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ABSTRACT
We consider a material made of a periodic distribution of damped resonators em-
bedded in a porous matrix. The homogenization method is used to grasp to which
extend the resulting material behaves singularly with respect to the genuine sys-
tem where seemingly vanishing resonators are weakly damped in contrast with the
surrounding chamber and porous matrix. The resulting macroscopic material is gou-
verned by a complex coupled system involving two components from the porous and
the resonating parts on one hand, and a third non local component arising from the
wake inside the porous matrix.

Mathematical Subject Classification (2000). 35B27, 76M50, 76Rxx, 74F10,
74Q05.

Keywords. fractured porous media, two-scale homogenized system, Darcy law,
Beavers-Joseph conditions, Helmholtz resonator.

1. Introduction

This paper deals with the modelisation of poro-acoustics media made of a rigid porous
connected matrix with embedded inner resonators. Under the hypothesis that materi-
als under consideration present a statistically invariant representative volume element
and are conveniently represented by periodic media, they are eligible for mathematical
homogenization methods and unconventional macroscopic acoustic properties leading
to singularly behaving metamaterials.

More precisely, we consider highly heterogeneous materials where embedded
Helmholtz resonators are characterized by small constricted ducts behaving differ-
ently from the surrounding chamber [9]. As the total volume of the ducts is chosen of
unity order to balance their vanishing volume at local scale, the macroscopic asymp-
totic behaviour of the system may differ according to whether damping is weak inside
the duct. Unlike [12] where damping is assumed to be of order one everywhere, the
present study considers weak damping inside the thin ducts. To that aim, the control-
zone method is revisited.

The paper is organized as follows. Section 2 is devoted to the description of the
mathematical model and of the functional setting with an emphasis on the physical
background [9]. In Section 3, the main results of [12] are recalled as long as they
contribute to the present study. In particular, it requires results of two-scale homoge-
nization [23] and of the so-called Control-zone method [6]. The first main convergence
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result is established in Section 3. The solution of the heat equation in a cylindrical ring
is explicited in Section 4 as part of the Control-zone method which needs profound
changes to take into account weak damping in thin ducts. The resulting problem is
derived in Section 5. It displays a complex coupling between two expected components
arising from the porous and the resonating parts of the structure. More interestingly,
a third non local component is identified with originating location in the wake of the
resonator, inside the porous matrix.

2. The fluid problem

2.1. Geometric preliminaries

As is usual in homogenization theory, a small parameter ε is introduced to discriminate
between microscopic and macroscopic scales. More precisely, denoting by L, resp. `,
the characteristic length of the long wavelength in the porous matrix, resp. of the
distribution period size, we may define ε as the scale ration ε = `

L which is small as
soon as the size of the period is small compared to the characteristic length L.

We proceed to describe the geometry of the periodic structure. We refer to Figure 1
below for an illustrative example.

Figure 1. Helmholtz resonator in a cell (left) and the resulting periodic distribution (right)

Let ε > 0 denote the period and let ε > 0 denote the size of the small period
designed to tend to zero. Set

I =

]
−1

2
,
1

2

[
, Iεk = εk + εI, k ∈ Z, ε > 0.

and let Y = I3 denote the rescaled period of the microstructure. In what follows, we
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introduce:

Zε = {k ∈ Z3, Y
k
ε ∩ Ω 6= ∅}.

Without loss of generality, we may assume that the problem under consideration is
set in a domain Ω of the form:

Ω =

]
−L

2
,
L

2

[3

for some L > 0. (1)

Then, setting: εn = L
(2n+1) , ∀n ≥ 0 we immediately find that Zεn 6= ∅, ∀n ≥ 0.

Let Ỹ ⊂⊂ Y denote the rescaled embedded resonator. Denoting by R > 0 its typical
length, we assume that R ∈

]
0, 1

2

[
and set:

Y = I2︸︷︷︸
=:Y ′

× I, Y k
ε = εk + εY︸︷︷︸

=:Y ε

=: Iεk1 × I
ε
k2 × I

ε
k3 ∀k ∈ Z3.

The set of resonators Ω̃ε
] is the periodic repetition ∪k∈Zε Ỹ k

ε of individual resonators

Ỹ k
ε defined as the homothetic images of the unscaled resonator defined by:

Ỹ = {(x′, x3) ∈ Y, |x3| < R, |x′| < %(x3)}, Ĩ :=]−R,R[, Ĩkε = εk + εĨ

for some 2R-periodic C1-function % : R→]0,+∞[, namely:

Ỹ k
ε = εk+{(x′, x3) ∈ R2×R, |x3−εk3| < εR, |x′−εk′| < ε%

(
x3 − εk3

ε

)
=: ε%kε(x3)}

Ω̃ε
] = ∪k∈Zε{x ∈ Ω, |x′ − εk′| ≤ ε%

(
x3 − εk3

ε

)
=: ε%kε(x3) and |x3 − εk3| < εR}︸ ︷︷ ︸

=:Ỹ kε

We assume that resonators are embedded in a porous matrix Ωε, which amounts to
define Ωε as the complementary part of the resonators Ω̃ε

] in the domain Ω, namely:

Ωε := Ω \ Ω̃ε
] .

The set of ducts Ω′ε at the core of the resonators are defined by the periodic rep-
etition of individual cylindrical ducts T ′kε of axis I ′kε and straight circular sections of
very small radius rε << ε, namely:

Ω′ε = ∪k∈ZεT ′kε where: T ′kε = εk +Drε × I ′ε = εk +Drε×]0, εR[, ∀k ∈ Z3,

Dr = {x′ ∈ R2, |x′| < r}, Cr = ∂Dr, Dk,ε
r := εk′+εDr, Ck,ε

r := εk′+εCr, r > 0.
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and:

I ′kε = εk + εI ′︸︷︷︸
:=I′ε

= εk+]0, εR[ where I ′ =]0, R[.

Our main assumption is that the radius rε of the section of small ducts is very small,
compared with the period ε, that is:

lim
ε→

rε
ε

= 0.

and that:

lim
ε→0

γε = γ ∈]0,∞[. (2)

We introduce the wake Ωε
[ of the resonator as a parallel extension of the ducts Ω′ε

contained in the global wake T ε, namely:

T ε = ∪k∈ZεT kε where T kε = εk +Drε ×
]
−ε

2
,
ε

2

[
, ∀k ∈ Z3, (3)

but reduced to the porous matrix, namely:

Ωε
[ := Ωε ∩ T ε.

To discriminate between the resonators and the chambers inside the resonators, we
defined:

Ω̃ε := Ω̃ε
] \ T ε = Ω̃ε

] \ Ω′ε

so that resonators Ω̃ε
] may be seen as an extension of the chambers Ω̃ε by the ducts Ω′ε.

2.2. A priori estimates

Resonators Ω̃ε
] are made of chambers Ω̃ε and constricted ducts Ω′ε delimited by thin

impervious rigid surfaces Γ̃ε and Γ′ε. Each duct T ′kε , k ∈ Zε, is of length εR and its
constant section Σε (aperture on the matrix) and Σ̃ε (aperture on the chamber) is
much smaller than that of the period, i.e. limε→0 rεε

−1 = 0, so that the duct volume
|Ω′ε| is negligeable, compared to |Ω|, namely:

|Ω′ε| ∼
ε→0

2πR|Ω|
(rε
ε

)2
→
ε→0

0,

and negligeable, compared to the resonators volume |Ω̃ε
] |, namely:

|Ω̃ε
] | = πε2

∑
k∈Zε

∫ εk3+εR

εk3−εR
%kε(x3)dx3 ∼

ε→0
π|Ω|

∫ R

−R
%(y3)dy3 > 0.
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Remark 1. In the present study, we consider weakly damped resonators in the sense
of the following model heat equation (to be compared with Section 4)

ρε
yε

∂t
− kε∆yε = 0 in ΩT

where coefficients ρε and kε are defined by

(ρε, kε) =


(

a
|T ε| , b

)
in T ε,

(1, 1) in Ω \ T ε,

and where Ω, resp. T ε, is defined by (1), resp. (3). Direct computation yields that a
system of fundamental solutions is given by:

yε(x, t) = e−
kε
ρε
ω2tyω(x), ω > 0.

where the damping term satisfies:

e−
kε
ρε
ω2t = 1T εe

− b

a
|T ε|ω2t + 1Ω\T εe

−ω2t ∼
ε→0

1T ε + 1Ω\T εe
−ω2t

that is, damping asymptotically vanishes in the thin duct T ε.

