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ABSTRACT

Context. Tens of thousands of red giant stars in the Kepler data exhibit solar-like oscillations. The mixed-mode characteristics of
their oscillations enable us to study the internal physics from the core to the surface, such as differential rotation. However, envelope
rotation rates have only been measured for about a dozen red giant branch (RGB) stars so far. This limited the theoretical interpretation
of angular momentum transport in post-main sequence phases.

Aims. We report the measurements of g-mode properties and differential rotation in the largest sample of Kepler RGB stars.
Methods. We applied a new approach to calculate the asymptotic frequencies of mixed modes, which accounts for so-called near-
degeneracy effects (NDEs) and leads to improved measurements of envelope rotation rates. By fitting these asymptotic expressions
to the observations, we obtained measurements of the properties of g modes (period spacing, AIl;, coupling factor, g, g-mode offset
term, &,, small separation, 6vy;) and the internal rotation (mean core, Qc.r, and envelope, Q.,,, rotation rates).

Results. Among 2495 stars with clear mixed-mode patterns, we found that 800 show doublets and 1206 show triplets, while the
remaining stars do not show any rotational splittings. We measured core rotation rates for 2006 red giants, doubling the size of
pre-existing catalogues. This led us to discover an over-density of stars that are narrowly distributed around a well-defined ridge in
the plane, showing core rotation rate versus evolution along the RGB. These stars could experience a different angular momentum
transport compared to other red giants. With this work, we also increased the sample of stars with measured envelope rotation rates
by two orders of magnitude. We found a decreasing trend between envelope rotation rates and evolution, implying that the envelopes
slow down with expansion, as expected. We found 243 stars whose envelope rotation rates are significantly larger than zero. For these
stars, the core-to-envelope rotation ratios are around Qcqre/Qeny ~ 20 and show a large spread with evolution. Several stars show
extremely mild differential rotations, with core-to-surface ratios between 1 and 2. These stars also have very slow core rotation rates,
suggesting that they go through a peculiar rotational evolution. We also discovered more stars located below the AIl;—Av degeneracy

sequence, which presents an opportunity to study the history of plausible stellar mergers.

Key words. stars: interiors — stars: oscillations — stars: rotation — stars: solar-type

1. Introduction

Thanks to the advent of recent space-based photometric mis-
sions, particularly the Kepler mission (Borucki et al. 2010), it
has been possible to observe stellar oscillations with a level
of precision that was previously unimaginable through ground-
based observations. One remarkable achievement in the field of
asteroseismic research is related to red giants, which are stars
that have depleted their central hydrogen and are now burning
hydrogen in the shell. The oscillations in red giants are stochas-
tically excited in the outer convective envelope, which is similar
to the Sun. To date, tens of thousands of solar-like oscillators
have been discovered by Kepler (Bedding et al. 2010; Yu et al.
2018).

The power spectra of solar-like oscillators exhibit distinct
regular-spaced radial (! = 0) and quadrupole (! = 2) modes,
where [ represents the angular degree. In post-main sequence
solar-like stars, dipole (! = 1) modes show a mixed-mode
nature. This arises from the coupling between the outer pres-
sure modes and the interior gravity modes (Bedding 2014).
Unlike the equally spaced frequencies or periods predicted by
the asymptotic relation (Shibahashi 1979; Tassoul 1980), the

* Corresponding authors; gang.li@kuleuven.be,
sebastien.deheuvels@irap.omp.eu

frequencies of mixed modes display a more complex pattern
(e.g., Goupil et al. 2013; Mosser et al. 2012b, 2015). The cou-
pling between the stellar interior and outer envelope allows
us to investigate the physics from the stellar core to the sur-
face. For example, mixed modes have been used to distin-
guish between hydrogen-shell-burning and helium-core-burning
giants (Bedding et al. 2011) and unveil indications of mass
transfer or merger (Deheuvels et al. 2022; Rui & Fuller 2021;
Tayar et al. 2022; Li et al. 2022b). Mixed modes are predicted to
reveal central magnetic fields, as these fields lead to frequency
shifts (Gomes & Lopes 2020; Loi 2021; Bugnetetal. 2021;
Mathis et al. 2021; Lietal. 2022a; Mathis & Bugnet 2023),
modifications in period spacing (Loi 2020; Lietal. 2022a;
Bugnet 2022; Deheuvels et al. 2023), and amplitude suppres-
sion (Fuller et al. 2015; Stello et al. 2016; Mosser et al. 2017a;
Loi & Papaloizou 2017, 2018). The intensities and topology of
central magnetic fields in dozens of stars have been reported by
Li et al. (2022a, 2023), and Deheuvels et al. (2023).

Pertinent to the interests of this work, mixed modes can
also be used to measure the internal rotation rates of red giant
stars, most of which are core rotation rates (Beck et al. 2012;
Gehan et al. 2018; Kuszlewicz et al. 2023). As a contrast, the
envelope rotation rates have only been reported for dozens
of stars (Deheuvelsetal. 2012, 2014; Di Mauro et al. 2016;
Triana et al. 2017).
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Stellar rotation plays a crucial role in the process of stel-
lar evolution (Maeder 2009). It leads to the distortion of stellar
structure and facilitates the transport of additional hydrogen to
the core, thereby extending the star’s lifetime. Asteroseismol-
ogy offers a powerful method for accurately measuring rotation
rates in different depths of a star. Studies have revealed that main
sequence stars (not only Sun-like stars, including the Sun itself,
but also hotter y Doradus stars: A to F type), show nearly uni-
form rotations (Schou et al. 1998; Gough 2015; Benomar et al.
2015; Nielsen et al. 2015; Li et al. 2020b; Aerts et al. 2019). The
rotation periods of main sequence stars decrease with increasing
masses, ranging from tens of days to one day, consistent with
spectroscopic observations (Royer et al. 2007; McQuillan et al.
2014; Van Reeth et al. 2016; Li et al. 2020b; Saio et al. 2021).
After the main sequence, stars tend to rotate differentially.
Deheuvels et al. (2014, 2020) found a clear transition from near-
uniform to differential rotations in young subgiant stars. After-
wards, the core rotation rates of red giants show no correla-
tion with their evolution and mass, even though their cores are
contracting, which implies that some additional, efficient angu-
lar momentum transport mechanisms are at work (Mosser et al.
2012a; Wuetal. 2016; Gehanetal. 2018). As stars evolve
beyond the red giant branch (RGB) stage and enter the helium-
burning phases, the amount of differential rotation decreases
(Deheuvels et al. 2015).

Despite its recognised importance, the theoretical under-
standing of angular momentum transport remains a primary
challenge in current stellar physics. Firstly, rotation rates
are consistently slower than predicted at nearly all stages
of stellar evolution (Ouazzanietal. 2019; Lietal. 2020b;
Fuller et al. 2019). Secondly, the pure hydrodynamic processes
that involve angular momentum transfer through meridional cir-
culation and shear instabilities (e.g. Zahn 1992; Mathis & Zahn
2004; Mathis et al. 2018) generate excessively strong differ-
ential rotation, which is not supported by observations (e.g.
Eggenberger et al. 2012; Ceillier et al. 2013; Marques et al.
2013). These discrepancies imply the existence of unknown
mechanisms responsible for internal angular momentum trans-
port within stars. The efficiency of these mechanisms was found
to increase with stellar mass and evolution on the red giant
branch (Cantiello et al. 2014; Eggenberger 2015; Spada et al.
2016). By contrast, it was shown that the efficiency of angular
momentum transport decreases with evolution during the sub-
giant phase (Eggenberger et al. 2019).

Several mechanisms have been proposed to reconcile
the discrepancy between theoretical predictions and observa-
tions. One such mechanism involves internal gravity waves
(IGW) that are excited at the base of the convective enve-
lope and contribute to additional angular momentum trans-
port (Fuller et al. 2014; Pincon et al. 2016). However, IGWs
still face challenges in explaining the rotational behaviour
of more evolved red giants. Mixed modes, on the other
hand, could be efficient at transporting angular momentum on
the upper RGB (Belkacem et al. 2015). Recently, core mag-
netic fields were discovered in some red giant stars (Li et al.
2022a, 2023; Deheuvels et al. 2023), providing observational
constraints on how magnetic fields influence angular momen-
tum transport (e.g. Maeder & Meynet 2014; Kissin & Thompson
2015; Riidiger et al. 2015; Jouve et al. 2015; Fuller et al. 2019;
Barrere et al. 2023; Petitdemange et al. 2023, 2024). Recently,
Eggenberger et al. (2022a) showed the importance of the Tayler
instability in the Sun to reproduce the observed internal
rotation profile and lithium and helium abundances. Angu-
lar momentum transport via the Tayler instability appears to

A184, page 2 of 21

better match the asteroseismic core rotation rates of both
main-sequence and post-main sequence stars (Moyano et al.
2023; Eggenberger et al. 2022b). However, theories based on
magnetism still struggle to fully explain the observed internal
rotations. Another important mechanism to consider is binary
interaction. It has been demonstrated that tidal effects from binary
companions can significantly shape the internal rotations of stars
(Li et al. 2020a; Fuller 2021; Ahuir et al. 2021). Given the preva-
lence of binary systems, the tidal effects they induce cannot be
ignored and may have a substantial impact on stellar rotation.

