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Asymptotic analysis of the Navier-Stokes equations in a thin domain
with power law slip boundary conditions

Maria ANGUIANO* and Francisco Javier SUAREZ-GRAU'

Abstract

This theoretical study deals with the Navier-Stokes equations posed in a 3D thin domain with
thickness 0 < ¢ < 1, assuming power law slip boundary conditions, with an anisotropic tensor,
on the bottom. This condition, introduced in (Djoko et al. Comput. Math. Appl. 128 (2022)
198-213), represents a generalization of the Navier slip boundary condition. The goal is to study
the influence of the power law slip boundary conditions with an anisotropic tensor of order e, with
v € R and flow index 1 < s < 2, on the behavior of the fluid with thickness € by using asymptotic
analysis when ¢ — 0, depending on the values of «. As a result, we deduce the existence of a critical
value of v given by v = 3 — 2s and so, three different limit boundary conditions are derived. The
critical case v = ¥ corresponds to a limit condition of type power law slip. The supercritical case
v > ¥ corresponds to a limit boundary condition of type perfect slip. The subcritical case v < ¥
corresponds to a limit boundary condition of type no-slip.

AMS classification numbers: 35Q35, 76A20, 76A05, 7T6M50.

Keywords: Thin domain; homogenization; power law slip boundary conditions; Navier slip boundary
conditions; Navier-Stokes.

1 Introduction

The stationary Navier-Stokes equations in a domain {2 reads as follows
—2vdiv(D[u]) + (u- V)u+Vp=f and div(u) =0, (1.1)

where u denotes the velocity field, D[u] = 1(Du + (Du)”) the deformation tensor associated with the
velocity field u, p the scalar pressure, f the external forces and v > 0 the viscosity. Concerning the
boundary conditions, it is commonly accepted that viscous fluids adhere to surfaces, and so the no-slip
condition at the surfaces of a domain, given by

u=0 on 0N,

is widely used. Under suitable regularity conditions on the domain and f, this problem is well studied
mathematically, see for instance Boyer & Fabrie [11], Galdi [18] or Temam [26]. However, this condition
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does not seem always valid physically, indeed some fluids melt and solutions slip against the surface.
Also, sometimes the no-slip condition is not good enough because it is not possible to describe the
behavior of the fluid near the boundary. Therefore, it is necessary to introduce other type of boundary
conditions to describe this behavior. In this sense, Navier [22] proposed the Navier slip boundary
conditions in which it is assumed a thin layer of a fluid near of the boundary and the tangential
component of the strain tensor should be proportional to the tangential component of the fluid velocity
on a part of the boundary I' C 912, that is

2v[D[u|n]; = —Au};, uw-n=0, onl, (1.2)

where n denotes the outside unitary normal vector to  on I'; A > 0 is the friction coefficient and
the subscript 7 denotes the orthogonal projection on the tangent space of I', i.e. [u]; = u — (u - n)n.
Problem (1.1) with Navier slip boundary conditions (1.2) has been studied by many authors in different
contexts, see for example Amrouche & Rejaiba [4], Clopeau et al. [14] and Solonnikov & Scadilov [23].
Notice that depending on the value of A in (1.2), we shall consider the following type of boundary
conditions:

e Perfect slip when A = 0, i.e.

e No-slip when A\ = +o0, i.e.

which implies u =0 on T".

Related to this, we refer to Acevedo et al. [1] for the study the limiting behavior of the solution
(ux,py) of problem (1.1) with Navier slip boundary conditions (1.2), when the friction coefficient A
goes to 0 or co. In fact, they proved that (uy,py) weakly converges to (ug,po) when A — 0 in suitable
Sobolev spaces, where (ug,pg) is the solution of the Navier-Stokes system with Navier slip boundary
conditions corresponding with A = 0. Also, it holds that (uy,p)) weakly converges to (ueo, Poo) When
A — 00, where (Uoo, Poo) is the solution of the Navier-Stokes system with no-slip boundary conditions,
i.e. the Navier boundary conditions corresponding with A = +o0.

In this work, we are interested in a generalization of the Navier slip condition recently introduced
by Djoko et al. [16] (see also Aldbaissy et al. [2, 3] and Djoko et al. [17]), which arises when the
contact surface is lubricated with a thin layer of a non-Newtonian fluid. This condition is called power
law slip boundary condition and reads as follows

2v[D[uln], = —|K[u],|* 2K*[u];, uw-n=0, onT, (1.5)
where |v|? = v - v is the Euclidean norm. We observe that in this condition, the tangential shear is
a power law function of the tangential velocity, where K € R?*2? is an anisotropic tensor, assumed
to be uniformly positive definite, symmetric and bounded, and s is a real, strictly positive number
representing the flow behavior index.
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The boundary condition (1.5) represents a generalization of the Navier slip boundary condition
(1.2), since for s = 2 and K = A2 T with A > 0, then the power slip boundary condition (1.5) reduces to
Navier slip boundary condition (1.2). We also mentioned that the power slip boundary condition (1.5)
is present in the context of laminar flows of Newtonian liquids (e.g. water) over complex surfaces, also
when a rough or structured boundary surface is anisotropic, e.g. when it has rows of riblets, pillars or
periodic patterns, the effective slip condition is anisotropic, i.e., direction dependent. When the surface
is heterogeneous, the effective slip is also position-dependent. This can occur, for example, when the
boundary has a varying degree of roughness or when the boundary is a smooth surface with a varying
hydrophobic/hydrophilic composition. For instance, we refer to the derivation of effective slip boundary
conditions coming from rough boundaries in Bonnivard et al. [8], Bonnivard & Sudrez-Grau [9, 10],
Bucur [12], Bucur et al. [13], Dalibard & Gérard-Varet [15] and Sudrez-Grau [24, 25]. The existence of
solutions of the Stokes and Navier-Stokes equations with power law boundary conditions (1.5) on a part
of the boundary was studied in [16] for 1 < s < 2, which corresponds to the tangential shear thinning.
In the case s > 2 the existence of solutions is not proven, it was not able to prove a inf-sup conditon,
which is the key point to obtain the pressure. In the case s = 2, repeating the classical proof of the
existence of solution of the Stokes and Navier-Stokes problem with homogeneous Dirichlet conditions
(see for instance [1, Theorem 2.3], [19, Theorem 7.1] and [26, Theorem 10.1]) gives the existence of
solution of the Stokes and Navier-Stokes equations with Navier slip boundary conditions.

