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Abstract

The objective of this work is to derive and study a model of transmission dynamics of
hepatitis B virus (HBV) with integer and fractional derivatives in the Caputo sense. After
the formulation the models, we perform an asymptotic stability analysis of the disease-free
equilibrium point of both models. Indeed, using Lyapunov approach, we prove that, if the
control reproduction number R. is less than one, then the disease-free equilibrium point
of both models is globally asymptotically stable under certain condition. We also prove
that both models can admit at least one endemic equilibrium when R, > 1. The existence
conditions of multiple positive equilibrium points are obtained in term of the vaccination
coverage parameter. Using the Banach contraction principle, we prove the existence and the
uniqueness of the solutions of each of the fractional models, follows by the global stability of
the fractional model via the Ulam-Hyers method. To calibrate the model, we use reported
cases of hepatitis B in Nigeria. We thus perform parameter estimations. We find that
R. ~ 1.766, which means that the disease is endemic in this country since R, > 1. We
then construct a numerical scheme using the Adams-Bashforth method, and finally perform
numerical simulations, not only to validate the obtained theoretical results, but also to see
how the model behaves when the fractional order parameter o varies between 0.6 and 1.

Key words: Hepatitis B virus, Imperfect vaccine, Caputo derivative, Asymptotic stability,
Banach contraction principle, Ulam-Hyers stability, Adams-Bashforth scheme.
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1. Introduction

Hepatitis B is a liver infection caused by the Hepatitis B virus (HBV). The infection can
be acute (severe and short-term) or chronic (long-term). It can also cause chronic infections
and pose a significant risk of death from cirrhosis or liver cancer. Hepatitis B is most usually
passed from mother to child at birth or via horizontal transmission, particularly between
infected and uninfected children, during the first five years of life [1]. Hepatitis B virus can
also be transferred by amputations, tattoos, piercings, and contact with infected blood or
biological fluids such as saliva, menstrual fluids, vaginal secretions, or sex fluid. Approxi-
mately 1% of those living with HBV (2.7 million) are also infected with HIV. Inversely, the
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global prevalence of HBV infection among people infected with VIH is 7.4%. Since 2015, the
OMS has recommended treating every subject diagnosed with VIH regardless of the stage
of the disease. Tenofovir, which is included in the therapeutic combinations recommended
for the first-line treatment of HIV infections, is also effective against HBV [2, 3].

Since Bernoulli’s work in 1760 to assess the efficacy of varioalation, a crude type of
smallpox vaccination [4], and Sir Ronald Ross on malaria [5], mathematical modeling has
been an important tool in the description, follow-up, forecasting, and control of infectious
illnesses (see for example [6, 7, 8, 9, 10, 11, 12, 13, 14] and the references therein). With
regard to the transmission dynamics of HBV, the first models were formulated by Edmunds
et al. [15]. They developed a mathematical model based on compartmental modelling to
characterize the transmission dynamics of the hepatitis B virus (HBV) in a high-endemic
nation (Gambia). Their model incorporates all three major transmission routes: perinatal,
horizontal, and sexual transmission. The model also accounts for the demographics of a
typical developing country, including age-dependence in transmission rates and the likelihood
of becoming a chronic carrier. Through numerical simulations, they found that eradicating
HBYV may be achieved by immunizing less than 70% of infants, a relatively low rate compared
to most childhood viral infections. In [16], Williams et al. formulated a model to evaluate and
compare effectiveness of different immunization policies in United Kingdom (UK). Several
works are done in the same year in this sense (see for example [17, 18]). Since then, several
models have emerged [19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29]. In [22], the authors developed
a novel mathematical model to better understand the dynamics of the Hepatitis B virus
(HBV) in asymptomatic carriers and various vaccination classes. The problem was initially
defined in integer order derivative and then extended using the fractional operator due to its
benefits. They meticulously investigate the model’s local and global asymptotic analysis in
integer order. When Ry < 1, the model is asymptotically stable both locally and globally.
The fractional order model is defined, along with its existence and uniqueness. In order to
graphically assess the fractional order model solution, they performed more comprehensive
numerical findings for the factors that have a significant impact on disease eliminations using
a useful numerical approach called the Mittag-Lefller approach.

In [22], the authors believe that vaccination is perfect, meaning that vaccine efficacy is
100 percent. Despite the World Health Organization’s recommendation for a vaccination
program for infants in areas with a high prevalence, hepatitis B remains a significant public
health issue in Sub-Saharan African nations such as Cameroon and Nigeria. As a result,
assuming vaccine efficacy to be flawless may bias prediction outcomes. Furthermore, the
force of infection is dependent on the law of mass action, which is expressed as f(I) = S1.
This means that the number of healthy persons decreases in proportion to the number of
previously infected individuals and those who have not yet been affected. To improve this
model, we reformulate a new model in which we consider that: (i) vaccine efficacy is not
100%; (ii) A fraction of carrier individuals received a treatment can acquired a definitive
immunity, and the other fraction can take the vaccine; (iii) The force of infection depends
of the density (standard incidence). We begin by providing some important definitions and
results for fractional calculus. We then formulate the novel model, and then compute the
control reproduction number R., and prove the local and global asymptotic stability under
condition of the hepatitis B-free equilibrium point whenever R, < 1. If the condition is
violated, we find that the model can exhibits a backward bifurcation phenomenon. We
also prove existence of at least one endemic equilibrium when R. > 1. The existence and
uniqueness, as well as global stability of solution of the fractional model are proved based on



the Banach contraction principle, and Ulam-Hyers criterion, respectively. Using real data of
Nigeria, we calibrate the model by performing parameter estimation, and thus estimated the
value of R.. We construct a numerical scheme based on the Adams-Bashforth method, and
finally perform several numerical simulations to not only to validate the obtained theoretical
results, but also to see how the model behaves when the fractional order parameter « varies.

The rest of the work are structured as follows: Section 2 is devoted to preliminary defini-
tions and results. The new HBV trnamission model is formulated in Section 3. Theoretical
results are done in Section 4. Model calibration, disease prediction, and numerical simula-
tions are done in Section 5. A conclusion round up the work.

2. Preliminary definitions and results
In this section, we give some useful definitions and results concerning fractional calculus.