Let f ∈ Cc(Ω), g ∈ Cc(Ω) and let T, a, b > 0. Having in mind the homogenization
methods developped in [6], [8], [13], we consider the following problem where poro-
acoustic equations in the matrix are coupled with a viscous compressible fluid in
resonators.

vε = Kε(−∇qε + f) in Ωε×]0, T [, (4)

1

Em

∂qε

∂t
+ divvε = 0 in Ωε \ T ε×]0, T [,

a

|T ε|
∂qε

∂t
+ bdivvε = 0 in Ωε

[×]0, T [,

∂ũε

∂t
−∆ũε +∇p̃ε = f,

1

Er

∂p̃ε

∂t
+ divũε = 0 in Ω̃ε×]0, T [,

ũε(0) = ũε0 in Ω̃ε,

a

|T ε|
∂u′ε

∂t
− b∆u′ε +∇p′ε =

1

|T ε|
g,

1

Er

∂p′ε

∂t
+ divu′ε = 0 in Ω′ε×]0, T [,

u′ε(0) = u′ε0 in Ω′ε,

ũε = u′ε, ũε · ñε = u′ε · n′ε = 0 on Γ′ε×]0, T [
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bvε · nε[ + vε · nε = 0 on Γε[×]0, T [

ũε · ñε + vε · nε = 0 on Γ̃ε×]0, T [, ũε · ñε + bvε[ · n
ε
[ = 0 on Σε

[×]0, T [

∂ũεi
∂ñε
− p̃εñεi − qεnεi = αεtr(Kε)

− 1

2 (ũεi − (ũε · ñε)ñεi ), on Γ̃ε×]0, T [ (5)

b
∂u′εi
∂n′ε

− p′εn′εi − qεnεi = 0, u′ε · n′ε + vε · nε = 0 on Σε×]0, T [

−b∂u
′ε
i

∂n′ε
+ p′εn′εi −

∂ũεi
∂ñε

+ p̃εñεi = 0, u′εi = ũεi on Σ̃ε×]0, T [, i ∈ {1, 2, 3}.

vε · n = 0 on ∂Ω×]0, T [, (6)

where nε, resp. nε[ , ñ
ε, n′ε, n, denotes the outward unit normal on ∂Ωε, resp. ∂Ωε

[ ,

∂Ω̃ε, ∂T ε, ∂Ω, Kε > 0 is the constant (positive) permeability tensor, αε ∈ L∞(Ω) is
the non-dimensional Beavers-Joseph number, g ∈ L2(Ω) is the exterior force.

The variational formulation of the boundary value problem (4)–(6) will be based on
the following spaces. Set:

L2
0(Ω) = {v ∈ L2(Ω),

∫
Ω
vdx = 0}

H(div,Ω) = {v ∈ L2(Ω), div(v) ∈ L2(Ω)}, H0(div,Ω) = {v ∈ H(div,Ω), v·n|∂Ω = 0},

Ṽε := {v ∈ H1(Ω̃ε), v · ñε|Γ′ε = 0}, V ′ε := {v ∈ H1(Ω′ε), v · n′ε|Γ′ε = 0}

Uε := {u ∈ H0(div,Ω), u|Ω\Ωε ∈ H1(Ω \ Ωε), u|Ω̃ε ∈ Ṽε, u|Ω′ε ∈ V ′ε}.

Hε = {v ∈ H0(div,Ω), v|Ω\Ωε ∈ H1(Ω \ Ωε)}. (7)

The same arguments as in [16] yield that when equipped with the scalar product

(u, v)Hε :=

∫
Ωε\Ωε[

u·vdx+b

∫
Ωε[

u·vdx+

∫
Ωε

div(u)div(v)dx+

∫
Ω\Ωε

∇u·∇vdx+b

∫
Ω′ε
∇u∇vdx+

+

∫
Γ̃ε
αε(u− (u · ñε)ñε)vdσ (8)
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Hε is a Hilbert space for the norm: u 7→ ‖u‖Hε =
√

(u, u)Hε .
In the functional framework (7)–(8), existence and unicity of the problem (4)–(6)

will result from Cauchy-Lipschitz’s theorem once we have introduced the following
rescaled bilinear forms. Set

Aε = tr(Kε)K
−1
ε

so that there exists a0 > 0 such that:

βε =
√

tr(Kε) > 0 and Aεξ · ξ ≥ a0|ξ|2, ∀ξ ∈ RN .

Consider the rescaled velocity:

tr(Kε)u
ε =


u′ε in Ω′ε,

ũε in Ω̃ε,
vε in Ωε.

pε =


p′ε in Ω′ε,

p̃ε in Ω̃ε,
qε in Ωε,

and define: ∀u, v ∈ Hε, ∀q ∈ L2
0(Ω),

aε(u, v) = βε
2

(∫
Ω̃ε
∇u∇vdx+ b

∫
Ω′ε
∇u∇vdx

)
+ ε−1βε

∫
Γ̃ε
αε(u− (u · ñε)ñε)vdσ,

+

∫
Ωε\Ωε[

Aεu · vdx+ b

∫
Ωε[

Aεu · vdx

bε(q, v) = −
∫

Ω\Ωε[
qdivvdx− b

∫
Ωε[

qdivvdx

(u, v)ε = Ra

∫
−

Ω′ε
uεvdx+

∫
Ω\Ω′ε

uεvdx,

(p, q)]ε =

(
1

2
−R

)
a

∫
−

Ωε[

pεqdx+
1

Em

∫
Ωε\T ε

pεqdx+
1

Er

∫
Ω\Ωε

pεqdx

With these notations in mind, (uε, pε) is solution of: (uε, pε) ∈ C1(0, T ;Uε) ×
C1(0, T ;L2

0(Ω)) and

d

dt
(uε, v)ε + aε(u

ε, v) + bε(p
ε, v) =

∫
Ω\Ω′ε

fvdx+

∫
−

Ω′ε
gvdx, ∀v ∈ Uε (9)

d

dt
(pε, q)]ε − bε(q, uε) = 0, ∀q ∈ L2

0(Ω) (10)
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Proposition 2.1. Problem (9)–(10) admits a unique solution (uε, pε) ∈ C1(0, T ;Uε)×
C1(0, T ;L2

0(Ω)).

Corollary 2.2. There exists some constant C > 0 independent of ε > 0 such that

‖v‖H1(Ω\Ωε) ≤ C‖v‖Hε , ∀v ∈ Hε.

Proof. This is a direct consequence of Korn’s inequality. See [16].

In the following, we assume that Aε = A is a positive constant operator and then,
we may set A = I without loss of generality. Moreover, we assume that βε = β > 0 is
constant and that αε behaves in a such a way that:

ε−1βαε = α
(x
ε

)
for some positive α ∈ C1

per(Y ).

Now, we are in a position to establish the main preparatory estimate towards com-
pacity results of Theorems 3.1 and Proposition 3.8 resp.

Proposition 2.3. Assume:

|uε0|2ε + |pε0|]2ε ≤ C, ∀ε > 0. (11)

Then:

sup
0≤t≤T

(|uε(t)|2ε + |pε(t)|]2ε) +

∫ T

0
|uε(t)|2Hεdt ≤ C (12)

Proof. Setting v = uε and q = pε in (9)–(10) yields: ∀t ∈ [0, T ],

|uε(t)|2ε + |pε(t)|]ε2 ≤ |uε(t)|2ε + |pε(t)|]ε2 +

∫ t

0
aε(u

ε(s), uε(s))ds =

= |uε0|2ε + |pε0|]ε2 +

∫ t

0
(gε, uε(s))εds ≤ C + (

∫
Ω
|gε|Ω + |gε|∞) sup

0≤t≤T
|uε(t)|ε ≤

≤ C(1 + sup
0≤t≤T

|uε(t)|ε)

from which we deduce that

sup
0≤t≤T

(|uε(t)|2ε + |pε(t)|]ε2) ≤ C.

Moreover, the ellipticity of aε leads to:

C

∫ t

0
‖uε(s)‖2Hεds ≤ C

∫ t

0
aε(u

ε(s), uε(s))ds ≤ |uε0|2ε + |pε0|]ε2 +

∫ t

0
(gε, uε(s))εds ≤ C

which ends the proof.
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3. Preliminary convergence results

3.1. Two-scale convergence limits

We pass to the limit in the variational formulation (9)–(10) is two steps, first with two-
scale convergence arguments in Theorem 3.1, second with tools of the Control-zone
method [8] in Proposition 3.8.

To that aim, we introduce classical notations of two-scale convergence theory [1],
[16], [23]. In the following, ΩT = (0, T ) × Ω will denote the time-dependent domain.
Let Ỹ ⊂ Y denote the rescaled resonator inside the period cell Y , namely:

Ỹ = {y = (y′, y3) ∈ Y, |y3| < R, |y′| < %(y3)}, Ym := Y \ Ỹ

To avoid technicalities, we have assumed that the duct is contained into the chamber.
Then, Ym coincides with the porous matrix inside Y .

Following [16], [17], [18], [19], we introduce the periodic distributions of resonators
R̃3 and the periodic porous matrix R3

m defined by:

R̃3 = ∪k∈Z3(k + Ỹ ), R3
m = ∪k∈Z3(k + Ym)

and associated characteristic functions of Ω̃ε
] and Ωε resp. in Ω:

1Ω̃ε]
(x) := χ̃ε(x) = χỸ

(x
ε

)
, 1Ωε(x) := χεm(x) = χYm

(x
ε

)
, ∀x ∈ R3.

In the following theorem we introduce H1 periodic functions of period Ỹ , namely:

H̃1
per(Ỹ ) = {ϕ ∈ H1

loc(R̃3), Y -periodic,

∫
Ỹ
ϕdy = 0}

Theorem 3.1 below yields the main two-scale convergence result about our structure.

