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Computing the Elo Stationary Distribution
for Two Players

David Arturo Man Castillo, Stéphane Junca
david.man@etu.univ-cotedazur.fr, stephane.junca@univ-cotedazur.fr

Abstract—The Elo rating system, originally
developed by Arpad Elo, is a widely used
method for assessing the skill levels of players
in two-player games. This research focuses
on analyzing the stationary distribution of
player ratings within the Elo model. We devel-
oped a numerical algorithm to approximate
the cumulative distribution function (CDF)
of the stationary distribution and conducted
extensive simulations to validate the accuracy
and applicability of the algorithm.

Our study included a grid convergence anal-
ysis, symmetry tests, and an examination of
the "Elo conjecture", which posits a relation-
ship between rating differences and match
outcomes. The results confirmed the accuracy
of the numerical scheme and revealed that the
stationary distribution exhibits key proper-
ties, including symmetry around its mean and
a dependence of variance on the parameter
K, which controls the adjustment speed of
ratings. These findings provide valuable in-
sights into the Elo rating system’s underly-
ing dynamics, offering a foundation for both
theoretical advancements and practical appli-
cations.

Keywords: Elo rating system, Markov chain,
stationary distribution, cumulative distribu-
tion function, numerical algorithm.

I. INTRODUCTION

The Elo rating system, developed by Arpad
Elo, is a widely used method for calculating
the relative skill levels of players in two-player
games, such as chess [1]. Despite its widespread
use, the Elo rating system has certain limitations
and unresolved problems. The extension of the
Elo rating system is currently an active area
of research, for instance, for players of varying
rating strength [2]-|5], to improve the system [6],

for ranks’ dynamic [7], for educational applica-
tions [8]-[11], for a large number of players [12],
[13]. Moreover, recent studies have also explored
the system’s convergence properties and the
application of contraction methods in tourna-
ment settings [14], [15]. However, the theoretical
framework assuming constant strength between
two players remains incomplete. The objective of
this research is to shed new light on this latest
case.

This study aims to explore the stationary distri-
bution of player ratings in the Elo system [16],
[17] and to investigate Elo’s assumption that the
expected score depends on the rating difference.
More details on the results presented in this
work can be found in the Research Report [18].

II. MATHEMATICAL FRAMEWORK

This section outlines the theoretical basis of
the Elo rating system, its dynamics, and the
mathematical constructs utilized in this study.
The Elo rating system for two players calculates
the relative skill levels of competitors in head-
to-head games. The key equations that describe
the update mechanism for players’ ratings after
a match are as follows:

A. Rating Update Equations

For two players, i and j, the ratings after a
match are updated according to the following
equations:

R =R+ K (S} —b(R} — R})) (1)
R?“ =R+ K (S, —b(R} — R})) (2)

where the sum of the scores 5% + S7; = 1 repre-
sents the outcome of the game. The function b



is known as the bonus-malus function, which is
defined as

1
~ 14 10-#/400

b(x) €[0,1]. 3)
Which satisfies the same symmetry condition as

the scores, b(z) + b(—x) = 1.

This symmetries leads to a fundamental prop-
erty of the Elo rating system: the conservation
of the total mass of Elo points:

RV R = RY R} = R+ R) =20, (4)

where pY is the average rating. Therefore, the
dynamics for two players are governed by the
difference in ratings:

Al =R - R, (5)
since

R =+ AL

n _ 0 n
i Ry=p _Aij‘ (6)
The evolution of the rating difference is given
by:

AGH = AL+ 2K (S5 - b(AT) - (7)

B. Players with Constant Strength

In this study, we assume that players maintain
constant strength over time. Only two outcomes
are possible after each encounter: a win or a loss.
Thus, the score S for match n can be modeled
by a sequence of independent Bernoulli trials
with a fixed probability distribution:

Sis=0 or 1 (8)

Let p = p;; and ¢ = 1 — p be the probabilities
of player i winning or losing against player j,
respectively. In this framework, the Elo rating
system behaves as a homogeneous Markov chain
[20]. The focus is on the distribution of A7, in
its limiting form.

