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Figure 1: Flow frequency analysis of topologically segmented vortices : (a) 2D view of the Enstrophy (b) Morse-Smale segmentation
(after persistence simplification). (c¢) Classification of four segmented vortices as laminar or turbulent made by CFD experts. (c)
Kinetic energy spectrum computed on each classified vortex used to derive an indicator of local turbulence.

ABSTRACT

This work presents an approach for the automatic detection of lo-
cally turbulent vortices within turbulent 2D flows such as insta-
bilites. First, given a time step of the flow, methods from Topolog-
ical Data Analysis (TDA) are leveraged to extract the geometry of
the vortices. Specifically, the enstrophy of the flow is simplified by
topological persistence, and the vortices are extracted by collecting
the basins of the simplified enstrophy’s Morse complex. Next, the
local kinetic energy power spectrum is computed for each vortex.
We introduce a set of indicators based on the kinetic energy power
spectrum to estimate the correlation between the vortex’s behavior
and that of an idealized turbulent vortex. Our preliminary experi-
ments show the relevance of these indicators for distinguishing vor-
tices which are turbulent from those which have not yet reached a
turbulent state and thus known as laminar.

1 BACKGROUND

This work focuses on providing a better understanding of vortices
in the context of numerical simulation of high-speed flows where
turbulence may occur. Preliminary studies have been conducted to
motivate this work. [3] showed that existing TDA methods could be
used to provide an analysis of high velocity compressible turbulent
flow. Several aspects of the flow have been correlated with TDA
structures, such as the location of wavemakers or the frequency of
vortex shedding. A more complete experimental evaluation of TDA
is described in [7]. Computed Fluid Dynamic (CFD) hypotheses
have been correlated to TDA pipelines (using persistence, Wasser-
stein distance, clustering ...) to help scientists compare different
numerical methods implemented in the simulation codes (interpo-
lation, solvers, orders ...). These previous studies motivated this
work to better show the relevance of the feature extracted with TDA
with respect to traditional turbulence descriptors such as those in-
troduced in Kolmogorov work detailed in section 4.
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2 NUMERICAL SIMULATION

A CFD simulation code [2] was used to generate the data used in
this work. It is based on the two-dimensional compressible un-
steady Euler equations for inviscid flows. It is a massively paral-
lel structured solver with immersed boundary conditions. To solve
the Euler equations numerically, a Riemann problem is defined at
the interfaces between the cells of the mesh. The approximate
Riemann solver [12] AUSM™T-UP (Advection Upstream Splitting
Method +UP) [6] is implemented to reconstruct strong discontinu-
ities. To emulate turbulence in an infinite medium, all boundary
conditions are set to periodic. Finally, to capture the turbulence in
two dimensions in a scalar, we rely on the local enstrophy &, locally
defined as the square of the flow vorticity.

3 TOPOLOGICAL DATA ANALYSIS

Topological data analysis is a set of techniques [4, 10] that focus on
structural features in data. For our analysis, we used several well-
established techniques that are readily available in the Topology
ToolKit (TTK) [11, 1, 5]. The input data are given as an ensemble
of piecewise linear scalar fields. In the case of flow enstrophy, crit-
ical points representing local maxima denote the center of vortices
in the turbulent flow. Because of their locality, a slight oscillation
in the data leads in practice to the appearance of spurious critical
points, especially in the case of noisy data such as turbulent flows.
Therefore, the notion of persistence is used to evaluate the impor-
tance of a critical point. Persistence pairs of critical points can be
represented with persistence diagrams. The Morse-Smale complex
is a topological data structure that provides an abstract representa-
tion of the gradient flow behavior of a scalar field. It subdivides a
given scalar field into regions of uniform gradient flow, segmenting
the domain such that every point in the same ascending manifold
flows toward the same critical point. In this work, we threshold
each ascending manifold above an arbitrarily low threshold of the
original enstrophy (typically 1079), such that the boundaries of the
extracted regions match the lowest level sets of enstrophy.

