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A B S T R A C T

Nuclear astrophysics recently celebrated its 100th anniversary and remains an active field of
science. This article reviews several contemporary experimental techniques used to determine
nuclear-reaction rates. Additionally, it presents some theoretical aspects directly related to these
experimental techniques, providing an introduction to the fundamental principles underlying
them. The 18F(𝑝, 𝛼)15O reaction, which is associated with 𝛾-ray emission from classical novae
during the first hours after expansion, is used as a central theme throughout the article. Several
examples of recent experiments are highlighted, particularly those conducted in nuclear facilities
utilizing radioactive beams.
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1. Introduction

In the article J. Perrin published in 1919 [1], he was the first to propose the idea that nuclear reactions could be at the origin
of the energy generated by the Sun and the other stars. He wrote that (translated from French): ‘‘...the nebula of gas contracting,
the collisions between light atoms become more and more numerous... able to fuse into heavy atoms, and ... accompanied by ultra-X rays,
which, for the most part, do not come out of the star whose temperature becomes colossal.... it is... a deep penetration that intimately
mixes atomic nuclei’’. For the first time, the two physics fields, Nuclear Physics and Astrophysics, were coupled. The same year, E.
Rutherford carried out the first induced nuclear reaction in laboratory [2], proving that it is possible to transform atomic nuclei
nto other nuclei, and F. W. Aston made the first accurate measurements of atomic masses [3], proving that the combination of

light elements into heavier ones is accompanied by a large excess of energy. A. S. Eddington concluded in 1920 [4]: ‘‘... Aston has
further shown conclusively that the mass of the helium atom is less than the sum of the masses of the 4 hydrogen atoms which enter into
t... We can therefore at once calculate the quantity of energy liberated when helium is made out of hydrogen. If 5 per cent of a star’s mass
onsists initially of hydrogen atoms, which are gradually being combined to form more complex elements, the total heat liberated will more
han suffice for our demands, and we need look no further for the source of a star’s energy’’. A new branch of physics, called Nuclear
strophysics, emerged. Since then, Nuclear Astrophysics has followed a route full of splendid discoveries. It led us, in 2017, almost

a century after the first article, to a new excitement due to the first observation of the coalescence of two neutron stars [5] and
he associated new nucleosynthesis process, which looks like the scenario proposed in 1948 by Alpher, Bethe and Gamow [6], also
eferred as the 𝛼 𝛽 𝛾-paper, of an ‘‘... early stage of matter as a highly compressed neutron gas...’’.

Among all astrophysical phenomena, novae are particularly fascinating objects, not least because it is possible to observe these
events through binoculars almost once every year. These luminous outbursts occur in binary star systems that include a white dwarf
star, a remnant of a star that exhausted its nuclear fuel and collapsed into a dense and hot core. The strong gravitational field of
the white dwarf draws matter away from its companion star, often a main-sequence or red giant star. This transfer of matter sets
the stage for the nova event. As the white dwarf accumulates hydrogen from its companion, the hydrogen builds up on its surface.
When the pressure and temperature become sufficiently high, a thermonuclear runaway reaction ensues, leading to a sudden increase
n brightness. During these nova outbursts, the temperatures can reach 3–4 × 108 K. At such extreme temperatures, rapid nuclear
2 
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reactions occur, allowing for the synthesis of both stable and radioactive nuclei [7]. The process is dominated by proton-capture
reactions. These captures not only produce a variety of elements but also release a significant amount of energy, contributing to the
nova brightness. In the initial hours following the onset of the nova explosion, the emission of 𝛾-rays is particularly intense. The
𝛾-ray spectrum is dominated by the 511 keV 𝛾 line, which originates from the annihilation of positrons [8,9]. Detecting these 𝛾-rays
from nova ejecta is a key goal for astronomers, as it would provide a direct means to study the nucleosynthesis processes occurring
n novae and the mechanisms of matter ejection [10]. Although such observations have not yet been realized, they are anticipated
n the near future [11].

Positrons are largely generated by the decay of the 18F (𝑡1∕2 = 109.77 min) nuclei in the first day of the nova. Thus, the number
of 𝛾-rays emitted is proportional to the 18F content in the nova ejecta. As the 18F lifetime is comparable to the time the ejected
envelope becomes transparent to 𝛾-rays, the observations of 18F should provide information on the ejecta dynamics. In 2020, for
the first time, a nova was detected a few hours (<8 h) after the explosion [12]. Nova RETICULI 2020 was detected in X-rays by the
eROSITA satellite, 8 days before it was observed in visible light. So, in the next few years, an alert can be expected to be triggered
hortly after the explosion, and the possibility of the nova being studied in the 𝛾-ray range just a few hours after the alert can be

anticipated.
The role of the 18F(𝑝, 𝛼)15O reaction in producing 18F in novae was first thoroughly explored in 2000 by A. Coc et al. [9]. This

pioneering work highlighted the importance of this reaction and sparked an extensive series of experiments over the subsequent two
decades, aimed at accurately determining the reaction rate. Initial work to determine the rate of this reaction was undertaken by
Wiescher and Kettner as early as 1982 [13], but very little experimental information was available at that time, so the uncertainty
f the rate was very high. The first real experimental study of 19Ne aiming to determine the astrophysical 18F(𝑝, 𝛼)15O rate was
roposed in 1998 by Utku et al. [14]. The 18F(𝑝, 𝛼)15O reaction is probably the most studied reaction in nuclear astrophysics
ecently, with more than 50 studies published in the last two decades. Despite this considerable effort, its rate remains uncertain at

nova temperatures with a factor of ∼10 uncertainty in the predicted abundance of 18F ejected by nova explosions [15].
This article reviews several experimental techniques used today to determine astrophysical reaction rates. In order to better

compare these approaches, we have chosen to show the results obtained in the study of the same reaction. Reaction 18F(𝑝, 𝛼)15O was
chosen. This reaction has been studied in the last three decades using five different experimental techniques: direct measurements,
elastic resonant scattering, inelastic scattering, inverse-kinematics and Trojan Horse transfer reactions, and they will be presented
in this article. By way of introduction, some useful definitions are presented. It should be noted that definitions are sometimes
simplified, and that some of them may vary from other articles. Emphasis is placed on the experimental aspects to be considered
when choosing the approach to be used. A critical comparison between these experimental methods is made. Some theoretical aspects
directly related to these methods are also presented. Several examples of recent experiments are given, but this article is not an
exhaustive review of the various experimental studies carried out to determine the rate of this reaction. This reaction illustrates the
current challenges of nuclear astrophysics, linked in particular to the new radioactive beams recently produced in various facilities
around the world.

2. Direct measurement of the reaction rate

2.1. Reaction rate

In stellar environments, the probability that a proton undergoes a reaction with 18F is proportional to 𝑁18F, the number density
of 18F nuclei, and to the product 𝑣 𝜎(𝑣) of the velocity times the cross section [16–18]. It follows that the number of 18F nuclei
consumed per unit of volume per second with velocities between 𝑣 and 𝑣 + 𝑑 𝑣 is given by 𝑁𝑝 𝑁18F 𝑣 𝜎(𝑣) 𝛷(𝑣) 𝑑 𝑣, with 𝑁𝑝 the
number density of protons, and 𝛷(𝑣)𝑑 𝑣 is the probability to have the relative velocity between 𝑣 and 𝑣 + 𝑑 𝑣. The total number of
reactions per second, integrated over all velocities, is equal to

𝑁𝑝 𝑁18F ∫

∞

0
𝑣 𝜎(𝑣) 𝛷(𝑣) 𝑑 𝑣. (1)

The thermonuclear reaction rate is defined as 𝑟 = ∫ ∞
0 𝑣 𝜎(𝑣) 𝛷(𝑣) 𝑑 𝑣 . In most cases, the probability density 𝛷(𝑣) is given by the

Maxwell–Boltzmann velocity distribution, thus the reaction rate is

𝑟 =
√

8
𝜋 𝜇 (𝑘𝑇 )

− 3
2
∫

∞

0
𝜎(𝐸) 𝐸 𝑒− 𝐸

𝑘𝑇 𝑑 𝐸 (2)

with 𝜇 the reduced mass, 𝜇 =
𝑚18F𝑚𝑝
𝑚18F+𝑚𝑝

≈ 0.95 atomic mass unit, 𝑚18F and 𝑚𝑝 are the masses of 18F and 𝑝, and 𝑘 the Boltzmann constant.
The reaction rate is a function of the temperature, and it is usually given in cm3 mol−1 s−1, which is obtained to multiplying Eq. (2)
by the Avogadro constant. Reaction rates are usually given in the form of tables [19], or fitted into analytical expressions of the
temperature [16,20], and then used in astrophysics simulation codes.

Recently, the availability of high-intensity laser facilities capable of delivering petawatts of power into small volumes has
opened up the possibility of using such facilities to measure reaction rates. The very powerful laser beams produce plasmas at
igh temperature and high density in which the astrophysical reactions occur. Several high-intensity laser facilities are in their
ommissioning phase. First results were obtained recently in the reactions 𝑑(𝑑 , 𝑛)3He and 3He(𝑑 , 𝑝)4He [21,22] using the Texas

Petawatt laser. The predicted rate of the 18F(𝑝, 𝛼)15O reaction at the temperature of 0.25 GK is 𝑟 ≈ 1 cm3 mol−1 s−1 [15]. In the
laboratory, if it were possible to heat a hydrogen target (1 mm3, 1 g cm−3) mixed with 109 atoms of 18F at this temperature for
10−9 s (the plasma disassembly time), only 1 atom of 15O would be produced. Yet, there is still a long way to go before being able
o apply this method to the 18F(𝑝, 𝛼)15O case.
3 
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2.2. Requested precision

The reaction rates are known at best with an accuracy typically in the order of a factor 2, see [23]. The reactions 12C(𝛼, 𝛾)16O
and 3He(4He, 𝛾)7Be are among those that require more accurate values. For the former case, it was shown that its rate significantly
influences the pre-supernova stellar structure, the explosive nucleosynthesis and the nature, neutron star or black hole, of the
remnant left after the core-collapse. A 10% accuracy is requested [24]. For the latter reaction, its rate is linked to the solar neutrinos

easurement and therefore it constrains the standard solar model. A 3% accuracy is requested [25].
Despite recent progress [26–31], the 18F(𝑝, 𝛼)15O reaction rate is still uncertain by a factor 3, making it the most uncertain

reaction among the creation and destruction pathways of 18F [32]. This translates into more than a factor 10 uncertainty for the
alculated abundance of 18F in the ejecta of novae explosions [15]. A better understanding of the reaction rates relating to the

production and destruction of 18F is required with uncertainties below 30% to calculate 18F yields in novae. This would improve
he reliability of the predicted 𝛾-ray fluxes that should enlighten us on the underlying novae outbursts.

3. Direct measurement of the nuclear cross section

3.1. Principle

All terms in Eq. (2) are known, except the cross section, which has to be determined experimentally in the relevant energy
range. Ideally one would measure the cross section 𝜎(𝐸) of the 18F(𝑝, 𝛼)15O reaction directly at the appropriate energies. Reactions
between charged particles, however, have very low cross sections (𝜎 ≲ 1 μb) at the energies of interest because of the strong Coulomb
repulsion and the very weak penetrability through the Coulomb barrier by tunnel effect. Thus, it is extremely difficult to measure
directly the cross sections of interest. Direct measurements of cross sections at the relevant energies were possible in a few dozen
cases only. Generally, it requires weeks or months of beam time and extremely low background conditions.

3.2. Astrophysical S factor

For the 18F(𝑝, 𝛼)15O reaction, in novae, the kinetic energies of the particles are E∼400 keV at maximum, this is well below the
Coulomb barrier 𝐻

𝐻18F+𝑝 ∼ 0.6 MeV
𝑍18F 𝑍𝑝
𝐴1∕3

∼ 2 MeV (3)

with 𝐴 = 18 + 1, 𝑍18F = 9 and 𝑍𝑝 = 1. In these conditions, fusion of the two charged particles is unlikely and can only proceed
hrough the quantum tunneling effect. The probability of penetrating the Coulomb barrier can be calculated approximately with the
amow function

𝑃 (𝐸) = 𝑒−2𝜋 𝜂 (4)

with

2𝜋 𝜂 = 31.29 𝑍18F 𝑍𝑝

[

𝜇 (amu)
𝐸 (k eV)

]1∕2
. (5)

It is very convenient to write the cross sections as

𝜎(𝐸) ≡ S(𝐸)
𝐸

𝑒−2𝜋 𝜂 (6)

where the Coulomb effect is set apart from the total cross section by the 𝑒−2𝜋 𝜂 factor. The 𝐸−1 factor is a non-nuclear energy-
dependent term, proportional to the de Broglie wavelength to the square, i.e. 𝐸−1 ∝ 𝜆2 = ( ℎ𝑚𝑣 )2, the geometrical cross section of
he nucleus. The nuclear dependence of the cross section is reduced to the function S(𝐸). It is called the astrophysical S factor. This
unction usually varies slowly with energy.

3.3. Gamow window

The integrand of Eq. (2) is negligible at low energy since lim𝐸→0 𝜎(𝐸) = 0, and at high energy, lim𝐸→+∞ 𝑒−
𝐸
𝑘𝑇 = 0, then it is non

egligible in a limited range of energies: 𝐸0 −𝛥∕2 ⩽ 𝐸 ⩽ 𝐸0 +𝛥∕2. This range is called the Gamow window. The Gamow window can
e calculated using different analytical formulas [16,33]. For reactions between charged particles at relatively low temperatures

𝐸0 ≈ 0.122(𝑍2
1𝑍

2
2𝜇 𝑇 2

9 )
1∕3 MeV

𝛥 ≈ 0.237(𝑍2
1𝑍

2
2𝜇 𝑇 5

9 )
1∕6 MeV

(7)

where 𝑍1 and 𝑍2 are the charges of the interacting nuclei, T9 is the temperature of the environment in GK. Note that Eq. (7)
is an approximation, it has to be corrected in several cases, e.g. for reactions involving broad resonances, or for reactions with
not charged) neutrons, or at extreme temperatures. In the novae explosions, with temperatures 𝑇 = 0.05–0.35 GK, the 18F(𝑝, 𝛼)15O
eaction occurs in the 𝐸 ≈ 70–260 keV energy range and in the 𝛥 ≈ 40–126 keV energy windows [33].
0

4 
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Table 1
List of all direct measurements of the 18F(𝑝, 𝛼)15O reaction.
Laboratory 18F beam Purity Ref.

Intensity (pps) %

LLN 106 100 [34,35]
ANL 5 × 105 0.4 [36,37]
HRIBF 2 × 105 20 [38–41]
TRIUMF 5 × 106 60–95 [42,43]
GANIL 2 × 104 97 [44]

Fig. 1. Scheme of the experimental setup used for the direct measurement of the 18F(𝑝, 𝛼)15O reaction [38,41]. The experiment was carried out in inverse
kinematics with a 18F beam. The reaction products, 15O, 𝑝 and 𝛼, were detected with silicon detectors (SIDAR) placed behind the thin plastic target composed
with hydrogen.

3.4. Projectile

The 18F isotope is radioactive and short-lived, so it cannot be used as a target, it must be used as a beam. The 18F(𝑝, 𝛼)15O
reaction is a favorable case for a direct measure of the cross section. On the one hand, this reaction has one of the highest cross
sections in astrophysics since it involves the strong nuclear interaction on both the entrance and exit channels. Moreover, in explosive
astrophysical scenarios, temperatures exceed several hundred million degrees and the Gamow window is in the hundreds of keV
range, leading to cross sections of up to several millibarns. On the other hand, the 18F beam is among the most intense radioactive
beams currently available in Radioactive Ion Beam (RIB) facilities, see Table 1. Also note, the purity of the beam is another very
important parameter.

3.5. Incident energy

The beam energy must correspond exactly to the aimed energy in the center of mass. For example, 250 keV in the center of
mass corresponds to a 18F beam energy of 5 MeV. In practice, the beam energy is higher so that the desired center-of-mass energy
is achieved at the center of the target.

3.6. Target

Given the very short lifetime of 18F (𝑡1∕2 = 109.77 min), all direct measurements of 18F(𝑝, 𝛼)15O were carried out in inverse
kinematics (heavy ion on light target nucleus). Plastic targets (containing hydrogen) were used in all the experiments. The target
is necessarily thin due to the exponential fall in the cross section with decreasing energy and the energy losses of the beam in the
target. The need to have the ejectiles exit the target also dictates a thinner target.

It is possible that in the future a direct kinematic measurement could be made using a 18F target, by rapidly producing and
extracting 18F nuclei from its production target using techniques that already exist in the medical field.

3.7. Experimental setup

The ‘‘on-the-fly’’ method was used in all direct measurements of the 18F(𝑝, 𝛼)15O reaction. Fig. 1 shows one example of
experimental setup used for this measurement. Products of the reaction are identified using reaction kinematics, by plotting the
measured energy of the particles against time of flight [34], or as a function of their measured angle, see Fig. 2. The reaction of
interest can be identified as well as the reactions induced by the beam contaminant (18O).
5 
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Fig. 2. The angle of the measured 𝛼 particles is plotted as a function of their energy, in the direct measurement of the 18F(𝑝, 𝛼)15O reaction [41]. (Left) The
measurement is taken at the energy of the 332-keV resonance in 19Ne, at 𝐸𝑏𝑒𝑎𝑚 = 6.6 MeV. (Right) Outside this resonance, at 𝐸𝑏𝑒𝑎𝑚 = 7.5 MeV. The reaction of
interest is easily identified on this plot, as well as reactions from 18O, a contaminant in the beam.

Fig. 3. All direct measurements of the 18F(𝑝, 𝛼)15O total cross section (vertical axis on the right) is shown as a function of the c.m. energy. The points are
measured values taken from Ref. [35,38,40–42,44]. The black curve shows a theoretical fit to the data. The red curve shows the beam intensity (left axis) needed
to produce 1 reaction per week. The green area corresponds to the Gamow window of novae explosions. The lowest energies are inaccessible with the present
means.

It should be noted that 18F is often implanted close to the target during the experiment, and as a result, it emits ionizing particles
(positrons) and 𝛾 radiations that can produce an intense background on the detectors. The spectra measured are often cleaned up by
selecting the good events in a time window, in a measurement between two detectors (e.g. silicon and microchannel plate assembly)
or with the RF of the accelerator with a pulsed beam. This comment is valid for many of the experiments presented in this article.

To date, ten direct measurements of the 18F(𝑝, 𝛼)15O reaction were carried out in five different laboratories, see Table 1. Fig. 3
shows the results of these experiments and the beam intensity required to induce 1 reaction per week (red curve). Beam intensity
>1012 pps is required to reach the left side of the Gamow window. Such a beam intensity is available nowhere in the world. The
lowest energy measured is ≈250 keV, which is still in the right side of the Gamow window. The 18F(𝑝, 𝛼)15O reaction shows
particularly well the difficulty of measuring cross sections at low energy.

There are other experimental methods for direct measurement, but they have not yet been used to study the 18F(𝑝, 𝛼)15O reaction.
(i) The on-the-fly method can be carried out using electromagnetic recoil spectrometers [45–47], e.g. DRAGON located in TRIUMF
Laboratory in Vancouver, Canada [48]. In these experiments, the beam is sent onto a windowless gas target and the recoil nucleus
is selected with the spectrometer and identified with particle detectors, whereas the relatively intense beam is mostly rejected. To
improve the signal-to-noise ratio, the measurement of the recoil nucleus is done in coincidence with the particle (or the 𝛾 ray)
emitted in the reaction. (ii) Many direct measurements have been carried out at the LUNA laboratory (Laboratory for Underground
Nuclear Astrophysics) [49,50], which is located at Gran Sasso laboratory in Italy. Several similar facilities are under development
in the world [51–53]. These facilities are used for radiative capture reactions, e.g. (𝑝, 𝛾), where the 𝛾 background originated from
cosmic rays is much reduced underground. (iii) The activation method [54] uses a target that is as pure as possible to induce nuclear
reactions and to preserve the reaction products inside the target. If the reaction products are radioactive, the decay rates can be
measured in a low background environment, in order to deduce the reaction cross section. This method has never been used for
the 18F(𝑝, 𝛼)15O reaction, although it is certainly technically possible, within certain limits. The reaction product, i.e. 15O, has a
relatively short lifetime (𝑡 = 122 s) and no characteristic 𝛾 line. One way to measure it would be to extract 15O from the target and
1∕2
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chemically purify it in less than 122 s (e.g. [55]), and then observe the 511 keV 𝛾 ray in coincidence with its associated 𝛽 radiation.
The sensitivity obviously depends on the extraction efficiency and on the background. (iv) Another version of the previous method
is to measure the produced nuclei, stable or long-lived nuclei, trapped inside the target, using an Accelerator Mass Spectrometer
AMS) [56–58]. This method is not feasible in the case of the 18F(𝑝, 𝛼)15O reaction because the reaction product, 15O, decays to a

daughter nucleus, 15N, which is a natural contaminant very abundant in any sample.
Direct measurements are possible with a storage ring. A project to measure the 18F(𝑝, 𝛼)15O reaction using the CRYRING ring at

FAIR [59] is in preparation. The idea is to accumulate in the ring 18F nuclei produced by fragmentation reactions, then decelerate
hem to the right energy and use a gaseous hydrogen jet target. The recoil nuclei 15O will have a different trajectory and will be
etected by a silicon detector placed after a magnetic dipole in the ring, probably in coincidence with the 𝛼 particles measured with
 detector placed just behind the target [60].

