (X i
t ,Θ

i
t) represents the state of the particle i at time t, (W 1,1,i,W 1,2,i,W 2,i)

is a 3-dimensional Brownian motion, and mN is the empirical measure of the spatial position,

mN :=
1

N

N∑
i=1

δXi
t
.

This raises the problem of convergence of the particle system (see Section 2) towards the well-
posed McKean-Vlasov equation (Theorem 3.8) and the propagation of chaos, that we plan on
addressing in future research.

Plan of the paper In Section 2, we derive our model, the McKean-Vlasov equation and the
particle system. In Section 3, we announce the results proved in this paper, namely, global in-time
existence and uniqueness result together with the propagation of regularity of the initial data. In
Section 4, we show some preliminary results on the linear Fokker-Planck equation. And in Section 5,
we prove the theorems stated in Section 3. Finally, in Section 6, we provide numerical results for
the model at both the particle and macroscopic scales, which show hints of trail formation—where
particles agglomerate along curves of high concentration of the chemical field and move tangentially
along these paths.

2 Derivation of the model

The derivation of the model is split into two parts. First, we focus on the microscopic derivation
observing the natural emergence of second derivatives of the pheromone concentration field. Then,
we formally take the mean-field limit of the microscopic model and obtain the PDE system, the
main focus of this work. In addition, we present an extension of the model with a two-state
population.

2.1 Our microscopic model

We first derive the dynamic of an infinitesimal small ant at the micro-scale given a concentration
c : R2 −→ R+ of chemo-attractant. Secondly, having a finite number of ants, we model the dynamic
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of the chemical field they produce which introduces interactions between ants. This leads us to a
microscopic system of interacting particles.

Movement of one ant given a pheromone field We model an ant through a position X ∈ R2

in the plane and an orientation Θ ∈ [0, 2π). Let ((Ω, (Fs)s,P), (W 1,1,W 1,2,W 2)) be a filtered
probability space with the usual hypothesis, equipped with a 3-dimensional Brownian motion
(W 1,1,W 1,2,W 2). We denote by W 1 = (W 1,1,W 1,2), the first two components, forming a 2-
dimensional Brownian motion. In the whole paper, we will use the following notation: for θ ∈
[0, 2π),

v(θ) :=

(
cos(θ)
sin(θ)

)
,
d

dθ
v(θ) = v⊥(θ) :=

(
− sin(θ)
cos(θ)

)
∈ R2. (1)

The ant moves in the plane according to the following stochastic differential equation,

dXt = λv(Θt)dt+
√
2σxdW

1
t ,

since Θt is the azimuthal angle, v(Θt) represents the unit direction in which the particle moves.
The parameter λ > 0 represents the constant speed of an ant, and σx ≥ 0 is the diffusion coefficient
interpreted as a perturbation of the motion by external random forces.

In order to derive the main modeling novelty of this paper, let us consider the following bio-
logical facts. The Formicidae family possesses two antennae at the front of their heads, serving
sensory purposes, including the detection of chemo-attractants left by their colony. These chemical
markers indicate trails towards areas of interest such as food sources or the nest. The extremal
part of each antenna consists of multiple flagellar segments, forming sensor groups along its length.
Let ε denote the infinitesimal small length of an antenna, and let π/2 > β > 0 represent half of the
angle between the two antennae. Thus, the midpoint of the left antenna is at X + εv(Θ+ β), and
that of the right antenna is at X + εv(Θ− β). In Figure 2, we summarise the modeling quantities
in a schematic representation of an ant.

We suppose that each of the antennae is able, using its multiple flagellars, to sense the gradient
of the concentration field c at its respective position. We denote by Aε

right (resp. A
ε
left) the stimulus

perceived by the right (resp. left) antenna. The stimuli are expressed as the following Taylor
expansions of the concentration field:

Aε
left = c(Xs + εv(Θs + β)) + τv(Θs) · ∇xc(Xs + εv(Θs + β)),

Aε
right = c(Xs + εv(Θs − β)) + τv(Θs) · ∇xc(Xs + εv(Θs − β)),

for some τ > 0. These signals are interpreted as anticipations of the chemical field. They
approximate the concentration of chemo-attractant that the ants would encounter after a short
period τ/λ if they continue moving in their current direction, starting from the corresponding
sensor. We call τ the anticipation rate.

The ants try to stay along curves of high concentration, they react to the sensory inputs by
correcting their orientation Θ. If the left-stimulus is stronger than the right one: Aε

left > Aε
right,

then the variation of Θ should be positive to move in the trigonometric direction. Similarly, if
Aε

left < Aε
right, then the variation of the angle should be negative. Rescaling by ε, we obtain after

a small time δt the following variation δΘ of angle:

δΘ = χ
Aε

left − Aε
right

ε
δt+

√
δtη,
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Figure 2: Diagram representing a schematic ant with the different quantities involved in the process of
anticipation-reaction at scale ε.

where χ > 0 is the force of reaction, and η is a Gaussian noise. Performing a Taylor expansions
w.r.t ε of the terms Aε

left, A
ε
right and taking the limit as ε goes to zero, we obtain the following

limiting anticipation-reaction drift:

lim
ε−→0

Aε
left − Aε

right

ε
= (v(Θ + β) + v(Θ− β)) ·

[
∇xc(Xs) + τ∇2

xc(Xs)v(Θs)
]
.

From here, using trigonometric identities, one can check that:

v(Θ + β) + v(Θ− β) = sin(β)v⊥(Θ).

So that we then obtain the following drift:

sin(β)(v⊥(Θ)∇xc(Xs) + τv⊥(Θ) · ∇2
xc(Xs)v(Θs).

We thus define the drift function B : (0, 2π]× R2 ×M2,2(R);−→ R as:

B(θ, p, A) = v⊥(θ) · p+ τv⊥(θ) · Av(θ), (Bθ)

for θ ∈ (0, 2π], p ∈ R2 and A ∈M2,2(R). Absorbing sin(β) in χ, the dynamic for Θ then writes
as:

dΘt = χB(Θt,∇xc(Xt),∇2
xc(Xt))dt+

√
2σθdW

2
t ,

where σθ > 0 stands for the azimuthal diffusion coefficient. And the equation lies in the tangent
space of the 2π-Torus where Θ takes its values. The parameter σθ models the exploration behavior.
In the absence of chemical stimuli, an ant will engage in random exploration of the domain.

Summing up, given a concentration field c : [0, T ]× R2 −→ R, that we now allow to depend on
time, the dynamic of an ant is given by{

dXt = λv(Θt)dt+
√
2σxdW

1
t ,

dΘt = χB(Θt,∇c(t,Xt),∇2c(t,Xt))dt+
√
2σθdW

2
t ,

(2)
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with B defined as in (Bθ). This stochastic differential equation(SDE) is non-potential, which
challenges the analysis of its asymptotic behavior. Nevertheless, we can interpret it as the drift
associated with maximizing locally the second-order Taylor approximation of the chemotactic field.
Indeed, let us make the following remarks on the dynamics of the angle.

Autonomous azimuthal equation For fixed p ∈ R2 and A ∈M2,2(R), the law associated with
the autonomous dynamic:

dΦt = χB(Φt, p, A)dt+
√
2dW 2

t , (3)

is potential, and attracted by the following explicit stationary distribution:

µp,A(dθ) = Cp,A exp
(
χH(θ, p, A)

)
dθ, (4)

H(θ, p, A) = v(θ) · p+ τ

2
v(θ) · Av(θ), (5)

where Cp,A > 0 is the normalization constant, and H(·, p, A) : (0, 2π] 7→ R is the potential
associated with the drift B(·, p, A), since

∂θH(θ, p, A) = B(θ, p, A).

One can note that, the expression,

c(x) + τH(θ,∇c(x),∇2c(x)),

is the second-order Taylor expansion of the field around the point x, since, by definition,

H(θ,∇c(x),∇2c(x)) =
1

τ
(c(x+ τv(θ))− c(x)) + o(τ 2).

This second-order approximation of the terrain provides the information the ants rely on for their
decision steering process. Depending on the terrain profile (p,A) ∈ R2 ×M2,2(R), the stationary
distribution (4) is either uniform, unimodal, or bimodal. Hence it exhibits the desired asymptotic
behavior: the uniform case corresponds to the exploration behavior, where no direction is preferred.
When the distribution has a unique maximum, the unimodal case corresponds to going uphill
and the bi-modal case attains its two maxima at antipodal points, corresponding to the two
possible directions to walk along a crest or leave a saddle point. Since the parameter τ represents
the anticipation rate in the steering mechanism, setting τ = 0 would prevent the particles from
following trails, causing them to oscillate around instead (cf. [23]). This parameter should be
taken depending on the topology of the trails in the chemotactic field.

Interacting particles system Suppose that we have a system modeling a population of N -
ants. Let ((W 1,i,W 2,i))1≤i≤N a 3N -dimensional Brownian motion, we denote by (X i

t ,Θ
i
t) the state

of particle i at time t, for i = 1, · · · , N . Each is a solution to an SDE of type (2) for the same
pheromone field. We now introduce interaction between the particles, by coupling the chemotactic
movement with the evolution of the chemical field cN . We suppose that it is produced by the
ants at a constant rate µ. Additionally, we assume that it diffuses uniformly in the domain with
diffusion coefficient σc > 0, and evaporates at a constant rate γ > 0. If we denote by mN

t the
empirical measure of the spatial position of the ants at time t:

mN
t =

1

N

N∑
i=1

δXi
t
.
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The evolution equation for cN , similarly as in the Keller-Segel model, writes as:

∂tc
N = σc∆c

N − γcN + µmN
t .

Combining this together with the evolution equation (2), we obtain the following system of
interacting particles:

dX i
t = λv(Θi

t)dt+
√
2σxdW

1,i
t ,

dΘi
t = χB(Θi

t,∇cN(t,X i
t),∇2cN(t,X i

t))dt+
√
2σθdW

2,i
t ,

∂tc
N = −γcN + σc∆c

N + µmN ,

(X i
0,Θ

i
0) i.i.d. ∼ ρ0, ct=0 = c0.

(FN
χ )

Remark. We can give sense to the stochastic parabolic equation satisfied by cN using the Duhamel
formula. This notion still results in singularities at the positions of the particles. However, in
this paper, we focus more on the analysis of the macroscopic model rather than the well-posedness
of the particle system. Nevertheless, we will explain in Section 6 how to avoid self-interaction
singularities when simulating the particle system.

We could also assume that in the finite population system, the ants have a size εN , and that
we rescale this size to zero as N grows to infinity. This would lead us to consider an area around
each particle where the chemo-attractant is released. Let φN be a function of compact support
representing the spray area depending on the scaling εN . Therefore, φN ∗mN

t is the production of
substance cN at time t, where we use ∗ to denote the convolution:

φN ∗mN
t (x) =

1

N

N∑
i=1

φN(x−X i
t).

Plugging this into the equation for cN would yield a well-possed system of moderately interact-
ing particles. And assuming the convergence φN ⇀ δ0 would yield in the limit in N the same
macroscopic model as the singular interacting particle system (FN

χ ).

2.2 Our macroscopic model and a two-state extension

It is rather natural to consider, the Mckean-Vlasov stochastic differential equation associated
to (FN

χ ), representing the non-linear mean-field limit dynamic of a typical ant in a population of
infinitely many ants. The system writes as follows:

dXt = λv(Θt)dt+
√
2σxdW

1
t ,

dΘt = χB(Θt,∇cm(t,Xt),∇2cm(t,Xt))dt+
√
2σθdW

2
t ,

mt := L(Xt),

∂tc
m = −γcm + σc∆c

m + µm,

(X0,Θ0) ∼ ρ0, ct=0 = c0.

(FMV
χ )

wheremt is the marginal law of the position of an ant, and cm is the chemotactic field associated
withm. We will prove an existence and uniqueness result for the previous McKean-Vlasov equation
under an assumption on the regularity of the initial data (Theorem 3.8) thanks to our fine analysis
of the associated Fokker-Planck PDE.

