N

N

Extreme conditional quantile estimation for time series
Yuri Goegebeur, Armelle Guillou, Jing Qin

» To cite this version:

Yuri Goegebeur, Armelle Guillou, Jing Qin. Extreme conditional quantile estimation for time series. 2026.
<hal-04673935v3)

HAL Id: hal-04673935
https://hal.science/hal-04673935v3

Preprint submitted on 23 Jan 2026

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Auto':izition
HAL Authorization


https://hal.science/hal-04673935v3
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

Extreme conditional quantile estimation for time series
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Abstract

We consider the estimation of an extreme conditional quantile Qy (1 — p|x¢) for a heavy-
tailed distribution in case of a strictly stationary time series (Xy,Y;)iez. Here, Qy (|zo)
denotes the conditional quantile function of Y given X = xy and p € (0,1) is small, i.e.,
smaller than 1/n, where n is the size of the sample on which the estimation is based. In a
first step, we propose a conditional extreme value index estimator in that context of time
series and we establish its weak convergence using the cluster method. Then, in a second
step, by using a Weissman-type construction, we propose an extreme conditional quantile
estimator for which we derive also the weak convergence. The performance of our estimators
is illustrated on a simulation study and compared to alternative estimators already proposed
in the literature. Finally, our methodology is applied on a real dataset of log-returns of the

S&P 500 index and market volatility.

Keywords: Time series; Extreme value theory; Extreme conditional quantile; Empirical process.
MSC codes: 62M10; 62G32; 62G20.
1 Introduction

We consider the estimation of an extreme quantile of a heavy-tailed distribution when a random

covariate X € R? is recorded simultaneously with the variable of interest Y € R,. We denote



by Fy(:|z) the conditional distribution function of the response variable Y given X = xz, and
by gx the density function of X. We assume that the conditional response distribution is of
Pareto-type, i.e., there exists a positive function v(z) such that Fy (-|z) := 1 — Fy (-|z) is of the

form

— 1
Fy(ylz) =y 7@ ly(y|z), y >0, (1)

where fy (-|z) is a slowly varying function at infinity, i.e., for all A > 0

lim YO
y—0 Ly (y|z)

The tail heaviness of Fy (y|r) is governed by the tail function v(x), where larger values corre-
spond with heavier tails. This Pareto-type model finds many important practical applications,
among others, in finance, insurance, telecommunications, ... Since y(z) describes the tail heav-
iness of the conditional response distribution, it needs to be adequately estimated from the
available data. This topic has been extensively studied in the literature in case of an indepen-
dent and identically distributed (i.i.d.) sample of pairs (X;,Y;), i = 1,...,n, see, e.g., Wang and
Tsai (2009), Daouia et al. (2011), Wang and Li (2013) and Goegebeur et al. (2014), among
others. In the case of time series, as far as we know, only the very recent paper of Daouia et al.
(2023) deals with this problem by adapting an estimator for (z) originally proposed by Daouia
et al. (2011) in the i.i.d. context and based on a fixed number J of high quantiles.

In our paper, we consider a strictly stationary time series (X¢, Y;)tez with conditional distribution
function of Y given X = x of Pareto-type. We denote by Uy (-|x) the associated tail quantile
function defined as Uy (:|z) = inf{y : Fy(y|z) > 1 — 1/} and our estimation will be done at
X = x¢, a reference position in the interior of the support of gx, which is assumed to be non-
empty. In Section 2, we start by proposing a conditional extreme value index estimator for time
series, and then we seek to estimate an extreme conditional quantile using a Weissman-type
construction (see Weissman, 1978). A list of the required assumptions in order to establish the
weak convergence of these estimators is also given. Section 3 states these results, which are
then validated on a simulation study in Section 4. Finally, our methodology is illustrated in

Section 5 on a real dataset of financial returns of the S&P 500 index and market volatility. A



concluding section summarizes the main contributions of the paper. This paper ends with an
appendix containing first, the verification of our main conditions of our theorems on the model

considered in Section 4, and then, all the proofs of the results.

2 Methodology and assumptions

Let | - | be the Euclidean norm on RY and B,(r) be the | - |~ball with center x and radius
r > 0. Throughout the paper, we will denote by 0 € R?, respectively 2 € R¢, the d—vector whose
components are all equal to 0, respectively 2. Hereafter, we will use a kernel type method for
our estimations and for this, we consider a kernel K satisfying the following classical hypothesis
in the non-parametric framework:

Assumption (K). The kernel K is a bounded probability density with support By(1).

Our conditional extreme value index estimator is defined as

ﬁ P K (xognxi> <logYi —log ﬁy(n/k|xo)) Loy~ 0y (/o))
gn(0)

Ak (wo) =

)

where k = k, is an intermediate sequence, i.e., k — o0 as n — o with k/n — 0, h, is a
positive non-random sequence of bandwidths with h,, — 0if n — o0, g,(z¢) is the kernel density

estimator for gx defined as

and Uy (n/k|zo) is an estimator for Uy (n/k|zg). Note that the threshold Uy (n/k|zo) is local,
i.e., it depends on the point 2y where the estimation is to be made. This estimator 7 (z¢) can
be viewed as a direct adaptation of the classical Hill estimator (see Hill, 1975) to the regression

context.

Although the estimation of a conditional extreme value index is of interest since it gives in-
formation on the upper tail heaviness of the distribution, for practical applications it is much
more important to estimate an extreme conditional quantile, i.e., Uy (1/p|xg), where p < 1/n,

with n the size of the sample on which the estimation is based. Such an estimation requires



extrapolation beyond the observed values of the time series and can be done by a Weissman-type

construction based on the approximation

Uy (3o (o)

1 n Y 0 n k

Uy (3fea) = Oy (o) o) _y, (i) ()
p Uy (% xo) np

motivated by model (1), and from which we deduce that

() -8 i) (35) ™

is an extreme conditional quantile estimator for Uy (1/p|zo).

Our first aim is to study the limiting distribution of 4y(xg) correctly normalized in the time
series context, and then to deduce a similar result for Uy (1/p|zg). To reach these goals, we

propose to use the cluster method of Drees and Rootzén (2010). We define

_ ‘ L zo — X Y
Zni = (Znits Zniz) = (“ o Uy(n/k\x0)> soicpy1) and o mr>1-2p
%)
¢S(Z) = ¢S(z17 22) = K(Zl - 2) log ; ]1{2'2>8}7

Vs(2) = Ps(21,22) = K(21 —2) Upzpngy,

for se [1—¢,1+¢],e€(0,1). Here the vector 2 is useful to ensure Z,, ;1 > 0 for (xo — X;)/hp €
Bo(1), whereas ¢ allows us to handle the randomness of the threshold Uy (n/k|zo). As for the
functions ¢4 and s, they were introduced to establish the limiting distribution of Jx(xg) and

ﬁy(n/k|x0), respectively.

Let vy, :=P(Zy1 F (0,0)). Drees and Rootzén (2010) provided conditions according to which

ZulH) 1= e Y H(Zy) - ELH (Z)])
=1

converges weakly towards a centered Gaussian process. We will use this result in our framework

with H € ® := {¢s,9)s:s€[1—¢g,1+¢]}.

Let RV, denote the class of regularly varying functions at infinity with index «, i.e., positive

measurable functions f satisfying f(tx)/f(t) — = as t — oo, for all x > 0. To establish our



convergence, as usual in extreme value theory, we need to precise the structure of the conditional
response distribution given in (1) by imposing a second-order condition. The one used in this

paper is the following:

Assumption (D). The conditional survival function of Y given X = x satisfies

Fr@lr) = Ax)y @ (1+7(1@5y<y|x>)7

where A(x) > 0, v(xz) > 0, and |0y (-|z)| is normalized regularly varying at infinity with index

—B(x), B(z) >0, ic.,
dy (ylz) = B(x) exp Uy v (ufz) du} ,

1 u

with B(z) € R and &y (y|z) — —B(x) as y — .

Under Assumption (D), Uy (-|z) satisfies

Uy (ylz) = [A@@)]® 5™ (1 + ay (yle).

where ay (y|z) := dy (Uy (ylz)|z)(1 + o(1)), and thus |ay(-|z)| € RV_g,) This Assump-

v(z)
tion (D) is very general and satisfied by usual distributions among them, Fréchet, student t, F,
generalized Pareto and Burr distributions.

Additionally, to deal with the regression context, gx and the functions appearing in Fy (-|x) are
assumed to satisfy the following Holder conditions.

Assumption (H). There exist positive constants My, Ma, M., Mp, Mg, ng, na, 1y, N5 and
ne, such that for all x,z € By, (h) for some h > 0:

l9x(2) —9x(2)] < M|z — =],
[A(z) = A(2)] < Mafz — 2|,

(@) =22 < Mz — 2™,

[B(z) — B(2)] < Mplz—z[",

sup &y (ylz) — & (yl2)l < Ml — 2|

y=1



Now, we need to assume a condition according which a joint conditional extreme value of (Y, Y;)
cannot be much more likely than a marginal conditional extreme value of Yj, uniformly across
time and locally uniformly across the covariate space.

Assumption (7). There exist h,y > 0 such that

P(Yy > Y; > y1| Xo = X, =
Q5 (y|zo) :=sup sup sup (Yo > y0, ¥ > y1| Xo = uo, Xi u1)<oo.

PlmnTuncbg® /Py (yofuo) Py (nfua)

Also, to ensure that similar values of the covariate cannot occur too often at neighboring time
points, we impose the following condition:
Assumption (X). There exists an integer ig = 1 such that

1<i<ip = limr 2P (Xg € Byy(r), Xi € By (1)) = 0,

r—

and lim sup sup 7 24P (Xg € By, (1), Xi € Bay (1)) < 0.

r—0 i=ig

This Assumption (X') is in particular satisfied if the pair (Xo, X;) has a density uniformly
bounded for all i = 1 on By, (r) x By, (r) for some r > 0. Note also that Assumption (J) as well
as Assumption (X) were already introduced in Daouia et al. (2023). We refer to the Supple-
mentary Material of the latter paper for additional comments related to these hypotheses, e.g.,

examples of models satisfying them.