3.8. Limitations

The main limitation of direct-measurement experiments is the count rate, which is often very low, the cross section decreasing
exponentially at low energy. Another difficulty is the energy of the emitted particles, which can be very low, that need to be detected.
In the 18F(𝑝, 𝛼)15O reaction, the important 𝐽𝜋 = 3∕2+ resonances in 19Ne are populated by proton capture with angular momentum
𝓁 = 0, resulting in an isotropic angular distribution of the emitted 𝛼 particles. For other resonances 𝓁 ≠ 0, the angular distribution
must be taken into account. For example, for the resonance observed at 330 keV with 𝐽𝜋 = 3∕2−, the angular distribution must
follow the form 𝑎 + 𝑏 cos2(𝜃), with 𝑎 and 𝑏 being two free parameters [17,61]. The situation can be even more complicated with
interferences between several resonances and between several reaction mechanisms, see Ref. [62]. An 𝑅 matrix calculation code is
often used to fit the data.

4. Predicting nuclear cross sections

In many cases, cross sections are so small that direct measurements are not possible in the Gamow window using the present
xperimental facilities. Theoretical models are used instead to predict their values at the lowest energies.

4.1. Empirical trends

It is possible to estimate the cross section of any reaction in the Gamow window with a precision of a factor of ≈100 without any
rior knowledge of the reaction. This is because, in contrast to the cross section, the astrophysical 𝑆(𝐸) factor varies slowly with

energy, and depends mainly on whether the reaction is nuclear or electromagnetic. As a first approximation, it can be assumed to
be a constant in the energy range of the Gamow peak, 𝑆(𝐸) = 𝑆𝐺. Fig. 4 (left) shows examples of 𝑆𝐺 values measured for different
nuclear reactions.

It is possible to calculate the penetrability 𝑒−2𝜋 𝜂 term with a higher accuracy, using the regular and irregular Coulomb functions, 𝐹
and 𝐺 [16–18]. These functions can be calculated numerically with, for instance, the GNU Scientific Library (GSL) [65]. Penetrability
s also a function of the orbital angular momentum 𝓁 of the captured particle, since the centrifugal force produces another barrier in
ddition to the Coulomb barrier. In general, only the lowest angular momentum (𝓁 = 0) is considered in astrophysics. The following
elation can be used

𝜎(𝐸) ≡ 𝑆∗(𝐸)
𝐸

𝑃𝓁=0(𝐸) (8)

where 𝑃𝓁=0(𝐸) is the penetrability calculated numerically, and 𝑆∗(𝐸) the corrected value of the astrophysical S factor. A clearer
icture is obtained with 𝑆∗

𝐺, see Fig. 4 (right). One can see that the range of values on 𝑆∗
𝐺 is much reduced compared to 𝑆𝐺. The

wo categories of reactions, electromagnetic and nuclear, are well separated by a factor ≈105. The spread of values within one
ategory of reactions is a factor ≃102 only, whatever the mass of the nuclei. This spreading within one category is irreducible
ecause it comes from many effects: the existence of different reaction mechanisms, contributions from different angular momenta,
nterferences between resonances, different level densities, etc. Despite the drastic reduction in the range of values, the uncertainty
n 𝑆∗

𝐺 remains too large for many astrophysical models.
How can cross sections be accurately predicted at low energy? The first step towards this prediction is to propose nuclear reaction

echanisms.

4.2. Isolated resonance in the compound nucleus

The 18F(𝑝, 𝛼)15O reaction can proceed through the formation of a quasi-stationary state in the compound nucleus (𝐶 𝑁):
18F + 𝑝 →19Ne∗, followed by the emission of an 𝛼 particle: 19Ne∗ →15O + 𝛼. This is a two-steps process. Two matrix elements
are needed to describe this process

𝜎(𝐸) ∝ |⟨𝜓15O+𝛼|𝐻2|𝜓19Ne∗ ⟩⟨𝜓19Ne∗ |𝐻1|𝜓18F+𝑝⟩|
2 (9)

The two channels are coupled. The resolution of this quantum problem results in the Breit–Wigner (𝐵 𝑊 ) formula [16,66,67], which
is written

𝜎𝐵 𝑊 (𝐸) = 𝜋𝜆2
2𝐽19Ne∗ + 1 𝛤𝑝𝛤𝛼 (10)
(2𝐽𝑝 + 1)(2𝐽18F + 1) (𝐸 − 𝐸𝑟)2 + (𝛤∕2)2

7 
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Fig. 4. (Left) Average astrophysical S factor (𝑆𝐺) measured in the Gamow peak for different nuclear reactions [63,64]. These reactions can be classified into
two categories, whether it is purely nuclear or whether it involves electromagnetic interaction. (Right) Corrected astrophysical S factors 𝑆∗

𝐺 (see text) using
higher-accuracy penetrability function. This parameter has the advantage of dividing nuclear reactions into two clearly distinct categories and, within one
category, the spreading of values is much reduced (factor ≈100) compared to the spreading shown with 𝑆𝐺 . There is a factor ≈105 in magnitude between the
nuclear and electromagnetic categories.

with 𝜆 the de Broglie wave-length, 𝐽 are the spins and 𝛤𝑝, 𝛤𝛼 and 𝛤 are the partial widths and total width of the quasi-stationary
state. The excitation function, i.e. cross section as a function of the incident energy, shows resonances as dramatic increases of the
cross section at certain incident energies 𝐸 = 𝐸𝑟 corresponding to excited states (the quasi-stationary states) of the 𝐶 𝑁 . Accurate
excitation function can be calculated using the 𝑅-matrix formalism, see Section 5.2. Different computer codes are available to
calculate cross sections or to analyze data, e.g. the AZURE code [68,69]. To calculate the 18F(𝑝, 𝛼)15O cross section at low energy,
we need to know the properties (spin, width, resonance energy) of all the excited states of 19Ne above the proton emission threshold.
These properties must therefore be either measured, or predicted theoretically.

Fig. 5 shows the level scheme of 19Ne with the most important states for the calculation of the 18F(𝑝, 𝛼)15O reaction rate. Many
other excited states exist but are not represented in this figure, because of their lesser importance, and also because they are not
known in 19Ne although they are known in the mirror nucleus 19F. The two resonances at 665 keV and 332 keV are clearly visible
in Fig. 3.

4.3. Interferences between resonances

The total cross section is not always the sum of several 𝐵 𝑊 resonances. Interferences can also occur between resonances of the
same spin and parity. Such interferences result sometimes in weaker cross sections (negative interference). In the case of the 18F(𝑝,
𝛼)15O reaction, the cross section is uncertain by a factor of up to 10 at low energies from possible interferences between several
3/2+ resonances and between two 1/2+ resonances. Without going into too much detail, Fig. 6 illustrates the possible effects of
interferences between three 3/2+ resonances. Note that the rate of the reaction is less uncertain, since it is the integral of the cross
section.

In principle, the Trojan Horse Method (see Section 8) could be used to constrain the sign of interferences, but this is impractical
due to the limited energy resolution of these measurements. The only way to determine the sign of the interference is to measure
the cross-section directly. Sometimes, the sign of the interferences can be constrained from measurements at energies above the
Gamow window, see example in Fig. 6 and Ref. [39].

4.4. Direct radiative capture

Direct-radiative-capture reaction can be seen as a perturbation to the Coulomb scattering. The direct-radiative-capture reaction
is an entirely electromagnetic process [72]. Reactions proceed through electromagnetic interaction directly to the final state:
𝐴 + 𝑥 → 𝛾 + 𝐵∗, with 𝐵∗ built as 𝐴 + 𝑥. The extra energy given by the Q-value of the reaction plus the kinetic energy of the
8 
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Fig. 5. Simplified level diagram showing several important states in 19Ne for the calculation of the 18F(𝑝, 𝛼)15O reaction rate.
Source: From Ref. [14,70,71].

Fig. 6. The astrophysical S factor of the 18F(𝑝, 𝛼)15O reaction is calculated as a function of the c.m. energy. In this simulation, the three 𝐸𝑟 = 9 keV, 39 keV
and 665 keV 3/2+ resonances are considered. The signs of the interferences are changed and the results are presented with different colors. The three signs are
given for the three 3/2+ resonances, The (+) sign means that the amplitude of probability is positive, whereas a (−) sign means this amplitude is negative. The
green area corresponds to the Gamow window of novae explosions. In this energy range, the astrophysical S factor can vary by a factor up to 10 as a result of
interferences.

incident particle is transported by the electromagnetic radiation. The cross section is described by a single matrix element,

𝜎(𝐸) ∝∣ ⟨𝜓𝐵∗+𝛾 ∣𝑀𝜆 ∣ 𝜓𝐴+𝑥⟩ ∣2 (11)

with 𝑀𝜆 the electromagnetic operator [18]. In general, the highest contribution comes from 𝐸1 transitions, with 𝑀𝜆=1 = 𝑟𝑌 (1)(𝜃 , 𝜙),
since 𝐸1-transitions are the fastest electromagnetic transitions. It follows

𝜎(𝐸) ∝ |

|

|

|

∫

∞

0
𝑢𝑓 (𝑟) 𝑟 𝑢𝑖(𝑟)𝑑 𝑟

|

|

|

|

2
(12)

where 𝑢𝑖(𝑟) is the incident particle scattering wave function in the entrance channel, and 𝑢𝑓 (𝑟) is the radial part of the nucleus
𝐵 formed by 𝐴 + 𝑥, see an example of calculation in Ref. [73]. This direct-radiative-capture process is a non-resonant process.
Different computer codes can be used to calculate cross sections, e.g. the RADCAP code [74,75].

Obviously, this reaction mechanism does not apply directly to the 18F(𝑝, 𝛼)15O reaction since no 𝛾 is emitted. However, we can
estimate the direct capture process populating unbound excited states of 19Ne∗, see Ref. [14], decaying by the emission of an 𝛼
particle: 18F(𝑝, 𝛾)19Ne∗(𝛼)15O. In the Gamow window of the 18F(𝑝, 𝛼)15O reaction, this reaction mechanism contributes less than one
per hundred thousand to the total cross section, see Fig. 7.
9 
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Fig. 7. The 18F(𝑝, 𝛼)15O reaction cross section is shown as a function of the energy in c.m. The points are measured values and the black line is a fit on the
xperimental points. The red line was calculated with the RADCAP code assuming a direct radiative capture mechanism, i.e. 18F(𝑝, 𝛾)19Ne∗(𝛼)15O. The latter

reaction mechanism is negligible compared with the contributions of resonances in the compound nucleus.

Fig. 8. The 18F(𝑝, 𝛼)15O reaction cross section is shown as a function of the energy in c.m. The points are measured values and the black line is a fit on the
xperimental points. The red line was calculated with the FRESCO code assuming a direct nuclear transfer mechanism and pure 18F =14N + 𝛼 and 15O =14N + 𝑝
onfigurations. The latter reaction mechanism is negligible compared with the contributions of resonances in the compound nucleus.

4.5. Direct particle transfer

Reactions can proceed through the nuclear interaction directly to the final state. For example, in Ref. [62], it is shown that the
ground state of 18O is well described as an 𝛼 + 14C cluster structure, and the 18O(𝑝, 𝛼)15N reaction can be visualized as a 14C nucleus
icking up a proton, leaving the 𝛼 cluster. In general, the corresponding astrophysical S factor varies gently with energy, but see
he 8Li(𝛼, 𝑛)11B counterexample in Ref. [76].

In the case of the 18F(𝑝, 𝛼)15O reaction, the direct proton pickup cross section can be calculated by assuming 18F = 14N + 𝛼 and
15O =14N + 𝑝. The cross section is described by a single matrix element

𝜎(𝐸) ∝∣ ⟨𝜓15O ∣ 𝑉 ∣ 𝜓14N+𝑝⟩ ∣
2 (13)

where V is the nuclear potential. The model called Distorted Wave Born Approximation (DWBA) can be used to predict cross sections,
see Section 7. Several computer codes are available to calculate the direct particle-transfer cross sections, the FRESCO code [77,78]
for example. In the case of the 18F(𝑝, 𝛼)15O reaction, this mechanism is found negligible at astrophysical energies, see Fig. 8.

4.6. Indirect measurements

The determination of astrophysical cross sections using nuclear models requires the measurement of some parameters, i.e. spec-
roscopic properties. This way of determining astrophysical cross sections is called indirect measurements or indirect methods, see
ef. [79]. Several experimental methods can be used to determine these parameters: elastic scattering, 18F(p,p)18F, knock-out
eaction, 20Ne(𝑝, 2𝑝)19Ne∗, transfer reaction, 18F(𝑑 , 𝑛)19Ne∗, fusion–evaporation reaction, 20Ne + 𝑝 → 21Na∗ → 19Ne∗ + 𝑝 + 𝑛, beta-

delayed particle emission etc. In present article, we have chosen to present the experimental techniques that have been used to
10 
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Fig. 9. Excitation function of the 18F(𝑝, 𝑝)18F elastic scattering reaction calculated with 𝑅 matrix, HSFB and DWBA formalisms. Depending on energy, different
eaction mechanisms dominate: Rutherford scattering at very low energy, resonant elastic scattering around 1 MeV, HSFB and nuclear-optical model at higher
nergy.

determine the 18F(𝑝, 𝛼)15O reaction rate.

5. Resonant elastic scattering

5.1. Principle

The 18F(𝑝, 𝑝)18F elastic scattering reaction occurs at all incident energies through different reaction mechanisms. Three different
energy ranges can be considered, see Fig. 9. The domain of very low energies, 𝐸𝑐 .𝑚. ≲ 0.5 MeV, is dominated by the Rutherford
cattering. At energies 𝐸𝑐 .𝑚. ≳ 4 MeV, the cross section is fairly monotonous, the nuclear-optical model can be used to calculate
he cross section. At intermediate energies (0.5 ≲ 𝐸𝑐 .𝑚. ≲ 4 MeV), resonances are observed. The intermediate energy domain is

particularly interesting for nuclear spectroscopy and astrophysics.
According to the Rutherford elastic scattering formula, the differential cross section varies inversely proportional to the square

f the energy. Deviations from this law are observed at intermediate energy. For example, the excitation function of the 14N(𝑝,
)14N elastic scattering reaction measured at the angle of 𝜃𝑐 .𝑚. = 180◦ is shown in Fig. 10 (top). Its cross section follows very well

the Rutherford elastic scattering formula except for energies close to 𝐸𝑙 𝑎𝑏 ≃ 1.06 MeV (in direct kinematics) where an anomaly
is observed. Indeed, the energy of the anomaly, at 𝐸𝑐 .𝑚. = 0.985 MeV above the reaction threshold 14N + 𝑝 (𝑆𝑝 = 7.297 MeV),
matches perfectly to the excitation energy 𝐸𝑥 = 𝑆𝑝 + 𝐸𝑐 .𝑚. = 8.284 MeV of the 3/2+ excited state in the 15O compound nucleus.
Therefore, two different reaction mechanisms should be invoked to explain the measured cross section. On the one hand (Fig. 10,
bottom left), the two nuclei undergo Coulomb repulsion: they don’t ‘‘touch’’ each other. On the other hand (Fig. 10, bottom right),
the two nuclei merge and fuse to the compound nucleus 15O which decays back to the entrance channel (elastic scattering). An
anomaly (resonance) is observed when the incident energy matches the energy of a compound-nucleus excited state. This reaction
mechanism is called Resonant Elastic Scattering (𝑅𝐸 𝑆). 𝑅𝐸 𝑆 cross sections are generally high, typically several tens or hundreds of
mbarn/sr. RES can be used for astrophysics studies, by measuring the properties of the compound-nucleus resonances.

Energy. The resonance energies, 𝐸𝑟, can be determined from the energies of the scattering anomalies. If the measurement is performed
n inverse kinematics, the 𝑐 .𝑚. energy at the interaction point (reaction vertex) can be determined from the measured energy of the
cattered particles in 𝑙 𝑎𝑏, see Fig. 11. Indeed, the energy of the scattered particles in 𝑙 𝑎𝑏 is related to the 𝑐 .𝑚. energy at the reaction
ertex by

𝐸𝑐 .𝑚. = 1
4

1
cos2(𝜃𝑙 𝑎𝑏)

𝑚𝑝 + 𝑚𝑡
𝑚𝑝

𝐸𝑙 𝑎𝑏 (14)

with 𝑚𝑝 and 𝑚𝑡 the projectile and target mass. The 𝑐 .𝑚. angle is related to the 𝑙 𝑎𝑏 angle by

𝜃𝑐 .𝑚. = 180◦ − 2 𝜃𝑙 𝑎𝑏 (15)

with 𝜃𝑙 𝑎𝑏 in degrees.

Spin. The two reaction mechanisms, Rutherford scattering and compound nucleus formation, operate simultaneously and are
indistinguishable. Amplitudes of probabilities should be added (instead of cross sections), resulting into interferences between the
two contributions, see Fig. 10. Fig. 12 shows that the shape of resonances depends on the spin and parity of states, and so, resonances
shape analysis can be used to constrain spin and parity of excited states. Angular distributions can also be used to determine the
spin of states and they are useful for distinguishing between several overlapping resonances, see for example Ref. [81].
Widths. The widths and amplitudes of the measured scattering anomalies in the excitation function can be used to determine total
width 𝛤 and partial widths 𝛤 , 𝛤 , . . . of resonances.
𝑇 𝑝 𝛼

11 
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Fig. 10. Top: Excitation function of the 14N(𝑝, 𝑝)14N reaction measured at 180 ◦ 𝑐 .𝑚. angle, as a function of the incident energy of the proton in the laboratory
in direct kinematics, from Ref. [80]. The data follow very well the Rutherford elastic scattering formula (black line on the left side), except at energies
𝐸𝑙 𝑎𝑏 ≃ 1.06 MeV where an anomaly is observed. It is interpreted as a resonance in the 15O compound-nucleus. Bottom left: Rutherford elastic scattering. Bottom
right: Resonance in the compound nucleus decaying to the elastic scattering channel.

Fig. 11. This drawing illustrates the measurement of the 14N(𝑝, 𝑝)14N excitation function in the thick target inverse kinematics technique. The center-of-mass
energy at the reaction vertex is determined from the measured energy of the scattered particles. In the case of proton scattering reactions at forward angles,
𝐸𝑐 .𝑚.(vertex) ≈ 1

4
𝐸𝑙 𝑎𝑏(proton). The detected proton energies are a little less than the scattered energies because of energy loss in the target, which needs to be

taken into account in the analysis. In the measured spectrum, the resonance observed in the left side of the spectrum has a width of 3.6 keV.
12 
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Fig. 12. Excitation functions of the 18F(𝑝, 𝑝)18F elastic scattering reaction are calculated using the same properties of the state in the 19Ne compound nucleus
(𝐸𝑟 = 0.6647 MeV, 𝛤𝑝 = 15.2 keV and 𝛤𝛼 = 23.8 keV). Top: J𝜋 = 3∕2+ and 𝜃𝑐 .𝑚. = 180 deg. Middle: J𝜋 = 5∕2+ and 𝜃𝑐 .𝑚. = 180 deg. Bottom: J𝜋 = 3∕2+ and 𝜃𝑐 .𝑚. = 90
deg. Resonance shape analysis can be used to constrain spin and parity of the resonant states. Note that the larger is the angle the larger is the Rutherford
contribution (1200 mb at 90 deg instead of 350 mb at 180 deg). In general, resonances are best seen at 𝜃𝑐 .𝑚. = 180 deg.

5.2. Theory

Here, we present a simple and heuristic example, the case of the s-wave scattering on a square-well potential of a spinless neutron,
nspired by Ref. [82]. Let us assume the potential between the target nucleus and the neutron to be a square well with a potential
epth 𝑉0 and a radius 𝑟 = 𝑎. The potential goes to infinity at 𝑟 = 0, and it is zero from 𝑟 = 𝑎 out to 𝑟 = ∞. The radial part of the
chrödinger equation

− ℏ2

2𝜇
𝑑2𝜙(𝑟)
𝑑 𝑟2 + 𝑉0 𝜙(𝑟) = 𝐸 𝜙(𝑟) (16)

should be solved. In the external region (𝑟 > 𝑎), the general solution is
𝜙(𝑟) = 𝐵 [𝑒−𝑖𝑘𝑟 − 𝑒2𝑖𝛿𝑒+𝑖𝑘𝑟] (17)

where 𝐵 is a constant, 𝑘 =
√

2𝜇(|𝐸|)∕ℏ, and 𝛿 is called the phase shift. It is possible to show (see Ref. [18]) that the cross section
of the elastic scattering reaction is a function of 𝛿

𝜎(𝐸) = 4 𝜋
𝑘2

sin2(𝛿). (18)

In the internal region (𝑟 < 𝑎), the solution is
𝜙(𝑟) = 𝐴 sin(𝐾 𝑟) (19)

where 𝐴 is a constant and 𝐾 =
√

2𝜇(𝐸 + 𝑉0)∕ℏ. The function 𝜙(𝑟) and its derivative should be continuous at 𝑟 = 𝑎, this gives

𝛿 = arctan[ 𝑘
𝐾

tan(𝐾 𝑎)] − 𝑘𝑎 (20)

that can be rewritten

𝛿 = arctan[𝑘 𝜙(𝑎)
𝜙(𝑎)′

] − 𝑘𝑎. (21)

The Schrödinger equation can be solved for bound states by imposing the following condition
𝑑X𝜆
𝑑 𝑟 (𝑟 = 𝑎) = 0. (22)

That gives

X𝜆(𝑟) = ( 2
𝑎
)1∕2 sin(𝐾𝜆 𝑟) (23)

with
1 𝜋
𝐾𝜆 = (𝜆 +
2
)
𝑎
. (24)
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These bound states form a complete set of states. It is possible to rewrite the quasi-bound internal wave function 𝜙(𝑟) in this base

𝜙(𝑟) =
∑

𝜆
𝐶𝜆 X𝜆 (𝑟) (25)

where the coefficients 𝐶𝜆 can be obtained with the relation

𝐶𝜆 = ∫

𝑎

0
X∗
𝜆(𝑟) 𝜙(𝑟) 𝑑 𝑟. (26)

Using the Schrödinger equation for 𝜙(𝑟) and X𝜆(𝑟), one gets

− ℏ2

2𝜇
{
𝑑2𝜙
𝑑 𝑟2 X∗

𝜆 − 𝜙
𝑑2X∗

𝜆

𝑑 𝑟2 } = (𝐸 − 𝐸𝜆)𝜙X∗
𝜆 (27)

which gives after integration

− ℏ2

2𝜇
[
𝑑 𝜙
𝑑 𝑟 X∗

𝜆 − 𝜙
𝑑X∗

𝜆
𝑑 𝑟 ]𝑎0 = (𝐸 − 𝐸𝜆) ∫

𝑎

0
𝜙X∗

𝜆 𝑑 𝑟 (28)

which can be used in Eq. (26), giving

𝐶𝜆 =
ℏ2∕2𝜇
𝐸𝜆 − 𝐸

X∗
𝜆(𝑎) 𝜙

′(𝑎). (29)

Using this expression in Eq. (25), one gets
𝑎 𝜙′(𝑎)
𝜙(𝑎)

= 1
∑

𝜆
ℏ2∕𝜇 𝑎2
𝐸𝜆−𝐸

= 1
𝑅

(30)

where 𝑅 is the 𝑅 function, i.e. R =
∑

𝜆
𝛾2

𝐸𝜆−𝐸
with 𝛾2 = ℏ2∕𝜇 𝑎2 the reduced width.