The problem of convergence of the particle system toward the Mckean-Vlasov equation is a
subject of an ongoing work. Let us now focus on the associated macroscopic PDE system.
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The partial differential equation system

From the stochastic differential equation (FMV
χ ), we can derive the associated Fokker-Planck

equation describing at the macro-scale the evolution of the joint distribution (X,Θ), denoted by
ρ : [0, T ] × R2 × [0, 2π) −→ R+, using Ito’s formula and formally integrating by parts. Since the
production of pheromone c only depends on the density in the spatial x-variables, the production
term is written as: µ

∫
ρdθ. And we obtain the following system:

∂tρ = −λv · ∇xρ− χ∂θ(B(∇xc,∇2
xc)ρ) + σθ∆θρ+ σx∆xρ on (0, T )× R2 × T2π,

∂tc = −γc+ σc∆xc+ µ
∫
ρdθ on (0, T )× R2,

ρt=0 = ρ0, ct=0 = c0,

(Fχ)

where T2π is the 2π-periodic Torus. It could be of modeling interest, to consider the system
on a general domain for the position variable x, choosing some domain Ω ⊂ R2 of the plane,
subject to Neumann or Dirichlet boundary conditions. We can also set the spatial domain with a
periodic boundary condition, changing R2 to T2

1 in the previous system (Fχ), where T2
1 is the two-

dimensional 1-periodic Torus. In Section 5, we will prove a global in time existence and uniqueness
result(see Theorem 3.5), both in the case of the whole space R2 and the two-dimensional Torus
T2

1. Our analysis relies on the Green functions of the heat equation on these domains. We leave
the general domain case for future work.

Similar to the Keller-Segel model, one could consider the parabolic-elliptic case, which models
an infinitely fast-diffusing chemical. This would replace the parabolic equation for c with an elliptic
equation at each time t,

0 = −γct + σc∆xct + µ

∫
ρtdθ on R2.

And one could adapt the existence and uniqueness proof given in Section 5.1 to this case.

Two-state model

We propose an extension to the model (Fχ), by incorporating food sources in the space domain
for modeling foraging ants. Let α : R2 −→ R+ represents the concentration of food in the plane,
while β : R2 7→ R+ represent the nest. Essentially, β(x) is the instantaneous probability for an
ant at x to deliver food to the nest. We assume that each ant can be in one of two following
states: either looking for food (state α), or bringing food back to the nest (state β). Let ρα and
ρβ represent the density of ant in state α and β, respectively. For a drift B, we denote by LB the
divergence form operator associated with B, defined as:

LBg = σx∆xg + σθ∆θg − ∂θ(Bg)− λdivx(vg). (LB)

Then the two-state population will evolve according to the following system,{
∂tρ

α = LBαρα − αρα + βρβ,

∂tρ
β = LBβρβ − βρβ + αρα.

(6)

Each state is associated with an anticipation-reaction drift Bα and Bβ, and α(resp. β) repre-
sents the instantaneous probability for an ant in state α to switch to state β(resp. β to switch to
state α), depending on its spatial position. We could also suppose that changing state affects the
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orientation. For example, the ant immediately makes a U-turn after changing state, this would
change the source term α(x)ρα(t, x, π) in the β-equation to,

αJ [ρt](x, θ) = α(x)ρ(t, θ + π). (7)

Or for a random change of orientation, this would lead to,

αJ̃ [ρt](x, θ) = α(x)

∫
ρ(t, x, θ − ω)z(ω)dω, (8)

where z is some probability distribution in T2π. Similarly, we can change the term βρβ for βJ [ρβ]
in the α-equation. For a general instantenaous orientation transition operator, let J : L1(T2π) −→
L1(T2π), and we suppose for modeling considerations that:

1. J is positive:
∀f ∈ L1(T2π), f ≥ 0, then J [f ] ≥ 0,

2. and mass preserving : ∫
f(θ)dθ =

∫
J [f ](θ)dθ.

Note that the transition operators defined in (7), (8), and the identity, are mass preserving and
positive. We also assume that, depending on their state, the ants have a preferred direction, that
we model through an additive term Dα (resp. Dβ) in the drift,

Bα(t, θ, x) = B(θ,∇xc
α(t, x),∇2

xc
α(t, x)) +Dα(θ, x),

Bβ(t, θ, x) = B(θ,∇xc
β(t, x),∇2

xc
β(t, x)) +Dβ(θ, x),

where B is defined as in (Bθ), where c
α(resp. cβ) is the chemofield with which the ants in state

α follows(resp. ants in state β). This is motivated by the following, consider the ants in state α,
we suppose that the ants can smell the food source from a distance, let the field dα : R2 −→ R+

represent this chemical information. For example, one can take it as the solution of the elliptic
equation:

−γαdα + σα∆d
α + α = 0,

corresponding to the food smell being at equilibrium in the domain. This would yield the following
Dα:

Dα(θ, x) = χαv
⊥(θ) · ∇dα(x),

for some model parameters χα > 0 representing the sensitivity of an ant to the substance,
γα > 0 the evaporation rate of the substance smell and σα > 0 its diffusion coefficient. For
simplicity, we will assume that the food concentration remains constant over time, i.e Dα and Dβ

are time-homogeneous. Hence, β, α,Dα, Dβ are considered as model data. The chemo-fields cα and
cβ are produced by the ants. To model their production, let Gα : (Lp

x)
2 −→ Lp

x and Gβ : (Lp
x)

2 −→ Lp
x

be two functional operators. We obtain the following system:
∂tρ

α = LBαρα − αρα + βJ [ρβ],

∂tρ
β = LBβρβ − βρβ + αJ [ρα],

∂tc
α = σc∆c

α − γcc
α +Gα[

∫
ραdθ,

∫
ρβdθ],

∂tc
β = σc∆c

β − γcc
β +Gβ[

∫
ραdθ,

∫
ρβdθ],

(Fα,β
χ )

whereGα[
∫
ραt dθ,

∫
ρβt dθ](resp. G

α[
∫
ραt dθ,

∫
ρβt dθ]) is the production of chemoattractant α(resp.

β) at time t. Consideration can be given to a model where the ants interact through identical
chemo-fields regardless of their states: cα = cβ.
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Normalized system

Finally, as a preliminary step of the analysis, we normalize the system (Fχ), by introducing
the following transformations:

c̃(t, x) =
1

µ
c
( t

σθ
,

√
σx
σθ
x
)
, ρ̃(t, x, θ) = ρ

( t

σθ
,

√
σx
σθ
x, θ
)
.

Then, one can check that c̃ and ρ̃ are solutions to the system,{
∂tc̃ = − γ

σθ
c̃+ σc

σx
∆c̃+

∫
ρ̃(·, θ)dθ,

∂tρ̃ = − λ√
σxσθ

v · ∇xρ̃− χµ√
σθσx

∂θ(B(∇c̃,
√

σθ

σx
∇2c̃)ρ̃) + ∆θρ̃+∆xρ̃.

(9)

We introduce σ := σc

σx
, and we make the following substitutions, abusing notation slightly: χ

replaces χµ√
σθσx

, γ replaces γ
σθ
, λ replaces λ

√
σθ

σx
in (9), and we change τ to τ

√
σθ

σx
in the definition

of B, still denoting it by τ . We then obtain in broad generality the following normalized system:
∂tc = −γc+ σ∆xc+

∫
ρdθ,

∂tρ = −λv · ∇xρ− χ∂θ(B(∇xc,∇2
xc)ρ) + ∆θ,xρ,

ρt=0 = ρ0, ct=0 = c0,

(F̄χ)

where ∆θ,x denotes the Laplacian operator ∆θ +∆x.

3 Main results

In this section, we present our main results. We obtain a global-in-time existence and unique-
ness result to the Cauchy problems (Fχ) and (Fα,β

χ )(Theorem 3.5 and Theorem 5.1). We show the
propagation of the regularity of the initial data (Theorem 3.6), and the existence and uniqueness of
the Mckean-Vlasov SDE(Theorem 3.8). After presenting some notations and preliminaries, these
results are stated below.

3.1 Notation and preliminaries

In the following, we will study the system either on R2 × T2π or T2
1 × T2π, where TL = R/LZ

is the L-periodic Torus. Let D be the position domain, namely either D = R2 or D = T2
1.

For notation conciseness, we will denote by Lp
x(L

r
θ) for 1 ≤ p, r ≤ ∞, the space Lp(D, Lr(T2π)),

equipped with its norm,

∥f∥p,r =

(∫
D

(∫
T2π

|f(x, θ)|pdθ
) p

r

dx

) 1
p

,

changing for ess sup if r = ∞,

∥f∥p,∞ =

(∫
D

(
ess sup
θ∈T2π

|f(x, θ)|
)p

dx

) 1
p

.

Similarly, for T > 0, we will note Lq
t (L

p
x(L

r
θ)) the Bochner spaces Lq([0, T ], Lp

x(L
r
θ)) and

Ct(L
p
x(L

r
θ)) the Banach space of continuous function C([0, T ], Lp

x(L
r
θ)) equipped with the sup-norm.

11



If Y is a Bochner space, (Y)+ is the cone of non-negative functions in Y . W 1,2
p will denote the

anistropic Sobolev spaceW 1,2
p ([0, T ],D), andW

2−2/p
p the Besov spaceW

2−2/p
p (D). For k′, k ∈ N and

ζ ′, ζ ∈ (0, 1), Ck′+ζ′,k+ζ denotes the Hölder space Ck′+ζ′,k+ζ([0, T ],D × T2π) or C
k′+ζ′,k+ζ([0, T ],D)

depending on the context. We will use ∗-symbol to represent the convolution operation, adapting
to the periodic convolution in the case of the Torus.

We will use multiple times the following Young convolution inequality.

Proposition 3.1. (Young inequality for mixed norm) Let 1 ≤ pi, qi, ri ≤ ∞, for ϕ ∈ Lp1
x (Lp2

y ),
and ψ ∈ Lp1

x (Lp2
y ), with

1 +
1

ri
=

1

pi
+

1

qi
i = 1, 2

Then, (ϕ ∗ ψ) ∈ Lr1
x (Lr2

y ) and

∥ϕ ∗ ψ∥r1,r2 ≤ C(p, q)∥ϕ∥p1,p2∥ψ∥q1,q2 .

We will use the following estimates on the fundamental solution of the heat equation.

Proposition 3.2. Let (gt)t>0 be the fundamental solution of the heat equation on either R2 ×T2π

or T2
1 × T2π. Then ∀t > 0, 1 ≤ p <∞ we have the following estimates,

f 0
p (t) := ∥gt∥p,1 ≤ Cp

(
1 +

1

t
p−1
p

)
,

fx
p (t) := max

i=1,2
∥∂xi

gt∥p,1 ≤ Cp

(
1 +

1

t
p−1
p

+ 1
2

)
,

f θ
p (t) := ∥∂θgt∥p,1 ≤ Cp

(
1 +

1

t
p−1
p

+ 1
2

)
.

Furthermore, for 1 ≤ r < p
p−1

, we have that f 0
p ∈ Lr([0, T ]) and

F 0
r,p(T ) := ∥f 0

p∥Lr([0,T ]) ≤ Cp,r

(
T

1
r + T

1
r
− p−1

p

)
,

Similarly, for 1 ≤ r < 2p
3p−2

, we have that fx
p , f

θ
p ∈ Lr([0, T ]), introducing the following notations:

F x
r,p(T ) := ∥fx

p ∥Lr([0,T ]), F
θ
r,p(T ) := ∥f θ

p∥Lr([0,T ]).

We have the following estimates:

F x
r,p(T ), F

θ
r,p(T ) ≤ Cp,r

(
T

1
r + T

1
r
− p−1

p
+ 1

2

)
.

The proof is given in the Appendix.
Finally, we present the following Grönwall-type lemma with delay. Although we did not find

this exact form in the literature, the proof is an adaptation of classical arguments and is provided
in the Appendix.

Proposition 3.3 (Grönwall type inequality). Let 4 < p ≤ ∞, ϕ ∈ L∞
+ ([0, T ]) satisfies the inequal-

ity,

ϕ(t) ≤ c0(t) +

∫ t

0

(
1

(t− s)
1
p
+ 1

2

+ 1

)
c1(s)ϕ(s)ds, for a.e t ∈ [0, T ],
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where c1 ∈ Lp([0, T ])+ and c0 ∈ L∞([0, T ])+ is non-decreasing. With the convention that, if p = ∞,
then 1

p
= 0.

Then,

ϕ(t) ≤ c0(t)Mp(∥c1∥Lp(0,t), t), for a.e t ∈ [0, T ],

where Mp : (R+)
2 −→ [1,∞) is a positive non-decreasing continuous function only depending on

p, and of at most exponential polynomial growth.

3.2 Main results

Let us start with the notion of solution we consider here.

