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ABSTRACT
This paper presents a reanalysis of four axial-flow rotor simulation datasets to study the relationship between thrust and axial in-
duction factor. We concentrate on high-thrust conditions and study variations in induction factor and loads across the span of the 
different rotor blades. The datasets consist of three different axial-flow rotors operating at different tip-speed ratios and, for one 
dataset, also at different blockage ratios. The reanalysis shows differences between the blade-resolved CFD results and a wide-
spread empirical turbulent wake model (TWM) used within blade element momentum (BEM) turbine models. These differences 
result in BEM models underestimating thrust and especially power for axial-flow rotors operating in high-thrust regimes. The 
accuracy of BEM model predictions are improved substantially by correcting this empirical TWM, producing better agreement 
with blade-resolved CFD simulations for thrust and torque across most of the span of the blades of the three rotors. Additionally, 
the paper highlights deficiencies in tiploss modelling in common BEM implementations and highlights the impact of blockage 
on the relationship between thrust and axial induction factors.

1   |   Introduction

The interest in engineering models for wind and tidal turbines 
arises from the need to perform extensive and complex analy-
ses across a range of operating and environmental conditions. 
Examples include design optimisation studies, analysis of rotors 
operating under transient environmental loads, fluid–structure 
interaction studies where blade deformations play an import-
ant role in rotor thrust and performance, or rotors mounted 
on dynamic floating platforms. In all of these cases, the com-
putational cost of blade-resolved computational fluid dynamics 
(CFD) simulations is often very high, typically limiting the num-
ber of modelled cases to just a few of relatively short duration.

In light of these computational limitations, engineering models, 
often based on simplifications of complex phenomena and em-
pirical corrections, are a fundamental element of engineering 
practice. Blade element momentum (BEM) models are the de-
fault engineering models used for analysis of axial-flow rotors, 
being used widely in both academia and industry to calculate 
loads and power performance, with often thousands of BEM 
solutions considered during rotor design.

Most modern implementations of BEM models are based on 
the classical work of Glauert [1], a model that stems from 
the slipstream momentum theory developed by Rankine [2] 
and the blade element model proposed by Froude[3]. Glauert 
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presents the problem as a system of two-dimensional blade el-
ement and momentum equations, which are solved over a se-
ries of concentric and radially independent annuli across the 
swept area of a rotor represented by an actuator disc. For each 
annulus, the flow is described by axial and tangential momen-
tum balances across the actuator, where the influence of the 
rotor is captured as an opposing force that changes the axial 
and tangential flow speeds, that is, it induces velocities that 
are represented by axial and tangential induction factors. The 
rotor blades are modelled as a collection of two-dimensional 
aerofoils whose effects are azimuthally averaged around the 
annulus. The local relative flow velocity then determines the 
angle of attack on the aerofoils and thus the forces and rotor 
performance [4].

The original derivation of the BEM method has been extended 
to account for fluid-dynamic effects that were not considered 
in its basic formulation, increasing the model's fidelity and 
predictive capabilities. Recent developments for axial-flow ro-
tors include: spanwise modifications to the two-dimensional 
polar coefficients to account for rotational [5] and near-tip ef-
fects (e.g., Shen et al. [6], Wimshurst and Willden [7]); block-
age [8]; yawed flows [9]; and the inclusion of other transient 
flow effects [10]. However, possibly two of the most notable 
advances were the early introduction of a correction for rotors 
with a finite number of blades (Prandtl [11], Betz [12]), and the 
correction of the momentum equation for high axial induction 
factors (Glauert [4]).

One-dimensional inviscid linear momentum theory can be 
used to model the reduction in flow speed at the turbine plane, 
aV∞, that results from the resistive turbine thrust, CT (ratio of 
thrust per disc area to the dynamic pressure of the undisturbed 
flow). The analytical inviscid momentum model predicts a 
parabolic relationship between the thrust coefficient, CT, and 
the axial induction factor, a, with a maximum rotor thrust co-
efficient of CT = 1.0 at an axial induction factor a = 1∕2. While 
good agreement in predictions of rotor performance is found 
between the analytical model and higher fidelity studies for 
lower induction factors [13], at higher induction factors the 
rotor wake becomes characterised by large vortices, flow recir-
culation and viscous mixing effects that are not captured in the 
inviscid model. This operational regime is termed the turbulent 
wake or turbulent windmill state [14]. Predictions of the ana-
lytical momentum model depart from experiments (e.g., Lock 
et  al. [15], Parra et  al. [16]), as shown in Figure  1, as well as 
from higher fidelity simulations (e.g., Sørensen and Kock [17], 
Madsen [18], Martínez-Tossas et al. [13]).

Glauert proposed a turbulent wake model (TWM) as an em-
pirical correction to the momentum equation to estimate the 
rotor thrust coefficient at high axial induction factors based on 
the experimental data published by Lock et al. [15]. Following 
Glauert's work, other turbulent wake corrections have been 
proposed for BEM models, including Buhl [14], Burton et al. 
[19] and Spera [20], among others. Buhl's TWM, a parabolic 
function fitted at a critical (transition) axial induction factor 
ac = 0.400, is almost identical to Glauert's except that it guar-
antees smoothness and continuity between the analytical and 
empirical thrust coefficient functions in the presence of tip-
loss corrections. Burton et al.'s and Spera's models are linear 

functions tangent to the analytical CT curve at ac = 0.326 and 
ac = 0.200, respectively. These models can be seen in Figure 1 
alongside the data in Lock et  al. reproduced from the work 
of Buhl [14], and the data in Parra et al. [16] extracted at dif-
ferent radial locations (25% to 92% of blade span) from exper-
iments of the Model Experiments in Controlled Conditions 
(MEXICO) rotor [21].

Developing and using turbulent wake corrections consistent 
with the BEM method framework is challenging due to the in-
herent unsteadiness and three-dimensional nature of the flow 
in the turbulent wake regime, to which the scatter in Lock et al.'s 
data has been attributed [22]. Similarly, the scatter in the data of 
Parra et al. [16] at high induction factors was partially attributed, 
by the authors of that study, to the loading and wake regime. The 
difficulties of extracting flow data and associated uncertainty 
from experiments must also be acknowledged. These challenges 
arise not only due to the problem of sampling the flow around 
three-dimensional blades and processing the information in 
terms that are compatible with the BEM framework, such as 
axial induction factors, but also due to the dependence of the 
induced velocities on axial and radial coordinates. In particu-
lar, Parra et al. [16] showed that radial location has a substantial 
impact on the relationship between thrust coefficient and axial 
induction factor for the New MEXICO experiments, while Zilic 
de Arcos et al. [23] showed the importance of the methods and 
sampling locations used for interpolating flow velocities at the 
rotor plane.

