N

N

Multivariate Multiplicative Functions of Uniform Random
Vectors in Large Integer Domains
Zakhar Kabluchko, Alexander Marynych, Kilian Raschel

» To cite this version:

Zakhar Kabluchko, Alexander Marynych, Kilian Raschel. Multivariate Multiplicative Functions of Uniform
Random Vectors in Large Integer Domains. Results in mathematics = Resultate der Mathematik, 2023, 78 (5),
pp-201. (10.1007/s00025-023-01978-4). <hal-04671556)

HAL Id: hal-04671556
https://hal.science/hal-04671556v1

Submitted on 15 Aug 2024

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Au‘to':'lizition
HAL Authorization


https://hal.science/hal-04671556v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

MULTIVARIATE MULTIPLICATIVE FUNCTIONS OF UNIFORM RANDOM VECTORS
IN LARGE INTEGER DOMAINS

ZAKHAR KABLUCHKO, OLEKSANDR MARYNYCH, AND KILTAN RASCHEL

Asstract. For a wide class of sequences of integer domains D,, ¢ N9, n € N, we prove distribu-
tional limit theorems for F(Xin),...,X;n)), where F is a multivariate multiplicative function and

(Xin),...,X((in)) is a random vector with uniform distribution on D,. As a corollary, we obtain
limit theorems for the greatest common divisor and least common multiple of the random set
{Xin),...,Xt(in)}. This generalizes previously known limit results for D, being either a discrete

cube or a discrete hyperbolic region.

1. INTRODUCTION

Let F : IN? — C be an arithmetic function of d > 1 integer arguments, with N ={1,2,3,...}. A

standard problem in analytic number theory is the estimation of the multivariate sum

ny

Z---iF(xl,...,xd)

x1=1 x4=1

for large values of (n1,...,1;) € IN?. A particular instance of this problem consists in establish-

ing existence of the so-called mean value of F, which is defined via

1y 14

(1) M(f):= lim ;Z--~ZP(x1,...,xd).

s R x1=1 xg=1
In the probabilistic language, (1) may be recast as follows. Let (Ul(nl),..., U;nd)) be a random
vector defined on some probability space (Q, F,P) and which has the uniform distribution on

the finite rectangular set

(2) Rnl,...,nd = >d<[11ni] mINd'
i=1
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Then, with [E denoting the expectation with respect to IP,

(3) M(F)= lim EFU™,.. 0.

Nny,...,Ng—00

A general result on existence of M(F) is due to Ushiroya [21].

A multivariate arithmetic function F : N — C is called multiplicative, see [20}, 21}, [22]), if
F(1,...,1)=1 and F(myny,...,myng)=F(my,...,myz)F(ny,...,n3),
for all (my,...,my) € N% and (n,...,n;) € N? such that
GCD(mq---myg,ny---ng) = 1.

A specialization of Ushiroya’s results from [21]] to a multiplicative function F implies that under

a mild summability assumption on F, the mean value M(F) exists and is equal to

d o0 i i
@ Mipy=[ J(1-5) 3y Ft,
i1=0  ig=0
where P stands for the set of prime numbers.

In the last years, there has been a lot of activity around various generalizations and exten-
sions of the aforementioned results. In a probabilistic direction, one may ask about the asymp-
totic behavior of distributions of the random variable F(U{n‘), . U:ind)), as ny,...,ng — oo in .
This question has been addressed in [4] for a particular choice of F, namely, for F(xy,...,x4) =
G(LCM(xq,...,x4)), with G being a univariate multiplicative arithmetic function. The univari-
ate case d = 1 is the classical Erdés-Wintner theorem, see [11]], which provides necessary and
sufficient conditions for the distributional convergence of F (U{n)) as n — co. In another, more
analytic direction, the rectangular domains R, ,,, in are replaced by more sophisticated
domains of summation D,, ¢ IN?, which grow to N as n — co. In particular, in the recent

work [17]], the case of spherical summation over the regions
S, ={(x1,...,x3) eN?: x%+~-+x§ <mnj,

has been analyzed, whereas the papers [14, [15} [16] were devoted to the study of summation
over hyperbolic regions
H, ={(x1,...,x5) € N?: x; e xg < nj

and their generalizations. A surprising phenomenon revealed in the cited works is that the

mean value M(F) given by (4) is universal for rectangular, spherical and hyperbolic domains.
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More specifically, let D, be either R, ,, S, or H,. For every n € N, let (Xin),...,X;n)) be a
random vector defined on (€2, F,P) and having the uniform distribution on D,,, that is,
n) 1