4 TURBULENCE CHARACTERIZATION

In a typical turbulent flow, there is a wide range of vortex sizes that
fluctuate at different frequencies. In a laminar flow, the flow veloc-
ity varies smoothly and predictably in space and time, whereas a
turbulent flow exhibits a chaotic behavior. Turbulence is character-
ized by energy transfers between these small and large eddies. In
the 1940s, Andrey Kolmogorov introduced several statistical prop-
erties for these flows for an intermediate range of eddy scales, called
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Figure 2: Energy spectrums of turbulence computed on 3 time steps
(r =20, t =120, t+ = 310) showing the energy cascade from low
wavenumbers to the highest (orange line: k=%/3 linear fit).
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Figure 3: Ground-truth classification with laminar vortices in blue and
turbulent vortices in orange annotated by CFD experts.

the inertial subrange. The one used in this work is the energy spec-
trum of turbulence E (k) related to the mean turbulence kinetic en-
ergy as a function of wavenumber (a.k.a the spatial frequency) k
as shown in Figure 2. In the intertial subrange, the energy transfer
from low to high wavenumber can be described [9] as the uniform
form of E(k) ~ k=3/3. In this work, the characterization of turbu-
lence in the topological structures extracted by our pipeline is based
on this concept. The kinetic energy spectrum is computed via a Fast
Fourrier transform and radial averaging [8]. The slope of the linear
regression of the energy spectrum, in the intertial subrange, is used
as an indicator of turbulence. Other indicators are also tested, such
as the minimum and maximum of E (k).

5 CASE STUDY ON A TURBULENT FLOW

The initialization of the turbulence was generated with two fluids
of different densities and different velocities of opposite direction,
creating a shear zone where the turbulence appears. The boundaries
are set to be periodic. A total of 421 snapshots were taken to capture
the evolution of the turbulence on Cartesian grids of 1024 x 1024.
A topological simplification is performed on the enstrophy scalar
field based on a threshold of 0.3 on the (normalized) topological
persistence. Then the vortices are extracted by collecting the basins
of the ascending Morse-Smale complex of the simplified enstrophy.
In this case study, the interval between wavenumbers 120 and 500
is represented, which we use to compute our indicator (slope of the
linear regression) in this interval.

6 INTERPRETATION

A classification of the segmented vortices based on the Morse-
Smale complex was performed by CFD Expert as shown in Fig-
ure 3, which provides a ground truth description of the flow (lam-
inar vortices in blue and turbulent vortices in orange). The kinetic
energy spectrum was calculated for each segmented vortex. Then
several indicators are evaluated, such as the slope of the linear re-
gression on the intertial subrange (wavenumbers between 120 and
500 in this case study) or the minimum and maximum of the ki-
netic energy. Table 1 summarizes these indicators for the vortices
segmented in Figure 3. It successfully shows that TDA segmented
vortices identified as turbulent by CFD experts respect the property
E(k) ~ k—3/3 described in section 4.

Table 1: Statistical indicators computed on segmented topological
features. Vortex geometries are topologically segmented and the
slope, Eqx (k) and E,;, (k) are computed. Vortices with a slope close
to —5/3 are successfully identified as turbulent, while others are iden-
tified as laminar.

Time Vortex Slope Emax Emin Ty diff b-5/3
20 6 -1.36 1.35E-07 103E-07 laminar 19%
- 14 -145 1.20E 07 6.34E08 laminar 13%

3 -1.18 1,79E07 7.64E08 laminar 20%
120 7 -141 6,96E-08 3,37E-08 laminar 16%
5 -1.51 3.93E06 1.51IE-06 turbulent 9%
1 -1.79 3,06E06 TAE07 turbulent 1%
310 0 -1.63 1,71IE-06 6.03E07 turbulent 2%
1 -1.38 3.10E06 LO7E_06 turbulent 3%

7 CONCLUSION

In this work, we showed as illustred on Figure 1 how topological
data analysis could be combined with flow frequency analysis for
the detection of vortices which have reached a turbulent state. Our
preliminary experiments demonstrate the relevance of our new in-
dicators for distinguishing vortices which have reached a turbulent
state from those which have not yet. In the future, we plan to extend
these promising results within a larger study, leveraging supervised
classification methods (based on our new descriptors) for the sys-
tematic detection of turbulent vortices, with applications in vehicle
geometry optimization within high velocity flows.
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