Definition 3.4. Let 4 < p < ∞, and T > 0. A solution to the system (F̄χ), is a couple (c, ρ)
with c ∈ W 1,2

p and ρ ∈ Ct(L
p
x(L

1
θ)+∩L1

x,θ), such that c is a solution of the first equation in Sobolev
space W 1,2

p and ρ is a mild solution to the Fokker-Planck equation, that is, it satisfies,

ρt = ρ0 ∗ gt − χ

∫ t

0

(∂θgt−s ∗ (Bsρs))ds− λ

∫ t

0

(∇xgt−s ∗ (vρs))ds,∀t ∈ [0, T ],

where B ∈ Lp
t,x(L

∞
θ ) is defined as,

B(t, θ, x) = v⊥(θ) · ∇c(t, x) + τv⊥(θ) · ∇2c(t, x)v(θ).

The above definition is well-possed under the given condition on p.
Indeed, since the product Bρ ∈ Lp

t (L
p/2
x (L1

θ)), Young convolution inequality implies that for
a.e t ∈ [0, T ], (∂θgs ∗Bsρs) ∈ Lp

x(L
1
θ). And recalling the estimate on the fundamental solution,

∥∂θgt∥ p
p−1

,1 ≤ Cp(1 + t−
1
p
− 1

2 ).

Hölder inequality in time ensures that (∂θgt−· ∗ Bρ) ∈ L1
t (L

p
x(L

1
θ)) and the integral equation

above is well defined for any p > 4.
As we shall see in Theorem 4.1, if such ρ exists then it is also a weak solution to the Fokker-

Planck equation in the distributional sense. Our main result is the following theorem:

Theorem 3.5. Let 4 < p <∞, suppose that γ ≥ 0, σ > 0, λ > 0 and χ ≥ 0.
Then, for any initial condition ρ0 ∈ Lp

x(L
1
θ)+ ∩ L1

x,θ, c0 ∈ W
2−2/p
p , there exists a unique global

solution (c, ρ) ∈ Lp
loc(R+,W

2
p )×C(R+, L

p
x(L

1
θ)+∩L1

x,θ) of (F̄χ), such that ρ stays positive, its mass
is preserved for all times, and it is a distributional solution to the Fokker-Planck equation.

There is no restriction on the parameter χ to prevent the blow-up in finite time of the solution.
The singular attractive coupling is counterbalanced by the uniform bound on the spatial speed
and by the regularization effect of the average in θ, when coupling the Fokker-Planck equation in
the chemotatic field equation. This is synthesized in the Averaging Lemma 4.4, in the form of the
estimate:

sup
t∈[0,T ]

∥∥∥∥∫ ρtdθ

∥∥∥∥
p

≤
∥∥∥∥∫ ρ0dθ

∥∥∥∥
p

M∞(Cλ, T ),

where M∞ : (R+)
2 −→ R+ is a positive non-decreasing continuous function independent of B. This

relies on the uniform ellipticity in the x-variable. Formally, we can derive a priori this estimate
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thanks to the divergence form of the Fokker-Planck equation. Integrating with respect to θ removes
the singular drift B, resulting in a parabolic equation for the average with a source term that can
bounded. Section 4 addresses the previous property along with other related estimates on the
linear Fokker-Planck equation for a given scalar field B.

From here, we obtain the following regularity results.

Theorem 3.6. Suppose that ρ0 ∈ W
2−2/p
p ∩L1

x,θ and that c0 ∈ C2+α ∩W 2−2/p
p for some α ∈ (0, 1).

For any T > 0, the unique solution to the system (Fχ) is such that c ∈ C1+ζ/2,2+ζ([0, T ],D) and
ρ ∈ W 1,2

p ([0, T ],D).

From this theorem, we can prove the propagation of any further Hölder regularity of the initial
data. By successively iterating Schauder estimates [24, Theorem 8.11.1, p.130], using the regularity
of one equation in the other. Starting from the Hölder regularity of ∂θB and B, suppose that ρ0
is regular, we obtain:

ρ ∈ C1+ζ,2+ζ =⇒ m ∈ C1+ζ,2+ζ =⇒ c ∈ C2+ζ,4+ζ =⇒ ∂θB,B ∈ Cζ,2+ζ .

And we can iterate up to the maximal regularity of the initial data. We formulate this property
in the following Corollary.

Corollary 3.7. Under the same assumption as in Theorem 3.6, any further Hölder regularity on
the initial conditions c0, ρ0 is propagated in the space variable up to any T , with a norm depending
on the initial condition and T . That is, if c0 ∈ C2+k+ζ ∩W 2−2/p

p and ρ0 ∈ C2+k+ζ ∩W 2−2/p
p , for

k ∈ N\{0}.
Then for any T > 0,

c ∈ C1+ζ,2+k+ζ([0, T ],D), ρ ∈ C1+ζ,2+k+ζ([0, T ],D × T).

From Theorem 3.5 and Corollary 3.7, we immediately obtain the existence and uniqueness of
the Mckean-Vlasov SDE, if the initial data are sufficiently smooth.

Theorem 3.8. Let ((Ω, (Fs)s,P), (W 1,1,W 1,2,W 2)) be a filtered probability space with the standard

hypothesis, equipped with a 3-dimensional Brownian motion. Let c0 ∈ C3+ζ(D) ∩ W
2−2/p
p (D)

and let (X0,Θ0) be F0-measurable random variables with a finite second moment, with joint law
ρ0 ∈ P(D × T), we suppose that ρ0 has a density w.r.t the Lebesgue measure and that it is in the

space C2+ζ ∩W 2−2/p
p .

Then, there exists a unique strong solution to the McKean-Vlasov equation (FMV
χ ), with initial

data (c0, (X0,Θ0)).

As the proof is short, we give it below.

Proof of Theorem 3.8. From Theorem 3.5, there exists a unique solution to the PDE system (Fχ),
further more using Corollary 3.7 the solution has the following regularity:

c ∈ C1+ζ/2,3+ζ([0, T ],D).

Fixing this solution, we see that the drift B associated with c is Lipschitz, thus there exists a unique
strong solution of the linearized version of our SDE. The time marginals solve also the linearized
version of our PDE. With the same arguments as before, this linear PDE admits uniqueness.
Hence the one dimensional time marginal of the law of the solution and our unique solution to the
PDE are the same (as the solution of the PDE also satisfies the linearized equation). This ensures
existence and uniqueness for the McKean Vlasov equation.
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Finally, we prove the global existence and uniqueness of the two-state model, under the following
assumptions:

Assumption Hα,β
χ . 1. J : L1((0, 2π]) −→ L1((0, 2π]), we suppose that it is a positive, mass

preserving, and Lipschitz:

∥J [ϕ]− J [ψ]∥L1
θ
≤ CJ∥ψ − ψ∥L1

θ
,∀ϕ, ψ ∈ L1

θ

for some constant CJ > 0. And J [0] ≡ 0.

2. Let Gα, Gβ : (Lp
x)

2 −→ Lp
x, and we suppose that there exists CG > 0 such that for any

f, f ′, g, g′ ∈ Lp
x:

∥Gα[f, g]−Gα[f ′, g′]∥Lp
x
≤ CG (∥f − f ′∥Lp

x
+ ∥g − g′∥Lp

x
) ,

∥Gβ[f, g]−Gβ[f ′, g′]∥Lp
x
≤ CG (∥f − f ′∥Lp

x
+ ∥g − g′∥Lp

x
) .

and
Gβ[0, 0] ≡ Gα[0, 0] ≡ 0.

3. We suppose that α, β : D −→ R+ are in the space C(D,R+) ∩ L∞
x .

These assumptions allow us to obtain similar estimates as in Theorem 3.5 and are quite nat-
ural from a modeling perspective. The first assumption imposes some regularity on the operator
that transfers the mass from one state to another, whereas the second assumption controls the
production terms of the two chemotactic fields by the density of ants. The third assumption is
more technical and is required to approximate α and β by smooth functions.

Theorem 3.9. Under Assumptions (Hα,β
χ ), for any initial data:

(ρα0 , ρ
β) ∈ (Lp

x(L
1
θ)+ ∩ L1

x,θ)
2, (cα0 , c

β
0 ) ∈ (W 2−2/p

p )2,

there exists a unique global in-time solution of the system (Fα,β
χ ), in the space:

(cα, cβ, ρα, ρβ) ∈ (Lp
loc(R+,W

2
p ))

2 × (C(R+, L
p
x(L

1
θ)+ ∩ L1

x,θ))
2.

Before moving to our main proofs, the next section will focus on deriving estimates for the
linear Fokker-Planck equation for a given scalar field B.

4 Linear Fokker-Planck equation

We here study the linear Fokker-Planck equation. To treat the two-state model, we will consider
a general Fokker-Planck equation with a birth term η and a death rate α. But as far as the system
(F̄χ) is concerned we only need to consider the case η ≡ 0, α ≡ 0.

Theorem 4.1. Let 4 < p ≤ ∞, T > 0, and q ≥ p
p−1

. For any B ∈ Lp
t,x(L

∞
θ ), η ∈ Ct(L

q
x(L

1
θ)+ ∩

L1
x,θ), α ∈ Cx ∩ L∞

x and ρ0 ∈ Lq
x(L

1
θ)+ ∩ L1

x,θ, there exists a unique ρ ∈ Ct(L
q
x(L

1
θ)+ ∩ L1

x,θ)
non-negative solution of,

ρt = ρ0 ∗ gt −
∫ t

0

(∂θgt−s ∗ (Bsρs))ds−
∫ t

0

(∇xgt−s ∗ (λvρs)) +
∫ t

0

(gt−s ∗ (ηs + αρs))ds, (10)
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with the following growth estimate,

sup
t∈[0,T ]

∥ρt∥q,1 ≤ (∥ρ0∥r,1 + T sup
[0,T ]

∥ηs∥q,1)Mp(∥B∥p,p,∞ + Cλ + ∥α∥∞, t),

for some Mp : (R+)
2 −→ R+ is a positive non-decreasing continuous function, depending on p only.

Furthermore, the solution is a distributional solution of the Fokker-Planck equation, that is∫
φtρt −

∫
φ0ρ0 =

∫ t

0

∫ (
(∂tφ+∆x,θφ+B∂θφ+ λv · ∇xφ+ αφ)ρ+ φη

)
dxdθds, (11)

∀φ ∈ C1,2
b ,∀t ∈ [0, T ], where C1,2

b denotes the space of functions that are differentiable in time,
twice differentiable in space, and bounded along with their derivatives.

Proof. Let 0 < u ≤ T to be specified later, and introduce the Banach space

E = C([0, u], Lq
x(L

1
θ) ∩ L1

x,θ),

equipped with the norm,

∥m∥E = sup
t∈[0,u]

∥mt∥q,1 + ∥mt∥ p
p−1

,1 + ∥mt∥1,1.

The interpolation in Lp
x(L

1
θ) ∩ L1

x,θ, ensures that the norm ∥ · ∥ p
p−1

,1, is finite. Let Ψ : E −→ E

be defined by, Ψ(ν) = ρ, where,

ρt = ρ0 ∗ gt −
∫ t

0

(∂θgt−s ∗ (Bsνs))ds−
∫ t

0

(∇xgt−s ∗ (λvνs))ds+
∫ t

0

(gt−s ∗ (ηs + ανs))ds.

This map Ψ is well-defined, due to Young’s inequality, as long as p > 4, since:

Bν ∈ Lp
t (L

pq
p+q
x (L1

θ) ∩ L1
θ,x) and (s 7→ ∂θgt−s) ∈ L

p
p−1

t (L
p

p−1
x (L1

θ) ∩ L1
θ,x),

vν ∈ L∞
t (Lq

x(L
1
θ) ∩ L1

x,θ) and (s 7→ ∇xgt−s) ∈ L1
t,x,θ,

(η + αν) ∈ L∞
t (Lq

x(L
1
θ) ∩ L1

x,θ) and (s 7→ gt−s) ∈ L1
t,x,θ.

Take any ν1, ν2 ∈ E and note ρi = Ψ(νi) for i = 1, 2. For r = p
p−1

or r = q, using Young
convolution inequality for the first with,{

1 + 1
r

= p−1
p

+ (1
p
+ 1

r
) (x),

1 + 1 = 1 + 1 (θ),

and for the second and third terms with,{
1 + 1

r
= 1 + 1

r
(x),

1 + 1 = 1 + 1 (θ).