Lock et al.'s data and the empirical momentum corrections de-
rived therefrom relate the whole-rotor thrust coefficient to the 
rotor axial induction factor. As BEM models are solved across 
a series of independent annular streamtubes, an assumption is 
made that the same TWM relationship between whole-rotor 
thrust and axial induction factor can also be applied at each 
annulus. Moriarty and Hansen [24] note that this assump-
tion is necessitated by the paucity of rotor data with radial 
dependency that would allow the development of alternative 
models. The increasingly widespread use of CFD has since en-
abled higher fidelity simulation of highly loaded rotors which 

FIGURE 1    |    Variation of thrust coefficient CT with axial induction 
factor a for different momentum models with turbulent wake 
corrections, together with empirical data from Lock et al. [15] and Parra 
et al. [16]. Lock et al.'s empirical data are reproduced from Buhl [14].
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can provide additional data for TWMs, particularly at the 
values of axial induction factor where the TWM is likely to be 
important.

Sørensen and Kock [17] and Madsen [18] used actuator disc 
CFD (AD-CFD) simulations to study rotors operating at high 
axial induction factors. Similar to BEM, AD-CFD models the 
rotor as a disc, a finite surface embedded within a CFD do-
main, where a pressure discontinuity occurs. Unlike tradi-
tional BEM models, however, an AD-CFD model captures the 
interactions between different annular sections, radial flows 
and other three-dimensional flow phenomena that affect rotor 
and wake. The results of Sørensen and Kock [17] and Madsen 
[18] divert from the analytical CT (a) function, showing similar 
trends to those observed by Lock et  al. [15] and Parra et  al. 
[16]. In addition, they show changes in axial speeds across 
discs with uniform loading, suggesting changes in the rela-
tionship between thrust and axial induction factors across dif-
ferent radial locations.

Blade-resolved CFD simulations have also been used to study 
axial-flow rotors. In particular, Reynolds-averaged Navier–
Stokes (RANS) CFD models have been used extensively and 
validated for different rotor designs and operational regimes, 
including high-thrust conditions. These models are a compro-
mise between model accuracy and computational cost; while 
they are not capable of accurately capturing transient flow 
dynamics, they can reproduce mean forces and flow quanti-
ties in agreement with higher order turbulence closure models 
[25]. Examples that compare RANS CFD models of axial-flow 
rotors with experiments, showing good agreement in terms of 
integrated and spanwise forces, are the works of Sørensen et al. 
[26], Wimshurst and Willden [27], Länger-Möller et al. [28] and 
Willden et al. [29].

In this paper we re-evaluate BEM theory in conjunction with 
observations made from blade-resolved CFD simulations of 
different axial-flow rotors. The results gathered from CFD are 
used to assess empirical momentum corrections, and evidence 
is presented that allows improved engineering modelling based 
on BEM theory for highly loaded axial-flow rotors.

The study is based on the analysis of four blade-resolved CFD 
datasets that correspond to three different rotors and that 
were generated originally for different studies. The CFD re-
sults were reanalysed so that they can be compared with the 
momentum component of BEM models using an analysis 
technique referred to as line-average [30]. This process al-
lows some of the shortcomings and causes of accuracy losses 
in BEM when modelling highly loaded rotors to be identified, 
as well as highlighting potential improvements for the model. 
Following this analysis, a modified TWM is proposed and 
tested, showing an improvement in the power and thrust pre-
dictions made with the BEM model across the blade spans of 
the three different rotors.

The final section of the paper addresses the impact of blockage 
on the turbulent wake state. Blockage is defined as the aero- or 
hydrodynamic interaction between a body (e.g., an aerofoil, a 
ship, or an axial-flow rotor) and its surroundings (e.g., the walls 
in a confined flow), and normally affects rotor operation by 

increasing power and thrust due to flow confinement. The evi-
dence in this section shows that blockage can have a significant 
impact on the relationship between thrust and axial induction 
factors.

2   |   Methods

2.1   |   Rotor Characteristics and Available Data

Three different rotors and four CFD datasets were analysed in 
this study. The MEXICO rotor is a three-bladed 4.5m diameter 
wind turbine designed using three different aerofoils (DU-91-
W2-250, RISØ A1-21 and NACA 64-418) along the blade span 
with geometric transitions between them. The MEXICO rotor 
simulation dataset [7] used in this study considers a fixed blade 
pitch angle of −2.3 degrees, a blockage B = 0.01 (defined as the 
ratio of the rotor swept area to the channel cross-sectional area), 
and tip-speed ratios � ∈ {4.17, 5.56, 6.67, 8.34, 10.00, 13.3}, with 
� = �R∕V∞, � the rotational speed, R the rotor radius and V∞ the 
flow speed. The simulations were performed and the modelling 
approach was validated originally by Wimshurst and Willden 
[7] to analyse and develop tip-loss correction models for actuator 
line simulations.

The Sch15B is a 20-m diameter three-bladed tidal rotor origi-
nally designed by Schluntz and Willden [31] to operate at a 
blockage ratio B = 0.196 at an optimum tip-speed ratio � = 5. 5. 
The rotor was designed using a single RISØ A1-24 aerofoil along 
the span, with aerofoil section quarter-chords aligned along the 
blade axis. The original root section defined by Schluntz and 
Willden [31] was modified by Wimshurst and Willden [32] and 
by Zilic de Arcos et al. [33] to allow for a less substantial transi-
tion between the foil sections and the cylindrical cross-section at 
the attachment point on the nacelle [34].

Two simulation datasets of the Sch15B rotor were used. The 
main dataset corresponds to the simulations of the rotor at a 
flow speed of V∞ = 4.5m/s, at seven different tip-speed ratios 
(� ∈ {3.0, 4.0, 5.0, 6.0, 7.0, 8.0, 9.0}) with a blockage of 1% and 
with different blade deformations, as described by Zilic de 
Arcos et  al. [35] and Zilic de Arcos et  al. [36]. Only the cases 
with undeformed rotor blades were considered in this study. 
A secondary dataset corresponds to the rotor simulated at 
the same flow speed but for different isotropic blockage ratios 
(B ∈ {0.01, 0.05, 0.10, 0.20, 0.40}), with each case simulated at 
four different tip-speed ratios (� ∈ 4.0, 5.0, 6.0, 7.0), as described 
by Zilic de Arcos et al. [37].