Current studies typically report only the core rotation rates
of RGB stars, operating under the assumption that the envelope
rotation rates are negligible and can be treated as zero. There are
samples of roughly one thousand stars whose core rotation rates
have been measured (Gehan et al. 2018; Kuszlewicz et al. 2023).
Conversely, a limited number of red giants, approximately
twenty, have had their envelope rotation rates directly mea-
sured (Deheuvels et al. 2014; Di Mauro et al. 2016; Triana et al.
2017). This type of measurement is complicated for several rea-
sons. First, the strong expansion of red-giant envelopes causes
them to spin down, so the envelope rotation periods are long and
become comparable to the duration of Kepler observations for
more evolved red giants. Secondly, while rotation inversions are
very efficient at providing estimates of core rotation rates, they
can lead to biased measurements for the envelope rotation rates
because of the pollution from the core (Deheuvels et al. 2014).
This is all the more true for evolved giants. Finally, as we show
in the present paper, the measurements of envelope rotation rates
can be strongly affected by the so-called near-degeneracy effects
(NDE), which arise when the frequency separation between con-
secutive mixed modes is comparable to the rotational splitting
(Deheuvels et al. 2017). None of the studies performed so far to
measure the internal rotation of red giants using dipole mixed
modes accounted for these NDE.

In the present work, we have analysed existing seismic obser-
vations of red giant stars obtained by the Kepler mission to
measure both the core and envelope rotation rates for a large
number of targets. We thus treated the envelope rotation rates as
free parameters and investigated whether we can effectively con-
strain their values. We introduced a new fitting method based on
the asymptotic expression of mixed modes, which can properly
account for NDE. Finally, we were able to significantly expand
the sample of RGB stars with measured internal rotation: the
sample size has been doubled for core rotation rates and multi-
plied by a factor of 100 for envelope rotation rates.

The paper is organised as follows: In Section 2, we introduce
asymptotic expressions of mixed modes, which are then fit to the
observed spectra. We propose a new method that avoids using the
¢ function and we show that it is better suited to measure enve-
lope rotation rates in Section 3.1. We compare our results with
the previous literature in Section 3.2 and show that our results
are generally consistent and reliable. In Section 4, we present
our results and comment on the distributions that we obtain for
core and envelope rotation rates, and their dependence on stellar
parameters. Special care is given to stars that might undergo a
process of mass transfer or merger. Finally, the conclusions are
given in Section 5.

2. Data analysis
2.1. Sample collection

We collected the red giant stars from the catalogues by Yu et al.
(2018) and Gehan et al. (2018) and used the Kepler four-year
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Fig. 1. Stretched échelle diagram of KIC 8636389. The x-axis is the
stretched period 7 module of 75.9s. The y-axis is the oscillation fre-
quency. The grey dots are the peaks with S/N higher than 10. The blue
circles are identified as / = 1 m = 0 mixed modes. The red line and
green plus are the m = —1 and m = +1 modes. The crosses show the
best-fitting frequencies.

long-cadence data downloaded from the Mikulski Archive for
Space Telescopes (MAST) to perform the seismic analysis. We
derived the frequency of the maximum power (Viyax), the initial
estimate of the large frequency separation (Av), and the Harvey
background (Karoff 2008) by applying the algorithm used in the
SYD pipeline (Huber et al. 2009; Chontos et al. 2021).

2.2. Asymptotic properties of pressure modes

Before fitting the / = 1 mixed modes, we need to obtain infor-
mation on the asymptotic properties of p modes. Quadrupole
modes are in principle mixed modes. However, since the cou-
pling between the p- and g-mode cavities is much weaker for
these modes that for dipole modes, only / = 2 modes that behave
predominantly as p modes are visible. The frequencies of / = 0
and / = 2 modes (v,) are derived by fitting the oscillation spec-
trum with the Lorentzian profiles, which are written as

1 a’
P(v) = ~ g

4(v=vo)?+n* M

where P(v) is the oscillation power, ay is the amplitude parame-
ter, v is the centre of the profile, and 7 is the half width at half
maximum. For each star, we ran a Markov chain Monte Carlo
(MCMC) optimisation algorithm to search for the best-fitting
results using the emcee package (Foreman-Mackey et al. 2013).
In the MCMC algorithm, we maximised the likelihood function,
defined by Anderson et al. (1990) as

In p (DI6, M) = — Z [lnM ®) +

i

| @

where D; is the observed data, 6 stands for the parameters, and
M; is the model. In this MCMC algorithm, we obtained the best-

fitting frequencies for [ = 0 and / = 2 modes v??s and their

uncertainties o-?bs

For high-radial order p modes, the second-order asymptotic
relation can be expressed as

vy = (np + é +ep+ %(np - nmax)2) Av—I(+1)D, 3)
where Av is the revised large separation, &, is the p-mode phase
term, and npn, = Vmax/Av is the radial order at the max-power
frequency (Mosser et al. 2012b). The term D describes the small
separation between / = 0 and 2 modes (Shibahashi 1979; Tassoul
1980; Mosser et al. 2011).

We ran another MCMC optimisation algorithm to obtain the
best-fitting Av, &,, @, and D by maximising the likelihood func-
tion L, defined as:

lan———ZZ

1=0,2 i

obs _ cal 2
L ) +1In(2107,)]| . 4)
O-lz

where v}’bs is the ith observed frequencies of / = QO and [ = 2

modes, vc"‘l is the theoretical frequencies calculated by Eq. (3),
and o7y is the uncertainty. After fitting all the stars’ p modes,
we find that there is a residual spread with a median value o, =
0.042 uHz. We consider that this value o, is the model error due
to the limitation of the asymptotic relation Eq. (3). To properly
account for it, the uncertainty of p-mode frequency is defined as
a quadratic summation as

&)

In the MCMC code, we used 32 parallel chains and 2000 steps,
retaining only the last 1600 steps as the final posterior distribu-
tions. The asymptotic expression of the p modes is simple and
explicit, allowing the MCMC code complete its task and con-
verge rapidly.

2 obs 2
0'1’ (0'11) + 0 y-

2.83. Asymptotic expression for =1 mixed modes

After fitting and removing the / = 0 and [ = 2 p modes, We fol-
lowed the so-called ‘stretched echelle diagram’ procedure intro-
duced by Mosser et al. (2015) to extract the / = 1 mixed modes
and identify their azimuthal orders m. In this procedure, the
unevenly-spaced [ = 1 mixed modes are stretched by a differen-
tial equation to generate vertical ridges in the stretched échelle
diagram. The vertical ridges provide the estimate of the period
spacing All;, and the slight differences in the period spacings
found for the ridges allow us to identify their azimuthal orders m.
Figure 1 shows a stretched échelle diagram using KIC 8636389
as an example.

To calculate the asymptotic frequencies of / = 1 mixed
modes (Shibahashi 1979, Unno et al. 1989), we solve the equa-
tion:

tan 6, = g tan 6, (©)

where ¢ is the coupling factor, which gives physical constraints
on the regions surrounding the radiative core and the hydrogen-
burning shell of subgiants and red giants (Mosser et al. 2017b).
6, and 6, are phase terms characterising pure g and p modes,
given by

(N
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V= Vpl=1

0:
pﬂAv

®)
The frequencies v, of pure / = 1 g modes are equally spaced
in period, and hence can be written as

1

v—g = P, = All; (ng + sg) s ©)]
where &, is an offset term. Here, we adopt the same defini-
tion of g, as Mosser et al. (2015). However, as discussed by
Lindsay et al. (2022) and Ong & Gehan (2023), with this defi-
nition, Eq. (6) fails to recover the frequencies of pure g modes
in the case of a weak coupling (when ¢ — 0). We caution the
reader that there is a % offset of &, in our work, so g + % should
be the correct value of &, using the proper definition.

The terms v}, ;=1 in Eq. (8) are the frequencies of / = 1 pure p
modes. They cannot be calculated directly from Eq. (3) because
the small separation dvy; (the amount by which / = 1 modes are
offset from the midpoint of consecutive [ = 0 modes, Bedding
2014) varies with evolution and cannot be reproduced well using
only the D parameter (Lund et al. 2017). Therefore, we include
an additional free parameter fqis; to describe the shift of the / = 1
pure p modes, as

1 a
Vpizl = (np + 3 e+ - nmax)z) AV =2D + fuire.  (10)

The parameter fipif; is related to the small separation vy, =
% (van:Q + Vnp+1,z:0) = Vn,.i=1- Ignoring the second-order term, we
have évg; = 2D — fii. We provide a discussion about the small
separation dvg; in Appendix B.

2.4. Rotational perturbation

To take into account the rotational perturbations to mixed mode
frequencies, we attempted two different approaches and we will
show that the second approach is a better way.