Our main interest in this paper is to study a lubrication problem corresponding to the asymptotic
influence of the power law boundary condition (1.5), imposed on a part of the boundary with 1 < s < 2,
on the behavior of the Navier-Stokes equations through a thin domain Q°, where the small parameter
0 < ¢ < 1 represents the thickness of the domain. More precisely, we consider the following 3D thin
domain (see Figure 1)

QF = {(x1,29,23) ERZX R : (z1,22) €w, 0<x3<eh(ry,z2)},

where w is a smooth, connected open set of R? and h is a smooth and positive function (see Section
2 for more details). To study the influence of the slip boundary conditions on the behavior of the
Navier-Stokes equations in the thin domain Q¢ (the subscript ¢ is added to the unknowns to stress the
dependence of the solution on the small parameter)

—v Aug + (ue - V)ue + Vpe: = f in QF,
div(ue) =0 in Q°,

where we consider the case of the power law slip boundary conditions (1.5) on I'y with an anisotropic
tensor K., depending on ¢, of the form

K.=c3K, withl<s<2 and ~€R,

where K is assumed to be uniformly positive definite, symmetric and bounded. Thus, the power slip
boundary condition, where the tangential shear is a power law function of the tangential velocity with
a coefficient depending on ¢, is given by

2[D[ucln], = —¥|K[uc] |2 K?[ue]r, us-n=0, on Ty, (1.6)
and no-slip condition on the rest of the boundary, i.e.

ue =0 on 9N\ I'.
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After the homogenization process (under assumptions given in Section 2) when ¢ — 0 depending on
the value of v, we deduce (see Theorem 4.7) that the limit velocity u = (@,0) and limit pressure p
satisfies the reduced 2D-Stokes system

—vO2 U (2) = f(Z) = V.p(2) mQ={z€R3: 2 ecw, 0<z<h(z)}

h(z")
div, / W (2)dz3 | =0 inw,
0
h(z")
/ ' (z)dzz | n=0 on Ow,
0

=0 onTly=wx{h(z)},

(1.7)

where 4’ = (u1,ug) and f’ = (f1, f2). Moreover, we prove the existence of a critical value for v given
by
ve =3—2s, with 1<s<2, (1.8)

which let us derive three different boundary conditions for %’ on the bottom I'g:

o If v =~ then the effective boundary condition on I'y is a power slip boundary condition with
anisotropic tensor K, i.e.
0,0 = —|KW|*?K*W  on Ty.

Vs*
Thus, to take into account the anisotropy, then K. has to be of order O(e™s ).

o If v > ~¥, then the effective boundary condition on I'y is the perfect slip boundary condition, i.e.

—v0,,0' =0 on Iy.

This means that for an anisotropy tensor of order smaller than (9(5%5), then the fluid does not
take into account anisotropy and slides perfectly.

o If v < ~Z, then the effective boundary condition on I'y is the no-slip condition, i.e.

ﬂ’:O on F(].

This means that for an anisotropy tensor of order greater than (’)(EWT-S), then the anisotropy is so
strong that the fluid is stops on the boundary.

Observe that for s = 2 and K, = 6%)\%1, with A > 0, where the power slip condition (1.6) reduces
to the Navier slip condition with friction parameter \e?, it holds that the critical value v5 = —1, which
is the critical value for the case of Navier slip boundary condition. Namely, to take into account the
friction coefficient A in the effective boundary condition, i.e.

—v0,,u' = —\u'  on T,

the original friction coefficient has to be of order O(¢~1). If the original friction coefficient \e” is of
order smaller than O(e~!), then the fluid behaves on the boundary as if there were no friction (perfect
slippage), i.e.

—v0,,u =0 onTy.

4
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Finally, if the friction coefficient Ae” is of order greater than O(¢~!), then the friction coefficient is so
strong that the fluid is stopped on the boundary (no-slip condition), i.e.

@ =0 onTy.

To prove these results, we first use the multiscale expansion method, which is a formal but powerful
tool to analyse homogenization problems, see for instance the application of this method in Bayada &
Chambat [7] and Mikeli¢ [20]. Next, once the results have been understood, we rigorously justify them
by means of the derivation of a priori estimates and some compactness results.

As far as the authors know, the flow of a Newtonian fluids with power law slip boundary conditions
has not been yet considered in the above described lubrication framework, which represents the main
novelty of the paper. We observe that the obtained findings are amenable for the numerical simulations
with a considerable simplification with respect to the original problem (which is computationally more
expensive), since the effective system (1.7) is a two dimensional ordinary differential system with respect
to z3. Therefore, we believe that it could prove useful in the engineering practice as well.

The paper is structured as follows. In Section 2, we introduce the statement of the problem. In
Section 3, we consider the formal derivation, and in Section 4 we will rigorously justify the results. We
finish the paper with a section of references.