Finally, the rotor designed, used and tested in the Tidal Turbine 
Benchmarking Project and labelled as OxB is a 1.6m diameter, 
three-bladed tidal rotor [38] designed by Tucker Harvey et  al. 
[39] using the method of Schluntz and Willden [31]. The rotor 
uses a NACA63-415 profile projected radially on each blade sec-
tion. The experimental campaign was performed at QinetiQ's 
Haslar towing tank, which has a test section of 12.2m by 5.4m 
providing a low blockage of 3.05%. The rotor was installed with 
a tip clearance of 0.354m relative to the free surface. The data 
used in this study correspond to the CFD simulations con-
ducted by the Laboratoire Ondes et Milieux Complexes to par-
ticipate in the blind prediction exercise workshop [29, 39]. The 
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cases analysed match the turbulence intensity of Ti = 3. 1%, the 
constant inflow speed V∞ = 0. 9207 [m/s], and five tip-speed ra-
tios (� ∈ 4.46, 5.37, 5.82, 6.37, 7.37). The simulations assume an 
equivalent but isotropic blockage ratio of 3.05%, and neglect in-
teractions with the free surface and support structure.

The solidity and geometric twist of the three rotors, � and � 
respectively, are presented in Figure 2, with solidity defined 
as � = cNb∕2�r, where c is the local chord, Nb the number of 
blades, and r the local radius. Twist is defined positive in the 
sense that reduces the flow's angle of attack to the blade. A 
comparison of the rotor's general characteristics is presented 
in Table 1.

2.2   |   Computational Fluid Dynamics Models

The three rotors were simulated for different studies using 
steady-state Reynolds-averaged Navier-Stokes (RANS) mod-
els, with the Multiple Reference Frame approach [40] for blade 
rotation and the k − � SST model for turbulence closure [41]. 
The Sch15B simulations were performed using the commercial 
code ANSYS Fluent 19.0 with second-order upwind discretisa-
tion schemes and a coupled pressure-velocity algorithm. The 
MEXICO and OxB rotors were simulated with OpenFOAM 
(2.3.1 and v2006, respectively) with the SIMPLE algorithm 

for pressure-velocity coupling and second-order discretisation 
schemes. The simulations exploited the azimuthal periodicity 
of the rotors in uniform flow by simulating only one-third of 
the domain with periodic boundaries, and simulation residuals 
were reduced by at least 5 orders of magnitude for both the ve-
locity and turbulence scalars.

The three rotors were discretised using a block-structured ap-
proach using entirely hexahedral cells. The first cell heights were 
chosen to target y+ in the range of 0 < y+ < 5 for the MEXICO 
and OxB simulations, while a 30 < y+ < 300 range was used for 
the Sch15B. Mesh convergence details, validation of the simula-
tion strategies, and further details can be found in inWimshurst 
and Willden [7], Zilic de Arcos [34] and Willden et al. [29] for the 
MEXICO, Sch15B and OxB rotors, respectively.

To determine angles of attack and axial induction factors, the 
line-average flow sampling method was used. This is a flow-
sampling technique for CFD computations used to determine 
the flow-speed at different spanwise locations along a rotor 
blade. The method was first introduced by Josh et al. [30] to de-
termine the undisturbed flow velocity that defines the angle of 
attack on a foil section. This is achieved through the implicit 
removal of the circulatory velocity component ��⃗UΓ, induced by 
the blade's bound circulation Γ, from the sampled flow field ��⃗UM. 
The velocity of the flow measured at an arbitrary point in a CFD 

FIGURE 2    |    Spanwise distributions of blade solidity (left) and twist (right) for the MEXICO (blue dash dot), Sch15B (red dash), and OxB (black 
dot) rotors. Note that the MEXICO twist distribution is shown without additional pitch setting angle.

TABLE 1    |    Key design and operational parameters of the Sch15B, MEXICO, and OxB rotors, displaying type of turbine, number of blades Nb, rotor 
and hub diameters ∅, original design tip-speed ratio �D and velocity VD, simulated tip-speed ratios � and flow velocities V∞, chord-based Reynolds 
numbers Re0.75 evaluated at r/R = 0.75, and range of simulated thrust coefficients CT.

Turbine Type Nb

Rotor 
∅ (m)

Hub 
∅ (m) �D

VD 
(m/s) � V∞ (m/s) Re0.75 CT

Sch15B Tidal 3 20.00 3.00 5.5a 2.0 3.00–9.00 4.5000 ∼16–31 × 106 0.62–1.07

MEXICO Wind 3 4.50 0.54 6.7 15.0 4.17–13.30 7.520–24.000 ∼0.5 × 106 0.40–1.10

OxB Tidal 3 1.60 0.20 6.0b 1.0 4.46–7.37 0.9207 ∼0.1–0.4 × 106 0.72–1.01
aDesign tip-speed ratio for a blockage of B = 0. 1960.
bDesign tip-speed ratio for a blockage of B = 0. 0305.
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simulation, ��⃗UM, is assumed to be the superposition of the ap-
proach flow velocity, ��⃗U , and the local blade-induced circulatory 
velocity due to the foil's bound circulation, ��⃗UΓ: 

For the case of a rotating blade, this approach velocity ��⃗U  defines 
the angle of attack to a foil section and includes contributions 
from the free stream axial-flow speed V∞, the rotational speed 
�r, as well as non-circulatory induced velocity components re-
sulting from momentum effects.

The line-average method removes ��⃗UΓ by averaging ��⃗UM over a 
closed circular path centred about the blade's centre of pressure 
line. The averaging of the flow velocity at points located on oppo-
site sides of the circular segment cancels the circulation-induced 
velocity UΓ. For a three-dimensional blade, the sampling is con-
ducted over a circular path on a surface at the constant radial 
coordinate of the corresponding blade section to maintain con-
sistency with the rotational reference frame seen by each blade 
section. Schematics of the method are shown in Figure 3 for a 
foil section and for a three-dimensional blade.