2.4.1. Approach one

Approach one is the commonly-used method used to calculate
the rotational splittings 0v;o; of mixed modes in red giants. It is
now customary to follow Goupil et al. (2013) and to express it
as

Qcore
§+Qenv(1 —§),

20Vior = >

D

where Q. is the average core rotation, Q. is the average enve-
lope rotation, and ¢ is the ratio of mode inertia in the g cav-
ity over the total mode inertia, hence { = 1 stands for a pure
g mode while { = 0 is pure p modes (Deheuvels et al. 2012;
Goupil et al. 2013). This expression is particularly convenient
because the function {(v) can be expressed as a function of the
asymptotic properties of pure p and g modes as (Mosser et al.
2015; Gehan et al. 2018)

V2 AT 1
q Av % sin® 6, +cos? 6,

C=|1+ (12)

Thus, the frequencies of m = 0 modes v,—y can be first
obtained by solving Eq. (6), and the frequencies of m = +1
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modes can then be calculated as v,, = vy — mdv,o;. The advan-
tages of this approach are that the best-fitting result provides the
splitting identification even though the splittings overlap each
other, and the computation is relatively fast since the ¢ function
is explicit.

The disadvantage of approach one is the lack of consider-
ation of near-degeneracy effects (NDE). NDE arise when the
frequency separation between consecutive mixed modes is com-
parable to or lower than the rotational splitting. They generally
lead to asymmetries in the rotational multiplets of p-dominated
mixed modes (Deheuvels et al. 2017). As stars evolve along the
RGB, we expect NDE to become more important because their
asymptotic period spacing decreases. Also, NDE are naturally
larger for stars with faster-rotating cores. Approach one uses the
{ function to obtain approximate expressions for the rotational
splittings (Eq. (6)) and therefore has symmetric rotational mul-
tiplets by construction. For stars that show non-negligible NDE,
approach one inadequately captures the structure of p-dominated
modes, which can lead to biases in the measurements of the
envelope rotation €., and the coupling factor gq.

2.4.2. Approach two

Approach two consists of including rotational perturbations
to the asymptotic frequencies of pure p- and g-modes before
accounting for the coupling between the cavities. These frequen-
cies are thus expressed as

Qeor
Vo = g =M, (13)
and
Q nv
Vo = Vpiet — . (14)

They are then used to calculate the perturbed g and p phase terms
form=1,0,-1 as

1 (1 1
Ogp=—— |- - —|, 15
& ﬂAH] (V Vg,m) ( )
and
Y= "Yom
6y, = —. 16
P d Av (16)

After this, the implicit function for m = 1, 0, and —1 is solved
three times to obtain the frequencies with different m values:

tané,,, = gtanfy,,, for m=1, 0, —1. (17)

Solving Eq. (17) is much more time-consuming than approach
one since it is implicit, but we argue below that it provides a more
reliable solution. We note that approach two has already been
used by Lietal. (2022a, 2023), and Deheuvels et al. (2023),
but these works also included magnetism-induced perturbations.
Here we only consider rotational perturbations.

Approach two is in fact similar to the one proposed by
Ong et al. (2022) to account for the NDE. Starting from the
oscillation operator perturbed by rotation, the authors isolate
pure pressure modes (m modes) and pure gravity modes (y
modes). Then, they decompose the mode eigenfunctions in the
basis of isolated 7 and y modes and they argue that the rotation
operator is diagonal in this representation. This shows that in this
basis, the effects of rotation on the mode frequencies can indeed
be separated from the effects of the coupling, as we have done
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Table 1. Ten parameters and their ranges used in the MCMC fitting
described in Sect. 2.5.

Parameter name Range

No constraint

No constraint

No constraint

No constraint

—-0.5s, AHl,inil +0.55]
[0.08, 0.25]
[-0.1, 1.1]

[0.3 uHz, 1.0 nHz]
[0 uHz, 20 uHz]
[-1uHz, 1 uHz]

Large separation frequency Av
Pressure mode phase ¢,

Second term coefficient

Small separation parameter D
Asymptotic period spacing AIl;
Coupling factor ¢

Phase of g mode g,

Dipole (I = 1) frequency shift fyr
Core angular frequency Qore
Envelope angular frequency Qe

[ALT, it

Notes. All, i, is the initial guess of the period spacing from the
stretched échelle diagram.

in approach two. Ong et al. (2022) showed that they obtained the
same expressions as the ones that were found by Deheuvels et al.
(2017) to account for the NDE. The only difference between the
approach of Ong et al. (2022) and our approach two is that the
latter uses WKB expressions of mode frequencies, while the for-
mer uses eigenfrequencies and eigenfunctions numerically com-
puted with a code solving the unperturbed set of oscillation equa-
tions. We thus expect approach two to adequately account for the
NDE, contrary to approach one.

2.5. MCMC optimisation for mixed modes

We ran an MCMC optimisation algorithm to search for the best-
fitting parameters of / = 0,/ = 2, and [ = 1 frequencies. Table 1
lists all the ten parameters that were optimised, along with their
ranges of uniform priors. The top four parameters describe the p-
mode asymptotic expression in Eq. (3), while the rest six param-
eters describe the mixed modes. The likelihood function for/ = 1
mixed modes is defined as:

! (2 =),
lnlel = —Em:%1712 Tml +In (27r0'mj) . (18)
where v"bq and vi* are the observed and calculated i frequen-

cies with az1muthal order m, and o,; is the uncertainty of the jih
frequency with azimuthal order m.

We followed a two-step procedure. In the first step, we ran
the MCMC optimisation code with fixed p-mode parameters
and constant uncertainties (J"’bS = 0.01 uHz for [ = 1 mixed
mode frequencies. At this pomt we considered the points with a
S/N higher than ten as input frequencies. The best-fitting results
helped us identify the rotational splittings of / = 1 mixed modes.
We then fitted Lorentzian profiles on them, which allowed us to
derive proper estimates of the mode frequencies and their related
uncertainties 0'°bf Figure C.1 shows an example of the result of
the Lorentzian fit for a star of the sample. Beside the central fre-
quency, this fitting procedure also provides estimates of the rota-
tional splittings, dv;, the stellar inclination, i, the mode ampli-
tude, ap, and linewidths, 7, and the background of the power
spectrum.

In the second step, we re-ran the MCMC code using the
frequencies and uncertainties acquired through the Lorentzian
fit. This step enabled us to accurately estimate the uncertain-
ties of the parameters related to the asymptotic expressions

of the modes. We then treated the p-mode parameters as free
parameters, incorporating them into the MCMC process along-
side the mixed-mode parameters. We found that our best-fitting
models have a residual spread, whose median is larger when
|6p] < 0.157 (corresponding to p-dominated modes) and smaller
when [6,] > 0.157 (which are g-dominated modes). We indeed
found a median o, = 14nHz for p-dominated modes, and
0, = 7 nHz for g-dominated modes. We consider this residual
spread as the model uncertainty of the asymptotic expressions.
The larger residual on p-dominated modes might be a hint of
small glitches, which influence our estimation of envelope rota-
tion rates. To include the model uncertainty properly, we define
the frequency uncertainty as

2105
T [0’ ¥ b)] when [6,] < 0.157,
or
2105
o [0’+ b)] when [6,] > 0.157, (19)

where 0-0"? is the observed frequency uncertainty from the
Lorentz1an profile fitting. To fit p modes and mixed modes
together, the likelihood function is defined as the sum of
Egs. (18) and (4), that is
InL=InL,+InLy,. (20)

The MCMC code for mixed mode is more time-consuming.
We used 22 parallel chains and 6000 steps, and we discarded
the first half of the chain to obtain the posterior distributions.
This choice ensures both MCMC convergence and time cost. We
also visually inspected all the results of stars to ensure that the
chains were well converged and their posterior distributions did
not reach the boundary of their uniform priors. In some cases,
we found that &, reached its boundary (the initial one is —0.1 <
g < 1.1), so we just set a larger boundary for the uniform prior
of &.

ig{ere we show KIC 9289599 as an example, which is selected
randomly from our sample. Figure 2 displays the corner dia-
gram of the MCMC fit using approach two, which demonstrates
that the chain converges well. We find that there is a strong
anti-correlations between AIl; and &y, which can be understood
from Eq. (9) as the product All;&; plays a holistic role. The
core and envelope rotation rates (Qcore and Qpy) also show anti-
correlations. This is because the sum of the two rates, weighted
by the ¢ function, determines the magnitude of the rotational
splitting. Some correlations between p-mode parameters and g-
mode parameters are also found, such as the correlation between
AIl; and Av, which can be understood in Eq. (6).