Now, we come back to our initial aim, namely to show the weak convergence of Z,,(H) towards
a Gaussian process in the space of bounded functions indexed by ®, denoted ¢*(®). Thus we

start to compute v, in our context. Note that

o — X Y]
VUp = P(O}lleBo(l) andlm>1—€>

E []l{x(;;lxeBo(l)} Fy ((1 - E)Uy(n/k‘|$0)|X)]

Fy (= )0y nfblan) o) { [0 agme 0 0 ()

Fy ((1 = e)Uy (n/k|z0)|z)
+ fRd ]l{ I%;IGBQ@)} [FY ((1— g)Uy(n/k‘xo)‘wo)

- 1} 9x (@) da:}.



Assuming that h,y "™ log(n/k) — 0 and gx(z) > 0, using Lemma 7.1, we have for n large

n h

__1 k
v = (1—¢) mmfRd U sge gy 1y 95 (2) d (14 0(1))

Bo(1)

L d
(1) £ {Vd ax(eo) + | [ox(0~ huv) = gx(ao)) dv} (1 +o(1)

1 khd
(1—¢) @0 - Va gx (zo) (1 +o(1)),

where Vj is the volume of By(1). We have clearly v, — 0 as n — o0, which means that the
theory of Drees and Rootzén (2010) can be applied in our context. Here the strength of the
temporal dependence between the random vectors Z, 1, ..., Z, ,, will be evaluated through the
[S—mixing coefficient

fuk = sup E{B sup ]P(B\Bal)—P(B)\},
€

1<l<n—k-1 B Ckal

where Bf“ denotes the o—field generated by (Z,, ¢)i</< j- We assume that there exist sequences of
integers (£)nen and (7, )nen, constituting the basic elements of the so-called ”big blocks, small

blocks” technique, such that ¢,,r, — oo and the following holds:

Assumption (A) As n — o, we have £, = o(ry), ™n = 0o(\/nVn), T hi/(”‘” = O(1) for some
d >0, and B, (n/ry) — 0.

Assumption (A) imposes restrictions on the rate at which & tends to infinity and h, to zero.
Sufficient conditions to ensure that a Markov chain is f—mixing can be found in Doukhan (1994,
Section 2.4). More specifically, most of the usual time series are geometrically f—mixing under
mild conditions, e.g., ARMA, ARCH or GARCH time series. In that case (3, = O(n*) for some
1 € (0,1). Then, by choosing ¢,, = C logn for C sufficiently large, Assumption (A) is fulfilled
for a suitably chosen 7, if (logn)? = o(k h?) and he = o((logn)~(1+9).

3 Main results

The first theorem states the weak convergence, denoted by ~-», of the empirical process Z,

indexed by ®. This result will allow us to obtain the joint convergence of 3y (zq) and Uy (n/k|zo),



properly normalized, which are the random quantities appearing in the estimator ﬁy(l/p\xo),

though they are also of interest on their own.

Theorem 3.1 Let (Xy,Y})iwez be a strictly stationary time series, with a conditional distribution
function of the response variable Y given X = x satisfying Assumption (D). Let k be an
intermediate sequence such that k/n — 0 and kh — oo as n — co. Consider a bandwidth hy,
such that hy' ™™ log(n/k) — 0 as n — . Suppose that Assumptions (K),(H), (), (X) and
(A) are fulfilled. Then, for xo such that gx(xo) > 0 and for any € € (0,1), we have,

Zp ~ L,
in £°(®), where Z. is a centered Gaussian process with covariance function given by
Cov (Zs(Hl)’ Z&‘(HZ)) =E [Hl(U + 2, V) HQ(U + 2, V)] R

where U and V' are independent, U from a Uniform distribution on By(1) and V' from a Pareto
distribution with survival distribution function given by P(V > t) = (¢/(1 — 6))_1/7(3”0) Uy +

]l{tél—s}'

Unlike recent contributions on extremes in time series without covariates where the covariance
of the limiting process is given by a series (see, e.g., Drees et al., 2015, Drees and Knezevi¢, 2020
and Goegebeur et al., 2025), the covariance function of the limiting Gaussian process is here
relatively simple. This is due to the Assumptions () and (X), which control the occurrence of
joint conditional extremes of (Y, Y;) and of similar values of the covariate at neighboring time

points, respectively.

As an intermediate result, we need now to define our estimator Uy(n/k:|:c0) and to derive its
weak convergence in terms of the Z.— process. Consider a kernel estimator of Fy (y|zo) defined

as

ﬁ i K (xoh_nXi> Lgy>y)
gn(70)

Fy (ylzo) =

)

and let
Uy (E’x()) =inf<{y: %y(y\xo) < k )
k n

8



In order to obtain the limiting distribution of ﬁy(n/k]:ro), properly normalized, we will use

Theorem 3.1. To this aim, we rewrite Uy (n/k|zo) as

SR (35) 1y |

Y
Uy (n/k[zg) ~ Uy (n/E[zg)

ﬁy(%‘x()):inf Yy — >—1;,

@n(ﬂco)

and we introduce
1 n .’L'Oin
S NIC L
khy = {UY(n/k\Eo) >S}

Tn s) = — —

(=) 5 la0)

Note that
S Oy (n/k|zo)
T (—1) = IR0
U = By ko)

where the superscript ‘«—’ denotes the generalized inverse of a non-decreasing function. From

Theorem 3.1 we get

Vi {To(s) + 57T} —\/ i 7). (2)

1
gx (20) (1 — £)7C0)

Then, by Vervaat’s Lemma (see, e.g., Lemma A.0.2 in de Haan and Ferreira, 2006), we can
invert the weak convergence (2) and obtain the result for 7.5 (—1).

The above is formalized in the next theorem.

Theorem 3.2 Let (X¢,Y:)ez be a strictly stationary time series, with a conditional distri-
bution function of the response variable Y given X = x satisfying Assumption (D). Let k
be an intermediate sequence such that k/n — 0 and khe — o as n — . Consider a
bandwidth hy, such that hit log(n/k) — 0, A/khd hi*"" — 0,+/khd b} log(n/k) — 0 and
kb |8y (Uy (n/k|xo)|zo)| — 0 as n — oo. Suppose that Assumptions (K), (H),(J), (X) and
(A) are fulfilled. Then, for xo such that gx(xo) > 0, we have

2 | Oy (n/kla) o ol Va
\/kh"{Uy(n/Mxo) 1} ( 0)\/QX(5UO)( — Ze(¢1).

1— 5) v(zg)

The variance of the limiting distribution of Uy (n/k|xg) correctly normalized is v2(zo) | K|3/9x (o),

which is the same as the variance in the regression context for i.i.d. random variables (see



Lemma 5.1 in Goegebeur et al., 2023). As a further comparison, in the i.i.d. context of Pareto-
type distributions without covariates, one has for Vk{Uy (n/k)/Uy (n/k) — 1} an asymptotic

variance of v2 (see Theorem 2.4.1 in de Haan and Ferreira, 2006).

We have now all the ingredients to state the weak convergence of 4 (zg) correctly normalized.

Theorem 3.3 Let (X¢,Y;)wez be a strictly stationary time series, with a conditional distri-
bution function of the response variable Y given X = x satisfying Assumption (D). Let k
be an intermediate sequence such that k/n — 0 and khe — o as n — . Consider a
bandwidth hy, such that hit log(n/k) — 0, \/khd hi2"" — 0,+/khd )" log(n/k) — 0 and
'k hd |8y (Uy (n/k|zo)|xo)| — 0 as n — co. Suppose that Assumptions (K),(H), (), (X) and
(A) are fulfilled. Then, for xy such that gx(x¢) > 0, we have

Va

1
gx(x0) (1 - )70

k hd {Ax(z0) — v(z0)} ~ \/ {Z:(¢1) — v(20) Zc (1)} -

Note that the variance of the limiting distribution of Ax(xg) correctly normalized is
v2(w0) | K3/9x (z0), which is the same as the variance in the regression context for i.i.d. random
variables (see Theorem 2.1 in Goegebeur et al., 2023), while in the univariate i.i.d. framework,
the asymptotic variance of the classical Hill estimator is 2. Daouia et al. (2023) introduced,

also in a time series context, an alternative estimator for y(x), which is in our notation given

by

J rong
~(J) 1 Uy (3 |wo)
’Yiﬁ(x()) = log#,
o log(J!)jzl Uy (% |zo)

where J is fixed. Note that this estimator is based on a finite number of intermediate con-
ditional quantiles, as was also the case in, e.g., Daouia et al. (2011) for i.i.d. observa-
tions. Extending this result to the case where J can tend to infinity with n is not triv-
ial, as it requires a result on the empirical conditional tail quantile process. On the other
hand, our approach is based on log-excesses over only a single intermediate conditional quan-
tile, and by using empirical process techniques, we can handle to let K — o as n — oo.
Also, our estimator has a smaller asymptotic variance, since for Daouia et al. (2023) one has

J(J —1)(2J — 1) y2 (o) | K|3/{6 [log(J)]?gx (z0)} as asymptotic variance, which is minimal for

10



J = 9 with a corresponding value close to 1.24v%(zo) | K||3/gx (70)-

Finally, we can give the main theorem of this paper, namely the weak convergence of (,Afy(l /plzo)

correctly normalized.