Definition 1 (The R-L integral). Let f € L'([0;a],R,), a > 0. The fractional order integral
of f of order aw > 0, in the sense of Riemann-Liouville, is defined as

CTe (f(1)) = ﬁ / F(0)(t — 0)>1do. 1)

Definition 2 (The Caputo derivative [30]). Let f € C™([0;a]), a > 0, « € R, m € N such
that m — 1 < a <m. The Caputo fractional order derivative of f of order ¢ is defined as

ODf (f(t)) = =— = /t(t—e)m‘a‘lf(m)(e)dﬁ, t> 0. (2)

NG
Definition 3 (The Mittag-Leffler function [31]). The Mittag-Leffier function of order o > 0
15 an entire function defined by the series

E.(z) =Y m (3)

k=0

The following relation is valid
I [aDF (F()] = £() = f(a). (4)

3. Model formulations and basic results

In [32], Li et al. formulated and studied a extended SVEIR hepatitis B model with
asymptomatic carriers and vaccination process. Indeed, they divided the traditional I class
into three (03) infectious classes namely I, for acute infected individuals with symptoms, /.
for asymptomatic carrier individuals, and I. for carrier individuals. The authors considered
that vaccination is perfect. Perfect vaccine implies that all vaccinated individuals do not
contract the hepatitis B virus. Since immunity acquired by vaccine greatly depends on the
immune status of each person, this assumption is not realistic. They suppose that carrier
individuals receive vaccine and do not recovered to the infection. They also suppose that
transmission process consist to a mass action law. In the present work, we reformulated this
model by including two principal assumptions:

1. Imperfect vaccine which means that a fraction of susceptible individuals who have
vaccinated can be infected;



Figure 1: Schematic of the Hepatitis B virus transmission dynamics.

2. Carrier individuals can received a treatment, which means that a fraction of carrier
individuals can acquired a definitive immunity, and the other fraction can take the

vaccine;

3. The standard incidence function traduce the infection law.

Taking into account these three assumptions, the schematic compartmental diagram of the
HBYV model is depicted in Figure 1. The corresponding equations of each state variables
putted together give the following system:

(

DeS(t) =
DeV() =
DeL(t) =
DpL(H) =
D ac(t) =

DpL(t) =
DER(t) =

\

k1

——
A+ wV(t) = AS(t) — (g + ) S(t),

ko

¢S(t) + Cole(t) — (1 = p)A)V (L) — (w +7) V(D)

k3
AS(E) + (1 =p)V(8)] = (v + ) L(1),

— 5)
ORL(t) — (v + 11+ &) La(t),
ks
5(1 - /{)L(t) - (7 + vy + 52) [ac(t)7
ke

——~
&la(t) + &lac(t) — (v + 0+ 0) Le(D),
1 (t) + volae(t) + (1 — Q)ol.(t) — yR(t).

In system (5), D¢ stands for the differential operator with respect of time ¢ and of order
O<a<1l SV, L I, I, I., and R denote susceptible individuals, vaccinated indi-
viduals, Infected individuals in latent period, acute infected individuals with symptoms,
asymptomatic individuals, carrier individuals, and recovered individuals, respectively. A is
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the recruitment rate, ¢ denoted the vaccination rate, w is the vaccine waning rate, p is the
vaccine efficacy, v denoted the natural death rate, o is the recovered rate of carrier individu-
als, 1/6 denotes the latent time period, & is the rate of acute symptomatic individuals who
become carriers while &, is the the rate of asymptomatic individuals who become carriers,
v (resp. 1) is the rate of acute symptomatic individuals (resp. asymptomatic individuals)
who recovered to the infection. ¢ and k are rates while 7 and 7, are modification param-
eters which represent the infectiousness of acute infected individuals with symptoms and
asymptomatic individuals, respectively. Susceptible individuals or vaccinated individuals
can acquired the infection through a direct contact with either acute infected individuals
with symptoms, asymptomatic individuals or carrier individuals. The infection force (FOI)
is given by

)\(t) _ 5 (Ia(t) + Tl]]ibfc((;)) + TQIC(t», (6)

where £ is the transmission rate, and N(¢) denotes the total population at time ¢t > 0. Thus
N(t)=5(t)+V(t)+ L(t) + 1.(t) + Loe(t) + 1:(t) + R(2).

The schematic illustration of the model (5) is depicted in Figure 1.

We set x = (S,V, L, I, I, I, R)' the vector of state variables and

={xeR":x;>0,i€[1;7]NN}.
System (5) can rewritten in the following compact form

dx !
F(t,2x) = (Fi(x), Fa(x), ..., F7(x))’, (7)
R

(to) (SOa‘/OaLm]ao»Iacm]c 0)/ € RZ_;

where F : R” — R” represents the right hand-side of (5), and (e)’ stands for the transposition
operator. According to [33, Theorem III.10.VI], for 2(0) € R, a unique solution of (5)
exists, at least locally, and remains in RZF for its maximal interval of existence [33, Theorem
I11.10.XVI]. Hence model (5) is biologically well-defined.

We first prove that the each state variables of the model is nonnegative and bounded.
We thus claim the following result:

Lemma 1 (Positivity). Fach solution z(T) of (5) with nonegative initial conditions X (0),
1s nonnegative for all time t > 0.

Proof. Following the proof of Theorem 2.2 in [34], from (5), we have

( DFS()] 5= = A>0,
]D“V(t)|v 0,520,120 = QS()+UC[() 0,
L s v, ters0r=0 = AMO[SE)+ (1 —=p)V(t)] =0,
Da[ )| 230,1,-0 = OrL(t) 20, (8)
Df Lo (t )|Iac:0,L20 = (1 —r)L(1),
D)7, 1..50.1.—0 = &ila(t) + &alac(t) > 0,
L DYR()|;, 1., 1.50.r=0 = vila(t) + valac(t) + (1 = Q)ol(t).

Thus, the Barrier theorem [35] allows for the nonnegativity of state variables of (5) to be
obtained. Thus for system (5), the positive orthant of R” is invariant. [



Using the same argument as in [34, 32], it follows that model (5) is define in the following
bounded and absorbed set

A
:{(S,V,L,Ia,lac,lc,R)’eRl:N::S+V+L+Ia+IaC+IC+R§—}, (9)
Y

in which system (5) define a dynamical system.
Lemma 2 (Boundedness). The set ¥ C RY is attracting for Ebola model (5).