2.6. Sample and selection effects

During the visual inspection of our stars, we removed the stars
that show glitches caused by the discontinuity in the cores
(Cunha et al. 2015) and also the stars showing curved stretched
échelle diagrams or asymmetric rotational splittings which are
caused by their central magnetic fields (Li et al. 2022a, 2023;
Deheuvels et al. 2023). In total, we collected 2495 stars that
show clear / = 1 mixed-mode patterns. The 2006 stars show rota-
tional splittings hence the ten parameters (Table 1) including the
core and the envelope rotation rates are measured. Among them,
800 stars show doublets and 1206 stars show triplets. However,
489 stars show only / = 1, m = 0 modes. In these cases, we
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Fig. 2. Corner diagram of the posterior distributions of KIC 9289599 by approach two.

could not measure their internal rotations, so we only measured
the eight other parameters. In solar-like oscillations, the relative
amplitudes of the components in rotational splittings are deter-
mined by the inclination of the rotational axis (Gizon & Solanki
2003). Inclination close to 0° leads to the visibility of m = 0
modes while a 90° inclination allows m = +1 modes to be vis-
ible. Intermediate inclinations generate triplets. We also mea-
sured the inclinations of our sample, which are discussed in
Appendix B. All the 2495 stars were inspected to assure that the
best-fitting results are correct. During the inspection, we concen-
trated on evaluating the following points: 1) whether the fit resid-
uals are small; and 2) whether the MCMC algorithm converged
properly. The main issues with the above two points are primar-
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ily related to mode identifications, such as failing to correctly
identify the large frequency separation, mistaking / = 3 modes
for I = 1 mixed modes, or encountering issues while fitting the
Lorentzian profile for rotational splitting. These problems could
all be manually corrected.

Figure 3 displays the distributions of Ay and stellar mass of
our sample and the sample by Yu et al. (2018). For the Av dis-
tribution in the top panel of Fig. 3, we observe a distinct cut-off
at around Av = 7.5 uHz. Below this value, the mixed modes are
unclear due to the short mode lifetime caused by the radiative
damping (Grosjean et al. 2014), hence it is hard to identify any
pattern. We find that our Av cut-off of ~7.5uHz is larger than
what is predicted by Grosjean et al. (2014), which is 4.9 uHz.
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Fig. 3. Distributions of Ay (top) and mass (bottom) of our sample and
the sample by Yu et al. (2018).

The bottom panel of Fig. 3 displays the distribution of stellar
mass in our sample and the sample by Yu etal. (2018). The
masses of the stars in our sample predominantly range from
approximately ~0.7 to 2.0 My. The fraction of stars exhibiting
clear mixed-mode pattern increases with masses, and reaches the
maximum around 1.25 My, where about 30% stars are included
in our sample. Subsequently, the fraction gradually decreases,
reaching around 5% at M = 2.0 M. The scarcity of high-mass
stars could be attributed to the suppression of / = 1 modes
induced by central magnetic fields, whose prevalence increases
with increasing stellar mass (Stello et al. 2016).

3. Comparison of results
3.1. Approach one versus approach two

We compared the results given by the two different approaches
used to compute the rotational splitting of mixed modes in
Sects. 2.4.1 and 2.4.2. These two approaches show general con-
sistency for the estimates of all parameters but one, the aver-
age envelope rotation rate Q.. As shown in the two panels of
Fig. 4, approach one (left panel) tends to yield significantly neg-
ative rotation rates of the envelopes. This is particularly the case
when Av < 11 uHz, that is, for more evolved giants. In contrast,

approach two (right panel of Fig. 4) does not exhibit any spread
of Qe for stars with small Av.

In Fig. 5, we show the differences obtained between
approach one and two for core and envelope rotation rates.
The left panel of Fig. 5 shows that there is a slight but sig-
nificant systematic deviation in the core rotation rates, particu-
larly at smaller values of Av. At Av =~ 8§ uHz, the core rotation
rates given by approach two are on average smaller than those
given by approach one by about 10 nHz. However, this differ-
ence diminishes as Av increases. Regarding the envelope rotation
rates (right panel in Fig. 5), the two approaches show a system-
atic deviation, accentuated at small values of Ay by the subset
of stars that are found to have large negative rotation rates with
approach one.

We suspected that these differences were caused by the
NDEs. To verify this, we estimated the intensity of the NDE that
is expected in the targets of our sample. For this purpose, we cal-
culated the smallest frequency separation A f,;, between consec-
utive mixed modes around v, and we compared this quantity to
the core rotation rate Qo /(27). NDE become important when
the ratio Qgore / (2A finin) becomes of the order of unity or more.
In Figs. 4 and 5, the points are colour-coded with the value of
this ratio. It appears clearly that the stars that are found to have
large negative envelope rotation rates with approach one corre-
spond to stars for which large NDE are expected. Conversely,
when using approach two, stars with large NDE have envelope
rotation rates that are similar to those of other stars (right panel
of Fig. 5).

As an additional verification that approach two adequately
captures NDE, we considered a reference star for which NDE
are expected to be non-negligible and approach one reports a
large negative envelope rotation rate (we picked KIC 11245496,
for which Qcore /(2A finin) = 2.4). We computed a stellar model
approximately representative of this star (showing similar val-
ues of Av and All;) with the MESA code (Paxton et al. 2011)
and we calculated its mode frequencies and eigenfunctions with
ADIPLS (Christensen-Dalsgaard 2008). To estimate the rota-
tional perturbation to the mode frequencies accounting for NDE
in this model, we followed Deheuvels et al. (2017) to generate
synthetic frequencies (see Appendix E). Significant multiplet
asymmetries arise in the vicinity of p-dominated modes owing to
NDE, as can be seen in Fig. 6. We then considered the perturbed
frequencies of this model as mock observations and attempted
to fit them using approach two. The results are shown in Fig. 6,
where it can be seen that the asymmetries of multiplets are very
well reproduced using approach two (for comparison, we recall
that the asymmetries are by construction equal to zero when
using approach one). Also, the parameters recovered when using
approach two (in particular the core and envelope rotation rates)
are in good agreement with the input values. This confirms that
approach indeed accounts well for NDE. In Fig. A.1, we present
the observed splitting asymmetries and the best-fitting results of
KIC 11245496. We claim that approach two indeed can repro-
duce the observed splitting asymmetries.

3.2. Comparison with previous works

We selected the stars that were also studied by Gehan et al.
(2018) and Mosser et al. (2018) and compared the parameters
obtained in our work with those from the previous studies. In
Fig. 7, we present the comparison between the results obtained
using approach two and the previous studies.

In the top left panel of Figure 7, we present the compari-
son of the core rotation rates (Qc) between our results and
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Fig. 4. Envelope rotation rates derived by approaches one and two. The colour bar indicates the intensity of NDE, calculated as the ratio between
the core rotation and A fi,,, Which is the smallest frequency separation between consecutive / = 1 mixed modes around vy, (see Sect. 3.1).
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Fig. 5. Differences of the core and envelope rotation rates between approaches two and one (defined as the results from approach two minus the
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location where the values are equal. The white error bars show the mean and standard deviations in each bin of Av.

those from Gehan et al. (2018). For this comparison, we selected
a total of 693 stars that are studied in both works. In general,
the measurements of core rotation rates show good agreement
between the two studies, indicating consistency. However, we
do observe a small fraction of stars where the core rotation rates
obtained in our study are approximately twice those reported
by Gehan et al. (2018). To be specific, there are 32 stars that
Gehan et al. (2018) reported larger core rotation rates (AQqre /27
larger than 0.1 uHz), while 61 stars were reported smaller core
rotation rates by Gehan et al. (2018; AQcore/2r smaller than
0.1 uHz). This discrepancy could be attributed to the misiden-
tification of the azimuthal order m in these particular stars. As
plotted by the grey downward-pointing triangles in the upper
left panel of Figure 7, a significant portion of stars that fall
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along the 2:1 trend exhibit triplets in their rotational splittings.
It is plausible that the previous study misidentified these triplets
as doublets, failing to recognise one of the components, con-
sequently leading to the calculation of core rotation rates at half
their actual values. Additionally, we find several stars in our sam-
ple that exhibit smaller rotation rates compared to the measure-
ments reported in Gehan et al. (2018). The stars located along
the 1:2 trend might be a result of the previous work misidenti-
fying doublets (m = +1) as parts of triplets (comprising compo-
nents withm = 1and 0, or m = 0 and —1).

In the top right panel of Fig. 7, we present the comparison
of the g-mode period spacing (AIl;) between our results and
those reported in Gehan et al. (2018). For this comparison, we
selected a total of 765 stars that are common to both studies.
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Our measurements of the g-mode period spacing show good
consistency with the previous study, as the majority of stars
exhibit similar values in both studies. Only six stars demon-
strate significant differences in their period spacings between
the two studies. Among these six stars, KIC 1865102 exhibits
significant scatters that deviate from the best-fitting asymptotic
frequencies. KIC 4667909, 5255835, 12207840, 6579495, and
8418309 display high core rotation rates, indicating that the
multiple ridges in the stretched échelle diagram have signifi-
cantly different period spacings, with some even crossing over
to another ridge. We believe that these complex phenomena may
have misled the measurement of period spacing in previous stud-
ies.

In the bottom left panel of Fig. 7, we compare the measure-
ments of the coupling factor (¢) between our results and those
from Mosser et al. (2018). For this comparison, we selected 99
stars that are common to both studies. The comparison clearly
demonstrates a correlation between our results and the previous
study, with our measurements exhibiting much smaller uncer-
tainties.