Theorem 3.4 Let (X¢,Y)wez be a strictly stationary time series, with a conditional distri-
bution function of the response wvariable Y given X = x satisfying Assumption (D). Let
k be an intermediate sequence such that k/n — 0 and kh® — oo as n — oo. Consider
a bandwidth h, such that hy log(n/k) — 0, A/khd hy2"" — 0,+/khd b} log(n/k) — 0
and A/k hd |6y (Uy (n/k|zo)|zo)| — 0 as n — oo. Suppose that Assumptions (KC),(H),(T),
(X) and (A) are fulfilled. Consider now a sequence p = py such that k/(np) — oo and
log(k/(np))/\/k hd — 0. Then, for xo such that gx(xo) > 0, we have

Viig [ O (jlao) W\/ Vi

oty o (3

— {Z:(61) = (o) Ze(un)}
gx (o) (1 = ) )

By comparing the result of Theorems 3.3 and 3.4 we see that ﬁy(l/p|$0) inherits the limiting
distribution of the estimator 4% (z¢). This was also the case in Daouia et al. (2023), though, as
mentioned above, their estimator for v(xg) is different. In fact, from a closer look at the proof
of Theorem 3.4 we see that Uy (1/p|ag) will always inherit the limiting distribution of the used
estimator for (o), say Jx(20), if it satisfies r/khd (1, (x0) —(x0)) ~ . This was also observed
in the i.i.d. context with covariate (Daouia et al., 2011) as well as in the i.i.d. context without

covariate (see Theorem 4.3.8 in de Haan and Ferreira, 2006).

4 Simulation study

In this section we evaluate the finite sample performance of our proposed estimators with a
simulation experiment. We simulate N = 500 samples of size n = 2000 from a conditional

distribution of Y given X = x which admits the following Burr(A(z), 7(x)) distribution function

—A(z)
Fryle) = 1= (14¢7@) 77, y>0. (3)

This model clearly satisfies Assumption (), see Appendix A, as well as Assumption (D) with
v(z) = 1/(AM(x) 7(x)) and B(x) = 7(x). With the usual notation for the second order parameter,

11



this means that p(z) = —5(z) y(z) = —1/A(x). In our simulations we use \(z) = A € {0.5,1, 2},
yielding p(x) € {—2,—1,—0.5} and

-1

T(x) = {(0.1 + sin(m x)) x (1.1 —~05 6—64(90—0.5)2)}

2
Az)
This function for 7(z) was also used in the simulation experiments of Daouia et al. (2011),
Goegebeur et al. (2014) and Dierckx et al. (2014). The time series (X¢) ez is generated from a

Markovian model with logistic copula function, given by

Co(u1,u2) = exp <— [(—logul)‘Q + (—logu2)0] 1/6> ,

where 0 € [1,0), so the marginal distribution of X} is uniform (0, 1), and the dependence be-
tween (Xy, X;41) is governed by this copula function. See, e.g., Drees et al. (2015) and Drees
and Knezevié¢ (2020) for more details on Markovian time series models. Note also that Assump-

tions (X') and (A) of our main theorems are satisfied, see Appendix A. We take § = 2 and 8.

We implement our estimators with the bi-quadratic kernel function

15 2
K(z) = 6 (1= 2)" Lger-11p

which satisfies Assumption (K). Note that, as is well known in nonparametric local estimation,
the choice of the kernel function has not much impact on the results, see, e.g., Section 10.2.2 in

Givens and Hoeting (2005).

Concerning the bandwidth parameter h,,, we follow Daouia et al. (2023), where h,, is selected

globally based on minimizing the mean integrated squared error of a kernel density estimator

for gx.

For an automated selection of the good k-range for estimation of v(xg), we propose the following

data-driven method, as introduced in Goegebeur et al. (2019):
1. Compute g (xg) for k =5,..., knax,

2. compute the standard deviation of the 4 (z() estimates in a moving block of 50 successive

k-values,

12



3. select the block with the smallest standard deviation,

4. within the block selected in step 3, repeat the steps 2 and 3, now with block size 20 and

thereafter block size 10,
5. the estimate for y4(z¢) is the median of the 7x(xp) in the finally selected block.

In the above, kpax := min(2nh,, m), where m = 800 for A = 0.5, 500 for A = 1 and 200 for
A = 2. The parameter m avoids that in certain cases the k-range gets too big. This is in line with
common practice, where in a real data analysis one would plot the estimates of the parameter of
interest as a function of k£ and try to identify the k-range where the estimate is stable, ignoring

the part where the estimates diverge from the stable part.

Remark that this selected block for the estimation of v(xg) will also be used for the estimation
of Uy (1/p|zo), as this gave for the latter more stable results compared to selecting the k range

specifically for Uy (1/plxo).

Our selection criteria for h, and k are only heuristic and hence not optimal, but they allow for

an effective data-driven approach on simulated and real data.

In Figure 1, we show the boxplots of 7x(z¢) (left) and ﬁy(l/p’$0)/Uy(1/p|aio) (right) with
p = 1/n for g € {0.1,0.2,...,0.9}, and with the rows corresponding to the values of the second
order parameter p(z) = —2, —1 and —0.5, from top to bottom, in case § = 2. Figure 2 was
constructed similarly, but for # = 8. In the left column we also show y(x) in blue. From the

simulations we can draw the following conclusions:

e Overall, the estimation of (z) is reasonably good for the cases with p(z) = —2 and —1,
while for p(x) = —0.5 there is some bias, but this can be expected when p(x) is getting
close to zero, since the rate of convergence of Uy (ty|x)/Uy (t|z) to y?® is then slower.
This bias is already present in the simpler i.i.d. case, and also manifests itself here in a
more complicated time series setting. In general, for all values of p(z) considered in our

simulations, 7k (x) follows the shape of the true function ~(z).

13



e Estimation of v(x) at the boundary of the X-range is more difficult, but this is common

in local estimation.

e Concerning the boxplots of Uy (1/p|zo)/Uy (1/p|zo), we observe that they are reasonably
well centered around the value 1, and this for most of the covariate range, indicating a

good performance.

e By comparing Figure 1 with Figure 2, we can see that the parameter 6 of the copula
function has a small impact on the results, both in the estimation of v(z¢) and in that of

the quantile Uy (1/p|xo).

Now, we compare our estimators with those proposed by Daouia et al. (2023) on the basis of the
ratio between the empirical mean squared error (MSE) obtained with our estimators and with
their estimators. These ratios are given in Table 1 for # = 2 and Table 2 for # = 8. In the case of
the estimation of (x¢), these ratios are often less than 1, indicating that our estimator performs
better than that of Daouia et al. (2023), regardless of the values of z¢, 6 and A. In the case of the
quantile Uy (1/p|xg), no estimator clearly stands out, as the results depend strongly on the value
of xg. Therefore, as measure of overall performance we computed the sample mean of the MSE
ratios over the considered xo (the row labeled 'Mean’ in Tables 1 and 2). For the estimation
of y(xp) our estimator outperforms the one of Daouia et al. (2023), while for the estimation of
Uy (1/p|zo) our estimator is in most cases better, though the gain is less pronounced than for
the estimation of y(xg), indicated by ratios closer to one. However, it should be noted that if
xo is at the boundary of the X —range, i.e., here 0.1 or 0.9, our estimators of the conditional
extreme value index and the conditional extreme quantile are significantly better than those of

Daouia et al. (2023), and this, regardless of the value of § and A.

5 Real data analysis

In this section we apply our developed methodology to analyze financial returns of the S&P 500
market index given the market volatility. The dataset contains the daily log-returns of the
S&P 500 index (Y) and the market volatility index VIX (X) over the time period January

5, 2021 to January 2, 2026, leading to a sample of size n = 1255. The VIX index measures
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Figure 1: Boxplots of J;(z0) (left) and Uy (1/p|zo)/Uy (1/p|ao) (right) for z € {0.1,0.2, . .

x0

p = 1/n, 6 = 2 and where the rows correspond to p(z) = —2, —1 and —0.5, from top to bottom.

The blue line on the left panels represents the true value of y(z).
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Figure 2: Boxplots of J;(z0) (left) and Uy (1/p|zo)/Uy (1/p|ao) (right) for z € {0.1,0.2, . .

x0

p = 1/n, 6 = 8 and where the rows correspond to p(z) = —2, —1 and —0.5, from top to bottom.

The blue line on the left panels represents the true value of y(z).



A=0.5 A=1 A=2
zo | Alwo) Uy(1/plzo) | Aklwo) Ty (1/plzo) | Ak(wo) Ty (1/plxo)
0.1 | 0.317 0.245 0.480 0.372 0.495 0.346
0.2 | 0.888 1.051 0.780 0.823 0.783 0.930
0.3 | 0.711 1.103 1.157 1.503 1.124 1.706
0.4 | 0971 1.408 1.159 1.402 0.799 0.940
0.5 | 0.510 0.410 0.615 0.430 0.498 0.362
0.6 | 1.127 1.679 1.112 1.425 0.916 1.508
0.7 | 0.712 1.069 1.259 1.747 1.122 1.896
0.8 | 0.939 1.044 0.905 1.076 0.763 0.840
0.9 | 0.319 0.244 0.451 0.331 0.463 0.311
Mean | 0.722 0.917 0.880 1.012 0.774 0.982

Table 1: Ratio of empirical MSE of our estimator versus Daouia et al. (2023) for 4 (zo) and
ﬁy(l/p|x0)/Uy(1/p|1:0), § = 2. The row 'Mean’ gives the sample mean of the results over the

To-positions.