Proof. Adding the equations of (5) together, permits to have

DyN(t) = A= yN(t) — ol(t) < A = yN(T).

The resolution of this equality yields 0 < N(t) < A + <N (0) — é) e, vVt > 0, which
implies that ! !
limsup N (t) < é
t—so0 Y
Thus, ¥ is attracting for (5). O

Since the state variable R doesn’t appear in the rest of equations, model system (5) can
be reduce to the following equivalent system

([ DS(t) = A+wV(t) = AS(t) — k1 S(1),
DV (t) = ()+<ol<)—(1—p) (OV(t) = k2V (1),
DEL() = AS()+ (- V)] - KLt (10)
DYI,(t) = OkL(t) — ky (1),
DL, (t) = 0(1 — K)L(E) — ksL.(),
(| DYL(E) = &la(t) + &luc(t) — kel (2).

4. Mathematical analysis

4.1. The ODE-model

In this sub-section, we consider that the fractional order o = 1, that is D = % Thus
the fractional-order model (10) matches with the following integer model

(d
dtS( ) = A+wV(t) — A1)S(t) — k1S(1),
d
SV = aS(t)+oCLit) — (1 - PAOV(E) — laV (1),
d
S L) = AW [SE) + A -p)V(H)] - kL(2), )
d
ELZ(LL) = OKL(t) — kyl,(2),
d
%[ac(t) = (5(1 - H)L(t) - kSIac(t)a
d

L %L:(t) = glla(t) + 62[ac(t) - kGIc(t)a

where A(t) is given by Eq. (6).



4.1.1. The disease-free equilibrium
The disease-free equilibrium of the model. (11) is given by & = (So, V4, 0,0,0,0)" where
= ———— an = —
" g+ k) " g+ ko)
by Van den Driessche and Watmough, we obtain the following matrices

. Using the next generation approach described in [36]

0 6S0+(1fp)Vo BTI So+(1—p)Vo BTQ So+(1—p)Vo

No NO NO
|0 0 0 0 ,
0 0 0 0
0 0 0 0 (12)
ks 0 0 O
. —(SKJ ]{74 0 0
W=l Ss0-%) 0 ks 0
0 =& =& ks
The next generation matrix is given by
Ri+Rs+Rs A B C
o 0 0 0 0
NGM = FW ™" = 0 0 0 0 (13)
0 0 00
where R, — 7280 (§1ksk + K1&oky) (prq + k2)7 Ry — Bok (p1q + k2)7 Ry = K1T180 (p1g + I<:2)7
kskakske(q + k) kska(q + k2) k3ks(q + ko)
A= (ke 4 &172) B (prg + /€2)’ B_ (Tike + 7262) B (prg + k2)’ and C — (p1q + ko) 723 with
k4k6(q + k2) k5k6(q + kg) kg(q + k’g)

pr=1—pand k; =1— k.

We finally obtain that the control reproduction number is equal to the spectral radius of
the matrix NGM, as follow
The following result is a direct consequence of [36, Theorem 2.

Lemma 3. The disease-free equilibrium &y is locally asymptotically stable in > whenever
R. < 1 and unstable otherwise.

To prove the global stability of the DFE, we will use Theorem 2.1 in [37]. To this aim,
by considering only infected compartments of system (10), we obtain

Lt (1)
o | ) | == | O | - M0V 0. L0 10 L0, 10) . (13
1) ()

where F' and W are the same matrices used to compute the control reproduction number
(see Eq. (38)), and

M(S(t), V(£), L(t), La(t), Lac(t), Le(t))

B(L(t) + 111 ae(t) + T2 1.(1)) <50 + (]1\70— p)Vo  S(t)+ ](\1@—) p)V(t)>
_ 0 |
0

0
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Then, it follows that M(S(t), V(t), L(t), I,(t), Io(t), I.(t)) > Ogs if the following condition
So+ (1—p)Vy - S(t)+ (1 —p)V(t)

is satisfied in X, for all ¢ > 0. This means that

No  ~ N{D)
L(t) L(t)
o | La(t) I,(t)
< _
DI e | SE = 1
Le(t) L.(t)
Note that
L 0 0 0
3
0K 1
= 0 0
Wil = 5181_@;) b 1 2 0R4><4.
k3 ks 0 ks 0
S1ks0rt&rkad(1-r) & & 1
ks kq ks kg k4 kg ks kg ke

We also have, from (12), that F' > 0. Thus, from [37, Theorem 2.1], there exists a Lyapunov
function for system (10) expressed as K (S, V, L, I, Lo, I.) = w'W ™ (L, Iy, Iy, I.)" where w’
is the left eigenvector of the nonnegative matrix W12 corresponding to the eigenvalue R..
This implies that,

D?IC = (RC - 1) w' (L7 Ia? Illc? IC) - w/W_lM (S, V, Lv Ia7 IaCa IC) <0.

Since M (S, V, L, I, 4, I.) > Oga, it follows that D < 0 whenever R. < 1, with D} = 0
if and only if (L, I,, I, I.) = Ora. It follows that the largest invariant set contained in
{(S, V.L,1,, I, I.) € RS : DYK = O} is {&}. Thus, from LaSalle Invariance Principle [38],
every solution of (10) with initials conditions in 3 converge to & when ¢ — +o00. That is
(L, 1o, Ioe, 1) — (0,0,0,0), S — Sp and V' — V when t — +00, which is equivalent to
(S, V,L, 14, Ic, I.) — (S0, V0,0,0,0,0) when t — +o0o. Thus, the disease-free equilibrium
&y is globally asymptotically stable in 2 whenever R, < 1. The above analysis can be resume
as follows:

Theorem 1. If R, < 1, then the HBV-free equilibrium &y is globally asymptotically stable
m X provided
So+(1=pVo _ S+ (1 -p)V(1)

It . 1
N, > NG , forall t >0 (16)

4.1.2. The Endemic equilibrium points
Let us represent by €& = (S*, V*, L*, I*, I*., I*)’ a non-negative equilibrium point of system