C. Cumulative Distribution Function (CDF)

The cumulative distribution function (CDF) of
the Elo distribution of A7, is [18], [19]:

Fo(z) = P(A}; < o). (9)

To update the CDF for the next game, the
recurrence relation is rewritten as follows
[18]:

Fn+1(x) = pFn(h(x72K))+an(h(x))v (10)

where h(z) is the inverse function of g(z) =
2 —2Kb(x). The function g is increasing for suf-
ficiently small K [18] and governs the dynamics
by rewriting as:

n+1l __
AT =g(Af) +2K S (11)
The dynamics can be interpreted through
the transition operator £ [20]:
Fuvr = L(F). (12)
The stationary distribution F' is then the CDF
of Ay, the limit of A7, fixed by L:
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F = L(F), (13)
which requires solving the functional equation
for all z € R:

F(z) =p- F(h(z = 2K)) + q- F(h(z)), (14)
with the conditions that F' is nondecreasing and
satisfies the boundary conditions:

lim F(z) =0,

T—r—00

lim F(z) =1.

T—+00

(15)

III. METHODOLOGY

The goal of this section is to detail the compu-
tational approach used to approximate F, the
CDF of the stationary distribution in the Elo
rating system. This involves discretizing R and
linearize L(:). The following steps outline the
methodology employed [18]:



A. Discretization and Mesh Generation

To approximate the stationary distribution, we
discretize the domain of possible rating differ-
ences, x, into a finite set of points. Specifically,
we create a mesh (z;)N,, where z; = idz and
dx is the mesh spacing over a finite interval
[-M, M]. The inverse function h(z) required
for the update equations is computed using the
Newton-Raphson method. This approach allows
us to accurately determine h(x;) and h(z; —2K).

B. Interpolation and Matrixz Construction

Given that F' is only known on the discrete grid,
we estimate F(h(z;)) at any non-mesh point
using linear interpolation within the interval
xj; < h(z;) < xj41. If &; or x4 fall outside the
grid, F'(x;) is approximated using the boundary
conditions derived from .

Next, we construct a matrix A that approxi-
mates the linear relationship described by
on the grid. The vector F represents the values
of the CDF on the grid, (F(x;))X,, and satisfies
the following equation:

F = AF + b + O(éz)>. (16)
The vector b represents the boundary conditions
at the grid edges. The primary source of er-
ror, O(dx)?, arises from the linear interpolation
process, with a smaller contribution from the
approximation of values outside the grid, which
are estimated using the limits as x approaches
+o0. This approximation is valid provided that
the chosen interval [—M, M] is sufficiently large.

C. Solving for the Stationary Distribution

By neglecting the interpolation error, the sta-
tionary distribution can be approximated by
solving the linear system:

(I- A)F =b. (17)

IV. REsuLTS

A. Stationary Distribution Computational Algo-
rithm

The computed CDF for different p and ¢ values
in Figure [1] are nondecreasing, which illustrates

a desirable property of our numerical scheme.
Moreover, the observed expected values and
variances align well with real-world scenarios,
further validating the approach.

Fig. 1. Computed CDF for different p and q values. Each
plot represents the CDF function derived from the Elo
rating system for different winning probabilities.

B. Grid Convergence Study

The grid convergence study [18], |21] in Figure
shows an approximate second-order conver-
gence, indicated by a regression slope of 1.98.
This demonstrates the reliability and accuracy
of the numerical scheme in approximating the
stationary distribution.

Grid Convergence Study p = 0.5, q = 0.5, L = 1200
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Fig. 2. Grid convergence study. The graph shows second-
order convergence with a regression slope of 1.98. It plots
the log of the error against the log of the grid spacing.