We obtain that,
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∥ρ1t − ρ2t∥r,1 ≤
∫ t

0

∥∂θgt−s ∗Bs(ν
1
s − ν2s )∥r,1ds+

∫ t

0

∥∇xgt−s ∗ λv(ν1s − ν2s )∥r,1ds

+

∫ t

0

∥gt−s ∗ α(ν1s − ν2s )∥r,1ds,

≤
∫ t

0

∥∂θgt−s∥ p
p−1

,1∥Bs(ν
1
s − ν2s )∥ pr

r+p
,1ds+

∫ t

0

∥∇xgt−s∥1,1∥|λv|(ν1s − ν2s )∥r,1ds

+ ∥α∥∞
∫ t

0

∥gt−s∥1,1∥ν1s − ν2s∥r,1ds,

≤
∫ t

0

f θ
p

p−1
(t− s)∥Bs∥p,∞∥ν1s − ν2s∥r,1ds+ λ

∫ t

0

fx
1 (t− s)∥ν1s − ν2s∥r,1ds

+ ∥α∥∞
∫ t

0

f 0
1 (t− s)∥ν1s − ν2s∥r,1ds,

≤
(
F θ

p
p−1

, p
p−1

(u)∥B∥p,p,∞ + λF x
1,1(u) + ∥α∥∞F 0

1,1(u)
)
sup
[0,u]

∥ν1s − ν2s∥r,1, (12)

where we used that f θ
p

p−1
∈ L

p
p−1 ([0, T ]), due to Proposition 3.2, if(1
p
+

1

2

) p

p− 1
< 1, that is, if 4 < p.

Now for the L1 norm consider similarly, the following Young exponents,{
1 + 1 = 1 + (1

p
+ p−1

p
) (x),

1 + 1 = 1 + 1 (θ),
and,

{
1 + 1 = 1 + 1 (x),

1 + 1 = 1 + 1 (θ).

So that,

∥ρ1t − ρ2t ∥1,1 ≤
∫ t

0
∥∂θgt−s ∗Bs(ν

1
s − ν2s )∥1,1ds+ Cλ

∫ t

0
∥∇xgt−s ∗ λv(ν1s − ν2s )∥1,1ds,

+

∫ t

0
∥gt−s ∗ α(ν1s − ν2s )∥1,1ds,

≤
∫ t

0
∥∂θgt−s∥1,1∥Bs(ν

1
s − ν2s )∥1,1ds+ λ

∫ t

0
∥∇xgt−s∥1,1∥v(ν1s − ν2s )∥1,1ds,

+ ∥α∥∞
∫ t

0
∥gt−s∥1,1∥ν1s − ν2s∥1,1ds,

≤
∫ t

0
fθ
1 (t− s)∥Bs∥p,∞∥ν1s − ν2s∥ p

p−1
,1ds+ λ

∫ t

0
fx
1 (t− s)∥ν1s − ν2s∥1,1ds,

+ ∥α∥∞
∫ t

0
f0
1 (t− s)∥ν1s − ν2s∥1,1ds,

≤ F θ
p

p−1
,1(u)∥B∥p,p,∞ sup

[0,u]
∥ν1s − ν2s∥ p

p−1
,1

+
(
λF x

1,1(u) + ∥α∥∞F 0
1,1(u)

)
sup
[0,u]

∥ν1s − ν2s∥1,1. (13)

Here, we note that f θ
1 ∈ L

p
p−1 ([0, T ]), requires that p

p−1
< 2, and this is true since we already

imposed that 4 < p. Combining estimates (12) and (13), we obtain that for u sufficiently small, Ψ is
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a contraction. From Banach-Picard thereom, there exists a local solution. Using the continuation
method we have a unique solution up to a critical time. Taking that solution, noting it ρ, applying
analogous computations, we obtain for r = q or r = p

p−1
that,

∥ρt∥r,1 ≤ ∥ρ0∥r,1 +
∫ t

0

∥∂θgt−s∥ p
p−1

,1∥Bs∥p,∞∥ρs∥r,1ds+ λ

∫ t

0

∥∇xgt−s∥1,1∥ρs∥r,1ds

+ ∥α∥∞
∫ t

0

∥gt−s∥1,1∥ρs∥r,1ds+
∫ t

0

∥gt−s∥1,1∥ηs∥r,1ds.

From the fundamental solution estimates Proposition 3.2, since we can bound,

max
{
∥∂θgt−s∥ p

p−1
,1, ∥∇xgt−s∥1,1, ∥gt−s∥1,1

}
≤ Cp(1 + (t− s)−

1
p
− 1

2 ) ∀t > s ≥ 0.

We can apply the Grönwall type inequality of Proposition 3.3, so that,

∥ρt∥r,1 ≤
(
∥ρ0∥r,1 + T sup

[0,T ]

∥ηs∥r,1
)
Mp

(
∥B∥p,p,∞ + (λ+ ∥α∥∞)T

1
p , t
)
, (14)

where Mp is the growth function given in Proposition 3.3.
And similarly for the L1 norm, we obtain:

∥ρt∥1,1 ≤ ∥ρ0∥1,1 +
∫ t

0

∥∂θgt−s∥1,1∥Bs∥p,∞∥ρs∥ p
p−1

,1ds

+ λ

∫ t

0

∥∇xgt−s∥1,1∥ρs∥1,1ds

+ ∥α∥∞
∫ t

0

∥gt−s∥1,1∥ρs∥1,1ds+
∫ t

0

∥gt−s∥1,1∥ηs∥1,1ds.

Using the bound,

max {∥∂θgt−s∥1,1, ∥∇xgt−s∥1,1, ∥gt−s∥1,1} ≤ Cp(1 + (t− s)−
1
2 ) ∀t > s ≥ 0,

and Proposition (3.3), we obtain for all t ∈ [0, T ],

∥ρt∥1,1 ≤
(
∥ρ0∥1,1 + F θ

1,1(T )∥B∥p,p,∞ sup
[0,t]

∥ρs∥ p
p−1

,1 + T sup
[0,T ]

∥ηs∥1,1
)
M∞(λ+ ∥α∥∞, t). (15)

Plugging the bound on the L
p

p−1
x (L1

θ)-norm from (14) in (15) we obtain a growth for the L1

norm. These estimates prohibit finite time blow-up, thus the solution exists up to T . The proof
of positivity is given in Lemma 4.3. The fact that the mild solution is a distributional solution
results from the following stability Lemma 4.2, similarly as the positivity result(Lemma 4.3),
taking a sequence of approximated smooth solutions and controlling the convergence of the terms
in Lq

x(L
1
θ)
⋂
L1
x,θ involved in the distributional formulation (11).

We now prove the stability result.

Lemma 4.2 (Stability). For 4 < p ≤ ∞, and p
p−1

≤ q, let ρ1, ρ2 two mild solutions in C([0, T ], Lq
x(L

1
θ)∩

L1
x,θ) of equation (10), associated respectively to initial datum ρ10, ρ

2
0 ∈ Lq

x(L
1
θ) ∩ L1

x,θ, θ-drifts
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B1, B2 ∈ Lp
t,x(L

1
θ), death-rate α1, α2 ∈ L∞

x and source terms η1, η2 ∈ C([0, T ], Lq
x(L

1
θ) ∩ L1

x,θ).
Then, we have the following stability estimates,

sup
t∈[0,T ]

∥ρ1s − ρ2s∥q,1 ≤C
[
∥ρ10 − ρ20∥q,1 + T sup

[0,T ]

∥η1s − η2s∥q,1+

∥B1 −B2∥p,p,∞F θ
p

p−1
, p
p−1

(T ) + T∥α1 − α2∥∞
]
,

sup
t∈[0,T ]

∥ρ1t − ρ2t∥1,1 ≤C
[
∥ρ10 − ρ20∥1,1 + T sup

s∈[0,T ]

∥η1s − η2s∥1,1 + ∥B1 −B2∥p,p,∞F θ
p

p−1
, p
p−1

(T )+

T∥α1 − α2∥∞ + F θ
p

p−1
, p
p−1

(T ) sup
[0,T ]

∥ρ1s − ρ2s∥ p
p−1

,1

]
,

for some positive constant C depending on T, p, ∥ρi0∥1,1, ∥ρi0∥q,1 ,∥Bi∥p,p,∞, ∥ηi∥E, ∥αi∥∞ for
i = 1, 2, and λ.

Proof. Let r = q or r = p
p−1

. Using Young convolution inequality, Hölder inequality and Grönwall’s
Lemma, we obtain,

∥ρ1t − ρ2t∥r,1 ≤∥ρ10 − ρ20∥r,1 + λ

∫ t

0

∥∇xgt−s∥1,1∥ρ1s − ρ2s∥r,1ds

+

∫ t

0

∥∂θgt−s∥ p
p−1

,1∥B1
sρ

1
s −B2

sρ
2
s∥ pr

p+r
,1ds

+

∫ t

0

∥gt−s∥1,1(∥α1ρ1s − α2ρ2s∥r,1 + ∥η1s − η2s∥r,1)ds,

≤∥ρ10 − ρ20∥r,1 + λ

∫ t

0

fx
1 (t− s)∥ρ1s − ρ2s∥r,1ds

+

∫ t

0

f θ
p

p−1
(t− s)

(
∥B1

s −B2
s∥p,∞∥ρ1s∥r,1 + ∥B2

s∥p,∞∥ρ1s − ρ2s∥r,1
)
ds

+

∫ t

0

(∥α1 − α2∥∞∥ρ1s∥r,1 + ∥α2∥∞∥ρ1s − ρ2s∥r,1 + ∥η1s − η2s∥r,1)ds.

Since we have the bounds,

max
{
f θ

p
p−1

(t− s), fx
1 (t− s)

}
≤ Cp(1 + (t− s)−

1
p
− 1

2 ),

from Proposition 3.3 we obtain,

∥ρ1t − ρ2t ∥r,1 ≤
[
∥ρ10 − ρ20∥r,1 + T sup

s∈[0,T ]
∥η1s − η2s∥r,1

+
(
∥B1 −B2∥p,p,∞F θ

p
p−1

, p
p−1

(T ) + T∥α1 − α2∥∞
)

sup
s∈[0,T ]

∥ρ1s∥r,1
]

×Mp

(
∥B∥p,p,∞ + (λ+ ∥α2∥∞)T

1
p , t
)
.

We obtain the desired estimate from the bound on sup[0,T ] ∥ρis∥q,1 of Theorem 4.1.
Similarly, for the L1-norm,
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∥ρ1t − ρ2t∥1,1 ≤∥ρ10 − ρ20∥1,1 + λ

∫ t

0

∥∇xgt−s∥1,1∥ρ1s − ρ2s∥1,1ds

+

∫ t

0

∥∂θgt−s∥ p
p−1

,1∥B1
sρ

1
s −B2

sρ
2
s∥1,1ds

+

∫ t

0

∥gt−s∥1,1(∥α1ρ1s − α2ρ2s∥1,1 + ∥η1s − η2s∥1,1)ds,

≤∥ρ10 − ρ20∥1,1 + λ

∫ t

0

fx
1 (t− s)∥ρ1s − ρ2s∥1,1ds

+

∫ t

0

f θ
p

p−1
(t− s)

(
∥B1

s −B2
s∥p,∞∥ρ1s∥ p

p−1
,1 + ∥B2

s∥p,∞∥ρ1s − ρ2s∥ p
p−1

,1

)
ds

+

∫ t

0

(∥α1 − α2∥∞∥ρ1s∥1,1 + ∥α2∥∞∥ρ1s − ρ2s∥1,1 + ∥η1s − η2s∥1,1)ds.

Using again Proposition 3.3,

∥ρ1t − ρ2t∥1,1 ≤C
[
∥ρ10 − ρ20∥1,1 + T sup

s∈[0,T ]

∥η1s − η2s∥1,1

+ ∥B1 −B2∥p,p,∞F θ
p

p−1
, p
p−1

(T ) sup
s∈[0,T ]

∥ρ1s∥ p
p−1

,1

+ T∥α1 − α2∥∞ sup
[0,T ]

∥ρ1∥1,1 + F θ
p

p−1
, p
p−1

(T )∥B2∥p,p,∞ sup
[0,T ]

∥ρ1s − ρ2s∥ p
p−1

,1

]
,

for some constant C, depending on p, T , ∥B2∥p,p,∞, ∥α2∥∞ and λ. We obtain the desired estimate
from the bound on sup[0,T ] ∥ρ1s∥1,1 of Theorem 4.1.

Lemma 4.3 (Positivity). For 4 < p ≤ ∞, and p
p−1

≤ q, let ρ be a mild solution in C([0, T ], Lq
x(L

1
θ)∩

L1
x,θ) of equation (10), associated with the initial non-negative datum ρ0 ∈ (Lq

x(L
1
θ) ∩ L1

x,θ)+, for a
scalar field B ∈ Lp

t,x(L
1
θ), a death-rate α ∈ L∞

x and a positive birth term η ∈ C([0, T ], (Lq
x(L

1
θ) ∩

L1
x,θ)+).
Then,

ρ ∈ C([0, T ], (Lq
x(L

1
θ) ∩ L1

x,θ)+),

that is ρ stays non-negative for all times.