Theorem 3.1. There exist u ∈ L2(ΩT ;Hloc(divy,R3)) and p ∈ L∞(0, T ;L2
0(Ω)) such

that ∫
−
Y
udy ∈ L∞(0, T ;L2(Ω)) ∩ L2(0, T ;H0(div,Ω))

∫
−
Y
pdy ∈ L∞(0, T ;L2

0(Ω))

and:

uε⇀⇀ u and pε⇀⇀ p in L2(ΩT × Y ).

uε ⇀

∫
−
Y
udy in L2(ΩT ) and uε

?
⇀

∫
−
Y
udy in L∞(0, T ;L2(Ω)).
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pε ⇀

∫
−
Y
pdy in L2(ΩT ) and pε

?
⇀

∫
−
Y
pdy in L∞(0, T ;L2Ω))

Set:

ur = χỸ u, um = χYmu, ũr =

∫
−
Ỹ
udy, ũm =

∫
−
Ym

udy,

resp.:

pr = χỸ p, pm = χYmp, p̃r =

∫
−
Ỹ
pdy, p̃m =

∫
−
Ym

pdy.

Then:

χ̃εuε⇀⇀ ur in L2(ΩT × Y ) (13)

χεmp
ε⇀⇀ pm in L2(ΩT × Y )) (14)

χεmu
ε⇀⇀ um and χ̃εpε⇀⇀ pr in L2(ΩT × Y ))

where:

pm = p̃m ∈ L2(0, T ;H1(Ω)) ∩ L2(0, T ;L2
0(Ω))

and

ur = ũr ∈ L2(0, T ;H1(Ω)) ∩ L2(0, T ;H0(div,Ω)) are independent of y

and there exist w ∈ L2(ΩT , H̃1
per(Ỹ )), p] ∈ L2(ΩT , L̃2

per(Ym)) such that

χ̃ε∇uεi⇀⇀ χỸ (∇uri +∇ywi) in L2(ΩT × Y ) (15)

χεm∇pε⇀⇀ χm(∇pm +∇yp]) in L2(ΩT × Y ) (16)

divyu = 0 in ΩT × Y. (17)

ũm · n = 0 on ∂Ω. (18)

Proof. We refer to [12]. See also Lemma 3.1, Theorem 3.2 and Theorem 3.3 of [16]
for the proof of (13), (15) and (18).
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3.2. The Control-zone method (see [8])

The analysis of the ducts deserves a special treatment to take into account the main
feature of its geometry characterized by its global vanishing volume:

|Ω′ε| ∼
ε→0

2π|Ω|R
(rε
ε

)2
→
ε→0

0

contrasting with its non negligeable influence on the macroscopic behaviour of the
structure due to the rescaled coefficient |Ω′ε|−1 in front of its contribution in the
energy. Similar problems have been studied in [6], [7], [8], [13], [14], [15], by means
of the so-called control-zone method introduced in [6] in the case of a distribution
of thin spherical particules, and inspired by the pioneering article [5] dealing with a
distribution of thin parallel rods.

We begin with a priori estimates involving specific quantities (19), (20) and (21).
Consider : ∀ϕ ∈ C1(Ω), ∀x ∈ Ω,

Gεr(ϕ)(x3) =
∑
k∈Zε

∫
−

Cr

ϕ(r, θ, x3)︸ ︷︷ ︸
=:Gk,εr (ϕ)(x3)

dθ1Y kε (x) (19)

and set: ∀(p, u) ∈ C1(Ω)× C1(Ω)3, ∀x ∈ Ω,

~uε =

 p(x)1Ωε(x)

u(x)1Ω̃ε]
(x)

 , ∇~uε =

 ∇p(x)1Ωε(x)

∇u(x)1Ω̃ε]
(x)

 , ~u =

 p

u

 , ∇~u =

 ∇p

∇u(x)



Gε,kr (~u)(x3) =

 Gk,εr (p)1Ikε \Ĩkε
(x3) +Gk,εε%kε (x3)(p)1Ĩkε

(x3)

Gk,εr (u)1Ĩkε
(x3)

 , ∀k ∈ Zε (20)

Gεr(~u)(x) =
∑
k∈Zε

Gε,kr (~u)(x3)1Y kε (x) (21)

Below, we set:

Cεr = ∪k∈Zε{x ∈ Ω̃ε, |x′ − εk′| < r}︸ ︷︷ ︸
=:Ck,εr

, ∀r > 0. (22)

Proposition 3.2. Let (p, u) ∈ H1(Ω)×H1(Ω)3. Then:

|~uε −GεRε(~u)|2Ω ≤ Cε2 ln
1

Rε

(
|∇u|2

Ω̃ε]
+ |∇p|2Ωε

)
, (23)

where we set (see (22):

Cε = CεRε \ C
ε
rε (24)
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Moreover: ∫
−
T ε
|GεRε(~u)|2dx =

∫
−

Ω
|GεRε(~u)|2dx, (25)

Proof. See [12]. See also [5], [6] and [14].

Proposition 3.3. Let (p, u) ∈ H1(Ω)×H1(Ω)3. There holds:

∫
−
T ε
|~uε|2dx ≤ C max

(
ε2 ln

1

rε
, 1

)(∫
Ω̃ε]

|∇u|2dx+

∫
Ωε
|∇p|2dx+

∫
Ω
|~uε|2dx

)
(26)

Proof. See [12]. See also [6] and [14].

Proposition 3.4. The solution (uε, pε) ∈ C1(0, T ;Uε) × C1(0, T ;L2
0(Ω)) of Problem

(9)–(10) satisfies:∫
−

Ωε[

|pε|2dx+

∫
−

Ω′ε
|uε|2dx ≤ C max

(
ε2 ln

1

rε
, 1

)(
|pε|2H1(Ωε) + |uε|2

H1(Ω̃ε])

)
. (27)

Proof. See [12].

Proposition 3.5. Let ϕ ∈ Cc(Ω) and set:

ϕε :=
∑
k∈Zε

(∫
−
Iεk1×I

ε
k2

ϕdx

)
1T kε .

Then:

lim
ε→0

∫
−
T ε
|ϕ− ϕε|2dx = 0.

Proof. See Lemma 2.5 of [6].

Following estimate (26), we introduce the notation:

1

γε
:= ε2 ln

1

rε
(28)

and we asssume that:

lim
ε→0

γε = γ ∈]0,∞[. (29)

Proposition 3.6. For every (ϕ], ϕ) ∈ Cc(Ω)× Cc(Ω)3, define:

~ϕ =

(
ϕ]

ϕ

)
, mε(~ϕ)(x) =

∑
k∈Zε

mk
ε(~ϕ)(x)1Y εk (x)

12



where: ∀k ∈ Zε, ∀x ∈ Ω,

mk
ε(~ϕ)(x) =


∫
−
Dk,ε
rε

ϕ](y′, x3)dy′1Y εk \Ỹ εk (x)

∫
−
Dk,ε
rε

ϕ(y′, x3)dy′1Ỹ εk (x)

 , M ε(~ϕ)(x) =
∑
k∈Zε

Mk
ε (x)1T εk (x)

where: ∀k ∈ Zε, ∀x ∈ Ω,

Mk
ε (~ϕ)(x) =

=



(∫
−
Iεk1×I

ε
k2

ϕ](y′, x3)dy′1Iεk\Ĩεk
(x3) + ε−2

∫
Iεk1×I

ε
k2
\Dk,ε

ε%kε (x3)

ϕ](y′, x3)dy′1Ĩεk
(x3)

)
1Y εk \Ỹ εk

(x)

ε−2

∫
Dk,ε

ε%kε (x3)

ϕ(y′, x3)dy′1Ỹ εk (x)


Then: ∀(ϕ], ϕ) ∈ D(Ω)×D(Ω)3,∫

−
Ω
|mε(~ϕ)|2dx ≤

∫
−
T ε
|~ϕ|2dx, (30)

∫
−
T ε
|M ε(~ϕ)|2dx ≤

∫
−

Ω
|~ϕ|2dx. (31)

Then, operators mε and Mε are linked by duality identities:∫
−

Ω
mε(~ϕ)~ψdx =

∫
−
T ε
~ϕMε(~ψ)dx, ∀(ϕ], ϕ), (ψ], ψ) ∈ Cc(Ω)× Cc(Ω)3. (32)

Proof. See [12].

Remark 2. The Mean Value Theorem yields: ∀(ϕ], ϕ) ∈ Cc(Ω)× Cc(Ω)3,

lim
ε→0
|mε(~ϕ)− ~ϕ|∞ = 0, (33)

lim
ε→0
|Mε(~ϕ)− ~ϕ|∞ = 0. (34)

Proposition 3.7. For every (ϕ], ϕ) ∈ L2(0, T ; Cc(Ω))× L2(0, T ; Cc(Ω)3),

lim
ε→0

∫ T

0

∫
−
T ε
|~ϕ−Mε(~ϕ)|2dx = 0.

Proof. See Lemma 3.6 of [13].
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In Propositions 3.8 and 3.9 below, we show that two-scale limits of Theorem 3.1 are
completed by macroscopic limits arising from the ducts Ω′ε. To that aim, we introduce
modified averages (36) (37) (38) of the control-zone method specific to the Stokes
problem.

Proposition 3.8. Assume that (29) holds true and that

lim
ε→0

lnRε
ln rε

= 0. (35)

Set:

~uε =

(
1Ωεp

ε

1Ω̃ε]
uε

)
, ~uε] =

 1Ωεp
ε

1Ω̃εu
ε

1Ω′εu
ε

 , ∀ε > 0.