2 Formulation of the problem and preliminaries

In this section, we first define the thin domain and some sets necessary to study the asymptotic behavior
of the solutions. Next, we introduce the problem considered in the thin domain and also, the rescaled
problem posed in the domain of fixed height, together with the respective weak variational formulations.

The domain and some notation. Along this paper, the points z € R? will be decomposed as
x = (2/,x3) with 2/ € R?, x3 € R. We also use the notation 2’ to denote a generic vector of R2.

We consider w as an open, smooth, bounded and connected set of R?, and a 3D thin domain given by
O ={(2/,23) eER* xR : 2’ cw, 0<az3<h(z))},

Here, the function h.(z') = eh(z’) represents the real gap between the two surfaces. The small para-
meter ¢ is related to the film thickness. Function h is positive and smooth C' bounded function defined
for 2’ such that 1/2 < h < 1. We define the bottom, top and lateral boundaries of Q¢ as follows (see
Figure 1)

Top=wx {0}, I{={(2/,23) eR®: 2’ €cw, z3=h(a')}, T5=00\(TouUls).

Let us now introduce some notation which will be useful in the following. For a vectorial function
© = (¢, ¢3) and a scalar function ¢, we introduce the operators A, div, D and V by

ASO - Aw"ﬁ + 69%3907 diV((Z) = din’(QOI) + 83333037
(DSD)ZJ = aJJJSOZ for 7 = 172737 j = 17273) (29)
Vo = (Vart, 0,9)"-

We denote by O, a generic real sequence which tends to zero with € and can change from line to line.
We denote by C' a generic positive constant which can change from line to line.
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Figure 1: Thin domain Q¢, top boundary I'] and bottom boundary I'g

The problem and the rescaling. As stated in the introduction, we consider the 3D stationary
Navier-Stokes equations by setting

ue = (uz(z),uz (), pe = pe(),
at a point « € (¢, which is given by
—v Aug + (ue - V)ue + Vp, = fo in QF,
div(us) =0 in QF, (2.10)
ue =0 onI§UIY,

where v > 0, and the power law slip boundary conditions prescribed on I'g given by

00 ul = —V|Kul|* K%, wu.3=0, on Ty, (2.11)
where 1 < s <2 and v € R.

Remark 2.1. Here, we have assumed the following:

e Since div(us) = 0, it holds 2div(D[uc]) = Aue. Then, it also holds 2v[D[us| n]; = v[Du.n],.

e Since the bottom boundary Ty is flat, the outside normal vector n = —es, where {ei}?zl is the
canonical basis in R, and so u. -n = 0 implies us3 = 0. Also, the orthogonal projection
of a function u. on the tangent space of g is [uc]r = ul, where u. = (uc1,uc2), and then,
v[Dugn]; = —v0y,ul..

e Due to the thickness of the domain, it is usual to assume that the vertical components of the
external forces can be neglected and, moreover, the forces can be considered independent of the
vertical variable. Thus, for sake of simplicity, given f' = (f1, f2) € L*(w)?, along the paper we
consider the following type of external forces fe (see for instance [24, 25]):

fe = (f'(2),0)".

Definition 2.2. For e > 0, we say that (ue,pe) defined on QF is a weak solution of problem (2.10)-
(2.11) if and only if the functions (ue,p.) € V(QF) x L3(QF), where the corresponding functional space
for wvelocity is

V(Qa):{(pEHl(QE)S : SO:O on 8SZE\FO? 903:0 on FO}a
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and the space for pressure L(Q) is the space of functions of L? with zero mean value, and satisfy

v | Du,: Dgpdﬂc—i—/ (ue - V)ue - pdr + €7 |Ku/€|S2Ku’E-Kg0/da—/ pe div(p) dx
o ’ Fo o (2.12)

= f/-gold;(}, V(pEV(QE),
Qe

and

/ ue - Vipdr =0, Vip € L2(QF). (2.13)

Remark 2.3. Under previous assumptions, for every e > 0, we have that reference [16, Proposition
2.2] gives the existence of at least one weak solution (ue,p:) of problem (2.10)-(2.11).

The objetive of this paper is to study the asymptotic problems for the behavior of the sequence of
solutions (u.,pe) of previous problems, when € tends to zero depending on the value of v. To do that,
we introduce a classical change of variables in thin domains, the dilatation

2 =12, z=elas. (2.14)
This change transforms )¢ into a fixed domain 2, defined by
Q={(z,23) eER*xR : 2 €w, 0< 23 <h()}. (2.15)

The boundary of €2 is denoted by 9€2, where the top and lateral boundaries of the rescaled domain €2
is defined by

I ={(z,23) ER*xR : 2/ €w, z5=h(z")}, Ty=00\(ToUT). (2.16)
Accordingly, we define the functions u. and p. by
Ue(2) = ue(?,e23), Pe(2) = pe(2,e23) ae z€Q. (2.17)
Observe that according to the assumption on f, it holds f-(z) = (f/(z'),0) a.e. z € Q.
Let us now introduce some notation which will be useful in the following. For a vectorial function

¢ = (¢, ¢3) and a scalar function 5 obtained respectively from functions ¢ and ¢ by using the change
of variables (2.14), we introduce the operators A., div., D. and V. by

Ao =0A,0+ 8_2833@, dive (@) = divy @ + 5_1323@3,
(D-9)ij = 05,47 fori=1,2,3, j=1,2, (D:p)iz=¢ '0.,¢; fori=1,2,3, (2.18)
vaa = (Vz’&; 5718235)'