Eq. (30) can be used in Eq. (21). In the approximation of a single term in 𝜆, i.e. 𝑅 = 𝛾2

𝐸𝜆−𝐸
, it gives

4 sin2(𝛿) =
|

|

|

|

|

|

2 sin(𝑘𝑎)𝑒𝑖𝑘𝑎 − 𝛤
(𝐸𝜆 − 𝐸) − 𝑖 𝛤2

|

|

|

|

|

|

2

(31)

with

𝛤 = 2 𝛾2 𝑘𝑎 (32)

being the width of the resonance, and for the cross section (Eq. (18))

𝜎(𝐸) = 𝜋
𝑘2

|

|

|

|

|

|

2 sin(𝑘𝑎)𝑒𝑖𝑘𝑎 − 𝛤
(𝐸𝜆 − 𝐸) − 𝑖 𝛤2

|

|

|

|

|

|

2

(33)

There are two terms in this expression. If the second term is neglected, then 𝜎(𝐸) → 4𝜋 𝑎2 when k goes to zero, which is the geometric
cross section. The first term corresponds to the elastic scattering onto a hard sphere (for which the potential is infinite for 𝑟 < 𝑎 and
zero for 𝑟 > 𝑎). The second term corresponds to the Breit–Wigner resonance. The two terms may interfere since the two amplitudes
are added before putting the sum to the square. Thus, the shape of the cross-section anomalies depends on the properties of the
compound-nucleus states.

In the more general case, when there are several resonances involved, different spins and several reaction channels, the final
xpression is similar to the one obtained here, the 𝑅 function becomes the 𝑅 matrix. A detailed description of this formalism can

be found in other articles, see for example Ref. [83]. Several codes can be used to calculate the scattering cross section according
to the phenomenological 𝑅-matrix formalism, e.g. AZURE [68,69]. The 𝑅-matrix formalism can be used to predict, or to fit, the

easured elastic scattering excitation function.

5.3. Projectile

The calculation of the 18F(𝑝, 𝛼)15O reaction cross section requires knowledge of the 19Ne states properties. These can be partially
btained with the 18F(𝑝, 𝑝)18F reaction, or with the 15O(𝛼, 𝛼)15O reaction. These reactions can be measured in inverse kinematics

with radioactive beams, e.g. H(18F, 𝑝)18F. Beam intensities as low as 104 pps can be used, inducing ≈10 counts per day in a 10 keV
peak. To study the 18F(𝑝, 𝛼)15O reaction, it is also important to consider the 15N(𝛼 , 𝛼)15N mirror elastic scattering reaction, see
Ref. [84].

5.4. Incident energy

To measure the excitation energy, 𝐸𝑥, of the important states in astrophysics, the energy of the incident beam must be adjusted
to reach the 𝑐 .𝑚. energy 𝐸𝑐 .𝑚. = 𝐸𝑥 − 𝑆 where 𝑆 is the particle emission threshold. This typically gives 0.1–5 MeV proton or 4He
beams, or 0.1–5 MeV/u in inverse kinematics. In general, it is a bad idea to use higher energy beams combined with thick targets,
as other reaction channels open up with the emission of several particles, especially inelastic scattering, polluting the measurement.
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5.5. Target

All kinds of targets can be used: solid, e.g. (CH2)𝑛, or gaseous, e.g. 4He, thin (<1 μm) or thick (≈1 mm), composed of heavy or
ight elements, depending on the reaction.

5.6. Experimental setup

𝑅𝐸 𝑆 measurements are carried out using mainly two different types of experimental setup.

1. Either a thin target is used, and the energy of the incident beam is changed to measure the excitation function in small energy
steps. For example, the 18F(𝑝, 𝑝)18F reaction was studied at Holifield Radioactive Ion Beam Facility (ORNL) by Bardayan
et al. [38] with the experimental setup shown in Fig. 2. They used a 0.39 μm thin polypropylene target and a 18F beam
accelerated to different energies, from 10 to 14 MeV. Since the beam was polluted by 18O, a gas ionization chamber was
used to identify the heavy recoil nucleus, event by event, see Fig. 13(a). The particles of the beam, which have not interacted
with the target, were stopped in a material placed at zero degrees downstream the target. The emitted light particles, proton
after the elastic scattering or alpha after the 1H(18F, 𝛼)15O reaction, were detected at forward angles with a silicon detector
array (SIDAR), in coincidence with the recoil ion. Results of the simultaneous elastic scattering and direct 18F(𝑝, 𝛼)15O
measurements are shown in Fig. 13(b). By measuring these two reactions simultaneously, it was possible to determine the
properties of one important state for calculating the rate of the reaction.

2. Another option is to use a thick target. The measurement is made in inverse kinematics. The experiment works on the principle
that the incident particles lose energy inside the thick target, making it possible to measure the excitation function over a wide
energy range in a single measurement [85,86]. The scattered light particles lose very little energy in the thick target, because
of their low mass and low charge, and escape from it. This thick target inverse kinematics (TTIK) technique (see Ref. [87] for
the first experiment with thick target, [88] for the first experiment in inverse kinematics, and [89] with radioactive beam)
is well suited to relatively low-intensity beams.
The H(18F, 𝑝)18F reaction was measured several times with the TTIK technique. In the experiment performed at GANIL by
Mountford et al. [44], a 18F beam was produced at the SPIRAL1 facility with an intensity of 2 × 104 pps. The beam was first
accelerated to 4 MeV/u, then it was electron stripped with a thin carbon foil to select a pure beam of 18F9+ with a magnetic
spectrometer, and slowed down to 2.3 MeV/u using a 5.5 μm gold degrader foil placed just upstream of the thick target. The
slow beam was sent onto a 55 μm polypropylene (CH2)𝑛 target, thick enough to stop the beam. The particles emitted in the
H(18F, 𝑝)18F and H(18F, 𝛼)15O reactions were measured at forward angles with a Double Sided Silicon Strip Detector (DSSSD)
located downstream of the target, see Fig. 14. The two reactions were measured simultaneously in the 𝐸𝑐 .𝑚. = 0.5–1.9 MeV
energy range. The identification of the detected particles was based on the time of flight measured between a microchannel
plate (MCP) detector located upstream of the target and the DSSSD.
The 4He(15O, 𝛼)15O reaction was also measured several times with the TTIK technique. The first attempt was made at the
CRC Louvain-la-Neuve (LLN), Belgium, with a 15 mm thick helium gas cell at a 100 mbar pressure, see Ref. [90]. A second
experiment was done at LLN with a 9.28×106 pps 15O radioactive beam [91] and a 9-cm thick helium gas cell at 300 mbar.
Another experiment was done with a 2×104 pps 15O beam, ≈99% purity, produced at the Laboratory Nazionali di Legnero,
Italy, and with a thick 4He gas target (≈0.5 m and 467 mbar) separated by Havar window from the vacuum beam line [28]. In
the latter experiment, the scattered 𝛼 particles were measured with a DSSSD silicon detector placed inside the gas chamber, see
Fig. 15. Particles identification was based on time-of-flight between the PPAC detectors and the silicon detector. Moreover,
time-of-flight measurement allowed to separate inelastic scattering reactions from elastic scattering reactions. An energy
resolution of 20–30 keV has been achieved in the 𝑐 .𝑚. frame. See also Ref. [92] for the 4He(15N, 𝛼)15N mirror reaction.

5.7. Energy resolution

In the TTIK technique, according to Eqs. (14) and (15), if 𝜃𝑙 𝑎𝑏 = 0◦ and 𝑚𝑡∕𝑚𝑝 < 1, then 𝐸𝑐 .𝑚. ≈ 1
4 𝐸

𝑙 𝑎𝑏. The energy resolution in
he 𝑐 .𝑚. is about 4 times smaller than the resolution in the 𝑙 𝑎𝑏, so it is possible to obtain high-energy resolution spectra, even with

hick targets. The energy resolution of the scattered-protons spectrum can be estimated with 𝜎𝑙 𝑎𝑏 =
√

𝜎2𝑑 𝑒𝑡 + 𝜎2𝜃 + 𝜎2𝑠𝑡𝑟𝑎𝑔 , where 𝜎𝑑 𝑒𝑡
is the energy resolution of the detector, 𝜎𝑠𝑡𝑟𝑎𝑔 is the energy straggling in the target (including beam angle and energy resolution),
and 𝜎𝜃 is the energy resolution due to the uncertainty 𝑑 𝜃 in both the detection angle and the beam angle. In inverse kinematics,
it can be derived that 𝜎𝜃 = 2 tan(𝜃𝑙 𝑎𝑏)𝐸𝑙 𝑎𝑏𝑑 𝜃. Therefore, the degradation of the energy resolution is minimal when 𝜃𝑙 𝑎𝑏 = 0◦. For
this reason, and for maximizing the ratio between the nuclear (compound nucleus) and the Coulomb contribution in the differential
cross section (see Fig. 12), the scattered protons are generally measured at forward angles in 𝑙 𝑎𝑏. With a high energy resolution
silicon detector (FWHM ≈ 15 keV), one can get 𝜎𝑐 .𝑚. ≈ 𝜎𝑙 𝑎𝑏∕4 ≈ 4 keV (if 𝜎𝑠𝑡𝑟𝑎𝑔 ≪ 𝜎𝑑 𝑒𝑡), see Fig. 11. Note also that the energy
resolution varies as the square root of the energy, a resolution measured with an alpha source at 5 MeV will have to be doubled at
an energy of 20 MeV.

In principle, it is possible to obtain an energy resolution much better than 1 keV by using a thin target and well-defined beam
energy (using electrostatic accelerator). In 1992, Wüstenbeeker et al. [96] published the results of an ultra high energy resolution
𝑅𝐸 𝑆 experiment. The goal of this experiment was to study the properties of the 8Be ground state, an important state in nuclear
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Fig. 13. The 1H(18F, 𝑝)18F and 1H(18F, 𝛼)15O reactions were measured simultaneously in the same experiment at ORNL [38,93,94]. A 18F beam and a thin
polypropylene target were used. The 18F recoil nuclei were identified, event by event, with a gas ionization chamber, see Fig. 1. The light emitted particles, proton
or alpha, and 15O nuclei were detected in coincidence by a silicon detector array (SIDAR). (a) The energy lost in the first two anodes is shown in relation to the
total energy deposited in the gaz ionization counter. This data was obtained under conditions necessitating a proton detection by SIDAR. This plot effectively
differentiated between the scattering events of 18F and 18O. (b) 𝑅-matrix formalism was used to fit the two measured excitation functions simultaneously.

Fig. 14. (Top) Schematic layout of the experimental setup of Ref. [44]. The 18F beam was stopped in a thick (CH2)𝑛 polymer target. Particles were detected in
a DSSSD detector located downstream the target (172◦ to 180◦ in the center of mass). The identification of the particles (protons and 𝛼-particles) was based on
the time difference between beam ions traversing through the MCP detector and particles being detected in the DSSSD. (Bottom) The 𝑅-matrix formalism was
used to fit the two measured 1H(18F, 𝑝)18F and 1H(18F, 𝛼)15O excitation functions simultaneously. The result is shown by the solid black line, calculated for the
angle of 176◦ in the center of mass. The contribution of a new 1/2+ broad resonance is shown in dashed green and the Rutherford scattering in pale blue.

astrophysics involved in the triple alpha reaction 4He(2𝛼 , 𝛾)12C. They measured the 𝛼−𝛼 scattering in kinematic coincidence for the
angle pairs 45◦/45◦ and 30◦/60◦ using crossing beams technique. They achieved an outstanding resolution of 26 eV and observed
that the nuclear resonance of the 8Be ground state is divided into 2 main peaks separated by ∼200 eV, see Fig. 16. This split has
its origin in atomic physics, it comes from the fact that the 8Be compound nucleus was produced with different charge states, each
corresponding to different masses of the ion. The difference is admittedly small, but the resolution of the experiment was sufficient
to observe this difference. The alpha width was measured at 𝛤𝛼 = 11.14 ± 0.50 eV. In practice, high energy resolution spectra
are difficult to achieve, as high intensity and long beam times are required. Indeed, the narrower the resonance is, the thinner the
16 
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Fig. 15. (Top left) Schematic of the experimental apparatus used in Ref. [28]. In this experiment, the 4He(15O, 𝛼)15O reaction was measured with a radioactive
15O beam and a thick 4He gas target. The scattered particles were measured with a DSSSD detector placed inside the gas chamber. Inelastic scattering reactions
were separated from elastic scattering reactions with the time-of-flight measurement between PPAC detectors and the silicon detector. (Top right) The 𝑅-matrix
formalism was used to fit the measured excitation function. (Bottom) The 15N(𝛼 , 𝛼)15N mirror reaction is shown for comparison. The experiment was performed
in direct kinematics with a high energy resolution (0.1% of the beam energy) [84,95]. This excitation function corresponds to a small portion of the 4He(15O,
𝛼)15O spectrum shown above. At this energy resolution, numerous narrow resonances can be observed.

effective target thickness is, and the lower the count rate is.

5.8. Data analysis

Several effects have to be taken into account in the analysis of 𝑅𝐸 𝑆 experiments, especially in the TTIK technique.

Identification of scattered particles. The beam may not be pure, the target either, and different reactions are possible. The scattered
particles must be identified by the usual means, with a 𝛥𝐸 −𝐸 matrix or an 𝐸 versus time-of-flight matrix, see for example Fig. 17.

Energy loss correction. In the TTIK technique, the measured energies of the scattered particles have to be corrected for the energy
lost inside the target, see Fig. 18(a).

Effective target thickness. Using a constant cross section, simulations show that the number of detected particles is not constant, it
increases with the energy of the detected particles, as illustrated in Fig. 18(b). The effective target thickness increases with the
energy of the detected particles. The differential cross section of the measured elastic scattering reaction can be calculated with

( 𝑑 𝜎
𝑑 𝛺

)𝑐 .𝑚.
=

𝑑 𝑁𝑝
𝑑 𝐸

𝑁beam
𝑑 𝑁target
𝑑 𝐸 𝑑 𝛺𝑐 .𝑚.

(34)

where 𝑁𝑏𝑒𝑎𝑚 is the total number of incident ions, 𝑑 𝛺𝑐 .𝑚. is the solid angle of the detector in 𝑐 .𝑚., with 𝑑 𝛺𝑐 .𝑚. = 4 cos(𝜃𝑙 𝑎𝑏)𝑑 𝛺𝑙 𝑎𝑏, 𝑑 𝑁𝑝
𝑑 𝐸

is the number of scattered protons or 𝛼 particles per 𝐸𝑐 .𝑚. unit (number of counts per bin in the center-of-mass spectrum), 𝑑 𝑁target
𝑑 𝐸 is

the energy-dependent number of target atoms per 𝐸𝑐 .𝑚. unit. The latter depends on the energy lost by the beam ions as a function
of their position inside the target. It is usually obtained from a simulation code.

Background subtraction. The hydrogen targets are often compound targets (CH2, CH4...). Beam-induced reactions on other components
of the target (carbon), such as fusion–evaporation reactions, must be subtracted from the measured spectrum. This is achieved by
17 
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Fig. 16. (Top) Predicted 4He(4He, 4He) 4He population probabilities. (Bottom) Measured excitation function for the same reaction. Several peaks are observed
at the resonance energy of the 8Be compound nucleus ground state. These peaks correspond to the different masses of the 8Be compound atom produced with
different electronic excitation configurations.
Source: From Ref. [96].

Fig. 17. Identification plot obtained in Ref. [44,97]. Time difference (ToF) measured between the MCP detector and the silicon detector (see Fig. 14) is shown
against the energy of the particles measured in the silicon detector. Three extended spots can be observed: a spot corresponding to 18F(𝑝, 𝑝)18F reactions, a spot
corresponding to 18F(𝑝, 𝛼)15O reactions, and a spot from 18F(12C, 12C)18F reactions.

measuring the induced reactions on a pure carbon target under the same experimental conditions. This has the disadvantage of
consuming beam time.

Another practical solution was proposed in Ref. [99], which does not require a background measurement. Among the events
measured during the 𝑅𝐸 𝑆 experiment, it is sufficient to select the events where 2 protons are detected in coincidence, which are
mainly produced by fusion–evaporation reactions, and to reconstruct a spectrum of 1-proton events from these 2-proton events.
Tests showed that this reconstructed spectrum is identical to the spectrum measured with a background target. This may not be
true in all cases.

It has been shown in many studies (see for example Ref. [100]) that the background spectrum is a continuous spectrum, without
peaks. Instead of subtracting the background spectrum from the measured spectrum, and inducing inevitable statistical fluctuations,
it is possible to adjust a smooth function on the background spectrum and to subtract this function from the measured 𝑅𝐸 𝑆 spectrum,
18 
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Fig. 18. Example of corrections applied in a thick target inverse kinematics experiment. (a) the energy lost inside the target by the scattered protons is plotted
as a function of the measured proton energy in the laboratory frame (on the left axis). (b) the effective target thickness is shown as a number of counts measured
in 𝑙 𝑎𝑏 in keV−1 barns−1 steradian−1 per 109 incident ions (on the right axis). These functions were obtained from simulations. Here, the target is thick enough
to stop the beam.
Source: From Ref. [98].

thus eliminating the statistical fluctuations.

Other aspects. Whenever possible, it is fruitful to combine different measurements. For example, Bardayan et al. [38] obtained the
results shown in Fig. 13 (top right) for the 1H(18F, 𝑝)18F reaction. Fitting this reaction allowed them to constrain the spin of
the observed resonance to J𝜋 = 1/2+ or 3/2+. However, with the constrain of the 1H(18F, 𝛼)15O excitation function measured
simultaneously in the same experiment, see Fig. 13 (bottom right), the second value, i.e. J𝜋 = 3/2+, was assigned.

It can be difficult to fit the measured excitation function with multiple resonances using 𝑅-matrix code, especially if there is
only a single reaction channel studies. Without sufficient constraints, non-physical results can be obtained [101]. It is often best
o start with a simple set of realistic assumptions. A fictitious broad resonance at higher energy is often added to account for any
ontributions that are not taken into account in the fit.

It is recommended to measure, in the same experiment, another reaction whose states are accurately known, to obtain a correct
nergy calibration. The uncertainties associated with the measured parameters are often very difficult to estimate, especially when

there are several resonances. The minimum value of 𝜒2 is preferably close to the number of degrees of freedom 𝑁𝑓 , but this is rarely
the case. This is often due to an imperfect energy calibration, normalization error or unsubtracted background. If 𝜒2 is significantly
larger than 𝑁𝑓 , it means that the error bars have been underestimated, or that something is missing in the fit, or there is a systematic
error. In such a case, according to [102], the errors bars of the data should be multiplied by

√

𝜒2∕𝑁𝑓 .

The uncertainties of the fitted parameters can be obtained by studying the evolution of 𝜒2. Indeed, the optimum value of the
parameters is obtained by minimizing 𝜒2. The associated uncertainties correspond to 𝜒2

0 +𝛥𝜒
2, where 𝜒2

0 is the minimum value and
𝛥𝜒2 the variance. For example, for an uncertainty of one sigma (one standard deviation, 68% of the data points) and for a single
parameter to be adjusted, one find that 𝛥𝜒2 = 1 for 1 degree of freedom, 𝛥𝜒2 = 2.3 for 2 degrees of freedom, etc. The function
TMath::Prob in the ROOT object-oriented data analysis code [103] can be used to calculate the 𝛥𝜒2 variance. For example, for 105
egrees of freedom, TMath::Prob(111.35,105) = 100%–68% = 0.32, it follows that 𝛥𝜒2 = 111.35. In reality, there is rarely just one
arameter to fit. Estimating uncertainties with several parameters is challenging since correlations between the fitted parameters

must be explored. Then, uncertainties are multi-dimensional ellipses in the parameters space around the 𝜒2 minimum. Some 𝑅-
atrix codes, such as AZURE [68,69], have this option for calculating uncertainties. With AZURE, 𝛥𝜒2 variance must be set first,

and a file with the uncertainties is generated after running the ‘MINOS error analysis’ option.
Strong correlations between parameters are sometimes observed. These correlations can be studied with the covariance matrix for

ll parameters allowed to vary in the fit [44,104]. If the off-diagonal elements are large, the individual uncertainties on parameters
should be quoted along with the covariance matrix.