( . . . .
P{x\,. X = iy, ig)) = 5 (ienid) €D,
n

where #D,, denotes the cardinality of D,. Then, under the same summability assumption on F

as in Ushiroya’s result, we have

(5) lim BF(x\",...,x\") = lim — Y Fla,ex)

n—-oo

The purpose of the present paper is two-fold. First, we shall provide a probabilistic explana-
tion which lies in the core of (5), by providing sufficient conditions on F for the distributional
convergence of F(Xi”),...,X;")) as n — co. Second, we shall do this not only for the three types
of regions mentioned before, but for a quite general class of integer domains D,, satisfying mild
assumptions.

The paper is organized as follows. In Section |2} we formulate our standing assumptions on
D,, and present our main results, which are distributional limit theorems for F(Xin),...,X;n)).
The proofs are collected in Section |3} In Section |4} we provide various examples of domains
D, satisfying our standing assumptions. In particular, the aforementioned domains R, .,
S, and H,, are covered. In Section [5|we discuss how to construct new domains satisfying our
conditions, using standard set-theoretic operations. Some auxiliary results are collected in
Appendix[A]

Throughout the paper we use the following standard notation: — denotes the convergence
in distribution (weak convergence of probability measures); Int(A), cl(A) and JdA are the topo-
logical interior, closure and boundary of a set A C RY, respectively; a(n) ~ b(n), n — oo, means

that lim,,_, . (a(n)/b(n)) = 1.

2. MAIN RESULTS

2.1. Preliminaries. Throughout the paper, we assume that F is a multivariate multiplicative
arithmetic function of d > 2 variables. Every multivariate multiplicative function is completely

determined by its values on the powers of primes. More precisely, let A,(n) denote the power
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of prime p € P in the prime decomposition of n € IN. Then
xi:l_[p/\P(xi), i=1,...,d,
peP
implies

F(x];...;Xd) = l_[F(p/\P(xl)’“',p/\p(xd)).
peP

The crucial observation for everything to follow is the representation for M(F) in via
independent geometric random variables. Let (G1(p),...,Ga(p))pep be an array of mutually in-

dependent random variables with geometric distributions
A
H){gk(P)Z]}:;; j€Ng, peP, k=1,....4,

where Ny := INU {0}. Then

M(F)=E

]_[F(pgl(p), L ,pgd(P))] .

peP

The main result of our paper gives sufficient conditions on F which ensure the convergence in

distribution
(6) P(X§”>,...,X;">):| |p(pAp<X§”’>,...,pip<Xi{">) 2 [ TR0, p%) =
n—o0o
peP peP

for a general class of integer domains D,,, which we are now going to introduce.
Let (D,),cn be a sequence of finite, non-empty subsets of IN. Assume that for every fixed
ceZ% where Z = {0,+1,+2,...}, the following condition is fulfilled:

. #(Dy+c)NDy)
7 1 =1.
) P
Note that (7) is equivalent to saying that for all ¢ € Z¢,
. 0,(0)
lim —— =0,
n1—>nc}o #D,, 0
where, denoting A the symmetric difference of two sets,
(8) on(€) := #(DyA(Dy +€))-

Condition (7) is known in the literature as the regular growth condition; see Chapter 3 in [5].
Several equivalent versions of (7)) can be found in Appendix[A]below.
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2.2. Convergence of prime powers to geometric laws. Our first main result states that, solely
p(Xﬁn)),...,/\p(XLn)))pep converges in dis-
tribution to an array of independent geometric variables, thereby providing the first evidence

supporting (6).

under assumption (7), the array of random vectors (A

Theorem 2.1. Assume that holds. Then

(/\p(xin)),,,,,/\p(xé’“)) s (Gi(phre s Galp)) pep

pe’]) n—o00

in the space (R?)® endowed with the product topology.

.....

number theory and has a long history, see, for instance, Egs. (2.5)-(2.7) in [19] and [2]]. Note that
in this case, the components XYI), e, X;n) are independent and X](.n) has the uniform distribution

on {1,...,n]~}, forevery j=1,...,d.