Thus, using the change of variables (2.14), the system (2.10)—(2.11) can be rewritten as

—VAe + (Ue - Vo)ie 4+ Vepe = f- in €,
dive(uz) =0 in Q, (2.19)
e =0 onI';UTY,
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with power law slip boundary conditions

—gazga; = KU 2K%., TU.3=0 on Ty (2.20)

£

According to the change of variables (2.14) applied to the weak variational formulations given in
Definition 2.2, then, for € > 0, a rescaled weak solution (%, p-) € V(2) x L3(Q), where the corresponding
functional space for velocity is

V) ={peH(Q): p=00n02\Ty, p3=0 onTy},

satisfies

u/ 1)€ﬁ6:1)€@dz+/~ (ﬁe.ve)ﬂg-adwaﬂ/ ]Kﬁ’e\sQKﬂ'g-Kc}F’da—/ﬁgdiva(@dz
Q € To Q

:/f/'¢/d27
Q

and

(2.21)

/ e - Vepdz = 0, (2.22)
Q

for every @ € V(Q) and ¢ € L2() obtained from (p,) by the change of variables (2.14).

Now, the goal is to study the asymptotic behavior of a sequence of solution (ue,p.) of problem
(2.19)(2.20). In the next section, we will study the asymptotic analysis in a formal way, and in
Section 4, we develop the rigorous analysis.

3 The formal asymptotic expansion

In this section, we apply the asymptotic expansion method (see for instance [7, 20]) to the Navier-Stokes
equations (2.19) with power slip boundary conditions (2.20). We will derive a reduced Stokes system
with no-slip condition on the top boundary I'y and different boundary conditions on I'y depending on
the value of 7. The idea is to assume an expansion in ¢ of the solution (u.,p.) given by

e(2) = 2 (10(2) + 20! (2) +€%0%(2) 4o+ ), Bel2) = B0(2) + ep! () + A(2) + € (2) + o+ (3.23)

To determine the effective problem given by functions (v?,p), the expansion (3.23) is plugged into the
PDE, we identify the various powers of £ and we obtain a cascade of equations from which we retain
only the leading ones that constitute the effective problem.

We remark that the value /8 in the expansion (3.23) will be determined in the next section, by
deriving a priori estimates for (u.,p:) (see Lemmas 4.4 and 4.5). Moreover, the effective problem will
be justified by corresponding compactness results (see Lemma 4.6 and Theorem 4.7).

Theorem 3.1. Assume 1 < s < 2 and define v = 3 — 2s. Consider (ue,p:) a sequence of solutions
of problem (2.19)—(2.20). Assuming the asymptotic expansion of the unknown (U, pe) in the following
form

Ue(2) = e200(2) + 301 (2) + € (2) + -+, Pe(2) = P2(2) + epl(2) + €2 (2) + 33 (2) + -+ (3.24)
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for a.e. z € Q, where
vt = (0%, v) with ' = (vi,vs), 1=0,1,...,

we deduce that the main order pair of functions (v°,p?), with v§ = 0 and p° = p°(2’), satisfies the
following effective reduced Stokes problem

—v021°(2) = f/(Z) = Vap(2) in Q,
h(z")
div, / °(2)dz | =0 inw, (3.25)
0
=0 onTy,
Moreover, ©° satisfies the following boundary condition on the bottom I'g depending on the value of :
o Ifv=~%, then it holds a power law slip boundary condition
0., = —|Kt°*2K%°  on Ty. (3.26)

o v >~k then it holds a perfect slip boundary condition

0,7 =0 onT\. (3.27)

o v <k then it holds a no-slip boundary condition

<

O=0 onTy. (3.28)

Proof. We first prove system (3.25). For this, we assume the asymptotic expansion of the unknowns
(ue, pe) given by (3.24). Then, substituting the expansion into the problem (2.19); 2, we get

—ve? AL (T 4+ O(e)) — 1/833 (@° + 0(e)) + 3 (v + 0(€)) 0., (2° + O(€)) + Vi (p- + O(e)) = £/,
—ve? Ay (V5 + O(e)) — vZ, (v + O(e)) + & (15 + O(2))8zy (15 + O(e)) + 5823 (P +0()) =0, (3.29)

£2div (0° + O(¢)) + 0., (v§ + evi 4+ O(?)) = 0.

Collecting the terms of the same order with respect to £, we have

— The main order terms in (3.29); 2 are

1: —1/63350 +V.p° = f inQ, (3:30)
3.30
1. d,,p° = 0 in Q.
— The main and next order terms in (3.29)3 are
€: 0,08 = 0 in
o (3.31)
g2 divy’ + 9,08 = 0 inQ,
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— The main order and next order terms in the boundary condition u. = 0 on I'y are
e“: v = 0 only,

(3.32)
e: v = 0 onljy.

— The main order and next order terms in the boundary condition @, 3 = 0 on I'g given in (2.20)

are
e2: vy = 0 onTy,

(3.33)
ed: v% = 0 onlIYy.

From the previous equalities, we deduce

— The limit system for ©° in (3.25); is given in (3.30);. Also, as consequence of (3.30)2, we deduce
that p° does not depend on z3, i.e. p® = p°(2').

— From (3.31); and the boundary conditions (3.32); and (3.33); of vJ on Ty U T, we deduce that
0—
vy = 0.

— Integrating (3.31)2 with respect to z3 between 0 and h(z’) and from the boundary conditions of
vi on I'; UT given respectively in (3.32)9 and (3.33)2, we deduce the incompressibility condition
(3.25),.