(11). Setting the right-hand sides of system (11) equal to zero, and solving each equation in
term of \* gives

o (DN + ko)A +wolly ., qS* 4 oll} I (S*+p V)N I 5_I£L*
k2)\* _|_,.y(q+ kQ) ’ kQ ) kg ' ta k4 I
X . (17)
;0. Gl t+ &l
ac — ks sy fc T k:G Y
where \* is any non-negative solution of the following equation
N [a(V)? + 0 (V) + e +d] =0, (18)



with

a =pid (&ksk + ki1&aky) 0C,
00 (&1ksk + k1&aka) (Prq + k2)
b = pikakskaksk 1,
D1R2R3R4R5Ke : gl kia ks kg )
Ror
a a
¢ =(q+ ko) p1y [—2 + k3k4k5k67€c} + [p1q + k2] 5— (0Cw + k20),
p1 p10¢

d = k2k3k4k5k6 (q + ]fg) Y (Rc — 1) s

and py =1—p, k1 =1— k.

Note that \* = 0 is a trivial solution of Eq. (18) which correspond to the disease-free
equilibrium & = (S°,V°,0,0,0,0). The rest of positive roots is obtained with the following
equation

a(N)? 40N 4 eN +d=0. (19)
Coefficients a and c are always positive and coefficient d is positive (resp. negative) whenever
R. is greater (resp. less ) than one. Coefficient b is positive (resp. negative) whenever Ry > 1
(resp. Rr <1).
Using the Descartes’ rule of signs, we thus claim what follows.

Theorem 2. Let us define

Ry — 00 (&1ksk + k1&aky) (1 + kz)‘ (20)
koksk,kskeg

The hepatitis B model (11) admits:

1. the disease-free equilibrium &y which can coexists with one or three endemic equilibrium
points whenever R, < 1;

2. the disease-free equilibrium &, which can coexists with two endemic equilibrium point
& and & with £ < &, whenever min(R.; Rr) > 1;

3. the disease-free equilibrium &, which can coexists with two endemic equilibrium points
EF and £ whenever R. =1 and Ry < 1;

4. No endemic equilibrium otherwise.

4.1.3. Effective bifurcation thresholds

In this section, we will determine the bifurcation thresholds of model (10), To this aim,
we will express each condition of Theorem 2 in term of parameter ¢ which is choose as
bifurcation parameter, as follow:

Case 1 of Theorem 2 is equivalent to

kQ(WQ —7T1)

q>q = ; (21)
T2 — P17
where T = 55 [7’2(51]{?5/{ + H1k4§2) + k’ﬁ(/{k’5 + K1T1k4)] and Tg = k3k4k’5k’6.
Case 2 of Theorem 2 is equivalent
¢ <q<q, (22)

ko [ma — 00(&1ksk + K1ka&o)]
106 (&1ksk + K1ks&a)

where ¢f :=



Case 3 of Theorem 2 is equivalent to

*

¢ <. (23)
We thus claim the following result which is equivalent to Theorem 2.

Theorem 3. The hepatitis model (24) has

1. the disease-free equilibrium &y which can coexists with one or three endemic equilibrium
points whenever condition (21) holds;

2. the disease-free equilibrium & which can coexists with two endemic equilibrium point
& and EF with & < &, whenever condition (22) holds;

3. the disease-free equilibrium &, which can coexists with two endemic equilibrium points
Er and & whenever condition (23);

4. No endemic equilibrium otherwise.

4.2. The fractional model

Now, we consider that 0 < a < 1. For dimensional consistency emphasized by Diethelm
in [39] (see also [40]), all model parameters except p and &, have dimensions 7. Thus model
(5) becomes

;

K
DFS(t) = A*+wV () = AS(t) — (¢ +17) S(b),
Ko
DEV(E) = ¢*S(t) +(oLe(t) = (1 = p)A)V () — (W™ +7*) V(1),
K3
DEL(t) = A[SEH)+ A —-p)V(E)] - (v + %) L(1),
Ky (24)
Dfla(t) = 6°kL(t) — (V" + o1 +&7) La(t),
K
Dflac(t) = 0%(1 = r)L(t) = (" + 15 + &5) Lac(t),
Kg
DPL(t) = &1a(t) + & Lac(t) — (7" + 0" + %) Le(D),
DtaR(t) = Vlla(t) + VQIac(t) + (1 - g)glc(t) - ’)/R(t)
where I, (t Lo (t I.(t
g = pr O D2l £ A, (25)
System (24) is subject to the following initial conditions
S(0)=50>0,V(0) =Vy >0,L(0) =Ly >0, 9%
14(0) = 10 > 0, 1,,(0) = I, > 0, 1,(0) = I° > 0. (26)

Let us set © = (S,V, L, I, L., I, R)" and O (t,2(t)) = (¢;), i € [0,7] NN, where ¢; for
i € [0, 7NN are the right-hand side of system (24). Thus fractional model (24) is rewritten
in the following compact form

“Dea(t) = O (t,z(t)), x(0)=20>0, t€[0,a], a>0, 0<a<l. (27)

10



The initial value problem (IVP) (27) is in turn rewritten in the following integral form
w(t) = 2(0) + {7 (O (t,2(1))) - (28)

Let us denote by A = C([0;a],R) the Banach space of all continue functions from [0;a] to
R. We endow A with the following norm

| 2(t) la= sup {[z()[},

te(0;qa]

where |z(t)| = Z |z;(t)], and Vi € [0; 7)NN, z;(t) € A. Let us consider the following operator
P:A— A deﬁned by

(Pz) (1) = =(0) + {I7 (K (t, 2(1))) - (29)

Due to the continuity of O, the above operator is well-defined.
The following results hold. The proofs are obtained as the same ways than the results
obtained for the model (5).

Theorem 4. For x(t) > Ogr, the solution x(t) of the IVP (24) is positive whenever t > 0.

Let us define the following subset of ]RZL

ze = {a:— (S,V,L, 1o, Ioe, 1., R) € R, : (Zm) < —} (30)

Theorem 5. (Boundedness of solutions)
The region X% is positively invariant and attracting for system (24).

4.8. Existence and uniqueness of solutions

The following result is valid:

Lemma 4. Let T = (S,V,L, 14, 1oc, I, R)'. The function O = (Q;)" defined above satisfies
| O(t, z(t)) — O(t,z(t)) [[a< No || # = F ||a for some Ng > 0.