Gε,krε (~uε])(x3) =


Gk,εrε (p)1Iεk3\Ĩ

ε
k3

(x3) +Gk,εε%kε (x3)(p)1Ĩεk3
(x3)

Gk,εrε (u)1Ĩεk3\I
′ε
k3

(x3)

Gk,εrε (u)1I′εk3 (x3)

 (36)

mk
ε(~u

ε
])(x) =



∫
−
Dk,ε
rε

p(y′, x3)dy′1Y εk \Ỹ εk (x)

∫
−
Dk,ε
rε

u(y′, x3)dy′1Ỹ εk \Y ′εk
(x)

∫
−
Dk,ε
rε

u(y′, x3)dy′1Y ′εk (x)


, (37)

Gεrε(~u
ε
])(x) =

∑
k∈Zε

Gε,kr (~uε])(x3)1Y εk (x), mε(~uε])(x) =
∑
k∈Zε

mk
ε(~u

ε
])(x)1Y kε (x) (38)

Then, there exist (q, u′, v) ∈∈ L2(ΩT )× L2(ΩT )3 × L2(ΩT )3 such that:

1Ω′ε

|Ω′ε|
uεdx

?
⇀v

dx

|Ω|
in L∞(0, T ;Mb(Ω)) (39)

1Ω̃ε∩T ε

|Ω̃ε ∩ T ε|
uεdx

?
⇀u′

dx

|Ω|
in L∞(0, T ;Mb(Ω)) (40)

1Ωε[

|Ωε
[ |
pεdx

?
⇀q

dx

|Ω|
in L∞(0, T ;Mb(Ω)) (41)
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mε(~u
ε
]) ⇀ ~v :=

 (1− 2R)q
Ru′

Rv

 in L2(ΩT ) (42)

Moreover:

GεRε(~u
ε)→

(
pm

ur

)
in L2(ΩT ) (43)

Proof. See [12]

Proposition 3.9. Let (ϕ], ϕ) ∈ Cc(Ω)× Cc(Ω)3. Set:

~ϕ =

(
ϕ]

ϕ

)
, ~ϕε] =

(
ϕ]1Ωε

ϕ1Ω̃ε]

)
and

M̃ ε(~ϕ)=
∑
k∈Zε

1Y εk (x)


∫
−
Iεk1×I

ε
k2

ϕ](y′, x3)dy′1Iεk3\Ĩ
ε
k3

(x3) + ε−2

∫
Iεk1×I

ε
k2
\Dk3

ε%
k3
ε (x3)

ϕ](y′, x3)dy′1Ĩεk3
(x3)

ε−2

∫
D
k3

ε%
k3
ε (x3)

ϕ(y′, x3)dy′1Ĩεk3
(x3)



=
∑
k∈Zε

1Y εk (x)

1Iεk3\Ĩ
ε
k3

(x3)


∫
−
Iεk1×I

ε
k2

ϕ](y′, x3)dy′

0

+ 1Ĩεk3
(x3)

∫
−
Iεk1×I

ε
k2

~ϕε](y
′, x3)dy′


︸ ︷︷ ︸

=:M̃k
ε (~ϕ)

Then:

|M̃ ε(~ϕ)|Ω ≤ |~ϕ|Ω (44)

and

lim
ε→0
|M̃ ε(~ϕ)− ~ϕε] |∞ = 0. (45)

Proof. Let k ∈ Zε. There holds:

|M̃ ε(ϕ)|2Y kε ≤ 2

(
1Iεk3\Ĩ

ε
k3

(x3)

∫
−
Iεk1×I

ε
k2

|ϕ]|2dy′ + 1Ĩεk3
(x3)

∫
−
Iεk1×I

ε
k2

|~ϕ|2dy′
)

which yields (44). Moreover: ∀x ∈ Ω,

M̃ε(~ϕ)(x)−~ϕε(x) =
∑
k∈Zε

1Y εk (x)

1Iεk3\Ĩ
ε
k3

(x3)


∫
−
Iεk1×I

ε
k2

ϕ](y′, x3)dy′ − ϕ](x′, x3)

0

+
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+1Ĩεk3
(x3)

(∫
−
Iεk1×I

ε
k2

~ϕε](y
′, x3)dy′ − ~ϕε](x

′, x3)

))

which yields (45).

4. The heat equation in a cylindrical ring

4.1. Preliminary computations

Passing to the limit as ε → 0 in the variational formulation (9)–(10) require the
construction of adequate with test functions taking into account vanishing ducts. To
that aim, we introduce the following fundamental problem. Let b > 0. Set

W ε
0 (ρ) =



ln(ρ)− ln(Rε)

ln(rε)− ln(Rε)
if rε < ρ < Rε,

1 if 0 ≤ ρ ≤ rε,

0 if ρ ≥ Rε,

(46)

and let W ε ∈ L2(0, T ;H1
0 (CRε)) denote the solution of:

∂W ε

∂t
−∆W ε = 0 in CRε \ Crε×]0, T [, (47)

ρε
∂W ε

∂t
− b∆W ε = 0 in Crε×]0, T [, (48)

[W ε] =

[
kε
∂W ε

∂n

]
= 0 on Crε×]0, T [. (49)

W ε(0) = W ε
0 in CRε \ Crε . (50)

where

ρε =
a

π|Ω|

(
ε

rε

)2

(51)

kε =

{
b in Crε ,
1 in CRε ,

(52)

.

Proposition 4.1. Let (J0, Y0) denote a fundamental system of:

ρw′′ + w′ + ρw = 0 (53)
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satisfying:

J0(0) = 1, J ′0(0) = 0, lim
t→+∞

Y0(t) = lim
t→+∞

Y ′0(t) = +∞. (54)

Then, (55)

W ε(x, t) = W ε
0 (ρ) +

∫ t

0
(hε ? Sε(ρ))(s)ds (55)

where hε and Sε are defined through their Laplace transform for Re(p) > 0 by:

Ŝε(p) =



J0

(
εα
√
−p ρ

rε

)
J0(εα

√
−p)

if 0 ≤ ρ < rε,

Y0(
√
−pRε)J0(

√
−p ρ)− J0(

√
−pRε)Y0(

√
−p ρ)

Y0(
√
−pRε)J0(

√
−prε)− J0(

√
−pRε)Y0(

√
−prε)

if rε < ρ < Rε,

(56)

ĥε(p)

b ∂Ŝε
∂ρ

∣∣∣∣∣
ρ=r−ε

− ∂Ŝε

∂ρ

∣∣∣∣∣
ρ=r+ε

 =
1

rε(ln(rε)− ln(Rε))
. (57)

where we set:

α =

√
a

π|Ω|b
(58)

Moreover

lim
ε→0

ĥε(p) =
−γ

γ +
α2bp

2

=: ĥ0. (59)

Proof. By definition of the Laplace transform:

f̂(x, p) := F(f)(x, p) =

∫ +∞

0
f(x, t)e−ptdt, p ∈ C, x ∈ Ω, f ∈ C∞c (Ω× R+)

there holds:

F(f ′)(p) = −f(0) + pf̂(p),

from which we deduce that we may look for W ε of the form:

W ε(x, t) = W ε
0 (x) +

∫ t

0
hε ? Sε(x)ds
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where:

Ŵ ε(x, p) =
W ε

0

p︸︷︷︸
=F(W ε

0 )

+ F
(∫ t

0
hε ? Sε(x)ds

)

Notice that

ĥεŜ
ε = F(hε ? Sε) = pF

(∫ t

0
hε ? Sε(x)ds

)
Then:

pŴ ε(x, p) = W ε
0 (x) + ĥε(p)Ŝ

ε(x, p) (60)

satisfies:

∆Ŝε =


(
ε

rε

)2

α2pŜε if 0 < ρ < rε,

pŜε if rε < ρ < Rε,

Let rε < ρ < Rε and set: ∀(θ, z) ∈ R2,

Ŝε := R(ρ)Θ(θ)Z(z)

Direct computation yields:

(ρR′)′

ρR
+

1

ρ2

Θ′′

Θ
+
Z ′′

Z
= p

from which we deduce that:

(ρR′)′

ρR
+

1

ρ2

Θ′′

Θ
= p− Z ′′

Z
=: l1

that is:

Z ′′ + (p− λ1)Z = 0.

Assuming that Z ≡ 1 yields:

λ1 = p

and then:

ρ
(ρR′)′

R
− pρ2 = −Θ′′

Θ
=: λ2
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that is:

Θ′′ + λ2Θ = 0 (61)

and

ρ2R′′ + ρR′ − (pρ2 + λ2)R = 0. (62)

Set p = −ω2
0 < 0 and λ2 = n2, n ∈ N in (62). In particular, ω0 :=

√
−p is the square

root of positive real part. Then:

Ŝε(ρ, θ) =
∑
n≥0

(anJn(
√
−pρ) + bnYn(

√
−pρ))Θn(θ)

where (Jn, Yn) is a fundamental system of the Bessel equation:

ρ2w′′ + ρw′ + (ρ2 − n2)w = 0

made of the Bessel function Jn and its associated Neumann function Yn, n ≥ 0, and
where Θn solves (61) with λ2 = n2. The requirement:

Ŝε(r+
ε ) ≡ 1

implies that

an = bn = 0, ∀n ≥ 1.

