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A CONSTRUCTIBLE CONDUCTIVITY CLOAK VIA HOMOGENISATION

YVES CAPDEBOSCQ! AND ELEANOR GEMIDA?:2

ABSTRACT. We show that approximate cloaks can be constructed by a finite number of layers
of isotropic materials. We detail a construction method, and we provide an upper bound on
the number of layers required. Our approach is to view anisotropic matrix-valued materials
obtained by the cloaking-by-mapping method as the effective limit of a multiple materials
rank-one laminate, and to quantify precisely the approximation error. We illustrate our result
and a variant in dimension two with an example.

1. INTRODUCTION

In the field of Electrical Impedance Tomography, given p > 0, a passive cloak of order of
approximation p is a coating material surrounding a (large) object of arbitrary conductivity, such
that the Dirichlet-to-Neumann data measured on the outer coating is similar to the data one
would obtain if the object had a constant conductivity, save for a (small) defect in a ball of radius
p (see Definition [3| for a precise statement). This cloaking material “hides” the object making it
akin to a small defect. Candidates for such approximate cloaking coatings have been derived by
the cloaking—by—mapping method |[GLU03| [KSVWO08| MNO6L [PSS06]. The key observation, that
boundary measurements are impervious to interior transformations by a diffeomorphism which
preserves the outer boundary, was originally made by Luc Tartar in connection with discussions
about the so-called Calderén problem, see [KV84l [KV87] for more details.

The materials thus exhibited are anisotropic metamaterials, with very contrasted radial and
tangential conductivities. Such cloaks were subsequently enhanced, by additionally requiring
minimal anisotropy in appropriate norms [GV14, [CV22].

In [AKLLI3,IAGJT12] an alternative construction, composed of an infinite sequence of isotropic
layers of two materials was introduced. Building upon this approach, a variant of that scheme
with three materials was proposed in [HV14], and it was shown to be asymptotically an approx-
imation of a cloaking-by-mapping type material.

In this paper, we construct a passive cloak of order of approximation p made of a finite number
of isotropic layers of three or more different isotropic homogeneous materials. In such a case, the
difference between maximal and minimal constant conductivities is a measure of the distance to
the identity map, and plays the same role as the anisotropy indicators used in [GV14, [CV22].
In this sense, the construction we propose has the same level of anisotropy as the optimal cloaks
proposed in [CV22|]. Furthermore, we specify the maximum number of layers required as a
function of p. Because it is constituted of finitely many layers, of a finite number of prescribed
materials, such a structure can be built by additive manufacturing : it is a radial laminate.

Our approach is based on homogenisation theory, which we apply backwards compared to the
purpose for which it was developed. A key insight from homogenisation theory is that mixing
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A CONSTRUCTIBLE CONDUCTIVITY CLOAK VIA HOMOGENISATION 2

isotropic materials can result in an anisotropic effective medium. We view a given anisotropic
approximate radial cloak obtained via cloaking-by-mapping as an effective material. We then
construct a sequence of in-homogeneous locally isotropic media with finite scale microstructures
converging to this limit. We then determine a lower bound on the required scale that guarantees
that this heterogeneous material enjoys the same properties as the limit homogenised one.

In this article, the domain is the unit ball Q = B; C R¢, with d > 2 . Given p € (07 i) and
two constant conductivities positive o and ~y such that

d—1
(1.1) v > 39" max (l,pd*?’) and a < (g) ,

and given an integer N > 1, we set

N-1
Ay w30 ey () sy (2l aff (N]al),
k=0

1
)

where for each k the piecewise constant function y — akN (y) is a l-periodic laminate made
of three materials, one of conductivity =y, one of conductivity 1, and one of conductivity «, of

proportions 9’;, 0F and 6%, so that 0% + 9’5 + 91“/ = 1. Our main result is the following.
Theorem 1. Provided
N p3pl* (2 +py+1) whend=2
|t (%—!—p’y—kl) when d >3’

the conductivity An with proportions 95/, 0F and 0% as given in 1) and lj 8 an approz-

imate cloak of order p. In other words, given any B € L B% a symmetric positive definite

4B (z) = {B if |z| <

matriz, let

An () if fa] =

[ s =

The Dirichlet-to-Neumann map
AAE :H?2 ((’931) — H™ 2 (831)
div (AR =0 inB
»— <AEVU- x) where i (A% Vu) e
|| U= ¢ on 0B,
satisfies

HAAg — A, < Cpt,

c(H} @B, H(9B))

where C' depends only on the dimension d, and the map Ap, is the Dirichlet-to-Neumann map of
the Laplacian on Bi.

