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DYNAMICAL LOCALIZATION FOR A RANDOM SCATTERING ZIPPER
HAKIM BOUMAZA AND AMINE KHOUILDI

Abstract. This article establishes a proof of dynamical localization for a random scattering
zipper model. The scattering zipper operator is the product of two unitary by blocks opera-
tors, multiplicatively perturbed on the left and right by random unitary phases. One of the
operator is shifted so that this configuration produces a random 5-diagonal unitary operator
per blocks. To prove the dynamical localization for this operator, we use the method of frac-
tional moments. We first prove the continuity and strict positivity of the Lyapunov exponents
in an annulus around the unit circle, which leads to the exponential decay of a power of the
norm of the products of transfer matrices. We then establish an explicit formula of the coeffi-
cients of the finite resolvent in terms of the coefficients of the transfer matrices using Schur’s
complement. From this we deduce, through two reduction results, the exponential decay of
the resolvent, from which we get the dynamical localization.

1 Introduction : model and main results

In this paper we aim at proving a result of dynamical localization for a random scattering
zipper of arbitray size. Let L > 1 an integer. A scattering zipper is a system obtained by
concatenation of elementary unitary diffusion with a fixed number 2L of incoming and outgoing
channels each. The deterministic scattering zipper operator was introduced in [MSB13] and
a random version of this model was introduced in [BM15]. We now precise this latter random
version of the random scattering zipper adding some hypotheses on the randomness which
allow to prove a dynamical localization result for this new model.

Let U(L) be the unitary subgroup of GL, (C) of order L. Let

(1.1) a=(U@) x {~1,1}* x[0,2n]*)"
endowed with the probability measure

- 2
(1.2) P= (v, ®(B(P)® ®(Lebrr)®)”

defined on 98, the Borel o-algebra on § for the usual topology on the Lie group. Here
v, denotes the Haar measure on the compact Lie group U(L), %(p) denotes the Bernoulli
distribution of parameter p € (0,1) and Leby ,,; denotes the Lebesgue measure on the interval
[0,27].

We then define the product probability space:

(13) (Q’ %7P) = (QZ, ®n€Z<%7: ®HGZP)‘
Let w € Q and n € Z. Then w, € {2 and we set
— (7 40 g 771 p) g®)
(1.4) w,=(V",d", 0", U,D"Y,e")
with :

(i) U™ e U(L) and VIV € U(L) ;
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2 1 INTRODUCTION : MODEL AND MAIN RESULTS
(ii) d((on) = (dg’)l, (”)) € {—1,1}* which will represent indifferently the L-uple or the

diagonal matrix whose diagonal elements are the d((:)l, . d™ o, and the same for DC(O”) =
(0%,...,DI) e {-1,1}* ;

w,17 "

(iii) 6 = (9(”) .. 9(”L) € [0,27]* which will represent indifferently the L-uple or the

w,1’

diagonal matrix whose diagonal elements are the 922, - 9(nL and the same for 9(”) =
©%,...,0") ef0,2n]".

w,1?

With these notatlons we define, for every w € Q and every n € Z, the following phases
(15) Uc(un) — ei@Ef) ﬁc(un)Dg)(ﬁfon))* = ei@g‘) [’jc(on) and Va()rl) — V(E)n)dgl)(‘”/’a()n))*eiec(on) = Va()n)eiggl)

where the reduced notations ﬁg)”) and \ZS”) will be used in the proofs of Theorem 1.3, Lemma
1.6 and Theorem 1.9.

Note that for every w € Q and every n € Z, ﬁg‘) and \7“()”) are elements of U(L) N H,(C)
where H, (C) is the vector space of the Hermitian matrices of size L x L.

Remark 1.1. In view of the definition of the probability space (€, 9,P) one can see (lN]r‘l”)nez
and (\7n‘*’)nEZ as sequences of independent and identically distributed (i.i.d. for short) random
variables in U(L) of uniform law according to the Haar measure on U(L). The sequences
(dgl))nEZ and (D(n))nGZ fori,j €[1,L] can be considered as sequences of i.i.d. random variables
in {—1,1} of common law the Bernoulli law 2 (p) of parameter p € (0,1) and the sequences
(96(53),1,5Z and (@S)j)nez fori,j € [1,L] can be considered as sequences of i.i.d. random variables
in [0,27] of common law the uniform law on [0,27].
Moreover, all these sequences of random variables are independent from each others.

With these notations, we can now introduce our model of random scattering zipper. Con-
sider the random family of unitary operators {U,},cq Where, for every w € Q, the operator
U, acts on £*(Z,C") and is defined by:

(1.6) u,=V, W,
where
NO. L S
(17) Vw = @ S(Z) OSg s Ww = @ S(l)

and s, is the shift operator to the left (v,),ez = (Vp41)nez- The 2L x 2L blocks Sgl) are unitary
matrices in the unitary group U(2L) of the particular form

(n)
n — m oy @ p(a)U;
(1.8) So =S(a, UV, )—(V(n) 5@) Ve U™ )’
for a fixed a € 4, (C) such that ||a|| < 1, and with p(a) = (1 —owt*)E and p(a) =(1 —a*a)%.
Throughout this article, || - || denotes any subordinate norm on .#;(C). We introduce the
set

(1.9) UL)y = {($4)€U@L) | a,7,6 € #,(C) and p € GL,(C) }.



which also has the representation (see [MSB13]):

(1.10) UQ2L),,, = {S(a,U,V)eUQL) | |la*a|| <1 and U,V € U(L)},
where for any U,V € U(L) and any a € ,(C) with |la*a|| <1,

. a p(a)U
(1.11) S(a,U,V) = (Vﬁ(a) —Va*U)'

Note that the family {U,},cq has a very important property of 2Z-ergodicity which implies
the existence of an almost sure spectrum for this family. See [CL12] or [Kir08] for a definition
of this ergodicity property and for the existence of the almost-sure spectrum. Note that if
¥ denotes the almost-sure spectrum of {U,}, .o , 2 C S! since the operators U, are unitary.
The 2Z-ergodicity also implies the existence of almost-sure pure point, absolutely continuous
and singular continuous spectra.

The block shifting between V,, and W, in the product defining U, allows us to consider the
scattering zipper model as a matrix-valued version of the Blatter-Browne model introduced in
[BB88] to understand Zener tunneling effect in diodes. It can also be considered as a matrix-
valued version of the Chalker-Coddington model on a band studied in [ABJ10]. Indeed, U,
has the same band structure as that found in the Blatter-Browne and quasi-one-dimensional
Chalker-Coddington models, but with an arbitrarily large diagonal bandwidth. Note that
since U, is a unitary band operator, the general results of [BHJ03] apply to it. To avoid any
confusion, note that the zipper scattering model is very different from the Chalker-Coddington
model over the entire Z2 network, since it is one-dimensional rather than two-dimensional. The
scattering zipper model can also be seen as a version of CMV matrices with matrix coefficients.
CMV matrices are the unitary analog of Jacobi matrices and were originally introduced in the
study of orthogonal polynomials on the unit circle (see [Sim05] for a comprehensive review
of this vast subject). On the other hand, Schulz-Baldes studied in [SBO7] a generalization of
Jacobi matrices with matrix coefficients. The scattering zipper was introduced by Marin and
Schulz-Baldes in [MSB13] with the aim of defining a unitary analog to Jacobi matrices with
matrix coefficients that shares with CMV matrices their spectral properties and a simple way
of representing their coefficients. In particular, the block factorization of CMV matrices into
two diagonal operators (see [CMV03]) is used to define the scattering zipper, without having
to resort to an interpretation in terms of orthogonal polynomials on the unit disk.

We can summarize this discussion in a diagram in which the horizontal arrows represent the
transition from a scalar-valued operator to a matrix-valued operator, and the vertical arrows
represent the transition from a self-adjoint model to its unitary analogue.

Jacobi matrices — Jacobi matrices with matrix coefficients

l !

CMV matrices — Scattering zipper

Let us now present the main results obtained in this paper. Let {e;}rcz be the canonical
basis of £2(Z)® C*. For i,j € Z, we set €(ij} ‘= €ir+j, which corresponds to the j-th component
in the i-th L-block. We now state the main result of this article.

Theorem 1.2. There exists ry > 0 such that for every a € GL(C) with ||a|| < ry, there exists
C,, >0 and b > 0 such that for all {k,p} and {l,q} in Z x[1,L],

(1.12) E [sgzp {egep)s (Uo,)“e{l,q})|] <, el
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The estimate (1.12) means that the family {U,},cq satisfies the condition of dynamical
localization as defined for example in [HJS09]. This property is dynamic in nature and follows
the evolution of wave packets over discrete time n € Z. It tells us that the solutions of the
Schrodinger equation are localized in space in the vicinity of their initial position and this,
uniformly over time. This reflects the absence of quantum transport.

The proof of Theorem 1.2 is based upon a number of intermediate results. First, following
the result of positivity of the Lyapunov exponents on the unit circle S' obtained by Boumaza
and Marin in [BM15], we prove their strict positivity on an annulus

(1.13) S.:={z2€C;1—e<|z]|<1+¢€}

for some € € (0,1]. The proof is done by combining the positivity of the Lyapunov exponents
on the unit circle and their continuity on C\ {0}.

For z € C\ S' let G (z) be the resolvent at z of the operator U, and let G, (z,,-) be its
Green kernel. For a,b € ZU {x00}, a < b, we also denote by GEf’b](z) the resolvent of the
restriction of the operator U, to the interval [a, b] and by G([j’b](z, -,+) its Green kernel :

(1.14) Gle)(z) = (Ul —5) ™,
and for k,l € Z,
(1.15) Gz, k, 1) = (ek,(UEf’b]—z)_l er).

The precise definition of the restricted operator IUEf’b] is given at Section 3.1.

We study the fractional moments of Ggf’b](z, .,+) for z € C\ S! and we first prove that they
are uniformly bounded.

Theorem 1.3. For every s € (0,1/4) there exists C(s) > O such that, for every z € C\S!, every
a,bezZuU{foo}, a<b, and every k,l € Z such that |k —1| > 4,

(1.16) E (G112, k, DII) < C(s).

Once we have obtained this uniform bound, combining it with the positivity of the smallest
Lyapunov exponent and proving estimates on the blocks of the products of transfer matrices,
we prove the exponential decay of some blocks of the restricted Green kernel to suitable
intervals.

Theorem 1.4. There exists ry >0, €,> 0, s, € (0,1), po>1, C, , >0 and y > 0 such that,

$0,T0

for every a € GL(C) with ||a|| < ry, every s € (0,s,] and every € € (0, €,],
(1.17) E(||G2m2m (g, 2n,2m + 1)|I°) < Ce ™!
for every z €S, \'S' and for every m and n in Z such that |m—n| > p,.

Theorem 1.4 is central in the proof of Theorem 1.2. Unlike traditional approaches, like
the one used by Hamza, Joye, and Stolz (see [HJS09]) which relies on expressing the Green’s
function in terms of eigenfunctions with particular boundary conditions to obtain exponential
decay through transfer matrices, we must adopt a different method. The block configuration
of our model does not allow us to directly apply this strategy since the expression for the Green
kernel obtained in this case is too complicated to estimate (see [DPS08] for such an expression
of the Green kernel). Therefore, we use the Schur complement as an alternative. This method
allows us to identify a term whose norm expectation must be bounded to demonstrate the
decay of the reduced case.
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In order to be able to reduce our analysis to the blocks for which we have the exponential
decaying (1.17), we prove two reduction results. We start by showing that it suffices to deal
with even-sized scattering zipper operators.

Proposition 1.5. Assume a € GL (C) is such that ||a|| < 1. Lets € (O,%), € €(0,1) and let
k,l1 € Z such that |k —1| > 4. There exists C(s,€) > 0 such that:

1
(1.18) E(|Gl*b(z, k, l)||5)2 < C(s,€) Z E(|G*?)(z,2n + 2i,2m + 1 + 2)1%)2,
i,j=0

for all z €S, and n,m such that k € {2n,2n+ 1} and l € {2m,2m + 1}.