Proof. Taking a sequence Bε ∈ C∞
b ∩ Lp

t,x(L
∞
θ ) converging in Lp

t,x(L
∞
θ ) to B, similarly ρε0 ∈ C∞

b ∩
W

2−2/q
q ∩W 1

2 converging to ρ0 in Lq
x(L

1
θ), η

ε positive in C∞
b ∩ Lq

t,x(L
1
θ)+ converging in Lq

t,x(L
1
θ)+

to η, and αε ∈ C∞
b ∩ L∞

x converging in L∞
x to α. There exists a unique smooth solution ρε ∈

C1,2
b ∩W 1,2

2 ∩W 1,2
q (e.g [25, Chp 4. Thm 8. p.109]) of,{

∂tρ
ε = ∆ρϵ − ∂θ(B

ε)ρε −Bε∂θρ
ε − λv · ∇xρ

ε + αρε + ηε,

ρεt=0 = ρε0.

We use Stampacchia’s truncation method, by defining H ∈ C2(R) as,

H(t) =


0 if 0 ≤ t,

− t3

6
if − 1 ≤ t < 0,

t2

2
+ t

2
+ 1

6
if t < −1.
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H and its derivatives possess the following properties:

H(t) ≤ t2, −|t| ≤ H ′(t) ≤ 0, 0 ≤ H ′(t)t ≤ 6H(t), 0 ≤ H ′′(t) ≤ 1, H ′′(t)t2 ≤ 6H(t), ∀t ∈ R.

We obtain:

d

dt

∫
H(ρε)dxdθ =

∫
H ′(ρε)(∆ρε − ∂θ(B

ερϵ)− λv · ∇xρ
ε + αρε + ηϵ),

= −
∫

H ′′(ρε)|∇ρε|2 +
∫

H ′(ρε)(αρε + ηε) +

∫
H ′′(ρε)ρϵ(Bε · ∂θρε + λv · ∇xρ

ε),

since ηε is positive, and H ′ is non-positive,
∫
H ′(ρε)ηε ≤ 0, this leads to,

d

dt

∫
H(ρε)dxdθ ≤ −

∫
H ′′(ρε)|∇ρε|2 + ∥

√
H ′′(ρε)(Bε∂θρ

ε + λv · ∇xρ
ε)∥2∥

√
H ′′(ρϵ)ρϵ∥2

+ ∥α∥∞6

∫
|H ′(ρε)ρε|,

≤ −
∫
H ′′(ρε)|∇ρε|2 + µ

2

∫
H ′′(ρε)(Bε∂θρ

ε + λv · ∇xρ
ε)2

+
1

2µ

∫
H ′′(ρε)(ρε)2 + 6∥α∥∞

∫
H(ρε),

≤ −
∫
H ′′(ρε)|∇ρε|2 + (λ ∨ ∥Bε∥∞)

µ

2

∫
H ′′(ρε)|∇ρε|2

+
( 3
µ
+ 6∥α∥∞

)∫
H(ρε),

≤
(
(λ ∨ ∥Bε∥∞)

µ

2
− 1
)∫

H ′′(ρε)|∇ρε|2 +
( 3
µ
+ 6∥α∥∞

) ∫
H(ρε).

For µ sufficiently small the first term is negative, we obtain,

d

dt

∫
H(ρϵt)dxdθ ≤

( 3
µ
+ 6∥α∥∞

) ∫
H(ρϵt).

Since ρε0 is non-negative,
∫
H(ρε0) = 0, and from Gröwnwall Lemma the property is preserved.

We deduce that ρ is positive, from the stability Lemma 4.2 that gives the convergences of the
approximated solution to ρ.

Finally, we state and prove the following lemma which is crucial for the analysis of the system.

Lemma 4.4 (Averaging Lemma). For 4 < p ≤ ∞, and p
p−1

≤ q, let ρ be a solution in C([0, T ], Lq
x(L

1
θ))

associated with the initial data ρ0 ∈ Lq
x(L

1
θ)+ and with drift B ∈ Lp

t,x(L
1
θ). Then, we have the fol-

lowing estimate, uniformly in B,

sup
t∈[0,T ]

∥∥∥∥∫ ρtdθ

∥∥∥∥
p

≤
∥∥∥∥∫ ρ0dθ

∥∥∥∥
p

M∞(λ, T ), (16)

where M∞ : (R+)
2 −→ R+ is a positive non-decreasing continuous function independent of B.
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Proof. Integrating ρt with respect to θ, one gets,∫
ρtdθ =

(∫
ρ0dθ

)
∗x
(∫

gtdθ

)
−
∫ t

0

(∫
∂θgt−sdθ

)
∗x
(∫

Bsρsdθ

)
ds

−
∫ (∫

∇xgt−sdθ

)
∗x
(∫

λvρsdθ

)
ds,

=

(∫
ρ0dθ

)
∗x
(∫

gtdθ

)
−
∫ t

0

(∫
∇xgt−sdθ

)
∗x
(∫

λvρsdθ

)
ds,

where ∗x indicates the convolution with respect to (x1, x2) only, and the second inequality holds
since (

∫
∂θgt−sdθ) ≡ 0. Since Theorem 4.1 implies that ρ stays positive, we also have that,∥∥∥∥∫ λvρsdθ

∥∥∥∥
p

≤ λ

∥∥∥∥∫ |ρs|dθ
∥∥∥∥
p

= λ

∥∥∥∥∫ ρsdθ

∥∥∥∥
p

.

We thus obtain,∥∥∥∥∫ ρtdθ

∥∥∥∥
p

≤
∥∥∥∥∫ ρ0dθ

∥∥∥∥
p

+ λ

∫ t

0

∥∥∥∥∫ ∇gt−sdθ

∥∥∥∥
1

∥∥∥∥∫ ρsdθ

∥∥∥∥
p

ds,

≤
∥∥∥∥∫ ρ0dθ

∥∥∥∥
p

+ λ

∫ t

0

fx
1 (t− s)

∥∥∥∥∫ ρsdθ

∥∥∥∥
p

ds,

using the estimate on fx
1 and Proposition 3.3, we conclude that,∥∥∥∥∫ ρtdθ

∥∥∥∥
p

≤
∥∥∥∥∫ ρ0dθ

∥∥∥∥
p

M∞(λ, t) ∀t ∈ [0, T ].

5 Proof of the main results

In this section, we prove our main results announced in Section 3. In Subsection 5.1, we present
the proof of Theorem 3.5. Then further regularity on the solution (see Theorem 3.6) is obtained
in Subsection 5.2. Finally, the two-state model is tackled in Subsection 5.3.

5.1 Global existence

We now prove Theorem 3.5.

Proof of Theorem 3.5. Let T > 0 a time to be fixed later. Introduce the Banach space

Y = (W 1,2
p × Ct(L

p
x(L

1
θ))),

equipped with the norm
∥ · ∥W 1,2

p
+ ∥ · ∥L∞

t (Lp
x(L

1
θ))
.

Define the mapping Φ : Y −→ Y by: for (l, ν) ∈ Y , Φ((l, ν)) = (c, ρ), where c is the unique
solution in W 1,2

p of {
∂tc = σ∆c− γc+

∫
νsdθ on (0, T )× Ω,

ct=0 = c0,

22



and ρ is the unique solution of the Fokker-Planck equation (10), for α ≡ η ≡ 0, and drift:

B(s, x, θ) = v⊥(θ) · ∇l(s, x) + τv⊥(θ) · ∇2l(s, x)v(θ).

We note that we have the estimate,

sup
θ∈[0,2π]

|B(s, x, θ)| ≤ Cτ (|∇l(s, x)|+ |∇2l(s, x)|),

and thus,
∥B∥p,p,∞ ≤ Cτ∥l∥W 1,2

p
.

First, let (c1, ρ1) and (c2, ρ2) be the image of respectively (l1, ν1) and (l2, ν2), lying in Y . From
the maximal regularity result in Sobolev spaces [25, Chp 4. Thm 8. p.109], there exists N > 0
only depending on γ, σ and p such that,

∥c1 − c2∥W 1,2
p

≤ N

∥∥∥∥∫ (ν1 − ν2)dθ

∥∥∥∥
p,p

,

≤ NT
1
p sup
t∈[0,T ]

∥∥ν1t − ν2t
∥∥
p,1

(17)

Note B1 (resp. B2) the drift associated with l1 (resp. l2). Since B is linear w.r.t l, we have
that,

∥B1 −B2∥p,p,∞ ≤ Cλ∥l1 − l2∥W 1,2
p
.

Using the stability Lemma 4.2, we obtain that, ∀t ∈ [0, T ],

∥ρ1t − ρ2t∥p,1 ≤ C∥l1 − l2∥W 1,2
p
F θ

p
p−1

, p
p−1

(T ), (18)

for a C depending on p, λ, T ,∥ρ0∥p,1, ∥B1∥p,p,∞ and ∥B2∥p,p,∞. This estimate gives the local
Lipschitzness of Φ and F θ

p
p−1

, p
p−1

as in Proposition 3.2. We now prove that any iterated sequence

is Cauchy, to this purpose we show that the iterated sequence of Bn are uniformly bounded, this
together with estimate (18) gives that the sequence is Cauchy for T sufficiently small. For some
(c0, ρ0) ∈ Y , we define the sequence ((cn, ρn))n in Y as,

(cn+1, ρn+1) = Φ(cn, ρn) ∀n ≥ 0.

We can uniformly bound the sequence of associated drifts Bn.

Bn+1 = B(θ,∇cn,∇2cn) ∀n ≥ 0.

Indeed let n ≥ 2,

∥Bn+1∥p,p,∞ ≤ Cλ∥cn∥W 1,2
p

≤ N

(
∥c0∥W 2−2/p

p
+

∥∥∥∥∫ ρn−1dθ

∥∥∥∥
p,p

)
,

where N is the same constant as in equation (17). Since for n ≥ 2, ρn−1 is a solution to the
Fokker-Planck equation associated with Bn−1, from the averaging Lemma 4.4, we obtain that,

∥Bn+1∥p,p,∞ ≤ CλN

(
∥c0∥W 2−2/p

p
+

∥∥∥∥∫ ρ0dθ

∥∥∥∥
p

T
1
pM∞(λ, T )

)
∀n ≥ 2. (19)
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We conclude, from estimates (17), (18) and (19), that there exists T sufficiently small so that
the sequence is Cauchy. From the continuity of Φ, the limit of the sequence is a solution to the
non-linear system. Any solution will satisfy,

∥B∥p,p,∞ ≤ CλN

(
∥c0∥W 2−2/p

p
+

∥∥∥∥∫ ρ0dθ

∥∥∥∥
p

T
1
pM∞(λ, T )

)
, (20)

this together with (18), implies the uniqueness of the solution. By the continuation method, a
unique solution exists up to a critical time, that we denote (c, ρ). We already have that,

∥c∥W 1,2
p

≤ N

(
∥c0∥W 2−2/p

p
+

∥∥∥∥∫ ρ0dθ

∥∥∥∥
p

T
1
pM∞(λ, T )

)
. (21)

Thus, the growth estimate of ∥ρt∥p,1 from Theorem 4.1 together with (20), and finally (21) prohibit
finite time blow-up, thus the solution exists for all times.

5.2 Further regularity of the solution

In this section, we prove that the regularity of the initial condition propagates over time. This
relies on the regularizing effects of the averaging of the density with respect to the azimuthal
variable.

Proof of Theorem 3.6. Take a sequence of mollified drift Bε in space and time in C∞
b ∩ Lp

t,x(L
∞
θ )

converging to B in Lp
t,x(L

∞
θ ), and consider the solution ρε of the approximated Fokker-Planck

equation. {
∂tρ

ε = ∆ρε − ∂θ(B
ερε)− λv · ∇xρ

ε,

ρ(0, ·) = ρ0.
(22)

It is also a mild solution of the Fokker-Planck equation, so using the regularity we transfer the
derivative with respect to x to the solution,

ρεt = ρ0 ∗ gt −
∫ t

0

∂θgt−s ∗ (Bε
sρ

ε
s)ds−

∫ t

0

gt−s ∗ (λv · ∇xρ
ε
s)ds.

We denote by mε the density of ants averaged over θ,

mε
t =

∫
ρεtdθ.

Integrating equation (22), we obtain that mε is a solution of the parabolic equation,{
∂tm

ε = ∆mε −
∫
λv · ∇xρ

εdθ,

m(0, ·) =
∫
ρdθ.