Remark 2. To minimise N, and taking into account (1.1}, one could choose y = 1= % when

d = 2. In that case, a possible choice is N o< p~2|Inp|”. We do not know that the power of
p in the lower bound for N is sharp. The constraints on the conductivity a and + imply very
insulating materials and very conductive materials in dimension 2. While such a contrast is
necessary for our approach, it isn’t the case that materials with such high specifications should
be used throughout the cloak. For a discussion on strategies to reduce the number of layers,
see Section [b where we allow for coarser scales and lower contrast materials in some parts of
the cloak. Building on this, one could then optimise the structure to minimise a cost functional
dependent of the amount of « and v material used, for example.
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Our main result presents a cloak where the scale of the microstructure, that is, 1/N, is
constant throughout the cloak. In the last section, we propose a variant where the scale of the
microstructure varies, allowing wider layers of homogeneous materials in some parts of the cloak.

Our paper is organised as follows. In Section [2] we remind the readers of the cloaking-by-
mapping method, and we exhibit a bijective diffeomorphism B; \B, = B\ B 1 which will be
convenient for our purpose, because it is the identity map on a neighbourhood of 9B;. We then
choose a cloaking-by-mapping matrix based on this diffeomorphism, tweaked so that near 0B, /4
it is also the identity.

In Section we detail how a piecewise constant and isotropic cloaking material can be
obtained by radial lamination. While a cloak cannot be realised as the rank-one lamination of
two materials, it can be realised as a rank-one lamination of three materials (or more) provided
that the maximal conductivity is large enough, and the minimal conductivity is small enough -
this will lead to the bounds .

In Section 3] we prove Theorem[I] It amounts to establishing a regularity estimate, and proving
a quantitative convergence result.

In Section 2] we detail what properties the diffeomorphism show enjoy. The proof of Theorem
applies with any diffeomorphism and extension satisfying these specifications. In Section [4| we
write down a diffeomorphism that fits all the requirements.

In Section [5| we discuss a variant of our main result in dimension two, involving less contrasted
materials and variable layer widths, and end the paper with concluding remarks.

2. CONSTRUCTION OF A CLOAKING MATERIAL

2.1. Cloaking by change of variables. The domain is 2 = Bj. Let ¢ uniformly elliptic
symmetric matrix-valued function, that is, there exists 0 < 1 < oo such that V¢ € R? there
holds

(2.1) nlE <o(z)¢-and nle’ <ol (2)€-€, ae zEQ,
Let u € H' (Q2) be the solution of

22) {div (oVu) =0 inQ

U= on 0f)

for some given ¢ € H 3 (09). Boundary value problem (2.2 gives rise to a Dirichlet-to-Neumann
map A, defined as

1

(2.3) Ayt H? (0Q) — H™ 7 (99)
(2.4) uloq — (eVu) - v|aq.
We note Aj, the Dirichlet-to-Neumann map when o is the identity matrix.

Definition 3 ([KSVW0S]). Let D C  be a measurable set.. Let o be a non-negative matrix-
valued function defined on 2\ D. For any p € (07 %), we say o is an approximate cloak of the
region D of order p if there exists a constant C' such that for any symmetric positive definite
extensions B € L™ () across D,

B () = B(z) forxzeD
7= o(x) forxzeQ\D

there holds

< Cpt.

1Agz — AId”L(H%(aBl),H’%(aBl)) =
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We now consider the case when D = B: and we explain how an approximate cloak of order
p for B 1 is obtained via the cloaking-by-mapping approach.
For a small parameter 0 < p < %, let F be a C? bijective diffeomorphism from B; onto
By, such that F (Bl \Bp) =B \B%. Suppose that F|,—; = I; and F'(0B,) = 0By/2. The

associated near-cloak is the push-forward of the identity matrix by F' given by

DFDFT |

2. Rl =220
(25) ) = GetDrT °

restricted to By \ B 1. Indeed, let B be a scalar or matrix-valued coefficient in B 1 and assume
that is it positive definite and satisfies (2.1)), for some 7 (which depends on B). If we consider
the coefficient of the form

oB () — B(y) in By
20 (y){m TG) i B\ By

then by a pull-back to B; \ B, (change of variables by F~1), we obtain the coefficient

We have the identity A,z = A Pl o] because F' is the identity on the boundary. In other words,

the boundary measurements associated with o® are identical to that obtained in a homogeneous
region with a perturbation in the ball B,, possibly very heterogeneous, described by F 1[B].
It turns out that positive definite perturbations contained in a region of radius p well within
the domain, contribute at most to a perturbation of the Dirichlet-to-Neumann map of order p?,
independently of the positive definite coefficient in the ball [NV09, theorem 1].

Theorem 4 ([KSVWO08]). Suppose the annulus B1\ By has coefficient oB given in ([2.6)). There
holds

d
(2.8) [Ags — AId”z:(H%(asl),H*%(aBl)) <Cp
where C' is an absolute constant. Equivalently,
(2.9) / oBVu, - Vu,— [ VU -VU| < Cpt|p|? . for all p € H? (0By).
B1 B H?2(0B)

u, and U are the solutions of (2.2)) for o = oB and o = 1, respectively.

Remark 5. When d = 2, a possible value for the constant C' in (2.9) is C = 162{330:4 < 50. We

refer to [FV89, [KSVWOS] for the details. Note that the expression of F, ! within B, is irrelevant.