The line-average sampling method was extensively tested and 
compared with other flow-sampling techniques by Zilic de 
Arcos et al. [23]. The method showed robustness in the deter-
mination of angles of attack and axial induction factors, good 
agreement with other methods that had been described in the 
literature, and low sensitivity to sampling distance. Thus, this 
method was selected for the analysis of the relationship between 
thrust and blade-induced velocity as well as angles of attack due 
to its practicality and robustness. A local sampling radius of 1.1 
chords was used.

The axial velocities induced by the blade in the flow are de-
scribed through the axial induction factor a, defined along the 
span of the blade as 

where Ux is the axial component of ��⃗U , as determined using the 
line-average method.

The spanwise force distributions �⃗F = [Fx ,F𝜃 ,Fr], with x, � and 
r the axial, tangential and radial components, were extracted 
from the CFD simulations by integrating pressure p and shear 
stress �⃗S around each foil section C, with surface normals �⃗n: 

Unless otherwise stated, thrust coefficients in this paper refer to 
local rather than integrated values. The local thrust coefficient 
Ct is determined from the CFD simulations, for a specific radial 
location, as follows: 

with � the flow density, and Fx(r) expressed as force per unit 
span. Finally, and where explicitly stated, the integrated power 
and thrust coefficients are defined as 

where P and T are the whole-rotor integrated power and thrust, 
respectively, and A is the rotor swept area.

2.3   |   Blade Element Momentum Model

We used the BEM implementation of Ning [42], proposed as an 
alternative formulation to Glauert's original BEM model, and 
which the reader is referred to the original publication for full 
details of derivation and implementation of the method.

Instead of manipulating the blade element and momentum 
equations to derive a system of two equations for the axial and 

(1)��⃗UM = ��⃗U + ��⃗UΓ.

(2)a(r) = 1 − Ux(r)∕V∞

(3)�⃗F (r) = ∮ (p �⃗n + �⃗S )dC

(4)Ct(r) =
Fx(r)Nb

1∕2�V 2
∞
2�r

(5)CP =
P

1∕2�V 3
∞
A

(6)CT =
T

1∕2�V 2
∞
A

FIGURE 3    |    Two-dimensional sketch showing the symmetry of the velocity induced by a foil's bound vorticity UΓ (left), and a three-dimensional 
realisation of the line-average method [30] applied at different spanwise sections of a rotor blade (right). Inset contours show flow speed.
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tangential induction factors, as in Glauert's original derivation, 
Ning proposed a parametrisation of the equations based only on 
the inflow angle �, the angle between the inflow velocity and 
the rotational plane. The derivation starts from the definition 
of the thrust coefficient, which is defined not as a whole-rotor 
coefficient but for each annulus, for both the blade element 
(Equation 7) and momentum (Equation 8) models: 

where a is the axial induction factor, Cx the normal force coeffi-
cient, � the local blade solidity, and TL a tip-loss correction (Note 
that � and TL are referenced as �′ and F, respectively, in the work 
of Ning [42].), with all variables corresponding to the annular 
section at r. Equating Equations  (7) and (8) and solving for a 
leads to an expression for the axial induction factor expressed 
as a function of �: 

with 

Analogously, the tangential induction factor a′ is defined by 
equating the torque evaluated by the momentum and blade el-
ement theories: 

where C� is the tangential force coefficient. The normal and tan-
gential force coefficients are found by resolving the local aerofoil 
lift and drag coefficients into the axial and tangential directions, 
respectively.

The axial and tangential inductions, which are both functions 
of the inflow angle, are related by the following geometric 
relationship: 

where �r = �r∕V∞ is the local-speed ratio. Equation (13) can be 
rearranged to form a residual function, from which a solution 
for � may be obtained: 

Ning's implementation also includes Prandtl's tip-loss correction 
and Buhl's [14] empirical momentum model for high axial in-
ductions when a > 0.40 [42], which are discussed further in the 
following sections.

The advantage of this implementation of the BEM model lies in 
Ning's mathematical proof of the existence of an angle � that 
fulfils Equation  (14) and in the solution of a single residual 

equation rather than a system of equations for the axial and 
tangential induction factors, as in other derivations of the BEM 
model (e.g., Burton et  al. [19]). Solving a single equation en-
ables the use of fast and robust root-finding algorithms, guar-
anteeing convergence to a solution for each annular streamtube 
along the entire span of the blade. Further details of the model 
derivation, implementation and the mathematical proof for the 
existence of a solution � to Equation (14) can be found in the 
original work [42].

2.4   |   Empirical Momentum Model

The general expression for Buhl's momentum model consists of a 
function with two branches that replaces Equation (8) in the BEM 
model. The branches are separated at a critical induction factor ac. 
When the induction factor is small, the momentum equation cor-
responds to the analytical model of Equation (8), whereas when 
the induction factor is above ac, an empirical formula is used: 

with b0, b1 and b2 empirical constants. The continuity and smooth-
ness constraints are imposed by enforcing the value and first de-
rivative between the two models in Equation  (15) at ac, where 
the transition between functions occurs. These continuity and 
smoothness constraints lead to 

with b0 a free variable that can be fitted to empirical data or de-
termined otherwise. Buhl, instead of directly fitting the data, 
closed the system by further assuming that Ct = 2 at a = 1, and 
established a value of ac = 0.40 for the transition between models, 
leading to b0 = 8∕9.

Despite the widespread acceptance of Buhl's TWM, this does 
not guarantee accurate predictions for highly loaded rotors. 
Wind turbines normally operate at relatively low induction fac-
tors (e.g., the DTU 10 MW rotor operates at an axial induction 
factor on the order of 0.30 at design tip-speed ratio [43], the 
AVATAR rotor at around 0.24 [43], and the MEXICO rotor at 
approximately 0.26 [23]), an operational regime in which this 
empirical TWM is unlikely to be triggered. However, empiri-
cal evidence suggests that the onset of the turbulent wake state 
should occur at a lower ac, as will be shown later. Furthermore, 
as the tip-speed ratio (TSR) increases (and, thus, thrust), wind 
rotors are prone to large errors when modelled using BEM 
methods, as shown in the following sections. This is a problem 
that also affects tidal rotors, which are conceptually similar 
to wind turbines but are often designed to operate at higher 
thrust regimes.