The proof involves bounding the norm of the ”even” blocks ||G£f’b](z, 2n,2m)|| and ||G£f’b](z, 2n+

1,2m)|| by the norms of the "odd” blocks ||G£f’b](z, 2n,2m+1)|| and ||G£f’b](z, 2n+1,2m+1)|. A
necessary condition for establishing this is the invertibility of a. This invertibility is necessary
to prove the following lemma.

Lemma 1.6. If a € GL (C), then for every € > 0, for every n € Z and for every z € S,, the
matrix a+chg”)aUc(u”) 18 inwvertible almost surely, and for every s € (0,1), there exists C(s) >0
such that

(1.19) Vnez, E(l(a+zv™at™)|) < C(s).

Once we get Lemma 1.6, using Holder inequality and Theorem 1.3, one gets Proposition
1.5.

The second reduction result show that it suffices to control the Green kernel of the restricted
operator to some finite interval in order to control the Green kernel of U,,.

Proposition 1.7. Let s € (0, %) and € > 0. One has
(1.20) E(||G,(z,k,DI)* < C()E (IGE (=, k, 1)*]])
for every z €S, \ S' and every k,l € Z such that |k—1| > 4.

The proof of Lemma 1.7 relies on the geometric resolvent identity.
Combining Proposition 1.5 and Proposition 1.7, as well as Theorem 1.4 on the exponential
decay of the reduced case, we obtain the exponential decay of the fractional moments.

Theorem 1.8. There erists ry >0, s €(0,1), € >0, C;, >0 and y > 0, such that for every
a € GL (C) with ||a|| < rg,

(1.21) E (|G, (2, k,DI) < C;, e
for every € € (0,€,], every k,l €Z and every z €S,_\ S.

The proof of Theorem 1.2 follows from Theorem 1.8 and from the following estimate on the
moments of order two of the coeflicients of the resolvent.

Theorem 1.9. There erists €, >0, 1o >0, C,, > 0 and y > 0 such that for every € € (0, €]

and every z € S, \ S, for every a € GL;(C) with ||a|| < 1y, and every {k,p} and {l,q} in
Zx[1,L]:

_ 2 —(k—
E (1= 12 [{egop] (U —2) " egq)|) < Cpe 7D

Theorem 1.9 is a consequence of Theorem 1.8 using second order perturbation theory.
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Remark 1.10. The parameter €, is chosen to guarantee strictly positive Lyapunov exponents
over the annulus S, and is introduced in Corollary 2.8.

Results of strict positivity of the positive Lyapunov exponent are already known for models
of unit-band operators (see [BHJ03, HJS06]). Bourget, Howland and Joye’s article [BHJ03]
was one of the first to present the study of unitary models with one diffusion channel, and
was followed by other articles by Alain Joye on the subject, such as [Joy04] and [Joy05]. For
a synthetic presentation of these results and the associated physical models, we refer to Alain
Joye’s text, [Joy1l]. Note that the unitary models considered in these first articles are all with
scalar coefficients, and not with matrix coefficients as in the case of the scattering zipper.

One can see the random scattering zipper model as a unitary version of the quasi-one-
dimensional Anderson model. There is already a unitary version of the scalar-valued Anderson
model for which Hamza, Joye and Stolz have proven dynamical localization in [HJS09]. The
random scattering zipper can therefore also be seen as a quasi-one-dimensional version of the
unitary Anderson model. This is why, as we will see in the rest of the paper, it is possible to
follow the strategy of the proof of the dynamical localization result of [HJS09]. Based upon
the Fractional Moments Method (see [AW15] for an overview of this method), this strategy is
also the one used in the proof of localization in [ABJ10, ABJ12] for the Chalker-Coddington
model.

However, it would be possible to consider a multiscale analysis approach to study this
unitary model, as Cedzich and Werner did in [CW21] in the context of unitary quantum walks.
This would then make it possible to address the question of localization for a random scattering
zipper model in which the unitary phases would reveal a much more singular randomness than
a uniform Haar law. A last possible approach would be to adapt to the quasi-one-dimensional
case the proofs of localization results for CMV matrices in [Zhu24, BDF*19] which are based
on large deviations inequalities.

The rest of the paper is devoted to the proof of the results we have just staten in this
introductory section. In Section 2 we introduce the transfer matrices associated to the quasi-
one-dimensional model {U,},eq of unitary type (see [Bou23]). We also define the Lyapunov
exponents associated to the sequence of transfer matrices and we prove their continuity, hence
their positivity on some annulus S,.. Section 3.5 is the core of the article. In this section we
prove the exponential decay of the fractional moments of the Green kernel. First, we show
that it suffices to prove this exponential decay for some particular blocks of the resolvent by
proving Proposition 1.5 and Proposition 3.4. To prove the exponential decay of the fractional
moments of these particular blocks we look precisely at the behavior of the four L x L blocks of
the products of transfer matrices and prove boundedness of some "Wronskian” involving these
blocks. Finally in Section 4, we prove the exponential decay of moments of order 2 and we
deduce from the spectral theorem for unitary operators the proof of the dynamical localization

for {Uw}weﬂ'
2 Transfer matrices and Lyapunov exponents

2.1 Transfer matrices. Using the transfer matrix formalism, we reduce the study of the
asymptotic behavior of a solution ¢ of

(2.1) U,¢ =2¢, forzeC,

to the asymptotic behavior of a product of random matrices.
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In the unitary setting, the role played by the symplectic group for the quasi-one-dimensional
models of Schrodinger type will be played by the group U(L, L) of the matrices of size 2L x 2L
which preserve the form & = (Ig _(}L) in the sense that T isin U(L, L) if and only if T* 4T = £.

To compute the transfer matrices we proceed as follows. Instead of looking at the input-
output relations of the scattering matrix ng), we look for a new matrix which allows to express

(i"i) in terms of (zn) for ¢ a solution of (2.1) and ¢ =W, ¢. This is done by transforming

the scattering matrices S((:) belonging to U(2L),,, into elements of U(L, L) via the bijection:

inv

U(2L)yy — U(L,L)
¥ - (aﬂ) —s (Y—Sﬁ_1a6ﬁ_1)

Yo —pla B
Let z € C. We have the following relations, proven in [MSB13]:
(22)  Vnez (Jr)=e@EsEM () and (En)=eE ().
These relations lead to introduce the application T(z,-) : Q — GL,; (C),
(0) 0 1) 0
(23) V(x) € Q) T(Z; w) = (Vg (Ug)))*) TO(Z)(VLS (US))* ) Tl
with

re)= (GG G 1y= (80 )
We define the 2-shift transformation 7, : Q— Q by:
YVoe,VneZ, (1,(w)), = w,ia-
Then, 1, is ergodic on (92, 8,P) and
(2.4) VweQ, V2€C, VneZ, T(z,ti(w)) =z 'S o(sCD).

The matrix T(z, T"(w)) is the n-th transfer matrix associated to {U,,},ecq- Then (T(z, 7"(w))) ez
is a sequence of i.i.d. random matrices in GL,; (C) because of the definition of the probability
P as a tensor product of probability measures.

Note that for z € S, T(z,7"(w)) € U(L, L).

2.2 Lyapunov exponents. The transfer matrices T(z,-) generate a cocycle ®(z,-,:) : QX Z —
GL,; (C) on the ergodic dynamical system (2, B,P,(1"),c;) defined by

T(z, 70 Y (w))...T(z, w) if n>0
Voe, VneZ, &(z,w,n) = { I if n=0
(T(z, th ()N ... (T(z, 7, (@) if n<O.

From this cocycle we define the Lyapunov exponents associated to the ergodic family
{U,}wea- Let 2 € C. For P-almost every w € Q, the following limits exists and are equal:

(25) Y(z,w):= nE-Ii:rloo(((I)(Z’ w,n))*®(z, w,n))"*" = nginoo((é(z, w,n))'®(z, w,n))n.

For every k € [1,2L]], let A,(z, w) the k-th eigenvalue of ¥(z, w), the eigenvalues being ordered
in increasing order. There are then real numbers A,(z) = 0 such that, for P-almost every w € €,
A(z, w) = A (2). We then define the Lyapunov exponents associated to the ergodic family
{U,}weq as being the real numbers y,(z) defined by :

VzeC, Vke[1,2L], yvi(z) :=log(A(2)).
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Note that when z € S!, the fact that the transfer matrices belong to U(L,L) implies a
symmetry relation on the Lyapunov exponents which is the same as in the case where the
transfer matrices are in the symplectic group:

(2.6) Vk €[1,L], vars41(2) = —71(2).

In [BM15], we proved, for a random scattering zipper which can be seen as a particular case
of (1.6) that,

(2.7) Yz €S, vi(2) > vy(2) >+ >7v,(2) > 0.

Using Kotani’s theory (see [BM15] which adapts results of [KS88]), this implies the absence
of almost-sure absolutely continuous spectrum of {U,},,cq-

The proof of (2.7) relies on the study of the so-called Furstenberg group associated to
{U,}weq- This is the group generated by the common law of the transfer matrices. Let z € C.
If u, is the common law of all the transfer matrices T(z,7"(w)), we set

(2.8) G, = (suppu,) C GLy (C).

The closure is taken for the topology on GL,;(C) which is induced by the usual topology on
My, (C).

In [BM15] we proved that for every z € S!, G, =U(L,L). Actually, the algebraic construc-
tion made in the proof of [BM15, Proposition 2] is valid for any z € C and we get

(2.9) VzeC, U(L,L) S G, .
Hence one gets, using a similar proof as the one of [BM15, Theorem 1], that
(2.10) Vz2€C, r1(2)> - >7.(2) > 1114(z) > - > 745(2).

But for z € C\ S! the transfer matrices are no longer in U(L,L) and we no longer have the
symmetry relation (2.6). Hence there is no reason for y,(z) to be postive if z is not in S'.
Still, what remains true is following equality:

(2.11) VnezZ, YweQ, VzeC': (TW() =% (Tin)(i_l))*ff-

The proof of (2.10) is based upon the Cayley transform, whose matrix in the canonical basis
of C* is

1 (1, —il
2.12 c=—|/* .L)E//t C
212) (1 ) e o
and which maps the group U(L, L) onto the complex symplectic group Spy(C). It also use
the following transformation which separates the real and imaginary parts of a matrix with
complex coefficients and place them in blocks:

My (C) — My (R
(2.13) 2L(‘ ) 4 (R)
A+iB — (472).

It allows to apply directly the results of [BL85] to get separability of the Lyapunov expo-
nents and their integral representation from the properties of p-contractivity and L,-strong
irreducibility of the Furstenberg group as defined in [BL85].
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2.3 Continuity and strict positivity of the Lyapunov exponents. Among the key elements
for the development of the fractional moment method, the continuity and positivity of Lya-
punov exponents occupy a prominent place. As we have just explained, Theorem 1 of [BM15]
gives us the positivity of these exponents, but this assertion remains limited to the circle S!.

In order to manipulate the resolvent efficiently, it is necessary to choose a spectral parameter
z located outside of S!. The objective of this subsection is therefore twofold. Firstly, we
will demonstrate the continuity of Lyapunov exponents on C\ {0}. Secondly, using [BM15,
Theorem 1], we will highlight the positivity of these exponents in some annulus S,.

Let w€Q, n€Z and z € C. In order to simplify the further computations, from now, we
will denote by T(f)”)(z) :=T(z,7,5(w)) the n-th transfer matrix.

We start by giving upper and lower bounds on the norm of p(a) which will be used through-
out the rest of the article.

Lemma 2.1. Let L > 1. Let ||.|| be a subordinate norm on #;(C). For a € #,;(C) such that
1
llall <1 and p(a) =1, —aa*)z, the following inequalities hold:
L lp(a)l[ = v1—]all.
2. lp(a)ll £2—+/1—la]l.

-1 1
5 (@) < ke
4. lle(a) |l = ﬁ

and the same for p(a) = (I, — a*a)%.