Proof. We proceed as follows for the first component of O:

|04, ) — O (¢, 7)]
<K [S— 5| +w |V -7

+ 5| = | {[ SN = ST.N| + 71 [S1..N — STooN| + 7, |SIN — STN}
< K1 |S(t) O] +w |V(t) = V(1)
67 |= {|INL||S =S|+ NS|I, — L] + L,S|N — N|} oy
NN a a a a
« 1 N < N« T T Q N
+ 8% = {m [|NIse| |S = S|+ NS |Lsc — Ioe| + LcS|N = N|] }
o] 1 nT <Q Nl T T N
+ 8% = {r[|NL||S =S|+ NS|L. - I.| + I.S [N — N|| }
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After algebraic simplification of the right-hand side of the above inequality, we finally obtain

x|)1s-3

1,5 1S 1.5 —
== + 1= + To=— ‘N—N‘
NN NN NN

&11 &12
7\ 7\

|01 (2, 2) = Ou (2, 7)|

Loe I.

+71|—= |t T2 |

gKl\S—§|+w°‘|V—V|+ﬁ°‘(I

+ 5

« § T « § T e’ g T e}
N‘lja_fa|+ﬁ 1 N"Iac_lac"i_ﬁ TQN‘[C_]C}_’_/B

SN _
N’_ vV —V]

5 ] |5 — 5|+ {w +B8*(1+ 7 + 1)

< [K1+ﬁa(1+7'1+7'2)+5 (1+7 + )

13 5/1:1 5}\5

)

H |1, —I|+r{ [1+ 27 + 7]

e ™~

+ B0+ 7+ 1) H |L— L|+[5“2+¢1+TQ]

=| wl

Zlml

&16 &13
7\ 7\

g _
NH |R - R|

%H 11— 1| + {B“(1+n + 73)

+ |BY[1 4+ 7 + 27)
<Ny (|5 =8|+ [V = V|4 [L =T+ |l = Tl + oo = Tod + [T~ T + [R = R]),

where N; = max {Z 511}

te(0,a]
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Similarly, with Q,, we also have :
0s(t, ) — Os(t, )| = [¢*(S = ) — Ko(V = V) + £0*(I. — I.) — p1(AV = AV)]
<q*|S =8|+ Ko |V =V |+ &0 [I. — I| + pi [AV = AV)]
Sqo“S—?‘+K2}V—V|+£UQ}IC—I_C|

I, v, vl -
+p15a - — |Ia—1a{+p15a —_‘\N—N\,
] 1.V
+p1ﬁ T1 |S S‘—i_plﬁ 71 _“Iac_lac|+plﬁa7—l N ‘
@ 1S =8 @ I.—1 @ LV N—-N
+p1572N‘ - |+p1572N|c— c|+p157_2ﬁ| - |7
2
<r @ *|=Z Loc L o|Y 1 \S S
< |¢" +pmp N +p1B8m N + P18 N +p1f N [1+ 71+ 7o) | - ’
§22 23

[1‘|‘7’1 +7’2]:| ’V—V‘ +p15a %‘ [1—|—7'1 —|—7’2] |L—Z|

[ %
+ [Kz + p15° ‘N

524 525
N - A
+plﬁ [2+Tl+7—2 ‘] _I ‘_f—plﬁ [1+27—1+7—2] N }Iac_lac ’
526 523

~

—‘ +T1+T2 ’R Rl

T v
[50 +mB |+ (1+71+27'2 } 1. —I‘+p15a

<N, ( \S—S|+\V V|+|L—L|+ |le — L] + |Toc — Tc

ac

(33)
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|05(t,2) = O3(t, )| = |[Ks(L = L) + A(S +p1V) = MS + p V)],
< K3|L—L|+ [AS = AS|+p1 |A\V = AV,

£3A1
[ o 5 a VN, -
S A Fntn) (14| ) +oB (A +n+n) (1+|5|) 1[5 —9]
! TE Vi, o 5 VI, -
—|'50‘(1+7'1+7'2)_N + p1 N_|V_V|+{K3+Ba(1+ﬁ+7-2) HN + p1 NH}|L_L|
ﬁf:l §3A5

o |5 V| e S v _
+5 (2+T1+T2)-N +p1 N_ |Ia—1a’+5 (1+27’1+7'2) Hﬁl—i‘pl NH ‘Iac_Iac‘

. S
+ 8% (1 + 7 + 27m) HN‘ +p1

1% _ S
NH Lo = L| + B (1+ 71+ 72) HN‘ + D

SNy (|8 = 8]+ [V = V] L= 2] # [T = T [T = Tue] + |1~ T+ [R = R

)12

(34)
6
where N3 = max {Z 531}.
tE[O,a] i=1
Based on the analogous reasoning, we obtain &;, ¢ € [4;7] N N:
|@3(t,(lf) - @3(2575)‘ < N4 ({L _Z| + ‘Ia _I_a|) )
|@4(t,l')—@4(t,f)‘ §N5 (‘L_Z| + ‘[ac_rqc)a <35)
|@5(t,l‘) - ©5(taf)| S N6 (‘Ia - ]a‘ + |Iac _Tac‘ + ‘]c _I_c ) )
|Q(t, 2) — O6(t,7)| < N7 (|Io — Lo| + |lac — Loc| + |I. = I.| + |R — R|),

where Ny = 0%k + Ky, N5 = 6% + K5, Ng = 0 + &5 + K¢, Ny = 8 + 0§ + (1 — ()o* + 7.
Therefore, we finally obtain

| O(t,z) — O(t,T) ||o = sup Z |0;(t, z) — O4(t, @)

te[0sa] 7
Ny

lon N

<(Ny+No+N3+Ny+N;+Ng+No7) || 2 —T ||a -

]

aOé

Ma+1)
exists a unique solution of the model Equation (24) on [0,a], which is uniformly Lyapunov-
stable.