There remains:

Ŝε = a0J0(
√
−pρ) + b0Y0(

√
−pρ)

where constants a0, b0 ∈ R are defined by the other requirement: Ŝε(Rε) = 0, namely:

Ŝε(ρ) =
Y0(
√
−pRε)J0(

√
−pρ)− J0(

√
−pRε)Y0(

√
−pρ)

Y0(
√
−pRε)J0(

√
−prε)− J0(

√
−pRε)Y0(

√
−prε)

, rε < ρ < Rε. (63)

The same arguments yield Ŝε for 0 < ρ < rε, that is (56).
Notice that:

∂Ŝε

∂ρ

∣∣∣∣∣
ρ=r−ε

=
εα
√
−p

rε

J ′0(εα
√
−p)

J0(εα
√
−p)

(64)

with:

J0(t) = 1− t2

4
+ o(t2) →

→0
1, (65)

J ′0(t) ∼
t→0
− t

2
. (66)
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Substitution of (65)–(66) into (64) yields:

∂Ŝε

∂ρ

∣∣∣∣∣
ρ=r−ε

∼
ε→0

ε2

2rε
α2p (67)

Relying on the asymptotics:

Y0(t) = 2J0(t) ln
t

2
+O(1) ∼

t→0
2 ln t (68)

Y ′0(t) = 2J ′0(t) ln
t

2
+

2

t
J0(t) +O(1) ∼

t→0

2

t
(69)

we first infer that:(
Y0(
√
−pRε)J0(

√
−prε)− J0(

√
−pRε)Y0(

√
−prε)

)−1 ∼
ε→0

−1

2 ln rε
Rε

(70)

and

Y0(
√
−pRε)J ′0(

√
−prε)− J0(

√
−pRε)Y ′0(

√
−prε) ∼

ε→0
−
√
−prε lnRε −

2√
−prε

= − 1

rε

(√
−pr2

ε lnRε +
2√
−p

)
(71)

with

r2
ε lnRε =

(
rε
Rε

)2

R2
ε lnRε →

ε→0
0 (72)

Substitution of (70), (71) and (72) into (63) yields:

∂Ŝε

∂ρ

∣∣∣∣∣
ρ=r+ε

∼
ε→0

1

rε ln rε
Rε

. (73)

Notice that

∂W ε
0

∂ρ

∣∣∣∣
ρ=r+ε

=
1

rε ln rε
Rε

(74)

Then substitution of (67), (73) and (74) into the definition (57) of ĥε yields:

bĥε
ε2α2

2rε
p ∼
ε→0

1 + ĥε
rε ln rε

Rε
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that is:

ĥε


α2bp

2
− 1

ε2 ln rε
Rε︸ ︷︷ ︸

→
ε→0
−γ

 ∼
ε→0

1

ε2 ln rε
Rε

∼
ε→0

1

ε2 ln rε
∼
ε→0
−γ

which ends the proof of (59).

Proposition 4.2. There holds:

∂W ε

∂ρ

∣∣∣∣
ρ=Rε

=
Fε(t)

Rε ln
(
rε
Rε

) (75)

where:

pF̂ε(p) ∼
ε→0

1 + ĥε →
ε→0

1 + ĥ0 =: pF̂0 (76)

Proof. Notice that

∂W ε
0

∂ρ

∣∣∣∣
ρ=Rε

=
1

Rε ln rε
Rε

.

Moreover, relying on (70) and (63), we obtain:

∂Ŝε

∂ρ

∣∣∣∣∣
ρ=Rε

∼
ε→0
− 1

2 ln rε
Rε

(
Y0(
√
−pRε)J ′0(

√
−pRε)− J0(

√
−pRε)Y ′0(

√
−pRε)

)
.

where substitution of the asymptotics (65), (66), (68), (69) yields:

Y0(
√
−pRε)J ′0(

√
−pRε)− J0(

√
−pRε)Y ′0(

√
−pRε) ∼

ε→0
−
√
−pRε lnRε −

2√
−pRε

= − 1

Rε

(√
−pR2

ε lnRε +
2√
−p

)
∼
ε→0
− 2√
−pRε

from which we deduce that

∂Ŝε

∂ρ

∣∣∣∣∣
ρ=Rε

∼
ε→0

1

Rε ln rε
Rε

From (60) we infer that

p
∂Ŵ ε

∂ρ

∣∣∣∣∣
ρ=Rε

=
∂Ŵ ε

0

∂ρ

∣∣∣∣∣
ρ=Rε

+ ĥε
∂Ŝε

∂ρ

∣∣∣∣∣
ρ=Rε

∼
ε→0

1 + ĥε
Rε ln rε

Rε

.
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which yields the result.

Set:

wε(x, t) =
∑
k∈Zε

W ε(|x′ − εk′|, t)1Ck,εRε (x). (77)

resp.:

wε0(x, t) =
∑
k∈Zε

W ε
0 (|x′ − εk′|)1Ck,εRε (x). (78)

Proposition 4.3. The sequence (wε)ε is uniformly bounded in L∞(0, T ;L2(Ω)) ∩
L2(0, T ;H1

0 (Ω)) and

wε →
ε→0

0 in L∞(0, T ;L2(Ω)).

4.2. Computation of the tangential component

As our problem lives in the three-dimensional space, it requires the introduction of a
tangential component which eventually reduces to its angular component along ~eθ to
ensure that it remains incompressible. More precisely, let:

−→
W ε

0 = W ε
0,θ(ρ)~eθ +W ε

0,3(ρ)~e3

where W ε
0,3 is defined by (46) and where

W ε
0,θ(ρ) =



rεRε
R2
ε − r2

ε

(
Rε
ρ
− ρ

Rε

)
if rε < ρ < Rε,

1 if 0 ≤ ρ ≤ rε,

0 if ρ ≥ Rε,

(79)

and let (
−→
W ε, P ε = 0) ∈ L2(0, T ;H1

0 (CRε))× L2(0, T ;L2
0(CRε)) denote the solution of:

div
−→
W ε = 0

∂
−→
W ε

∂t
−∆
−→
W ε = 0 in CRε \ Crε×]0, T [, (80)

ρε
∂
−→
W ε

∂t
− b∆

−→
W ε + ~∇P ε = 0 in Crε×]0, T [, (81)

[W ε] =

[
kε
∂W ε

∂n

]
= 0 on Drε×]0, T [. (82)
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−→
W ε(0) =

−→
W ε

0 in CRε \ Crε . (83)

where

kε =

{
1 in CRε \ Crε ,
b in Crε ,

Proposition 4.4. Set

α =

√
a

π|Ω|b
.

Then:

−→
W ε(x, t) = W ε

θ (ρ)~eθ +W ε
3 (ρ)~e3

where W ε
3 and W ε

θ are defined by (55)–(76) and (85)–(87) resp. The same arguments
yield:

W ε
θ = W ε

0,θ(ρ) +

∫ t

0
(hεθ ? S

ε
θ(ρ))(s)ds (84)

where hεθ and Sεθ are defined through their Laplace transform for Re(p) > 0 by:

Ŝεθ(p) =



J1

(
εα
√
−p
rε

ρ
)

J1(εα
√
−p)

if 0 ≤ ρ < rε,

Y1(
√
−pRε)J1(

√
−pρ)− J1(

√
−pRε)Y1(

√
−pρ)

Y1(
√
−pRε)J1(

√
−prε)− J1(

√
−pRε)Y1(

√
−prε)

if rε < ρ < Rε,

(85)
where (J1, Y1) is a fundamental system of solutions of the Bessel equation:

ρ2w′′ + ρw′ + (ρ2 − 1)w = 0 (86)

made of the Bessel function J1 and its associated Neumann function Y1 satisfying:

J1(0) = 0, J ′1(0) = 1. (87)

Moreover:

ĥεθ ∼
ε→0
− 1

1 + b
=: ĥ0. (88)

Proof. We ate interested in componentwise tangential solutions, namelyn we look for

~W ε = W ε
ρ~eρ,
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resp.:

~W ε = W ε
θ~eθ.

Direct computation yields that the general solution ~W ε = W ε
ρ +W ε

θ solves the system:

ρε
∂W ε

ρ

∂t
− kε

(
∆W ε

ρ −
2

ρ2

∂W ε
θ

∂θ
−
W ε
ρ

ρ2

)
= 0

ρε
∂W ε

θ

∂t
− kε

(
∆W ε

θ +
2

ρ2

∂W ε
ρ

∂θ
−
W ε
θ

ρ2

)
= 0

1

ρ

∂

∂ρ
(ρW ε

ρ ) +
1

ρ

∂W ε
θ

∂θ
= 0

In particular:

W ε
θ = 0⇒ ∂

∂ρ
(ρW ε

ρ ) = 0

from which there results:

W ε
ρ =

C

ρ

and the requirement W ε
ρ |ρ=Rε = 0 leads to W ε

ρ = 0 for rε < ρ < Rε, which contradicts

W ε
ρ |ρ=rε = 1. So ~W ε = W ε

ρ~eρ is not a solution and we are refered to the componentwise
solution:

~W ε = W ε
θ~eθ.