Remark. Tt is well known that (2.8) and (2.9) are equivalent (see e.g. [FV89]). For any ¢ €
Hz (8B), there holds

/ oPVu, - Vu, — / VU -VU = (P Vu) - nedo — OnUepdo
B, By 0B, 0By

= {(Aor = Ar) @, ¢>H7%(6B1):H%(SBI) ’
thus if (2.8]) holds then

/ BV, - Vu, — 2 < Cpl ol
By

H(9B1),H ™ %(9B1)) 1eles o, < H @By

VU - VU‘ < o~ Arl
By
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Conversely, by the polarisation identity, for any non zero ¢, € H 3 (0B1) and any t > 0

1 1 1
A — A =l = A (to+ 1)t~
(oo Id)%wH_%(aBl)’H%(aBl) 4 <( 72 = Ar) ( vt tgo) A tS0>/H_%(aBl)7H%(aBl)

1 1 1
_4<(A0B—Ajd) (tw—t@>,tw—t@> . )
H™ 2(8B1),H2(0B1)

Thus when || holds, and choosing t2 = ||¢|| H%(SBI)/ vl 1k 08y yields

2 )
1
HZ(8B1)

’<(AUB - Afd) ¢7w>

H™%(9B,),H? (0B:)
2

1
<Cp? <H“/’ - ¥

' 1
Hiony T v+ g

_ d
=Co' 19l 13 o 191 13 o5,

therefore ([2.8)) holds. O
2.2. A radial transformation . Given 6 € (0,3], let g € C?([0,1],[0,1]) be a C? diffeo-
morphism such that g|[p 1 € C? ([p, 1], [%, 1]) is also a C? diffeomorphism, with g (z) = x on
1y
[0,6] U[1—46,1], g(p) = 3. We further require that ¢ — % is non-increasing on [1,1].
—1\/
We finally impose that max; 1 % < %. An example is given in Section The radial
transformation given by
F El *)El
x
z —g(|z|) Tl

is a diffeomorphism. The approximate cloak associated to F on B; \B% is given by
-1 d—2
g (Jz]) 1 =z x x x
(2.10) F. [Id]( 29— Az (- =2 =),
|| A=) =) |l EJIEd
/
tlg™") (0

where
20=|(5 () e 0] =[S e 3

is a non-increasing function. On the inner boundary of the cloak, r = %, the eigenvalue in
the tangential direction is maximal. This poses challenges for the quantitative analysis of the
approximation scheme we porpose, when it comes to obtaining estimates on the boundary. For
this reason, we smoothly extend A(r) to small region to the left of %

[\

Proposition 6. There exists a function Aoy € C1([0,1]), non-decreasing then non-increasing
(one bump) such that

1 1
(2.11) Aezt = 1 on [0, 1 —1—5} . et = A on [2, 1} ,

3. /1 3
2.12 1< Aem < 2N [ = 2.
(212) == <2><p
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Furthermore, there holds
1
(2.13) H)\ethLl(o,n < [np| and ||)‘ezt||TLLn(o,1) < 1 forn =2

When d = 2, set hey = 1. When d > 3, there exists a positive function hey € C1([0,1]) such
that

1 “1()\*? 1
(2.14) hegt=1o0n |0,= 40|, heu(t)= 9 (1) on |=,1],

4 t 2
(2.15) Beat <1 and 1 < (Aegt)”™ % hegr < 2772,
As a result, the matriz-valued radial function o given by

1 z x x x —

2.16) o(x) = heg (|2 ——— ® — + Az (| (I—®>>, orxz € B;\ By
210) a0) = how (o) (5 g © o + Aol (1= Z D)) forw € B\ By
is such that o(x) = Iy for x € Bi+5 \B% and x € By \ B1—s.
Proof. An example is written down in Section [ O

Proposition 7. Given B € L™ (Bi ; RdXd> a symmetric definite positive matriz-valued function
satisfying (2.1) for some n >0, let

B(.’lﬁ): B(l‘) Z:fxegia
o(x) ifx € Bi\ B,
where o is given by (2.16)). Then,

[Ags — Al < Cp?

1 1
L(Hf(aBl),Hﬁ(aBl)) =
where C' depends only on d.

Given any ¢ € Hz (0By), we refer to u € H' (By) as the function satisfying ulyp, = ¢ in the
sense of traces and such that

/ oPVu - Vodz = 0 for all v € H} ().
B

There holds

(2'17) <AUB <¢)’¢>H7%(5B1),H%(831) :/B U'BVU'VudSL’.

Proof of Proposition T4 While it follows from Theorem [d] we include a proof for completeness.
Setting = F,, (y), we obtain that

(Rom (9), 0 -1 oy 1) 01 = (Mrasin, (1) (@) 0)

_ / Vi - Viidz + / BVi - Vidz,
B1\B, B,

Hﬁ%(aBl)fH%(aBl)

where @ € H' (By) satisfies 4|,z = ¢ in the sense of traces and

/ Vﬂ-VvdaH—/ BVi - Vodz = 0 for all v € H (Q),
B1\B, B,
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where B € L>® (B,) is a symmetric positive definite matrix. Thanks to the uniform boundedness
result [NV09, theorem 1], there holds

||AId —A ) < Opd.