Theorem 6. Let the result of Lemma 4 hold and w = If wN,, < 1, then there

Proof. The function O : [0,a] x R, — R7 is clearly continuous in its domain. Thus, the
existence of the solutions of Equations (24) and (27) follows from (Theorem 3.1, [41]).
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The Banach contraction mapping principle on operator P (see Equation (29)) will be used
in the following to prove the uniqueness of the solution of the fractional model Equation (24).
By definition, sup || O(t,0) ||= A*. Let us now define I > o |l +eA®
t€[0,a] 1 —@wNa
convex set Zy = {z € A:| z ||,< II}. Thus, for the sel- map property, it suffices to show
that PZpy C Zp. Let x € Zy, we have

and a closed

1 t
Pz ||a = su :B+—/ t—€)* O (e, (e de},
1P s = sun { oo+ 5 [ (=10 ente)
t
< lzo] + = sup { / (t - 1 (10 (e, 2(€)) — O(e, 0)| + |@<e,o>|>de},
F(“) te[0,a 0
1 t
< Jeol + —— sup { [ 6= 00e.a(0) - 0 0) s + [ 0(c.0) ||A>de},
F(a) te[0,a] 0
Na || # ||a +A® {/t 1 }
< lzo| + sup t—e) dep,
‘ 0| F(a) te[0,a] 0( )
NAIT + A {/t » }
<|xg| + —=—— sup t—e)* deyp,
‘ 0’ F(a) te[0,a] 0( )
a® o
—’$o|+m(NAH+A ),
— Jao] + (NAIL + A%),
<II.

]

Then, Pz C Zy and P are indeed the self-map. It remains to show that P is a contraction.
Let X and & two solutions of Equation (27). Using the result of Lemma 4, we obtain
| Pz —PT ||a = Sup {I(P2)(t) = (PT))]},
€10,a
1 ! .
= —— sup /t—eo‘ O(e, z(e)) — O(e, (e de},
a7 s { [ (= 9 0le.ate) - (e a(o)

t€[0,a]

< iy 2w { [[a= (et ~a(0)ac}.

S’WNA HZ‘—EHA

The condition @w/Na < 1 ensures that P is a contraction mapping. Thus, by the Banach
contraction mapping principle, P has a unique fixed point on [0, a], which is the solution of
Equation (24). Theorem 3.2 in [41] ensures the uniformly Lyapunov stability of the solution.

4.4. Global Stability of the Fractional Model

In what follows, we will perform the global stability of the fractional-order model
Equation (24) in the sense of Ulam-Hyers [42, 43]. To this aim, we introduce
the following inequality:

§Dx(t) — O(t,z(t))| < b, t € [0;al. (36)

A function T € A is a solution of Equation (36) if there exists X € A satisfying

15



LoR(E)] < b;
2. §Doz(t) = O(t, T(t)) + N(t), t € [0;a.

Since T € A is a solution of Equation (36), then T € A is also a solution of the following
integral inequality

1

z(t) — x(0) — m/o (t — ) 'O(e, Z(e))de| < wb. (37)

We claim the following result:

Ma+1)
The fractional order model Equation (27) (and equivalently Equation (24)) is Ulam—Hyers-
stable and, consequently, generalized Ulam—Hyers-stable.

Theorem 7. Assume that the result of Lemma j holds, and 1—wNx > 0 withw =

Proof. Let = be a unique solution of Equation (27), and X satisfies Equation (36). For b > 0,
t € [0,a], we have

1 Z(t) = 2(t) |, = sup [T(t) — (t)|

b
= s |70~ 0) = 5 [ (6= 00t
< s |7(t) = 7(0) - ﬁ /0 (= " 10(e, 7(e))de
# s s [ (0= 077 0(e7(0) - Ot de
<abi s | (1= 0" [E(e) — ()] de

< wb+ wNa || Z(t) — z(t) ||a,

Ca
——~
which implies that || () —z(t) [|a< b (%) Thus, from (Definitions 4.5 & 4.6, [42]),

we conclude that the fractional order model Equation (27) (and, equivalently, Equation
(24)) is Ulam—Hyers-stable and, consequently, generalized Ulam—Hyers-stable. This ends
the proof. O

4.5. Asymptotic stability

As for the case of the model with integer derivative (10), fractional model (24) admits al-
ways one stationary point, also called disease-free equilibrium (DFE), & = (S, V4, 0,0,0,0,0)’
KyA® q°@ A
———— —and Vj = ———.
7%(g* + K3) (" + K3)
As in the case of the ODE model (10), we compute the control reproduction number,
denoted by R. using the next generation approach (see [44, 36]), and the control reproduction
number of the fractional model (24) is given by

where Sy =

RC = p(NGM) = Rl + RQ + Rg, (38)

16



T3 370" (7 K5k + mi1&5 Ky) (prg” + Ko)
K3 K, K5 Kg(q* + Ky)
R — K171 B0 (p1g® + K3)
’ K3K5(q™ + kx2)
Before study the local stability of the disease-free equilibrium, let us recall the following
result.

R — Y6k (p1g® + Kz)
) 2 —
K3K4(qa —I— KQ)

where R{ =

,withpr=1—pand k1 =1— k.

Lemma 5. [}5, Theorem 4.4] The disease-free equilibrium of the fractional model (24) is
locally asymptotically stable if all the eigenvalues p; of its Jacobian matrix evaluated at the

DFFE satisfy |arg(u;)| > %, i=[1;7NN.

The Jacobian of system (24) evaluated at the disease-free equilibrium & is given by

a S Sot1 SoT2
AT e
q° K, 0 _V(ﬁ;ﬁ _Voi;\lf;'lﬁ 0.2( . Voill’\lf;?ﬁ
Hyp Hor18 Homa8
J(&) = 0 0 Ky J7 No No
0 0 0% —Ky 0 0
0 0 /ﬁéo‘ 0 —K5 0
o 0 0 & 3 e

The characteristic equation associated to J(&) is given by

D1 () <P2/£u)