17



A=0.5 A=1 A=2

zo | Ak(@o)  Oy(1/plzo) | Ak(wo) Uy (1/plzo) | Ak(zo) Ty (1/plao)
01 | 0344 0266 | 0510 0380 | 0518  0.360

0.2 1.012 1.229 0.872 0.975 0.838 0.779
0.3 0.954 1.403 1.157 1.577 1.008 0.967
0.4 1.041 1.306 1.062 1.166 0.930 1.254
0.5 0.526 0.417 0.615 0.422 0.456 0.286
0.6 0.976 1.361 1.243 1.547 0.940 1.482
0.7 0.736 1.270 1.219 1.533 1.158 2.248
0.8 0.882 0.881 0.835 0.822 0.815 0.534

0.9 0.377 0.294 0.426 0.285 0.515 0.400

Mean | 0.761 0.936 0.882 0.967 0.798 0.923

Table 2: Ratio of empirical MSE of our estimator versus Daouia et al. (2023) for 4 (zo) and
ﬁy(l/p|x0)/Uy(1/p|1:0), § = 8. The row 'Mean’ gives the sample mean of the results over the

To-positions.
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the market expectation of near term volatility, and is derived from the S&P 500 options for
the 30 days following the measurement date. About half of the log-returns of S&P 500 index
are negative, which poses difficulties in the calculation of the local Hill estimator 7y (z¢). To
overcome this issue, for the analysis we shift the data by subtracting from Y the empirical
10% quantile, so that the majority of the transformed data will be positive. Also, for ease of
computation of the local estimator, the covariate X is transformed to the interval (0,1). All
subsequent figures are based on these transformed variables, which are the data used for the
analysis. In Figure 3 we show the time plots of the log-returns of S&P 500 (left) and VIX
(right). As is common for financial returns, there are periods of high variability, with clusters
of successive large losses and gains. The dependence between the two variables is visualized
in the scatterplot given in Figure 4. As is clear from the plot, the point cloud is somehow
horizontal, i.e., it does not indicate a clear positive or negative association between the variables
in the sense of classical linear dependence, but the cloud somehow spreads out with increasing
volatility, indicating a more heavy tail of the S&P 500 log-return distribution with increasing
values of the VIX. The dependence between the variables is thus of a non-linear nature. In order
to validate the Pareto-type assumption for the conditional distribution of Y given X, as given
by (1), we make Pareto QQ plots of the log-returns in small neighborhoods of some reference
positions . This is illustrated in Figure 5 for xg = 0.15 (left) and xo = 0.3 (right). Obviously,
these Pareto QQ plots become linear in the largest observations which supports the assumption
that the distribution of Y given X is of Pareto-type.

We now turn to the estimation of y(z¢) and Uy (1/p|zp). Our estimators are implemented
with the same selection criteria for h, and k as described in the simulation study resulting in
hn = 0.058, and compared with the corresponding estimators from Daouia et al. (2023). We
restrict the estimation to X-values up to 0.4, as beyond this value the data is very sparse for
local estimation. In the left panel of Figure 6 we show 7% (x0) as a function of zp, where the black
line represents the estimator from the present paper and the blue dashed line the estimator from
Daouia et al. (2023). Globally the estimates of the tail index of the log-returns tend to increase
with market volatility, though beyond the value 0.3 for the covariate the estimates obtained with

the two methods are quite different. This can be explained by the fact that for a covariate above
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0.3 there are fewer data available, making the estimates more variable. Also, the algorithm
for selecting k£ from Daouia et al. (2023) tends to choose larger k-values compared to our
method, and generally this leads to a larger bias (typically upwards) of the estimators, though a
smaller variance. Our estimate somehow follows the information in the data more closely. The
horizontal dashed-dotted line in Figure 6 shows the classical Hill estimator for the log-returns,
ignoring the covariate VIX. Obviously, taking the information of a covariate, here VIX, into
account is advantageous as it allows to differentiate the tail index, and hence the risk, according
to the values of the covariate. Finally, in the right panel of Figure 6 we show the estimates for
ﬁy(l/p\xo) for p = 10/n along with a scatterplot of the data, where again we compare with
Daouia et al. (2023). Overall the extreme quantile estimates tend to increase with the covariate
for both estimation methods. Similarly as for the tail index estimates, the differences between
the two estimates for the extreme quantile are due to the different algorithms for selecting k
used in their implementations. As mentioned above, the Daouia et al. (2023) estimator is
typically based on a larger k£ value, which will here draw the intermediate quantile estimate, i.e.,
ﬁy(n/k|x0), down, which can explain why their estimator is below ours. One can though see
that our estimator somehow follows the pattern in the data more closely. The horizontal line in
the figure represents a univariate extreme quantile estimate ignoring the covariate. Clearly, this
estimate can be seen as some average quantile value, especially when compared to our estimation

method.

6 Conclusion

In this article, we focused on estimating an extreme conditional quantile of order 1 — p for a
strictly stationary time series (X, Y:)tez, when p is smaller than the inverse of the available
sample size. More specifically, we assumed that the conditional distribution of Y given X = xg
has a heavy tail, with index y(x(), and we constructed an estimator using the Weissman method.
That means that our extreme conditional quantile estimator depends on an estimator of ~(xg)
and an intermediate quantile estimator of order 1 — k/n, where k is an intermediate sequence.
All these estimators are kernel-type and therefore based on observations in a neighborhood of xg.

We first established the asymptotic properties of the estimators of v(xg) and the intermediate
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quantile, and then deduced those of the parameter of interest, using the cluster method of
Drees and Rootzén (2010) under regularity assumptions. The performance of our estimators
was illustrated by a simulation study based on a model where Y| X follows a Burr distribution
and (X;)iez is generated by a Markov process with a Gumbel copula. We showed that this
model satisfies the assumptions of our theory and compared our estimators to those proposed
by Daouia et al. (2023). We illustrated the methodology on a real dataset where we estimated
the tail index and an extreme quantile of the conditional distribution of the log-return of the S&P
500 index given the market volatility measured by the VIX index, highlighting the importance

of taking a covariate into account for differentiating risks.

7 Appendix

7.1 Appendix A: Verification of our main assumptions for our model used in

Section 4

We consider the model used in Section 4, namely, a conditional distribution of ¥ given X =z
of the form (3) and a time series (X;);ez generated from a Markovian model with the logistic
copula Cy. We will show that our main assumptions of our theorems, i.e., Assumptions (J),
(X) and (A), are satisfied.

We start with Assumption (7). Since

P (Yo > yo,Yi > y1|Xo = uo, X = u1) _ min (Fy (yoluo), Fy (y1]u1))

< <1
\/Fy (oluo) Fy (31 fur) \/Fy (woluo) Fy (y1|ur)
we have Q7 (7]xo) < 1. Assumption (J) is thus satisfied for our model.
Now, concerning Assumption (X), we set ig = 1. In that case, the first part of the latter
assumption is trivially satisfied, and thus we only need to show that
limsup supr 2P (Xo € Buy (1), Xi € By (1)) < 0. (4)

r—0 =1
To prove (4), we proceed as follows. By picking g € (0,1) and by choosing & such that 0 <

To — € < mg + € < 1, the compact set E := [xg — &, 20 + €]? is such that E < (0,1)? and we will
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show that
sup sup  f(x, x,)(u,v) < o0, (5)
121 (u,v)eF

where f(x, x,) denotes the density of the pair (Xo, X;).

Now, define

52

8u8vc€(u’v)

Cy(u,v) (=logu)®~!(~loguv)?~*
uv [(~logu)? + (—logv)?]>~

co(u,v)

D=

{ [(— logu)? + (—log v)a]

ro-1}

the copula density and

p(i) (u,v) = in|X0 (v|u),
H(u) = (=logu) "2+ (=logu)?,
T(v) := sup Ieo(, )|

ue(0,1) H(u)

Note that the function H is integrable with respect to the invariant measure (since Sé H(u)du <
o0) and satisfies the standard requirements for a Lyapunov function as defined by Meyn and
Tweedie (1993, page ix), specifically the drift condition for stability. Furthermore, T'(v) is finite
uniformly on v € [zg — €,z + £].

According to Chen et al. (2009), the Markov process generated by the logistic copula is geo-
metrically ergodic. Thus, using Meyn and Tweedie (1993, page ix), there exist constants C' > 0
and p € (0,1) such that, for i > 2,

1
| fixo.x (u,v) — 1 L J(Xo0,X51,x3) (w0, v) dw — 1‘

1
= f co(w,v) pV (u, w) dw — 1‘
0

_ Ll cow,0) {0 (u,w) ~ 1} dw'

L ep(w,v i
Jo 6;(0)) {p( D (u, w) — 1} dwl

- T()

< T(v) h:|s;|1£H Ll h(w) {p(i_l)(u,w) - 1} dw‘
< CT(v)H(u)p™t.
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Thus, we deduce that

sup sup fix,x)(w,v) < 1+C sup T(v) sup H(u) {sup pil}
122 (u,w)eE ve[zg—e,xo+e] u€[zo—e,zro+e] =2

~

< 1+Cp, (6)

for C' > 0.

Now

fixo,x1) (4, 0) = co(u, v)
which is continuous on E. Since E is a compact set of (0,1)?, the function f(x, x,)(u,v) is
bounded on F by a finite constant, say C;. Combining with (6), this yields

sup sup f(x,,x,) (4, v) < max(Cy, 1+ 6’/)) = C,

121 (uw)eR

from which (5) follows. Finally, for r < ¢, since [zg — r, 2o + r]?> = E we have
Zo+T rTO+T - -
P (Xo € Byy(r), Xi € Byy (1)) = j f f(x0,x,) (1w, v) dudv <C(2r)?=4r2C,
zo—r Jrg—Tr

from which (4) follows.

Note also that Assumption (A) is satisfied since the Markov process generated by the logistic
copula is geometrically ergodic, and thus geometrically f—mixing. Given that the conditional
distribution of Y given X is of the form (3) and independent of the past history o((Xs, Ys); s < t),
once X is observed, the joint process (Xy,Y})tez inherits the geometrically S—mixing property
of (Xt)ez. Our vector Z,, ; is defined as a measurable function, say f,,(X;,Y;), for each n. By the
property of mixing coefficients under measurable transformations, we have o(Z, ;1 < ¢ <1i) C
o((X¢,Ye);1 < £ <1). As a consequence, 3, is bounded by the mixing coefficient of (X, Y})¢ez,
i.e., of (X¢)tez. Thus, under suitable assumptions on k and h,, we can find sequences ¢, and r,

satisfying Assumption (A), see the comment below Assumption (A).

7.2 Appendix B: Proofs of the results

The proofs of our main results rely on two auxiliary lemmas presented below, the proofs of which

will be given at the end of the paper, namely in Sections 7.2.5 and 7.2.6.
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The first lemma allows us to control the relative variation of the conditional survival distribution
function evaluated at an extreme level, say ¥,, when the covariate x varies uniformly in the ball

B, (hy), namely the variation of the factor F'y (yn|z)/Fy (yn|zo).