The 𝑅-matrix formalism deals with the coupling of discrete states to the continuum, i.e. the emission of particles from the nucleus.
 rigorous derivation of the formula shows that this coupling induces an energy shift between the energy at which the resonance

s observed and the energy of the state. This shift is called the Thomas-Lane correction term or simply level shift. 𝑅-matrix codes
enerally take this effect into account, it is not necessary to correct it by hand, the 𝑅-matrix level parameters are transformed into

‘physical’ pole energies and Breit–Wigner partial widths.
Sometimes, several emission channels are open from the same state, carrying different orbital angular momentum, 𝓁, and different

channel spin, 𝑠. For example, Fig. 19 shows results of 𝑅-matrix calculations in the case of the 7Be(𝑝, 𝑝)7Be reaction. It is reported
19 
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Fig. 19. Excitation function of the 7Be(𝑝, 𝑝)7Be reaction calculated around the energy of the J𝜋 = 1− resonance at E𝑅 ≈ 4.9 MeV. This resonance can be populated
with two different angular momentum values, 𝓁 = 0 or 𝓁 = 2. Excitation functions are calculated using exactly the same parameters, with 𝛤 = 150 keV for one
channel and 𝛤 = 0 keV for the other channel. The shapes of the resonances are very different.

in Ref. [105] the observation of a new resonance in 8B at E𝑅 ≈ 4.9 MeV with J𝜋 = 1−. The ground state of 7Be has J𝜋 = 3∕2−. So,
hree emission channels are possible: (𝑠,𝓁) = (1,0), (1,2) and (2,2). Since the experiment was not performed with a polarized beam,
he two components with 𝓁 = 2 are equally populated. The two cases 𝓁 = 0 and 𝓁 = 2 are compared in Fig. 19, using exactly the

same parameters and just interchanging the partial widths, 𝛤 = 150 keV for one channel and 𝛤 = 0 keV for the other channel. The
hapes of the resonances are very different. In principle, one would have to fit a partial width for each decay channel. In the case
f the 18F(𝑝, 𝛼)15O reaction, 19Ne(3∕2+) →18F(1+) +𝑝(1∕2+) for example, there are 3 emission channels: (𝑠,𝓁) = (3/2,0), (1/2,2) and

(3/2,2). One might think that the highest angular momentum decay channels, e.g. 𝓁 = 2, is negligible, due to the lower penetrability
through the Coulomb and centrifugal barrier, but this is not always true since spectroscopic factors must also be taken into account.

5.9. Limitations

The RES technique has some specific application fields. It requires beam intensity larger than ∼104 pps to measure a resonance
peak of 5 keV width and ≈0.1 b/sr cross section in one day, and incident energy less than ∼5 MeV/u since many reaction channels
generally open up at higher energies. Only states located above the particle emission threshold can be studied.

Radioactive beams are often contaminated. There is therefore a need for some means of subtracting the background caused by
the contaminant. One solution is to measure the 𝑅𝐸 𝑆 of the contaminant, if it can be produced as a pure beam, and subtract that
omponent from the measured spectrum. Another solution is to measure the precise time of each measured event and correlate it
ith the arrival time of the particles in the beam.

In the 𝑇 𝑇 𝐼 𝐾 technique, as a first approximation, the energy lost by the light particles scattered in the target can be neglected
(or taken as a constant value, see Fig. 18). Since resonances always occur at the same 𝑐 .𝑚. energy, resulting in scattered particles of
the same energy regardless of their position in the target, it is possible to use a beam whose energy is relatively degraded. This is
true as long as the energies in the center of mass are equally present in the target, giving up the high and low energy sides of the

easured excitation function.
When a very thick target is used, it is generally not possible to distinguish between elastic and inelastic scattering. This distinction

can be made when a very large gas target (several tens of centimeters) is used and the time-of-flight of the scattered particles is
measured [106]. Another solution is to use a medium thickness target, which can sometimes separate the two components on the
asis of the measured energy [107].

The number of counts in a resonance peak depends on the partial and total widths of the resonance. The narrower the resonance,
he fewer the number of counts in the measured peak, the longer the beam time required. In a certain energy range above the

threshold, the resonance widths are generally very narrow, too narrow to be observed by this technique. In practice, with charged
particles, only resonances with a width larger than ≈100 eV can be studied with the TTIK technique. It is not possible to observe the
shape of the resonance when the resonance is narrower than the experimental energy resolution. For charged particles, the effective
target thickness is a function of the energy. This is not the case with neutron beams.

Another limitation of the method is that the energy lost in the target by the scattered particles is a little uncertain, leading to
some uncertainty in the measured energy of the resonances.

6. Particle–particle correlation

6.1. Principle

The particle–particle angular-correlation (PPAC) technique is a classical technique [17,108]. When two particles are emitted
equentially, energy and angular correlations between the two particles can be used to determine excitation energies, to constrain
20 
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Fig. 20. Schematic representation of the 19Ne(𝑝, 𝑝′)19Ne∗ reaction, followed by the 19Ne∗(𝑝′′)18F or 19Ne∗(𝛼)15O particle emissions. The parameter 𝑃 (𝑚) represents
the population of the various magnetic substates. The different values 𝑠 of the outgoing channel spin are given.

spins and parities in a model-independent way, to determine branching ratios 𝐵 𝑅, partial widths, and, possibly, the degree
of polarization of the states. The technique has been used with different types of nuclear reactions, e.g. inelastic scattering,
transfer [109–114].

6.2. Theory

The astrophysical reaction 18F(𝑝, 𝛼)15O has been studied using the inelastic scattering reaction 19Ne(𝑝, 𝑝′)19Ne∗ [112] and the
charge exchange reaction 19F(3He, 𝑡)19Ne∗ [113,115], followed by the emission of one proton in 19Ne∗(𝑝′′)18F or one 𝛼-particle in
19Ne∗(𝛼)15O. A schematic representation of the inelastic scattering reaction is shown in Fig. 20. A general and convenient formalism
for predicting or interpreting the particle–particle correlations is presented in Ref. [17,116–118]. It is analogous to the collinear
𝛾-ray angular correlation method [119]. When two particles are emitted sequentially in a nuclear reaction, for example the 𝑝′ proton
and 𝛼 particle in the 19Ne(𝑝, 𝑝′)19Ne∗(𝛼)15O reaction, the angular-correlation function 𝑊 (𝜃𝑐 .𝑚.) is defined as the probability of the
𝛼 particle to be emitted in the 𝜃𝑐 .𝑚. angle relatively to the beam axis, in the center of mass of the 19Ne∗ nucleus, which obviously
depends on the 𝑝′ angle of emission.

The double-differential cross section, for detecting 𝑝′ in the solid angles 𝑑 𝛺𝑝′ and 𝛼 in coincidence in 𝑑 𝛺𝛼 , is
(

𝑑2𝜎
𝑑 𝛺𝑝′𝑑 𝛺𝛼

)𝑐 .𝑚.
=
(

𝑑 𝜎
𝑑 𝛺𝑝′

)𝑐 .𝑚.
×
𝛤𝛼
𝛤𝑇

×
𝑊 (𝜃𝑐 .𝑚.)

4𝜋
(35)

where 𝛤𝛼 and 𝛤𝑇 are the 𝛼 and total width of the emitting state. The 𝛼 branching ratio is obtained after integration over 4𝜋

𝐵 𝑅𝛼 =
∫4𝜋

𝑑2𝜎
𝑑 𝛺𝑝′ 𝑑 𝛺𝛼 𝑑 𝛺𝛼

𝑑 𝜎
𝑑 𝛺𝑝′

=
𝛤𝛼
𝛤𝑇 ∫

𝜋

0

𝑊 (𝜃𝑐 .𝑚.)
4𝜋

2𝜋 𝑠𝑖𝑛(𝜃𝑐 .𝑚.)𝑑 𝜃𝑐 .𝑚. = 𝛤𝛼
𝛤𝑇

(36)

It can be shown that the angular-correlation function can be expressed as

𝑊 (𝜃𝑐 .𝑚.) =
∑

𝑚,𝓁,𝓁′ ,𝑠,𝐾 ,𝑟
𝑃 (𝑚)𝐴(𝐽 ,𝓁,𝓁′, 𝑠, 𝑚, 𝐾)(2 − 𝛿𝓁,𝓁′ )𝑋𝑟(𝓁,𝓁′)𝑌 (𝑠)𝑃𝐾 (𝑐 𝑜𝑠(𝜃𝑐 .𝑚.)) (37)

where

– 𝐽 ,𝓁,𝓁′, 𝑠, 𝑚, 𝐽𝜋 are different quantum numbers defined in Fig. 20.
– 𝑃 (𝑚) represents the population of the magnetic substates of the emitting state. By definition, the quantum number 𝑚 can take

(2𝐽 + 1) values between −𝐽 and +𝐽 . The 𝑃 (𝑚) value depends on the reaction mechanism and on the angle between the first
emitted particle and the beam angle.

– 𝐴(𝐽 ,𝓁,𝓁′, 𝑠, 𝑚, 𝐾) is a coefficient that can be calculated. It is a product of Clebsch–Gordan and Racah coefficients [17].
– 𝛿𝓁,𝓁′ is the Dirac function, equal to 1 when 𝓁 = 𝓁′, otherwise 0.
– 𝑋𝑟(𝓁,𝓁′) = ⟨𝓁′⟩

⟨𝓁⟩
represents the mixing between the two possible orbital angular momentum 𝓁 and 𝓁′ carried by the decay

particle. By definition, −∞ < 𝑋 < +∞. For parity conservation reasons, 𝓁′ is limited to 𝓁′ = 𝓁 or 𝓁′ = 𝓁 + 2. The exponent 𝑟
takes the values 0, 1 and 2 [116].

– 𝑌 (𝑠) represents the relative contribution to the angular correlation from each channel spin.
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– 𝑃𝐾 (𝑐 𝑜𝑠(𝜃𝑐 .𝑚.)) corresponds to the Legendre polynomial of order 𝐾, i.e. 𝑃0 = 1, 𝑃2 = 0.5(3𝑥2 − 1), 𝑃4 = 0.125(35𝑥4 − 30𝑥2 + 3)....
– 𝐾 is an integer whose maximum value is given by the relation 𝐾𝑚𝑎𝑥 = 𝑚𝑖𝑛(𝓁 + 𝓁′, 2𝐽 ). For reasons of symmetry, only even

values of 𝐾 are to be considered. In the case where only one angular momentum is possible, 𝐾𝑚𝑎𝑥 = 𝑚𝑖𝑛(2𝓁, 2𝐽 ).

In summary, the angular distribution must be of the form
(

𝑑 𝜎
𝑑 𝛺𝛼

)

𝑐 .𝑚.
=

𝐾𝑚𝑎𝑥
∑

𝐾=0,𝑒𝑣𝑒𝑛
𝑎𝐾𝑃𝐾 (𝑐 𝑜𝑠(𝜃𝑐 .𝑚.)) (38)

where 𝑎𝐾 are coefficients, 𝑃𝐾 are Legendre polynomials and 𝐾𝑚𝑎𝑥 is related to the spin and parity of the state. This formula can be
sed to predict or to fit the measured angular-correlation functions, thus constraining the spin and parity of the emitting states.

6.3. Projectile and incident energy

The reaction must populate excited states with maximally aligned spins in order to get very pronounced angular distributions.
This is likely to occur efficiently via the formation of a compound nucleus, whose spin is necessarily in the plane perpendicular to
the beam axis, and therefore fully aligned. The astrophysical 18F(𝑝, 𝛼)15O reaction was studied in four different PPAC experiments.
In all cases, it is likely that the formation of the compound nucleus was the main reaction mechanism.

The 19F(3He, 𝑡)19Ne∗(𝛼)15O charge exchange reaction was studied twice. A 8.3 MeV/u (10 MeV/u) 3He beam was used in
ef. [113,115]. These experiments were performed in direct kinematics.

The 19Ne(𝑝, 𝑝′)19Ne∗(𝛼)15O inelastic scattering was also studied twice [112,120]. These experiments were performed in inverse
kinematics. The radioactive 19Ne beam was produced with a mean intensity of 8 × 107 pps (2 × 107 pps) and accelerated to 9 MeV/u
(10 MeV/u). At that incident energy, the main reaction mechanism is the formation of the compound nucleus, i.e. 19Ne+𝑝 →
20Na∗ → 𝑝′+19Ne∗. An interesting advantage of the fusion–evaporation mechanism is that the 19Ne∗ excited states are populated
approximatively in proportion to the (2𝐽 + 1) statistical factor (with 𝐽 the spin of the 19Ne populated state after proton evaporation).
The inelastic-scattering cross section to populate the excited state is generally large (𝜎 > 1 mb) if the incident energy 𝐸𝑐 .𝑚.𝑖𝑛𝑐 is greater
than 𝐸𝑐 .𝑚.𝑖𝑛𝑐 ≳ 𝐸𝑥 + 2 MeV. In these experiments, a stable 19F beam was used to calibrate the detectors and to measure the targets
thickness, through the study of the inelastic scattering reaction 1H(19F,p’)19F∗(𝛼)15N, since excited states in 19F above both 𝛼 and
proton thresholds are known.

6.4. Target

In the direct kinematics experiments, e.g. 19F(3He, 𝑡)19Ne∗(𝛼)15O, the target should be thin enough to allow the emitted particles,
usually of very low-energy, to leave the target and to be detected. The thickness of the target obviously has an impact on energy
resolution. In the charge-exchange experiments [113,115], 80–200 μg/cm2 CaF2 targets were used.

In inverse kinematics, e.g. H(19Ne, 𝑝′)19Ne∗(𝛼)15O, it is possible to use thick targets because the emitted particles are boosted at
forward angles. A good idea is to use a relatively thin hydrogen target combined with a thick (hydrogen-free) target to stop the
beam [112]. The light particles emitted in the reactions usually have enough energy to pass through the thick target without too

uch energy loss. It is thus possible to measure all particles emitted in the forward direction, zero degree included. The price to
pay is a loss of energy resolution. A thin target can also be combined with a magnetic spectrometer to select the light ejectiles and
o reject the beam particles [120].

6.5. Experimental setup

It is important to note that, if the spin of the emitting nucleus is not aligned, i.e. if the magnetic substates 𝑚 are equally populated,
the angular correlation function is constant, i.e. 𝑊 (𝜃) = 4𝜋, and then, it is not possible to determine the spin of the state from the
angular distribution. Due to the axial symmetry of the experiment, the alignment refers to the spin alignment parallel to the beam
axis. In the case of a capture reaction, when the axial symmetry of the reaction is preserved by detecting the first emitted particle
at zero degree (in the beam axis), the smallest magnetic substates 𝑚 are the most populated [115,119]. For example, the magnetic
substates population 𝑃 (𝑚) was measured in the case of the 19Ne(𝑝, 𝑝′)19Ne∗ reaction with the proton 𝑝′ detected at zero degree, see
Fig. 21. The population probability is significant only for the values 𝑚 = ±1∕2 with 𝑃 (|𝑚| = 1∕2) ≈ 90%. Such a large value has the
effect of increasing the amplitude of the angular distributions, which makes the analysis much simpler and the obtained results less
mbiguous.

The setup of the inelastic-scattering experiment [112] is shown in Fig. 22. Excited states in 19Ne were populated by the
1H(19Ne,p′)19Ne∗ inelastic-scattering reactions occurring in a plastic (CH2)𝑛 target. Scattered protons, 𝑝′, were detected at zero
degree with a 𝛥𝐸 − 𝐸 telescope of silicon detectors located 50 cm downstream of the target covering a solid angle of 5 msr.
cattered protons were detected at 0◦ for three reasons: (i) the best energy resolution for the excited states in 19Ne∗ is obtained
or this angle as the reaction is made in inverse kinematics, (ii) due to the axial symmetry of this experiment, the analysis of
he proton–particle angular correlation is simplified, (iii) a strong alignment of the populated states in19Ne∗ [119] is expected. A
50 μm-thick aluminium foil, placed between the target and the telescope, was used as a beam catcher. The intense radioactive beam
as stopped inside this catcher while the scattered protons lost less than 20% of their energy after passing through it. The states

ocated above the particle emission thresholds (𝑆 = 6.411 MeV and 𝑆 = 3.529 MeV) emit particles which were measured with a
𝑝 𝛼
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Fig. 21. Measured distribution of the magnetic substates population 𝑃 (𝑚) as a function of the magnetic substates 𝑚 of the 19Ne∗ states populated in the reaction
19Ne(𝑝, 𝑝′)19Ne∗ at 𝐸 = 9 MeV/u and with the 𝑝′ proton detected at zero degree.
Source: From Ref. [121].

Fig. 22. Drawing of the experimental setup used in Ref. [121] to measure the 1H(19Ne, 𝑝′)19Ne∗(𝛼)15O and Ne∗(𝑝′′)18F reactions.

telescope of annular stripped silicon detectors (CD-PAD). This telescope was positioned between the target and the beam catcher,
10 cm downstream of the target. It covered laboratory angles between 4.3◦ and 21.6◦. It is important to note that, in this case, the
forward kinematic boost allows to measure a large part of the angular distribution with a single detector.

In the charge-exchange experiment of Ref. [113], the 19Ne excited states were populated through the 19F(3He, 𝑡)19Ne∗ reaction.
The triton ejectiles were measured at the angle of 12◦ in lab using a magnetic spectrometer (Enge Split-pole type [122]). The angular
acceptance was 1.7–3.3 msr. The excitation energy spectrum was measured with an energy resolution of 85 keV FWHM. Proton and
𝛼 particles were measured in coincidence with six DSSSD detectors placed around the target at backward angles, allowing to measure
the angular distributions between 90 and 172◦ in the center of mass. The identification of the particles was easily done from the
determination of the 𝑄 energy of the reaction, which differs greatly between a proton emission and an 𝛼-particle emission.

6.6. Data analysis

Excitation energy. The excitation energy spectrum is derived from the measured energy of the ejectiles, i.e. from protons in 1H(19Ne,
𝑝′)19Ne∗ and from triton in 19F(3He, 𝑡)19Ne∗, since these are two-body kinematics reactions. If a coincidence is imposed with another
particle, some states appear more clearly, others disappear, and any background is greatly reduced. Fig. 23 shows the example of the
1H(19Ne, 𝑝′)19Ne∗ inelastic scattering reaction measured in coincidence with the protons from 19Ne∗ →18F+𝑝′′. The requirement of
another proton detected in coincidence was used to see only the states located above the proton emission threshold and to suppress
the background induced by reactions of the beam in the beam catcher (see Fig. 22). This spectrum was analyzed with a multiple
peak-fitting program. Six peaks (labeled A to E) are required to fit the proton spectrum. Gaussian shapes were used for all peaks,
except for the broad resonance at 𝐸𝑐 .𝑚. ≈1.4 MeV (labeled E in Fig. 23) for which an energy-dependent Breit–Wigner shape [123]
was used instead.
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Fig. 23. The measured differential cross section for the 1H(19Ne, 𝑝′)19Ne∗ reaction, with the proton 𝑝′ detected at zero degree, is presented as a function of the
center-of-mass energy in the system 19Ne∗ →18F+𝑝′′ (lower axis) and the proton measured energy in the laboratory (upper axis) corrected for energy losses in
the beam catcher. The energy resolution in excitation energy of 19Ne is 30 keV FWHM. This figure was conditioned with the detection of another proton coming
from the emission channel 19Ne∗(𝑝′′)18F. Gaussian-shaped peaks were used to fit the five observed narrow peaks. The E broad peak (in blue) was fitted with a
Breit–Wigner shape using an energy-dependent proton width. The existence of this broad resonance had been predicted before it was observed [124,125].
Source: From Ref. [112].

Branching ratios and widths. It is possible to measure the width of resonances directly, by measuring the width of peaks, when the
experimental energy resolution is lower than the resonance width. When multiple decay channels are possible, for example proton
and alpha emitted from the same state in 19Ne∗, the branching ratio can be measured accurately by counting the number of protons
and the number of 𝛼-particles detected, then correcting these numbers for particle detection efficiency taking into account the
angular distributions of emitted particles.

Spin assignment. The general principle of the PPAC analysis is as follows. The first particle is measured at an angle, and the angular
distribution of the second particle is measured relative to the beam axis in the center of mass of the emitter nucleus. For example, the
angular distributions of the protons 𝑝′′ from Ne∗(𝑝′′)18F are shown in Fig. 24 for the six observed resonances. These distributions are
very different from each other, which shows that these states have different spins and that they were produced with strongly aligned
spins. Then, the angular distributions are fitted with a Legendre polynomial in 𝑐 𝑜𝑠(𝜃𝑐 .𝑚.). In the case of an excited state in 19Ne with,
for example, 𝐽𝜋 = 3

2
+

spin, two values of 𝓁 are possible, 𝓁 = 0 and 𝓁′ = 2. It follows that 𝐾𝑚𝑎𝑥 = 𝑚𝑖𝑛(𝓁 + 𝓁′, 2𝐽 ) = 𝑚𝑖𝑛(2, 3) = 2, and
according to Eq. (37), the angular distribution should be in the form

(

𝑑 𝜎
𝑑 𝛺𝛼

)

𝐽𝜋= 3
2
+
= 𝑎 + 𝑏 × 𝑐 𝑜𝑠2(𝜃𝑐 .𝑚.) (39)

with 𝑎 and 𝑏 two free parameters. This is a parabolic form in 𝑐 𝑜𝑠(𝜃), which is well observed in Fig. 24 for states A, B and D. It is
therefore possible to assign a spin 𝐽𝜋 = 3

2
+

to these states. It would have been isotropic for the spin 𝐽 = 1
2 , parabolic for 𝐽 = 3

2 ,
biquadratic for 𝐽 = 5

2 and so on.
Usually, the fit coefficients are not completely free, they are linked to each other, which further constrains the fit. In the current

example, it is possible to show that
(

𝑑 𝜎
𝑑 𝛺𝛼

)

𝐽𝜋= 3
2
+
= 𝑁(𝑎0 + 3(1 − 𝑎0)𝑐 𝑜𝑠2(𝜃𝑐 .𝑚.)) (40)

with 𝑁 and 𝑎0 two constants. It is possible to show that 𝑎0 can be expressed as a function of the constants 𝑃 (𝑚 = 1∕2), 𝑌 (𝑠 = 1∕2)
and 𝑋(0, 2).