In the bottom right panel of Figure 7, we present the com-
parison of the g-mode phase offset (&;) between our results and
those reported in Mosser et al. (2018). For this comparison, we
once again use the sample of 99 stars that are common to both
studies. Unlike the previous parameters we compared, we do not
observe a clear correlation between our results and the previ-
ous study in terms of the g-mode phase. This lack of correlation
can be attributed to the fact that the g-mode phases are confined
to a very narrow range (0.28 + 0.08 as reported in Mosser et al.
2018; Takata 2016) and the typical uncertainties associated with
the measurements are also on a similar scale. Our results of &,
indeed show the same distribution. Both our results and those
from Mosser et al. (2018) exhibit outliers, indicating the pres-
ence of some stars that deviate from the expected g-mode phase
behaviour. These outliers may potentially be related to the exis-
tence of an internal magnetic field, as mentioned in Li et al.

(2022a). We are currently investigating this possibility, which
will be reported in a follow-up publication.

There are only a few measurements of envelope rotations
available. We gathered the envelope rotation rates for 13 red
giant stars from Triana et al. (2017) and for KIC 4448777 from
Di Mauro et al. (2016). We first mention that in these studies,
envelope rotation rates were obtained using several different
techniques (rotation inversions with several reference models,
linear fits to the relation between the rotation splitting and ),
which provided results showing poor statistical agreement with
one another. Rotation inversions tend to provide larger envelope
rotation rates, which might be due to a contamination from the
core, because the weights in the core region cannot be com-
pletely eliminated (e.g. Di Mauro et al. 2016). Envelope rotation
measurements using ¢ are generally smaller, and in some cases
negative. This could point to problems related to NDE, as we
showed in Sect. 3.1. Di Mauro et al. (2016) reported asymme-
tries in / = 1 multiplets, which could be produced by NDE, and
Deheuvels et al. (2017) have indeed shown that non-negligible
NDE is expected for this star. Additionally, the targets studied
by Triana et al. (2017) have p-mode large separations between
about 9 and 13 pHz, a range in which our results have shown that
envelope rotation measurements can be incorrectly estimated if
NDE is not taken into account. To compare our results with those
of Triana et al. (2017), we picked their envelope rotation rates
determined by the linear fit between the rotational splitting and
the asymptotic { values (sixth column in Table 2 of Triana et al.
2017), which is the closest to our approach, but does not account
for NDE. For Di Mauro et al. (2016), we also picked the two val-
ues obtained from the splitting-versus-{ method instead of the
inversion approaches. The labels ‘Model 1’ and ‘Model 2’ in
Fig. 8 correspond to the two best-fitting stellar evolution mod-
els that were used by Di Mauro et al. (2016). The comparison
between these results and our measurements are shown in Fig. 8.
The rather large error bars of the measurements from the litera-
ture make it difficult to see a strong correlation with our mea-
surements. The strongest disagreements arise for stars for which
Triana et al. (2017) measured negative envelope rates, which as
argued above might stem from the absence of treatment of NDE
in this work.

4. Discussion
4.1. Core rotation rate Q..

Figure 9 displays the measurements of the core and the envelope
rotation rates of 2006 stars in our sample. We show both core and
envelope rotations as a function of mixed mode density, stellar
mass, and radius.

In panel (a), we show the core rotation rates as a function of

mixed mode density, which is defined as N = Av/ (AH1v2 )

and has been shown as a good proxy of stellar evolution
(Gehan et al. 2018). We find that the points show a bimodal dis-
tribution, formed by a narrow over-density ridge and an extended
background. The over-density ridge is located at approximately
Qq /21 ~ 0.6 uHz with width ~+0.1 uHz (circled by the dashed
red lines in panel (a) of Fig. 9). We visually find that the over-
density ridge might slightly increase with evolution while the
extended background remains consistent with evolution. Overall
speaking, no clear correlation between core rotation and evolu-
tion is apparent. We give a further discussion of the over-density
ridge in Section 4.2.

In panel (b) of Fig. 9, we present the core rotation rates as
a function of stellar mass which is determined by the scaling
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relation proposed by Yu et al. (2018). Many studies have shown
that main sequence stars rotate nearly rigidly and their rotation
rates increase rapidly with stellar mass, especially from ~1.0 Mg
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to ~1.4 Mg, which is the transition range from stars with con-
vective envelopes to stars with radiative envelope (Royer et al.
2007; McQuillan et al. 2014; Li et al. 2020b). However, in red
giant stars, we find no obvious correlation between core rota-
tion rate and stellar mass. This suggests that the redistribu-
tion of angular momentum transport after the main sequence is
sufficiently efficient to erase the previous rotation information.
Eggenberger et al. (2022b) showed that the calibrated version of
the Tayler instability predicts no correlation of the core rotation
rates with stellar mass for RGB stars, consistent with our obser-
vations. The over-density ridge mentioned in panel (a) is more
significant in panel (b). We see a clear gap at Qe = 0.88 uHz
(marked by the dashed red line). This gap is also discovered by
Hatt et al. (in prep.).

Panel (c) presents the core rotation rate as a function of stel-
lar radius. We still observe the over-density ridge for core rota-
tion rates (circled by the dashed red lines). The over-density
ridge exhibits a slightly increasing trend between the core rota-
tion rate and radius, indicating that as the stellar radius expands,
the core experiences a slight acceleration in its rotation since the
core is contracting.

In Fig. 9, the open circles refer to the stars whose AIl;
are smaller than expected (Deheuvels et al. 2022; Rui & Fuller
2021). These stars might undergo a mass transfer or merger pro-
cess, but do not show any special distribution of core rotation
rates. We will provide more information in Section 4.5.
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stars identified below the AIl;—Av sequence in Fig. 14. The dashed lines in panel (a) circle the over-density ridge.

4.2. The over-density ridge of Qcore constructed as

To further characterise the over-density ridge of the core rota-

tions in panel (a) of Fig. 9, we divided the mixed mode density o 2 o 2

N into several bins (with N € [3, 5], [5, 71, [7, 91, [9, 11], [11, P(%) _ 1exp _1[% —ul) . gexp _1[% —#2]
13]), and fitted a two-Gaussian probability function to the core 2n A 2 oy A 2 Iop) ’
rotations in each bin. The two-Gaussian probability function is 1)

A184, page 11 of 21



Li, G, et al.: A&A, 688, A184 (2024)

N from 3.0 to 5.0 N from 5.0 to 7.0

N from 7.0 to 9.0

N from 9.0 to 11.0 N from 11.0 to 13.0

2.00
H1=0.58618:393 uHz H1=0.63413 315 uHz H1=0.66413.003 uHz 11=0.66813013 uHz H1=0.7411§ 818 uHz
175 01=0.093*3913 uHz 01=0.101*3915 uHz 01=0.078%3:9% uHz 01=0.121+3%2L iHz 01=0.227+3914 uHz
U2=0.787+3:9%3 uHz U2=0.810%3-027 uHz H2=0.795%0-923 uHz H2=0.77633:3¢ uHz Ha=1.1*3SuHz
1.50 1 0,=0.2753:313 uHz 0,=0.29613:318 uHz 0,=0.299*3:318 uHz 0,=0.323%3928 uHz 0,=0.44+34: uHz

K=0.56%31}

K=0.43*03%

Qcore/2M (LUHZ)
= -
o N
o w

o
~
ol

K=0.42+333

K=0.38%31%

K=0.012+333]

0.50
0.25
(1) (2) (3) (4) (5)
0.00 T T T T T T T T T T T T
0 1 2 0 1 2 3 0 1 2 3 0 1 2 0 1 2

Number density Number density

Number density

Number density Number density

Fig. 10. Two-Gaussian fit of the core rotation rate distributions in each bin of mixed mode density N. The grey histograms are the observed
distributions of core rotation rates. The blue lines correspond to the first term on the right-hand side of Eq. (21), characterised by y; and o7y, which
represent the over-density ridge. The blue horizontal lines and shaded areas illustrate the means and 1-o- regions of the over-density ridge in each
bin. The red lines depict the second term on the right-hand side of Eq. (21), characterised by w, and o, representing the extended background.
The black lines indicate the sum of the two Gaussian distributions, which provide a good reproduction of the observed histogram.

formed by the sum of two Gaussian distributions. The first term
on the right-hand side represents the over-density ridge with a
mean of u; and a standard deviation of o, while the second
term shows the extended background with a mean of y, and a
standard deviation of o,. The parameter K represents the ratio
of the height of the two Gaussian distributions. Since the over-
density ridge exhibits higher distribution density, we require K
to be smaller than 1 but larger than 0. Additionally, the over-
density ridge also shows a smaller scatter than the background,
so we set 0 < 0] < 0. The normalisation parameter A is used
to ensure that the integration of the probability function equals
one.

To search for the best-fitting of P (
likelihood function defined as

Qcore.i o
L({%} {/llaO'IvﬂLO'z,K})oclT[P(ﬂ)'

2n
The likelihood function L represents the probability of obtaining

the observed core rotation distribution {Q;f"} given the parame-

ter set {u, o1, (2, 02, K}. It is calculated as the product of prob-
abilities at each core rotation rate Qz%, where i means the i®
core rotation value. To maximise this likelihood, we also used
a Markov Chain Monte Carlo (MCMC) code implemented in
the Python package emcee (Foreman-Mackey et al. 2013). Non-
informative priors were used for the parameters.