Proof. Point (1) follows from the triangle inequality, points (2) and (3) are direct consequences
of the power series expansion of 2+— +/1—g and g — ﬁ and the sub-multiplicativity of the

matrix norm. Finally, to prove (4) it suffices to note that for a subordinate norm, we have
”A—L” < ||A]|. The proof is identical for g(a). O

We now prove several estimates on the transfer matrices which are ingredients of the proof
of the continuity of the Lyapunov exponents.

Lemma 2.2. For any € € (0,1), there exists C; = C1(a,€) > 0 such that:
(2.14) Vz€S, YneZ, Yoeq, TR <C.

Proof. For simplicity, we denote p = p(a) and p = p(a).

T(n)(z) B V(E)Zn) 0 Z_l 5—1 _[’5’—1 o V‘E)Zn—l) 0 5—1 _5—1 a*
w - 0 (UL(OZn))* —aﬁ_l Zp—l 0 (UC(DZn—l))* —aﬁ_l p—l .

Thus, for z €§,,
(2—15—1 —5‘%1*)) ‘( 5t —ﬁ_la*))
—ap~l zp7! . —ap~l pt
< (l==115-1 ~—1 _x% ~—1 -1 ~—1 ~—1 _x ~—1 -1
<=7l I+ llp—"a*ll +llap™" [l + =zl ID-Ulp " 1+ o~ o™l + llap ™Il + 1lo~"11)

1 _ _ _ _ _ _
S(:Ilp H+2lp M lledl + (1 +ellp 1||)(||P H+2llp~ el + 1o

1T <
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We define c, := max{ﬁ; 1+ €} > 1. Then, since Cl <1,
— — _ 2
ITSEN < (cello™ 1+ 2l Ml lall +cllo 1)
— 2
<czllp7H* 2+ 2llall)

1
<4ct—— (1 +|lalD? := ¢ (a, ).
61—||a||2( llall) 1(a,€)

using Lemma 2.1 at the last inequality. U
Lemma 2.3. Let € € (0,1). Let p € [1,L]. There exists C, = Cy(p,a, €) > 0 such that:
(2.15) VzeS,VneZ,Vweq, ||/\pTL(U”)(z)|| < C,.

Proof. The inequality (2.15) comes from (2.14) and the general fact: if M € GL,;(C) then for
any p, || AP M|| < |[M||P (see [BL85]). Note that here, AP denotes the p™ exterior power. [

Lemma 2.4. Let € €(0,1). There exists C;3 = C5(a, €) > 0 such that:
(2.16) VneZ Vo eQ,Vz,2z, €S, ITM(2)—TW(2 )| < Csl2—2, 1.

Proof. Let n€Z, w € Q and 2,2, €SS,.
Va()Zn) 0 Z;1571 _571 a* 2271571 _’371 a* Va()anl) 0 ‘571 _571 a*
0 Wy )[\—ap™t  zpt ) \—apt  zmpT! 0o W&y )\~apt  p!
ﬁ_l —5_1(1* (Z_l —Z_l)ﬁ_l 0
SH(_O‘ﬁi1 P ) . ( 1 02 (Zl—zz)Pil)
Since |||l < 1 and using Lemma 2.1, there exists C; = C;(a) > 0 such that:
((z;l—zz‘l)ﬁ‘l 0 )
0 (z1—22)p 7"
— —1\y~—1 —
< (I =200 I+ 11z —2)p7M1)
_ |21 — 25|
<o (S sy 5l ).

_1
? |21.2,]

I (1) — T (o)l = ‘

IT™(z,) — TM(2,)Il < C}

|21.2,|

Since gz, and 2z, arein S_, |z,|>1—¢€ < —— and using lemma 2.1 we find
1 2 €9 i (1—e) g )

1T (zy) — TW(2,)]| < € )%_@chfﬂﬂ

1 1
1—nmp(1+(1—eﬁ

We now prove the last step before proving the continuity of the Lyapunov exponents.
Lemma 2.5. Let € €(0,1). Let p€[1,L]. There exists C4 = C,(a,€,p) > 0 such that:

Proof. As the transfer matrices are invertible, we can reproduce the reasoning from the proof
of [Bou07, Lemma 6.2.6] and use the following inequality:

IAPM — APNI| <IN =ML (INIP~ + M| INTP2 4+ M)

Then it suffices to apply Lemma 2.3 and Lemma 2.4 to conclude. 0
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Having these four lemmas, one can now deduce the continuity of the Lyapunov exponents.
For p€[1,L], e €(0,1), x € P(C*) and z € S, we define:

_ IA? TR
(2.18) ®(z,x)=E|In———
[1x]]

where P(C?!) is the projective space associated with C?-. Let L, be the p-Lagrangian of
APC2E,
Lemma 2.6. The map (z,x) — ®(z,Xx) has the following properties:

(1) The map X — ®(z,X) is continuous on P(L,).

(2) There exists a constant C > 0 such that for all 2,, 2, €S,:

sup |®(z1,%) — ®(2y,X)| < Clz; — 25|
%eP(L,)

(3) The function
Se x P(L,) = R

®:(z,x) > d(z,x)
1S continuous.

Proof. We start by demonstrating the first point. According to Lemma 2.3, AP T(f)")(z) is
uniformly bounded in z and w and

AP TS ()% ||
[1x]]
hence if x,, — x in P(L,), it suffices to apply the dominated convergence theorem to show

that:
- ) -
II(APTL”)(Z)XmII) (II(/\"TS’ (z)x|]
1%l m—+00 [Ix]]
For the second assertion, we begin by taking z; and 2, in S.. We have:
I A7 T;“)(zl)fcll)
IA> T8 ()%

VzeS, YweQ, In <In|| A? T!(z)|| < In(C,)

&(z,%,,) = IE( ) = &(z, %).

®(2,,X)—P(2,,x)=E (ln

Writing
AP TO )N = | AP T (21) - AP(TSP(2)) - AP TSV (2,)% |
< IAP TE(21) - APCTE (200) 7 - I AP TS ()%
and the same exchanging z; and z,, one gets:

(II AP Tg")(zl)fcll)
In

TR < In(max{|| A” TS (2) (NP T ()) 7 AP TSP () (AP TS (20)) I
w (29)X

Moreover,
1T )T @) < I (APT () = APTE(2,)) - (NN T (2,)) 7 + Lyl
<A T @D - (AP T (2) = AT (22)) [+ 1
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and the same exchanging 2, and z,. This gives the following inequality:
n ( | AP TC(Q")(Z1)J?II)

NP TE ()]
Since for every x > 0, In(x) < x—1, using (2.11) to be able to apply Lemma 2.3 to the inverse
of the transfer matrices, we get:

. (1 | AP T;")(zl)fcll)

n 7o N
| AP T (25) x|

< m[m§§{||(APT§f)(zi))—1||} AP TE 1) = AP T (z2) |+ 1].
=1,

< Gl AP T () = AP T (2)1-

Lemma 2.5 ensures the existence of a constant C, > 0 such that:
Il AP ch,”)(zl)—/\pTé")(Zz)ll <Cilz—2.

Since C, and C, do not depend on X, we get the second point.
For the third point, it suffices to combine the two previous points. Let € € (0,1) and take
(21,%,) and (2,, X,) close enough to have:

| ‘I’(befl)_q’(zzﬂ_fz) | <| ‘I’(Zh)_ﬁ)_q’(zzﬂ_fl) | + | ‘I’(Zzﬂ_ﬁ)—‘p(zzﬂ_fz) |
S C2C4 | Z]_ _Zz | +€
< Ce.

This completes the proof. O

Using the inclusion (2.9) and the applications defined at (2.12) and (2.13) one gets, following
the strategy of [ABJ10], that the group ©(C*G, C) is p-contracting and L ,-strongly irreducible
for every p € [1,L] and every g € C\ {0} since n(C*U(L,L)C) is. This implies, for each
p € [1,L], the existence of a unique measure v,, on P(Tc_l(CLpC*)) C P(C?!) which is y,-
invariant and such that :

| AP Mx||

W d‘u’z (M)d vp,z(-)?)'

(2.19) Yz € C\ {0}, }fl(z)+...+yp(z)=J In

Gy, XP(C?)

Following the proof of [Ham07] or [Bou07], one deduce from the integral representation
(2.19), from Lemma 2.6 and the use of Banach-Alaoglu’s theorem the continuity of the sums
of the Lyapunov exponents hence of the Lyapunov exponents themselves, as functions of the
parameter z.

Proposition 2.7. Let € € (0,1) and p € [1,L]. The function z — v,(z) is continuous on
C\{0}.

We deduce from this continuity results a result of positivity of the Lyapunov exponents on
some annulus.

Corollary 2.8. There exists €, € (0,1) such that for every € € (0,€,], the L first Lyapunov
exponents are positive on S,.

Proof. Let € €(0,1) and p € [1,L]. It was shown in [BM15] that for every z € S!, 7,(2) > 0.
Hence, by continuity of z — y,(z) on C\ {0}, this function remains positive in a neighborhood
of S' hence on some S, for an €, € (0, 1). O



3.1 Finite scattering zippers. 13

2.4 Exponential decay of transfer matrices. The positivity of the Lyapunov exponents does
not imply directly the exponential decaying of the eigenfunctions of the operators U,, as
discussed for example in [Bou23], but it already implies the exponential decaying of some
power of the inverse of products of transfer matrices.

Lemma 2.9. Let K € C a compact set. There exist constants C> 0O, ¢ >0 and s € (0,1), such
that:

(220) E (” (Tc(um)(z) . T(E)n)(z))_l v”s) < Ce—cln—m|
for all z € K, for all unit vector v , and for n,m € Z such that |n—m| is sufficiently large.

Proof. One can follow the proof of [HJS09, Lemma 7.1} or [Bou09, Lemma 3]. It suffices to
use (2.11) and the fact that

E(In[l(T¢(2)... T® () vll) =—r.(z) <0

since for any A € GL;(C), the Hilbert-Schmidt norm of its inverse satisfies ||[A™}||;;s = (o, (A)) !
where o (A) is the smallest singular value of A. O

In—m|—o0 |n —m)|

3 Exponential decay of the fractional moments of the Green’s function

In this Section we provide a proof of the exponential decay of fractional moments of the
Green’s matrix, which is the result of Theorem 1.8. We will begin our analysis by reducing
the problem to the proof of the exponential decay of some particular coefficients of the Green
kernel, following the approaches described in previous works such as [HJS09, ABJ10]. Then,
we will adopt a new strategy to establish exponential decay in the reduced case.

The usual scheme to establish exponential decay of fractional moments is to find an explicit
expression of the Green’s function in terms of the solutions of the equation (U, —2)¢ =0 as
in [HJS09]. In our case, it is difficult to use this approach due to the matrix structure of the
model which implies a formula (see [DPS08]) whose terms are difficult to control. Therefore,
we proceed differently, in two steps: first, we bound the norm of the Green’s function by
multiplying it by a non-constant quantity and the norm of the inverses of the transfer matrices
which, as we have already established, decay exponentially. Then, we demonstrate that the
first quantity is bounded, under a condition on the norm of the matrix a.

3.1 Finite scattering zippers. In this section, we start by explicitly compute the even-odd
truncation for the scattering zipper operator. The importance of this step lies in the fact that
truncating a unitary operator can lead to a non-unitary operator if the truncation is not done
well. Let us first denote explicitly the coefficients of the scattering matrices where we omit
the random paramter w in order to symplify the latter computations.

Let w € Q. Denote Sgl) = ()O,‘Z g:) € U(2L),,, and take U,V € U(L). We define the restriction

Uf”’zm“] of U, to an interval [2n,2m + 1] with n < m two elements of Z.
We construct Vf“’zm“] and W%n’zm“] as follows:

(3.1) yl2n2m+1] . — @ 52
kel[n,m]
(32) Wgn,Zm-ﬁ-l] =U® @ Sgk+1) eV

ke[n,m—1]
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The boundary conditions U and V are placed in W, in such a way that we obtain exactly
2m+1—2n+1 L-rows and L-columns starting from 2n. Thus, IUEE”’Z’"“] is given by:

2n S(Zn) 00 00 u 0 0 O\
2n+1 w 0 0 00 0 S(ZrH—l) 0
0 0 S(2n+2) 0 0 0 @ 0

0 0 w 0 0 0

m— 0 0 :
S(z 2) : :
: @ 00 0 S(Zm—l) 0
om | 0 O e ... 00 gOm 0 @ 0
om4+1 0 0 0 0 w 0 00 ¥4

Since we will mostly deal with the resolvent of U%n’zm“], we also give the expression of
pl2n2m+ll — 214 for z € C.