Then, the problem reduces to: find W ε
θ solution of

∆W ε −
W ε
θ

ρ2
=


pW ε

θ if rε < ρ < Rε,(
εα

rε

)2

pW ε
θ if 0 < ρ < rε,

∂W ε
θ

∂θ
= 0

The same arguments as in Proposition 4.1 yield that

pŴ ε
θ = W ε

0,θ + ĥεθŜ
ε
θ
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with ĥεθ defined by (85). Relying on the asymptotics:

J1(t) ∼
ε→0

t

2
, J ′1(t) ∼

ε→0

1

2

Y1(t) ∼
ε→0

−2

πt
, Y ′1(t) ∼

ε→0

2

πt2

we find that

∂Ŝεθ
∂ρ

∣∣∣∣∣
ρ=r−ε

=
εα
√
−p

rε

J ′1(εα
√
−p)

J1(εα
√
−p)

∼
ε→0

1

rε

(
Y1(
√
−pRε)J1(

√
−prε)− J1(

√
−pRε)Y1(

√
−prε)

)−1 ∼
ε→0

πrε
Rε

Y1(
√
−pRε)J ′1(

√
−prε)− J1(

√
−pRε)Y ′1(

√
−prε) ∼

ε→0
− Rε
π
√
−p r2

ε

⇒
∂Ŝεθ
∂ρ

∣∣∣∣∣
ρ=r+ε

∼
ε→0
− 1

rε

Noticing that

∂W ε
0,θ

∂ρ

∣∣∣∣
ρ=r+ε

= − 1

rε

(
R2
ε + r2

ε

R2
ε − r2

ε

)
∼
ε→0
− 1

rε

we infer that

b
ĥεθ
rε
∼
ε→0
−

(1 + ĥεθ)

rε
⇒ ĥεθ ∼

ε→0
− 1

1 + b
=: ĥ0

θ

Proposition 4.5. There holds:

p
∂Ŵ ε

θ

∂ρ

∣∣∣∣∣
ρ=Rε

= − 2b

(1 + b)

rε
R2
ε

. (89)

Proof. Direct computation yields:

p
∂Ŵ ε

θ

∂ρ
=
∂W ε

0,θ

∂ρ
+ ĥεθ

∂Ŝεθ
∂ρ
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with:

∂W ε
0,θ

∂ρ

∣∣∣∣
ρ=Rε

= − 2rε
(R2

ε − r2ε)
∼
ε→0
−2rε
R2
ε

Y1(
√
−pRε)J ′1(

√
−pRε)− J1(

√
−pRε)Y ′1(

√
−pRε) ∼

ε→0
− 2

π
√
−pRε

⇒
∂Ŝεθ
∂ρ

∣∣∣∣∣
ρ=Rε

∼
ε→0
−2rε
R2
ε

from which we deduce that

p
∂Ŵ ε

θ

∂ρ

∣∣∣∣∣
ρ=Rε

∼
ε→0
− 2b

(1 + b)

rε
R2
ε

Remark 3. Notice that:

rε
R2
ε

Rε ln

(
rε
Rε

)
=

rε
Rε

ln

(
rε
Rε

)
→
ε→0

0.

that is:

rε
R2
ε

= o

 1

Rε ln
(
rε
Rε

)
 as ε→ 0. (90)

Set:

~wε(x, t) =
∑
k∈Zε

−→
W ε(|x′ − εk′|, t)1Ck,εRε (x). (91)

resp.:

~wε0(x, t) =
∑
k∈Zε

−→
W ε

0(|x′ − εk′|)1Ck,εRε (x). (92)

Remark 4. [20]

Jλ(z) =
1

π

∫ π

0
cos(λt− z sin t)dt,

Y1(z) = lim
λ→1

cos(πλ)Jλ(z)− J−λ(z)

sin(πλ)
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Proposition 4.6. Set:

~wε(x, t) =
∑
k∈Zε

~W ε(|x′ − εk′|, t)1Ck,εRε (x). (93)

resp.:

~wε0(x, t) =
∑
k∈Zε

~W ε
0 (|x′ − εk′|)1Ck,εRε (x). (94)

The sequence (~wε)ε is uniformly bounded in L∞(0, T ;L2(Ω)) ∩ L2(0, T ;H1
0 (Ω)) and

~wε →
ε→0

0 in L∞(0, T ;L2(Ω)).

5. The limit problem

5.1. The new functional setting

In this Section we pass to the limit as ε tends to zero in the variational problem
(9)–(10) with two-scale convergence results of Theorem 3.1 in mind.

Set:

X = H × L2(ΩT ; H̃1
per(Ỹ )), M = {q ∈ L2

0(Ω, L2
per(Y )), qm = q̃m ∈ H1(Ω)},

where:

H = {u ∈ L2(ΩT × Y ) ∩ L2(ΩT , H0(div,Ω)), ũ ∈ H0(div,Ω),

ur = ũr ∈ L2(0, T,H1(Ω)) ∩ L2(0, T,H0(div,Ω))}

Then, X is a Hilbert space with respect to the scalar product:

((v, z), (ϕ,ψ))X :=

∫
ΩT×Ym

vϕdxdydt+

∫
ΩT

div(ṽ)div(ϕ̃)dxdt+

+

∫
ΩT×Ỹ

(∇v+∇yz)(∇ϕ+∇yψ)dxdydt+

∫
Ω×Γ̃

(v−(v·ñy)ñy)ϕdσdx

In the sequel, we set: : ∀((v, z), (ϕ,ψ)) ∈ X ×X, ∀π ∈M

a((v, z), (ϕ,ψ)) =

∫
Ω×Ym

Av · ϕdxdy + β2

∫
Ω×Ỹ

(∇v +∇yz)(∇ϕ+∇yψ)dxdy+

+

∫
Ω×Γ̃

α(v − (v · ñ)ñ) · ϕdxdσ
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b(π, (v, z)) = −
∫

Ω×Y
πdiv(v)dxdy +

∫
Ω×Γ̃

πm(z · ñy)dxdσ −
∫

Ω×Ỹ
πdivy(z)dxdy.

We begin with an auxiliary convergence result involving external forces.

Proposition 5.1. Set:

Fε(ϕ) =

∫
Ω\Ω′ε

fϕdx+

∫
−

Ω′ε
gϕdx, ∀ϕ ∈ H1

0 (Ω).

Then:

Fε ⇀ F (95)

where

F(ϕ) =

∫
Ω
fϕdx+

∫
−

Ω
gϕdx, ∀ϕ ∈ H1

0 (Ω). (96)

Proof. See [12].

5.2. The Control zone method revisited

Proposition 5.2. Let ϕ ∈ C1
c (Ω). Then:∫

Ω̃ε]

(−kε∆uε +∇pε) ? ~wεmε(ϕ)dx−
∫

Ω̃ε]

uε ? (−kε∆~wε)mε(ϕ)dx+

−
∫

Γ̃ε∪Σε
αε(u

ε − (uε · ñε)ñε) ? ~wεmε(ϕ)dσ ⇀
ε→0
−2πγF0 ? u

r
3 · ϕ in L2(0, T ),

where

F0 := 1 +

∫ t

0
h0(s)ds. (97)

is defined after:

F̂0 :=
1 + ĥ0

p
=

α2b

2γ + α2bp
=

1
2γ
α2b + p

=
(58)

1
2πγ|Ω|
a + p

(98)

Proof. Let ϕ ∈ C1
c (Ω)3. There holds:∫

Ω̃ε]

(−kε∆uε+∇pε)?~wεmε(ϕ)dx =

∫
Ω̃ε]

uε?(−kε∆~wε)mε(ϕ)+

∫
Ω̃ε]

kε
∂uε

∂x3
?~wεmε

(
∂ϕ

∂x3

)
dx+

−
∫

Ω̃ε]

pε?div(~wε)︸ ︷︷ ︸
=0

mε(ϕ)dx−
∫

Ω̃ε]

pε?wε3mε

(
∂ϕ

∂x3

)
dx−

∫
Γ̃ε∪Σε

αε(u
ε−(uε·ñε)ñε)?~wεmε(ϕ)dσ+
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−
∫
∂Cε

kε
∂uε

∂nε
? ~wεmε(ϕ) +

∫
∂Cε

pεnε ? ~wεmε(ϕ)︸ ︷︷ ︸
=0

+

∫
∂Cε

uε ? kε
∂ ~wε

∂nε
mε(ϕ)

with: ∣∣∣∣∣
∫

Ω̃ε]

kε
∂uε

∂x3
? ~wεmε

(
∂ϕ

∂x3

)
dx

∣∣∣∣∣ ≤ C|∇uε|Ω̃ε] |~wε|Ω
∥∥∥∥ ∂ϕ∂x3

∥∥∥∥
∞
≤ C|~wε|Ω̃ε] →ε→0

0,

∣∣∣∣∣
∫

Ω̃ε]

pε ? wε3mε

(
∂ϕ

∂x3

)
dx

∣∣∣∣∣ ≤ C|pε|Ω̃ε] |wε3|Ω
∥∥∥∥ ∂ϕ∂x3

∥∥∥∥
∞
≤ C|wε3|Ω →

ε→0
0,

∫
∂Cε

uε ? kε
∂ ~wε

∂nε
mε(ϕ) =

∫
CRε

uε ?
∂ ~wε

∂nε
mε(ϕ)dσ =

=
∑
k∈Zε

Rε

∫ 2π

0

∫ εk3+ ε

2

εk3− ε2
uε|ρ=Rε ?

∂ ~wε

∂ρ

∣∣∣∣
ρ=Rε

mk
ε(ϕ)dx3dθ

=
(75),(76),(89)

∑
k∈Zε

2πRε

∫ εk3+ ε

2

εk3− ε2
Gε,kRε (uε) ? ~F εmk

ε(ϕ)dx3

where:

~F ε =



− 2rε
(R2

ε − r2
ε)

− 2rε
(R2

ε − r2
ε)

F ε3
Rε ln rε

Rε


.

There follows:∫
CεRε

uε ?
∂ ~wε

∂ρ
mε(~ϕ)dσ =

2πRε
ε2

~F ε ?