Figure 10 presents the best-fitting two-Gaussian distributions
in each bin of mixed mode density N. We find that the two-
Gaussian distributions effectively reproduce the observed his-
tograms of core rotation rates when N ranges from 3 to 11
(panels (1) to (4)), as indicated by the well-constrained parame-
ters obtained from the MCMC fit. However, for N values from
11 to 13 (panel (5)), we face challenges in obtaining accurate
constraints for uy, 0, and K. Particularly, the MCMC chains
suggest that K converges to zero, suggesting that a single Gaus-
sian distribution adequately reproduces the observed histogram.

To further confirm whether the two-Gaussian model
(Eq. (21), hereafter named model M) is statistically more signif-

Qcore
2n

), we maximise the

(22)
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icant than a single-Gaussian model (model M) to represent the
distribution of core rotation rates, we computed the odd ratio,
that can be reduced to the Bayes factor (e.g. Deheuvels et al.
2015) defined as

_ P(DIM3)

By = ———,
P(D|My)

(23)

where P(D|M;) is the global likelihood (or evidence) of model
M;, that is the probability for model M; to produce the data set
D. It is obtained by marginalisation, that is the integration of the
likelihood over the whole parameter space (see discussion for
example in Benomar et al. 2009). To compute the evidences of
models M; and M,, we use a parallel tempering MCMC code
we developed in the past (Deheuvels et al. 2015). We then com-
puted the logarithmic Bayes factor In By to test the ability for
model M, to better represent the distribution of rotation than
model M;. For the four distributions obtained with N < 11, we
get In B; ranging between 29 and 13. According to Jeffreys’
scale (Jeffreys 1961), values above 5 are decisive evidences for
model M, against model M;. However, for the last distribution
(11 < N < 13), we get In By; = —0.5, that confirms that a single
Gaussian law is enough to model this distribution. Therefore, we
confirm that the over-density ridge is statistically significant up
to N =11.

The mean value u, and the standard deviation o of the
extended background exhibit consistency across the range of N
values from 3 to 11, indicating no significant variations in the
distributions of the extended background. On the other hand, the
mean value y; of the over-density ridge increases from N = 3 to
7 and remains constant thereafter. This measurement of y; aligns
with the visual inspection of the over-density ridge depicted in
panel (a) of Fig. 9.

Currently, the origin of this bimodal distribution still have
to be understood. We investigated the stellar parameters of the
stars within the over-density ridge, such as the seismic parame-
ters (g, fsnift> and Qcore) Or global parameters (mass, metallicity,
and logg), without finding any significant correlations or trends..
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Fig. 11. Stretched échelle diagram of KIC 10817031, which shows a
negative envelope rotation rate due to the limited number of rotational
splittings.

As the bimodal distribution emerges when N < 13, we speculate
that the mechanism responsible for the formation of the bimodal
distribution might be significant in late subgiant to young RGB
stars, but gradually disppears with stellar evolution.

4.3. Envelope rotations

Panels (d) and (e) of Fig. 9 show the envelope rotations as a
function of mixed mode density and stellar mass. Although our
code reports some negative envelope rotation rates of some stars,
the envelope rotations of the majority are consistent with zero
within 30. We detect significant (above a 3-0 detection thresh-
old) positive envelope rotation rates in 243 stars. We also mea-
sure negative rotation rates above a 3-o- detection threshold in
only 33 stars. The reason for the negative values is twofold. First,
most of the stars in our sample have envelope rotation rates that
are distributed around 0.025 uHz (corresponding to 463 days),
which is close to the detection limit of 1400-day asteroseis-
mic data by Kepler. Second, p-dominated mixed modes usu-
ally have wider linewidths and larger frequency uncertainties,
which results in fewer constraints on envelope rotation com-
pared to g-dominated modes on core rotation. Consequently,
a few negative envelope rotation results might be reported by
our code. In Fig. 11, we show the stretched échelle diagram
of KIC 10817031, which exhibits the smallest negative value of
envelope rotation (Qepy/(27) = —0.102 £ 0.026 pHz) among our
sample. We attribute the negative envelope rotation in this star to
the limited number of splittings observed in p-dominated modes,
which do not provide sufficient constraints on the envelope rota-
tion rate.

In panel (d), a significant decreasing trend is observed
between envelope rotation and mixed mode density. This can
be attributed to the expansion of the stellar envelope, which
leads to a deceleration of the envelope rotation (this interpre-
tation is further supported by panel (f), which confirms that the
envelope rotation rate shows a decreasing trend as a function

x Deheuvels et al 2014
Q,~R™?

RGB stars by this work
® Deheuvels et al 2020

3.00

107! - 8

Qenv/2M (LUHZ)

6 7

Radius (Rg)
Fig. 12. Envelope rotation rate as a function of stellar radius. We
include 243 RGB stars by this work whose envelope rotation rates
are outside three sigma deviation from zero, six young RGB stars by
Deheuvels et al. (2014), and two young RGB stars by Deheuvels et al.

(2020). The red dotted line shows the best fitting results assuming the
envelope rotation decreases with R™2, which is Q, /27 = 0.97/R%.

of the stellar radius). At the beginning of the red giant phase
(with a mixed mode density around 4), the envelope rotation
rates are distributed between 0 and 0.05 uHz, corresponding to
rotation periods of approximately 460 days. As stars expand, the
envelope rotation rates decrease and eventually distribute around
0 uHz. This indicates that current asteroseismic data provide lim-
ited constraints on envelope rotation rates due to the expansion
of stars. In panel (e), the relation between envelope rotation
rates and stellar masses is examined, yet no correlation is found
between them.

In Fig.12, we plot the relation between envelope rota-
tion Q.,, and stellar radius R for the 243 RGB stars with
significant measurements. Additionally, we include data from
other studies, including six young post-main sequence stars
from Deheuvels et al. (2014), and two young subgiants from
Deheuvels et al. (2020). In a simplified scenario, the envelope
rotation is expected to scale as R~2. We find that this relation
holds for the RGB stars in our sample. The best-fitting relation
is given by

Qenv/27 (WHZ) = 0.89/R* (Ro), (24)

plotted as the red dotted line in Fig. 12. Notably, the young
RGB stars with R < 3.5R exhibit a smaller scatter around
this relation. In contrast, the RGB stars from our study with
4Ry < R < 8Rg show a larger spread in their envelope rota-
tion rates. There may be several reasons for the increased spread
of envelope rotation rates during the transition from subgiants
to young red giants. One reason is the bias of the data; cur-
rently, there are only eight subgiant samples (Deheuvels et al.
2014, 2020), which is far from sufficient to delineate the statisti-
cal characteristics of surface rotations in subgiants. Another rea-
son is that as the stars expand, certain physical processes, such
as the engulfment of planets (Tayar et al. 2022; Kunitomo et al.
2011; Hon et al. 2023) or the tidal effects of nearby companions
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(e.g. Ahuir et al. 2021), become more significant. These can all
potentially impact the envelope rotation rates.

The stars which might undergo a mass transfer or merger
process (open circles in Fig. 9) still do not show any special
envelope rotation rates. This implies that the mass transfer or
merger process might not lead to an obvious change in surface
rotation rates.

4.4. Differential rotation

Our analysis of core and envelope rotation rates in RGB stars
allows us to examine the core-to-surface differential rotations,
specifically the ratio between the core and envelope rotation
rates, denoted as Qcore/Qeny. TO ensure reliable measurements
and avoid issues associated with near-zero or negative estimates
of Q.,y, we only consider the 243 stars with a significant mea-
surements in the envelop (the same stars as in Fig. 12). It is
important to note that this selection leads to a bias towards low
values of the reported ratio distribution, as many stars with near-
zero envelope rotations are discarded.

In Fig. 13, we examine the relation between the ratio of core-
to-envelope rotation rates, Qcore /Qeny, and the mixed mode den-
sity V. This analysis provides insights into how differential rota-
tion evolves with stellar evolution. In addition to the 243 red-
giant-branch (RGB) stars analysed in this work, we also include
six young red giants studied by Deheuvels et al. (2014), two
young subgiants exhibiting solid-body rotation profiles reported
by Deheuvels et al. (2020), and 17 young red giants by Li,
Yaguang et al. (in prep.). We find that as stars evolve, the ratio
Qcore/Qeny increases significantly from around 1 at N ~ 0.1
to approximately 20 at N ~ 1 (Deheuvels et al. 2014, 2020).
Our sample consists of more evolved stars, with N ranging from
approximately 3 to 20. The core-to-envelope rotation ratios of
our stars fall within the range of around 10-50, exhibiting a
larger spread compared to the young stars. We speculate that this
increased spread may be caused by the increased spread of enve-
lope rotation rates (we refer to the discussion in Sect. 4.3). More-
over, based on the measurements of the seven helium-burning
stars reported by Deheuvels et al. (2015), Once the stars enter the
helium-burning phase, their differential rotations become mild,
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(2014) and seven helium-burning stars by
Deheuvels et al. (2015).

and the core-to-envelope rotation ratios are typically around two
or three.