To finish the proof, it remains to deduce the boundary conditions of #° on I'y. Multiplying by e~! the
boundary condition (2.20) and using the expansion (3.24), we have

—éu@zS(ezQ@O +30 ) =K (20 4+ 20t + - ) FTPK2 (20 4+ Bt + - ),
which, after simplification, implies
V0, (00 + evt -0 ) = K (20 + 20 + - )FTPRA( +evt 4 ). (3.34)
Taking into account that
(K (2% + 0! + - )F 2 = XK@ +evt + - )F2 = 27K + O(e)]572,
then, we have that the main order term in (3.34) is
—10,,7° = 77| K02 K200, (3.35)

Thus, we have:

o If v =~ we deduce the boundary condition (3.26).
o If v > 7% for example, we can consider in (3.35) the following value of 7,
y=7i+k, keZ,.
Then, v — v > 0 and so, the main order term in (3.35) is
—v0.,7° =0,

which is the boundary condition (3.27).

10
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o If v < ~Z, for example, we can consider in (3.35) the following value of ~,
y=7; —k keZy,
Then, v — v} < 0 and so, the main order term in (3.35) is
|Ko°5 2 K?0° = 0,

which implies the boundary condition (3.28).

4 Mathematical justification

In this section, we derive a priori estimates for (ue,p:), which will justify the formal asymptotic
expansion (3.24), and we give the corresponding compactness results leading to the limit problem,
which is the main result of this paper.

4.1 A priori estimates

We start deducing a priori estimates for the rescaled functions .. Let us first recall some important
inequalities in a thin domain with thickness ¢, see for instance [5, 6, 21].

Lemma 4.1 (Poincaré’s inequality). For all p € V(QF), the following inequality holds
||g0||L2(Qs)3 < C6||DSO||L2(QE)3><3. (4.36)
Moreover, from the change of variables (2.14), there hold the following rescaled estimate

1@l 2(ys < CellDep|| 12(c2)3x3- (4.37)

Let us introduce the a version of the Ladyzhenskaya’s inequality, which enable us to estimate the
inertial term in the variational formulation.

Lemma 4.2 (Ladyzhenskaya’s inequality). For all ¢ € H}(QF)3, the following inequality hold
1
[llzae)s < Ced|| Dl r2qz)sxs. (4.38)
Moreover, from the change of variables (2.14), there hold the following rescaled estimate
~ 1 ~
@l ey < Ce2 || D L2 (qysxs- (4.39)

Proof. Using the interpolation inequality, the embedding H'(Q¢) < L5(0¢), and the estimate (4.36),
we obtain at once

1 3 1
H‘P|’L4(QE)3 < H‘P|’i2(gs)3”¢Hiﬁ(Qs)3 < CE“HDSOHLQ(QE)W&

Estimate (4.39) follows from the change of variables (2.14) by taking into account that

1, 1 ~
el aeys = etllPllizayss  1Delleas)sxs = €2 | De@ll L2 (qysxs-

11
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Now, we prove a trace estimate for the rescaled velocity.

Lemma 4.3 (Trace estimates). For all ¢ € V(Q2), the following inequalities hold
@l z2ro)z < ClID@l 233, 1@llL2(r)s < CellDe@llL2(ysxs-

Proof. Thank to ¢(2’,h(z')) =0 in w, we have that

h(z1) 2
/ 2o = / B, 0)? de' = / / 0., 3(2) dzs
Ty w w |JO

gl 2oy < Cll0z @l 2 )3x3,
which implies (4.40); and (4.40)s.

dZ < C/ \6Z3$(z)|2 dz,
Q

that is,

Next, we give the a priori estimates of velocity.

Lemma 4.4. Assume 1 < s < 2 and let v € R. Let u. be a weak solution of (2.10)-(2.11).

there exists a positive constant C, independent of €, such that we have the following estimates

5 3
”ugHLz(Qs):s < Cez, HDUgHL2(Q6)3><3 < Cez,

3=y

HKU/EHLs(FO)Q S Ce™s .

Moreover, after the change of variables (2.14), we have the following estimates

H175HL2(9)5 < 082, HDgaa”L2(Q)3><3 < CE,
~ 3=v
KU || s (rg)> < Ce s
Proof. From (2.12) with ¢ = u., we get

VHDUEH%2(QE)3><3 + €7HKU/EHSLS(FO)2 = / f/ . u; d.%',
Qe

(4.40)

Then,

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

because [q. (ue - V)ue ue dz = 0. From the Cauchy-Schwarz and Poincaré’s inequality (4.36), it holds

/ il de < Ce? |0l ey < Ce? || Duf|| 2 (geysxs.
QE

This, together with (4.45), implies the second estimate in (4.41). Next, by using again Poincaré’s

inequality (4.36), we deduce the first one. On the other hand, from (4.45) and (4.41)2, then
| Kull7s ()2 < O,

and so, estimate (4.42) holds.

Finally, by applying the dilatation (2.14) to previous estimates (4.41) and (4.42), and taking into

account taking into account

1 1 ~ —~,
€2 H'LL€|’L2(Q)3 = HU6|’L2(QS)3, g2 HDEUEHL2(Q)3X3 = HDUEHLZ(QE)BXS, HKUIEHLS(FO)Q = HKU;HLS(FO)Q,

we deduce estimates (4.43) and (4.44), respectively.
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Now, we will derive the estimate of the pressure by using the a priori estimates for velocity given
in Lemma 4.4.