Lemma 7.1 Assume (D) and (H), and let (yn)neny be a sequence such that y, — o and
"™ log y, — 0. Then, uniformly in © € B, (hy) and for n large, we have:

‘ Fy (yn|2)

n n¢
F B 1’ s¢ (W + 4S5 W og yn + |0y (yn|zo)| BIB + |8y (ynlao)| yS™ hit log yn) )
FY(yn‘xO)

where C is a positive constant.

The second lemma is more technical and is used in several places in the proof of Theorem 3.1 to

establish some assumptions required to apply the cluster method of Drees and Rootzén (2010).

Lemma 7.2 Let (X, Yy)iez be a strictly stationary time series, with a conditional distribution
function of the response variable Y given X = x satisfying Assumption (D). Let k be an
intermediate sequence such that k/n — 0 and h,, be a bandwidth satisfying h' "™ log(n/k) — 0
as n — 0. Suppose that Assumptions (K),(H),(TJ), (X) and (A) are fulfilled, and zq is such
that gx (xo) > 0. Then

(i) For all 0 <i < rp —1, there are

oo 2 1 (2005 ) g (20 (o ()

Y;
I 1)1
e ( o8 (1= &)Uy (n/kl|zo)’ > {oy gy > 1€

Trog — X()
1 >1—¢} hn

(n/klzo

oyt fiTeg)
Uy (n/k|zg)

Yo
1 —_— > 1
€ By(1) and Oy >> 5],

rn—1

such that so(i) = limy_,o 85, () exists, and limy o Yy $n (i) = 2o S0 (i) < 0.

(1) Moreover, as n — o0

2@ {E [(K (";X0> r (m f;Xi> max <k’g qErT e} 1)

Y;
1 1)1
e ( %8 (1= )0y (n/k[z0)’ ) (o> 1)

1
1+68
To — XO 1+

Y,
™ € By(1) (mdm > 16]} =0(1).
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7.2.1 Proof of Theorem 3.1

We state and verify the assumptions from Drees and Rootzén (2010) for the class &, :=
{¢ps:s€[l—¢,1+¢€]}, since the proofs for U, := {¢s: s € [1 —e,1 + €]} are similar and sim-
pler. Let [0,00), := J,en[0,00)" (@1 the set of all vectors with nonnegative entries and arbi-

trary length, and F. := {fs;s € [1 —¢,1 + €]} with

= Z bs(2i),
i=1

for 2 = (21,...,2) € [0,00)"@*D) and r € N. So F. contains arbitrary long sums with summands

coming from ®..

Assumption (D1): [{ZZ 1 Ps(Zni )}2] has to be finite for all se [1 —e,1+¢] and all n > 1,

and the envelope function

F.(z) := sup f(2),
feFe

has to be finite for all z € [0, ).

Proof of Assumption (D1). Using stationarity of (X;, Y;), Assumptions (K), (A) and Lemma 7.2,

we have

{Zn: ¢s(Zn,i)}
=1

n oy . 2
= {Z k() e (o ) ﬂ{w}}
) Z 2 [ ( XZ) K<x0f; = ) 1°g(<1—s>Ulf<n/k|xo>> Yoy =1-9
x 1°g< =)0y n/k]:):o)> H{UY&ID)ME}]
rm—1 B
< 2n B[ (5 R) K (252 o8 (gt ) Ve
X 10g< 1—¢e)Uy n/k:|:r0)> H{W>l E}]

27



rpn—1
< :L'()—Xo l‘o—Xi YO
= 271,V E|K K 1 1
2 { ( P > < i )°g<<1—e>Uy<n/k|xo>) (o >1-¢)

Yi zo — Xo Yo
x lo 1 ; eBy(l) and ——F———>1—¢
e (a0 ) Moty Bl e ]
k rn—1
< Crpht 2 2(i) = o(1),
Tnhy ;) sn(i) = o(1)

for C' a positive constant. Since ¢s(2) < ¢1--(z) < 00, Vz, Assumption (D1) is established. o

Assumption (D2'): We have, V&> 0
Tn 2
{Z d)ls(Z"’i)} ]1{2221 ¢1—E(Zn,i)>g\/m} = 0(rpvn).
i=1

Proof of Assumption (D2'). Using Holder’s and Markov’s inequalities, under Assumptions

(K), (A) and Lemma 7.2, we have for &> 0

Tn 2
{ Zl ¢1—E(Zw')} Lisn o1 c(Za)>2ym0m)

Tn Tn

= Z; zll [¢1 € nz le E( n,j) ]1{2221 ¢175(Zn’i)>€~m}]

i=1j
< Zn Zn: [E ({(Z)l € nz) ¢1 E( )}1-&-5)]17“5 []P) (Zn: ¢1—5(Zn,z‘) > gvnvn>]

i=1j= i=1

rpn—1 1 1 n 2 ﬁsts
< 2m ZO [E (101-2(Z00) 6120} ) |77 | g E { )3 ¢1E(zn,,.>}
rn—1 ﬁlé

< 2Tn ;) E ({¢1€(Zn,0) ¢1*€(Zn,l)} - hn € BQ(l) and Uy(n/k|ac0) >1 6)]

= o(rpvy).

Note that the last inequality of the above display comes from the proof of our Assumption (D1).
This achieves the proof of Assumption (D2'). D
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Assumption (D3): There exists a semi-metric p such that

n 2
(Z ¢s n, 7, Z Qst(Zn,i)) = (.
i=1

lim lim sup sup
SN0 n—ow 1—e<s,i<lte TnUn

p(s,t)<d

Proof of Assumption (D3). Assume s,t € [1 —¢,1 + €] and without loss of generality s < t

Then

Tn Tn 2
(Z 3s(Zni) = Y. @(zn,@»))

i=1 i=1

2
Yi lo Yi 1 ]
e Yi
& Uy (n/k[z0) oyt >t

& CL‘O*XZ'
E K 1 1 :
{-_ ( i )["gsvym/mo) (o ey =)

- EEe () (25)
—

i=1j5=1
I | —log —*
&t Uy (n/k|z0) " oy g >

s Uy (n/klzo) {oytfimgr>*)
g f

Y,
{log
o5 v : -
og —— —J — —_— Y,
& & £ Uy (n/klao) (o elry >

(
Y
sUy (n/k|wo) {oymimmg >t

rn—1
X 0o — Xo xo — X;
< 2T‘nZE{K< )K( hy, >
5 }

=0
—log ——————1 Yy .
t Uy (n/k|xg) (S cyinrmy Edd)

1

{ 8 S Uy (n/k|zo) sUy n/k|xo) {UYJ/OMIO)>S}
. — . —log ———- 11

{ sz n/k\xo) {7Uy<:/zk\zo)>s} o8 t Uy (n/k|zg) {UY(Z/MIO)N}}]

M-1 rn—1

= 2r, Y, E[.]42r Y E[.]
i=0 i=M

= Tl,n+T2,n’

for a fixed M > 0. We will study these two terms separately.

Term 71 ,,: Note that, since

1 Yo 1 0 +log ©
Y Y t
Uy (n/klze) S tUy(nfklze) o5

we have
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Yo Yo

log ———~—1 —log ——F+——1
gsz(n/k\aro) {Uy<:/()k\zo>>5} gth(n/k|:I:o) {Uy(':/ok\zo)>t}
Yo t
= log— 0 1 +1log -1
%8t Ty (n/klwo) C<vymim <t | Cs oyt >

t
< log—-1
s Hoyodmy >

t
< log-1 %

s oy m/rmg > 1)

from which it follows by Assumption (K) that

M-—1 $0—X0 x()_X'
T < 2rn(logt—logs)2ZE[K< hn, >K< hy, l>ﬂy>1—s}}

{Uy(n?klwo)
=0

< 27, (logt — log s)*
M-1
zo — Xo 0 — X;
i; E {K< hn >K< hn > ]l{zO}:nXOEBQ(l) and Uy(:/Okzo)>l_E}]

< CMr,v,(logt —logs)?.

By choosing p(s,t) := (logt — log s)2, we have for p(s,t) <4

Din o3 (7)

Tn Un

Term 75 ,,: Clearly, we have

rpn—1
o ~ X, _ X
Ton < 27 ). {E[K (moh O)K(xoh )
i=M m "
Y i
0 log Ys Yy 1 Y; ]
s Uy (n/k|zg) s Uy (n/k|xo) {oymmme > oy mimmg >

zo — Xo xo — X;
E|K K
i [ < i ) ( i )
Yo Y;
I 1 1 .
Uy (n/klz0) ° tUy (n/k|z0) " oy >t {Uwy’mo)”}”

rn—1 _ i )
drp Y E[K (xoh XO)K(”COh Xl)

x log

x log

<
i=M "

x log Yo log Y 1, 1 Y ]
(=) Uy (n/klwo) 8 (1= &) Uy (n/kJe0)  {orratims > (0=} gy >(-9)
rpn—1

< drpo, Z S ().
i=M
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Thus, for p(s,t) < 5, we have

T rn—1 o0
2 <4 Y sa(i) — 4 Y. se(i) < 0. (8)
=M =M

T'n Un

By choosing M sufficiently large, the right-hand side of (8) can be made arbitrarily small. Given

such M, by choosing ] small, the right-hand side of (7) can be made arbitrarily small too. o

Assumption (D5): Let Zw‘ = (Zl,j,i)lgigrn be independent copies of (Z,i)1<i<r,, for 1 <

j < |n/(2ry)]. The map

I.n/(Q""n)J Tn N N a
su €; s\4nj4i) — Zn j )i 5
1*5$8,1¥)<’1N+€ a J {Z; [d) (Zn,ji) = 0e(Znj, )]}
p(s,t)<o

is measurable, V6 > 0,n € N, (ej)1<i<|n/2r)] € 1—1,0, 1}/ @)l and a € {1,2}.
The proof is completely similar to the one in Goegebeur et al. (2025). D

Assumption (D6'): The envelope function F. is measurable with

- 2
E {Z ¢1—E(Zn,i)} = O (rpvn)
i=1

and

1 1/2
f sup log/\f(c(f de@> ,fE,L2<Q>>d<<oo,

0 QeQ
where A denotes the covering numbers and @ ranges over the set of discrete probability mea-

sures Q.
The proof is completely similar to the one in Goegebeur et al. (2025). D

We also need to verify the two following conditions of Theorem 2.10 in Drees and Rootzén

(2010), ensuring that all finite-dimensional distributions converge:

Assumption (C1): We have

E [(An(s) —EA,(s))? 11{|An(s)4mn(s)|<\/m}] = o(rpvn),
Tn

P(|An(s) ~ EAL(s) > yavn) = o),

n
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for all se [1 —¢,1 + €], where

Tn

An(s) = > ¢s(Zna).

i=rn—fn+1

The proof is completely similar to the one in Goegebeur et al. (2025).