It is intriguing to note that six stars in our sample exhibit
extremely mild differential rotations, with Qcqre/Qeny < 2. They
are KIC 4279009, 6956834, 7257241, 7630743, 8352953, and
11294612. Among them, KIC 7630743 is the one that has the
smallest Q¢ore /Qeny. Our measurements indicate that Qoo /27 =
0.065 = 0.007 uHz and Q. /27 = 0.063 + 0.012 uHz, hence the
ratio Qcore /Qeny is only 1.04 + 0.24. KIC 7630743 thus becomes
the first red giant that is found to have a nearly uniform rotation.
We show the rotational splittings of KIC 7630743 in Fig. D.1.

We find that these rigidly rotating RGB stars exhibit typical
envelope rotation rates. Their rigid rotation profiles are attributed
to the extremely slow rotation rates of their cores. One hypoth-
esis is that their progenitors, during the main sequence phase,
were extremely slow rotators within binary systems, as discov-
ered by Li et al. (2020a). These stars exhibit y Doradus-type pul-
sations, and their near-core rotation rates are on the order of hun-
dreds of days. Fuller (2021) proposed the concept of “inverse
tides” to explain this slow rotation: tidal interaction with unsta-
ble pulsation modes can force the spins of the stars away from
synchronicity. As these stars evolve into the RGB phase, they
may retain their slowly rotating cores, resulting in rigid rotation
profiles.

4.5. Stars below AIl;—-Av degenerate sequence and their g
values

In this section, besides the rotation part, we report the result
of the AIl;—Av sequence. The AIl;—Av sequence was noticed
by several previous studies (e.g. Stello et al. 2013; Mosser et al.
2014; Vrard et al. 2016). Deheuvels et al. (2022) demonstrated
that red giants join the AIT;—Av sequence when electron degen-
eracy becomes strong in the cores. The stars above the sequence
might be because their cores have not yet reached electron
degeneracy, or their masses are too large to reach the degener-
acy. For those below the sequence, a process of mass transfer or
a stellar merger was proposed to address the core-to-envelope
inconsistency (see Deheuvels et al. 2022; Rui & Fuller 2021).
Strong central magnetic fields can also generate smaller apparent
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Fig. 14. AIl,—-Av degenerate sequence, colour-coded by the scaling-
relation mass by Yu et al. (2018). The plus symbol (‘+’) marks the stars
reported by Rui & Fuller (2021), and the cross symbol (‘X) are reported
by Deheuvels et al. (2022). The red dots mark the stars that are located
six seconds below the sequence (dotted line) by this work.

AIT; (Loi 2020; Li et al. 2022a; Bugnet 2022; Deheuvels et al.
2023), but we have removed them from our sample. Here we
present our measurements of the degenerate sequence in Fig. 14.
Our results successfully reproduce the sequence, and we also
observe the expected mass gradient, with higher-mass stars tend-
ing to be located at the lower boundary of the sequence. We show
the mass-transfer or merger remnants by Deheuvels et al. (2022)
and Rui & Fuller (2021), and we also identify more stars that are
located below the sequence (marked by the red dots). The crite-
rion is that the AII; value of a star is six seconds smaller than the
ATl —Av linear fit.

In order to test further the scenario that these stars have
undergone a mass transfer process, we examined whether they
exhibit any unusual parameter distributions. These stars are high-
lighted in Fig. 9 as empty dots. They show normal core and enve-
lope rotation rates. Interestingly, as shown in panel (b) in Fig. 9,
the stars below the AIl;—Av sequence all show relatively large
masses (21.5 M), which is another evidence that they under-
went a process of mass transfer or merger, but these stars still
show normal core rotation rates. We also examined their other
parameters (g, &g, fsmir) and found no significant deviations,
except for g.

The coupling factor g stands for the coupling strength
between p- and g-mode cavities and provides structure infor-
mation of the evanescent region between the two cavities for
low-luminosity red giants (Takata 2016; Mosser et al. 2017b;
Hekker et al. 2018; Pincon et al. 2020; Jiang et al. 2020). In our
study, we assume that the ¢ value is the same for all modes,
although Jiang et al. (2020) has shown a frequency dependence.
We present the measurement of the coupling factor ¢ in Fig. 15.
We find that the value ¢ distributes between ~0.2 and ~0.1 and
decreases with descending Av, forming a g-Av linear relation
(Mosser et al. 2017b). The linear relation is caused by the pro-
gressive migration of the evanescent region from the radiative
to the convective zones within the star (Pincon et al. 2020). In
Fig. 15, we find that most of the stars under the AIT;-Av sequence
show smaller values of ¢. This is because these stars should have
older cores with smaller g, while mass transfer from their com-
panions leads to an increase in mean density, resulting in a larger
Av. As aresult, they are located below the g-Av sequence.

This work
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Fig. 15. Coupling factor, g, as a function of Ay, colour-coded by metal-
licity. The grey circles are reported by Mosser et al. (2018). Our results
are consistent with the results of the RGB stars by Mosser et al. (2018),
while plenty of helium-burning stars show much larger ¢ and much
smaller Av. A clear metallicity gradient is seen in the figure. The stars
which might undergo mass transfer processes tend to have smaller ¢
value.
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Fig. 16. Same as Fig. 15 but colour-coded by stellar mass. The gradient
caused by mass is weaker but is still visible.

A large spread of the correlation between ¢ and Av is seen,
which is caused by different metallicity and stellar mass. The
clear metallicity gradient visible in Fig. 15 indicates that low-
metallicity stars tend to exhibit larger ¢ values. Additionally,
in Fig. 16, we can see a weak correlation with stellar mass,
although not as pronounced as the effect of metallicity. Stars
with smaller masses tend to display larger values of g. Further-
more, we also notice that the stars below the AIl;-Av sequence
show larger stellar mass (M > 1.5Mg, also shown later in
panels (b) and (e) of Fig. 9), consistent with the hypothesis
that they gain extra material from companion stars. The depen-
dences between g and metallicity (and mass) have been reported
by Kuszlewicz et al. (2023). Our larger sample further confirms
their discovery.
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5. Conclusions

In this work, we report the largest sample of Kepler RGB stars
with clearly identified and analysed mixed-mode patterns. Over-
all, we measured mixed-mode properties for 2495 RGB stars.
Among them, 2006 stars show rotational splittings, including
800 stars showing doublets and 1206 stars showing triplets.
There are also 489 stars that show only m = 0 modes.

One of our main goals was to reliably measure envelope rota-
tion rate for a large sample of RGB stars. In this work, we argued
that the methods that were previously applied to infer the internal
rotation of red giants (rotation inversions, linear regression of the
relation between the rotational splitting and the { parameter) do
not account for near-degeneracy effects (NDE, Deheuvels et al.
2017). We showed that this leads to biases in the estimates of
envelope rotation rates, which become stronger as stars ascend
the RGB. We proposed an alternate approach to fitting asymp-
totic expressions of mixed modes to the observations without
resorting to the ¢ function and we showed that it properly treats
NDE. This new approach provides more reliable measurements
of the envelope rotation rate.

Using this new approach, we measured the following mixed-
mode parameters for each star: period spacing, AlIlj, coupling
factor, ¢, g-mode offset term, &y, frequency correction of pure
dipole p mode, fiir; (linked to the small separation, §vy;), mean
core rotation rate, Qcre, and the mean envelope rotation rate,
Q.. Asymptotic relations were also fitted to / = 0 and 2 pres-
sure mode frequencies. The envelope rotation rate, in particular,
is measured in such a large sample for the first time.

The core rotation sample we reported is twice as large as
that in previous studies, allowing us to investigate the detailed
structure of core rotation as it evolves. We confirm previous find-
ings that there is no obvious correlation between the core rota-
tion rates and evolution. However, we uncovered the existence
of an over-density ridge, or bimodal distribution, for core rota-
tion rates as a function of the evolution along the RGB. Indeed,
a population of red giants shows core rotation rates that are nar-
rowly distributed around about 0.6 uHz, while other red giants
show larger scatter. The central peak of this newly identified dis-
tribution slightly increases with evolution, which suggests that
the cores of this sub-population of red giants might be spinning
up, in contrast with other red giants. This implies that there might
be two populations of RGB stars whose cores undergo different
rotational evolution. Currently, we cannot provide any theoreti-
cal explanation for the formation of the over-density ridge. How-
ever, it could provide precious information about the way angu-
lar momentum is transported in the subgiant and RGB phases.