∫
Ω
GεRε(u

ε)mε(ϕ)dx.

where:

2π

ε2 ln rε
Rε

F ε3 ?

∫
Ω
GεRε(u

ε
3)mε(ϕ)dx ∼

ε→0
2πγεF

ε
3 ?

∫
Ω
GεRε(u

ε
3)mε(ϕ)dx

⇀
ε→0

2πγF0 ?

∫
Ω
ur3ϕdx.
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Moreover, taking into account (90) we infer that:

lim
ε→0

4πrεRε
ε2(R2

ε − r2
ε)

1 ?

∫
Ω
GεRε(u

ε
i )⊗mε(ϕ)dx = 0, i ∈ {ρ, θ}.

We conclude as in Proposition 4.7 of [13].
Moreover, there exists functions Ñ ∈ C1

c (Ω, C1
per(Ỹ )) such that

Ñ ε(x) := Ñ
(x
ε

)
= ñε on Γ̃ε ∪ Σε.

Set:

Gεij = (uεi − (uε · Ñ ε)Ñ ε
i )Ñ ε

j , ∀i, j ∈ {1, 2, 3}.

Then:∫
Γ̃ε∪Σε

αε(u
ε − (uε · ñε)ñε) ? ~wεmε(ϕ)dσ =

∫
Γ̃ε∪Σε

αεG
ε
ijñ

ε
j ? w

ε
imε(ϕ)dσ =

=

∫
Ω̃ε]

∂Gεij
∂xj

? wεimε(ϕ)dx

where: ∣∣∣∣∣
∫

Ω̃ε]

∂Gεij
∂xj

? wεimε(ϕ)dx

∣∣∣∣∣ ≤ C|∇uε|Ω̃ε |~wε|Ω‖ϕ‖∞ ≤ C|~wε|Ω →ε→0
0,

that is:

lim
ε→0

∫
Γ̃ε∪Σε

αε(u
ε − (uε · ñε)ñε) ? ~wεmε(ϕ)dσ = 0.

We conclude as in Proposition 4.7 of [13].

Remark 5. From Definition (58) we deduce that:

F̂0(p) =
1

2πγ

a
|Ω|+ p

.

There results:

F0(t) = e−
2πγ

a
|Ω|t, ∀t > 0. (99)

5.3. The limit problem

Now, we are in a position to pass to the limit as ε→ 0 in the variational formulation
(9)–(10). We begin with tests functions from the two-scale homogenization theory,
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postponing to Propositions 5.4 and 5.5 the identification of non local limits v and q
resp.

Proposition 5.3. Set:

m̃ =
|Ỹ |
|Y |

.

Then, the limit ((u,w), (v, w′), (p, q)) is solution of: (u,w) ∈ C1(0, T ;X), (p, q) ∈
C1(0, T ;M)× C1(0, T ;L2(Ω)) and ∀(ϕ,ψ) ∈ X, ∀π ∈M ,

m̃
d

dt
(ur, ϕr)Ω +R

a

|Ω|
d

dt
(v, ϕr)Ω + (1− m̃)

∫
Ω

∫
−
Y m
Aumϕmdxdy+

+m̃β2

∫
Ω

∫
−
Ỹ

(∇ur +∇yw)(∇ϕr +∇yψ)dxdy +

∫
Ω

∫
Γ̃
α(ur − (ur · ñy)ñy)ϕrdxdσ+

−(1− m̃)

∫
Ω
pmdiv(ϕ̃m)dx− m̃

∫
Ω
p̃rdiv(ϕr)dx− m̃

∫
Ω

∫
−
Ỹ

(pr − pm)divyψdxdy =

= (1− m̃)

∫
Ω
fϕ̃mdx+ m̃

∫
Ω
fϕrdx+R

∫
−

Ω
gϕrdx. (100)

(
1

2
−R

)
a
d

dt

∫
−

Ω
qπmdx+

(1− m̃)

Em

d

dt

∫
Ω
pmπmdx+

m̃

Er

d

dt

∫
Ω

∫
−
Ỹ
prπrdxdy+

+(1−m̃)

∫
Ω
πmdiv(ũm)dx+ m̃

∫
Ω
π̃rdiv(ur)dx+ m̃

∫
Ω

∫
−
Ỹ
(πr−πm)divy(w)dxdy = 0. (101)

Proof. Notice that (9)–(10) equivalently reads: find (uε, pε) ∈ L2(0, T ;U ε) ×
L2(0, T ;L2

0(Ω) solution of: ∀φ ∈ C1
c (0, T ), ∀v ∈ Uε, ∀q ∈ L2

0(Ω),

−
∫ T

0
φ′(t)(uε(t), v)εdt+

∫ T

0
aε(u

ε(t), v)φ(t)dt+

∫ T

0
bε(p

ε(t), v)φ(t)dt =

∫ T

0
(gε, v)Ω+φ(0)(uε0, v)ε,

∫ T

0
φ′(t)(pε(t), q)]εdt+

∫ T

0
bε(p

ε(t), v)φ(t)dt+ φ(0)(pε0, q)
]
ε,= 0.

Let φ ∈ C1
c ([0, T [), ϕ ∈ D(Ω, C∞per(Y )), ψ ∈ D(Ω, C∞per(Ỹ )) such that (ϕ,ψ) ∈ X. Let

ψ̂ ∈ D(Ω, H̃per(divy, Y )) denote any extension of ψ and set: ∀x ∈ Ω,

ϕε(x) := ϕ
(
x,
x

ε

)
, ψε(x) := ψ̂

(
x,
x

ε

)
, (102)
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Φε := ϕε + εψε + wε0(ϕ[ − ϕr − εψε). (103)

Direct computation yields:∫
Ω
pεdiv(ϕε + εψε)dx =

∫
Ω
pε((divϕ)ε + (divyψ)ε + ε(divψ)ε)dx

→
ε→0

∫
Ω×Y

p(divϕ+ divyψ)dxdy = −b(p, (ϕ,ψ)) a.e. in ]0, T [.

There holds: ∫
Ωε
uε(ϕε + εψε)dx →

ε→0

∫
ΩT×Ym

umϕmdxdy,

lim
ε→0

∫
Ω̃ε
∇uε∇(ϕr + εψε)dx =

∫
Ω×Ỹ

(∇u+∇yw)(∇ϕr +∇yψ)dxdydt,

and: ∣∣∣∣b∫−
Ω′ε
∇uε∇(ϕr + εψε)dx

∣∣∣∣ ≤ b|∇uε|Ω̃ε] |∇ϕr|Ω′ε ≤ C|∇ϕr|Ω′ε →ε→0
0

∫
−

Ω′ε
uε(ϕr + εψε)dx =

∫
−

Ω′ε
uεϕrdx+ ε

∫
−

Ω′ε
uεψεdx

with:∣∣∣∣∫−
Ω′ε
uεψεdx

∣∣∣∣ ≤ (∫−
Ω′ε
|uε|2dx

) 1

2
(∫
−

Ω′ε
|ψε|2dx

) 1

2

≤
(27)

C

(∫
−

Ω′ε
|ψε|2dx

) 1

2

≤ C‖ψ‖∞

and ∫
−

Ω′ε
uεϕrdx →

ε→0
(39)

∫
−

Ω
vϕrdx

This yields (100).
As for (101), we set:

πε(x) = π
(
x,
x

ε

)
, Θε(x) = (1− wε0(x))πε(x) + wε0(x)π[(x), ∀x ∈ Ω.

for some π ∈M . Then:

(pε, πε)]ε =

∫
Ω\Ωε[

pεπεdx+

∫
−

Ωε[

pεπ[dx
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with: ∫
Ω\Ωε[

pεπε →
∫

Ω

∫
−
Y
pπdxdy

∫
−

Ωε[

pεπεdx =

∫
−

Ωε[

pεπmdx →
ε→0

∫
−

Ω
qπmdx

Moreover:∫
Ω
πεdiv(uε)dx =

∫
Ω\(Cε∪T ε)

πεdiv(uε)dx →
ε→0
(17)

∫
Ω

∫
−
Y
πdivudxdy = −b(π, (u,w)).

We conclude as in [16].

Proposition 5.4. Assume that there exists v0 ∈ L2(ΩT ) such that: ∀ϕ ∈ C1
c (ΩT ),∫ T

0

∫
−

Ω′ε
uε0ϕdx→ R

∫ T

0

∫
−

Ω
v0ϕdxdt.