A
7z 7 ~

(17 + (Ko + K1)+ (q% + Ko)] (Agp® + Agp® + Aop® + Aipp+ Ag) =0, (39)

where
Ay = (Ko +&'my) Kk + (11 K + 79'65) Kukia,

Az = (KsK§ + €075 (K5 Ko + K7 + (Ko + K3) Ks) + (K3 + (Ky + K3) K5) Ke) &
+ 7'1(1 (51K4Kg + (H1K4K5 + HlKZ + H1K3K4) K6) + Tzafg (/ilK4K6 + H1K4K5 + KIKZ + H1K3K4) y
Ay = [K3K4K5Ke (1 — Re) + (K2 + (Ky+ K3) K5) K
+&075 (K7 + (Ky + K3) K5) Ko + (Ky + K3) K2 + K3KuKs) + (Ky + K3) K2 Kg) K
—f- TfK1K3K4K5K6 (1 — RC) + T{X (K1K4K5 + lilKZ + K1K3K4) Kg —f- Tfél{leK5K6 —I— T{lﬁlKgKiKﬁ
+ Tgﬁg ((K1K4K5 + lilKZ + K1K3K4) K6 + (Hle + R1K3K4) K5 + l'ilKgKi) s
Al = [(KE) + K6 + 5(117';) K3K4K5K6 (1 — Rc) + (K4 + Kg) KgKg + 5?7’;[(52 ((K4 + Kg) KG + K3K4):| KR
+ fSTgﬁlfQ [K3K5K6 (1 — Rc) + (K4K5K6 + K3K4K6 + K3K4K5)]
+ TfélilKZLKG [K3K5 (KG + K4) (1 — RC) + K4K6 (K5 + Kg)] s
A() = K3K4K5K6 (K5I€(K6 + 5?7';) + /{1K4 (TféK(; + 7_20463)) (1 — RC) .

It is clear that roots of ®; have negative real parts. Note that coefficients A, and Az are
always positive, while coefficients Ay, A; and Ay are positive whenever R. is less that one.
It follows that roots of ®; have negative real parts if the following Routh-Hurwitz conditions
Hy = A3A; — A; >0, Hy = Aj Ay Az — A3Ap — A2 > 0 hold. We thus claim what follows:
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Lemma 6. If R, < 1, then the disease-free equilibrium &y of the fractional model (24) is
locally asymptotically stable in ¥ provided that the following conditions

A3A2 — A1 >0 and A1A2A3 — AgAQ — A% >0 (40)
hold, where Ay, As, As, A1 and Ay are coefficients of polynomial ®5 in (39).

For the global asymptotic stability of the disease-free equilibrium of the fractional model,
we have the following result:

Theorem 8. The disease-free equilibrium &y of the fractional model (24) is globally asymp-
totically stable in 3 when R, < 1 provided that condition given by Eq. (16) holds.

Proof. The proof of Theorem 8 follows the proof of Theorem 1. Let us consider the following
Lyapunov function K (S, V, L, I, Ie, I.) = w'W ™Y (L, I, I, I.)" where w' is the left eigen-
vector of the next generation matrix (NGM) W~!Z corresponding to the eigenvalue R.. Its
derivative along the trajectories of (24) is given by

DK = (Re — D w' (L, Iy, Ine, I.) — W' WM (S, V, L, I, I, 1) < 0.

Since the matrix M (S,V, L, I, I,., I.) > Ogs whenever condition given by Eq. (16) holds,
it follows that D¥IC < 0 whenever R, < 1, with D?C = 0 if and only if (L, I, I,., I.) = Oga.
It follows that the largest invariant set contained in {(S, V.L,1,, I, I.) € RS : DYK = 0} is
{&}. Thus, from LaSalle Invariance Principle [38], every solution of (24) with initials condi-
tions in 3 converge to & when t — +o00. That is (L, I,, I,., I.) — (0,0,0,0), S — Sy and
V — Vh when t — +o00, which is equivalent to (S,V, L, I,, I, I.) — (S0, V5,0,0,0,0)
when ¢ — +00. Thus, the disease-free equilibrium & is globally asymptotically stable in
> whenever R, < 1. L]

5. Model calibration, forecasting and Numerical simulations

5.1. Model calibration and forecasting

We consider the yearly infected reported cases in Nigeria from 2010 to 2021 []. Due to the
limitations of data compared to the number of model parameters, we assume some parameter
values and fitted the others. Initial conditions are taken as follows: S(0) = 156,077,013,
V(0) = 4,830,000, L(0) = 37,150, 1,(0) = 18,575, 1,.(0) = 18,575, I.(0) = 74, R(0) =
18,612. The nonlinear least squares approach is utilized to accurately fit the HBV model
to actual data, providing realistic parameter values for forecasting illness progression over a
specified time frame. After numerically addressing the following optimization problem:

mgn H-,Z:predict - IdataHQ; (41)

where © = {3, 0,0,&1, &, 11,10, 0}, We get the results shown in Table 1. The control repro-
duction number calculated using the parameter values in Table 1 is R, ~ 1.766. Figure 2
shows the comparison between model simulations and data fitting.
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Table 1: Model parameters and their estimated values.

Parameter Value Source Parameter Value Source
Ny 161 x 10° [46] ™ 1/52.68 [47]

A No X v Estimated | p 0.85 [48]

¢ 0.5 Assumed | ¢ 3% Assumed
K 0.5 Assumed | 7y 0.5 Assumed
T 0.5 Assumed | w 1/30 [49]

o 0.000400641026003 Fitted I} 0.342187729874554  Fitted

) 0.081875992123649 Fitted & 0.000000000533322 Fitted

& 0.845733030140545 Fitted 2 0.428124741555356  Fitted

0 0.000080020401110 Fitted Vo 0.477716811748168 Fitted

x10°

o~
th

T | T T T T
© Data ?
——Model with Parameter Estimates =

=N
I

N w
o W ow

Cumulative number of reported cases
N

0.5 .
0 L
N KV
% &
P A

Time (days)

Figure 2: Model fitting versus HBV reported cases in Nigeria during the period from 2010 to 2021.
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Figure 3: Model prediction of news cases
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5.2. Numerical stmulations

A variety of analytical and numerical methods have been developed to solve fractional
differential equations (FDEs), the majority of which lack accurate analytic solutions. To
construct a numerical scheme for the fractional model (5), we employed the Adams-Bashforth
method based on the predictor-corrector iterative scheme [50, 51|, as explained as foolows.