2.5   |   Lift and Drag Coefficients

The aerofoil lift and drag coefficients used in this study 
were calculated using two-dimensional RANS CFD 

(7)Ct(r) =

(

1−a

sin �

)2

Cx�

(8)Ct(r) = 4a(1 − a)TL

(9)a(r) = a(�) =
�(�)

(1 + �(�))

(10)
�(�) ≡ �Cx

4TL sin
2 �

(11)a�(r) = a�(�) =
��(�)

(1 − ��(�))

(12)�′(�) ≡ �C�

4TL sin � cos �

(13)tan(�) =
1 − a

(1 + a�)�r

(14)f (�) =
sin(�)

(1 − a)
−

cos(�)

(1 + a�)�r
= 0

(15)Ct(r)=

{

4a(1 − a)TL if a < ac,

b0 + b1a + b2a
2 if a ≥ ac

(16)b2 =
b0
a2c

− 4TL

(17)b1 = 4TL − 8TLac − 2b2ac
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simulations with a k − � SST turbulence closure. Block 
structured meshes were generated for the foils used in each 
rotor, and simulated with a target y+ < 1 for all cases. Polars 
for the Sch15B and OxB rotors were simulated for different 
Reynolds numbers using the turbulent kinetic energy and 
length scale corresponding to the blade-resolved CFD and 
tank conditions. The chords of the two-dimensional foils 
were set based on the spanwise average chords of the three-
dimensional rotors.

For the two tidal rotors, Reynolds-number interpolation of 
lift and drag data was used in the BEM computations due to 
the large variations in relative flow speed observed for the 
different TSRs. These variations principally occur as the ro-
tational speed was used to modify the TSR. Contrarily, for the 
MEXICO rotor, each of the different aerofoils was simulated 
at a single Reynolds number, as described in Wimshurst and 
Willden [7]. Reynolds number interpolation was not consid-
ered necessary as the rotor experiments were performed with 
a fixed rotational speed and, thus, Reynolds number varia-
tions were limited in comparison to the other two rotors (see 
Table 1). The polar coefficients used in the study are provided 
in Appendix A.

3   |   Results and Discussion

3.1   |   Analysis and Correction of the Turbulent 
Wake Model

3.1.1   |   General CFD Results

The CFD results for the MEXICO, Sch15B (B = 0.01), and OxB 
rotors are shown in Figure 4 for four different radial locations. 
The plots compare the simulation data with the experimental 
data in Lock et al., the analytical momentum equation, Buhl's 
TWM, and a modified TWM. The CFD data are presented at 
four different radial locations: from the mid-span region of 
the blade (r∕R = 0.60 − 0.70) to close proximity with the tip 
(r∕R = 0.90 − 0.98). The momentum models are presented with-
out tip-loss corrections to highlight the impact of tip proximity 
in the CFD results.

The OxB simulations include a modest blockage B = 0. 0305 
that could affect the relationship between the thrust coefficient 
and axial induction factor. However, no significant influence 
was observed in the results presented when compared with the 
MEXICO and Sch15B results. This is further reinforced by the 

FIGURE 4    |    Comparison of thrust variation with axial induction factor with Lock's experimental data (black crosses, reproduced from Buhl 
[14]) and available CFD data at four radial locations, r∕R = 0.6, 0.7, 0.9, 0.98. The CFD data include simulations of the Sch15B (red triangles), the 
MEXICO (blue triangles), and the OxB turbines (green circles). The analytical and empirical model curves are presented without tip-loss correction 
to highlight the impact of tip proximity on the empirical results.
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8 of 16 Wind Energy, 2024

results discussed in Section  3.3, where only small differences 
were observed in the momentum plots for the Sch15B rotor at 
B = 0.01 and B = 0.05 (Figure 10). Thus, the impact of blockage 
for the OxB rotor in the thrust-induction relationship is consid-
ered negligible for this part of the analysis.

The plots that correspond to the inboard sections in Figure  4 
show that divergence between the analytical momentum func-
tion and the empirical data occurs at a critical induction factor 
ac ≈ 0.20, earlier than the transition ac = 0.40 specified by Buhl. 
The relatively small difference between the CFD data and Buhl's 
momentum function below ac = 0.40, however, suggests that ef-
fects on BEM modelling would be limited at these relatively low 
induction factors. The results at r∕R = 0.90 and r∕R = 0.98 show 
that the sectional thrust coefficients decrease as the tip of the 
rotor is approached. This occurs due to the tip-loss effects and 
would normally be accounted for, within most BEM implemen-
tations, using a tip-loss factor TL.

The CFD data also show less scatter than the results of Lock 
et al. [15], possibly due to the more controlled flow conditions 
and flow sampling achievable for the simulated flow, and the 
nature of the simulations (i.e., steady-state RANS turbulence 
modelling approach and the consequential lack of discrete 
velocity fluctuations). Nevertheless, and although generalisa-
tion is limited by the available simulations, the CFD data align 
relatively well with each other for the three different rotors at 
different tip-speed ratios, and at all radial locations, despite the 
rotors having different diameters and design characteristics. 
This suggests some generality in the results and their poten-
tial applicability to rotors of larger dimensions, including MW-
scale wind turbines.

3.1.2   |   Modifications to the Turbulent Wake Model

A simple modification to Buhl's empirical model is proposed 
to fit the available data. This model was derived using axial in-
duction factors and thrust coefficients from the Sch15B dataset 
without blockage, the MEXICO data, and, owing to the limited 
blockage effects observed, the OxB data.

The modified TWM is fitted to the data at r∕R = 0.60 with 
ac = 0.17. This region of the blade is considered to be relatively 
free from root- and tip-induced three-dimensional flow effects, 
and simulated data points are available across a broad range 
of axial induction factors. Thus, fitting the free variable of the 
empirical equation in Equation (15) to the aforementioned data 
using the least-squares method leads to 

The modified empirical model for the turbulent wake regime is 
plotted in Figure 4 alongside the data at the different radial loca-
tions and Buhl's original TWM.

As shown for r∕R = 0.6 and r∕R = 0.7, the modified TWM pro-
vides a better agreement with the CFD data than Buhl's TWM, 
addressing the discrepancy for axial induction factors between 
0.20 ≲ a ≲ 0.60. The agreement between the empirical model 

without any tip corrections and the CFD data points, however, is 
reduced as the tip is approached.