(23)

We can estimate the integral term as follows,∫
v · ∇xρ

ε
tdθ = (

∫
v · ∇xρ0dθ) ∗ gt −

∫ t

0

(∫
∂θgt−sdθ

)
∗
(∫

v · ∇x(B
ε
sρ

ε
s)dθ

)
ds

−
∫ t

0

∫
v · ∇xgt−sdθ ∗

(∫
λv · ∇xρ

ε
sdθ

)
ds.
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Similarly, as in the averaging lemma, we use the fact that,
∫
∂θgt−sdθ = 0. We then take the

Lp-norm, use Young convolution inequality and the Grönwall type inequality Proposition 3.3, and
obtain, ∥∥∥∥∫ v · ∇xρ

ε
tdθ

∥∥∥∥
p

≤
∥∥∥∥∫ v · ∇xρ0dθ

∥∥∥∥
p

+ λ

∫ t

0

∥∥∥∥∫ v · ∇xgt−sdθ

∥∥∥∥
1

∥∥∥∥∫ v · ∇xρ
ε
sdθ

∥∥∥∥
p

ds,

≤
∥∥∥∥∫ v · ∇xρ0dθ

∥∥∥∥
p

+ λ

∫ t

0

∥|∇xgt−s|∥1

∥∥∥∥∫ v · ∇xρ
ε
sdθ

∥∥∥∥
p

ds,

≤
∥∥∥∥∫ v · ∇xρ0dθ

∥∥∥∥
p

+ λ

∫ t

0

fx
1 (t− s)

∥∥∥∥∫ v · ∇xρ
ε
sdθ

∥∥∥∥
p

ds,

≤
∥∥∥∥∫ v · ∇xρ0dθ

∥∥∥∥
p

M∞(λ, T ), (24)

where M∞ is the growth function of Proposition 3.3. Now, using an Lp estimate [25] on the
parabolic equation (23), we obtain the following bound on the norm of mε.

∥mε∥W 1,2
p

≤ N
(
λ

∥∥∥∥∫ v · ∇xρ
εdθ

∥∥∥∥
p,p

+

∥∥∥∥∫ ρ0dθ

∥∥∥∥
W

2−2/p
p

)
, (25)

for some N > 0 independent of Bε and ρε0. Combining estimates (24) and (25), we obtain that
the sequence is uniformly bounded independently of ε in W 1,2

p . This implies the existence of weak
derivatives converging weakly in Lp up to a subsequence, since from the stability result Lemma 4.2
we have the convergence in Ct(L

p
x(L

1
θ)) of ρ

ε to the solution and thus of mε in Ct(L
p
x), we conclude

that m ∈ W 1,2
p .

From Morrey’s embedding theorem, for ζ = 1− 3
p
, then m ∈ Cζ . Plunging this in the equation

for c, with initial regularity in C2+ζ , we obtain that c ∈ C1+ζ/2,2+ζ . One can easily verify that from
the explicit form of B, we have that,

∂θB,B ∈ Cζ([0, T ],T×D).

Finally plugging this regularity in the Fokker-Planck equation, we obtain that

ρ ∈ W 1,2
p ([0, T ],D × T).

5.3 Two-state model

In this section we prove existence and uniqueness for the two states model (Fα,β
χ ), using similar

estimates as in Theorem 3.5. Throughout this section, we assume that the hypothesis in Hα,β
χ are

satisfied.
We start the study with the two-states linear Fokker-Planck equation.

Theorem 5.1. Let 4 < p ≤ ∞, T > 0, and q ≥ p
p−1

. Under assumption (Hα,β
χ ), for any

Bα, Bβ ∈ Lp
t,x(L

∞
θ ), and any initial condition ρα0 , ρ

β
0 ∈ Lq

x(L
1
θ)+ ∩ L1

x,θ, there exists a unique couple

(ρα, ρβ) ∈ (Ct(L
q
x(L

1
θ)+ ∩ L1

x,θ))
2 positive solutions to the two states Fokker-Planck equation, in a

mild and distributional sense, and the total mass is preserved.
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We also have the following stability estimate. If (ρα,1, ρβ,1) and (ρα,2, ρβ,2) are two solutions
with same initial data, associated respectively to (Bα,1, Bβ,1) and (Bα,2, Bβ,2):

sup
t∈[0,T ]

(
∥ρα,1−ρα,2∥q,1+∥ρβ,1−ρβ,2∥q,1

)
≤ C

[
F θ

p
p−1

, p
p−1

(T )
(
∥Bα,1−Bα,2∥p,p,∞+∥Bβ,1−Bβ,2∥p,p,∞

)]
,

(26)
for some C depending on ∥Bα,i∥ for i = 1, 2, ∥ρα0∥q,1, ∥ρ

β
0∥q,1, ∥α∥∞, ∥β∥∞, λ and CJ .

Proof. Denote by (E, ∥ · ∥E) the Banach space introduced in the proof of Theorem 4.1. We define
Ψ : E2

+ −→ E2
+ using Theorem 4.1 as,

Ψ(να, νβ) = (ρα, ρβ),

where (ρα, ρβ) are the positive mild solutions of the Fokker-Planck equations:{
∂tρ

α = LBαρα − αρα + αJ [νβ],

∂tρ
β = LBβρβ − βρβ + βJ [να],

(27)

where LBα ,LBβ are defined as in (LB). From Lemma 4.2 we obtain that Ψ is a contraction
map for T sufficiently small. There exists a solution up to a critical time. Proceeding similarly as
in the one-state case, for r = q or r = p

p−1
, we then have the following estimate,

∥ραt ∥r,1 ≤
∫ t

0

∥∂θgt−s ∗Bα
s ρ

α
s ∥r,1ds+ λ

∫ t

0

∥∇xgt−s ∗ (vραs )∥r,1ds

+

∫ t

0

∥gt−s ∗
(
αJ [ρβs ]

)
∥r,1ds,

≤
∫ t

0

f θ
p

p−1
(t− s)∥Bα

s ∥p,∞∥ραs ∥r,1ds+ λ

∫ t

0

fx
1 (t− s)∥ραs ∥r,1ds

+ ∥α∥∞CJ

∫ t

0

f 0
1 (t− s)∥ρβs∥r,1ds.

Combining this with the same estimate on ρβ, we prevent finite time blow-up of the solution in Lr,
adapting the arguments of Theorem 4.1 we similarly obtain a growth estimate for the L1-norm. We
conclude that there exists a global-in-time solution of the two-state Fokker-Planck, the solution is
positive, it is a distributional solution, and its total mass is preserved:∫

ραt + ρβt dxdθ =

∫
ρα0 + ρβ0dxdθ ∀t ∈ [0, T ].

Finally, we prove a stability estimate w.r.t the drifts. Let (ρα,1, ρβ,1),(ρα,2, ρβ,2) be associated
respectively with drift (Bα,1, Bβ,1) and (Bα,2, Bβ,2).

∥ρα,1t − ρα,2t ∥r,1 ≤
∫ t

0
∥∂θgt−s ∗ (Bα,1

s ρα,1 −Bα,2
s ρα,2)∥r,1ds+ λ

∫ t

0
∥∇xgt−s ∗ v(ρα,1 − ρα,2)∥r,1ds

+

∫ t

0
∥gt−s ∗ α(J [ρβ,1]− J [ρβ,2])∥r,1ds,

≤
∫ t

0
fθ

p
p−1

(t− s)
[
∥Bα,1

s ∥p,∞∥ρα,1s − ρα,2s ∥r,1 + ∥Bα,1
s −Bα,2∥p,∞∥ρα,2s ∥r,1

]
ds

+ λ

∫ t

0
fx
1 (t− s)∥ρα,1s − ρα,2s ∥r,1ds+ ∥α∥∞LJ

∫ t

0
f0
1 (t− s)∥ρβ,1s − ρβ,2s ∥r,1ds.
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The same estimate holds for ρβ,1, ρβ,2, so that using Gönwall’s Lemma, we obtain the desired
estimate.

Lemma 5.2 (Averaging Lemma). Let (ρα, ρβ) ∈ (Ct(L
q
x(L

1
θ)+ ∩ L1

x,θ))
2 be the unique solution to

the two states Fokker-Planck equation, the following estimate holds for all times,

sup
t∈[0,T ]

(∥∥∥∥∫ ραt dθt

∥∥∥∥
p

+

∥∥∥∥∫ ρβt dθ

∥∥∥∥
p

)
≤

(∥∥∥∥∫ ρα0dθ

∥∥∥∥
p

+

∥∥∥∥∫ ρβ0dθ

∥∥∥∥
p

)
M∞(Cλ + CJ , T ).

Proof.∥∥∥∥∫ ραt dθt

∥∥∥∥
p

+

∥∥∥∥∫ ρβt dθ

∥∥∥∥
p

≤
∥∥∥∥∫ ρα0dθ

∥∥∥∥
p

+

∥∥∥∥∫ ρβ0dθ

∥∥∥∥
p

+ λ

∫ t

0

∥∥∥∥∫ ∇xgt−sdθ

∥∥∥∥
1

(∥∥∥∥∫ vραs dθ

∥∥∥∥
p

+

∥∥∥∥∫ vρβsdθ

∥∥∥∥
p

)
ds

+

∫ t

0

∥∥∥∥∫ gt−sdθ

∥∥∥∥
1

(
∥α∥∞

∥∥∥∥∫ ραs dθ

∥∥∥∥
p

+ ∥β∥∞
∥∥∥∥∫ ρβsdθ

∥∥∥∥
p

)
ds

+

∫ t

0

∥∥∥∥∫ gt−sdθ

∥∥∥∥
1

(
∥α∥∞

∥∥∥∥∫ J [ρβs ]dθ

∥∥∥∥
p

+ ∥β∥∞∥
∫
J [ραs ]dθ∥p

)
ds,

≤
∥∥∥∥∫ ρα0dθ

∥∥∥∥
p

+

∥∥∥∥∫ ρβ0dθ

∥∥∥∥
p

+ λ

∫ t

0

fx
1,1(t− s)

(∥∥∥∥∫ ραs dθ

∥∥∥∥
p

+

∥∥∥∥∫ ρβsdθ

∥∥∥∥
p

)
ds

+ CJ

∫ t

0

f 0
1,1(t− s)

(∥∥∥∥∫ ραs dθ

∥∥∥∥
p

+

∥∥∥∥∫ ρβsdθ

∥∥∥∥
p

)
ds,

≤

[∥∥∥∥∫ ρα0dθ

∥∥∥∥
p

+

∥∥∥∥∫ ρβ0dθ

∥∥∥∥
p

]
M∞(λ+ CJ , T ).

Proof of Theorem 3.9. Applying the same strategy, we obtain local Lipschitz estimates from Schauder
estimates on cα, cβ, and the stability estimate (26) proved in Theorem 5.1. One then obtains the
following a priori uniform bound estimate on Bα, Bβ:

∥Ba∥p,p,∞ ≤ ∥ca∥W 1,2
p
,

≤ N

(
∥ca0∥W 2−2/p

p
+

∥∥∥∥Ga

[∫
ραdθ,

∫
ρβdθ

]∥∥∥∥
p,p

)
,

≤ N

(
∥ca0∥W 2−2/p

p
+ CGT

1/p sup
t∈[0,T ]

[∥∥∥∥∫ ραt dθt

∥∥∥∥
p

+

∥∥∥∥∫ ρβt dθ

∥∥∥∥
p

])
,

for a = α or a = β. We conclude from the two states averaging Lemma 5.2.
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6 Numerical simulations

In this section, we provide numerical simulations illustrating trail pattern formation. The
Python source code is available on GitHub at:

https://github.com/MatthiasRakotomalala/CurvatureChemotaxis.

We propose a Monte-Carlo particle simulation on the Torus, and a Finite Difference scheme
for a simplified system.

Monte-Carlo particle simulation for the Mckean-Vlasov equation

First, we provide Monte-Carlo particle simulation results for the Mckean-Vlasov equation. We
refer to the thesis of M.T [26, Chapter 7] for the case of the whole plane R2, we here study the
case of the Torus, this allows us to observe reinforcing trails whereas in the case of the whole
space, small trails will go to infinity. As we shall see, the Torus also comes with the benefit of
fast Markovian numerical methods using spectral resolution. Let N ≥ 2 denote the number of
particles. We start with the following weakly interacting particle system on the Torus:

dX i
t = λv(Θi

t)dt+
√
2σxdW

1,i
t ,

dΘi
t = χB(Θi

t,∇ci,N(t,X i
t),∇2ci,N(t,X i

t))dt+
√
2σθdW

2,i
t ,

∂tc
i,N = −γci,N + σc∆c

i,N +
1

N − 1

N∑
j=1,j ̸=i

(δXj ∗ gσcε), on (0, T )× T2,

for 0 ≤ i ≤ N.