2.3. Limit theorems for F. We start with finding conditions ensuring a.s. finiteness of F, in
(6). Recall that we assume d > 2. According to Eq. (20) in [4] (or just by an appeal to the

Borel-Cantelli lemma), we have

Z ]]_{Z‘Iz:] gk(p)ZZ} <oo as.
peP

Furthermore, because F is multiplicative, F(1,1,...,1) = 1. Thus, a.s. finiteness of F, is equiva-

lent to the a.s. convergence of the product

F.:= ]_[ F(p91P), ..., pYalp)y,
PP L1 Grlp)=1
Fori=1,...,d, put
Fi(x):=logF(1,...,1,x,1,...,1),

where x € IN on the right-hand side is on the i-th position and log is the principal branch of the
logarithm (a branch which satisfies log(1) = 0 and has a branch cut along (—o0,0]). We assume
that for all i = 1,...,d, there are only finitely many p € P such that F(1,...,1,p,1,...,1) falls in-
side the branch cut. Otherwise, we stipulate that the series diverges. Thus, the a.s. convergence

of F,,, hence of F,, is equivalent to the a.s. convergence of the series

d
9) 2|2 _Filp) L6, p1-0for joit |

peP\i=1
comprised of independent random variables. An application of Kolmogorov’s three series the-

orem immediately yields the following:



6 ZAKHAR KABLUCHKO, OLEKSANDR MARYNYCH, AND KILIAN RASCHEL

Proposition 2.3. The infinite product F, converges a.s. if and only if the following series converge

for every A > 0:

d d d
1 1 1 2
(10) ) l_7§ LAl ) [—)E Fip) L pyicar ) l_7§ IEi(P)I” ik (p1<a) -

peP " i=1 peP " i=1 peP " i=1
It is clear that the convergence of the three series (10) is a necessary condition for (6). Prov-

In this paper, we restrict our attention to a subclass of multivariate multiplicative functions
satisfying (10). Namely, we shall assume that, for alli=1,...,d,

1 1
(11) Y pppay <o and ) —IFi(p) g pyca) < oo
peP p peP p

It is obvious that implies (10). The difference between conditions and is that
is necessary and sufficient for the a.s. absolute convergence of the series (9), whereas under
the a.s. convergence of the series (9) is, in general, only conditional.

In order to prove (6) under (11), we shall impose a mild additional assumption on D,,. For
i=1,...,dand ae N, put

Zi(a):={(x1,...,x4) € z° . x; is divisible by a}.

As we shall see below in Lemma solely under assumption (7), one has

. #Dy,NZi(a)NZi(b) 1
(12) m, #D, " ab’

for every fixed a,b e N and i,j = 1,...,d, i # j. However, we shall need a further assumption
that refines the above limit relation, providing a kind of uniformity in (12). Namely, we assume
that there exists K > 0 such that foralli,j=1,...,d,i#j,a,be Nand ne N,
#DuNZi(a)NZ;(b)) K

#D,, T ab

(13)

Recall that (Xin), . .,X;n)) is a random vector picked uniformly at random from D,,. Below is

our main result.

Theorem 2.4. Assume that F : N? — C is a multiplicative arithmetic function such that condi-
tions hold. Let D,,, n € N, be a sequence of subsets of IN“ such that (7)) and hold. Then

w
F(Xﬁn),...,X;n)) e ]_IF(pgl(p),...,pgd(p)).
peP
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Examples of integer domains satisfying (7) and will be presented in Section [4]
The following functions F

LCM(xq,...,x4)

N’ 3 (x1,...,x4) = GCD(xq,...,x5) and IN93(xq,...,x4) P
Xy

are multiplicative and satisfy F;(x) = 0 for every i = 1,...,d. Thus, Theorem [2.4]is applicable,

leading to the following corollaries.
Corollary 2.5. Assume that (7)) and (13) hold. Then

GCD(XY”,. l—lpmmkl ,,,,, a9k(p
n S peP

The limiting random variable has the following distribution

(14) Hpmmkl ,,,,, dgk()_] — 1 i jeN,

per )

where C is the Riemann zeta function.