6.7. Limitations

Several precautions must be taken when analyzing the data.
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Fig. 24. Center-of-mass angular distributions of the protons emitted from 19Ne∗ →18F+𝑝′′, measured for the 6 excited states populated in the 1H(19Ne, 𝑝′)19Ne∗
reaction (see Fig. Fig. 23) [112]. Lines correspond to the best fits obtained in the analysis. These results show that the angular distribution can be used to
constrain the spin of the states. Note that part of the angular distribution of levels E and F was beyond the angular coverage of the detectors.

– It is necessary to determine the excitation energy of the recoil nucleus. Indeed, different excited states of 18F∗ can be populated
in the case of the 1H(19Ne, 𝑝′)19Ne∗(𝑝′′)18F∗ reaction. To determine the excitation energy, the 19Ne∗ excited state is first
selected, e.g. by selecting protons 𝑝′ of a certain energy measured at a certain angle from the 1H(19Ne, 𝑝′)19Ne∗ reaction.
The excitation energy of 18F∗ can be determined from the measurement of the energy and angle of the second proton, 𝑝′′, and
if possible, of the 18F∗ daughter nucleus measured in coincidence.

– It is also necessary to measure possible background, particle–particle coincidences coming for example from fusion–evaporation
reactions with carbon atoms present in the target.

– There is another problem that can be a serious limitation of the method in some cases. Indeed, it is possible that particle
number 2 is emitted before particle number 1. For example, the 1H(19Ne, 𝛼)16F∗(𝑝)15O reaction can be confused with the
1H(19Ne, 𝑝)19Ne∗(𝛼)15O reaction, where, in both cases one proton and one alpha are emitted in coincidence. This leads to
the results shown in Fig. 25, where the measured energy of the alpha particles is shown against the measured energy of the
protons. Vertical bands can be observed, corresponding to 19Ne states populated by inelastic scattering, and leaning bands are
also observed, corresponding to 16F states populated by the other reaction. The two series of bands overlap, they cannot be
disentangled easily.

– There is also an obvious limit of this kind of experiments: only states above the particle emission threshold can be measured
(see the alpha emission threshold 𝑆𝛼 in Fig. 25).

– Moreover, the branching ratio for particle emission must be large enough, which means there is a white area just above the
threshold (see Fig. 25) where no state is visible since they decay mostly by 𝛾-ray emission.

– It should be noted that, when the density of states is high, it is difficult, if not impossible, to obtain angular distributions for
individual states.

– If the emitting state is a long-lived state, the spin alignment can be modified by the interactions of the nucleus with an
extra-nuclear field (environmental effect) [126].

7. Nuclear transfer reaction

7.1. Principle

A nuclear transfer reaction is a reaction in which one or several nucleons are transferred from one nucleus to another one. It is
said to be a stripping reaction when the projectile loses particle(s), e.g. 18F(𝑑 , 𝑛)19Ne∗ [31,111,127], and a pick-up reaction when the
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Fig. 25. The measured energy of the alpha particle is shown as a function of the measured energy of the proton. Vertical bands correspond to states populated in
the 1H(19Ne, 𝑝′)19Ne∗(𝛼)15O inelastic scattering reaction. Leaning bands are 16F states from the 1H(19Ne, 𝛼)16F∗(𝑝)15O reaction populated in the same experiment.
The red line corresponds to the kinematics limits. The red dashed line shows the alpha emission threshold in 19Ne.
Source: Experimental results from Ref. [121].

projectile gains particle(s), e.g. 20Ne(𝑝, 𝑑)19Ne∗ [70] or 20Ne(3He, 4He)19Ne∗[128] . When transfer takes place in both directions,
for example in the 19F(𝑝, 𝑛)19Ne∗ reaction, or in the 19F(3He, 𝑡)19Ne∗ reaction [27], where a neutron is exchanged for a proton, this
type of reaction is called a charge exchange reaction. In the general case, it is called a multi-nucleon transfer reaction, e.g. 6Li(16O,
19Ne∗)3H [129]. Transfer reactions are widely used in astrophysics [130], and the 18F(𝑝, 𝛼)15O reaction has been studied several
times in this way. The transfer reaction 2H(18F, 𝑝𝛼)15N [131] was used to study the 18F(𝑛, 𝛼)15N reaction, mirror of the 18F(𝑝, 𝛼)15O
reaction (this was the second physical case studied with a radioactive beam, see Ref. [132] for the first experiment).

The astrophysical reaction 18F(𝑝, 𝛼)15O looks very similar, for example, to the nuclear transfer reaction 18F(𝑑 , 𝑛)19Ne∗, which is
followed by the spontaneous emission 19Ne∗ → 15O + 𝛼. This similarity is not only apparent, the cross section of the latter reaction is
proportional to the cross section of the former reaction. Thus, transfer reactions can be used to study astrophysical reactions [111].
The major advantage of transfer reactions is that these have much larger cross sections than astrophysical reactions. The disadvantage
is that theoretical models are needed to analyze transfer reactions.

Transfer experiments can be analyzed with a large variety of theoretical models (DWBA, CC, CCBA, CDCC, CRS, ADWA, PWAI,
THM, ANC, etc.) [133]. The Distorted-Wave Born Approximation (DWBA) is the most frequently used analysis to transfer reaction
measurements. The Trojan Horse Method (THM) is a method that applies very well to nuclear astrophysics. To illustrate the interest
of nuclear transfer reactions in astrophysics, DWBA and THM methods are presented hereafter in more details.

7.2. Theory

The 18F(𝑑 , 𝑛)19Ne∗ transfer reaction is much weaker than the 18F(𝑑 , 𝑑)18F elastic scattering, so it is possible to start the theoretical
modelling by describing the elastic scattering and then to treat the transfer reaction as a small perturbation.

Elastic scattering

For incident energies well above the Coulomb barrier, it is not possible to use the 𝑅-matrix formalism to describe elastic scattering
reaction, due to the high density of states, see Fig. 9 for the 18F(𝑝, 𝑝)18F case. Another theoretical formalism has to be used. It is
assumed that the 18F(𝑑 , 𝑑)18F elastic scattering reaction can be treated as a stationary state. The wave function of the deuteron 𝜒𝑑 (�⃗�)
satisfies the time-independent Schrödinger equation

ℏ2

2𝜇
[

𝛥 + 𝑘2𝑑
]

𝜒𝑑 (�⃗�) = 𝑉 (𝑟)𝜒𝑑 (�⃗�) (41)

where 𝑉 (𝑟) is the potential describing the elastic scattering, 𝑘𝑑 is the momentum of the deuteron, 𝑟 is the distance evaluated relatively
to the scattering center and 𝜇 is the reduced mass. Optical potentials, such as real and imaginary Woods–Saxon potentials, can be
used for 𝑉 (𝑟).

It is possible to show [134] that the Schrödinger equation can be rewritten with the integral equation

𝜒𝑑 (�⃗�) = 𝑒+𝑖𝑘𝑑𝑧 −
𝜇

2𝜋 ℏ2 ∫
𝑒+𝑖𝑘𝑑 |�⃗�− ⃖⃗𝑤|

|�⃗� − ⃖⃖⃗𝑤|
𝑉 (𝑤) 𝜒𝑑 ( ⃖⃖⃖⃗𝑘𝑑 , ⃖⃖⃗𝑤)𝑑3𝑤 (42)

Here, the Schrödinger equation is not solved since the wave function 𝜒𝑑 (⃖⃖⃗𝑤) inside the integral is still unknown. The first term
corresponds to the incident plane wave, it describes the deuteron before scattering, and thus the second term is the scattered wave
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function 𝜒𝑠𝑐(�⃗�).
After elastic scattering, the deuteron is measured at angle 𝜃 with a momentum ⃖⃖⃖⃗𝑘𝑑 ′. At a great distance from the target,

�⃗� − ⃖⃖⃗𝑤| ≈ 𝑟 − �⃗�
𝑟 ⃖⃖⃗𝑤, and it comes1

𝜒𝑠𝑐 (�⃗�) ⟶
𝑟→+∞

−
𝜇

2𝜋 ℏ2
𝑒+𝑖𝑘𝑑 𝑟

𝑟 ∫ 𝑒−𝑖 ⃖⃖⃗𝑘𝑑
′ ⃖⃗𝑤 𝑉 (𝑤) 𝜒𝑑 ( ⃖⃖⃖⃗𝑘𝑑 , ⃖⃖⃗𝑤)𝑑3𝑤 (43)

The flux of scattered deuterons measured in the solid angle 𝑑 𝛺 = 𝑑 𝑆∕𝑟2 per time unit is equal to 𝜒2
𝑠𝑐 (𝑟)𝑣

′
𝑑𝑑 𝑆 with 𝑣′𝑑 the velocity of

the scattered deuterons. The scattering cross section 𝑑 𝜎 is the ratio between the scattered flux and the incident flux on the target,
the latter being proportional to the incident velocity 𝑣𝑑 . It follows

( 𝑑 𝜎
𝑑 𝛺

)

18F(𝑑 ,𝑑)18F
=

𝜇2

4𝜋2ℏ4
𝑘′𝑑
𝑘𝑑

|𝑇18F(𝑑 ,𝑑)18F|
2 (44)

with the nuclear matrix element

𝑇18F(𝑑 ,𝑑)18F = ∫ 𝑒−𝑖 ⃖⃖⃗𝑘𝑑
′ ⃖⃗𝑤 𝑉 (𝑤) 𝜒𝑑 ( ⃖⃖⃖⃗𝑘𝑑 , ⃖⃖⃗𝑤)𝑑3𝑤 (45)

which is a function of 𝜃 only, due to the axial symmetry of the problem.

Distorted Wave Born Approximation

We suppose now that the interaction potential between the incident nucleus and the target nucleus can be written as 𝑉 (𝑟) =
𝑉1(𝑟) +𝑉2(𝑟), with 𝑉1 describing the elastic scattering reaction, and 𝑉2 is the interaction between the target nucleus and the transferred
particle, which is a weak perturbation describing the transfer reaction. It is possible to show [136], in the case of the 18F(𝑑 , 𝑛)19Ne∗
transfer reaction, that Eq. (45) can be rewritten

𝑇18F(𝑑 ,𝑛)19Ne∗ = ∫ 𝜒 (−)
2 (⃖⃖⃖⃗𝑘2, ⃖⃖⃖⃖⃗𝑤2) 𝛹∗

𝑛 𝛹
∗
19Ne∗ 𝑉2 𝛹𝑑𝛹18F 𝜒(⃖⃖⃖⃗𝑘1, ⃖⃖⃖⃖⃗𝑤1) 𝑑3𝑤1𝑑

3𝑤2 (46)

where the function 𝜒(⃖⃖⃖⃗𝑘1, ⃖⃖⃖⃖⃗𝑤1) is the exact solution of the Schrödinger equation, and 𝜒 (−)
2 (⃖⃖⃖⃗𝑘2, ⃖⃖⃖⃖⃗𝑤2) describes the elastic scattering in

he exit channel, i.e. 19Ne∗(𝑛, 𝑛)19Ne∗, and 𝛹𝑑 , 𝛹18F, 𝛹∗
𝑛 , 𝛹∗

19Ne∗
are the internal wave functions and complex conjugate of the wave

unctions, 𝑉2 describing the 18F + 𝑝 = 19Ne∗ interaction.
If 𝑉2 ≪ 𝑉1, the exact solution 𝜒(⃖⃖⃖⃗𝑘1, ⃖⃖⃖⃖⃗𝑤1) inside the integral (obtained for 𝑉 (𝑟)) can be approximated by the incoming elastic

cattering solution 𝜒 (+)
1 (⃖⃖⃖⃗𝑘1, ⃖⃖⃖⃖⃗𝑤1). This first-order approximation is known as the Distorted Wave Born Approximation (DWBA). The

orresponding nuclear matrix element is
𝑇𝐷 𝑊 𝐵 𝐴
18F(𝑑 ,𝑛)19Ne∗ = ∫ 𝜒 (−)

2 𝛹∗
𝑛 𝛹

∗
19Ne∗ 𝑉2 𝛹𝑑𝛹18F 𝜒

(+)
1 𝑑3𝑤1𝑑

3𝑤2 (47)

It follows that the transfer cross section can be calculated with
( 𝑑 𝜎
𝑑 𝛺

)𝐷 𝑊 𝐵 𝐴
18F(𝑑 ,𝑛)19Ne∗

=
𝜇 𝜇∗
4𝜋2ℏ4

𝑘𝑛
𝑘𝑑

|𝑇𝐷 𝑊 𝐵 𝐴
18F(𝑑 ,𝑛)19Ne∗ |

2 (48)

where 𝜇 and 𝜇∗ are the reduced masses for the entrance and exit channels.

Spectroscopic factors

In Eq. (48), it was assumed that projectile 𝑑 and residual nucleus 19Ne∗ present a pure single-particle configuration. In other
words, it was assumed that 19Ne∗ is perfectly described as a 18F𝑔 .𝑠. core plus one proton 𝑝 orbiting around it in a given orbit,
e.g. 18F𝑔 .𝑠.⊗ 𝜋2𝑠1∕2. The same for 𝑑 = 𝑝+ 𝑛. Generally, one particular single-particle configuration represents only a part of the total
wave function, for example in the previous case the wave function could also be described as a proton orbiting around an excited
core nucleus.

Spectroscopic factor is defined as the overlap between the initial and final configurations. It follows that the experimental cross
ection of a transfer reaction is proportional to these spectroscopic factors, for example

( 𝑑 𝜎
𝑑 𝛺

)𝑀 𝑒𝑎𝑠𝑢𝑟𝑒𝑑
18F(𝑑 ,𝑛)19Ne∗

= 𝐶2𝑆𝑝(𝑑) 𝐶2𝑆𝑝(19Ne∗)
( 𝑑 𝜎
𝑑 𝛺

)𝐷 𝑊 𝐵 𝐴
18F(𝑑 ,𝑛)19Ne∗

(49)

where 𝐶2𝑆𝑝(𝑑) is the proton spectroscopic factor of the incident deuteron, and 𝐶2𝑆𝑝(19Ne∗) is the proton spectroscopic factor for
the populated state in the residual nucleus.

Generally, the spectroscopic factor of the incident particle is already known, or calculated, e.g. 𝐶2𝑆𝑝(𝑑 = 𝑛 + 𝑝) = 1 (𝐶2𝑆𝑝(𝑑) =
2𝑆𝑛(𝑑) = 1.55 was also used in [111]), 𝐶2𝑆𝛼(7Li) = 1 [137], 𝐶2𝑆𝑝(3He) = 4.42 [138,139].

Experimentally, the spectroscopic factors of the residual nucleus, 𝐶2𝑆𝑝(19Ne∗), can be obtained for each state populated in transfer
eaction, by renormalizing the calculated DWBA cross sections to the measured ones.

A number of considerations need to be taken into account:

1 Max Born obtained this equation in 1926. It allowed him to interpret the wave function in terms of probability amplitude [135].
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– It is assumed that the particle is transferred directly from the initial to the final state. In the case of the 18F(𝑑 , 𝑛)19Ne∗ stripping
transfer reaction, the projectile 𝑑 is composed of the particles 𝑛+ 𝑝. It is assumed that the proton 𝑝 is transferred directly from
the projectile 𝑑 to the target 18F, forming the nucleus 19Ne∗ =18F + 𝑝, see Fig. 26.

– In Eq. (49), the isospin formalism has been explicitly used, where 𝐶2 is the square of the isospin Clebsch–Gordan coupling
coefficient. For example, for the 𝛼 spectroscopic factor of 7Li = 𝑡 + 𝛼, 𝐶 = ⟨𝑇 (𝑡)𝑇 (𝛼)𝑇𝑧(𝑡)𝑇𝑧(𝛼)|𝑇 (7Li)𝑇𝑧(7Li)⟩ = ⟨1∕2 0 1∕2 0 ∣
1∕2 1∕2⟩ = 1, and for the proton spectroscopic factor of 18F =17O + 𝑝, 𝐶 = ⟨1∕2 1∕2 1∕2 − 1∕2 |0 0⟩ = 0.5. In some publications,
𝐶2𝑆 is written 𝑆.

– Different definitions on spectroscopic factor (also called relative reduced width or spectroscopic strength) can be found in the
literature, which can lead to some confusion. Spectroscopic factor is not an observable, which means it is a model-dependent
parameter. This may also explain why sometimes different values are published in the literature for the same state. It is
therefore difficult to obtain accurate values of spectroscopic factors, but relative values between several measured states are
often accurate.

– For stripping reactions, some studies explicitly use the spin statistical factor
( 𝑑 𝜎
𝑑 𝛺

)𝑀 𝑒𝑎𝑠𝑢𝑟𝑒𝑑
= 𝐶2𝑆𝑝 𝐶

2𝑆𝑡
2𝐽𝑓 + 1
2𝐽𝑖 + 1

( 𝑑 𝜎
𝑑 𝛺

)𝐷 𝑊 𝐵 𝐴
(50)

where 𝐶2𝑆𝑝 and 𝐶2𝑆𝑡 are the projectile and target spectroscopic factors, and 𝐽𝑓 and 𝐽𝑖 are the spins of the populated states
and target. In fact, it depends on what is included in the calculated DWBA cross section (e.g. DWUCK [140] code uses this
relationship).

– It is common to report the (2𝐽𝑓 + 1)𝐶2𝑆𝑡 value instead of 𝐶2𝑆𝑡, especially when the spin of the populated state is not known.
– It is possible that several single-particle configurations are involved in the same transfer reaction, in which case they must be

taken into account in the fitting of the experimental cross section, for example
( 𝑑 𝜎
𝑑 𝛺

)𝑀 𝑒𝑎𝑠𝑢𝑟𝑒𝑑
18F(𝑑 ,𝑛)19Ne∗

= 𝐶2𝑆𝑝(𝑑)
(

𝐶2𝑆𝜋2𝑠1∕2(19Ne∗)
( 𝑑 𝜎
𝑑 𝛺

)𝐷 𝑊 𝐵 𝐴
𝜋2𝑠1∕2

+ 𝐶2𝑆𝜋1𝑑5∕2(19Ne∗)
( 𝑑 𝜎
𝑑 𝛺

)𝐷 𝑊 𝐵 𝐴
𝜋1𝑑5∕2

)

(51)

where 𝐶2𝑆𝜋1𝑑5∕2(19Ne∗) and 𝐶2𝑆𝜋2𝑠1∕2(19Ne∗) are the proton spectroscopic factors for populating the 1𝑑5∕2 and the 2𝑠1∕2
single-particle orbits. The contribution of each configuration, and so the spectroscopic factors, can be determined by fitting
the measured angular distribution with both parameters.

– According to the principle of time-reversal symmetry, the spectroscopic factors 𝐶2𝑆𝑝(d) and 𝐶2𝑆𝑝(19Ne∗), obtained with the
18F(𝑑 , 𝑛)19Ne∗ reaction, are the same as those obtained with the time-reversal reaction 19Ne∗(𝑛, 𝑑)18F, not to be confused with
the 19Ne(𝑛, 𝑑)18F∗ reaction, which gives different spectroscopic factors 𝐶2𝑆𝑝(19Ne𝑔 𝑠). The latter reaction probes the ground
state of 19Ne on the basis of the 18F∗ excited states.

– The spectroscopic factor is related to the components in the initial- and final-state wave functions [141,142], and therefore to
the structure of the states. It can be broken down into different pieces

𝐶2𝑆 = 𝑐2 × (𝑐 𝑓 𝑝)2 × 𝑛 (52)

where 𝑛 is the number of nucleons in the nuclear shell where particle transfer takes place, (𝑐 𝑓 𝑝) is the coefficient of fractional
parentage due to the anti-symmetrization between the nucleons and the core nucleus [143], and 𝑐 is the probability amplitude
of the wave function. Let us take simple examples to illustrate this.

∙ In the case of the 16O(𝑑 , 𝑝)17O∗(5∕2+) reaction, assuming the populated state is perfectly described as 16O𝑔 .𝑠. ⊗ 𝜈(1𝑑5∕2),
then 𝑛 = 1, 𝑐 𝑓 𝑝 ((1𝑑5∕2)0 → (1𝑑5∕2)1) = 1 and 𝑐 = 1, and so 𝐶2𝑆(1𝑑5∕2) = 1.

∙ In the case of the 20O(𝑑 , 𝑝)21O∗(5∕2+) reaction, if 20O is described as (1𝑑5∕2)4 and the populated state as 𝑎(1𝑑5∕2)4(1𝑑3∕2)
+ 𝑏(𝑑5∕2)2(2𝑠1∕2)2(1𝑑3∕2), then 𝑛 = 1 (only one neutron in 1𝑑3∕2), 𝑐 𝑓 𝑝 ((1𝑑3∕2)0 → (1𝑑3∕2)1) = 1 and 𝑐 = 𝑎, so
𝐶2𝑆(1𝑑3∕2) = 𝑎2.