(28)

Recalling that the above system represents a population of N interacting particles, and is asso-
ciated with the Mckean-Vlasov equation (FMV

χ ). In order to remove self-interaction, each particle
interacts with its own chemical field ci,N , solution to a parabolic equation with the regularised
empirical measure of the other particles as a source term:

1

N − 1

N∑
j=1,j ̸=i

(δXj ∗ gσcε),

where gσcε is the fundamental solution to the heat equation on the Torus at time σcε, for some
parameter ε going to zero as N goes to infinity. In this paper, we do not address the problem of
convergence. Instead, in this section, we assume that this particle system converges to (FMV

χ ),
implying that the error with respect to the fully interacting system is of order 1/N and can be
considered negligible. That is, let c be the full interaction field, solution of:

∂tc = −γc+ σc∆c+
1

N

N∑
j=1

(δXj ∗ gσcε), on (0, T )× T2,

then the error with the i-excluded field ci,N is:

∥c− ci,N∥C1+α/2,2+α = o(1/N).

For 1 ≤ i ≤ N , we define ci as:

∂tc
i = −γci + σc∆c

i +
1

N − 1
(δXi

t
∗ gσcε). (29)
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So that,

ci,N =
N∑

j=1,j ̸=i

cj.

We will solve equation (29) in the frequency domain, since in the case of the Torus the solution
writes as a series. This motivates us to introduce the interacting system with Fourier truncated
chemotactic fields. For ξ, ζ ∈ Z, we denote by ci(t)[ξ, ζ] the Fourier coefficient in the spatial
variables of ci(t). For NF ≥ 1, we denote by ciNF

the truncated series up to NF :

ciNF
(t, x1, x2) =

∑
−NF≤ξ,ζ≤NF

ℜ(ci(t)[ξ, ζ]) cos(2π(ξx2 + ζx2))−ℑ(ci(t)[ξ, ζ]) sin(2π(ξx2 + ζx2)),

where ℜ and ℑ are respectively the real and imaginary part operators. Similarly, we write ci,NNF
,

the truncated series of the field ci,N :

ci,NNF
=

N∑
j=1,j ̸=i

cjNF
.

Using properties of the Fourier series, the derivatives of the truncated Fourier series are written
as:

∂x1c
i
NF

=
∑

−NF≤ξ,ζ≤NF

−2πξ
[
ℑ(ci(t)[ξ, ζ]) cos(2π(ξx1 + ζx2)) + ℜ(ci(t)[ξ, ζ])ξ sin(2π(ξx1 + ζx2))

]
,

∂x2c
i
NF

=
∑

−NF≤ξ,ζ≤NF

−2πζ
[
ℑ(ci(t)[ξ, ζ]) cos(2π(ξx1 + ζx2)) + ℜ(ci(t)[ξ, ζ])ξ sin(2π(ξx1 + ζx2))

]
,

∂x1x1c
i
NF

=
∑

−NF≤ξ,ζ≤NF

−4π2ξ2
[
ℜ(ci(t)[ξ, ζ]) cos(2π(ξx1 + ζx2))−ℑ(ci(t)[ξ, ζ]) sin(2π(ξx1 + ζx2))

]
,

∂x1x2c
i
NF

=
∑

−NF≤ξ,ζ≤NF

−4π2ξζ
[
ℜ(ci(t)[ξ, ζ]) cos(2π(ξx1 + ζx2))−ℑ(ci(t)[ξ, ζ]) sin(2π(ξx1 + ζx2))

]
,

∂x2x2c
i
NF

=
∑

−NF≤ξ,ζ≤NF

−4π2ζ2
[
ℜ(ci(t)[ξ, ζ]) cos(2π(ξx1 + ζx2))−ℑ(ci(t)[ξ, ζ]) sin(2π(ξx1 + ζx2))

]
.

From the partial differential equation (29) we obtain the following ordinary differential equations
with random coefficients in the frequency domain. For 0 ≤ i ≤ N,−NF ≤ ξ, ζ ≤ NF :

d

dt
ci(t)[ξ, ζ] = −(γ + σc(ξ

2 + ζ2))ci(t)[ξ, ζ] +
1

N − 1
(δXi

t
∗ gσcε)[ξ, ζ], (30)

with (δXi
t
∗ gσcε)[ξ, ζ] the Fourier coefficients of the regularised Dirac mass, they are explicitly

given by:

(δXi
t
∗ gσcε)[ξ, ζ] =

∫
ei2πξx1+ζx2δXi

t
(dx)e−σcε(ξ2+ζ2) = ei2π(ξX

i,1
t +ζXi,2

t )e−σcε(ξ2+ζ2),

with X i
t = (X i,1

t , X i,2
t ).

Summing up, we obtain the following approximated system with truncated chemotactic fields.
dX i

t = λv(Θi
t)dt+

√
2σxdW

1,i
t ,

dΘi
t = χB(Θi

t,∇c
i,N
NF

(t,X i
t),∇2ci,NNF

(t,X i
t))dt+

√
2σθdW

2,i
t ,

d
dt
ci[ξ, ζ] = −(γ + σc(ξ

2 + ζ2))ci[ξ, ζ] + 1
N−1

(δXi
·
∗ gσcε)[ξ, ζ].

1 ≤ i ≤ N,−NF ≤ ξ, ζ ≤ NF ,

(31)
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Figure 3: Monte-Carlo particle simulation for the McKean-Vlasov equation at eight different time points.
The concentration of the chemotactic field is shown in blue, while the particles are represented as points
in orange, each with an arrowhead indicating the direction of v(Θi

t).

where ∇ci,NNF
(t,X i

t) and ∇2ci,NNF
(t,X i

t)) are evaluated using the coefficients ci(t)[ξ, ζ] as described
earlier. We obtain an autonomous system of (2 + (2NF + 1)2)N -equations. And we then use the
Euler-Maruyama forward scheme for the stochastic differential equations and the Euler implicit
scheme for the ordinary differential equations on the Fourier coefficients.

It is remarkable that this simulation is linear in the number of particles N . One should evaluate
the derivatives of ci,N by first summing all the fields coefficients:

c(t)[ξ, ζ] =
N∑
i=1

ci(t)[ξ, ζ],

obtaining the coefficients of the total field c(t) =
∑

i c
i(t), and then subtracting ci(t)[ξ, ζ], to

preserve a linear algorithm. The complexity of the simulation is:

O(NtNN
2
F ),

where Nt is the number of time steps. The simulation parameters are ε,Nt and NF . One should
take ε small enough, Nt should be sufficiently large for the convergence of the Euler-Maruyama
scheme, and NF sufficiently large, depending on σc for the residual of the series to be negligeable.

Figures 3, 4, 5, and 6 represent the evolution of four simulations obtained from the procedure
described above. The concentration of the chemotactic field is shown in blue, while the particles
are represented as points in orange, each with an arrowhead indicating the direction of v(Θi

t).
We call a trail a curve along which the concentration of pheromones is locally maximal. In

these simulations, we observe collective behavior, where groups of particles move along the same
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Figure 4: Monte-Carlo particle simulation for the McKean-Vlasov equation at eight different time points.
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Figure 5: Monte-Carlo particle simulation for the McKean-Vlasov equation at eight different time points.
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Figure 6: Monte-Carlo particle simulation for the McKean-Vlasov equation at eight different time points.

trail within the chemotactic field. Notice from the orientation of the arrowheads that the particles
follow the trail in both directions. In a neighborhood around these trails, particles are attracted to
follow these paths (see discussion in Section 2). The particles are producing the chemical at their
position, so if particles are aggregating on a ridge of the chemical field, they reinforce the trail.
These reinforcing trail patterns are the product of this non-linear attractive mechanism, where
trails attract particles, and the particles’ presence further strengthens the trails.

In Figure 3, the initial condition is close to a trail, leading to stabilization along a single lane
looping around the domain. The initial condition in Figure 4 is a Dirac mass, while Figures 5 and
6 are associated with uniform initial conditions. From these results, we suggest that for a certain
set of parameters: the uniform solution is unstable, non-trivial stationary solutions exist and that
these stationary solutions resemble trails. In the next subsection, we propose a PDE simulation of
a simplified system to provide further insights into the two previous conjectures.

Convergence towards stationary trails using finite difference method

As illustrated in the particle simulations, the colony is able to create trails. We then decide to
study numerical solutions that are constant in the second spatial variable. We will take T1×T2π as
the domain with periodic boundary conditions. Supposing that c and ρ are constant with respect
to their second x2-position variable, we obtain the following system:


∂tρ = σθ∂

2
θθρ+ σ∂2xxρ− χ∂θ((−λ∂xc sin−∂xxcλ sin cos)ρ)− cos ∂xρ in T1 × T2π,

∂tc = −γc+ ∂2xxc+
∫
ρdθ in T1.

ρt=0 = ρ0, ct=0 = c0.

(32)
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Figure 7: Finite difference for the system (32) in 1-dimension in position space. From left to right: the
θ-integrated density over time, the log-density at the terminal time, and multiple time evaluation of the
chemotatic field in blue and the density in orange with initial data in dotted lines.

We then used a finite difference implicit scheme to solve system (32). The numerical results are
presented in Figures 7 and 8, from left to right the density integrated over θ(position density)
against the time variable, the log-density at the terminal time and in the last plot the position
density at different times together with the concentration field of the chemical.

Recalling that if a stationary solution to system (32) exists in dimension 2, we can extend it
to be constant in the second spatial variable, and this would yield a stationary solution for the
3-dimensional system (Fχ). We thus can observe, in the first and third graphics of Figures 7, 8 a
convergence towards a distribution resembling a trail. Furthermore, looking at the middle plots,
that is the log-density at the terminal time, we can find two local maxima, at (x = 0, θ = π

2
), (x =

0, θ = 3π
2
). They are at the same x variable, at the top of the ridge, and are associated with

the two antipodal orientations that allow to keep moving along the trail. We also note that in
Figure 8, the initial condition is a small perturbation of the constant solution. The solution still
convergences towards a trail, providing further evidence of instability of the constant solution for
the given parameters.

Complex pattern and σc-Viscosity

In this subsection, we present numerical evidence suggesting that, under certain conditions,
more complex patterns emerge. Specifically, when the diffusion parameter σc and the steering
parameter τ are set to smaller values, localized pattern structures are observed. This effect is
analogous to the influence of the viscosity parameter on turbulence in the Navier-Stokes equations.
We begin by conducting finite difference simulations: Figures 11 and 10. Both simulations start
from the same initial data, with all parameters left unchanged except for σc and τ . In the case of
a large σc (Figure 10), the solution to the PDE converges to a single lane, whereas with a small
σc (Figure 9), it converges towards two parallel trails.

We then selected parameters similar to those used in the simulation of Figure 9 for the Monte-
Carlo simulation, adjusting the number of Fourier coefficients NFr. We also vary the speed λ to
enforce local behavior. These numerical results are given in Figure 11 and 12.
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Figure 8: Instability result of the uniform distribution, for initial ρ0 ≡ 1/2π and ∥c0∥2 < 0.1 small L2

perturbation of the constant field, with the same parameters as in Figure 7.
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Figure 9: Finite Difference simulation in 1-dimension in space
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Figure 10: Finite Difference simulation in 1-dimension in space
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Figure 11: Monte-Carlo particle simulation for the McKean-Vlasov equation at small viscosity.
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Figure 12: Monte-Carlo particle simulation for the McKean-Vlasov equation at small viscosity.

35



Perspectives

We believe that this model raises potentially interesting questions for both mathematical and
numerical analysis, which we leave for future work.

For example, the problem of convergence and the propagation of chaos for the particle sys-
tem (FN

χ ) to the McKean-Vlasov equation (FMV
χ ) were not addressed in this paper.

It is also of great interest to prove the existence of non-trivial stationary solutions and to
obtain asymptotic behavior properties of the model. Our numerical investigation (Section 6)
suggests that the model possesses non-trivial complex attractive stationary solutions, whereas the
uniform solution is unstable under certain conditions. This finding relates to other open problems
regarding the behavior of non-gradient flows, as the system is not associated with a natural free
energy.

For the existence and uniqueness result, the case σx = 0 is still unproven. Since the Mumford
operator −v · ∇x +∆θ satisfies Hörmander’s condition, implying hypoelliptic regularity, one could
expect some conservation of regularity for the system. Nevertheless, deriving estimates on the
singularly coupled system in the case σx = 0 remains a non-trivial challenge.