Assumption (C3): We have for all s,t e[l —¢,1+ €]

i=1

Proof of Assumption (C3). We have

Tn

1

T'n Un

1

Tn Un

1v Cov <Z ¢s(Zn.i), Z ¢t(Zn,j)>
n i=1 J=1

Tn Tn

Z Z {E [¢S(Zn,i) ‘bt(Zn,j)] —-E [¢S(Zn,0)] E [¢t(Zn,0)]}

i=1j=1

|

rn—1

Z (rn — @) {E[0s(Zn,0) 0¢(Zn,i)] + E [¢s(Zn,i) d¢(Zn0)]}

=1

+70 B [¢5(Zn,0) 6t(Zn0)] = 17 E[¢5(Zn,0)] E [¢t(Zn,o)]]

oy (2 ¢S(Zn,i),2n¢t(zn,j)> s E[ge(U +2,V)u(U + 2,V)].
n Un j=1

_ g (1 - Zﬂ) {E [gbs(zn,o) 6e(Zni)| 22 I;XO € Bu(1) and b (;‘)WO) ~1- g]
+E lqss(zm-) $u(Zn )| 22 ;nXO € By(1) and U;/(;;(M >1- g]}
+E [gz)s(zn,o) Su(Zn0)| 22 ]:HXO € By(1) and w(i}% >1- 5]
—rponE [qbs(zn,o) 0 };X“ € By(1) and [m >1- e]
E [@(Zn,o) 0 };X“ € By(1) and W ~1- e]

=: T3,n + T4,n + T5,n-

The first step consists to show that 75, = O(ry, vy,). To this aim, note that
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zo — Xo
b,

1 zo — Xo Yo
= —E|IK Efllog ———— 1 X
Un [ < i ) [OgsUY(n/m:co) (Tyoadergy > °H

Lok (””0 - ) | ) log ———— dFy (yl) gx (x) da
= —_— T E e~ Y X
Up Jpa b Uy (nfkleo) Uy (n/k|z0)

J— w inl
Un Jra hn sUy (n/klzo) Y

E d)s (Zn,(])

Yo
1 _—>1-
€ Byp(1) and Ty (n/kT70) > 5]

d 0 F
= hn K(2) gx(xo — zhy,) dz J 7y(y|x0) dy
Un Bg(l) sz(n/k|xo) y
d 0 T Fnl _
+@ K(z)f Fy (sUy (n/k|zo) w|zo) {Fy(SUy(n/Mxo)w‘iL‘o zhn) 1} y
Un JBy(1) 1 W Fy (sUy (n/k|zo) w|zo)

xgx(zo — zhy) dz

n

= T+ 1?.

Clearly, we have under Assumptions (K) and (H)

d
T = B {gx<xo> + fB o, K lox(@o = o) = gx(ao)] dz}

n Uy

SR [F;iskg:EZ;:\Es;\iﬁO) ~o |

= 0(1)7

3

by Proposition B.1.10 in de Haan and Ferreira (2006).

Our Lemma 7.1 together with similar arguments yield Té?) O(1). Thus Tsy, = O(1y vp).

n =

Next, we study T4 ,. We have

1 Tro — X() Yv(] YE]
T,, = —E|K? E |1 ] 1 ‘X
4 o [ < I, ) [Og sUy (n/k[z0) & tUy (n/k|xo) {050 Skrgy >max(s:0) 0”

1 9 xo—x) foo Y Y

= — lo lo dF: T
o < ) Dot (o/1any 50w () 8 (o) ¥ 1)
xgx(x)dzx.
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Now, if we look at the inner integral, denoted as I(z), we have

0 2
y —
I(z) = —J <log> dFy (y|z)
( ) max(s,t)Uy (n/k|zo) Uy(n/k}|$0) ‘

0
y J—
+log(st) j log ———— dFy(y|z)
max(s,0)Uy (n/klzo) Uy (n/k|Z0)
0
—log slogt J dFy (y|z)
max(s,t)Uy (n/k|zo)

_ f B lofzpy (max(s, ) Uy (n/k|zo) 2|z d=
1

max s, f Fy (max(s, t)Uy(n/k|x0)z]3:)
z

= [max(s,t)] o)

£ {202 an) + 2t 1o n((f))}
k(” Fy (max(s, t)Uy (n/k|zo) z|zo)
2, [ Fy Uy (n/klao) o)

max(s,t) k(% | Fy (max(s, OUy (/klzo) 220) _ (5 4y 2700 | L
min(s, t) nJ; [ Fy (Uy(n/k|xg)|zo) ( (s:0)2) )} !

1
— (max(s,t)z) @0 dz

z

] log z

+ log

dz

©__ Fy (max(s, t)Uy (n/k|zo) z|7) log z
w2 [ Pt it s | e 1] %
max(s, t
log min(s, t

©_ Fy (max(s, t)Uy (n/k|zo) z|x) 1
< J, o maxte, 0 o) 24 [FY (max(s, Uy (n/KJz0) 2lzo) 1] 2 b

— [max(s,0] 0 {27 (@0) + (z0) log ™

max(s t)
in(s,1)
Again by Proposition B.1.10 in de Haan and Ferreira (2006), we have I1 = o ( ) and Iy = o (k)

} +1I + 1+ 13(56) + I4(:L‘).

Lemma 7.1 implies now that

k hé 1 max(s,t
Tin = 5 fonan(s, )] 79 {29 (a0) + (o) o 2o 1K B (o) 1+ 0(1)
ha
+-—= f K?(2) I3(zo — hy 2)gx (0 — hn 2) dz
Un JBo(1)
]’Ld
+-2 K?(2) Ii(zo — hn 2)gx (20 — hy 2) dz
Un JBy(1)
k hd o1 max(s, t) k hd
- n 7o) 2 aniiosinl St Auf 2 Xrn
S (s, 0] {29%(o0) + 3 (a0) og o 0} 1K B gx(ao) +0 (00 )
1
— )=o) 1
= A =gt |K|3 [max(s,t)] 7@ {2~%(xq) + v(z0) log aX(St)} + o(1).
Vd (S7t)
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Denoting by g(x,, x,)(",-) the density of the pair (Xo, X;) and by Fy, y;)(-, [Xo, X;) the distri-

bution function of (Y, Y;) conditionally on (X, X;), the last step consists to study

xo—X() YO
E | 00(Zn0)on(Zn)| 50 € Bol1) and s > ]
1 $0*X0 Q’JO*XZ‘
= —E|K K
Un [ < b, ) ( hn, >
Yo Y;
E |l 1 1 1 . Xo, X;
- {OgSUY(n/kwo) 8 Wy (n/Klo) ~ oyt =) {Uy(;}k\xo)>t}‘ o ”

_ i f J K Trog — Ul K o — U
Up Jrd Jrd I, hn
0

0
J‘ J log U1 log V2 dF (Y0,Y;) (Ul) V9 ’UL UQ)
sUy (n/k|zo) JtUy (n/k|zo) SUY(TL/]C|J:O) th(n/k|$0)
9(x0,x:) (U1, uz) duy dus.

Let u1,up € Byy(hy). Using Assumption (7), the inner integral, denoted I(uy,us), can be

bounded, for n large, as follows

IN(ul,uQ)

o0 0 V1 1 (5) 1

= J f f —dz f —dzy | dFy, y;)(v1, v2|u1, ug)
sUy (n/k|zo) JtUy (n/k|zo) sUy (n/k|zo) %1 tUy (n/k|zg) <2

= f f ffP(Yvo>Z1,Y>ZQ|X0—U1,X —UQ)dZdel
sUy (n/k|zo) JtUy (n/k|zo) 71 #2

_ foo fgo 1 1 P(}/O>21,Y>22‘X0—U1,X—UQ)
Uy (n/klz0) JtUy (n/kfzo) 21 22 VEy (z1lun) Fy (2]us)

X \/Fy(zl ‘ul)Fy(ZQ ’UQ) dZQ d21

o o Fy(z1]zo) A/ Fy (z2]z0)
S N R LR
sUy (n/klzo) Jt Uy (n/k|zo) 21 <2
x 4|1+ ‘FY(Z”“D 1 x4 1+ ‘FY(Z?Wz) —1|dz dz
Fy (z1|zo Fy (22]x0)
< Fy (sUy(n/k|zo) z1|z0) {1 N )Fy(s Uy (n/k|zo) 21]u1) 1‘} iz
Fy (Uy (n/k|xo)|xo) Fy (sUy(n/k|xo) z1|z0)

Fy th n/k?|$0) ZQ‘:UO) Fy(t Uy(n/k‘:(}o) ZQ”LLQ) _ .
\/ Ty (Uy (n/K]o)|70) {1 * ‘Fy(th(n/k\xo)zzlxg) 1‘} 4z
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uniformly in u; and ug, by our Lemma 7.1 combined with Potter’s bounds (see, e.g., Proposition
B.1.9(5) in de Haan and Ferreira, 2006) and the fact that for > 0, we have /1 +x < 1 + x.
Thus

Ty — Xo Yo
0 o9
™ € Byp(1) and Oy (n/kT0) > €

E [% (Zn,0)¢t(Zn,i)

kh2d
0] ( n ) f K(Zl)K<22) g(Xo,Xi)('xO — Z1 hn,ill'() — 292 hn) le dZQ
NUn J JBo(1) JBo(1)