UEfn,Zm-ﬁ-l]_zId —

aZnU -z [52na2n+l ﬁZnﬂZn-H 0 0
YorU OonQons1 —2 OonBans1 0 0
0 Aont2Y 2n+1 Aoni20on41 — 32 Bons2®onss Bons2Bonss 0 0
0 Yon+2Y 2n+1 Yan+202n+1 Oon+20onss — % Oon+2Bonss 0 0
0 0 0 Qont4Y 2n+3 Ooni4Ooni3 —2 Hok 0
0 0 0 Yon+4Y 2n+3 Yon+402n13 Fok 0
0 T 0 AXom—2Y2m—3 O Bam—2%om_ Bom—2Bam— 0
0 e 0 Yam—2Y2m-3 Yom—202m—3 Oom2Qom—1 — % 02Bans3 0
0 Tt 0 0 0 AomYom—1 a2m62m—l -z ﬁZmV
0 e 0 0 0 YomY2m—1 YamOam—1 OomV —2

Let z € C and @ € £*([2n, 2m + 1], C") satisfying U1 = 2.
If we define ¥ = WE2n2m+tlg  then VI212mHIy = 2¢, which leads to & =z 1ViZn2mHily,
In other words, in the formalism of scattering matrices (or S-matrices), we have:

o, _ v v ®
‘Ij — Uq) ) n ) =g 15(211) ( 2n )’ ( 2n+1) — S(2H+1) ( 2n+1) S e e
2n 2n (q)2n+1 @ \Wans1 Wons2 © Ponyo

Pom—2)_ _—1cem=2)(Yom—2\ (Yom-1) _ c@m-1) [ P2m—1 _
...... 5 (<I>2m_1) =2z Sw \I/Zm_l 5 \I/Zm = Sw o 5 V¢2m+1 == \Il2m+1'

2m

This yields the following diagram:

w,, Wi Wi Wanes | P W Wi

Y ¥ T Al ¥ ¥
= P N ZS -1
L= i SQH+2 z SZm
’i’ S e e 0 00 S v
= 2n+1 2m-1

P S + l DS T ¥

2n41 Pz Ponis P P, P

Other cases of intervals ([2n,2m], [2n + 1,2m] and [2n + 1,2m + 1]) are defined in the
same manner. The cases where a = —00 or b = +00 are similar since we have only to put
boundary conditions on one side of the interval.
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3.2 Proof of Theorem 1.3. The estimate of the fractional moments of the Green’s function
has played a prominent role in the proofs of localization for the self-adjoint Anderson model,
notably illustrated in the works [Gra94, AM93, AG98]. Our approach to evaluate these mo-
ments begins by establishing an upper bound for their expectations. We will draw inspiration
from the method presented by Hamza in [Ham07], while adjusting the proofs to adapt the
argument with the quasi-one-dimensional character of {U,},cq. This upper bound will sub-
sequently serve as a key tool to prove the exponential decay of the fractional moments of the
resolvent.

Proof. Of Theorem 1.3. Let s € (0, }‘), weN and z€ C\S! Let € €(0,1). For |z| <€, the
bound (1.16) is clear. Hence one may assume that |z| > €, |z| # 1. Then, since (U, —z2) " =
% [(Uw +2) (U, —2)7! —Id], there exists C(s) > 0 such that

E[IG,(z,kDIF1< Cs) (B[ ((U, +2) (U, —2)) (kD] ] +1.)
Therefore, it suffices to prove the existence of C(s) > 0 such that

E[||((U, +2) (U, —2)") (kD[ ]< CGs)

for all z € C\'S' and for all k,l € Z to prove (1.16). We use the finite-rank perturbation
method to establish such a bound on the modified resolvent. Let k € Z. We use the notations
introduced in (1.5) and (1.11) which allows us to write:

S(Zk) — (IL ’\(zk)O ~9(2k)) ( a p(a)U(((;kI;))
~ . .
@ 0 Vel pla) —a'U;

This implies a factorization of U,,:

I 0 a p(a)UP L /
33) U,=V,W,= (@( - 20 -em)) (N Bo | |os'W,, := Y, D,V W,,.
o, \0 Ve pla) —a'U;

ith the unitaries Y,, = b o) D = o0 1V = @ p@UuP) |
wi e unitaries Y, = @rez | o 90 ) Do, = Prer, ) 020 ) an | =@z Sa) a0 )OS

w

For k#1 even, A={k+ 1,1+ 1} cZ and a=3(0% +61), b =2(6% —6D), let

. b j=k+1
. a .
=47 and ED={—b j=1+1,
w 0 ]¢A w i

0 jé¢A

If one of the k,[ is odd, we set a =b = %Qg‘). Let E; = (0,0,...,0,I,0,...,0) where I is in
the j* position, and define the diagonal matrices by L-blocks, D,,D;, and D by:

_ §1gin? _ P0gied pg =15 jeven
Using these definitions, we factorize D, as D, = D,D,D and we have:
(3.5) v, =Y,D,V.W,=Y,D,D,DV. W, :=Y,D,X,,.

with the unitary operator X, = D,JIA)V;J W, independent of a. Note that D, = YC_OIIUQ,XZ} and
that in view of the definitions of X, and Y, U, =YX, is a finite-rank operator.
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Let P, be the orthogonal projection onto the subspace generated by {X:Olej : j € A}. Note
that {X_'e; : j € Z} is an orthonormal basis of [*(Z). One has

(3.6) P,X_'Y_'U,P, = e "L,.

Indeed, for u € {X;lej 1 EA}, there exist real numbers a and b such that u = aX ‘e, +
bX e, ;. Thus, X 'Y 'U,u = aX_'D,ey; + bX_'Dyeryy = e (aX ey + bX ey ) = e u.
Moreover, U, —Y,X,, =Y, (D,—Id)X, = 0 on Ran(Id—P,) (the vector subspace generated by
{xZ'e;: j € Z\A}), since D, —Id = 0 on Ran(Id —P,). As (Y, X,)" U, =e I, on Ran(P,),

U, =Y,X,(Id—Py)+U,P, = Y,X,(Id—P)+Y,X, (Y,X,) ' U,Ps=Y,X,(Id—Py)+e %Y _X,P,.
For z € C\ (S' U {0}), define
(3.7) F,=P,(U, +2)(U,—2)"'P,, and F,=P(Y,X,+2) (Y, X, —2) P,
One has:
F,+F =P [(Y X, +2)(Yo X, —2) 1+ (Yo X, +2)(Y, X, —2) 1) ] Py
=P,((Y, X, —2) ) [(Y X, —2)" (Y X, +2) + (Y, X, +2)"(Y,X, —2)](Y,X,—2) P,
= Py(21d —2)2|*) ((Y, X, —2) ™) (Y,X, —2) P,
On the image of P,, this implies that 1/5';+f5; < 0 for |z| > 1. Consequently, —iF, is a dissipative
operator. Similarly, —il?z_1 is also a dissipative operator. In the case where |z| < 1, we have

il:"\Z and 1'1:";_1 that are dissipative operators.
Next, we use the fact that (x +2)(x —2)™' =1+ 2z(x —2)™!, to obtain:

F,—FE =P, (U, +2) (U, —2)" — (Y X, +2)(Y,X, —2) "] Py
= P, [1d + 22(U,, —2) ™ — (Id + 22(Y ,X,, —2) )] P,.
=—2zP,[(Y,X,—2)"" — (U, —2) ]| P,.
Applying the resolvent identity, we get:
F,—F,=—22P,[(Y,X, —2) (U, - Y,X,)(U,—2)"] P,

As U, —Y,_X, is zero on Ran(Id — P,) and equals Y_X_(e™*—1)I, on Ran(P,), we have:
U,-Y,X,=Y,X,Id—P)+e Y X, P,—Y, X, =Y, X, —Y X P +e Y X, P,—Y,X,
=Y,X,[e"“P,—P,| =Y, X, [e“P\Py— PyP,| = Y, X, Ps(e 7" — 1)P,,

hence F, —F, = —22P, [(Y,X,, —2) (Y, X,,)Py(e7¢ — 1)P,(U,, —2) ' | P,.

Thus, F,—F, = —P,(Y X, —2)"'Y, X P,(e7“—1)P,(22(U, —2)')P,. Then, using the equality
2z(U,—2)t = (U, +2)(U, —2) ! —1Id, it follows that

F,—F, = P(Y,X, —2) 'Y X, Py(e" — 1)[F, —1d]P,
= _PA [Id + Z(waa))] (waw - Z)_lwawPA(e_ia - 1)[Fz - Id]PA

=P, [%(Id + (Y, X, +2)(Y, X, —2) )P,(e7*—1)[Id— FZ]] P,

=P, [%(Id +E)(e T —1)1d —FZ]] P,.
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Therefore, P,(F, —E)P, =P, [%(Id +F)(e7 e —1)(1d — Fz)] P,, and we can write:
~ 1 N .
(3.8) F,—F,=J(d+F)(e ™ ~1)1d~F),

which is equivalent to F, (I +2(1d+E)(e7* — 1)) =F, +11d+E£,) (e —1).
Hence F, (e —1) (S21d + ) = $(e 7 — 1) (1d+ £, 521,

eia—1 Z e—ia—]
Let us define m, := —i (Z:Zj) Then we have:
(3.9) F.(im,+F)=1d+i.m,F,.

Hence, F, and 132 satisfy the same relation as the one found in the proof of [HJS09, Theorem
3.1] and they have the same dissipative properties. Then, one can follow the proof of [HJS09,
Theorem 3.1] for T = 5= to finish the proof of (1.16).

Note that if at the beginning of the proof we choose both k and [ odd instead of even, we
have to write the same proof as in the even case but by writing the factorization (3.3) on the
factor W, and replacing \7(52") by ﬁgk) and 96(02]‘) by @gk). O

3.3 Reduction results. In this section, we aim to focus our study on structures of odd lengths,
and then on those of finite lengths. Thess reductions imply the need to ensure the invertibility
of a. In what follows, we fix a,b € Z, |a — b| > 4.

3.83.1 Reduction to appropriate elements. The goal of this part is to estimate, in expectation,
elements of the type ||G£f’b](z,2n,2m)||s and ||G£f’b](z,2n + 1,2m)||s by elements of the type

||G(Ef”b](z, 2n,2m + 1)||$ and ||G£f’b](z, 2n+1,2m+ 1)||s, for which we know explicit expressions.
Challenge in proving the reduction to even elements consists of being able to bound the even
columns (and rows) of the Green’s matrix by the odd columns (and rows), or more easily, by
a sum. We use the notations introduced in Section 3.1. We start with a lemma that will allow
us to have a useful recurrence relation for the rest of the proof.

Lemma 3.1. Let | € [a,b]. For every k€[a+1,b—1], k #1 and every z € C\S!,
(3.10) [yzl*yk_l] G(Ef’b](z, k—1,1)+ y;l*[6k +za’£]G£§1’b](z, k,1) +zG£f’b](z, k+1,1)=0.