∙ In the case of the 18O(𝑑 , 𝑝)19O∗(5∕2+) reaction, if 18O is described as (1𝑑5∕2)20+ and the populated state as (1𝑑5∕2)35∕2+ ,
then 𝑛 = 3 (three neutrons in 1𝑑5∕2), 𝑐 𝑓 𝑝 ((1𝑑3∕2)2 → (1𝑑3∕2)3) = √

(2)∕3 [143], and 𝑐 = 1, so 𝐶2𝑆(1𝑑5∕2) = 2∕3.
∙ In the case of the 17O(𝑡, 𝑑)18O∗(0+) reaction, assuming 18O is described as (1𝑑5∕2)20+ and 17O as (1𝑑5∕2)15∕2+ , then 𝑛 = 2

(two neutrons in 1𝑑5∕2), 𝑐 𝑓 𝑝 ((1𝑑5∕2)1 → (1𝑑5∕2)2) = 1 and 𝑐 = 1, so 𝐶2𝑆(1𝑑5∕2) = 2.
∙ In the case of the 18F(𝑑 , 𝑛)19Ne∗(1∕2+) reaction, assuming 18F𝑔 .𝑠. is described as 𝜋(1𝑑5∕2) ⊗ 𝜈(1𝑑5∕2) and 𝛹 (19Ne∗) =
𝑐1[18F𝑔 .𝑠. ⊗ 𝜋2𝑠1∕2] + 𝑐2[18F𝑔 .𝑠. ⊗ 𝜋1𝑑5∕2], then 𝐶2𝑆(2𝑠∕2) = 𝑐21 × 1 × 1 = 𝑐21 and 𝐶2𝑆(1𝑑5∕2) = 𝑐22 × 1 × 2 = 2𝑐22

– As seen in the previous examples, spectroscopic factors can be greater than 1. When all the spectroscopic factors are added
up, over all excited states of a nucleus, for populating or depopulating a single-particle shell, the total number of particles that
this shell can contain is obtained, i.e. 2j + 1, this is called the sum rule.

Partial widths

How can we link the spectroscopic factors measured in the 18F(𝑑 , 𝑛)19Ne∗ transfer reaction with the 18F(𝑝, 𝛼)15O astrophysical
reaction? The partial width of a resonance is one of the important parameters needed to calculate the 𝐵 𝑊 cross section.
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Fig. 26. The 18F(𝑑 , 𝑛)19Ne∗ (TR) transfer reaction is measured in order to determine the rate of the 18F + 𝑝 → 19Ne∗ (Astro) astrophysical reaction. In the direct
transfer model (one-step transfer), the projectile 𝑑 is seen as composed of the particles 𝑝 and 𝑛. The particle 𝑝 is transferred directly from the nucleus 𝑑 to the
nucleus 18F, forming the compound nucleus 19Ne∗ =18F𝑔 .𝑠. + 𝑝.

In the 𝑅-matrix formalism, see Section 5.2, it was shown that in the case of one neutron and a square potential well of radius 𝑎
without centrifugal barrier (𝓁 = 0), the partial width is (Eq. (32))

𝛤 = 2 𝛾2 𝑘𝑎 (53)

where 𝛾2 is the reduced width. This can be generalized to the emission of any kind of particle [16–18,66], or a cluster of particles,
with the relationship

𝛤 (𝐸) = 2𝛾2𝑃𝐿(𝐸) (54)

where 𝑃𝐿(𝐸) is the penetrability of the Coulomb, nuclear and centrifugal barriers, which can be calculated [16]. In the case of the
neutron, 𝑃𝐿=0,𝐸→0(neutron) = 𝑘𝑎 [17].

The reduced width, 𝛾2 = ℏ2∕𝑚𝑎2, contains the information regarding the nuclear structure of the resonance. In Section 5.2, it
was also shown that the wave function of the neutron at the surface of the potential well is X2

𝜆(𝑟 = 𝑎) = 2
𝑎 (Eq. (23)) and the radial

wave function X2
𝜆(𝑟) = 𝑅2(𝑟)𝑟2, it comes

𝛾2 = ℏ2

2𝑚𝑎
𝑎2𝑅2(𝑎) (55)

The partial width 𝛤 (𝐸) is proportional to the probability to find the particle at the surface (𝑟 = 𝑎) of the nucleus, i.e. 𝑎2𝑅2(𝑎). It is
possible to show that this relationship is valid for any kind of particle [17].

The radial wave function of the particle, 𝑅(𝑟), can be computed numerically, for example with the code WSPOT [144] or
BIND [145], assuming a pure single-particle wave function and using a Woods–Saxon nuclear potential. Fig. 27 shows the example
of the 𝐸𝑥 = 7.076 MeV state in 19Ne, described as 18F𝑔 .𝑠. ⊗ 𝜋2𝑠1∕2 . Then, the single-particle width, 𝛤𝑠𝑝, can be calculated at the
resonance energy, 𝐸𝑟, using the radial wave function, 𝑅𝑠𝑝(𝑎), calculated at the surface 𝑟 = 𝑎 of the nucleus

𝛤𝑠𝑝(𝐸𝑟) = ℏ2𝑎
𝜇
𝑅2
𝑠𝑝(𝑎)𝑃𝐿(𝐸𝑟) (56)

where 𝑚, used in a potential well, has been changed to 𝜇, the reduced mass, valid for a real physical system. However, the resonance
is not necessarily described by a pure single-particle structure. The single-particle strength may be distributed over several states of
the residual nucleus. It is therefore necessary to weight the calculated single-particle wave function with a normalization coefficient,
that is the spectroscopic factor 𝐶2𝑆. It is often assumed that 𝑅(𝑟)2 = 𝐶2𝑆 𝑅2

𝑠𝑝(𝑟). It follows that the experimental partial width can
be calculated from the spectroscopic factor [145]

𝛤expt(𝐸) = 𝐶2𝑆 × 𝛤𝑠𝑝 =
ℏ2

𝑚𝑎
𝑃𝐿(𝐸) × 𝐶2𝑆 × 𝑎2𝑅2(𝑎) (57)

Transfer reactions can be used to determine spectroscopic factors, which can then be used to determine partial widths and cross
sections of astrophysical reactions.

7.3. Projectile

Light particles (𝑝, 𝑑 , 𝑡,3He, 4He, 6Li, 7Li) are often used in transfer experiments because (i) it is easier to obtain beams or targets
containing these particles, (ii) there is no need to take excited states into account, (iii) there is less chance of multi-step transfer.

Several factors are involved in the choice of the projectile.

– Spectroscopic factor. The particle of interest should be transferred to determine the corresponding spectroscopic factor. For
example, a proton should be transferred, e.g. with the (𝑑 , 𝑛) reaction, in order to determine 𝐶2𝑆𝑝, the proton spectroscopic
factor. In the case of the 18F(𝑝, 𝛼)15O reaction, two partial widths are needed for each resonance, the proton width, 𝛤𝑝, and the
𝛼 width, 𝛤𝛼 , the 𝛾 width being negligible in the Gamow window. It is not possible to measure the proton and 𝛼 spectroscopic
factors in the same transfer reaction experiment. This also means that, if the astrophysical reaction involves a radioactive
nucleus, then a radioactive beam (or target) should be used. The proton spectroscopic factor of the 18F(𝑝, 𝛼)15O reaction
can only be determined by measuring a proton transfer reaction to the 18F nucleus, and the 𝛼 spectroscopic factor by 𝛼
transfer to 15O. It is also possible to use the mirror symmetry property of the nuclear interaction to measure 𝐶2𝑆𝑛 the neutron
spectroscopic factors, via the 18F(𝑑 , 𝑝)19F∗ reaction for example [146], to deduce 𝐶2𝑆 = 𝐶2𝑆 the proton spectroscopic factors.
𝑝 𝑛
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Fig. 27. The calculated proton wave function in 19Ne∗(𝐸𝑥 = 7.076 MeV) is shown as a function of the distance. It is assumed to be a pure 18F𝑔 .𝑠. ⊗ 𝜋2𝑠1∕2
structure. This state is unbound for proton emission, which poses some difficulties for calculating the wave function. In the present calculation, the outer part
of the nucleus at distances greater than 30 fm, corresponding to an elastic scattering wave function, has been removed, and the inner part is renormalized to
1, i.e. ∫ ∞

0 𝑅2
𝑠𝑝(𝑟)𝑟

2𝑑 𝑟 = 1. The dashed line shows the position of the nucleus surface, i.e. 𝑎 = 1.25(𝐴1∕3
𝑝 + 𝐴1∕3

18F ) = 4.5 fm. Calculations made with the DWUCK
code [140].

– Spin. The choice of the projectile is strongly related to the spin of the state of interest. The (𝑑 , 𝑛) reaction, for example, generally
has a positive Q-value, which makes low transferred angular momentum easier than in the (4He, 𝑡) reaction. The reaction
(4He, 𝑡) on the contrary, has a large negative Q-value, which makes it easier to populate states with a high transferred angular
momentum. This is illustrated in Fig. 28, where cross sections were calculated for different transfer reactions as a function of
the beam energy. These reactions populate the same excited state E𝑥 = 6.289 MeV of 19Ne, but assuming different spin values.
To summarize, if the excited state has a spin corresponding to a large 𝐿 = 4 transferred angular momentum, it is better to
use the (4He, 𝑡) reaction which has the highest cross section, whereas 𝐿 = 0 states are better populated in the (𝑑 , 𝑛) reaction.
Angular momenta 𝐿 = 0 are generally the most important for astrophysical reactions. It is the same for transfer reactions,
i.e. 𝐿 = 0 for the transferred particle, if a surrogate transfer reaction is used, e.g. 18F(𝑑 , 𝑛)19Ne(𝛼)15O to study the 18F(𝑝, 𝛼)15O
reaction. Other transfer reactions are possible, such as 22Na(3+)(𝑝, 𝛼)19Ne, but in this case the states of interest (1/2+ and
3/2+) are better populated with 𝐿 = 2 for the transferred tritium.

7.4. Incident energy

The beam energy is chosen according to several criteria.

– The beam energy is chosen to optimize direct transfer compared with other reaction mechanisms. At low energy (𝐸 ≲ 15 MeV),
the cross section is generally dominated by fusion–evaporation reactions, see Fig. 29. At high energy (𝐸 ≳ 30 MeV/u,
depending on the transferred angular momentum), many other reaction channels are open inducing an increase of the multi-
step transfer contribution and a reduction of the direct transfer cross section. The optimum beam energy is determined
by performing compound-nucleus calculations (with TALYS for example) and direct-transfer calculations (with FRESCO for
example) and by choosing the energy where the compound-nucleus represents typically less than 1% of the direct-transfer
cross section, depending on the spectroscopic factor aimed to be measured. In the case of the 18F(𝑑 , 𝑛)19Ne∗ reaction, from
the results presented in Figs. 29 and 30, it is clear that the energy of 𝐸𝑙 𝑎𝑏 = 16.7 MeV (𝐸𝑐 .𝑚. = 14.9 MeV, or 𝐸18F = 150 MeV
in inverse kinematics) [31,111,127] is optimum to study the 𝐿 = 0 (3/2+) states close to the proton emission threshold
𝑆𝑝 = 6.410 MeV. At this energy, the direct transfer dominates the compound nucleus mechanism.

– For a precise choice of the beam energy, angular-momentum matching comes also into play. The cross section is a function
of the transferred angular momentum. Indeed, the transfer reaction occurs at the radius 𝑟𝑡 of the nucleus, and the angular
momentum of the transferred particle is 𝐿 = 𝛥𝑝 × 𝑟𝑡, where 𝛥𝑝 is the transferred momentum, it follows that the greater the
beam energy, the greater the transferred angular momentum, 𝐿, see Fig. 30.

– The beam energy must be chosen so that the reaction mainly takes place at the surface of the nucleus. This can be calculated
with a DWBA code.

7.5. Target

Thin targets are often used in order to obtain good energy resolution and to separate the different levels in the excitation energy
spectrum. For hydrogen and deuterium, a solid CH2 or CD2 plastic target is often used. It is a good idea to measure the contribution
of the carbon atoms using a pure carbon target, and to subtract it from the measured spectrum. Another solution is to use a pure
hydrogen target (gas, liquid or solid) [70,147].
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Fig. 28. The total cross sections for one-proton transfer reactions is calculated as a function of the incident energy. Low angular momentum states (𝐿 = 0, in
black) are well populated with the (𝑑 , 𝑛) reaction (Q = −1 MeV/u), and higher angular momentum states (𝐿 = 4 in red) is well populated with the (4He, 𝑡)
reaction (Q = −4.9 MeV/u). The calculations were done for the transfer of one proton from the 18F ground state to the E𝑥 = 6.289 MeV excited state of 19Ne,
using the FRESCO code [77,78].

Fig. 29. The calculated cross sections for the 18F(𝑑 , 𝑛)19Ne∗(𝐸𝑥 = 6.289 MeV, 𝐽 𝜋 = 3/2+, 𝐿 = 0) reaction are presented as a function of the incident energy in
he laboratory. Black line: direct transfer mechanism (using FRESCO code with a spectroscopic factor equal to 0.01). Red line: compound nucleus formation
8F+𝑑 → 20Ne∗ → 19Ne∗ + 𝑛 (TALYS code [148]).

Fig. 30. The differential cross sections at the angle of 5◦ in laboratory of the 18F(𝑑 , 𝑛)19Ne∗ reaction populating the E𝑥 = 6.289 MeV state are calculated for
different transferred angular momenta as a function of the beam energy. The optimum energy increases with the transferred angular momentum.

7.6. Experimental setup

Several aspects need to be taken into account:

– The detection system should be optimized to measure the reactions products at the angles where the cross section is the
highest. The maximum of the angular distribution is always located at forward angles in the center-of-mass system (see Fig. 32),
corresponding in the laboratory system to forward angles in normal kinematics, and to backward angles in inverse kinematics.
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Fig. 31. Experimental setup used in the 2H(18F, 𝑛)19Ne∗ transfer reaction. A set of silicon detectors was placed downstream of the target to measure the products
of the 19Ne∗(𝛼)15O breakup reaction.
Source: From Ref. [111].

– Magnetic spectrometers, such as the SPLIT-POLE spectrometer [122], have been used extensively with stable beams for transfer
measurements, in particular because they offer excellent energy resolution. As the intensity and optical quality of radioactive
beams are generally lower than those of stable beams, large-acceptance spectrometers can be used.

– In most experiments involving radioactive nuclei, the reaction is measured in inverse kinematics with a radioactive beam. In
this configuration, the energy of the ejectiles is strongly angle-dependent, which means that ejectiles have to be measured with
good angular resolution in order to maintain a correct energy resolution. Moreover, at backward angles the energy separation
between excited states in the laboratory is less than in the center of mass due to the kinematic compression [149]. For example,
in the 𝑑(18F, 𝑝)19F∗ reaction at a bombarding energy of 16.7 MeV, excited states separated by 1 MeV in the center of mass are
separated by 360 keV in the laboratory at 𝜃𝑙 𝑎𝑏 = 170◦ (𝜃𝑐 .𝑚. = 4◦). For this reason, the ISS and the SOLARIS solenoidal
spectrometers have been developed at HIE-ISOLDE and FRIB [150,151]. They are designed so that charged light particles
emitted during nuclear reactions are transported with high efficiency by a solenoidal magnetic field to a set of position-sensitive
silicon detectors mounted on its axis. Measurement of the particle energies and interaction positions in the silicon array allows
the Q value of the reaction to be determined with a 20–150 keV resolution, without the problem of kinematic compression.
Obviously, this technique works for charged ejectiles only.

– In the case of the 2H(18F, 𝑛)19Ne∗ reaction, the neutron would have to be measured at the rear angles, which is an additional
complication. One good idea is to measure the breakup products, i.e. 19Ne∗ → 15O + 𝛼 and 19Ne∗ → 18F + 𝑝. Fig. 31 shows
the experimental setup used in the [111,127] experiment. Silicon detectors (𝛥𝐸 −𝐸) were placed at the front angles (2.5–8.5◦

lab) to measure the 15O nuclei (62 μm-thick 𝛥𝐸), and at the higher angles (10.5–16.5◦ lab) to measure the 𝛼 particles in
coincidence. In this way, it was possible to reconstruct the 19Ne∗ energy spectrum, the angular distributions of the populated
states, and the partial widths for certain states [127].

7.7. Data analysis

The analysis is a matter of reconstructing the experimental cross section, angular distribution if it is possible, from the measured
particles energies and angles, and analyzing it with DWBA calculations. There are several aspects to point out.

Energy spectrum. There are at least three ways of reconstructing the energy spectrum.

– The energy spectrum is obtained from the measured energies of the ejectiles, e.g. the energy of the triton particles in the
reaction 19F(3He, 𝑡)19Ne∗ [14,152].

– If the energy of the ejectile cannot be measured accurately (e.g. neutron ejectile) or the energy resolution is not good enough to
distinguish the different excited states, the energy of populated states can be determined accurately by measuring the emitted
𝛾-rays, e.g. 19Ne∗(𝛾)19Ne𝑔 .𝑠., detected in coincidence (or not) with the ejectiles or the recoil nucleus, see examples in Ref. [27].
This is possible only if the 𝛾 branching is high enough, which is not the case for all states in the 18F(𝑝, 𝛼)15O reaction. The
result is both the good 𝛾-ray energy resolution and the ejectiles angular distribution. It is also possible to measure only the
𝛾 rays, in which case the total cross section of the transfer reaction is measured [153,154]. In latter case it is not possible to
check from the angular distribution that the transfer reaction is indeed direct, nor to deconvolute the different contributions
when several transferred angular momenta are involved.

– The energy spectrum can be obtained from the breakup particles, e.g. 19Ne∗ →15O + 𝛼. The first step is to identify and
measure the particles emitted in coincidence (using a 𝛥𝐸 −𝐸 telescope). Then, the relative energy of the breakup particles is
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Fig. 32. Angular distributions of the 𝑛 ejectiles produced in the transfer reaction 18F(𝑑 , 𝑛)19Ne∗ at E𝑑 = 16.7 MeV populating the E𝑥 = 6.289 MeV state. These
distributions are calculated for different orbital angular momenta, and so, different spin and parity of the populated state.

Fig. 33. (Left) In the 2H(18F, 𝑛)19Ne∗ →15O + 𝛼 breakup measurement [31,111], the angle of the neutron is shown as a function of the 15O + 𝛼 relative energy.
States can be selected with a graphical cut. (Right) The neutron angular distribution for the 6289 keV state in 19Ne. The measured angular distribution (black
points) was reproduced using two transferred angular momenta (𝐿 = 0 𝑠-wave, and 𝐿 = 2 𝑑-wave) and the corresponding two spectroscopic factors were used
as free parameters to fit the data. Note that the neutron angle was not measured, it was reconstruct from momentum conservation.

reconstructed to a good approximation by

𝐸𝑟𝑒𝑙 =
𝐸𝛼𝐸15O + 𝑚𝛼𝑐2𝐸15O + 𝑚15O𝑐2𝐸𝛼

𝑚𝛼𝑐2 + 𝑚15O𝑐2
−

cos 𝜃
√

𝐸2
𝛼 + 2𝑚𝛼𝑐2𝐸𝛼

√

𝐸2
15O

+ 2𝑚15O𝑐2𝐸15O

𝑚𝛼𝑐2 + 𝑚15O𝑐2
(58)

where 𝐸𝛼 , 𝐸15O, cos 𝜃 are the energies and relative angle between them in the laboratory. The NPTool Monte Carlo simulation
and data analysis code [155,156] can also be used to analyse the data.
Then, the neutron energy, 𝐸𝑛, is determined from momentum conservation. The 𝑄 energy of the reaction is obtained with
𝑄 = 𝐸𝑟𝑒𝑙 +𝐸𝑛 −𝐸beam. The good events with 𝑄 = 665 keV, corresponding to the 2H(18F, 𝛼+15O)𝑛 reaction, are selected [111].
Finally, the energy spectrum is calculated from the relation 𝐸𝑥 = 𝑆𝛼 + 𝐸rel where 𝑆𝛼 = 3529 keV is the 𝛼 emission threshold
in 19Ne.

Angular distribution. The angular distribution of the ejectiles is a function of the transferred angular momentum 𝐿, and therefore,
of the spin of the state, as it is shown in Fig. 32. It is possible to determine the angular momentum of the transferred particle by
comparing the experimental angular distribution with different theoretical solutions for different 𝐿. For example, a 𝐿 = 0 proton
transfer to the ground state of 18F(𝐽𝜋 = 1+) lead to spin-parity 1∕2+ or 3∕2+ in 19Ne. In some cases, the excited state can be populated
by several angular momenta of the transferred particle. For example, the E𝑥 = 6.289 MeV state in 19Ne∗, which is expected to be
𝐽𝜋 = 3∕2+, can be populated by 𝐿 = 0 and 𝐿 = 2 in the 18F(𝑑 , 𝑛)19Ne∗ transfer reaction. In this case, mixing contributions must be
considered

( 𝑑 𝜎
𝑑 𝛺

)exp

18F(𝑑 ,𝑛)19Ne∗
= 𝐶2𝑆𝐿=0

( 𝑑 𝜎
𝑑 𝛺

)𝐷 𝑊 𝐵 𝐴
𝐿=0

+ 𝐶2𝑆𝐿=2
( 𝑑 𝜎
𝑑 𝛺

)𝐷 𝑊 𝐵 𝐴
𝐿=2

(59)

where 𝐶2𝑆𝐿=0 and 𝐶2𝑆𝐿=2 are the spectroscopic factors for the different transferred angular momentum, see Fig. 33. This is clearly
related to the structure of this state: 𝛹 (19Ne∗) = 𝑐 [18F ⊗ 𝜋 ] + 𝑐 [18F ⊗ 𝜋 ], as discussed herebefore.
1 𝑔 .𝑠. 2𝑠1∕2 2 𝑔 .𝑠. 1𝑑3∕2
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Fig. 34. Comparison between the excitation energy spectrum measured in the 16O(6Li, 3He)19F transfer reaction (a tritium cluster transfer reaction) and the one
measured for the 16O(6Li, 𝑡)19Ne mirror reaction. One would expect the two spectra to be almost identical, given the mirror symmetry of the nuclear force. This
comparison is used to constrain the spins of the 19Ne states, since many states are known in 19F.
Source: From Ref. [14].

Spins. The spin of the states can be obtained by measuring the angular distribution of the ejecta, as discussed above. It can also be
constrained by a comparison between the spectrum measured for one reaction and the spectrum measured for the mirror reaction.
The Utku et al. article [14] is considered to be an important reference about the 18F(𝑝, 𝛼)15O reaction. It has made a particular
impression by comparing the spectrum measured for the 16O(6Li, 3He)19F reaction with the one measured for the 16O(6Li, 𝑡)19Ne
mirror reaction. One would expect the two spectra to be virtually identical, given the mirror symmetry of the nuclear force: the
most populated states on one side should correspond to the most populated states on the other. This similarity between the two
spectra can indeed be seen in Fig. 34. The 19F states are well known, so it could be easy to constrain the 19Ne mirror states. It turns
out that the exercise is particularly difficult in this case, as the density of states is high close to the threshold and the states are
difficult to separate.