Corollary 2.6. Assume that (7)) and hold. Then
LCM (Xﬁ”),...,xf{”)

Remark 2.7 (Bibliographic comments). Below is a comparison of our results with the existing
ones.

,,,,, n- In this case Corollaries [2.5/and [2.6] are known, with Corollary [2.5/having a
long history. The fact that two independent random integers picked uniformly at random from
{1,...,n} are asymptotically co-prime with probability 1/C(2) = 6/, that is

lim P(GCD (X", X3") = 1) = 7(62

goes back to Dirichlet [10], and generalizations of this relation to d > 2 integers are due to
Cesaro [6}[7]. To the best of our knowledge, Corollary [2.5]is due to Christopher [8], see also [9].
Formula follows from the following chain of equalities. For s < d —1, by Euler’s product

formula
d .
1 1 C(d—-s) 1 j®
ming_; Gr(p smin Gr(p _ J
IEllp k=1,...d Gk(P ] I_[IEp k=1,...d4 Gk (P ]_[(1 pd)l—ps_d_ c(d) C(dzd
peP peP peP

Corollary [2.6]can be extracted from Theorem 2.1 in [18] and is given explicitly in Remark 2.4
in [4]]. Further pointers to literature related to Corollaries and in case D, =R,
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can be found in the introduction [4] and in the survey [13]. In [4] a version of Theorem
was proved assuming that F(xy,...,x;) = G(LCM(xy,...,x4)) for some univariate multiplicative
function G : N — C. Asymptotics of moments accompanying the aforementioned distribu-
tional convergences have been derived in [18} 20} 21]].

Case D,, = H,, (AND MORE GENERAL HYPERBOLIC REGIONS, SEE EXAMPLE BELOW). In this case,
Corollaries and can be found in Theorems 3.5 and 3.7 in [14]. The corresponding
asymptotics of moments has been derived in [15} [16]].

Case D, = §,,. The distributional convergence is completely new. The asymptotics of moments

has been analyzed in [17]].

3. PROOF OF THE MAIN RESULTS
3.1. Proof of Theorem[2.1} We first need an auxiliary lemma.
Lemma 3.1. Fix my,...,my € Nand j, €{0,...,m, -1}, k=1,...,d. Put
pYrmAe) (i) €Dy g = ji (modmy) forallk = 1,...,d).

If holds, then

#pUvMjama) 1

15 li u = .
(15) oo #D, my - my

Proof. Note that

my;—1 my—1

(16) U U Dh Sy, ]dmd

h=

and the sets on the right-hand side are pairwise disjoint. Furthermore,

Diz]l’ml’w]d’m{j) D m(]1"'7/”1 ,]d+de) (jl;---;jd)"‘(Dn—(jl;---;jd))n(mlz;---;mdz)-

Thus,
#D(O Jy,..,0,My) #D(jlrml rrrrr jarma)

=#(DyN(MZ,...,mgZ)) = #(Dy = (j1,---»ja) N (M Z,...,myZ))|

<#(Dyn(mZ, Z2))A((Dy = (j1s---rJa)) N (M Z, ..., mg Z)))
<#(PpADy = (j1s---rja))

and we have proved that (with 9, introduced in (8))

(17) g\ P 0ma) _yplivmosiemall ¢ 5 (i),
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Plugging this into yields

o Oma) m—-1  my-1

m ,m . .

'#D —my--mg#Dy T < Z---Zén(—(h,---,m))-
Jja=0

J1=0
Dividing both sides by #D,, and sending n — oo implies for j; =--- = j; = 0. Using the
estimate (17), we obtain for arbitrary ji,..., j;- O

Proof of Theorem Fix pairwise distinct prime numbers py,...,p,, € P, nonnegative integers

jk,tik: 1:-";d;t: 1)'--;m1 and write
P, (X(”))zjktforallkzl dandt=1,...,m)

=P(x\" is divisible by p}' forallk=1,...,dand t = 1,...,m)

:IP{ ) is divisible by ]_[p]“—: pi forallk=1,...,d}

1 © «©
#Dnz1 Zl]l i1,..,iq) €Dyt ig =0 (mod py), k= 1,...,d}.
1= i

By Lemma applied with m; = p; and jx = 0, k = 1,...,d, we see that the right-hand side

converges to (y; -+ ptg)" as n — co. It remains to note that

d m
! :]_“_[L P{Gy(p;) > jis forallk=1,...,dand t=1,...,m).
Procbd oy e p
The proof of Theorem [2.1]is complete. O