C. Symmetry Study

Let p denote the expected value of the stationary
distribution, = [; # dF(x). The symmetry test
involves checking whether the CDF satisfies the
relation F'(u + z) + F(u — ) = 1. Figures
[ confirms that the stationary distribution ap-
pears symmetric. This symmetry is particularly
evident for p = 0.5, a case where symmetry is
theoretically proven , . For other values
of p, the symmetry is less certain but still sug-
gested by the results. The error decreases as the
grid spacing dx decreases as shown in Figure
correlating with the precision of the expectation
. Notably, for p = 0.5, where the expecta-
tion g = 0 is theoretically known, the method
demonstrates particularly high accuracy.

Fig. 3. Symmetry test for different p and g values. The
plot shows F(u+ x) + F(u — x) in blue compared to the
constant value 1 in red.
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Fig. 4. Symmetry test error analysis: the maximum
deviation ||F(u+xz)+ F(pu—z) — 1||oo versus grid spacing
éz, for various p and q values. The results suggest that
the stationary distribution is symmetric, particularly for
p=0.5.

D. E[A”] and V[AU] vs. K
The expected value E[A;;] demonstrates a min-
imal dependence on K, to the extent that it can

be considered effectively independent, while the
variance V[A;;] exhibits a clear linear depen-
dence on K, as illustrated in Figures [5] and [6]

Fig. 5. Expected value E[A;;] vs. parameter K. The anal-
ysis shows that this statistical measure is independent of
the parameter K for different values of p.
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Fig. 6. Variance V[A;;] vs. parameter K. The analysis
shows that the variance depends linearly on the parame-
ter K for different values of p.

E. Elo Conjecture Study

Arpad Elo’s model assumes that the difference
in ratings predicts the probability of winning.
Given that the true strength of player i is repre-
sented by lim,,_, o E(R}) , , we reformu-
late this conjecture in terms of the stationary



distribution of the rating differences. The con-
jecture posits that:

E[b(Aij)] = b(E[As]) - (18)

This equality is mathematically valid for p =
0.5 [18]. For other values of p, we hypothesize
that the conjecture is not exactly true due to
the nonlinearity of the function b The error in
the conjecture can be estimated as:

[E(b(Aiz)) = b(E(A;))] = [E(b(1 + (Aij — 1)) — b()]
SLE(|A: — pl),

where L is a Lipschitz constant for b, approxi-
mately 0.001. This residual error is independent
of 0z, as shown in Figure [7] Despite this small
error, the Elo conjecture is practically true, with
an error around 1073,

Difference between E[b(X)] and b(E[X]) for Different p and q
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Fig. 7. Error of the Elo conjecture vs. grid spacing.
The decrease in error as the grid spacing becomes finer
suggests that the conjecture may hold approximately.

V. CONCLUSION

Our study validates the accuracy and reliability
of the numerical scheme used to approximate
the stationary distribution in the Elo rating
system. The analysis of the computed stationary
distribution reveals several significant properties
that emerge from the numerical results. The
outcomes of this research highlight key aspects
of the distribution’s behavior and suggest areas
where further mathematical validation and re-
finement of the numerical approach are needed:

A. The numerical scheme preserves the mono-
tonicity of the cumulative distribution
function.

B. The scheme exhibits an approximate
second-order convergence rate.

C. The stationary distribution appears sym-
metric, particularly evident when p = 0.5.

D. The expected value of the rating difference
is independent of the K-factor, whereas
the variance shows a linear dependence on
K.

E. The Elo conjecture, while not perfectly
exact for all p, is practically valid with a
small margin of error, sufficient for predict-
ing match outcomes.

Future research could focus on mathematical
proofs of the observed properties and the de-
velopment of more precise numerical techniques.
Additionally, exploring the tail behavior of the
distribution and comparing it with the normal
distribution could provide further insights into
the stationary distribution properties. Finally,
incorporating stochastic algorithms alongside
deterministic approaches could offer a broader
validation of the results.
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