A comparison between Buhl's original model and the recali-
brated TWM is shown in Table 2.

3.1.3   |   Tip Proximity Effects

Ning's BEM implementation employs Prandtl's tip-loss correction 
model as a vertical scaling factor for the empirical momentum 
correction (Equation  15). The TL factor varies across the blade 
span and takes values from 1 (where no corrections are required) 
to 0. This modelling approach is consistent with the trends ob-
served from the CFD simulations, as shown in Figure 5. The left 
plot shows the Ct variation with a at different radial locations for 
the three rotors, alongside the modified TWM presented previ-
ously (b0 = 0.0705) scaled by an empirically fitted tip-loss factor 
TL, as shown in Equations  (15)–(17). This empirical TL is deter-
mined by a best-fit to the available data for each blade section.

The left plot in Figure 5 highlights that the use of this empirical 
scaling factor TL maintains the level of agreement between the 
TWM and the CFD data points, as the tip is approached, at sim-
ilar levels as those observed for the inboard sections, without an 
evident influence of rotor design or TSR. This suggests that this 
form of correction for the momentum equations in the context of 
BEM models, such as the one proposed by Ning [42], has broad 
applicability and is appropriate.

The right plot in Figure 5 shows the best-fitted empirical TL as a 
function of blade radius, for all available radial sections, comple-
menting the data from the left plot. The figure compares this em-
pirically derived factor with Prandtl's tip-loss correction. Prandtl's 
model is a function of �; thus, it is shown as shaded regions cal-
culated for the Sch15B and MEXICO rotors at a range of differ-
ent tip-speed ratios. The plot highlights significant discrepancies 
between the best-fitted empirical TL and Prandtl's model for most 
TSRs. Particularly, while the empirically derived TL is not sensitive 
to changes in TSR, the correction for a finite number of blades that 
Prandtl derived moves further outboard as � is increased, thus in-
creasing the differences to the empirical TL at outboard locations.

The results shown in Figure 5 suggest that tip-loss factors ap-
plied to the momentum model should not be dependent on 
the tip-speed ratio or rotor design. This highlights a potential 
source of discrepancies between blade-resolved CFD and BEM 

(18)b0 = 0.0705

TABLE 2    |    Model summary and comparison between Buhl's and the 
modified TWM.

Buhl's TWM Modified TWM

ac 0.4000 0.1700

b0 8/9 0.0705

b1 4TL − 8TLac − 2b2ac

b2 b0∕a
2
c
− 4TL

Ct(r)
{

4a(1−a)TL ifa<ac,

b0+b1a+b2a
2 ifa≥ac
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9 of 16

models near the tip and especially at high tip-speed ratios when 
Prandtl's tip-loss model is used. The consequences of this are 
further discussed in Section 3.2.

3.2   |   Evaluation of the Modified Turbulent 
Wake Model

Modifying the TWM affects the BEM predictions for thrust and 
torque on the three rotors. Figure 6 shows a comparison between 
rotor thrust and power coefficients calculated with Ning's BEM 
model using either Buhl's TWM or the modified TWM, and the 
blade-resolved CFD results for verification. Both BEM models 
follow the original implementation that includes Prandtl's tip-loss 
correction applied as a scaling factor to the momentum equations.

A first inspection of the integrated power and thrust reveals 
an apparently and misleading good agreement between Buhl's 
BEM and the CFD results for CT for the three rotors at the mid-
range of � (relative error in the order of ∼0.3% to 5.0%) which is 
adversely affected by using the modified TWM (relative error 
increases to a range of ∼3.2% to 13.0%). CP shows a relatively 
better agreement with the CFD for the modified TWM over the 
low- to mid-range of �.

The integrated quantities do not necessarily show or assess the full 
predictive quality of the BEM models. This can be further consid-
ered through the spanwise force distributions plotted in Figure 7. 
In this figure, different tip-speed ratios are plotted for each rotor, 
comparing the two BEM models and the CFD results. The small 
differences in integrated CT between the standard BEM and the 
CFD simulations observed for the MEXICO and Sch15B rotors are 
a consequence of a substantial overestimation of the loads near the 
tip (i.e., due to deficiencies in tip-loss modelling) in conjunction 
with a consistent underestimation of the loads through the mid 
and inboard sections of the blade. The two opposing errors negate 
each other, leading to a coincidental and misleading agreement in 
CT between the original TWM BEM and the CFD results.

The modified TWM shows better agreement across the mid and 
inboard sections (r∕R ≤ 0.70) and an overestimation of thrust 

near the tip which increases with �. The discrepancy near the 
tip is, again, associated with limitations in tip-loss modelling. 
As discussed previously, the onset of Prandtl's correction moves 
further outboard as � increases, reducing the correction applied 
in the outboard region at higher �. This explains the increasing 
difference in integrated thrust between the CFD and the modi-
fied TWM results for these two rotors, despite improved predic-
tions across the inboard regions of the blade.

Another source of discrepancy that affects both TWMs is the 
use of two-dimensional lift and drag coefficients. As the tip of a 
blade is approached, the pressure difference between both sides 
of the blade tends to equalise, with lift and drag coefficients in-
creasing and decreasing, respectively, thus modifying the shape 
of the CL and CD functions beyond the changes in angles of attack 
[44]. These changes in polar coefficients, not captured by typical 
BEM models nor by the model used in this paper, are likely to 
drive a further drop in local power and thrust near the tip.

A substantial improvement in the predictions of the spanwise 
torque distributions is observed using the modified TWM. While 
Buhl's TWM under-predicts torque across the entire span, the 
modified TWM shows better agreement with the CFD results 
across the mid and inboard sections of the blade (r∕R ≤ 0.70). 
Following the same trend as for thrust, differences are observed 
between the CFD and the modified TWM near the tip, which 
ultimately leads to an overestimation of integrated torque, and 
therefore power coefficient, at the higher tip-speed ratios.

To extend the previous analysis, the relative errors in integrated 
thrust and torque between the BEM and CFD results, at mid-span 
sections of the blade, are shown in Figure 8 for a range of TSRs 
for the three rotors. The region of the blade where r∕R ∈ [0.4, 0.7] 
was selected due to the limited influence of root- or tip-loss effects. 
The figure highlights the substantially improved predictions pro-
duced with the modified TWM at mid-span of the blades across 
most TSRs, with the original BEM showing a greater propensity to 
under-predict both thrust and torque.