3.2. Proof of Theorem 2.4} Fix a large positive constant M and note that

(n (n)
FO, Xy = [ X0, ph )

peP
I_[ F(p/\p(Xih))}.._,p/\p(X;”)))][ I_[ F(p/\P(X{”))}“_,p/\p(X;n))) Y, (M,n)YZ(M; n).
peP,psM peP,p>M
By Theorem [2.1} one has
Y, (M, 1) H%O)o F(p91P), ..., pYp)y,
peP,p<M

Furthermore, the right-hand side of the latter converges a.s. to F, as M — oo, which is a.s. fi-

nite. According to Theorem 3.2 in [1]], it remains to check that for every fixed ¢ > 0,

(18) hm limsupP{|Y,(M,n)—1| > ¢} =0.

M—-oo 500
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Note that

1’!

(19) P{|Y,(M,n)- 1|>£}<]P{forallp€77p>M Z)\

)< 1,|Ys(M, 1) — 1|2£}
i=1

d
+1P{for somepeP,p>M, ZAP(XEH)) 2 2}-
i=1

The second term in can be estimated as follows:

n

P{for some p € P,p > M, Z/\ ) > 2}

i=1

< P{there exist pe P,p>M and i = 1,...,d such that A,(X; x" ) > 2}
+ Pfthere exist p e P,p>M and i,j = 1,...,d,i = j such that 1,(X") > 1,A,(x!") > 1)
= P{there exist pe P,p>M and i = 1,...,d such that p* divides X;n)}

+ IP{there exist pe P,p>M and i,j = 1,...,d,i # j such that p divides X;n) and X](.n)}

d
< Z Z {p? divides X( }+ Z, Z IP{p divides X )and X; (n) }
i=1 peP,p>M i,j=1,i#j peP,p>M
d d
#(D,, OZ #D,NZi(p)NZ;
_ Z Z + Z Z (Du ;g) ](P)).
i=1 peP,p>M i,j=1,i#j peP,p>M "

The double limit (1 — co, M — o0) of the first term is equal to zero by an appeal to with
a=p?and b=1,since

1
lim — =0.

M0 peP,p>M p
Similarly, the double limit of the second term is equal to zero by an appeal to witha=b=p.

In order to deal with the first summand in (19 E, we first observe that on the event

{forallpEPp>MZ/\ (x) <1}

i=1
we may pass to the logarithm of Y,(M, n). Thus, it suffices to prove that, for every ¢ > 0,

d
(n) (n)
lim limsupP{forallpeP,p>M, ) A,(X")<1,| Y logF(ph™), . ph®i) > et =0,
M=eo 0 i=1 peP,p>M

Introduce, forn€IN,i=1,...,d and p € P, the events

Cuip = 14X = 1,4,(x") =0,j % i),
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and note that C,,; , N C, ; , = @ as soon as i # j. On the event C,,; ,, we have
(n) ()
logP(p/\P(Xl ),...,pAP(Xd )) =Fi(p)
and, therefore, it suffices to show that, for every fixed ¢ > 0,
2 smmsprl| ¥ S s[>
pEP,p>M i=
Fix some A > 0 and note that, for every ¢ > 0,
P ) ZP PIACip) | 2
peEP,p>M i=
< P{for somepePandi=1,...,d, |[Fi(p)|>Aand C,; , holds}
< ) Zﬂup A PCuipl < ) Zﬂ Fpba PR () 2 1)
peP p>M i= peP p>M i=
#(D, OZ
Z ZH Fipl>Al —p =K Z ZHHF I>Ap
peP,p>M i= peP, p>M

11

where we used (13) with a = p and b =1 for the last passage. The right-hand side converges to

zero as M — oo, in view of the first relation in (10). So, in order to prove (20), we need to check

that

d
(21) A}Iim limsup P Z ZPi(p)]l{|pi(p)|gA,Cn,,-,p} >epr=0.