La+1s,(B—1a) HL(H% (0B1).H™ % (9B1)

We used the notation that for set D its indicator function is noted 1p. Since A

Ia+1B, (B*Id)
A5, the conclusion follows. d

2.3. A piecewise isotropic cloak by lamination. The matrix o given by is anisotropic
and smooth, whereas our purpose is to produce a cloak that is piecewise constant and scalar.
We make use of the fact that o depends only on the radial variable to un-laminate o, that is,
to introduce a sequence of laminated structures whose effective limit (the limit in the sense of

H-convergence see e.g. [BLP11] [CD99| [Mil02, [All02] [Tar09]) is 0. Given B € L™ (Bi;RdXd) a
symmetric definite positive matrix, for n > 1, let

B if ¢z € B17
Q1) A= {P0 o EEes

ar (nlz|) ifxe & En[L1], ke{0,---,n—1},
where, for each k € {0,--- ,n — 1} aj is a 1-periodic function, such that

« if0§y<0a(%)
ar (y) =4¢1 ifé, (%)§y<0a (%)+01 (%) for ally € [0,1).
v o if b (5)+61(5) <y<1,

and the functions 6, 61, and 6, = 1 — 6, — 01 are chosen so that

{ea (F) @+ 01 (1) + 0y (1) 7 = Aext () hexe (7)

0. (T 0,(r) _ Aext(r
24,1+ 43 = i)

(2.19)
«

In other words, the mean value of aj equals Aext (%) Rext (%), whereas its harmonic mean equals

Aext (%)71 hext (£). Explicitly, this means

_ O‘(Ae’“(")(hgxt (T)+'7)_hext(7‘)(’)’+1))
0a (7') - \ (h)e,((;Lgr)((l)—a)(’S—(;;) 0 :
— ext (7" ext (T)Fay ) —hext (T ay+1
(2.20) 61(r) = 1(: o h(ex;(r)()v—’ll)(l(—)((x) )
_ Y (Aext (T ext (T)+a)—hext (1) (a+1
01(r) = hext (N(—a)(7-1)

It is a straightforward calculation to verify that provided

(max 20’“) a<l
ext

(2.21)

o Dext
hext

7 > max <A1h—a>
then 61, 6, and 6., are in C* ([4,1],[0,1]) . Condition (2.21) holds under assumption .

On By \ By, AB () = A, (|z|), where for all t € [0, 1]
(2.22)

An0) = 3 (s (5)) (= 0+ Lo, (1), (5)0u(2)) (= B4 2 )10, ) (08— )
k=0

Remark 8. When 7 >1—6 , or when r < + +§ then 0, (r) = 0, (r) = 0, and 6; (r) = 1. Thus
if t € [0, 48] U[l—4,1], then A, (t) = 1.
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Remark 9. Note that if only two materials were present instead of three (setting any of 61,6, 0,
constant equal to zero), then system could be solved for at most one value of Agyt. A simple
laminate of two isotropic materials cannot cloak Bi' It is possible to cloak with two isotropic
materials using rank-2 sequential lamination (laminates of laminates in orthogonal directions,
see e.g. [AII02]), but this results in the introduction of much finer scales. The fact that layering
using only two materials isn’t enough was already observed in [HV14, [AKLL13| : here, in context
of effective media, it is the result of a direct calculation.

Note also that the fact that exactly three materials were used is not important: we only use

that (2.19) is satisfied.
Lemma 10. Let Mgy be given by Proposition@ and A, be given by (2.22). Set

|lnp\+$ when d = 2

|lnp|+nip when d =2
p* (1"‘7%,;) when d >3

1 when d > 3

(223) m(n,p) = {

There holds

ot = {

< Cna(n,p).

1Al 01y < Cm (m, ), and H
L1(0,1)

’I’L

For any f € WH* (Qs),

C
[ o) = ) At ) £ ) ] < ) (1001w + 1)
1 Aext (|2]) C C
| (o~ 2 ) F @ ] < Sma o, fHLoo(m e Wlima

Proof. Consider first the case when d = 2, with hey; = 1. From formula we obtain
1A (t)dt—lni1 1 1 (s)+1 (s) +~1 (s)d
| A= 3 [oa,(2) () F Yo (550 () )+ Mo (300, 5)0) ()
n—1
1 k
== et (=]
72 ()
the last identity being due to (2.19)). Similarly thanks to (2.19) there holds

1 n—1
1 1 k
—dt = — Aext | — | -
/oAnu) n,;o <n)

The function Aexy being one bump, from the upper bound on Aext (2.12)) we obtain

gi)\m <) / Aot (£) d) < Z [k k1) Aext (S)—Aext )

2
< — (max eyt — 1) < g,
n

:\w

L1(0,1)

np
and thanks to (2.13)) and the triangle inequality,

n—1
1 1 k 1
L1(0,1) [t n np
We have

||An||L1(o,1) = HAn
/95 (An (J2]) = Aexe (2])) dx_Z/Hl\Bk ( e (:))f(;v)dx—i—rl,
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with