Let us analyze the uniform discretization of [0,a] given by t; = X, i € [O;N] NN
where X = a/i denotes the step size. For a given approximation xx(¢;) ~ x(¢;), the next
approximation xy(t;11) is obtained (using the predictor-corrector method) as follows:

‘ —14+[¥] t]:n—l—l . 1 m
Predictor: xg(tm11) = kZO 1 L0 + (o) kz_odk,j-i-l@ (tr, ox(tr))
RIS w . R i
Corrector: zp(tpy1) = kz::o 1 x0+r<2 n g/)@ (tkH,:cN(tkH))—i-m kzzobk-’j+1@ (tr, vx(tr)) ;
with
't — (m—¥)(n+1)7, if k=0,
bkn1 =9 (n—k+2)"" 4+ (n—k)" —2n—k+ 1), if 1<k<n,
1 if k=n+1,

w
and dj 41 = % (n—k+1)"—(n— k:)g’]

The stability, convergence and accuracy of the above scheme can be found in [52, 50].
Note that this algorithm was implemented by Garrappa in Matlab software through the
package namely fdel2 [53].

Figure 4 depicts the comparaison of the Runge-kutta of order 4, and the Adams-Bashforth
method. We see that for the fractional order parameter value o = 1, the both methods
coincide, that is D* = %.

Figure 5 depicts model solution of infected states variables of the HBV model where the
fractional order parameter o = 1, and with different initial conditions. Parameter values are
listed in table 1, which give R, ~ 1.766. In this case, all trajectories tend to the endemic
equilibrium state.
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—Model solution with Runge-Kutta foruth order (RK4) method
L(t) 4r - -Model solution with Adams-Bashforth method for o=1 ]
3.8 n
3.6 7
34 | | | | |
0 2 4 6 8 10 12
Time (Year)

Figure 4: Model solution with two numerical methods: Runge-kutta foruth order (RK4) and Adams-Bashford
method, for o = 1.

%108

14

12

10

L(t) &

0 500 1000 1500 2000
Time (Year)

(a) Individuals in Latent stage

21



5
14 x10 .

12

10

L s

0 500 1000 1500 2000
Time (Year)

(b) Acute infected individuals

x10%

3.5

3
L.t
2.5

0 500 1000 1500 2000
Time (Year)

(¢) Asymptomatic carrier individuals

22



1.8
1.6

1.4
(1) 12

0.8
0.6
0.4

0.2

0 500 1000 1500 2000
Time (Year)

(d) Carrier individuals

Figure 5: Times-series of infected states of fractional model with different initial conditions and the fractional
order parameter o = 1. Parameter values are listed in table 1, which give R. ~ 1.766.
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x10*

1,0

0 500 1000 1500 2000
Time (Year)

(d) Carrier individuals

Figure 6: Times-series of infected states of fractional model with different initial conditions and the fractional
order parameter & = 1. Parameter values are listed in table 1, except which 8 = 0.15 such that R. = 0.7741 <
1.

Figure 6 illustrates the GAS of the disease-free equilibrium. We see that all trajecto-
ries tend to the disease-free for R, = 0.7741 < 1. Nevertheless, when we set § = 0.19
such that the value of the control reproduction number R, is near, but less than, one
(R. = 0.9805 < 1), the trajectories of infected states variables tend to the endemic equi-
librium, which suggests that the backward bifurcation phenomenon can be occurred in the
model. Note that, this phenomenon occurs in a epidemiological model when the locally sta-
ble disease-free equilibrium coexists with a locally stable endemic equilibrium whenever the
epidemiological threshold called the basic reproduction number is less than one (Ry < 1). In
this case, it is not sufficient to decrease the value of Ry under one to the disease extinction.
Some extra efforts must be made to reach the disappearance of the disease.

In figure 8, we see that when the fractional order parameter a vary, the density of
individuals in latent stage as well as those in carrier stage decrease.
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Figure 7: Times-series of infected states of fractional model with different initial conditions and the fractional
order parameter = 1. Parameter values are listed in table 1, except which 5 = 0.19 such that R, = 0.9805 <
1.
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Figure 8: Times-series of infected states of fractional model with different values of the fractional order
parameter a. Parameter values are listed in table 1, which give R, ~ 1.766.

Figure 9 illustrates R. as a function of fractional order «, an increasing function within
the range of [0.3; 1], while a decreasing function in the range (0,0.3), with Rc equal to 1
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around o ~ 0.16 and a =~ 0.72.
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Figure 9: 3-D plot of R. as a function of the fractional order parameter alpha.

Figure 10 illustrates R, as a function of some model parameters while the other model
parameters are fixed and listed in table 1 . In panel (a), the control reproduction number
increases with the parameter § and decreases when ¢ increases. From panel (b), it follows
that R. is a increasing function of f and w, while its value decreases when ¢ increases.
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(a) 3-D plot of R. as a function 5 and ¢
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(b) 3-D plot of R, as a function S and w

(c) 3-D plot of R, as a function ¢ and p

Figure 10: 3-D plot of R. as a function of the some model parameters. The values of others parameters are
fixed and listen in table 1.

6. Conclusion

This work dealt with the mathematical modeling of Hepatitis B Virus (HBV) trans-
mission dynamics in which we considered imperfect vaccine, with both integer and Caputo
fractional order derivatives. After the model formulation, we computed the control repro-
duction number R., and prove the local and global asymptotic stability of the hepatitis
B-free equilibrium point under conditions whenever R. < 1. We prove also the existence of
endemic equilibrium points and found that there is a possibility of occurrence of backward
bifurcation phenomenon whenever R, < 1 is near, but less than one. The existence and
uniqueness of solution of the fractional model as well as its global stability are performed
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using respectively the Banach contraction principle and the Ulam-Hyers method. Using re-
ported cases in Nigeria, a Sub-Saharan country in which Hepatitis B is endemic, we calibrate
the model by performing parameter estimation. This permits to found that R. ~ 1.766. The
forecast for several years permits to confirm that Hepatitis B will remain a health problem
in this country. We then construct a numerical scheme for our fractional model and perform
numerical simulations to validate the obtained theoretical results, as well as to see the impact
of varying the fractional order parameter a.

In the future direction, we plan to perform sensitivity analysis to determine key param-
eters which play a important role on the hepatitis B virus transmission dynamics, and thus
formulate the problem as a optimal control problem, to determinate which strategy is better
than which ones already are applying in Nigeria.
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