.
© noeo peP.p>M i=1

This is accomplished by an appeal to Markov’s inequality as follows:

d
P Fi(p PISACL =€ < IFi (P L, (p)1<a) PAChi p}
P

[

peP,p>M i= peP,p>M i=1
d
L (n)
<z ) Z'Fi(PN]luPl-(pnsA}IP{Ap(Xi )> 1)
pEP,p>M i=1
#(Dy N Zi(p))
Z ZP Lt —— P
pePp>Mz n

K d
< ? § § |<A}I
peP,p>M " i=1

‘BIH
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where we have utilized with @ = p and b = 1 for the last inequality. The proof of The-

orem is complete, since the right-hand side converges to zero, as M — oo, by the second

relation in (11).

4. EXAMPLES OF SUITABLE INTEGER DOMAINS

In this section we provide a series of examples of domains D,, that satisfy (7) and (13). In
, in (2), S, and H,, mentioned in the introduction, are all

admissible. Thus, under assumption on F, the distributional convergence (6) holds true

particular, we show that R, , .

for all domains listed below.
4.1. Sublevels of monotone functions.

Proposition 4.1. Assume that f : [1,00)? — R is a coordinate-wise nondecreasing function such
that, for every j =1,...,d,

lim f(xq,...,x3) = oo,
x]'*NX)

provided x; > 1, i # j, are fixed. Put
D, = D,j; ={(x1,...,x) € N* s f(x1,...,xq) < nf

and
D, ;:= Di,i ={(x1,.. -, Xi_1, Xjs1,---,X4) € N4-1 f(x,eoxisn, Ly, xg) < nj,
fori=1,...,d. If, foreveryi=1,...,d,

. #D,;
(22) lim = =0,

n—00 #Dn

then the sequence D,, n € N, satisfies (7)) and (13).

Proof. Let us first verify (7). According to Proposition in Appendix [A] it is sufficient to
check forc=e¢;,i=1,...,d, where ej,...,e; denotes the standard basis of RY. Note that
D,\ (D, +e;)=D, ;. Thus, yields that fori =1,...,d,

lim #(Dn \ (Dn + ei)) - 0.
n—co #Dn
It remains to check that fori=1,...,d,
#((D I\ D
n—o0 #Dn

Without loss of generality, we shall do this for i = 1. Note that

(D, +e)\D,, ={(x1,---,%4) eN?: x122,f(x1—-1,xp,...,x5) <n, f(xq,...,x4) > n}.
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For every fixed collection (x,,...,x;) € N~ and n € N, there exists at most one x; > 2, x; € N,
such that

f(x1—-1,x0,...,x5) <n and f(xy,...,x3) >n,

since f is monotone in x;. Therefore,

(S [S¢]
#((Dn + 61) \Dn) = Z T Z ]l{there exists x1>2 such that f(x;—1,x5,...,x5)<n,f (x1,...,.X5)>n}
xX=1  x4=1
o [ee] (o] [e]
< Z a Z ]l{there exists x; >2 such that f(x;—1,x,,...x;)<n} = Z Z Il{f(l Xy Xg)<11)
x=1 x4=1 x=1  x4=1
= #Dn,l'

This proves fori=1.
We shall now prove that holds, for alli,j =1,...,d, with K = 1. For notational simplicity,
we shall do this only for i =1 and j = 2. The monotonicity of f implies that, for all 4,b € N,

#Dn = : Z Z Z ce Z ]l{f(axl—j,bxz—k,x3 ..... x4)<n}

I\
=)
gk
gk
U
=
=
E
kS
z

The proof of Proposition [4.1]is complete. O

Proposition [4.1]yields the following explicit examples.

Example 4.2 (Rectangular domains). Let fi,..., f;: [1,00) = [1,00) be strictly increasing continu-

ous functions. Putting f(xy,...,x4) := max(fl‘l(xl),...,fd_l(xd)), we obtain

Condition is fulfilled if lim,_,, f;(x) = oo, for every i =1,...,d.

Example 4.3 (Tetrahedral domains). Let ay,...,a; > 0 be fixed positive real numbers. The sequence
of tetrahedral sets

D,=T,:={(x1,...,x3) ENd:a1x1 +-otagxg < nj

satisfies (7)) and (13). Indeed,
1
4T, ~ ——n?, n— oo,
dlay---ay
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whereas, fori=1,...,d,

a.
#T, ~ ———— ", n oo
w (d-=1)ay---ay

Thus, Proposition[4.1]is applicable.
Example 4.4 (Hyperbolic domains). Let f(xy,...,x;) = xq ---x4. Then the sequence of sets
D,=H,:={(x1,...,x4) € N? . X1---xg < n}

satisfies (7)) and (13). Indeed, according to Proposition 4.1 in [14].

nlogd_ln
#Dn ~ W, n— oo,
and, for everyi=1,...,d,
nlog? % n
#Dn,i ~ (dg——2)!} n — oo.