Then, the limit v is solution of:

a

|Ω|
∂v

∂t
+ 2πγ

(
v − ur3

Ra
~e3

)
= 2πγv0 +

g

|Ω|
− 2πγ

a

∫ t

0
g(s)ds

Proof. Direct computation yields:

−
∫

Ω̃ε]

ρεuε0w
εmε(ϕ)dx+

∫
Ω̃ε]

ρεuεwε0mε(ϕ)dx+

∫
Γ̃ε∪Σε

αε(u
ε−(uε ·ñε)ñε)?wεmε(ϕ)dσ+

+

∫
Ω̃ε]

(−kε∆uε +∇pε) ? wεmε(ϕ)dx−
∫

Ω̃ε]

uε ? (−kε∆wε)mε(ϕ)dx =

=

∫
Ω\Ω′ε

f ? wεmε(ϕ)dx+

∫
−

Ω′ε
g ? 1mε(ϕ)

with ∣∣∣∣∣
∫

Ω̃ε]\Ω′ε
uε0w

εmε(ϕ)dx

∣∣∣∣∣ ≤ |uε0|Ω|wε|Ω‖ϕ‖∞ ≤ C|wε|Ω →ε→0
0

∫
−

Ω′ε
uε0w

εmε(ϕ)dx =

∫
−

Ω′ε
uε0mε(ϕ)dx →

ε→0
R

∫
−

Ω
v0ϕdx
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∣∣∣∣∣
∫

Ω̃ε]\Ω′ε
uεwε0mε(ϕ)dx

∣∣∣∣∣ ≤ |uε|Ω|wε0|Ω‖ϕ‖∞ ≤ C|wε0|Ω →ε→0
0

∫
−

Ω′ε
uεwε0mε(ϕ)dx =

∫
−

Ω′ε
uεmε(ϕ)dx →

ε→0
R

∫
−

Ω
vϕdx

∣∣∣∣∣
∫

Ω̃ε]\Ω′ε
f ? wεmε(ϕ)dx

∣∣∣∣∣ ≤ C|wε|Ω →
ε→0

0

∫
−

Ω′ε
(g ? 1)mε(ϕ)dx →

ε→0
R

∫
−

Ω
(g ? 1)ϕdx.

Then, Proposition 5.2 implies:

1

|Ω|
v − 2πγF0 ? u

r
3~e3 =

∫ t

0
g(s)ds+

1

|Ω|
v0

and we conclude by derivation of this identity.

Proposition 5.5. The limit (pm, q) satisfies:

a

|Ω|
∂q

∂t
+ 2πγ

(
q −

(
1

2
−R

)−1 pm

a

)
= 2πγq0 −

b

|Ω|
div(f) + 2πγ

b

a

∫ t

0
div(f)ds

Proof. Let φ ∈ D(Ω). Direct computation yields:∫
Ω̃ε]

div(uε) ? wε3mε(φ)dx =

∫
Ωε
kε
∂pε

∂t
? wε3mε(φ)dx+

∫
Ω

div(uε) ? wε3mε(φ)dx =

=

∫
Ωε
kε
∂pε

∂t
?wε3mε(φ)dx+

∫
Ωε
kε(−∆pε+div(f))?wε3mε(φ)dx+

∫
Ω̃ε]

div(uε)?wε3mε(φ)dx =

=

∫
Ωε
pε ? kε

∂wε3
∂t

mε(φ)dx+

∫
Ωε
pε ? (−kε∆wε3)mε(φ)dx︸ ︷︷ ︸

=0

+

∫
Ωε
kεdiv(f) ? wε3mε(φ)dx+

+

∫
Ω̃ε]

div(uε) ? wε3mε(φ)dx+

∫
Ωε
ρεp

ε ? wε0,3mε(φ)dx−
∫

Ωε
ρεp

ε
0 ? w

ε
3mε(φ)dx+

+

∫
Ωε
kε
∂pε

∂x3
? wε3mε

(
∂φ

∂x3

)
dx+

∫
∂Cε

pε|Ωε[ ? kε
∂wε3
∂nx′

mε(φ)+
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−
∫

Ω̃ε]

uε ?∇wε3mε(φ)dx−
∫

Ω̃ε]

uε3 ? w
ε
3mε

(
∂φ

∂x3

)
dx

where ∣∣∣∣∣
∫

Ω̃ε]

div(uε) ? wε3mε(φ)dx

∣∣∣∣∣ ≤ |∇uε|Ω̃ε] |wε3|Cε‖φ‖∞ ≤ C|wε3|Cε →ε→0
0

∣∣∣∣∫
Ωε
kε
∂pε

∂x3
? wε3mε

(
∂φ

∂x3

)
dx

∣∣∣∣ ≤ C|∇pε|Ωε |wε3|Cε ∥∥∥∥ ∂φ∂x3

∥∥∥∥
∞
≤ C|wε3|Cε →

ε→0
0

∣∣∣∣∣
∫

Ω̃ε]

uε ?∇wε3mε(φ)dx

∣∣∣∣∣ ≤ |uε|Ω̃ε]∩Cε |∇wε|Cε‖φ‖∞ ≤ C|uε|Ω̃ε]∩Cε →ε→0
0

∣∣∣∣∣
∫

Ω̃ε]

uε3 ? w
ε
3mε

(
∂φ

∂x3

)
dx

∣∣∣∣∣ ≤ C|uε|Ω̃ε] |wε3|Cε
∥∥∥∥ ∂φ∂x3

∥∥∥∥
∞
≤ C|wε3|Cε →

ε→0
0

∫
Ωε
ρεp

ε ? wε0,3mε(φ)dx →
ε→0

(
1

2
−R

)
a

∫
−

Ω
q ? φdx

∫
Ωε
ρεp

ε
0 ? w

ε
3mε(φ)dx →

ε→0

(
1

2
−R

)
a

∫
−

Ω
q0 ? φdx.

∫
Ωε
kεdiv(f) ? wε3mε(φ)dx →

ε→0
b

∫
−

Ω
div(f) ? 1φdx

We conclude as in Proposition 5.4.

Corollary 5.6. The limit ((pm, q), ũm) is solution of:

a

|Ω|
∂q

∂t
+2πγ

(
q −

(
1

2
−R

)−1 pm

a

)
= 2πγq0−

b

|Ω|
div(f)+2πγ

b

a

∫ t

0
div(f)ds in ΩT .

(104)(
1

2
−R

)
a

|Ω|
∂q

∂t
+ (1− m̃)

(
1

Em

∂pm

∂t
+ div(ũm)

)
= m̃

∫
−
Ỹ

divy(w)dy. (105)

Proof. See (101).

Corollary 5.7. The limit (pr, (ur, w)), resp. ((pm, p̃r, q), (ũm, ur)), is solution of:

1

Er

∂pr

∂t
+ divyw + div(ur) = 0 in ΩT × Ỹ . (106)
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resp.:(
1

2
−R
)
a

|Ω|
∂q

∂t
+(1−m̃)

(
1

Em

∂pm

∂t
+ div(ũm)

)
+m̃

(
1

Er

∂p̃r

∂t
+ div(ur)

)
= 0 in ΩT

(107)

Proof. See (101), resp. (104) and (105).

Proposition 5.8. The limit problem reads:

(1− m̃)

(
1

Em

∂pm

∂t
−∆pm

)
+ m̃

F

G
(pm − p̃r) + 2πγ

(
pm

a
−
(

1

2
−R

)
q

)
=

= −(1− m̃)div(f)−
(

1

2
−R

)(
2πγq0 −

b

|Ω|
div(f) + 2πγ

b

a

∫ t

0
div(f)ds

)
in ΩT

(108)

a

|Ω|
∂q

∂t
+ 2πγ

(
q −

(
1

2
−R

)−1 pm

a

)
= 2πγq0 −

b

|Ω|
div(f) + 2πγ

b

a

∫ t

0
div(f)ds

1

Er

∂p̃r

∂t
+

(F − 1)

G
(p̃r − pm) = 0 (109)

pm = p̃r +Gdiv(ur) (110)

a

|Ω|
∂v

∂t
+ 2πγ

(
v − ur3

Ra
~e3

)
= 2πγv0 +

g

|Ω|
− 2πγ

a

∫ t

0
g(s)ds (111)

∂ur

∂t
− 2πγ

R

m̃

(
v − ur3

Ra
~e3

)
− div(ahom∇ur) +∇pm + Cur =

= f − 2πγ
R

m̃
v0 +

R

m̃

(
2πγ

a

∫ t

0
g(s)ds− g

|Ω|

)
(112)

where constants F and G are defined after cell problems:∫
Ỹ
∇ywij∇yψdy −

∫
Ỹ
πijdivyψdy = −

∫
Ỹ

∂ψi
∂yj

dy, ∀ψ ∈ H1
per(Ỹ ). (113)

divyw
ij + Fδij = 0, (114)
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∫
−
Ỹ
πijdy +Gδij = 0 (115)

ahom
k`,ms =

∫
−
Ỹ

(
δkiδ`j +

∂wk`i
∂yj

)(
δmiδsj +

∂wmsi
∂yj

)
dy −

∫
−
Ỹ
πk`(δms + divyw

ms)dy

(116)
and where the matrix C is definded by

Cij =

∫
Γ̃
α(δij − ñyjñyi)dσy.

Proof. Setting ϕ = ϕ[ = ψ[ = 0 in (100) yields:

m̃β2

∫
Ω

∫
−
Ỹ

(∇ur +∇yw)∇yψdxdy − m̃
∫

Ω

∫
−
Ỹ

(pr − pm)divyψdxdy = 0

from which there results: w = ∂urk
∂x`

wk`(y), pr = pm + ∂urk
∂x`

πk`(y) with (wk`, πk`) solu-
tion of (113). Morover, assumption (114), resp. (115) implies:∫

−
Ỹ

divyw = −Fdiv(ur) (117)

resp.(110). Substituting (117) into (106), we infer that: 1
Er

∂pr

∂t + (1 − F )div(ur) = 0
which, taking into account (110), leads to (109).

Notice that setting A = I and ϕr = ϕ[ = ψ = ψ[ = 0 in (100) also yields:

ũm = −∇pm + f (118)

Then, substitution of (118), (117) and (110) into (105) yields (108). Setting

ψ =
∂ϕri
∂xj

wij ,

in (100), we obtain (112).
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