Lemma 4.5. Let p. be a weak solution of problem (2.10)-(2.11). Then, there exists a positive constant
C, independent of €, such that we have the following estimates

1Pellzz) < €5 I Vebell a1 < C. (4.46)

Proof. Thank to the classical Neckas estimate (see [11])

1Pellz2() < ClIV2Pellr-1(0)2 (4.47)

and taking into account that || V.pc| g-1(q)s < Cl|Vepel|g-1(q)3, then we just need to obtain the esti-
mate for V.p. to derive the estimates for p. given in (4.46) with the restriction imposed on the possible
values of ~.

To do this, we consider ¢ € H}(2)3, and taking into account the variational formulation (2.21), we get
<m@@m%mwmwz-wépﬁbaﬁw—éwpmﬁf@w+éf¢%z (4.48)
We estimate the terms on the right-hand side of (4.48):
— First term. Applying Cauchy-Schwarz’s inequality and estimate (4.43), we get

< O Dctic||2qysx3 | D@l L2 (qy3x3

y/DJ@Dﬁw
Q

< Ce M Detie|| 203 121l 3 (s

< Cllell gy s-

— Second term. Applying Hélder’s inequality and using Ladyzhenskaya’s inequality (4.39) and
(4.43), we have

IN

/Q(aa : va)ﬁa “pdz C‘WEHL‘*(QP ||Daﬂa||L2(Q)3X3 H‘Z||L4(Q)3

IN

CEHDeaaHzm(Q)sxsHD65”L2(Q)3x3

A

= CEZH‘ZHH&(Q)?"

— Third term. Applying Cauchy-Schwarz’s inequality, f’ € L?(w)? and Poincaré’s inequality (4.37),

we get
|57
Q

Finally, taking into account all the previous estimates, we get the desired estimate

< Cl@lzzp < CellDe@llr2(ap3xs < Cl@l g ays-

IVepell 103 < C,
which finishes the proof.

13
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4.2 Compactness results

First, we give some compactness results about the behavior of the rescaled sequences u. and p. satisfying
respectively the a priori estimates given in Lemmas 4.4 and 4.5. Next, we deduce the limit system
depending on the case and the value of 7, which is the main result of this paper (see Theorem 4.7).

Lemma 4.6. Assume 1 < s <2, v €R and ~} given by (1.8). There exist:

o A subsequence, still denoted by (Ue,De), of the sequence of solutions (ue,De) of system (2.10)-
(2.11).

o u € HY0,h(2'); L*(w)3) and U3 = 0, such that

e, = in HY0,h(2); L2 (w)?), (4.49)

h(z") h(z")
div, (/ ' (2) dz;;) =0 inw, (/ ' (2) d23> ‘n=0 on dw. (4.50)
0 0

Moreover, the following values of the velocity u' on the boundaries hold:

— If v > 7%, then U satisfies no-slip condition on the top boundary, i.e.
=0 on Ty. (4.51)
— If v < 7%, then U satisfies no-slip condition on the top and bottom boundaries, i.e.
=0 on Touly. (4.52)
e p € L3(Q), independent of z3, such that
p-—p in L*9Q). (4.53)

Proof. The convergences given in this lemma are a direct consequence of the a priori estimates given
in Lemmas 4.4 and 4.5. We will only give some remarks:

— Velocity. Estimates given in (4.43) imply the existence of a function u € H'(0,h(2'); L*(w)?)
such that convergence (4.49) holds. The continuity of the trace applications from the space of u
such that || ;2 and |0, ;2 are bounded to L?(I';) implies that # = 0 on I';. Also, since the
continuity is also bounded to L?*(T), from ue 3 = 0 on Ty it holds that @3 = 0 on T'y.

From the variational formulation (2.22) for ¢ € C1(f2), after multiplication by !

by parts and taking into account that %, - n =0 on 92, we have

, integrating

/ el Veddz =0, ie. / (5—121; N+ £ 2z 30,0 ) dz = 0.
Q Q
Taking into account estimate (4.43), it can be written as follows

/ 5_2%738,231,!) dz+ O, =0,
Q

14
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and thus, from convergence (4.49), we deduce

/ 63 6Z3¢ dz = 0,
Q

which implies 0,,u3 = 0, i.e. u3 is independent of z3. This combined with the boundary condition
w3 = 0 on I'g U T, implies uz = 0.

Now, from the variational formulation (2.22) for ) € C°*°(w), we have
/ a/s ) VZ’J/ dz =0,
Q

and multiplying by ¢~2 and using convergence (4.49), we deduce

~ h(z") -
/ W -V dz = / div, (/ u dZ3> V' dZ = 0.
Q w 0

This implies the divergence condition (4.50).

It remains to prove that @' = 0 on 'y in the case v < v*. To do this, from the continuous
embedding of H'(0,h(2'); L?*(w)) into L?(Ty), we deduce from (4.43) that

KL L2 (rgy2 < K[| oo o)z U2l L2 (rg)2 < Ce?,
and since 1 < s < 2, it holds
KU Lo (ro) < CIKUL L2(r)2 < Ce®.
This implies
K(e2ul) — K@ in L*¥(To)*.

On the other hand, since we have

K(e%ul) = 5327*2(K€W;3 u.) = e (Ke

3

),

Ya—v

then, from estimate (4.44) and e~ s — 0, we get that
K(e2ul) =0 in L*(To)2
Thus, from the uniqueness of the limit and K is positive definite, we deduce v’ = 0 on T'y.

Pressure. Estimate (4.46); implies, up to a subsequence, the existence of p € L?() such that
convergence (4.53) holds. Also, from (4.46)2, by noting that ¢~19,,p. also converges weakly in
H=Y(Q), we deduce 9,,p = 0. Then, p is independent of z3. To finish, it remains to prove that
p € LE(Q). Passing to the limit when ¢ tends to zero in

/ﬁ&‘dz—oa
Q

|z = [ mp)a <o,

and so that p has null mean value in 2. This ends the proof.

we respectively deduce

15
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Next, we prove the main result of this paper.