In this paper, we provide a PDE scheme for a simplified system, assuming that the solution
is constant in its second position variable, with periodic boundary conditions in the first variable,
i.e., on T1 × T2π in space. However, developing a numerical scheme for the full partial differential
system (Fχ) on T2

1×T2π presents significant challenges due to the singular coupling and is left for
future research.
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Appendix

Fondamental solution estimates

Proof of Proposition 3.2. Let us write respectively ηT and ηR, the fundamental solutions of the
heat equation on respectively the Torus and the whole space in dimension 1, given by,

ηRt (x) =
1√
4πt

exp
(
− x2

4t

)
,

ηTt (x) =
1√
4πt

∑
k∈Z

exp
(
− (x+ 2πk)2

4t

)
.

Then, g is defined either, in the case R2 × T as,

gt(x1, x2, θ) = ηRt (x1)η
R
t (x2)η

T
t (θ),
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or in the case T3 as,
gt(x1, x2, θ) = ηTt (x1)η

T
t (x2)η

T
t (θ).

Thus since it is a product, we only need to estimate the norms in the one-dimensional case and
conclude using Fubini theorem. Furthermore, from the interpolation inequality in L∞ ∩ L1, for
any 1 ≤ p <∞,

∥η∥p ≤ ∥η∥
1
p

1 ∥η∥
p−1
p

∞ ∀η ∈ L∞ ∩ L1.

It is classical that, {
∥ηRt ∥1 = 1, ∥ηRt ∥∞ = 1√

4πt
,

∥∂xηRt ∥1 = C0
1√
t
, ∥∂xηRt ∥∞ = C1

1
t
.

We now prove the same bounds in the case of the Torus. From the positivity, and dominated
convergence Theorem,

∥ηTt ∥1 =
∫
T
ηTt (x)dx =

∑
k∈Z

∫ 2π

0

ηRt (x− 2πk)dx =

∫
R
ηR(x)dx = 1.

Similarly, we can bound the L1-norm of the first derivative with the Gaussian from dominated
convergence. After the intermediate verification of the uniform convergence of the series of the
derivatives.

∥∂xηTt ∥L1(T) ≤ ∥∂xηRt ∥L1(R) = C0
1√
t
.

For the L∞-norm estimate, we will use the Fourier representation of ηT, that is,

ηTt (x) = 1 + 2
∑
n≥1

e−tn2

cos(nx).

It is straightforward to check that,

0 ≤ ηTt (x) = 1 + 2
∑
n≥1

e−tn2 ≤ 1 + 2

∫ ∞

0

e−ty2dy = 1 +

√
π

t
.

Finally, differentiating inside the sum, from uniform convergence, we obtain,

∂xη
T
t (x) = 2

∑
n≥1

ne−tn2

(−sin(nx)) ≤ 2
∑
n≥1

ne−tn2

Noting that, {
e−tn2

n ≤ e−
1
2

1√
2t

∀n ≤ 1√
2t
,

e−tn2
n ≤ e−ty2y ∀n > 1√

2t
, ∀y ∈ (n− 1, n].

So that,

|∂xηTt (x)| ≤ e−
1
2
1

2t
+

∫ ∞

0

e−ty2ydy =
e−1/2

2t
+

√
π

4t
.

We conclude, noting D either R or T, that for any t > 0,

∥gt∥Lp
x(L

1
θ)
≤ ∥ηD∥

2
p

L1∥ηD∥
2(p−1)

p

L∞ ∥ηT∥L1 ≤ Cp

(
1 +

1

t
p−1
p

)
,

∥∂θgt∥Lp
x(L

1
θ)
≤ ∥ηD∥

2
p

L1∥ηD∥
2(p−1)

p

L∞ ∥∂θηT∥L1 ≤ Cp

(
1 +

1

t
p−1
p

+ 1
2

)
,

max
i=1,2

∥∂xi
gt∥Lp

x(L
1
θ)
≤ ∥∂xηD∥

1
p

L1∥∂xηD∥
p−1
p

L∞ ∥ηD∥
1
p

L1∥ηD∥
p−1
p

L∞ ∥ηT∥L1 ≤ Cp

(
1 +

1

t
p−1
p

+ 1
2

)
.
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Grönwall type inequality

The case p = ∞ is a classical, for example, see Henry [27]. We will use the method introduced
by Pazy[28], with a finite number of iterations and conclude with the classical Grönwall’s Lemma.
Let us, first recall Grönwall’s inequality.

Proposition .1. (Grönwall inequality) Suppose that ϕ ∈ L∞
+ [0, T ] satisfies the inequality,

ϕ(t) ≤ c0(t) +

∫ t

0

c1(s)ϕ(s)ds for a.e t ∈ [0, T ],

where c1 ∈ L1
+[0, T ], and c0 ∈ L∞

+ [0, T ] is non-deacreasing. Then,

ϕ(t) ≤ c0(t) exp

(∫ t

0

c1(s)ds

)
for a.e t ∈ [0, T ].

In the following, we will need the following identity, for any β > −1 and x ≥ 0,∫ x

0

(x− t)βtβdt =
Γ(1 + β)2

Γ(2 + 2β)
x1+2β, (33)

where Γ is the gamma function.

Proof of Proposition 3.3. Let 4 < p ≤ ∞, in the following, if p = ∞, we use the convention 1
p
= 0.

First, we iterate the integral inequality,

ϕ(t) ≤ c0(t) +

∫ t

0

(
1 +

1

(t− s)
1
p
+ 1

2

)
c1(s)ϕ(s)ds,

≤ c0(t) +

∫ t

0

(
1 +

1

(t− s)
1
p
+ 1

2

)
c1(s)

(
c0(s) +

∫ s

0

(
1 +

1

(s− u)
1
p
+ 1

2

)
c1(u)ϕ(u)du

)
ds

≤ c0(t)

(
1 +

∫ t

0

(
1 +

1

(t− s)
1
p
+ 1

2

)
c1(s)ds

)
︸ ︷︷ ︸

=P 1(t)

+

∫ t

0

∫ s

0

(
1 +

1

(t− s)
1
p
+ 1

2

)(
1 +

1

(s− u)
1
p
+ 1

2

)
c1(s)c1(u)ϕ(u)duds,

where we used that c0 is increasing. Using Hölder inequality we obtain for 4 < p <∞,

P 1(t) = 1 + ∥c1∥Lp(0,t)

(
t
p−1
p + Cpt

p−4
2p

)
,

and if p = ∞,

P 1(t) = 1 + ∥c1∥L∞(0,t)

(
t+ Cpt

1
2

)
.

Noting that, for any β ∈ R,

38



(
1 + xβ

)(
1 + yβ

)
≤ (1 + 2t|β|)

(
1 + xβyβ

)
∀t > x, y > 0. (34)

Applyinng the above with β = −1
p
− 1

2
, and Fubini-Tonelli Theorem, we obtain,

ϕ(t) ≤ c0(t)P
1(t) + (1 + 2t

1
p
+ 1

2 )

∫ t

0

∫ t

u

(
1 +

1

[(t− s)(s− u)]
1
p
+ 1

2

)
c1(s)dsc1(u)ϕ(u)du,

≤ c0(t)P
1(t) + (1 + 2t

1
p
+ 1

2 )

∫ t

0

∫ t−u

0

(
1 +

1

[(t− u− s)s]
1
p
+ 1

2

)
c1(s)dsc1(u)ϕ(u)du. (35)

Notice that in the case p = ∞, we can already conclude the desired inequality, since using identity
(33),

ϕ(t) ≤ c0(t)P
1(t) + (1 + t

1
2 )

∫ t

0

∫ t−u

0

(
1 +

1

[(t− u− s)s]
1
2

)
c1(s)dsc1(u)ϕ(u)du,

≤ c0(t)P
1(t) + (1 + t

1
2 )∥c1∥L∞(t+ π)︸ ︷︷ ︸

:=Q1(t)

∫ t

0
c1(u)ϕ(u)du. (36)

And we obtain, for p = ∞, using the classical Grönwall inequality,

ϕ(t) ≤ c(t)M∞(∥c1∥L∞(0,t), t) ∀t ∈ [0, T ],

where M∞ is a positive non-decreasing continuous function, defined as,

M∞(∥c1∥L∞(0,t), t) = P 1(t) exp
(
Q1(t)t∥c1∥L∞(0,t)

)
,

implying an implicit dependence of P 1 and Q1 in ∥c1∥L∞(0,t).
We now continue the iteration procedure for a general 4 < p < ∞. Starting from (35), using

Hölder inequality, inequality (34) and identity (33),

ϕ(t) ≤ c0(t)P
1(t) + (1 + 2t

1
p
+ 1

2 )∥c1∥Lp(0,t)Cp

∫ t

0
(t

p−1
p + (t− u)

− 3
p )c1(u)ϕ(u)du,

≤ c0(t)P
1(t) + Cp(t

p−1
p + 1)(1 + 2t

1
p
+ 1

2 )∥c1∥Lp(0,t)︸ ︷︷ ︸
:=Q1(t)

∫ t

0
(1 + (t− u)

− 3
p )c1(u)ϕ(u)du. (37)

Note that we lost some singularity in the kernel, since −3
p
> −1

p
− 1

2
for p > 4. We thus introduce

the following iteration procedure. At iteration n ≥ 1, for rn > −1, we have the following integral
inequality,

ϕ(t) ≤ c0(t)P
n(t) +Qn(t)

∫ t

0

(1 + (t− u)rn)c1(u)ϕ(u)du. (38)

Iterating (38) using Hölder inequality, inequality (34) with β = rn, Fubini-Tonelli, identity
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(33), and the fact that Qn and P n are positive nondecreasing, we obtain,

ϕ(t) ≤ c0(t)P
n(t)

+Qn(t)

∫ t

0
(1 + (t− s)rn)c1(s)

(
c0(s)P

n(s) +Qn(s)

∫ s

0
(1 + (s− u)rn)c1(u)ϕ(u)du

)
ds,

≤ c0(t)P
n(t)

(
1 +Qn(t)∥c1∥Lp(t

p−1
p + Crnt

p−1
p

+rn)
)

︸ ︷︷ ︸
:=Pn+1(t)

+ (Qn(t))2
∫ t

0

∫ s

0
(1 + (t− s)rn)(1 + (s− u)rn)c1(s)c1(u)ϕ(u)duds,

≤ c0(t)P
n+1(t) + (Qn(t))2(2t|rn|+1)

∫ t

0

∫ s

0
(1 + [(t− s)(s− u)]rn)c1(s)c1(u)ϕ(u)duds,

≤ c0(t)P
n+1(t) + C(Qn(t))2(t

p−1
p + 1)(2t|rn|+1)∥c1∥Lp(0,t)︸ ︷︷ ︸

:=Qn+1(t)

∫ t

0

(
1 + (t− u)

p−1
p

+2rn
)
c1(u)ϕ(u)du,

for some positive constant C depending on rn and p. This establishes recursive relations between
Qn+1, P n+1 and Qn, P n, from which it is clear that the positivity and monotonicity of the (Qn)
and (P n) are preserved. The important relationship is the following,

rn+1 = 2rn +
p− 1

p
. (39)

We thus obtained a similar integral inequality as in (38), withQn+1, P n+1 and rn+1. Those recursive
relations ensure that rn > −1, and that Qn, P n stay positive non-decreasing, so that all the
computations above hold. From (39), we obtain,

rn+1 = 2n
p− 4

p
− p− 1

p
.

This implies that for any 4 < p < ∞, there exists a finite integer n∗ ≥ 2, such that rn∗ ≥ 0.
Recalling (38) for this n∗, using the classical Grönwall inequality, we obtain for any t ∈ [0, T ],

ϕ(t) ≤ c0(t)P
n∗
(t) +Qn∗

(t)

∫ t

0

(1 + (t− u)rn∗ )c1(u)ϕ(u)du,

≤ c0(t)P
n∗
(t) +Qn∗

(t)(1 + trn∗ )

∫ t

0

c1(u)ϕ(u)du,

≤ c0(t)P
n∗
(t) exp

(
Qn∗

(t)(1 + trn∗ )t
p−1
p ∥c1∥Lp(0,t)

)
.

We conclude the proof, by defining Mp as announced in the statement as follows,

Mp(∥c1∥Lp(0,t), t) := P n∗
(t) exp

(
Qn∗

(t)(1 + trn∗ )t
p−1
p ∥c1∥Lp(0,t)

)
,

implying an implicit dependence of Qn∗
and P n∗

in ∥c1∥Lp(0,t).
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