The CFD results for the OxB rotor shown in Figure  7, do not 
exhibit the same trend as the Sch15B and MEXICO rotor, despite 

FIGURE 5    |    Left: Best fit of the scaling factor of the momentum function TL (b1 = − 1.561, ac = 0.17) to the CFD data at different radial locations. 
Right: comparison of Prandtl's tip-loss factor for a range of TSRs with an empirical TL factor fitted to the CFD data. Prandtl's tip-loss factors are 
calculated for the Sch15B rotor for 4.0 ≤ � ≤ 8.0 (orange shaded area) and for the MEXICO rotor at TSRs in 6.67 ≤ � ≤ 13.0 (blue shaded area). The 
arrow indicates the direction in which the Prandtl correction evolves as TSR increases.
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10 of 16 Wind Energy, 2024

better agreement between the CFD and the modified TWM re-
sults for the whole-blade power and thrust. This is attributed to 
the mild effect of blockage in the simulated domain, where the 
blockage ratio was B = 0.031, which is expected to increase loads 
relative to fully unblocked analyses, as in the BEM solutions.

To provide an indication of whether blockage could be the cause 
for the difference in trend between the OxB and the other two ro-
tors, we apply Bahaj's blockage correction [45] to the CFD results 
to estimate forces in a blockage-free scenario. This is a method 
extensively used to compare integrated thrust and power [37] for 
cases with different blockage. We used the method as a constant 
factor applied across the blade. The results, presented in Figure 9, 
show the same trends observed between the CFD and modified 
TWM for the other rotors: good agreement across the mid and in-
board sections of the blade and an overestimation of thrust and 
torque towards the tip. Nevertheless, the use of Bahaj's correction 
as a constant factor across the blade has not been described in the 
literature to the best of our knowledge and needs to be tested in 
more detail before this indicative assessment can be substantiated.

3.3   |   Effect of Blockage on the Turbulent 
Wake State

For axial-flow rotors, blockage generally results in increased 
thrust and power for a given undisturbed approach velocity V∞ 

and rotational speed due to the imposed flow constraints that 
result in an increased mass flow through the rotor.

Blockage is a relevant factor in the design and operation of tidal 
rotors, rotor farms or fences, and in laboratory testing. However, 
most BEM models (e.g., Ning [42] or Burton et al. [19]) have been 
developed for wind energy applications and do not consider block-
age effects. Vogel et al. [8] proposed a BEM implementation that 
incorporates blockage in its formulation through modifications 
to the momentum equations. This confined BEM incorporates 
Prandtl's tip-loss correction model and the Buhl [14] turbulent 
wake model. The authors showed an improvement in the predic-
tive capabilities of their model compared with a standard BEM 
implementation when modelling a tidal rotor with blockage, al-
though they recognise uncertainty regarding the turbulent wake 
state and the need for further studies in that area.

Analysis of the CFD results of Zilic de Arcos et al. [37], for the 
Sch15B rotor, provides evidence of the implications of block-
age for BEM models. Figure 10 shows the relationship between 
thrust and axial induction factors for the Sch15B rotor operat-
ing at different tip-speed and blockage ratios, alongside Buhl's 
TWM, the inviscid momentum equation model, and the modi-
fied TWM developed in the previous section.

Figure 10 shows that blockage can have a very significant im-
pact on the relationship between thrust and axial induction 

FIGURE 6    |    Rotor thrust and power coefficients calculated for the three rotors with blade-resolved CFD (red square), BEM with Buhl's turbulent 
wake empirical model [14, 42] (black cross), and BEM with the modified TWM (blue triangle). The shaded region highlights the difference between 
the results calculated with the original and modified TWMs.
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factor for relatively high blockage ratios. While the effects are 
small up to B = 0.05, in agreement with the previous observa-
tions comparing the mildly blocked and unblocked OxB results, 

the data still show an increase in thrust with increasing block-
age even for small blockage, and a reduction in axial induction 
factor due to the increased mass flux through the rotor.

FIGURE 7    |    Comparison of the spanwise thrust (top row) and torque (bottom row) distributions for different tip-speed ratios � calculated for the 
MEXICO (left), Sch15B (centre) and OxB (right) rotors with blade-resolved CFD (solid line), BEM with Buhl's TWM [14, 42] (dashed line), and the 
modified TWM (dot-dash line). The shaded region marks the sections that are less significantly affected by blade root- and tip-loss effects.

FIGURE 8    |    Relative error between the BEM models and CFD results for integrated thrust (left) and torque (right) on mid-span sections of the 
blade. The relative errors are calculated based on the loads integrated over the r∕R ∈ [0.40, 0.70] region to avoid undue influence from blade tip and 
root effects.
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12 of 16 Wind Energy, 2024

The limited data points are not sufficient to propose a modified 
TWM as a function of blockage especially at high induction 
factors. However, they suggest that the onset of the divergence 

between the empirical data and the analytical thrust function 
occurs at lower ac values as blockage increases and, potentially, 
a change in the shape of the curve.

FIGURE 9    |    Comparison of the spanwise thrust (left column) and torque (right column) distributions for different tip-speed ratios � calculated for 
the OxB rotor. The blade-resolved CFD results are adjusted for the effect of blockage using the method proposed by Bahaj et al. [45].

FIGURE 10    |    Impact of blockage on the relationship between thrust coefficient and axial induction factor for the Sch15B rotor at four different 
spanwise locations, r∕R = 0.6, 0.7, 0.9, 0.98. The analytical and empirical model curves are presented without tip-loss correction.
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13 of 16

Although the CFD results show a change in the Ct-a relationship 
as a result of changing blockage, we did not observe an impact 
on the foil's sectional lift and drag coefficients, and so changes 
in thrust and power with blockage are primarily a result of 
changes in rotor plane flow speed and its distribution rather 
than on modified behaviour of the foil sections themselves. This 
discussion falls outside the main scope of this paper and is thus 
presented in Appendix B.

4   |   Conclusions

The analysis of the CFD datasets presented in this paper shows 
that turbulent wake models are necessary for accurate BEM com-
putations even at relatively low axial induction factors. Buhl's 
widely used turbulent wake model does not agree well with the 
CFD-derived local thrust coefficients Ct for a > 0.20 in regions of 
the blade that are relatively free from tip- and hub-losses.