Ir| <C 11l oo (25) < ”fHLOO(Qg) :

n—1 k
> s s o (£ ) = o (1)
k=0

In a second step, because the average of A,, is given by ([2.19)),

Bl

L1(0,1)

3 \

with

1
00l
L1(0,1)

[ AnllL10,1) | 190 fll e @)
L1(0,1)

1
Qmm+)naﬂumm,

as announced. The proof for the second estimate is similar. Suppose now that d > 3. By the
same method,

IN
31Q
—

<

| S v () o (£). o [ = a5 et
A, (t)dt = — Aext | — | hext | — |, and dt = — — e
/0 (t) n};} o) hexe o An (1) n];)hcxt(%)

Since Aexthext < C max (1, /\3_d) < C,
||An||L1(0,1) S C

1

1 d—1 .
v < % Z o Aext (%) . As above, this means
n

ext ‘ Ll(O 1)

On the other hand, since heyy > /\
/ ijtl dt + — (max Xj;tl — 1)
L1(0,1)

|5
co( ety

The other results follow, by the same method. O

3. PROOF OF THEOREM [II
This section is devoted to the proof of the following proposition.

Proposition 11. Given ¢ € H= (OB)), let u be given by (2.17) and u,, € H' (By) be the solution
of

51) {dw (ABVu,) =0 inQ,
Up = @ on 0f).
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There exists a constant C, depending only on § and the dimension, such that under assumption

, and alln > 1,
/ AfVun -Vu,dr — / opVu - Vudr
B,

B,
where ny is given in Lemma[10.

n HZ (6B1)

c/1 1 - )
<C (24 omr ) m o ol

We are now in position to conclude the proof of Theorem

Proof of Theorem[1. Choose ¢ (say, 6 = %) and set N > p~¢ (l + -2 +7p2_d) when d > 3,

o T a1

pdfl

and N > p~—2 (i + i+ 'y) [In p|2 when d = 2, then thanks to Proposition

d 2
[Aaz — A"Bna(H%(aBl),H—%(aBl)) < Cp” el o8y
On the other hand, from Proposition [7] there holds
d 2
180 = Al (13 081y 0800) < OP 13 o,
The conclusion follows from the triangle inequality. ([

We will localise all our estimates in the annulus €2s given by
(32) Q§ :B17%6\B%+%5'

To establish our result we use an estimate for solutions of elliptic boundary value problems such
as or , that is, with coefficients depending only on the radial variable, with two annuli
where the coefficient is constant. Given f € C (ST;) we denote by 0, f its partial derivative in
the radial direction when it exists. Given f € H' ({25) we note

x x
Vof = <Id ®> Vf
|z [z
the gradient components orthogonal to the radial direction.

Lemma 12. Let M € L™ (Bl,RdXd) be a positive definite matriz-valued function satisfying
(2.1) for somen >0, such that

M =14 in Bl\Bl—(SUB%_HS\Bi; and for any x € Bl\B%, M (z) = m1(|x\)ﬁ®‘%+
ma (|z]) (Id —E® ﬁ), with ma, ms € L™ (+,1). Suppose that f € H (By) is a weak solution
of the boundary value problem
(3.3) div(MV f) = 0 in By,

[ =9 on 0By,

with ¢ € H3 (9B1). Then, f,Vgf,mid.f,Apf € C(Qs;RY) , mid,f € WH(Q5), and
m10, (Vg f) € WH (Q5;RY). Furthermore,

H;ZQX(|f| +IVef) =C ”"DHH%(aBl) ’
s

< 1 1
ma (10, £+ a0 (Vo)) < © (1 Imalla s ) ) 19l 3 o,

and

|0y (10, f) ()| + |0r (M10:- Vo f) (x)| < C|mg (x) ) for a.e.ze Qs.

12l o,

Remark 13. The fact that laminate structures enjoy additional regularity is well-known [CKCS86,
LV00]. Lemma [12|is a variant of such results, where we derive precise estimates adapted to our
needs. Its proof is at the end of this section.
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Proof of Proposition[T1l By construction, 08 = hex; (|2]) (mﬁl ® g+ (Id —m® ﬁ) Aext (m))
in By \ Bi. Using the fact that u, —u € H} (By1), we find
/ oBVu - Vudz — / AfVun -Vu,dx :/ oBVu - Vu,dz — / AfVun - Vudzx
Bl Bl Bl Bl

:/ (A — 67 Vu,, - Vudz
Qs

=A+ B,
where A is the radial component, and B is the tangential component, that is,
_ hext
(3.4) A= — — A, | Oru,Oruda,
Qs )\ext