Optical model potentials. The DWBA calculation requires knowledge of the optical potentials of the various reaction channels. It
is advisable to measure the elastic scattering in the entrance channel during the experiment, so that the optical potential can be
determined precisely in the same experimental conditions, i.e. for these isotopes at the same beam energy. The most common
problem is the difficulty of knowing precisely the optical potential in the output channel, especially if this involves a radioactive
isotope and an excited state of that nucleus. Tables of potentials are available giving a wide range of examples [157], and it is
usually possible to guess a good set of parameters.

Partial widths. The partial widths of the excited states populated by transfer reactions can be determined from their measured
spectroscopic factors. However, it is also possible to determine branching ratios, and therefore constrain partial widths, by measuring
their decay products. For example, in Ref. [14], the 19F(3He, 𝑡)19Ne∗ transfer reaction was measured in coincidence with the
19Ne∗ →15O + 𝛼 and 19Ne∗ →18F + 𝑝 breakup channels. The 𝑡 ejectiles were measured with a QDDD magnetic spectrometer.
Decay products were measured with silicon detectors placed at 90◦, 110◦ and 145◦ around the target, and the measured angular
distributions were fitted with a linear combination of 𝐿 = 0, 2, 4 Legendre polynomials to deduce the total yield of decays proton
and 𝛼 particles for each triton group and thereby its 𝛤𝑝

𝛤 and 𝛤𝛼
𝛤 decay branching ratios.

Transfer of clusters. DWBA can also be used for multi-particle transfer, see the example of the 15N(7Li, 𝑡)19F 𝛼 transfer reac-
tion [137,158]. Without going into detail, the cluster of particles is treated as a single particle. The wave function of the cluster is
calculated with a Woods–Saxon potential and the number of nodes 𝑁 of the wave function is determined from the energy condition
2𝑁 + 𝐿 =

∑

𝑖 2𝑛𝑖 + 𝑙𝑖, where the sum runs over the transferred nucleons with (𝑛𝑖, 𝑙𝑖) taken from the shell model [137,159].
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7.8. Limitations

The transfer reaction is applied extremely often in nuclear structure studies, but it has some limitations which are presented
elow.

– In many experiments, the targets are not pure, and the transfer spectrum is contaminated by peaks from transfer reactions on
contaminants. It is recommended to plan background measurements with different targets.

– In general, DWBA calculation codes are unable to handle unbound states. Furthermore, unbound states are states whose energy
is not well defined (resonance). Very often, the wave function is calculated assuming a bound state with a very low binding
energy. This method gives a good estimate of the spectroscopic factors for states that are very close to the particle emission
threshold [160].

– Breakup reactions can produce a continuous background in the measured excitation energy spectrum [161], starting from a
certain energy threshold, which is superimposed on the discrete peaks produced by the direct transfer reaction. For example,
in the 16O(6Li, 𝑡)19Ne∗ reaction, there could be a continuous contribution from the 6Li → 𝑡+3He breakup reaction.

– Transfer reactions can occur in several steps. For example, the (7Li, 𝑡) reaction can occur in one step with the direct transfer of
one 𝛼 particle, or in two steps with a transfer of one neutron (7Li, 6Li) followed simultaneously by the transfer of a 3He nucleus
(6Li, 𝑡). In general, it is not possible to know whether the transfer reaction is direct, which is a condition for the validity of the
Eq. (49). A good agreement between the shape of the experimental and theoretical angular distribution is a good argument to
justify that the reaction is direct. It can also be stated that, on the basis of theoretical predictions, the measured cross section
should be mainly direct at certain beam energies. Alternatively, the compound nucleus or multi-step transfer cross section can
be calculated and subtracted from the measured cross section to deduce the direct transfer cross section.

– A given transfer reaction cannot populate all the excited states of the recoil nucleus [162]. For example, 19Ne states are
populated by the 20Ne(𝑝, 𝑑)19Ne∗ pick-up reaction [70]. Since the 20Ne ground state is composed of 10 protons and 10 neutrons
placed mainly on the 𝑠, 𝑝 and 𝑑 nuclear shells, then the pick-up of one neutron from one of these shells cannot produce a 19Ne
excited state with, for example, a 7/2− spin. The spectroscopic factor for this transfer reaction is predicted to be zero or very
small. If this state is observed in the transfer experiment, it probably means that the transfer occurred in a multi-steps process,
or through the formation of the compound nucleus. The DWBA analysis is therefore not valid.

– In general, if the measured spectroscopic factor is very small, there is room for doubt about the accuracy of the measurement,
since the transfer model is based on the description of the state as consisting of a core nucleus and the transferred particle,
which is contradicted by the measurement.

– As shown in Eq. (57), the width of a state associated with the particle emission is proportional to the spectroscopic factor of
that particle and to the probability of finding the particle on the surface of the nucleus at 𝑟 = 𝑎

𝛤 (𝐸) ∝ 𝐶2𝑆 × 𝑎2𝑅2(𝑎) (60)

Similarly, the cross section of the transfer reaction is proportional to the spectroscopic factor and to the probability of finding
the particle at the position where the particle transfer occurs, 𝑟 = 𝑟𝑡.

𝑑 𝜎
𝑑 𝛺 transfer

∝ 𝐶2𝑆 × 𝑟2𝑡𝑅
2(𝑟𝑡) (61)

The position, 𝑟𝑡, depends on the beam energy of the transfer reaction. To explore the radial dependence of the transfer cross
section [163,164], we might plot the nuclear matrix element, i.e. Eq. (47). It is not easy to extract this element in usual codes
because they work in finite range, in which case the DWBA transfer amplitude depends on the so-called non-local kernels,
which are functions of both the entrance and exit projectile–target coordinates.
A simpler way of testing the radial dependence of the transfer reaction is to study the region of sensitivity with respect to the
relevant overlap function. For the 18F(𝑑 , 𝑛)19Ne∗ transfer reaction, we are interested in the region of sensitivity with respect to
the 18F + 𝑝 coordinate. In the FRESCO code, one can use the variable RSMIN for the 19Ne =18F + 𝑝 overlap that restricts the
radial integration to 𝑟 > RSMIN. In this way, one can infer the region of sensitivity with respect to this variable. The results
are shown in Fig. 35 for two different beam energies. One can notice that, at the energy of 12.6 MeV the transfer reaction
takes place mostly on the surface of the nucleus. The cross section is divided by 2 with RSMIN = 6.2 fm. It happens much
further inside the nucleus at the energy of 60 MeV (𝑟𝑡 ≈ 2 fm). The cross section is divided by 2 with RSMIN = 2.2 fm. The
spectroscopic factor determined at 12.6 MeV with the transfer reaction can be used directly to calculate the width of the state,
but it is likely that a factor still needs to be applied to correct for the not-so-well-defined surface of the nucleus.

– The exact equivalence between the spectroscopic factor determined by transfer reaction, and the spectroscopic factor used in
astrophysics, was questioned [165]. Systematic uncertainties must be taken into account. Typically, differences of a few %
are observed when using different codes, differences of 15% for different optical potentials or different potentials for bound
states, and differences of the order of 20% for different calculation parameters in the DWBA calculations, which gives a final
uncertainty of the order of 30%. It is found that the relative values between several states measured in the same experiment
are reliable with accuracy better than 25%, and absolute measured values with accuracy ≥30%, see Ref. [111,137].

– For bound states or sub-threshold resonances (state below threshold with resonance tail seen above threshold), it is possible
to perform the transfer reaction at low beam energies, below the Coulomb barrier. In this case, the transfer reaction probes
a part of the wave function located further away from the nucleus surface, which always follows an asymptotic function that
does not depend on potential models parameters, i.e. the 𝑊 (𝑟) Whittaker 𝑊 -function [166]. It is convenient to parametrize
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Fig. 35. The normalized total cross section is shown as a function of the RSMIN parameter. This is calculated with the FRESCO code for the 18F(𝑑 , 𝑛)19Ne∗
ransfer reaction to the 3/2+ state at 𝐸𝑥 = 6289 keV in 19Ne at two beam energies, 60 MeV and 12.6 MeV. The RSMIN parameter is used to set the overlap

form factor to zero inside the interval 𝑟 < RSMIN in the 19Ne =18F + 𝑝 system [163,174]. The radius of the 19Ne nucleus is shown with the vertical dashed
line. The effect of the RSMIN parameter becomes noticeable (significant reduction of the cross section) at RSMIN = 1.7 fm at an incident energy of 60 MeV,
and at 5.2 fm at 12.6 MeV. This shows that the transfer reaction occurs mostly at the surface of the nucleus (𝑟 ≈ 5 fm) at 12.6 MeV, and much deeper inside
(𝑟 ≈ 2 fm) at 60 MeV.

this dependence by an Asymptotic Normalization Coefficient (𝐴𝑁 𝐶), such that

𝐶2𝑆 × 𝑟2𝑅(𝑟)2 = (𝐴𝑁 𝐶)2𝑊 (𝑟)2. (62)

The 𝐴𝑁 𝐶 coefficient can then be used directly in 𝑅-Matrix code to calculate the astrophysical cross section. The advantage is
that it is a less-model-dependent way of determining the cross section.

– In principle, mirror nuclei share the same mirror structure, thus the spectroscopic factors for two mirror states are identical.
It is therefore possible to measure the spectroscopic factor of a state by studying its mirror state, if this proves to be easier
experimentally. In practice, the equality of the two spectroscopic factors is not necessarily true [167]. It has been shown that
the coupling of discrete states to the continuum, to particle emission, can induce a modification of the structure of the state
and therefore of its spectroscopic factor by a factor larger than a factor 2 [167,168].

8. Trojan Horse method

8.1. Principle

The Trojan Horse Method (THM) was first proposed in 1986 by G. Baur [169]. The experimental method has been developed
mainly by the group of C. Spitaleri in Laboratori Nazionali del Sud (Catania, Italy) to determine astrophysical cross sections in
the Gamow window, and used to study twenty or so cases [79,170–173]. It was recently applied for the first time to radioactive
eams [30], to study the 18F(𝑝, 𝛼)15O case.

The principle of the THM is illustrated in Fig. 36. To date, this method has only been applied to (particle,particle) reactions
(no 𝛾-ray), which is the case for the 18F(𝑝, 𝛼)15O astrophysical reaction. The cross section of the latter reaction was determined by
measuring the three-body reaction 𝑑(18F, 𝑛 𝛼)15O. The transferred nucleon, one proton in the present case, is hidden inside the Trojan
Horse (TH) nucleus (𝑑 = 𝑝+𝑛). Within certain conditions, called Quasi-Free (QF) reaction mechanism, the 𝑑(18F, 𝑛 𝛼)15O reaction can
be regarded as a two-step process. First, the 𝑑 projectile approaches the 18F nucleus and breaks up within the nuclear field of the
nucleus. The proton reacts with 18F forming the compound-nucleus 19Ne∗, whereas the neutron does not interact, it is a spectator
of the reaction. Then, 19Ne∗ decays to 𝛼+15O. At least two of the three outgoing particles are measured in coincidence in the exit
channel, in the present case it was 𝛼 and 15O [30]. The measured energies and angles are used to reconstruct the center-of-mass
energy of 19Ne∗, and the 𝑝+18F reaction energy. The cross section of the QF reaction is proportional to the 18F(𝑝, 𝛼)15O cross
section. As the beam energy is greater than the Coulomb barrier, the QF reaction is not affected by Coulomb suppression or electron
cattering effects, therefore with much higher cross section than the direct measurement of the 18F(𝑝, 𝛼)15O reaction.

8.2. Theory

The TH reaction is a transfer reaction that is carried out under specific conditions, by selecting events measured under certain
kinematic conditions and at a precise beam energy. The THM has been applied in nuclear astrophysics to determine cross sections
at very low energies, or to determine the strengths of unknown resonances relatively to known resonances.

Determining cross sections at low energies. In the theoretical description of the Plane Wave Impulse Approximation (PWIA) [79,171,175,
176], it is possible to show that the three-body breakup cross section is related to the two-body cross section

(

d3𝜎
)𝑐 .𝑚.

= 𝐾|𝛷(𝐩𝑝𝑛)|2
(

d𝜎
)c.m. HOES

(63)
d𝐸15O𝛼d𝛺𝛼d𝛺15O 18F(𝑑 ,𝛼 𝑛)15O d𝛺 18F(𝑝,𝛼)15O
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Fig. 36. (ASTRO) The 18F(𝑝, 𝛼)15O astrophysical reaction proceeds through the formation of the compound-nucleus 19Ne∗. (QF): Quasi-Free mechanism. Particle
𝑝 is hidden inside the Trojan Horse projectile 𝑑 (𝑑 = 𝑝 + 𝑛), and impinges upon nucleus 18F to form compound-nucleus 19Ne∗. Particle 𝑛 does not interact, it is
a spectator of the reaction.

where

– K is a kinematic factor. It is a function of the masses, momenta, and angles of the outgoing particles.
– The term 𝛷(𝐩𝑝𝑛) is the momentum distribution of the 𝑝 + 𝑛 inter-particle motion inside the TH nucleus (𝑑 before reaction).

Indeed, even if the beam energy is well defined, this does not mean that the measurement is made at a single reaction energy
in the center of mass. This is because, inside a bound nucleus, the nucleons are naturally agitated, this is the Fermi motion. The
proton–neutron momentum distribution measured and calculated inside the deuteron nucleus are shown in Fig. 37. Quantum
mechanics tells us that this internal momentum, of particles 𝑝 and 𝑛 inside 𝑑, is on average equal to zero, with a dispersion
typically of the order of

𝑝𝑙 𝑖𝑚𝑝𝑛 ≈
√

2𝜇𝑝𝑛BE(𝑝 + 𝑛) ≈ 45 MeV/c (64)

where 𝜇𝑝𝑛 is the reduced mass of 𝑝+ 𝑛 system, and BE(𝑝+ 𝑛) the binding energy of 𝑑. This internal motion has to be added to
the incident projectile velocity 𝑣𝑝. This implies that the effective energy of the proton when it interacts with 18F, 𝐸𝑐 .𝑚.

𝑝18F
, is not

limited to one single incident energy. In reality, a wider range of incident energies is explored in the same experiment using
a single beam energy. The larger is the binding energy, the larger is the energy window. Since the transferred particle in the
TH reaction is ‘‘virtual’’, its energy and velocity are not related by the classical equation of motion 𝐸𝑝 = 1∕2 𝑚𝑝 𝑣2𝑝. Such a
physical system is called to be off the energy shell (OES).

– The term
(

d𝜎
d𝛺

)HOES

18F(𝑝,𝛼)15O
is the half-off-energy-shell differential cross section for the astrophysical two-body reaction 18F(𝑝, 𝛼)15O.

It is half since the initial momentum is off-shell and the final momentum is on-shell.

The astrophysical differential cross section can be deduced from
[

d𝜎
d𝛺 (𝐸𝑐 .𝑚.15O𝛼 , 𝜃

𝑐 .𝑚.)
]astro

∝ 𝑃𝓁(𝐸𝑐 .𝑚.18F𝑝)
[

d𝜎
d𝛺 (𝐸𝑐 .𝑚.15O𝛼 , 𝜃

𝑐 .𝑚.)
]HOES

(65)

where 𝑃𝓁(𝐸𝑐 .𝑚.18F𝑝
) is the penetrability function through the Coulomb barrier of the system 18F + 𝑝. And so, the total cross section is

𝜎(𝐸𝑐 .𝑚.18F𝑝)
astro = ∫

[

d𝜎
d𝛺 (𝐸𝑐 .𝑚.18F𝑝, 𝜃

𝑐 .𝑚.)
]astro

d𝛺 ∝ 𝑃𝓁(𝐸𝑐 .𝑚.18F𝑝)∫

[

d𝜎
d𝛺

]HOES
d𝛺 (66)

Usually, the measured astrophysical cross section is normalized to high energy where 𝑃𝐿(𝐸𝑐 .𝑚.18F𝑝
) ≃ 1.

Determining the resonance strength. Each resonance in the 18F(𝑝, 𝛼)15O reaction contributes to the rate of the reaction in proportion
to the strength of the resonance

𝜔𝛾 ≡
(2𝐽𝑟 + 1)

(2𝐽18F + 1)(2𝐽𝑝 + 1)
𝛤15O𝛼𝛤18F𝑝

𝛤𝑇
(67)

where 𝛤15O𝛼 , 𝛤18F𝑝 and 𝛤𝑇 are the partial and total widths of the resonance. In the case of an isolated resonance, the Breit–Wigner
formula can be used to calculate the THM reaction [175,177] and then, the number of counts 𝑁𝑟 measured in the resonance is

𝑁𝑟 ∝ ∫ |𝑀(𝑥)|2
𝛤15O𝛼(𝑥)

(𝑥 − 𝐸𝑟)2 +
𝛤 2
𝑇 (𝑥)
4

d𝑥 ∝
𝛤15O𝛼(𝐸𝑟)
𝛤𝑇 (𝐸𝑟)

|𝑀(𝐸𝑟)|
2 (68)

where

– 𝐸𝑟 is the resonance energy
– 𝑀(𝑥) is called generalized form factor, or direct transfer reaction amplitude, and can be calculated [177].

Then

𝜔𝛾 ∝
(2𝐽𝑟 + 1) 𝑁𝑟 𝛤18F𝑝 (69)
(2𝐽18F + 1)(2𝐽𝑝 + 1)
|𝑀(𝐸𝑟)|

2
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Fig. 37. Experimental proton–neutron momentum distribution inside the deuteron nucleus (dots) extracted from the 2H(11B, 𝛼 8Be)𝑛 reaction compared with
the predicted distribution (dotted curve). The maximum of the (L = 0) distribution is observed at the spectator momentum 𝑝𝑛 = 0 MeV/c. The dispersion is
𝑝𝑙 𝑖𝑚𝑝𝑛 ≈ 45 MeV/c.
Source: From Ref. [172].

Table 2
List of possible Trojan Horse nuclei.

TH nucleus Structure Binding energy
(MeV)

2H 𝑝 + 𝑛 2.22
3H 𝑑 + 𝑛 6.26
3He 𝑝 + 𝑑 5.49
6Li 𝑑 + 𝛼 1.47
14N 𝑑+12C 10.27
16O 𝛼+12C 7.16

If several isolated resonances are measured in the same experiment, and if one of the resonances is known, it is possible to determine
the strengths of the unknown resonances by measuring their peak integral relatively to the known one

(𝜔𝛾)𝑖 = (𝜔𝛾)𝑗 𝑁
𝑖

𝑁 𝑗

(2𝐽𝑟𝑖 + 1)
(2𝐽𝑟𝑗 + 1) 𝑅𝑖𝑗 (70)

where

𝑅𝑖𝑗 =
|𝑀(𝐸𝑗𝑟 )|

2

𝛤 𝑗18F𝑝

𝛤 𝑖18F𝑝

|𝑀(𝐸𝑖𝑟)|
2

(71)

It is possible to show that the dependence on unknown spectroscopic factors are completely removed in these ratios, and that 𝑅𝑖𝑗
can be calculated using the 𝑅 𝑚𝑎𝑡𝑟𝑖𝑥 formalism [175,177]. In this way, the strength of an unknown resonance can be determined
from the number of counts measured in this resonance.

8.3. Experimental setup

Fig. 38 shows a typical experimental setup that could be used to study the18F(𝑝, 𝛼)15O reaction with the 𝑑(18F, 𝑛 𝛼)15O TH
reaction. Two out of the three reaction products must be detected with typical energy and angular resolution of 1% and 0.1–0.2◦

respectively. After the reaction, the 15O recoiling nucleus is detected at small angles. In a typical THM experiment, 𝛼 and 15O
particles are measured in coincidence with position sensitive detectors. The detector angles are chosen to maximize the quasi-free
contribution. Usually, particles are identified using a 𝛥E-E telescope of detectors or using kinematics conditions (𝜃 versus angle).
Energy losses are measured in an ionization chamber or in a thin silicon detector.

8.4. Beam and target

The intensity of the beam is of the order of a few nAe with stable beams, or larger than 105 pps with radioactive beams (5 and
3–4× 105 18F ions/s in Ref. [30,178]).

Target thickness is typically 10–1000 μg/cm2. Several good TH candidates are presented in Table 2. In the 18F(𝑝, 𝛼)15O reaction,
a suitable TH nucleus should have a proton structure, then 𝑑 and 3He are good candidates.
38 



F. de Oliveira Santos Progress in Particle and Nuclear Physics 142 (2025) 104154 
Fig. 38. Typical experimental setup used in Trojan Horse experiments, here applied to the 𝑑(18F, 𝑛 𝛼)15O reaction. Particles 𝛼 are identified using a 𝛥E-E telescope
of position sensitive silicon detectors (in red), whereas 15O nuclei are measured with an ionization chamber (in green) and a silicon detector. Beam tracking
detectors (PPAC) were placed upstream the target in order to reconstruct the incident angle with a good resolution (0.14◦ in [30]).