Theorem 4.7 (Main result). The limit pair of functions (u,p) € H(0,h(z"); L?(w)3) N L3(Q), with
us =0 and p = p(2’), given in Lemma 4.6 satisfies the following system in each case:

([ —v0%,d(2) = f'(z) = Vap(2) inQ,

h(z")
div, / W (2)dzs | =0 inw,
0
h(z")
/ ' (z)dz3 | -n=0 on dw,
0

=0 onTy,

(4.54)

with v > 0. Moreover, u' satisfies the following boundary condition on the bottom T'g depending on the
value of :

o v =11, then it holds a power law slip boundary condition
—v0,,0 = —|KuW "2 K0 on Ty, (4.55)

where 1 < s < 2 and the anisotropic tensor K € R?*2 is uniformly positive definite, symmetric
and bounded.

o v >~k then it holds a perfect slip boundary condition
—v0,,u =0 onTy. (4.56)
o v < i, then it holds a no-slip boundary condition
=0 onTy. (4.57)

Remark 4.8. By uniqueness of solutions of problems given in Theorem 4.7, we observe that the pair of
functions (u,p) are the same as those functions (v°,p%) obtained in Theorem 3.1 by formal arguments.

Proof of Theorem 4.7. We will divide the proof in three steps.

Step 1. Let us first consider the case v > ~¥. From Lemma 4.6, to prove (4.54), it just remains
to prove the equations (4.54)1. To do this, we consider @ € C}(w x (0, h(z')))? such that $3 = 0 and
@ =0 on I'1. Thanks to ¢ equaling zero for 2z’ outside a compact subset of w, then

=00n00\Ty and @3 =0onTY,

and so, we can take it as test function in (2.21), which is given by

,,/ DEﬂE:DEgZdz—l—/(ﬂg-Vg)ﬂg-idz—FeV_I |Kul|"?Ku. - K@ do
Q Q

1)
—/ﬁg dive (@) dz = / f -7 dz.
Q Q

Let us now pass to the limit when ¢ tends to zero in every terms of (4.58):

(4.58)
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— First term on the left-hand side. Taking into account convergence (4.49), we get
V/ D.ue : Depdz = 1// 2823u5 0.,¢ dz + O = V/ 0.,u' - 0., @ dz + Oe.
Q Q Q

— Second term on the left-hand side. Taking into account the regularity of ¢’, applying Cauchy-
Schwarz’s inequality and estimates (4.43), we get

< e 22 03 | Detle [l 12 (ysxs [ @]l ooy < O, (4.59)

/(ﬂ8 -Ve)updz
Q

which implies

/(as V)i - Bdz — 0.
Q

— Third term on the left-hand side. We observe that since I'y is flat, then the surface measure

associated to I'g given by do = dz’. From Holder’s inequality, K is bounded, the Sobolev
embedding L? < L?, the trace estimate (4.40); applied to &, the trace estimate (4.40)o applied
to ul, and the estimate (4.43) for D.u., we get

eV KUl 2Kul - K do

R A T [

ro
< T KN e gy 1Ty 2 12 2o
< C'Eyflu HLz (To) 2|l HLQ(FO)2
< O e YDA Ty e 1D | L2y
< CTENDLE || L2 (rg)sne
< 057_7;,

which tends to zero because v > . Then, we get

g | KU KL - K@ do — 0.
o

— Fourth term on the left-hand side of (4.58). Taking into account that ¢3 = 0 and convergence

(4.53), we get

/ pedive(p) dz = / Pedivy (@) dz = / pdivy (@) dz + Oe.
Q Q Q

Finally, from the above convergences when € — 0, we derive the following limit system

1// 0.,u - 0y dz — / pdiv (@) dz = / ¢ dz, (4.60)
Q Q Q

for every ¢’ € Cl(w x (0,h(2")))? with ¢ = 0 on I';. By density, this equality holds true for every
@' € H'(0,h(2"); L?(w)?) such that @' = 0 on I';. We observe that problem (4.60) has a unique solution
(@', p) and the problem is equivalent to (4.54); with boundary condition (4.56). Uniqueness of solution
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for (4.63) implies that limit does not depend on the subsequence.

Step 2. Next, we consider the case v < 7. According to Lemma 4.6, we proceed similarly to the
Step 1, but here we also consider ¢ = 0 on I'g, i.e. we consider a test function ¢ € C(Q)? with p3 = 0.
This means that there is no boundary term in the variational formulation (4.58). Thus, proceeding as
Step 1, we deduce the limit variational formulation (4.60), which holds for every @' € H}(€2)%. This
problem has a unique solution and is equivalent to problem (4.54); with boundary condition (4.57).
Uniqueness of solution for (4.63) implies that limit does not depend on the subsequence.

Step 3. Finally, we consider the case v = ~v¥. Due to the nonlinear boundary term in (4.58), we
need to use monotonicity arguments to pass to the limit. For this, to simplify the notation, we define
the application v — A.(v) as follows

(A(), @) = v / D Devds+ 7 | |K)T2KY - K do,
Q To

for all 7,w € H'(2)3 such that = w =0 on 9Q \ 'y and $3 = w3 = 0 on I'y. From [16, Lemma 2.3],
for every € > 0, the mapping A is strictly monotone, i.e.