B = / (AextPext — An) Vot - Vgudz.
Qs

We rewrite the radial term to make the radial flux appear,

1 )\ext hext
A= / < — ) A, 0puy, —Orude,
Qs An hext /\ext

We have, by the product rule and Lemma [12| and Lemma

‘ 0, (Ana,.unhext&.u>
)\ext

2
- < (Hhext)\ext”Ll(Q) ||AnHLOC(Q) + ||AnHL1(Q) ||)‘exthext”L°°(Q)) Il H%(aBl)
L>(Qs

e 3—d 9
< (H)‘ext HLI(Q) ||An||Loc(Q) + ||AnHL1(Q) H/\ext HLOQ(Q)) HQOH H%(aBl)’
1 1 3
<Clel? s x <7+E) (|lnp|+n7) when d = 2
= H?2(0B1) 5 when d > 3

< 0773 (’Y,p) m (nap) HQOHQ H%(aBl)

a—|—% when d = 2

where 73 (a,b) = { . We also have

a when d > 3
hext 2
— <
‘ Anarun )\eXt 8Tu L) =~ C (1 + ||A”||L1(Q)) (1 + ||/\exthextHL1(Q)) ||§0H H%(c'?Bl)

2 2
< Cm(n,p) 12l 43 om,)

thus applying with Lemma with f = A, 0ru, ';Z"Z Oru, we obtain

C 1 9
A< o) (000110 000 1 00) i 6l
Similarly,
101 (Vottn Vo)l e

()
An iz ()

11 2
<c <a + pd-l) (0 PV IR 14 05,

/\ext
hcxt

2
(1 + ||A’I’L||L1(Q)) + ‘ (1 + ||/\exthext||L1(Q))> [lsoll HY(0B1)

Lo ()
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and
L) ) s (o)) llell s
a pd—l ’ ’ H?Z2(0B1)
1 1 2 2
< (5o ) m O Il
Thus when d = 2,

C (1 1 1\
< | = — _
A+B<— (a +7+ p) <|1an+ np) lel™ 3 o5,y

and when d > 3,

C /1 1 9—d 2
T R = R | Y
leading to the result. ([

Proof of Lemma[1Z On By \ Bi_s, f satisfies Af = 0, and f = ¢ on dB;. If follows that
f€CP(B;\ By_s) for any p € N, and in particular

vp
19 e o, ,,

) < C(p) Hf||L2(Bl\B1—6) ;
by Caccioppoli’s inequality. Thanks to Poincaré’s inequality, we have

102 (Bonsesy) < C (19 s (mvma) + 19013 o) -

Furthermore, from the fact that f is a minimiser of the Dirichlet energy

/B, MV¢-V¢dm+/ V¢ - Vedz,

B1\Bi1-s;
amongst all ¢ € H' (B;) functions with trace o, we deduce

(35) 531\3% (f) < C ||SD||H%(3B1) ’

and in particular ”Vf”L?(Bl\Bl,gl) <C ||¢||H%(831). Altogether, we have obtained that

(36) w75l ) <O

hd <831_%51

where C depends on p and 0. Note that f also solves div(MVf) = 0in By 15, and thus

by the maximum principle and the previous bound, Hf”m (Bl+5\31> < ||f||Loo (631,;5) <
4 4 2

C”SD”H%({)Bl)' Noticing that f is also harmonic on B1,s\ Bi,we obtain that by the same

argument,

(3.7) ||fo|\Loo (B ) < C(p) H‘pHH%(aBl) '

1 1
1+39

We now consider ([3.3)) as a boundary value problem posed on 5. Namely, f satisfies, in polar
or (hyper)spherical coordinates

Oy (rd_lml (r) Brf) + 7% 3m, (r)Agf =0 in Qs,
(3.8) f=gon0Bi, 15U0B, 15,
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where Agf is the Laplace—Beltrami operator (Jpp when d = 2) and g = f. Remark that Agf
is solution of (3.8]) with boundary value g = Agf. Thanks to (3.6) and (3.7)) together with the
maximum principle, and the energy estimate (3.5 applied on s we deduce that

(3.9) 1Asf I}y < C ”‘p“?q%(aBl)'

Integrating 1) in r, we find for any r and rg in (i, l),

=ty (1) 8, f (r, ) = r§tma (ro) 0, (ro. ¢) = — /T s77%my (s) Asf (s, 9)ds.

To

thus, with rg =1 — %6, thanks to 1) and 1 , we have obtained

s ()0 (s )l eiany < C el g3 o, (1 Imall o) -
Alternatively, we have directly
|8r (Td71m1 (7’) arf)| — ‘rdf?’mg (7’) A,ﬁf} S C ||m2HLOO(%’1)

The proof of the estimates for V4 f is similar. O

4. AN EXPLICIT CLOAK CALCULATION

We introduce a radial transformation that is the identity on a neighbourhood near the bound-

ary. A non-smooth piecewise linear candidate go with g(1) =1 and g (p) = % is
14 572 4 5y forte (p,1— 2]

(4.1) go(t)=472 1727 ’ :
t for t € (1 —20,1]

A C* variant is g : t — 3 + f; J*X1s (t) dt, where x is the standard mollifier, and

1

=+cs fort<1-26
g(t)=17 :