(3.11)  2GMPMz, k, D) + Bt [orr +265 | Gl (2, k + 1,0 + Bt Braa G4z, k + 2,1) = 0.
Similar inequalities are applicable for the columns.
Proof. By the definition of the resolvent:

I, ifk=1
[a,b] __ [a,b] _ L
[(Uleb] —z1d)GLe (z)](k,l)—{ 0 ifk£l

Thus, for k even and [ # k, k+ 1, we find:
[(Ul*P] — 21d)GIPA(z) | (K, 1) = (U] — z1d)(k, ) - GLbA(z, -, 1) = 0
This, given the 5-diagonal by blocks structure of the operator, results in:
(3.12) o1 GEP)(z, k—1, D)+ (. 6,y —21)GIP(z, k, 1) + Brag 1 GL4P )z, k+ 1, 1) + Br By G4 (2, k +2,1) = 0,
and similarly for k + 1:
[(Ul*b) —21d) - Glb1(2) ] (k + 1,1) = (UI*P — 21d)(k + 1,-) - GLlP1(z, -, 1) = 0.
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This results in:
(3.13) 1iYka G0z, k—1, 1) + 78,1 GL%P(z, k, D+ (§p s —21))GLP (2, k+ 1, 1) + 61 By 1 G2 (2, k +2,1) = 0
Multiplying (3.12) by 6,8, " on the left and taking the difference one gets
[5kﬁk_1akYk—1 — YkYk—1] GEf’b](Z, k—1,1)+ [5kﬁk_1(ak5 —zl)— Yk5k—1]G£fl,b](Z: k,1)
+[51By Brtisn — (B — 211)1GL" (2, k + 1, 1) + [6 By BBras — SxBrs)1GL" (2, k +2,1) = 0.
After simplification, this yields:
[(5rB ar — vi)vi | GL2P Nz, k—1, D+ 6 B (S _1—21L)— 7181 1GLP) (2, k, 1) +2GLP)(z, k+1,1) = 0.
We have:
(o 6k — Bi) = (y )" and iy = =61, & ayry ' =—(B )55
This allows us to write:
(3.14) [(reY) 7 ]Gz, k— 1, 1) + (r ) [6) + 20 1GIP (2, k, 1) + 2GLbl(z, k + 1,1) = 0.
A similar equality can be found by multiplying (3.13) by akyzl and taking the difference:
[ak}/zl}/k}/k—l - akYk] GEf’b](Z, k—1,01)+ [(akyzl'}/k5k—1) — (a6 _ZIL)]G([f’b](Z, k,1)
+ [akY;1(5kak+1 —zl)— ﬁkakﬂ]G([,f’b](Za k+1,1)+ [5k}/;15kﬂk+1 - ﬂkﬁk+1]GES’b](z’ k+2,1)=0.
Hence,
2GLP)(z, ke, D[ (i 6k — B — 2oyt | GL4P(z, k+1, D+ (agy . Sx—Bi) Brs1 16101 (2, k+2,1) = 0.
For any k, we have:
akyzlék — B = (/5;:1)* and fiay=—0,7, & akYzl = _(ﬁk_l 6.
This allows us to write:
(3.15) G2z, k, 1)+ (B ) [aper +261 | G0z, k + 1, D) + (B 1) By G (2, k + 2,1) = 0.

To find the equalities for the columns [ (while fixing k), it suffices to repeat the same process
but start with the multiplication in the reverse direction:

(oW —21d) [ (k, 1) = { o § i £ % '

g

To exploit these relations, we need to be able to invert 6, +zay. This is the subject of the
following lemma.

Lemma 3.2. If a € GL,(C), then for any € >0, k €Z, and z €S,, 6, +za; is P-almost surely
wnvertible.

Proof. Let z €S, and k € Z. We define:
Qipy = {w € Q; 5 +za; € GL (C)}
={weQ; p ' [VPa*—a*UN] € GL (C)}
(3.16) ={w e det(zVS‘)a* — a*U{E)k)) # 0}
To show that P(Qy,,) =1, it suffices to demonstrate that:
A(Uy; Vp) € Q; det(zVya* —a*U,) #0
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since we are working with the Haar measure v, of the phases and since a is invertible.
If 2 # 1, we set (Uy, Vy) = (I, 1;). In this case:

det(zV,a* — a*U,) = det(za* — a*) = (1 —z)*(—1)" deta* # 0.
If z =1, it suffices to take (Uy, V) = (iI;,1;). In this case:
det(zV,a* — a*U,) = det(a* —ia*) = det((1 —i)a*) = (1 —i)* deta* # 0.

With Lemma 3.2 one can isolate the term GL%*)(z,k,[) in (3.10).
We define Q, as in (3.16).For w € Q;,,, the equality (3.10) becomes:

Gl(z, k1) = (v, [6c +2a]) " [1 1ea Gz, k= 1,1) + 261 (z,k + 1,1)].
(3.17) =[6; + zoai]_1 [yk_lGEf’b](z, k—1,1)+ zy;l*G([j’b](z, k+1, l)] .
Hence, to estimate the expectancy ||G£f’b](z, k, DI’ in terms of GEf’b](z, k—1,1) and GEf’b](z, k+
1,1), one needs to estimate the expectancy of ||(6y +zai)_1||3. This is exactly Lemma, 1.6.
Proof. of Lemma 1.6. One has:

Here, o, represents the L'® singular value, which is the smallest singular value. Then,

Vkez, o, (a—2VWaU®) =0, (a —zeieik)\/}cgk)aﬁik)eieg)) .

We can simplify some expressions. Indeed, we know that 92‘), @g‘), ﬁ(gk), and \ng) are mutually
independent. Furthermore, Qc(ok) = diag(@fﬁ, ey Ggf)L), and the (9;’3)]-6[[1’“] are i.i.d.. The same
goes for (egi)j)je[[l,L]]' Consequently, we can replace 93‘) with Q(Ef)llL and @g‘) with @Ef’)lIL in the
expectancy (and not deterministically!), which gives:

(k) ~ —~ . —s (k) ~ ~ AR\ S
E (O‘L (a —zel@g)VLgk)aUc(f)elgka)) ) =E (O‘L (a — ze'%en Va()k)anf)elew,l) )
IRCIPICIPOSNEPESO
=E (O’L (a — zel(ewle’ew)l)VaEk)aUék)) ) :
Since Ug‘) and ﬁg‘) are in U(L) N H;(C), they have a square root which is also an element of
U(L) N H,(C), hence one writes T® = (T®)2(T®)z and VP = (VO)2(VH)z2 to obtain:
6 oM ) 0 1 o®)) ~ ~ ~ s
E (O‘L (a — zel(gwllww,l)vcgk)anok)) ) =E (O‘L (a — zel(ew,l“Lewll)(Vo(Jk))%(Va()k))% a(Ug‘))%(Ug‘))%) )
-~ * ~ * RCIPICIPP ~ =
=E (0, (((7%) a (@) —ze @O @) ) 7).
Since (Ug‘))% and (Vg‘))% belong in particular to H;(C), we find that
B (GL € —zei(@%”@kﬁ)Vik’aﬁff))_s) —F (C’L (((V£k>)%a(ﬁgk>>% —ze“@ﬁfflwfﬁi)(%’”ﬁa(ﬁii‘))%)_SD
- 0 L g ~ s
E (O‘L ((Vo()k))% (a —zel(ew,lww,l)a) (U((Dk))%) )

=E (O‘L ((1 —zei(eg:)ﬁegf)l )a)_s) .
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Furthermore, for every w € Q, every 2 € C\'S! and every k € Z,
) (k) () (k)
o, ((1 —zel(ew,lww,l))a) = |1 —ze'®o1t)|g, (a).
Therefore, we obtain the inequality for the partial expectation:

1

Egolll(6k +zap) ™ II'] Sf d(6,0)

o) L o)
[0.271x[0,21] |1 — 26 ©Cen™ol)|s (o, (@)

27
1 1 ~
(o () Jo [1—ze)
(k

since e o) follows the uniform law on S'. According to [Ham07, Lemma A.2], for any
z € C\St, OZTE mde = C(s) < 00. Hence, by taking the expectation over U(L) x {—1, 1}" x

U(L) x {—1,1}" of this partial expectation, we obtain the desired result. O

i(e% +o

By combining the results of Lemma 3.1 and Lemma 1.6, we can establish the lemma of
reduction to the even case.

Lemma 3.3. For a € GL (C) and s € (O, %), there exist C1(s),Cy(s) > 0 such that,

(3.18) E(lIGl*b(z,k +1, l)||5)2 < CiE (IG1(z, k, DII*) + C()E (IIGIP(z, k + 2, D).
Similarly, for the columns, there exist C,(s), Co(s) > 0 such that
(3.19) E(IIG")(z,k, 1+ 1)||5)2 < CiS)E (G112, k, DII*) + Co()E (IIGLP(z, k, L +2)|1*) .
Proof. For w € Qy,,, equality (3.10) becomes:

Gl (z,k, 1) = () [6k +2a2]) [ 1eea G2z, k — 1,1) + 2610 (5, k + 1,1)].

=[6, +zaz]_1 [}fk_lGEf’b](z, k—1,1) +z(y;1)*G£f’b](z, k+1, l)] .

This gives:

IG5z, k, DIl < Bk +2a) 7l (Il -GLo Pz, k= 1, 2 [y GLP (2, k + 1,DI1) -

Now, we just need to use Holder’s inequality, Lemma 1.6 and Jensen’s inequality as in [Ham07,
Lemma 7.1] to conclude. O

Lemma 3.3 implies the first reduction result.

Proof. (of Proposition 1.5). The statement of Proposition 1.5 is just a combination of (3.18)
and (3.19). O

3.3.2  Reduction to a suitable finite interval. We will now prove that it suffices to bound the
norm of the finite Green’s function moments for a restriction to a suitable finite interval to
bound the Green’s function on the infinite volume. This reduction is based on comparing the
blocks of the infinite matrix with those of the finite matrix. Let a,b € ZU {£o0}, a < b.

Proposition 3.4. Fors € (0, %) and € € (0,1), there exists C(s,€) > 0 such that
(3.20) E (161" (z, k, DIF)” < C(s, )E (IG%9(z, k, X))
for every z €S, and all k,l €[a+1,b—1], |k—1]| > 4.
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Proof. We only deal with the case k = 2n,l = 2m where |k —1| > 4 and m,n € Z, the other
cases being treated the same way.
Using the definition of UE;”b], we have

(3.21) Uleb] = yle2n1l g yl2nbl 4 e
where I'? is given by
—Pan—2a+ P2V, k=2n-2,1=2n—-1
—Ban—-2B2n-1, k=2n—-2, [=2n
—09p—o0+ 04,5V, k=2n—1,1=2n—1
—8on—2B2n—15 k=2n—1,1=2n
I(k, 1) = { —Q2n42Y 20415 k=2n, l=2n-1

—0on4202n11 + Aopy2U, k=2n, [=2n
—Yon+2Y2n+1> k=2n+1, [=2n—1
—Yon+202n4+41 + Yont2U, k=2n+1, 1 =2n

\ 0, otherwise.
Let G () = Gg"z’l_”(z) ) G([f”’b](z). By the first resolvent identity, we have
[a,b] _ — _lab]
G (2) =Gl (2) = =G ()G (2).

Consequently, for every m > n+ 2,
(3.22)  Gll(z,2n,2m) = [1 + (Ban_2Bon_1)GI?)(z, 20, 2n — 2) + (Azps2Y2ns1)GLP Nz, 20,20 — 1)

+ (a2n1262n41 + A2n42U) e 0 G([:’b](ZJ 2n,2n)

+(Y2n+202n4+1 + Yant2 U)G([j’b](z, 2n,2n+1)]- G([uzn’b](Z, 2n,2m).
Similarly, we have U2nb] = gl2n2ml g yl2m+1.b] 4 po where I is given by

—Qop—2Yom—1+VY2m-1, k=2m, [=2m—1
_azm_252m_1 + V62m_1, k= 2m, [=2m

—BomAom+1 k=2m, l=2m+1

—BomBam+2, k=2m, [ =2m+2
To(k,1) = —Yoms1Y2m-1> k=2m+1, [=2m—1

—Yom+102m + Udomy1, k=2m+1, | =2m

_52m+1a2m+1 +Ua2m+1, k:2m+1, [=2m+1
—6om+1Bomr2 ¥ Ubomia, k=2m+1, [ =2m+2

0, otherwise.