0( i )P(XOeBxO(hn),Xieon(hn)).

n vy

If we come back to the covariance, using Assumption (X'), we have

! Cov( ; Gs(Zn.i), i ¢t(Zn,j)>
i=1

Tn Un

j=1

1

(1 — 8) ~(zg) 9 7% 9 max(s,t)
= ® . N n Un 1
S (s, 0] T {29%(z0) + 7(a0) log T S b+ O ) + o)
k S P (X € By (hn), Xi € Bay (hn))
+0 (nvn> {hn lzzl hd
rpn—1
v P (Xo € By, (hn), Xi € Byy(hn))
2d )
+ h2 Z S 0
=19 n
1
a9, (o max(s, )
- v, IK |2 [max(s,t)] @0 §2v7(x0) +v(z0) log min(s, 7)
k d k 2d
+O(rpvn) +0(1) + 0 hy | +O | —hifry
ny, n Uy
1
-9, (o max(s, !
7 IK |2 [max(s,t)] @00 27 (x0) +v(z0) log min(s, ) +o(1),
under our conditions.
Since
E[¢s(U +2,V)ee(U +2,V)]
1
_ (1—g) 2 e 2 max(s, t)
= S KB (s, 1] {29%e0) + 7 (a) log T
Assumption (C3) is established. o
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7.2.2 Proof of Theorem 3.2

First, we start to prove the convergence (2). To this aim, we look at the following decomposition:

1_\ywm zo—X;
— 3y K( 0 Z) 1 Y;
nhd Zz—l hn {W>S} —

gn(z0) Fy (sUy (n/k|xo)|x0)

VEhg

ke h

gn(z0) Fy (sUy (n/k|xo)|0)
1 .ro—Xi) 1 [ <x0—Xi> ]
X K 1 . - —=E|[K 1 .
{nhfdl 1_211 ( by, {Uy(zf/lklzo)> } hd by, {Uy(:/lk\zo)>s}
k hd

" Gn(0) Fy (sUy (n/K[z0)]z0)

x {hlgE [K (xo h—an> ﬂ{mx}] —gx(xo)FY(SUY(TL/M%O)\QTO)}

_§n(1xo) \/E nhd {gn(xo) — gx (7o)}

=: Tﬁ,n + T7,n + Tg’n.

An extension of Example 3.5 in Drees and Rootzén (2010) to the multivariate framework yields
T&n = O[[D(l).
Now, according to Lemma 7.1, assuming h,’ "™ log(n/k) — 0, we have
\ k hd
Trn = = —
Gn(x0) Fy (sUy (n/k|zo)|z0)
[ 5 (55 Pt o) g ) s = g 0) P (U (o) )
R n

1
“nd

 Vkhd ) Fy(sUy (n/klzo)|zo — 2Pn)

~ Gnl20) {fBo(l)K Fy (sUy (n/k|xo)|z0) gl = 2]z = ox( 0)}
o hd by o da

" Gu(n0) Ugom R ot =) moxtlld

[ g [Pl <)
Bo(1)

Fy (sUy (n/k|zo) o) _1] gX(mO_Zh")dZ}
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o) () o )
+Op <W (Uy (%‘xo) ’xo)‘ hZB> + Op <W ‘53/ (UY (%’:po)‘xo)‘ "€ Jog Z)

= OP(l).

Now, remark that

Ton - <>\/ Va (14 o)
gx (zo)(

1— g) ~(z0)

$ Xi - X;
Z 1, Cplr (TR
N {oy/wtegy >} ho, {oym/rregy >}

- H\/ Vi 7.,
gx(20)(1 — &)

by our Theorem 3.1. Combining the above results, we deduce that

A S K ()
nhd Zz:l hn S B
khg’ _ {Uy(n/k\zo)> } —1 PONN S"/(iO)\/ Vd 1 Z€(¢s) (9)
9x (z0)(

n(@o) Fy (sUy (n/kl|xo)|x0) 1 — €)7o
Thus
-X;
MESL R (R s,
k hd " Ty (n/k[zg) ]
" §n(9€0)

1 s K(Jvo—Xi) 1 :
T i1 B i {oyome >}
In(z0) F'y (sUy (n/k|x0)|20)

= %Fy(sz(n/k!xo)\ﬂ?o)W

k s 7(9100)
n Fy (sUy (n/k|zg)|zo)

1 n T0—X;
g S K ()
= s e L =)y} (1 o)
gn(z0) Fy (sUy (n/k|zo)|z0)

+0 (yfingay (0 (Hlao)foo) ). (10)

Combining (9) with (10), the convergence (2) follows.




Note that we introduced 7T, (s) since we want to deduce a convergence result similar to (2) but
for the quantile. To this aim, we will apply Vervaat’s Lemma, and thus we need non-decreasing

functions. Since, by the Skorohod construction, but without change in notation,

M {Tn(s) - (-s‘véo))} o _\/ Va — Z.(1h), a.s.
9x (zo)(

1— g) ¥(zo)

uniformly on [1 —&,1 + €], and hence, by Vervaat’s Lemma

VER AT () = (=700} yag) (—5) 7700 \/ v Ze(W o), @5,

1
gx (20)(1 — €)7C0

1 o1
uniformly on [— (1—¢) @), —(1+4¢) WW]. Now, using the specific value t = —1, Theo-

rem 3.2 follows. o

7.2.3 Proof of Theorem 3.3

We consider the following decomposition:

A kDL (Ak(z0) — v(20))
1 1 o — X; Y,
= —\Jkhd K< Z)lo i 1, v
gn(20) {khﬁ Z hn & Uy (n/k|zo) T (—1) oyt T (1)

- " E|K <x° — X> lo Y 1 .
khi hn & Uy (n/k|zo) T (—1) (o mmmg > T (D}

E
1 n xg— X Y
PR YIS S K< >1 S -
gn(x0) {kh% [ e )8 Uy (n/klwo) T (—1) oy tmme =T (-1)

—(z0) gx (z0)}
- <§jc°0>) \/f nhd {Gu(z0) — gx (x0)}
=: Ton+Tiopm + T11n-

As noticed in the proof of Theorem 3.2, we have 111, = op(1).

Concerning Ty ,,, by Theorem 3.1 and Theorem 3.2, we have

<Zn,m {Tf(—l) - 1}) ~ (Za,v(xo)\/gx(xo)(lvj )1/ G0) Z€(¢1)> '

39



Using Skorohod’s theorem, there exists also versions for which the convergence is almost surely.
We will apply the Skorohod theorem throughout the proof, though without a change of notation.

For n large

Zu (07, (1) = 20| < sup | Zal0s) — Ze(6,)

s€[l—e,1+¢]

Ze (b7, (1)) = Ze(dn)]| — 0,

almost surely as n — oo. This implies that

1 nu, v,
T9’n = X7 3 \/>Z’n (bv<— _ B Z (¢1)‘
o) N R, ( " 1)) \/gx(xo) (1 — &)70) )

Concerning T1g ,, we follow the lines of proof of T5 ,, and deduce that

Y
log —— 1 .
khd { ( ) %8 STy (n/klzo) {Uyﬁmoes}]
©F 1
f gX zo — zh )d K(SUY(n/k’LU())]AI'()) -
1 Fy(Uy(n/klxo)|zo) ¥y

Fy (Uy (n/kl|zo)|zo) Fy (sUy (n/k|zo) ylzo)
hn) dz

f o Fy (sUy (n/klao) ylo) 1 [FY(SUY(n/k|$0)y|$o—2hn)_1] "
1 CU
gx (@0
= 10)n( ) Tl(g)n( )

Thus, under our Assumption (D), we have
Ty, (T (1)
o L __1 1
Bo(1) y

| F (T;‘_(—UU (n/klzo) ylzo) — (xe “er | 1
+£ Y Y 0) ylzo —(T (—1)y) q >] ydy}

Fy (Uy (n/k|xo)|zo) "

{oxte0) + 0 ()} (ot (T (1) ™

4@{1 ity b (T () Uy o/l eo) 1] (T (-1y) 7 ;dy}

1 1+ ( o) dy (Uy (n/k|zo)|0)
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~

= {gx(z0) + O ()} {’y(a:o) (T;(_U)‘wém

Sy Uy (n/Krollze)  (me, N\
TR EAE CRe)

i | 0

1 oy (Uy (n/kl|zo)|zo)

= {gX(a:o) +0 (hzg)} {’y(a:o) <T;(—1))_7(3”0) + Op <5y (Uy (%‘x0> ‘xo))}

~

= 7(w0) gx (o) (Tﬁ_(*l))w(iw +O (k) + Op <5Y <UY (%‘Zvo)‘xo)) ;

by Proposition B.1.10 in de Haan and Ferreira (2006) and Theorem 3.2. Also, using Lemma 7.1,

we have

T1(§,)n (fﬁ_(—l)) = Op (h*) + Op (h717 log %) + op (5Y (UY (%\m) \560)) :

Consequently
- 1 -
Ton = kb {Tr (=) =1} += kR TG, (T (<)) + op(1)
gn(z0) ’
= \/khd {T;H) - 1} +op(1).
Combining the above results with Theorem 3.2, the proof of Theorem 3.3 is achieved. O
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7.2.4 Proof of Theorem 3.4

We use the following decomposition:

i [ Oy (3ao) 1 v Oy (eo) 7  \Fr0=160) 1+ ay (f]ao) 1
lognﬁp Uy (%‘xo) a B logn% Uy (% 350) (np) 1+ ay <%‘Q;O> -
B Oy (o) o \ () (o)
B logri)\/kihg{UY (% ﬂfo) -1 (np)

+\/@ {(k)’?k(fﬁo)—v(m) B 1} M
log wp np L+ay <%’x0>

1 Vi ay (%

o) [ (3fro)
B -1

I P ey

Clearly, by our Theorems 3.2 and 3.3 and the assumptions k/(np) — o and

log(k/(np))/+/k hd — 0, we have

T2 = op(1)
khe {Ak(zo) — v(z0)} + op(1).