1 fort >1-26

where ¢s > 0 is such that g (1) = 1. In particular, g is affine near r = p, that is

s =5+ (3+e) -0,

and its inverse is also affine near ¢ = , with g7 (£) = p+ 1+2206 (t — %) . The radial transforma-
tion is then given by

F:Bl\Bp %Bl\B%
X
x—>9(|x|)m-

The approximate cloak associated to F' on Bl\B% is given by

1 T T T T
(4.2) F*Ud]-mm@m—F/\(‘ﬂ) (Id_|x®|$|)7

where



A CONSTRUCTIBLE CONDUCTIVITY CLOAK VIA HOMOGENISATION 14

In particular near t = %,there holds
2 t
14+ 2¢c5 p+ 1+2205 (tf%)'

A ()

We introduce the following C'! extension of A denoted by
A(r) for
1 s—(L1_s
(43) >\ext T — )\ (%) - >\, (%) fr2 X (((2522)) dS fOI‘

(Aext(;_@)_1)x(’“‘(5gjﬁ‘3)>+1 for r < 1 4,

IN

r<1

N[= N[=

*52ST<

N[ =

where y is a smooth non-decreasing function such that x (0) = 0, x (1) = 1, x(™ (0) = x™ (1) =
0 for all n > 1, and d5 and d3 are two small positive parameters. We choose do so that

-X(3) (fol X (s) dS) 62 =1X(3), that is,
1+ 2¢s 1
L=2p(es +1) [ x (s) ds

1 3 1 3
I[Iafli)]()\ext ('I") = )\ext <2 — 62) = 5)\ <2) < ?p

The maximal value of Aex; is comparable to that of largest eigenvalue A of the original diffeomor-
phism F. Both are, when in comes to the dependence on p, similar to the optimal L' solution
given in [CV22)]. Altogether, the approximate cloak coefficient we consider is

)

5 =2

so that

1 x
Aexct (|]) []
Note that for z € B1_5, 5, \Bi U B1\ Bs, 2 o(x) = Iq.

Next, we estimate fol Al (t) dt, with n > 1. We have

(4.4) () = ®Q+Mmm@_x

T _
— |, f € B\ B:.
) e Bm

1 1 1-38 1
/ Aext (t) dt < 3 25 + d3max AL, + / Ao dt 4+ / An i dt.
0 1

3 —36

n
. . . 1-33 1-35 .
Choosing 03 = 7L, the leading term is f% A2 dt = f% <1+22c§ pon 1+22; (t—é)) dt. Since

g is linear on this interval, the formula for Ay is explicit. We obtain that

1-26 1 1
/ AL dt:fln;—i—CWhenn:l,

N ext 2

2
1 C
=_pl™ (1 + ) when n > 2.
2 P

where C' bounded uniformly with respect to p.
Finally, we turn to heyxt when d > 2. We set

@ on [0,3 -],

e ()= | i (1 (0 3)7 =) (F52)) o0 (-0ud).
(0 I on [1,1].
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Since (g_l)l is constant in a right- hand side neighbourhood of 1 3 hextAext (t) is smooth. Fur-

thermore, (g ) decreases from —=—to 1 on [ ] therefore 2d 2> hextdext > 1. The other

properties are readily verified.

EET 2
5. A VARIABLE SCALE VARIANT OF THEOREM m WHEN d = 2.
Given o =0 < @1 < --- < z, = 1 a partition of (0, 1), if we set instead that for all ¢ € [0, 1],

t—xp
—azl[oe m»( )

Tk41 — Tk

p—1
t— xp
) 1oy (@) 00 (w0) 401 (20)) ()

€T — X
k=0 k+1 k

p—1
t— Tk
+ VZ 10w (@) 401 (z1),1) () )

T -
P k+1 = Tk

and
p—1

/\gxt = Z 1[a:p,mp+1)>\ext (xp) y
k=0

then a variant of Lemma [10] shows that

H Ap Lo,
and for any f € W1 (),

/ (Ap (J2]) = Aose (J2]))
Qs

= ||Ap||L1(o71) <|lnp\ + [ Next — ext||L1(0,1)) )

Z Aext = Abxtll L1 (@ o) 11 oo (2 1)
k=0

+ Z 4p — eXtHLl(xk Tot1) (@1 — k) [|Or f”Loo (Tr,Thg1) *
and

/ (A7 (1) = Aexs (12])
Qs

<Z||Aext Nl s oron s 1 o)

-1
+ § : HAP extHLl(ack To41) (@hs1 — 1) ”a’“fHL‘x’(erJrl)
As a result, the estimate in Proposition [11]is modified to

<Cellpl2 g

/ AfVup-Vupdx—/ opVu - Vudz
Bl Bl

where

2
ep = 1p ([Inp| + 1)

314y = Nl oy @1 = 28 (4l e gy ) + Pt (o) ) (001475
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p—1
-1
+ kz: ||Ap - AgXtHLl(ﬂik,werﬂ (xk+1 - l'k) (||Ap||L°°(wk,xk+1) + ||)\ext||L00(zk,zk+1)) (|11’1p| + np) )
=0
and
p—1
Np = ||/\Iejxt - AeXtHLl(O,l) = Z ||)\ext - /\gxt"Ll(wk,zx+1) ’
k=0

and Theorem |l1|is established provided €, < p?. When only three materials are used, || A, || Lo =