Now, if we define G'(z) = GE?”’Z’”](Z) ) G(E)Zm“’b](z), once again, we observe that
G2M(z) — G(2) = =G (2)I2G2"M(2).
Thus, for any m>n+2
(3.23) G2z, 2n,2m) = [1— [~(agm_aYam-1 + VVam_1)GL2b)(z,2m — 1,2m)
—(agm—209m—1+Vom_1) GE)Z””’](Z, 2m,2m)
—(Yoms102m + A2n2 U)GEE"”’](z, 2m+1,2m)
—(BamBami2)G2P)(z, 2m + 2, 2m)1] G122 ™ (2, 2n, 2m)
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Inserting (3.23) into equation (3.22), then applying Holder’s inequality and Theorem 1.3, we
obtain for all s € (0, %) and € € (0,1),

IE(”GE:I’I’](Z,2n,2m)||s))2 < C(s,e)E(||G£2”’2m](z,2n,2m + 1)||28).

This yields the required result for all n,m such that m > n+ 2. The proof is analogous in the
case where n > m+ 2. O

Lemma 1.7 is now a direct application of Proposition 3.4 with a =—00 and b = +o00.
Note that one can take for example € = % to obtain in (3.20) a constant C(s) independent in
€ as it is done in [HJS09].

3.4 [Exponential decay of the reduced case. Now that we have simplified our study to the
fractional moments of elements of the form G([f”’z’"“](z, 2n,2m+1), we are ready to show that
their expectations decrease exponentially, which is the statement of Theorem 1.4.

3.4.1 An explicit expression of the Green’s function in terms of transfer matrices. Given
the matching between the block dimensions in the Green’s matrix and those in the transfer
matrices, we formulate an expression of the Green’s function. This expression relies directly
on the dimensions of the blocks involved in the product of transfer matrices.

Inspired by the notations in [MSB13], for m,n € Z, n < m, we define:

A2m+1(z) BZm+1(z)U)

(3-24) TZZ,TH(Z) = Tgmﬂ)(z) cee Tg")(z) = ( m+1(z) D mH(Z)U

where A2"*!(z) denote the left upper L x L block of the product of transfer matrices and the
same for the three other blocks.

Note that we remove the w dependency from the various quantities since the random char-
acter plays no role in the following discussion.

Lemma 3.5. For any € € (0,1) and any z €S, any U,V € U(L) and any m,n € Z such that
lm—n| > 2:
(1) the following quantities are invertible:
(a) C2M () £ VAI™ ! (2), (b) B2 (2)U £ A2 (2), (c) D2 (2)U + C2M (2).
(2) The following quantities are inside the Siegel disk D, ={Z € M (C) | ZZ* < 1}:
(CL) (C2m+1(z) VA2m+1(Z)) 1(VB2m+1(Z) D2m+1(z)),
(b) (D2m+1(Z)U C2m+1(2))(32m+1(Z)U A2m+1(2))_1,
(C) (D2m+1(Z)U+ C2m+1(2))(32m+1(Z)U +A2m+1(z))_1.

Proof. 1(a) and 2(a) follow directly from Theorem 1 in [MSB13].
To prove 1(b) and 2(b), we apply Theorem 1 of [MSB13] to

2m+1 (-1 — o1y oo _ [ Ao () (3 (3))
(TZn (Z)) —2(']12“ (i)) 2_( (BZTrInH(E)U)* (D2Tr1n+1(§)U)*)-

Dropping the 2n and 2m+1 indices, we find that —V(A(%))*—(B (%)U)* is invertible. Therefore,
A(%)V* +B(Z%)U is invertible. Since the mapping z — % is an involution of C \ {0}, we can
deduce that B(z")U + A(z")V* is invertible for all ' € C\ {0}. Since this result holds for any

initial conditions U and unitary V, we take V* =1, or V* = —I; to prove 1(b). Similarly, 2(b)
and 2(c) can be shown.
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To prove 1(c) we follow the proof of [MSB13, Theorem 1] but with changing the vector ((1))

into the vector ((1)) in the defintion of . Then we apply [MSB13, Lemma 3| with ®*¥® < 0
instead of ®*¥® > 0 which still implies the invertibility of DU £ C. But since we are in the
negative case, we have that (BU £A)(DU £ C)™! is not in D, .

O

Lemma 3.6. Let € €(0,1). For allz €S, and allm,n€Z, |m—n| > 2,

(3.25)  GI2r2m1(z 2n, 2m + 1) = (G2 — VAZIHY) 4 (D21 — VB2 )U) T (L2 — VR

(3.26)
GRmHL2m (g op 4 1,2m + 1) = (€274 — VAZM D) 4 2(D2H — VB2 U*) ™ (127 — VK2
with
1 ~ ~ ~ ~
(3.27) Kzznr;ﬁl — EV:)2m+1)p—1Va()2m)p—1 + V(f)zmﬂ)p_la*(Ugm))*ap_l
(3.28) Lgrrzﬂ — (UC(L)2m+1))*a5—1VO()2m)5—1 + Z(UC(OZmH))*ﬁ—l(UC(UZm))*aﬁ—l

with U, V € U(L), the two boundary conditions at 2n and 2m+1 as defined in (3.2).

Proof. For (3.25), we know that the quantity Gf”’2m+1](z,2n,2m + 1) corresponds to the ¢,,

component of the solution @ of the equation (Uf”’mﬂ] —2)® =& for & = 8541411 We apply
Lemma 4 of [MSB13]:

520) (o) = (fmr Y=z (B 0)(4) w mzmce) (—ZJIL).

zmH) given by (3.27) and (3.28) and

1 . K
We compute TZZT;”“(Z)( % IL) to retrieve the vector ( Lo
2m

using the notations introduced at (3.24), (3.29) one gets

(3.30) (Feme )= (Ea o) (5 0)(92)+ ().
14 ¢2m+1 Czn Dzn 0 U ¢2n LZm
We multiply the first row by V and calculate the difference of the two lines to find:
m m m m -1 m m
(3.31) ¢on = ((CI™1 —VAZ™Y) 4 (D24 —y B2 ) (L2mH — VK2,

For (3.26), we follow the same steps. Note that Uy y,11 = 2@ an41 + Eans1 = 2Paneq implies that
Yoni1 =2U Py, This yields:

(- G )6 (E)
Voom Corrr Doy J\O 23U J\ Ponn Lom"

We multiply by V and then take the difference of the two lines to find the expression given in
the statement. U

Remark 3.7. For the other cases, G2"*12M(z, 2n+1,2m) and GI>™?™)(z,2n,2m), the equations
V¥ =20+¢& and W, & =V, yield Vo, 11 =2Poms1 + 11 O Yo =2V g1 + V7. So, we
need to multiply the first row by 2V*, add V*, and take the difference to obtain:
GE2r2ml(z,2n,2m) = [C2" —zV*AX" — V* + (D2™ — 2V B2 — VU (L2M — V*K2M — V*)
. KZm
with (2
2m
will prevent to prove directly the exponential decay for these terms which is why we prove
before the Lemma 3.3 so that we don’t have to estimate directly these terms.

) = Tc(ozm)(z) (_Z;IL ) As we will see later, the presence of the three extra terms —V*
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Lemma 3.8. Let € € (0,1). There exists k. > 0 such that for every z €S,:
(332)  [1G2"™1(z, 20, 2m + || < x ]| ((C2m — VA1) + (D2 — VB2 U) .

Proof. Tt suffices to prove that [|L2"*" —VKZ™!|| is uniformly bounded in m. One has

”L;;Z-H _ VK22:11+1 ” — ||(U((02m+1))*a5—1 chzm)ﬁ_l + Z(U6(02m+1))*5—1(U(E)Zm))*aﬁ—l

1 ~ ~— ~—1 % * o ~r—
_V(gvc(uzm-f-l)p 1Vc(02m)p 1 +Va()2m+1)p la (U(E)Zm)) ap 1)

— _ 1 —
<5 1||2[||a||.||p I+ -+ lalll7 1||2(|z|+||a||)]

For ||la]| < 1 and € € (0,1), by Lemma 2.1 and since z € S,:

1 [l 1
Lo = VR < [ + +(@—elall +llal* | :=x..

I-llallPLy/1=]alz2 1—e€

O

Remark 3.9. Note that since in Theorem 1.4 € € (0,€,] and €, € (0,1) is fixed by Corollary
2.8, the term ﬁ in k. is in the interval (1, ﬁ) and thus is bounded.

To estimate the Green matrix using transfer matrices presents notable complexity: in the
scalar context, this process is made possible through the property |a-b|=|a|-|b|. How-
ever, in the matrix context, this direct relationship does not hold, as we only have sub-
multiplicativity of norms. Thus, we opt for a different method.

3.4.2 FEstimate of the Green kernel by products of transfer matrices. Our first step is to
establish a lower bound on the norms of the inverses of transfer matrices, which corresponds
to the norms of the transfer matrices themselves. Hence we have to prove that the norm of a
new term needs to be uniformly bounded by a constant.

Lemma 3.10. Let € € (0,1). There exists k. > 0 such that for all z € S, \'S* and allm,n € Z
such that [m—n|>2 :

||GEf”’2m+1](z, 2n,2m+1)||
€ ||H§’r1n+1(F22rrln+1)_1 _ G;TH(EZWIH 1”

(3.33) (T N =«

ESZH_:[ (C2m+1 VA%ZH—I) + (Dzzrrln+1 _ VBSZH-I)U-
F22;n+1 _(D2m+1 VB;TH)U _ (C2m+1 _ VA2m+1 )
G;;n+1 :Aér:-ﬁ-l + V*C227T+1 + (BZm-H + 1% D2m+1)U.
HZm =(B2M + V*D2M U — (A + v,

Remark 3.11. Since in Theorem 1.4 € € (0,¢,], once €, € (0,1) is fixed, k. can be taken
uniform in €. Thus k can be taken such that it only depends on the norm of the matrix a.
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Proof. Throughout this proof, we will omit the indices 2n and 2m + 1 for brevity. With a
direct computation, we get with the expressions given in (3.34), (3.35), (3.36) and (3.37),

2m+1 —“1_(A =1 _ (1 =V L\ L[ (C—VAHD-VBU (D-VBU—(C—VA) Y"1 1 (L -1\ *
(Tzr:n (2)) _(ng) _(ﬁ( I, v )) (A+V*C+(B+V*D)U (B+V*D)U—(A+V*C)) (ﬁ(lt ILL))

-1
(1 (-vi\\(E F 1 (1 -1\ !
- (E( I VL*)) (G H) (E(IE ILL)) :
Using Lemma 3.5 1(a) and 2(a) and the Neumann power serie lemma, E = (C—VA)+(D—VB)U
is invertible, so we can compute the inverse of (£ £) using the Schur complement :

(E F)_l _ (E—l +EF (%) GE E'F (%)_1),

¢ H (%) GE™ (%)

where (%) = H — GE"'F is the Schur complement of E. Thus, we obtain:

o= B (G TE e )

By taking the Frobenius norm, we obtain:

E1+EF(M) 7 GE? EF(Y)T
(3.38) (T2 (=)l = ( o —1( s )_1 M(fl)
(¥) GE (%)
since the matrices % (_Iz/ ‘I,L) and % Gt _IiL) are unitary. We know that the Frobenius norm

of a square matrix is always greater than or equal to the sum of the norms of its blocks.
Therefore :

E'+E'F()'GE™Y ET'F(H¥)T!
‘( *an i) (B )| e Een
E E
Furthermore, by the sub-multiplicativity of the Frobenius norm,
_ _1n-1
L ETECE (RO =
(3.39) IETF (%)) > () (_1(f1) ) = [LE [.
(F()™) ICE) F=|

Combining (3.38) and (3.39), we have the following inequality:
CIET

(T2 (=) =
2 O}

To conclude, it suffices to observe that (F)F '=HF'—GE™ and, using (3.34) and Lemma
3.8, k[|GI22m (2, 2n, 2m + 1)|| < |[E™}|l, where x is the constant obtained in Lemma 3.8 for
€ =E€,. U

With Lemma 3.10, to control the norm of the Green kernel by the norm of (TZ™'(2))™", it
suffices to prove that there exists a constant C, > 0 such that:

(3.40) Vm,n€z, Im—n|>2, [HZ*(FZ)™ =GN EZ) T < C,.