Although divergence between Buhl's TWM and the CFD data 
starts to occur at ac ≈ 0.20, it becomes substantial at ac > 0.30 . 
This is observed to affect BEM computations, resulting in an 
under-prediction of thrust and especially power at high tip-
speed ratios for the three analysed rotors.

Buhl's TWM showed a relatively good prediction of the in-
tegrated thrust, with less good agreement for the integrated 
power. Torque was substantially underestimated by the BEM 
model using Buhl's TWM for all three rotors at high values 
of �. The relatively good agreement of the integrated CT with 
the CFD results was found to be the result of counteracting 
influences from underprediction of thrust across mid-span 
and inboard regions and overprediction of loads towards the 
blade tip.

Prandtl's tip-loss formulation was originally derived to correct 
for the effects of a finite number of blades rather than a contin-
uous disc and not necessarily to capture all the phenomena oc-
curring close to blade tips. The CFD-derived data are consistent 
with requirement for a tip-loss model to act as a scaling factor 
on the momentum equations, as applied in the BEM model of 
Ning [42] used in this work. However, the fitting of an empirical 
scaling factor TL to the momentum model suggests that such 
correction should not depend on tip-speed ratio, as Prandtl's 
correction does. Note, however, that this refers exclusively to 
momentum corrections and not to performance corrections 
that account for changes in lift and drag coefficients as the tip 
is approached [6, 7, 44].

The modified TWM, an update of Buhl's model fitted to the 
CFD data at mid-board regions of the blade, significantly im-
proved the results for both thrust and torque across most of the 
span of the blade compared with the original model. Note that 
the modified TWM was not derived as a best fit for the CFD 
power and thrust curves, but to provide a relationship between 
thrust coefficients and axial induction factors over an area of the 
blade where three-dimensional flow effects (tip- and hub-losses) 
would be limited.

While the integrated thrust and power were often overpre-
dicted with the modified TWM, this was a consequence of the 

aforementioned deficiencies in tip-loss modelling. Despite the 
overestimation, the CFD trends for integrated CP were much 
better followed with the modified TWM rather than with the 
original TWM, especially at higher tip-speed ratios.

The analysis of blockage effects showed a relatively limited im-
pact of modest blockage ratios (B < 0.05) on the relationship 
between thrust and axial induction factors, and a substantial in-
crease in CT at fixed axial induction factors as blockage becomes 
higher, affecting the shape of the CT-a relationship. Nevertheless, 
the observed impact on lift and drag coefficients (and, thus, the 
development of pressure changes across the chord and span 
of the blade) was negligible and suggests that only corrections 
to the momentum equations and, potentially, tip-loss models, 
would be required for adequate modelling of blockage effects 
within BEM models.

Finally, the discussion in this paper was presented without 
including any performance corrections to lift and drag coef-
ficients (e.g., Shen et  al. [6] or Wimshurst and Willden [7]), 
as well as only using the tip-loss correction of Prandtl. As 
extensively discussed throughout the paper, this modelling 
approach is not considered ideal. However, we limit the dis-
cussion to the momentum-thrust empirical relationship, in-
stead of extending into an area where multiple corrections 
could coexist and, potentially, interact with each other. So far, 
this work has demonstrated the need for better models for the 
turbulent wake regime, and the good performance of the mod-
ified TWM in areas of the blade where three-dimensional flow 
effects are limited. Future work should address momentum 
and performance corrections to improve the prediction of tip-
loss effects.
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Appendix A

2D Polar Coefficients
The polars used for the BEM computations are presented in Figure A1. 
The polar coefficients were computed with a RANS CFD solver, a 
target y+ ≈ 1 and a k − � SST turbulence model. Turbulence inten-
sity and length scale were adjusted to match the corresponding con-
ditions of the testing facilities based on the spanwise-average chord 
lengths. Chord-based Reynolds number interpolation was used 
for the Sch15B (Re ∈ [10.0 × 106 − 40.0 × 106]) and OxB rotors 
(Re ∈ [0.1 × 106 − 0.4 × 106]), owing to the large Re variations across 
the range of tip-speed ratios due to changes in rotational speed. A single 
Reynolds number was used for each foil on the MEXICO rotor given 
that Re variations were limited due to a constant rotational speed. Re 
for the MEXICO rotor are 0.6 × 106, 0.7 × 106, and 0.8 × 106 for the 
DU91-W2-250, RISØ A1-21 and NACA 64 418 aerofoils, respectively.

Appendix B

Impact of Blockage on Spanwise Lift and Drag Coefficient
An interesting insight derived from the numerical simulations of the 
Sch15B rotor at different blockage ratios is the impact of blockage 
on the sectional blade forces. Figure B1 shows the polar coefficients 
calculated with the line-average technique at three different span lo-
cations for the 5 different blockage ratios. Each simulated tip-speed 
ratio provides, at each spanwise location, a normal and tangential 
force, as well as an angle of attack. These three values are used to 
reconstruct the lift and drag curves, as shown in the corresponding 
figure. Each bullet point corresponds to a specific simulation and 
spanwise location, and cubic splines are used to link the extracted 
values.

The CFD results show a negligible effect of blockage on the lift and 
drag curves for all the analysed cases and throughout the entire range 
of available angles of attack for a given radial location, as the curves 
collapse on top of each other with relatively low spread. The spanwise 
location, however, shows a clear impact on lift and drag, a phenomenon 
that has been previously described in the literature [27].

The convergence between the CL and CD curves for different blockage 
ratios shows that the changes in thrust and torque can be explained 
primarily through the changes in angles of attack that arise due to 
the effect of blockage. This further explains the good performance 
of blockage corrections that are introduced as changes to the inflow 
speed to modify thrust, power, and tip-speed ratio, as described by 
Zilic de Arcos et  al. [37]. These results also suggest that no further 
blockage-related corrections should be required by the blade-element 
component of a constrained BEM model such as the one presented by 
Vogel et al. [8].

FIGURE A1    |    Two-dimensional polar coefficients used for the BEM computations of the MEXICO, Sch15B and OxB rotors.
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FIGURE B1    |    Impact of blockage on the lift and drag coefficients at different spanwise locations extracted from the Sch15B blade-resolved CFD 
simulations and for different blockage ratios. Each bullet point corresponds to a simulation and cubic splines are provided for reference.
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