Ty Tht1)
v is constant throughout the cloak, and C~v > ”)‘EXtHLO"(mk.karl)‘ Bounding 7, by
p—1
Tlp < Z |)\ext (karl) - )\ext ($k)| (xk+l - xk) 5
k=0

An upper bound for ¢, is

p—1
ep < Clnp| Y (wri1 —ax) fr (xk,xkﬂ,ln 1) ;
k=0 P
with
Ji(a,b,c) =7 ”Ap - )‘gxt”Ll(a,b) + ¢ dext (@) — Aext (B)] -
On the other hand, given p, suppose given 1 < y; < - <7ypand 0 < ap < -~ <ay <1, s0
that for each k € {1,--- ,p},

/\ext(wk)_ak
Tk = 1—agAext(Tr)

{)\ext (xp)ar <1

Then, there exists 0%, 0%, 9,’3 satisfying

olg‘ak + olf + 95’}% = Acxt (’l’k)
L0 405+ 108 = Aoy (1)

ap &

Suppose also that i + a% < CXext (z). Then, laminating with these materials, since Aoyt is a
one bump function, we obtain

p—1
1
€p < OZ IIn p| f2 (Ik,$k+171n > (Thy1 — 21),
k=0 P
with
fa2(a,b, C) = max ()‘ext (a) s Aext (b)) ||Ap - AgxtHLl(mb) +c |/\ext (@) = Aext (b)| .

We now describe a elementary method to coarsen the layers of the laminate. Denote .y the
point where Ayt reaches its maximum, and set €y the target error — for example, ¢y = |1T1p\ p.

Start with zg = i,and Aext (o) = 1, and define z,, inductively. Set zg = Zmax, and for all
m >0, 2,41 = % (X + 2m). Let mg be the smallest integer for which fi or 2 (2mg, Zn) < €9. We
then define z,41 = 2p,. The maximum point xmax is reached after a finite number of steps, say
po. We then proceed similarly for the subsequent part. Given n > pg, set with zg = 1, and for
all m >0, 211 = % (n + zm). Let mg be the smallest integer for which fi oy 2 (2mg, Tn) < €o.
We then define x,,11 = 2,,,. The endpoint 1 is reached after a finite number of steps, p.

The resulting ¢, satisfies

p—1
ey, < Cllnp| Zeo (k41 — x) = C|lnp| eg.
k=0
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FIGURE 5.1. A comparison of the number of intervals needed when coarsening
with three materials, corresponding to the error bound f; (blue), with multiple
materials with the corresponding error bound f> (grid) or three materials and
all layers having the same width (dashed).

We compare the different coarsening methods in Figure [5.1} on page For the three materials
coarsening scheme with the error function fi, we set ¢y = Zz;(l) f (%, %, max )\ext) %, replace
In p and plot the resulting maximal step number p; as a function of n, in blue . On the same plot,
we represent the maximal step number p, obtained when using the many materials coarsening
scheme with the function f5, with the same ¢y, in green. the dashed line represents the uniform
grid, which exactly attains e¢g for f;. We observe that both scheme provide comparable results:
the improvement obtained by allowing for many materials seems to scale linearly with the number
of points.

In Figure [5.2] on page [I8 we show the corresponding structure, corresponding to n = 30. As
expected, the finer scales are required near r = % Very thin layers of a and v are required
in the middle picture near » = 1. On the contrary, because we use less contrasted material in
that region the right-most pictures shows large strips of different materials. Various nuances
of orange/red correspond to <y, whereas various nuances of blue/cyan correspond to ay. This

allows for larger layers, which could be desirable for manufacturing reasons.

CONCLUSION

We have shown that three-materials radial laminates can be used to create approximate cloaks
with equivalent properties to theoretical cloaks derived by analysis. The key is to vary the
thickness of each laminated layer, Our result is uniform with respect to the boundary data:
we have shown a property of the Dirichlet-to-Neumann operator. We illustrated our result on
an example, and proposed a variant of our result with coarser layers, and substitute materials.
Our result is quantitative : it guarantees an approximate cloak of order p for a given number
of layers. We do not claim that this number is the lowest possible threshold. In the analysis,
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&

t)

FIGURE 5.2. Three laminates with the same cloaking properties. From left

to right, with a uniform scale and three materials, with three materials after

coarsening, with multiple materials after coarsening

we made full use of the fact that because the cloak is a laminate, the gradient of the solution
of the boundary value problem enjoys higher regularity. It is possible to prove a similar result
with cloaks exhibiting more complex microstructures, but with the method we have used, the
threshold scale will be lower, leading to finer structures. At the heart of this appraoch is numerical
analysis, and precise error estimates. These estimates could be used in an optimisation problem,
penalising too fine structures, or the total mass of higly conductive / highly insulating materials,
should it be relevant in a cost-effective manufacturing process.
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