To achieve this, we propose a strategy which consists in constructing a sequence of matrices
which will follow a sub-arithmetico-geometric progression. This particular progression eventu-
ally reaches a maximum threshold, meaning it does not exceed a certain limit, provided that
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the value of the norm of a meet a specific condition. We set ||.|| as the Frobenius norm on

M, (C).
Proposition 3.12. There exists ry € (0,1), py > 2 and C, , >0 such that for every |la|| <o,
every € € (0,1), every z €S,, and every m,n € Z, |m—n| > p,,

(341) F oy (B )™ = G By ™) M < Gy

Proof. Step 1 During the next computations, we drop the indices 2n, 2m + 1. Using (3.34),
(3.35), (3.36) and (3.37),

HF '—GE'=((B+V'D)U—(A+V*C))((D—VB)U —(C—VA))!
—(A+V*C+(B+V*D)U)(D—VB)U +(C—VA)™*
=(BU—A+V*(DU—-C))(DU—-C—V(BU—A))"
—(BU4+A+V*(DU+C))(DU+C—V(A+BU)) .
According to Lemma 3.5, BU—A, BU+A, DU —C and DU + C are invertible and we find:

HF ' —GE™ =—v*(I,— (DU — C)(BU —A)"'V*) " + v* (1, — V(BU —A) (DU —C))"

(3.42) +Vv*(I,— (DU + C)(BU +A)_1V*)_1 —V*(I,—V(BU +A)(DU +C) ™)

If one sets M = (DU — C)(BU —A)"*V* and N = (DU + C)(BU +A)"'V*, by Lemma 3.5 they
are both invertible and they both lie in D;. Therefore I; — M and I}, —N are invertible and
the same for I, — M~ and I; — N~'. Moreover, one has (I, — M) = —M(1; — M)™! and
(I,—N"1H7==N(,—N)'. Rewriting (3.42), one gets

(3.43) HF ' —GE' =V*(—(I, + M)(I, — M) '+ (I, + N)(I, —N) ).
Applying the Frobenius norm and since V* is unitary and M,N € D,,
(3.44) IHF™ = GE™H| < 2(JI(1, — M) Ml + 1A = N) 1)
Step 2 We will begin by bounding ||(IL—M22T:"Jr1 ~Y|. Since by Lemma 3.5, Mzzr’l”Jr1 eD,,
1
(1, =My ) TH < e
P 1—[[Mg|

1
1M
constant C € (0,1) independent of n and m, such that for every m,n € Z, |m—n| large enough,

To show that the upper bound is bounded, it suffices to prove the existence of a

2m+1 — 2m+1 2m+1 2m+1 2m+1\—1y7*
(3.45) M2 = ||(D2m1U — c2m (B2 U — ATV < C.

2n n 2n

We start by finding a reccurence relationship between the ranks 2m and 2m + 1 for n fixed.
Writing

(Aé’:“(z) B2 (2)U

C22m+1(2) D22m+1(Z)U) = Tzz,TH(Z) = TZZ,;HH(Z)TZZTT_l(Z)

W2 (z) X2 (z)) (AT (z) BIU(2)U
YZZHTH(Z) Z2m () ) szr’l”_l(z) Dgrrl"_l(z)U

2m
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with

W™ (2) =§fo’”+1)([5 (@) 'VIE(p(a) ™ + VI (p(a) " a (UZ™) (p(a)) ™,

Xon(z)=— %Vf’““)(ﬁ (@) VI (B(a) at = VE™I(B(a) et (UZ™) (p(a)) 7,

Y (z) = — (UZ™ DY a(p(a) V(B (@) —2(UE™ D) (5 () (UG ) a(p(a)) ™,
Z3m N (2) =(UZ™ ) a(p(a)) VI (B () ar +2(UE™ V) (5(a)  (UL™) al(p(a)) ™,
yields the following relationships (dropping the z dependence):
AT = WA XTGBTy = W By 4 X3 DIty
Camt = y2m A1 4 Zm L Ganl, DIy = YER B 4 23 DRI,
Summing and subtracting these, we find:
A BTG =W (A BU) 4 X £ D).
Can! & DU =Y (AR & BEIU) + 220 (G £ D).

This establishes the relationship:
(D22’r1n+1U _ C22TTIH+1)(B§TTIH+1U _Air:-l-l -1 — |:Y22mm+1(A2m—1 _Bg;n—l U) + sz+1(czm—1 _ D22;n—1 U):l

2n 2m 2n
2m+1( p2m—1 2m—1 2m+1( ~2m—1 2m—1 -1
X I:WZrTr? (Azr: _Bzrrqn U) +X21T7’11 (Czrrln _Derzn U)]

Under the condition of the invertibility of W2™!, we factorize W™ (AZ"~! —B2™"'U) on the

right in the inverse to get:

(D31 — CEP B — A1) = [Y21 4 22 (Gt — D2 ) a! — B2nt) wd)
_ _ _ 1 111

2m 2n

Under the condition of the invertibility of W2 and assuming that

(3.46) X om - I(Wa ) 7H < 1,
using Neumann power serie, we can write:
(3.47)

I+ 1230 - e = D3 w)egn — B 1oy ) wgms )|

||(D22;1”+1 U_CZZ;T-H )(B2m+1 U_Aér:+l )—1 || <

o 1= [IXZLICCE " — DEr U Agn = B3 UY - ll(wan |
Therefore, we find:
1 1
(1= M) il <

2n -1 _ 2m+1ly7 _ ~2m+1 2m+177 _ A2m+1y—1

1 ”(DZn u C2n )(BZn u A2n ”
< 1

- 1 U M ZZm D (Wt )1

=X L Wam DL (Car—Dar U AT —B5m U) |

n

under the condition

2m+1 2m+1 2m—1 2m—1 2m—1 2m—1 —1 2m+1y—1
(3.48) U5, I+ 1z - ICS ™ = Dy U)AS =By U) D) - l(Wo, )|

L= - I3 = D3 o)™ = B ) - W)

which is implied by the condition
(3.49) U+ Nz + XD - (W 7HE < 1,

2m 2m
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since ||(C22:l"_1 —D;T_IU)(AZ’"_1 —BSTT_l U)7 | < 1. We set, with n still fixed,

2n
(8:50) = IXST, Y = Y 2 = 1ZE0 S W= IOV

2m 2m

and for all m>n+1,

(3.51) f0 =2y — c2r (B U — AZT) 7.
With these notations, we write:
(n)
2m+1)"1 1 1 L= X Wi fny
(1 —d3t) < = = @

- _ (n) — _ YmWmTZmWn
1 fm 1 1—Xmef,§[rL)1
1
= (n)
1-— YWm —2mWn — memfm_1

1-— YmWm = ZmWn — Xy Wi J

Thus, we obtain a recurrence relationship for all m > n+ 1:

(3.52) f <y wo + 2wy, + xmwmf(”_)l.

m

Step 3 Our goal now is to show that the sequence ( fn(l“))mz,l +1 18 uniformly bounded in both
m and n, by a constant strictly smaller than 1, at least for |[m—n| large enough. Iterating the

sub-arithmetico-geometric relationship (3.52) and still under the assumption x,w,, < 1, one
finds

(3.53) Ym>=n+1, fn(l”) < (Y Wp+2,w, )1 +x,w, +-+(xc,w, )"+ (xmwm)m_”fn(l"_)n
w,. +2 W w, +2 w
(354) :.ym m m m+(frfln_)n_.ym m m m)(xmwm)m—n
1—x,w, 1—x,w,
S .yme + Zme + (1 _ .yme + zmwm) (xmwm)m—n
1—x,w, 1—x,w,

(3.55)

since we know that for every m,n, fn(f) < 1, using Lemma 3.5. It remains to estimate the term
In?nZn¥m {Jging Lemma 2.1, one gets

1—xp,wn, ) it g
|2 + llet]]

1
(3.56) Ym e Z, yms(1+|2:|)—1 ||a||”2’ Xy < (1+—) Ml and z, < ||Ot||1 a2
— |l

—la 2]/ 1—|lal?
Then, to estimate w,,, we write :
(W (@2) " = GV(ff’”“)(5(a))‘1Voﬂzm)(ﬁ(a))‘l + V£2m+1)(ﬁ(a))‘1a*(Uff'”))*(p(a))‘l)7 ,
=z(V™D(5(a)) Ve (B(a)) ) (1, + 2V V(B (@) " (UE ) (p(@) ™ (VE™ V(5 (@) VE (5 (Ot))_l)_l)i1 .

Using Lemma 2.1,

—J1= 2)2
(3.57)  [IVE™D(5(@) a*(UE™Y (p(a)) " (VE™V(E () VED (F(a) ) ||S|z|||a||(2 1_1”a||'|§‘” Y

For any € > 0 and any z € S,, the upper bound in (3.57) tends to 0 when ||a|| tends to O.
Hence there exists r; € (0, 1) independent of € such that for any a such that ||a|| < r; and any

z€S,, |z|||OL||(2_1—“_1||;||||j”2)2 < 1. For such a, W22nT+1(z) is invertible and using again Lemma 2.1,
(3.58)

22— v1-Tal?? _ [zl —llal®)(2—v1—al?)’
1= lallla LT 1 a2 = lzlllall2 — 1= Tal)>

1-lall?

VmezZ, w, = (W)l <
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Combining (3.56) and (3.58), for any a such that ||a|| < r;, any € >0 and any z € S,,

(1+[zDllall2— v/1—[[al[>)?

(3.59) VmeZ, xpyw, < = Uy g
1—[la]|> = |z]llall(2— +/1—]|al?)?
and
llall lzl+lall ) I=lA=llal?)(2—4/ 1—lal?)?
Vm ez, ZmWm I Wn ((1 ¥ D e + e 1‘”“”2) 1—flall2—lzllall2—y/1—[[al2)2
Lo lxgwn 1— (14 1) et Ot y1 Tl
Izl J 1=l 12—zl ali(2— /1]l l2)>
(3.60) el (3 + 2]z + el 212 — v/ 1—lall?)*
. Z,0

11— lalr—Q@lzl+ Dllall2— vVI—]al?)?

For any € >0 and any z € S, both A, , and u, , tends to 0 when [[a|| tends to 0. Hence one
can find r, € (0,1) independent of € such that for any a such that ||a|| < r, and any z € S,
Y € (0,1). Then, for such a, uL”Z”' tends to 0 when |m —n| tends to infinity. Moreover,
one can also find r; € (0,1) indepeﬁdent of € such that for any a such that ||a|| < r; and any
z2€S,, A, €(0,3].

From these two facts and inequality (3.55), one deduces that for every € € (0, 1), for any a
such that ||a|| < ry := min(ry, ry, 73), there exists p, > 2, and €, . € (0,1) such that for any
m,n €Z, |m—n| > p, and any z €S,

0;Po

~

(361) 0< fn(ln) < Az,oc + (1 - )'z,a)ulzTa_nl < CTO:PO'
Following the exact same procedure, we obtain the same bound éro,po for the second term

(I, —N)7!||, since the change of sign in front of A and C does not change all the estimates in
norm. We finally deduce (3.41) with C, , = —2

1-C, "

Step 4 To finish the proof it remains to discusospothe assumptions made during the previous
steps. In particular we have to give conditions on a to satisfy the conditions of invertibility
of W™ and to satisfy conditions (3.46) and (3.49). Actually, invertibility of W2 was
discussed at (3.57) and is implied by the condition |||l < r;. Condition (3.46) is implied by
A« <1 and in particular is satisfied for ||a|| < r,. Condition (3.49) is also implied by A, , <1
and leads to the same condition on a. O

Proof. (of Theorem 1.4). Using Proposition 3.12, Lemma 3.10 implies that
1 _
1G> (z, 2n,2m +1)|| < ;Cro,poll(Tzz,T”(Z)) i

with x uniform in € € (0,€,]. Taking the power s and the expectancy and applying Lemma
2.9, one gets the statement of Theorem 1.4. 0

3.5 Exponential decay in the general case. To prove the decay estimate for the general
Green’s function, it suffices to combine all the previous results.