=
w
3

Il

Concerning T14 5, we can use the facts that ay (y|zo) = dy (Uy (y|zo)|z0)(14+0(1)) and |ay (-|xo)| €

RV_g(20)y(x0) to conclude that 714, = op(1). Combining these results, Theorem 3.4 follows. o
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7.2.5 Proof of Lemma 7.1

Let C be a positive constant whose value can change from one line to another. Using Assumption

(D), we have

— 1
‘FY(ynkU) B 1‘ _ | A) yg(io)*v(lm L+ 56 Oy (mlz) 1
Fy (yn|z0) A(xo) L+ y(glgo) dy (ynlwo)
1
L
Azo) 1+ ,7(;0) Sy (Ynlz0)
1
+ y,?(io)‘ﬁ 3 ‘ 1+ 50 0y (Unl2)
1+ 'Y(i ) 5y(yn|x0)
1+ % Oy (yn|x)
+ o) - (11)
oy AT
According to Assumption (H), we have
A(x)
— 1| < ChlA fi o (Pn)- 12
‘A(a:o) ‘ C hA for x € By, (hy) (12)
Using the inequality |e* — 1| < |z| el*l, we have for x € By, (h,) and n large
11
Y0 T _ 1‘ ‘ 1 log y,, € 701 77| 108 Yn
Y(wo) (@)
< C’yghzw hi log yn. (13)
Finally, for n large
1+ ﬁ Oy (yn|) B
1+ % (5y(yn‘$0)
(o) Sy (yn|) Sy (yn|)
< C oy (yn|xo {‘ -1 -1
ol 56y 16y tnleo) | 8 alo)
5y(yn|:L‘) ‘ B(ﬂ:’) ’ yn &y (zl2) =8y (zlzg) ,
< Cloy (ynlzo)| hay' | =222 + C |0y (yn |2 — 1| el z ?
| Y(y | 0)| 5Y(yn|$0) ’ Y(y | 0)| B(I’O)
n Sy (zlz) =&y (z|z0)
+C 8y (ynlzo)| [ HTETE 4 )
< Cloy (alwo)] {1 + B2 + 45 W logyn | (14)
Combining (11)-(14), Lemma 7.1 follows. o
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7.2.6 Proof of Lemma 7.2.

We have
o — Xo o — Xi> < Yo > ( Y; >
E|K K max | lo ,1 ) max [ lo ,1
[ < o > ( i ® (= &)Uy (n/Klz0) & (1= &)Uy (n/k[z0)
xo — Xo Yo
1 1 - Bo(1 d——F—>1-
“Novodme 19 oy 19| o(1) an Uy (nfklee) ~ ~ ©

-l () (o) e (o )

Y;
1 1)1 1 _ Xo. X;
X max ( og (1 — &)Uy (n/k|xo)’ ) (rootm 1=} {rohmgy > 1-eH Y H

_ i f f K o — Uux K o — U2
Un JRd JRd hn hn
« U1

0
vy
max | log ) max <log , 1)
J(l—a)Uy(n/H:rzo) f(l—a)Uy(n/kkco) ( (1 — &)Uy (n/k|zo)’ (1 — &)Uy (n/k|zo)
dF (v, v;) (01, v2|u1, u2) 9(x,, x,) (U1, uz) duy duz

4
1 To — Ul To — U2
E J;M JRd K < I ) K < hn > ;Ij(uhw) g(X()’Xi)(UI,W) du duiz (15)
where
1 E Uy n/k‘\xo) 1 E)Uy n/k|:c0
Il(ul,UQ) = J J dF(mei)(’Ul,UQ’ul,UQ)
(1—e)Uy (n/k|zo) (1—e)Uy (n/k|zo)
( ) e (1—e)Uy (n/k|zo) roo Vo ( | )
IQ Ui, u2 = J J lo og dF U1, V2|U1, U2
(—e)Uy (n/klzo)  Je (1o (mjklwe) (L — €)Uy (n/klzg) ~ oM
( ) 0 (1—e)Uy (n/k|z0) v ( | )
13 Ui, U2 = J j lo og dF, Y;)\V1, U2|U1, U2
e(l e)Uy (n/k|zo) J(1—€)Uy (n/k|xo) (1 - 6)Uy(n/k‘|l‘0) (Yo, ¥:)

V1 V2
(1~ )y (n/klzo) ' (1~ &)Uy (n/K]x0)

Iy(ug,ug) = log

e(1=¢)Uy (n/k|zo) j (1—-e)Uy (n/k|zo)
dF(y,, i)(UlaU2|U1,uz).

We will study each of the terms separately.
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Term [ (up,uz). We have
Il(ul,’UQ) = P()fo (1 - 6)Uy(n/k3|$g) Y > (1 - 6)Uy(n/k|$0)|X0 = ’LL1,X = UQ)
—P(Yo > (1 — &)Uy (n/k|zg),Y; > e(1 — &)Uy (n/k|xo)| Xo = u1, X; = ug)
—P(Yy > e(1 — &)Uy (n/k|xo),Y: > (1 — )Uy (n/k|z0)| Xo = w1, Xi = u2)
+P(Yp > e(1 — &)Uy (n/k|xo),Y; > e(1 — &)Uy (n/k|xo)| Xo = u1, X; = ug).

These four terms are all similar so we only consider the first one. For n large, by Assumption (J)

and Lemma 7.1, we obtain

P(Yo > (1 — &)Uy (n/k|xo),Y: > (1 — )Uy (n/k|z0)| Xo = w1, Xi = ug)

VP (= Uy (/o)) Fy (1 = Uy (o)

< Q(Fleo)Fy (1 = &)Uy (n/k|o)|20) Fy (1= &)Uy (n/klwo)lo)
< C—,

uniformly in wuy, ug € By, (hy). Hence

I (ui,u2) < C

3| =

uniformly in wuy, ug € By (hy).

Term [;(ui,uz) for j = 2,3. These two terms can be handled similarly, thus we give only the

proof for Iy(u1,us). By some straightforward manipulations we have

Iz (u1,u2)
(1—-e)Uy (n/k|zo) v
= J f J 7(12’2 dF(yO )(Ul,UQ|U1,U2)
(1—e)Uy (n/k|zo) e (1—¢)Uy (n/k|zo) J(1—e)Uy (n/k|zo) #
0 1 e (1—e)Uy (n/k|zo) oo
= J — j dF (v, v, (v1, valur, ug)dze
(1—e)Uy (n/k|zo) ?2 J(1—e)Uy (n/k|xo) max(e (1—e)Uy (n/k|zo),22)
®© 1
f(l &)Uy (n/k|zo) #
X [IP) (1 - €)Uy(n/]€|x0),Y;‘ > max( (1 - 6)Uy(n/l€|x0) ZQ)‘XO = U1,X = ’LLQ)

—P(Yp > e(1 — ¢)Uy (n/k|xo), Y; > max(e (1 — €)Uy (n/k|zo), 22)| Xo = w1, X; = u2)] dzs
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= Py > (1 —¢e)Uy(n/k|zg),Y: > e(1 — e)Uy (n/klxo)| Xo = u1, X; = u2)
—P(Yp > e(1 — E)Uy(n/k|x0) Y >e(1—¢e)Uy(n/k|xo)|Xo = u1, X; = ug)

o0
+j fP(Yb (1 — E)Uy(n/k}‘l’o) Y, > ZQ’X() =u, X; = UQ)dZQ
e(1—e)Uy (n/k|zg) #2

o0
—f —P(Yb > e(1 —e)Uy (n/k|xo),Y; > 22| X0 = u1, X; = ug)dzs.
e(1—e)Uy (n/k|zg) %2

The two probabilities in the right-hand-side of the above display were already studied in I7 (u1, u2)
and can be dominated by C' k/n uniformly in ui,us € By, (h,). The two integrals are similar
so we give only the arguments for the first one. Again, for n large, by Assumption (7) and
Lemma 7.1, we obtain

o0

1

f fP(Y'O (1 — E)Uy(n/k‘l'o) Y > ZQ‘XO = ul,X = U2>d22
e(1—e)Uy (n/k|zg) 22

< Qp(ylzo) \/Fy 1—€)UY(n/k\x0)\x0)\/FY(( — )gigzylz;iz;;;t;;

0
X j M Fy ZQ|£0 Z2m2)d22
1— &)Uy (n/k|zo) 22 Fy (22|x0)

\/ (e(1 — &)Uy (n/k|zg)2z2|x0) I
y(e(1 — &)Uy (n/kl|zo)|zo)
\/ e(1 — &)Uy (n/k|wo)2z2|ro) | Fy (e(1 — &)Uy (n/k|z0)22|uz)
e(1 — &)Uy (n/k|xo)|zo) | Fy(e(1 — &)Uy (n/k|zo)22|70)

1 dZQ}

uniformly in ui,us € By, (hy), where the last step follows from the use of Potter bounds (see

\

3\??

)

Proposition B.1.9.(5) in de Haan and Ferreira, 2006) and Lemma 7.1. All by all, we get then
k

Ir(ug,uz) < C —,
n

uniformly in wuy, ug € By (hy).
Term Iy(uj,uz).

The term I4(ui,u2) has been studied in the proof of Assumption (C3), where we show that if

Assumption (J) is satisfied, then Iy(u1,u2) < C k/n uniformly in uy,us € By, (hp).
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Plugging these results related to I;(uq,ug) back into (15), we can choose s, (i) as

sn(i) = C %IP’ (Xo € Bug (hn), Xi € Buy(hn)) .

This implies that

rp—1

S sali) = cn’Z

i=0 n

P (Xo € Byy(hn))

khd =1
+o N @P(Xo € Bay(hn), Xi € Byy(hn))

non i3

khzd T'n_l 1
+C o Z h—%dP(Xo € Buy(hn), X; € Bay (hn))

and hence, by Assumption (X'), we can conclude the first statement of Lemma 7.2.
The second statement of the lemma can be proven with similar arguments and is for brevity

omitted here. o
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