(A (v) — Az (w),v — w) > 0. (4.61)

According to Lemma 4.6 and similar to Step 1, we consider ¢ € C!(w x (0, h(z)))® with $3 = 0 and
@ =0 on I'1, and we choose v, defined by

Ve = @ — Ue,

as test function in (4.58). So we get

(As(ﬂs),ﬁs)—/ﬁedivs@})dz:/f’-i;dz—/(ﬂe-vg)ﬂg-ﬁgdz,
Q Q Q

which is equivalent to

(A(B) — A(@), ) — (A(3),7) + /

Pedive(v:) dz = —/ foldz + / (Ue - Ve)ue - Ve dz.
Q Q Q

Due to (4.61), we can deduce

(AE(&),EE)—/ﬁgdive(i?e)dz>/f’-i?;dz—/(ﬂe-ve)ﬂe-ﬁsdz,
(9] 0 Q

i.e. using the expression of A, we have

y/ D.g:D.v.dz+ &'} |K§5’|s2K@’-K'ﬁ;da—/ﬁgdivg('ﬁg)dz
Q

T'o Q

(4.62)
Z/f’-ﬁédz—/(ae-vs)as-asdz.
Q Q

Since @3 = 0 and div.(u:) = 0 in €2, it holds

/ Pe dive(v:) dz = / pediv (@) dz,
Q

Q
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and from [, (U - VoUe)Ue - Ge dz = 0, we deduce that (4.62) reads

y/ D.3: D@ — ) dz+e ! K |*?K@ - K(§ — ) do — / P div (@) dz
Q Q

o
> [ 5@ -wde [ @ Vo Fa
Q Q
Replacing ¢ by €2¢ and dividing by &2 gives

v / D5 DG —e i) de+ 7 [ |KFKE - K(F — e %) do — / 5. diva (F) d
Q

Q To
> [ f(F —e ) dz —/(ag Ve - ¢ dz.
Q Q
Next, we pass to the limit when € tends to zero:

— First term in the left-hand side. From convergence (4.49), we get
1// e2D.3: D@ — e %u.)dz = V/ 00y @ - 0.,(p — e 2ul) dz + O,
Q Q

= U/@Zscﬁl-azg(&—ﬂ’)dz—l—Os.
0

— Second term in the left-hand side. Since vy = %, from the continuous embedding of H(0, h(z');
L?(w)) into L?(I'g) and convergence (4.49), we get

| |KFKG K(F e i) do = | KPP KE - K(F e ) do + O
To o

= K |*?K@ - K(@ —)do + O..
1)

— Third term in the left-hand side. From convergence (4.53), we get
/ pedivy (@) dz = / pdiv, (¢') dz + O,
Q Q

Moreover, since p is independent of z3 and from condition (4.50), we have

h(z")
/ﬁ(z’) div, (') dz = /ﬁ(z’) div (/ o’ d23> dz' =0,
Q w 0

so the third term is written as follows

/ 5. diva (F) dz = / Fdiv. (§ — @) dz + O..
Q Q

— First term in the right-hand side. From convergence (4.49), we have
/ (@ —eul)dz = / (@ =) dz+ O..
Q Q
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— Second term in the right-hand side. From Hélder’s inequality and estimates (4.43), we get

/ (i - V)G de
Q

< e | 2 (s | Detie [l 12 (yexs [ @]l ooy < O,

which implies

/(17(E -Ve)uspdz — 0.
Q
Finally, from previous convergences, we deduce the following limit variational inequality

V/@zSLE/-ﬁzg(@—ﬂ/)dz—l— K& |* 2K ¢ K(QE/—ﬂ/)da—/ﬁdivzz(@/—ﬂ/)dz
Q To Q

Since ¢’ is arbitrary, by Minty’s lemma, see [19, Chapter 3, Lemma 1.2], we deduce
/ OrU - Oy dz + |Kﬂ/|872K17’ K@ do — / pdivy (@) dz = / f -7 dz, (4.63)
Q Q

for every @' € CL(w x (0, h(Z’ ))) such that ¢ =0 on 9\ I'g. By density, this equality holds true for
every @' € HY(0,h(2"); L*(w)?) such that ¢’ = 0 on 90\ I'y. From [16, Theorem 2.1], problem (4.63)
has a unique solution (@', p) and is equivalent to (4.54); with boundary condition (4.55). Uniqueness
of solution for (4.63) implies that limit does not depend on the subsequence.

O

Remark 4.9. In the case s = 2 and K. = 5%)\%1, with A > 0, where the power slip condition (1.6)
reduces to the following Navier slip condition, with friction parameter depending on €,

—vOpul = —eul, wu.3=0, onTy. (4.64)

Repeating the classical proof of the existence of solution of the Navier-Stokes problem with homogeneous
Dirichlet conditions (see for instance [1, Theorem 2.3], [19, Theorem 7.1] and [26, Theorem 10.1]) gives
the existence of at least a weak solution (uc,p.) € V(QF) x L&(QF) of problem (2.10) and (4.64).

Proceeding similarly to the proof of Theorem 4.7, but without monotonicity arqguments, we can prove
that the limit system satisfied by (W', D) is (4.54), and that there exists a critical value of v is —1, which
agrees with vy, such that the effective limit conditions on Iy are the following ones

o [f~v=—1, then
—v0,u = —-Xu' on Ty.

o I[f~v>—1, then
—v8,,u' =0 onTy.

o Ify< —1, then
=0 onTy.

By classical arguments of the existence and uniqueness of solution for the Stokes problem with homo-
geneous Dirichlet conditions, there exists a unique weak solution (', p) of problem (4.54) with corres-
ponding boundary conditions on Iy depending on the value of v given above.
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