We increased the sample of the envelope rotation rate mea-
surements by two orders of magnitude. We find that there is a
clear spin-down of the envelope rotation rates as a function of
stellar evolution and radius due to the expansion of stars. For
more evolved red giants, the envelope rotation rates of most stars
are too slow to be significantly measured, even with the longest
Kepler data sets. We obtain 243 stars whose envelope rotation
rates are significantly larger than zero, among a total of 2006
stars for which the internal rotation could be probed. The core-
to-envelope rotation ratios of these stars are measured. We find
that the ratios distribute around ~20. This is to be understood
as the lower-end of the distribution because we ignore a lot of
stars whose envelope rotation rates are close to zero. The core-
to-envelope ratios Qcore/Qeny show a larger spread compared to
the stars in the subgiant phase (Deheuvels et al. 2014, 2020),
suggesting various processes of angular momentum transport
at the transition between subgiants and red giants. Our obser-
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vations will be important to measure the efficiency of angular
momentum transport along the RGB since for this purpose a
core-envelope rotation ratio is needed (Eggenberger et al. 2019).
Interestingly, we also find several RGB stars showing extremely
mild radial differential rotations (with Q.ore/Qeny < 2), Which
had not been reported before. We find that the envelope rotation
rates of these stars are quite typical, but their cores are rotat-
ing much slower than those of the bulk of Kepler red giants.
These stars might be the evolved counterparts of y Doradus-type
stars that exhibit extremely slow near-core rotation during the
main sequence (Li et al. 2020a), which has been interpreted as a
potential consequence of tidal interactions (Fuller 2021).

As a by-product of this work, we also find a group of
new stars which show smaller AIl; compared to the AIl—
Av degenerate sequence. We confirm the previous discovery
by Kuszlewicz et al. (2023) that the stars below the AIT;—Av
degenerate sequence show smaller g values, which is proof
that stars might have undergone a process of mass transfer or
binary merger. We also discover that many stars show larger
&g, which might be a new clue for their central magnetic fields
(Lietal. 2022a). We are currently investigating this possible
interpretation.

6. Data availability

The electronic tables containing all the asteroseismic parame-
ters and mode identifications are available at the Zenodo link
https://zenodo.org/records/13207485
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Appendix A: Observed splitting asymmetries in
KIC 11245496

In Fig. A.1, we present the observed splitting asymmetries for
KIC 11245496 as a comparison to the simulated splitting asym-
metries shown in Fig. 6. We find that / = 1 modes exhibit observ-
able splitting asymmetries similar to the / = 2 modes reported by
(Deheuvels et al. 2017). Moreover, approach two successfully
reproduces the observed asymmetries.

0.15 A

0.10 A

0.05 A

—0.05 A1

Asymmetry (uHz)

—0.10 A

—0.15 A1

—0.20 A

125 130 135 140

Frequency (uHz)

115 120

Fig. A.1. Observed asymmetries in / = 1 rotational multiplets in
KIC 11245496. The difference to Fig. 6 is that the red dots are real
observed values of asymmetries, so we can show error bars on them.

Appendix B: The other parameters

In this section, we show the other parameters that we measure,
which may not be directly related to our scientific goals but still
have some interesting results.

B.1. Shift of pure I = 1 p mode fynis

In Eq. 10, we define the shift of the pure / = 1 p modes, denoted
as finifi, to properly account for the locations of invisible pure
p modes. Figure B.1 illustrates a correlation between fy; and
Av. As Av decreases, fir also decreases, ranging from approxi-
mately 0.8 to 0.4, and the spread of values becomes smaller. We
observe a mass gradient in this relation, where higher-mass stars
tend to exhibit smaller values of fipi.

Therefore, we can measure the small separation 6vy; defined
as ovy = %(v,,,o + V4+10) — Vn1. The top panel of Fig. B.2
shows dvp; of the RGB stars by this work. dvy; decreases from
~ 0.2uHz to ~ —0.2 uHz as Av decreases; thus, for RGB stars,
the pure / = 1 p modes are almost exactly located at the
halfway between ! = 0 modes. The bottom panel shows how
0vp,1 evolves from the main sequence to the red giant branch.
The main sequence stars by Lund et al. (2017) show a relatively
large spread of 6vy;, ranging from 2 uHz to 6 uHz, and their 6vy,
decreases with evolution and eventually converges to the RGB
stars.

B.2. Inclination i

We obtain the stellar inclinations when fitting the Lorentzian
profiles to the rotational splittings. Figure B.3 compares our
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Fig. B.1. Shift of the pure [ = 1 p modes fg as a function of Av.
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Fig. B.2. Small separation dy; with Av. Top panel: RGB stars by this
work. Bottom panel: Both the RGB stars from this work and the main
sequence stars from Lund et al. (2017).

results with those reported by Gehan et al. (2021). Our results
show a general consistency with the inclinations by Gehan et al.
(2018). The difference might come from the different mode iden-
tifications or different fitting strategies. For example, we fit the
Lorentzian profiles to all the rotational splittings (as shown in
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Fig. B.3. Comparison between the inclinations measured by this work
and those reported by Gehan et al. (2021). The white dotted-dashed line
stands for the 1:1 relation.

Fig. C.1), whereas Gehan et al. (2021) only used g-dominated
modes to fit.

Figure B.4 displays the distribution of stellar inclinations in
our sample. The solid curve is the theoretical distribution that is
proportional to sin(7), assuming isotropic orientations of stellar
rotational axes. Similar to the findings of Gehan et al. (2021), we
also observe a distribution that deviates from the isotropic expec-

0.045
mmm Observed inclination

0.040 1 —— |sotropic distribution

0.035 A
0.030 A
0.025 A
0.020 A

0.015 4

Probability density

0.010 A

0.005 A

0.000 -
0 10 20 30 40 50 60 70 80 90

Inclination (degree)

Fig. B.4. Distribution of stellar inclination measured by rotational split-
tings.

tation. In Fig. B.4, the number increases rapidly from i = 20° to
30° because the stars with smaller inclinations do not show any
rotational splittings hence cannot be measured in our algorithm.
Additionally, we identify an excess when the inclination is close
to 90°, which has been referred to as ‘fit locking’ and explained
by Ballot et al. (2008). Therefore, the deviation from isotropic
distribution cannot prove that the directions of the stellar rota-
tional axes are not isotropic.
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Appendix C: Spectral fit of KIC 8636389

We show the mode identifications of azimuthal order, m,
and Lorentzian fit of the mixed-mode rotational splittings of

between n, = 10,/ = 0 p mode and n, = 10,/ = 2 p mode.
The best-fitting model reproduces the observed power spectrum
and gives the measurements of oscillation frequencies, linewidth

KIC 8636389 in Fig. C.1. The spectrum in Fig. C.1 is located " 2n8es and inclination.

—— Best model
60 -
50 A
(] +
40 A ®
Z
i o
30 1
1
———®
20 A
[0) 4
+
10 A T +
———e + U
L L J
T T T -L T T T T
100 101 102 103 104 105 106

Freq, microHz

Fig. C.1. Fit of the whole power spectrum of KIC 8636389. We only show the sector with n, = 10. The grey line is the observed power spectrum.
We mark the m = —1, 0, and +1 modes by the red short line, blue circle, and green plus symbols. The horizontal red lines mark the rotational
splittings. The best-fitting result is shown by the black line, from which the frequency, rotational splitting, amplitude, stellar inclination, and
linewidth are derived.
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Appendix D: Rotational splittings and Lorentzian fit
of KIC 7630743

KIC 7630743
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Fig. D.1. Rotational splittings of KIC 7630743. the grey lines show the
observed power spectrum and the solid black lines show the best-fitting
Lorentzian profiles. The vertical dashed lines mark the locations of m =
+1 modes.

In Fig. D.1 we show the detail of the observed and fitting rota-
tional splittings of KIC 7630743. This star shows very slow rota-

tional rates and a near-rigid radial rotation profile (see the discus-
sion in Section 4.4).

Appendix E: Estimating near-degeneracy-effects on
dipole mixed modes in a Kepler red giant

To estimate NDEs for the chosen reference star, we followed
Deheuvels et al. (2017). The authors expressed the mode dis-
placement as a linear combination of the eigenfunctions of the
unperturbed degenerate modes. They focused on / = 2 mixed
modes, which have only weak coupling. Thus, they restricted
their analysis to the case of two near-degenerate modes. For
! = 1 modes, the coupling between the cavities is stronger,
so that one p mode couples to several consecutive g modes.
When NDEs play a key role, we should thus consider the gen-
eral case of N degenerate modes. Contrary to what was stated by
Ong et al. (2022), the development proposed in Deheuvels et al.
(2017) can easily be extended to the case of N modes. The
eigenfunctions of perturbed modes are then simply written as
&= Zﬁi 61 ci€y;» where & ; is the eigenfunction of the i unper-
turbed mode experiencing near-degeneracy. The frequencies of
the near-degenerate modes are then found as the eigenvalues of
the matrix M = A + R, where A is a diagonal matrix contain-
ing the square of the unperturbed frequencies of the N consid-
ered modes (A; = “’(ZJ,i)’ and the components of matrix R are
given by

Rij = (6Lr& fO,j>’

where 0Ly is the rotational perturbation to the oscillation oper-
ator and (-, -) is the inner product defined as (£, 1) = f & -ndm
for functions & and 7. To characterise 0.Lg, we needed to assume
a rotation profile Q(r). We chose a two-zone profile with a dis-
continuity in the evanescent zone. We then solved the eigenvalue
problem to obtain the perturbed mode frequencies of the consid-
ered stellar models.
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