8.5. Incident energy

The incident energy 𝐸𝑙 𝑎𝑏18F
of the 18F projectile is chosen to be large enough to pass through the Coulomb barrier in the 18F+𝑑

entrance channel, thereby the proton (inside 𝑑) is brought into the interior of 18F to induce the 𝑑(18F, 𝑛 𝛼)15O reaction

𝐸𝑙 𝑎𝑏18F ≳
𝑚𝑑 + 𝑚18F
𝑚18F

× 0.6 MeV ×
𝑍𝑑 𝑍18F

(𝐴 = 18)1∕3 (72)

It is supposed that the neutron (inside 𝑑) is ‘‘spectator’’ to the reaction between 𝑝 and 18F, see Fig. 36. This assumption is often
referred to as a quasi-free scattering or quasi-free condition (QF). Experimentally it means that only events with small momentum
transferred to the spectator particle should be selected, i.e. 𝛥𝑝𝑛 ≈ 0. Therefore, the fraction of the beam energy pertaining to the
proton is (in direct kinematics when 𝑑 is the beam)

𝐸𝑙 𝑎𝑏𝑝 =
𝑚𝑝
𝑚𝑑

𝐸𝑙 𝑎𝑏𝑑 (73)

and the energy available in the center of mass of 𝑝+18F is
𝐸𝑐 .𝑚.
𝑝18F =

𝑚18F
𝑚𝑝 + 𝑚18F

𝐸𝑙 𝑎𝑏𝑝 =
𝑚18F

(𝑚𝑝 + 𝑚18F)
𝑚𝑝
𝑚𝑑

𝐸𝑙 𝑎𝑏𝑑 (74)

A part of that energy is used to break up the TH nucleus 𝑑 into 𝑝 + 𝑛, what remains is the effective center-of-mass energy

𝐸𝑐 .𝑚.
𝑝18F(effective) = 𝐸𝑐 .𝑚.

𝑝18F − BE(𝑝 + 𝑛) (75)

with BE(𝑝 + 𝑛) the binding energy of the TH.
The energy of the beam is chosen such as 𝐸𝑐 .𝑚.

𝑝18F
(effective) = 𝐸𝐺, the Gamow energy in the two-body reaction. It follows that the

beam energy needed to induce the 3-body reaction to study the 2-body astrophysical reaction is
𝐸𝑙 𝑎𝑏𝑑 =

𝑚𝑑 (𝑚𝑝 + 𝑚18F)
𝑚18F 𝑚𝑝

(𝐸𝐺 + BE(𝑝 + 𝑛)) (76)

or, in inverse kinematics (the TH nucleus is at rest)

𝐸𝑙 𝑎𝑏18F =
𝑚𝑝 + 𝑚18F

𝑚𝑝
(𝐸𝐺 + BE(𝑝 + 𝑛)) (77)

To determine the astrophysical reaction rate, it is necessary to know its cross section for all energies within the Gamow window. In
the THM, it is not necessary to change the beam energy to measure the whole Gamow window. The entire measurement is done in
a single experiment, thanks to the off-the-energy-shell effect. Different examples of reactions, beams and energy windows are given
in Table 3.

Moreover, with the THM it is also possible to study sub-threshold resonances. This is due to the fact that the TH reaction can
have energy threshold located below the astrophysical reaction threshold, see for instance the case of 13C(6Li, 𝑛16O)𝑑 in Fig. 39.

8.6. Monte Carlo simulations

Monte Carlo simulations are used to determine and to optimize several important parameters of the experiment, including the
angles of the detectors, detection efficiency, particles energies, space phase normalization etc. The object-oriented data analysis
code ROOT [103] can be used to simulate easily the three-body space phase of the reaction through the TGenPhaseSpace C++ utility
class. For instance, in the case of the reaction 6Li(6Li, 𝛼 𝛼)4He, simulations show that the first 𝛼-particle can be detected at 60◦ with
energy ≈14.6 MeV in coincidence with the second one at 73◦ with energy ≈12.5 MeV, in agreement with experiment, see Fig. 40.
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Table 3
Different examples of reactions of astrophysical interest studied with the THM.

Astrophysical Trojan Horse 𝐸𝑙 𝑎𝑏
𝑏𝑒𝑎𝑚 𝐸𝐺a Energy windowb Ref.

reaction reaction (MeV) (MeV) (MeV)
6Li(𝑑, 𝛼)4He 6Li(6Li, 𝛼 𝛼)4He 6.0 0.03 [−2.9,+1.2] [179–182]
13C(𝛼, 𝑛)16O 13C(6Li, 𝑛16O)𝑑 7.82 2.5 [−1.1,+3.8] [183]
12C(12C, 𝛼)20Ne 12C(14N, 𝛼20Ne)𝑑 30 2.6 [−4.6,+3.5] [184]
18F(𝑝, 𝛼)15O d(18F, 𝛼15O)𝑛 47.9 0.3 [−3.1,+2.3] [30,178,185]
18O(𝑝, 𝛼)15N d(18O, 𝛼15N)𝑛 54 0.6 [−3.9,+2.9] [177,186,187]

a From Eqs. (76) and (77).
b From Eq. (64) and Monte Carlo simulations.

Fig. 39. Left: Energy diagram. The energy threshold of the Trojan Horse reaction 13C(6Li, 𝑛16O)𝑑 is located under the energy threshold of the astrophysical
reaction 13C(𝛼, 𝑛)16O. This latter reaction is extremely important since it provides neutrons in the astrophysical s-process. At low energy, this reaction proceeds
mostly through the tail of the sub-threshold resonance 𝐽 𝜋 = 1

2

+, E𝑥 = 6.356 MeV, E𝑟 = −3 keV. Right: Measured spectrum with the Trojan Horse reaction 13C(6Li,
𝑛16O)𝑑. The sub-threshold resonance is clearly visible.
Source: From Ref. [183].

Fig. 40. Left: Monte Carlo simulation of the reaction 6Li(6Li, 𝛼1𝛼2)𝛼𝑠. The angle of 𝛼2 is shown as a function of the angle of 𝛼1 after selecting the quasi-free
events (𝛼𝑠 is at rest in lab). Center: Energy E𝛼2 as a function of the energy E𝛼1 for the particles selected at 𝛩𝛼1 = 60◦ and 𝛩𝛼2 = 73◦. Right: Data from Ref. [181],
this is in agreement with the simulations.

8.7. Data analysis

There are 3 main steps in the analysis of THM data.

1. Selection of the three-body reaction
The objective of the first step is to select events corresponding to the TH reaction.

– In most experiments only 2 particles are detected, in the case of the 𝑑(18F, 𝑛 𝛼)15O experiment it was 𝛼 and 15O. The
heavy recoil nucleus (15O) is identified in charge 𝑍, and sometimes in mass 𝐴, using a 𝛥E-E plot, see one example in
Fig. 41 (left).

– For these selected events, energy of 15O is plotted versus the energy of particles 𝑏 detected in coincidence, see Fig. 41
(center). The events corresponding to the 𝑑(18F, 𝑛 𝛼)15O reaction can be singled out by comparison with a Monte Carlo
simulation of the TH process, taking into account detection thresholds, energy losses and the kinematics of the TH
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reaction.
– For these selected events, the reaction Q value is determined. A cut is made on the Q value to choose the ground state

of 15O, see Fig. 41 (right).

2. Selection of the Quasi-Free events
In the previous step, the events corresponding to the 𝑑(18F, 𝑛 𝛼)15O reaction have been selected. The objective of the second
step is to select the events of QF-type mechanism. Indeed, the measured events may have been produced by different reaction
mechanisms: Quasi-Free mechanism (QF), Compound Nucleus formation (CN), Two-Step Transfer. The idea now is to select
the events that proceed through the QF mechanism only. This is an essential step since the aforementioned equations are
valid only under the assumption that the neutron of the 𝑑(18F, 𝑛 𝛼)15O reaction acts as a spectator to the 18F+𝑝 reaction. This
selection is accomplished in several steps by a thorough study of the data.

– The CN produces three exit channels that can mix with the QF data. In the 𝑑(18F, 𝑛 𝛼)15O reaction, the CN formation: 𝑑
+ 18F→20Ne∗ can be followed by these two-step sequential emissions:

⎧

⎪

⎨

⎪

⎩

20Ne∗ → n + 19Ne∗ → n + 𝛼 + 15O
20Ne∗ → 𝛼 + 16O∗ → n + 𝛼 + 15O
20Ne∗ → 15O + 5He∗ → n + 𝛼 + 15O

producing the same particles as in the QF mechanism.
The second and third exit channels can be distinguished by examining the 2D relative energy matrix: 𝑛−15O versus
𝑛−𝛼. For the not-measured neutron, energies and angles can be deduced from the reaction kinematics and conservation
laws. This relative energy matrix will produce the excitation energy spectra of the compound nuclei, 16O∗ and 5He∗, if
this reaction mechanism is indeed present. This matrix can be used to cut any contributions from these channels. For
example, Fig. 42 shows the matrix of the 2H(18O, 𝛼15N)𝑛 TH reaction. The E𝛼−15N relative energies is plotted versus E𝛼−𝑛.
Several horizontal lines can be observed. These lines correspond to different resonances populated in 19F∗, as expected.
In contrast, no vertical line is observed. So, in this example there is no visible contribution from the 5He compound
nucleus.

– The occurrence of CN in the 𝛼+15O channel cannot be ruled out by studying the relative energy correlation matrix
because the same excited states of 19Ne are formed through QF and CN. In the previous example, the problem is now
to distinguish between the two reaction channels

{

𝑑 +18 F → n + 19Ne∗ → n + 𝛼 +15 O
𝑑 +18 F → 20Ne∗ → n + 19Ne∗ → n + 𝛼 +15 O

and possibly, contributions from other reaction channels, like multi-step transfer reactions.
A way to select the QF reactions is through the study of the reaction yield as a function of the spectator particle
momentum 𝑝𝑝𝑛 after reaction (𝑝𝑛𝑝 = 𝑝𝑛 in inverse kinematics). The QF contribution is expected to be dominant only in
a small part of the total phase-space. To select the QF contribution, a cut is used to select data with relative momentum
𝑝𝑝𝑛 ≲ 𝑝𝑙 𝑖𝑚𝑝𝑛 (Eq. (64)), see Fig. 43 (left).
Several corrections have to be applied to the data in order to compare the experimental momentum distribution 𝑝𝑝𝑛
with the expected one. (i) Data corresponding to a slice of the 𝐸𝑐 .𝑚.

𝛼 15O
energy (the energy of a resonance for example) are

selected. For these data, it can be assumed that the HOES differential cross section (see Eq. (63)) is constant. (ii) Monte
Carlo simulations are performed to determine geometrical detection efficiencies of the experimental setup. Then, data
are normalized by the phase-space to remove pure kinematics effects, and are also corrected for detection thresholds.
(iii) Data are corrected by the modulation given by the angular distribution.
These corrections produced the momentum distribution shown on Fig. 43 (right). The fact that the shape of the measured
momentum distribution follows the shape of the neutron momentum distribution inside the deuteron is a good evidence
for the occurrence of the QF mechanism, and that it is dominant.

3. Determination of the two-body reaction cross section
The events of the three-body reaction corresponding to QF mechanism have been selected according to the steps described
in the previous paragraphs. The objective of the third step is to reconstruct the two-body reaction cross section. It follows
that: (i) the 𝑝 +18F relative kinetic energy 𝐸𝑐 .𝑚.

𝑝 18F
can be deduced from the measured 𝐸𝑐 .𝑚.

𝛼 15O
using the energy conservation

law. (ii) Angular distributions of the outgoing particles 𝛼+15O can be extracted for different center-of-mass energy 𝐸𝑐 .𝑚.
𝑝 18F

.

They have to be normalized by a Monte Carlo simulation of the experimental setup. (iii) For each energy step, a fit of the
angular distributions can be made using a polynomial of Legendre functions. These distributions can be used to evaluate the
spin and parity of the observed resonances, see Fig. 44 for some examples. (iv) The experimental two-body cross section
( 𝑑 𝜎𝑑 𝛺 )HOES is derived according to Eq. (63). (v) Usually, a smooth background is subtracted to take into account possible four-
body contribution. (vi) The two-body HOES differential cross section is integrated in the whole angular range to obtain the
astrophysical reaction cross section, see Eq. (66). It is assumed that in the region where no experimental angular distribution
is available, their trend is given by the fit function. Finally, the astrophysical cross section is normalized at higher energy
with some direct measurement data.
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Fig. 41. The first steps of the THM data analysis is illustrated here. (Left) In the case of the 2H(18O, 𝛼15N)𝑛 Trojan Horse reaction, a cut was made on the 𝛥E-E
plot to select the heavy residues identified in charge 𝑍 (here 15N, Z = 7), and sometimes in mass 𝐴, when the resolution is good enough, from Ref. [187].
(Center) Energy of heavy residue is shown versus energy of the particles detected in coincidence, here in the case of the 2H(18F, 𝛼15O)𝑛 reaction, from Ref. [178].
Black points are experimental data, red ones are from a Monte Carlo simulation. It seems to be no contamination from other reactions. (Right) The measured Q
value of the selected 2H(18F, 𝛼15O)𝑛 events. If needed, a cut is made on the Q value to select the 15O ground state. In the present case, there is only one peak.

Fig. 42. In the measurement of the 𝑑(18O, 𝛼15N)𝑛 TH reaction, the relative energies E𝛼−15N is plotted versus E𝛼−𝑛. Several horizontal lines can be observed, these
correspond to different resonances populated in the 19F∗ = 𝛼+15N compound nucleus. In contrast, no vertical line is observed. So, there is no contribution from
the 20F∗ → 15N + 5He∗ → 𝑛 + 𝛼+15N compound-nucleus channel.
Source: From Ref. [187].

The results obtained for the 18F(𝑝, 𝛼)19Ne reaction are presented in Fig. 45. The astrophysical S factor obtained in a THM
experiment [30] (green points) is compared with results obtained in direct measurement [38] (blue points). It shows that the
TH experiment has made it possible to determine the astrophysical S factor at low energies [188], where it is very difficult
to measure directly. As can be seen, however, energy resolution is relatively limited.

8.8. Limitations

The Trojan Horse Method has some specific limitations [189]. (i) Radiative captures, such as (𝑝, 𝛾) reactions, cannot be studied
with this method since in that case the recoiling nucleus is confused with the beam. (ii) Energy resolution is often limited, at best
≈50 keV in c.m. (iii) The background subtraction is quite arbitrary. (iv) Reservations have been expressed about the reliability of
THM due to cross-section modifications caused by off-shell effects and final-state interactions.

9. Beta-delayed particle emission

Among the experimental techniques used in nuclear astrophysics, radioactive decay is sometimes used to study the properties of
the populated states in the daughter nucleus. This method is very interesting in nuclear astrophysics when the states populated by
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Fig. 43. Left: Monte Carlo simulation of the 𝑑(18F, 𝛼15O)𝑛 reaction at E𝑙 𝑎𝑏 = 47.9 MeV, showing the phase-space available for the momentum of the spectator
particle |p𝑠| (neutron) versus the center-of-mass energy E𝑐 .𝑚. of the system 𝛼 + 15O. The part of the phase space where the quasi-free mechanism is expected
to dominate (red box, |𝑝𝑠| ≲ 45 MeV/c) represents only a part of the total available space phase. Right: Measured spectator particle momentum p𝑠 (solid dots
from Ref. [30]) compared to the Monte Carlo phase space (dotted line). The shape of the measured momentum distribution follows the shape of the internal
motion of the neutron in the deuterium nucleus (the red line). This proves the predominance of the quasi-free reaction mechanism in the phase space selected
in the data.

Fig. 44. Experimental angular distributions obtained in the 18O(𝑑, 𝛼n)15N Trojan Horse reaction [177]. Differential cross sections are shown as a function of
c.m. angle between 𝛼 and 15N, after selecting the events within certain energy ranges corresponding to three resonances in 18O+𝑝. The full lines come from the
fitting of the distributions. The best fit for the 90 keV resonance is achieved with 𝐿 = 1 (𝜒2 = 0.67), meaning a spin 3

2
for the 8.084 MeV excited state of 19F.

The 𝐽 𝜋 = 1
2

+ assignment for the 144 keV resonance was confirmed, the angular distribution for that level being isotropic.

beta decay are also the states possibly populated by proton or 𝛼 capture reaction. The astrophysical 18F(𝑝, 𝛼)15O reaction has never
been studied using this method. The most favorable (𝐿 = 0) transferred angular momentum for this reaction 18F(1+) + 𝑝(1∕2+)
corresponds to 1∕2+ and 3∕2+ spin states in 19Ne. The 19Ne states can also be populated by the radioactive decay of the parent
nucleus 19Na, see Fig. 46. The rules in the Gamow–Teller 𝛽-decay select states with spin 𝐽 ± 1 relatively to the spin of the parent
nucleus. In the case of 19Na, the spin of the ground state being 𝐽 = 5∕2+, beta decay leads to the preferential population of the 3∕2+,
5∕2+ and 7∕2+ spin states of 19Ne. It would have been interesting to study the 3/2+ states of 19Ne populated by the 𝛽+ decay of
19Na, since these resonances are of high interest in astrophysics, but the 19Na parent nucleus is not bound for proton emission [98],
so the study is not feasible. Fig. 47 gives an overview of many feasible cases of potential interest for nuclear astrophysics. To
take another interesting example, the 30P1+ (𝑝1∕2+ , 𝛾)31S reaction is important in astrophysics [190,191]. This reaction occurs mainly
through (𝐿 = 0) resonances in 31S, with 3∕2+ and 1∕2+ spin. These states can be populated by the 𝛽+ decay of 31Cl, which explains
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Fig. 45. Astrophysical S factor of the 18F(𝑝, 𝛼)19Ne reaction. The astrophysical S factor obtained in a THM experiment [30,188] (green points) is compared with
results obtained in direct measurements (blue points). The line is a guide for the eyes. The TH measurement makes it possible to determine the astrophysical S
factor at low energies, where direct measurements are almost impossible.

Fig. 46. The 18F(𝑝, 𝛼)15O astrophysical reaction occurs through resonances in 19Ne. The lowest transferred angular momenta (𝐿 = 0) are generally the most
favorable, due to the centrifugal barrier, so the 3∕2+ and 1∕2+ spin states in 19Ne are the most important. The radioactive decay of 19Na leads to the preferential
population of 3∕2+, 5∕2+ and 7∕2+ spin states (Gamow–Teller decay). It would therefore be possible to study the 3∕2+ states via radioactive decay. However,
19Na is unbound, so this study is not feasible.

why the 30P box is shown in red color in Fig. 47. Excited states important in astrophysics can be populated directly by 𝛽 decay,
as discussed above, e.g. 19Na(𝛽+)19Ne∗ if 19Na was bound. Excited states can also be populated indirectly by 𝛽-delayed particle
emission, e.g. 20Mg(𝛽+)20Na(𝑝)19Ne∗. This latter decay has indeed been used to study the excited states of 19Ne, but it did not
allow to populate the important states for the 18F(𝑝, 𝛼)15O reaction, since only low energy states (𝐸𝑥 < 4.1 MeV) were observed
in this study [192]. Fig. 47 also confirms that the 18F(𝑝, 𝛼)15O reaction cannot be studied by beta-delayed proton emission, but
only by beta-delayed two-proton emission, with the purple 18F box. Other more complex 𝛽-delayed emission, such as three-protons
emission, can also be used in nuclear astrophysics. There are many potentially interesting solutions, but they need to be studied on
a case-by-case basis.

The main problem with 𝛽-decay measurement is that the 𝛽-delayed particles are emitted at low energy, sometimes at the limit of
detection. Moreover, the measured signal is often very polluted by 𝛽 radiations. There are many ways of measuring 𝛽 decay. Without
going into details, two types of measurement can be carried out: either the radioactive nuclei are implanted in a solid material, a
silicon detector for example, and the charged particles emitted by the 𝛽 decay are measured with a good-resolution detector, or the
radioactive nuclei are implanted in an active target detector, e.g. AstroBox2 [191], which is used to slow down and stop the nuclei,
and also to measure the emitted particles. Using a gaseous detector improves the signal-to-noise ratio, since it is less sensitive to
beta radiations.
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Fig. 47. Set of nuclei that can be studied in an astrophysical context by measuring the 𝛽+-delayed particle emission. For example, 45V is in light blue in this
hart, meaning that the 45V(𝑝, 𝛾)46Cr reaction could be studied via the measurement of the 46Mg(𝛽+)46Cr(𝑝)45V decay. Note that the 18F(𝑝, 𝛼)15O reaction can be
tudied by measuring the 20Mg(𝛽+)20Na(𝑝)19Ne(𝑝)18F decay.

10. Conclusion

Several experimental techniques have been used to study the astrophysical 18F(𝑝, 𝛼)15O reaction for over two decades. Some
spects remain unknown and are still being discussed, leading to uncertainties in the rate of this reaction of up to a factor of 3 under

the thermodynamic conditions of novae [23]. Fig. 48 shows the evolution of the reaction rate for two temperatures as a function of
years. Note that the value has not changed much since the 2000s. Note also that the uncertainty on the rate, when estimated, has
ot changed much. There are two main reasons for this: on the one hand, some states still do not have a firm spin assignment. In

particular, a doublet of 3∕2+ (𝓁𝑝 = 0) states has been predicted in the Gamow window. Measurements at very high energy resolution
ave revealed three states in the first 50 keV above the proton threshold, none of which are 3∕2+ states according to their angular
istribution. The reaction rate depends very much on the position of these 3∕2+ states. On the other hand, the signs of interference

between the 3∕2+ resonances are still not known.
These two aspects could be solved in the near future, using the same methods under improved experimental conditions. It will

ertainly be necessary to propose an indirect measurement, with excellent energy resolution to distinguish states close to threshold
nd determine their spin. It will also be necessary to re-measure the reaction directly at relatively low energies with high accuracy,
o constrain the signs of resonance interference. Furthermore, new experimental techniques may be proposed in the future to unlock
he secrets of this reaction.
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Fig. 48. Evolution of the 18F(𝑝, 𝛼)15O reaction rate over the years for two different temperatures, 300 and 200 GK. In both cases, the value has not changed
significantly since the early 2000s, nor has the associated uncertainty, despite considerable efforts. This is because some states in 19Ne do not have a definitive
spin assignment, and also because some resonances interfere with signs that are not yet known. The red dashed line is a guide for the eyes.
Source: From Ref. [9,13–15,27,31,38,39,41,70,128,146,147,178,193,194].
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