Proof. (of Theorem 1.8). For |k —1| > 4, it is clear that there exist m,n € Z such that
k € {2n,2n+1},l € {2m,2m+1}, and [m—n| > 1. Thus, using Proposition 1.5 and Proposition
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3.4, we obtain that there exists 0 < k(a,s) < oo such that

1
ELIG. (2K DIFD < x(a,5) D (E[IG,(z, 20+ 2i, 2m— 2 + D] *]) "

i,j=0
1
. . 1/2
< k(a,s) Y (E[||GE2 2241 an + 21, 2m —2j + D[ *])
i,j=0
Then, Theorem 1.4 gives that there exists s, € (0,1), C; > 0 and y > 0 such that

1
(E[IIG, (2 k, DI ])* < Cix(a,s) Y | e ri2n2me2is2il
i,j=0
By the triangle inequality we have
|2n—2m—142i +2j| > ||[k—1|—|(2n—k) —(2m+ 1 —1) + 2i + 2j|| > |k — 1| — 6.
Thus, by taking C, = 4C;k(a,s)e”, we conclude that E[||G,(z,k,1)|[*] < C,e . For
|k —1] <4, we use Theorem 1.3 to show that there exists C; > 0 such that
E[)|G,(z k DI*] < Cyee 7
By choosing C = max {Cz, C364Y}7 we obtain the desired result. U

4 Dynamical Localization

In this Section we prove dynamical localization for {U,},cq and thus demonstrate the main
result of the article, Theorem 1.2. To do this, we will rely on two important aspects: firstly,
the use of the exponential decay of the moments of the resolvent, already demonstrated in
Section 3.5, to obtain an estimate of the seond order moments of the resolvent; secondly, we
connect the powers of the operator to its resolvent through a general lemma about unitary
operators.

4.1 Proof of Theorem 1.9.
Proof. Let w € . We use here the factorization (3.3) of U, =Y,D,V| W, with the unitaries
L 0 L 0 (@)U
Yo = @res (700 )s Do = Bues (o) amd Vi, = Brce 5y i ) o5-
We set X, =V’ W, and define, for 6 =(5,,...,6,) € C,

I 0
(41) Yi = @ ((; ‘7(2]() i(9(2k)—5)) and Ui = Yin
keZ w ere

be the projection onto Span(e{2n+1,1},..’,“é{ZHH’L}). Identifying P,,,; with its matrix in the
canonical basis, one has P,,,; = diag(0,...,0,1;,0,...,0) with I, in the (2n + 1) position.
The projection P,,,; corresponds to the projection on the (2n+ 1) block. We define 1,,,,, =
L85 =8) _ o165" ¢4 get:

(42) UZ) = Yw(Da) + T’2n+1P2n+1)Xw = Ua) + Ywn2n+lp2n+1xw'
By the geometric resolvent:

VzeC \ Sl: (UZ) _Z) - (Ua) _Z)_l = _(Ui _z)_l [Ywn2n+lp2n+lxw] (Ua) _Z)_l'
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We multiply on the left by X, and on the right by Y, to get:
Xo(Ug, =2)Y,, — X, (U, —2) 'Y, = =X, (U7, —2) 7Y, [ 02041 Pansa X, (U, —2) 'Y,
We define F5(z) := X,,(U° —2)7'Y,, and F(z) =X, (U, —2)"'Y,,. Then,
F5(2) — F(2) = —F5(2)(N2n11Pans1)F (2).

. _ . i(9(2n+1)_5k) i9(2n+1) .
For 6 =(0,...,0,,0,...,0), Ny, = diag(0,...,e" ok —eVek ...,0) and we set Ny,41 5 =

L n(2nt1) . n(2n+1)
elOokx =00 _ ot Furthermore,

<e{2n+1,l} |(F5(2z)— F(Z))e{2n+1,k}> = (e{2n+1,l} |(—=F5(2)(M2n+1Pan+1 )F(Z))e{2n+1,k})‘

Noting that, when focusing on block 2n+1, we define F5(z,1,k) := Fs(z,{2n+1,1}, {2n+1, k}).
Thus, for all 6:

|Fs(z,k, k)| = |<e{2n+1,k}|F5(z)e{2n+1,k}>| = |(e{2n+1,k}|Xw(Ui _Z)_1Yw6{2n+1,k}>|
_ _ 1
< ||e{2n+1,k}”||Xco(Uz, —32) 1Yo)|”|e{2n+1,k}” = ||(Ui —2) 1|| < 1——|2;|
Then :
F(z,1,k) 1 F(z,1,k)

1+ M1k F (2, k, k) Nonar e + (F(z,k, k)1 F(z,k, k)’

(4.3) Fs(z,1,k) =

But: F(z,k, k) = m x 1 and 1—|z| < [Nyp4q4 + (F(2,k,k))7!]. Thus, we also have

1= Mansrp + (F(z, kK7 < Jz].

i(fo,Z“)—tsk) B ip@n+D)

Recall that 1,1, =€ e'’»k and introduce 6, € [0,27] such that:

- n(2n+1)
sy 1= e (R k,K))

e i9(2n+1) 1 :
|1 —e%er (F(z,k, k)
Thus,
. H(2n+1)
e 1—e ok (F(z,k, k)™ _ e
1 e iz 2 FE i | (pe, k1) < I
|1 —e"%ex (F(z,k, k)1
1—e %k (F(z, k, k) gt
o1 —(1—e %k (F(z,k,k)™M)| < Iz

i9(2n+

11— e%i (F(z, k, k)|
o1 ‘1 1= (R 10) Y| < 2.

. n(2n+1)
Since |1 —etlor” (F(z,k, k)| <1, we get:

n+ n+

1—|1—[1—e %t (Flz, k)| = 1= (1= le Ok (F(z, k, k) 1) = e %k (F(z, k, k)]

. _i9(2n+1

and as 1—|z]? < 1—]1—e Yok )F(z, k,k)|* and by (4.3) :

i (2n+1) — 2
1—‘1—6 Ok (F(z,k, k)™ |F(z,1,k)|?

4.4 (1—2|2)|Fs(L, k,2)|* < )
( ) ° |n2n+1,k + (F(Z: k} k))_1|2 |F(Z, k’ k)lZ
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By (4.4) and since for every x € R and every s € (0,1), min(1, |x[*) < |x[%,

n+ 2

—igrt -1
o R LU RS
|T)2n+1,k + (F(Z, k: k))—1|2 |F(Z, k: k)|s .

(1—z)|F5(L,k,2)|* <

Given the definition of 15,1 :

n+ 2

1— )1 — ek (F(z, k, k)

|F(z, L, k)
le=i6 — (1 —e 0k (F(z, k, k)2 [F (& K k)P

(1—z)|Fs(l, k,2)|* <

Let y=1— e_"ec(jzﬂ)(F(z, k,k))™*. Then |y| <1, and we can write:
i (2n+1) s s
(L= zP)IFs(z, L] =% (1—y) =[1—yl.
We obtain:
(A=1ly»)I1—

oo — P

(1= [z Fs(z, LR < e 0.

By taking the expectation:

21
E((l—lzlz)lF(z,Z,k)lz)z%f ]E((l—|z|2)|F(z,l,k)|2)d5.
0

Moreover, since the Haar measure on the unit circle is invariant by rotations, the random
b )
. »6(2n+1)_6 .9(2n+1) . . 3
variables e'"wk kand e«x  have the same distribution. Hence:

1 27 1 21
%JO E((l—lzlz)lF(z,Z,k)lz)dS:%JO E((1—|z|*)IFs(z,1,k)*)ds.

By Fubini’s theorem, we have:

1 2 1 2
Z_J E((1_|Z|2)|F5(Z: l’ k)lz)d5 :E((1_|Z|2)_J |F§(Z: l)k)lzdé)
T ) 21 Jo
27 2 s 27 2
1-— 1-— 1—
<E|— supf A DORI pe, 1 opds | <28 [ 1FGLRE < sup = [ S g5
T yl<1Jo |e_l —J’| lyl<1 2n 0 |e_l —J/|

since |1 —y[* <2° for y € C such that |y| < 1. Using [HJS09, Eq. (5.24)],
E ((1 —|2|*)|F (2, k, l)|2) < 2°E(|F(z,k,1)I") for all s €(0,1).
Using the band structure of X?  we have:
E(IF(z,LK)I) = E(|{emy | Xo(Uy =2 Yol n)])
=E (| (X epmny | (U, —2) 'Y egani1 i) 5) .

We then replace ey, ; with its original expression in the canonical basis (i.e. e,,;;), apply
Minkowski’s inequality and use the fact that the coefficients of X, are bounded to write:

E(|F(z,,k)I’) < Cy(s) Z E(|(X:em+Lj|(Uw _2)_1Y¢oe{2n+1,k}> s)~

lj—l|<4L

Since Y, is block diagonal with unitary blocks in U(L),
Vm) nez, V]: ke {1: LR L}’ (e{mL+j} | (Uw _Z)_1Yw6{2n+1,k}>| < ||Gw(ZJ ﬁl: 2m + 1)”5
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where m is the index of the block containing mL + j and equals [mLL+j ] Thus

E(F( LM <Cs) Y. E(IG,(z,[™H],2m + D).

lj—1|<4L

Now, we need to connect E(|F(z,l,k)[’) and E ((1 —z]?) |(e{m,l}| (U, —z)" €(ont1k)) |2)

. . . . I 0 .
Since Y, is a direct sum of matrices of the form ( 0 720,02 ), we consider two cases. The
w

first case is when k is an even block. Then Y e, = e, and since X, is unitary, we find:
E((1— 12 [(e] (U, —2) " e)| ) =E((1 = ) [{ell (U, —2) ' Ve[
=E((1—121) |(XoelX,, (U, —2) " Yoed)| ) =E((1 - 2 [(Koal F)e) ).
In the case where k is an odd block, Y e, = ka)eiegk)ek, and we have:

— 2 —
| (ell (Uw - Z) ! ek) | = | (Xa)el |Xa) (Ua) - Z) ! Ya)Y:e{m,k})
2

|2 = |(Xwel|F(2)YZ,€{m,k}>|2
2

L L
3 i0(m) \ 4 =3 i0(m) \ 4
= D Xl FE(VMe®")) o) =D ((TIe%")), (X e[ F (2)eqm )
j=1

=1
By the Cauchy-Schwarz inequality, we obtain:
L L
_ 2 Sy |2 2
(el (U, —2)"e)|” < (Z (V™)) 4] )(Z (X, el F(2eqn )] )
=1 =1

Since \70()’“) is a unitary matrix, its k™ column is of norm 1 and Z]L.Zl |((\7££m))*)j’k|2 = 1. Hence,
2 < 2
|<el| (U, —z)" ek)| < Z |(Xwez |F(Z)e{m,j}>|
=1
Therefore, for k = mL + j,
L
_ 2 2
E((1—12)]{el W, —2) " e)|) < DB (A =12 |[(Xoel F2egn)| )
=1
Due to the band structure of the operator X, there exists a constant C,(s) such that:

E(1—lzP) (el (U, —2) " e[ ) < Co(s) Do D E( -z IF(zp. )I)

Ip—ql<4L j=1

<G 2 Y, D E(FEp, I

5% oo (- [ 22T )

L
<CGEGE 2 > > D, IE(
[p—1|<4L j=1 |g—p|<4L
We conclude the proof with the exponential decay of E(||G,,(z,q, mL+ j)||°) given by Theorem
1.8 and the fact that each of the three sums has a finite number of terms. O
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4.2 Proof of Theorem 1.2. First of all, recall that for U a unitary operator,

(4.5)

1—r2

YVneZ, U= lim
r—1- 27

27
J (U — r‘e"é))_1 (U_1 — re_"g)_1 e"9do.
0

Using this formula, of which we find an elementary proof in [Ham07], we can prove Theorem
1.2 following exactly the proof of [Ham07, Theorem 8.2], since we already have obtained the
main input of this proof, estimate (1.21).
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