Thus, Proposition[4.1]is applicable.

Example 4.5 (Further hyperbolic domains). Fix 2 < ¢ < d. Define the {-th standard symmetric

polynomial in d variables by

f(x1,...,x3) = Pe(xy,...,x4) = Z Xiy 0t Xi,-
1<y <<ip<d

The associated domain is
D, =Hea(n):={(x1,...,x4) € N9 : Py(x1,...,x4) < n1).

Example [4.4 corresponds to the particular case € = d. If now 2 < € < d, then Proposition 4.4 in [14]
entails that #D,, ~ C(d,€)n%’, for some positive constant C(d,€) > 0. Furthermore, by symmetry
#D,; =#D, 1 foralli=1,...,d, and

Dy1={(x2,...,x5) € NY : Py(1,x9,...,x4) < 1}
= {(xp,...,%3) €N : Py(xp,...,%3) + Pp_y (x,...,x4) < 11}
c{(xp,...,x3) €EINY: Py(xy,...,x5) <1} = Heg-1(n).
Thus, D,y € Hy4-1(n) and thereupon #D, | < #Hy4-1(n). If € <d -1, then
#Hp g1 (n) ~ C(d 1,0V 15— oo,
whereas if ( =d — 1,

n logd’2 n

#H&d-l(n) = #Hd—l,d—l(n) ~ (d _ 2)| ’

n — oo.
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In both cases lim, ., #H¢ 4 1(n)/#D,, = 0. Summarizing, Proposition is applicable to D, =
He,a(n).

4.2. Dilations of a convex body.

Proposition 4.6. Let D C [0,00)" be a compact convex set with nonempty interior and a,, n € N,

be a sequence of positive numbers such that lim,_,,,a, = co. Then, the following sequence of sets

satisfies (7)) and (13):

D, :=a,D NN,
Proof. For the proof of (7), we shall use Proposition Put
V:=Dn(0,00)%, V,:=4a,V=a,DN(0,00),
and note that D,, = V,, NIN?. Let us check that holds for the sequence V,,. First of all, since
D is compact, convex and has a non-empty interior, it holds
D = cl(Int(D)) = cl(Int(D) N (0, 00)%) = cl(Int(D N (0, 00)%)) = cl(V),
and, thereupon,
AV =cl(V)\Int(V) = cl(V) \ Int(D) = D\ Int(D) = dD.

Further, observe that Vol(V) > 0 and, denoting B4(0) the ball {(x1,...,x;) € R?: x% ot xﬁ < ¢}
and A®B:={x+v:x €A,y e B} the Minkowski addition,

Vol(aV,, & B4(0)) _ Vol(a,(dV @B, (0))) B Vol(dV @B, (0)) B Vol(dD@B?, (0))

e/a,

Vol(V,,) Vol(a, V) B Vol(V) B Vol(V)

(24)

Since D is a compact convex set, its boundary dD is (d — 1)-rectifiable subset of R¥, that is, can
be represented as the image of a Lipschitz functio h defined on a bounded subset of RY!
and taking values in R?. Thus, by Theorem 3.2.39 in [12],

lim a,Vol(dD @& BY, (0))=2eH _1(dD) < oo,

n—00 ‘S/a”
where H;_; is the (d — 1)-dimensional Hausdorff measure in R?. Summarizing, we have shown
that the right-hand side of (24) converges to zero as n — co.

For the proof of (13), we employ Proposition [A.4|from Appendix[A]
Fori=1,...,d, put

m;(D) :=inf{x; > 0: (xq,...,%;,...,%x4) € D},

M;(D):=sup{x; > 0:(xy,...,%j,...,x4) € D},

L As h one can take, for example, the function dBg(0) 3 x — 7tp(x), where R > 0 is such that D C Bg(0) and 7tp(x)

is a unique closest to x point in D (metric projection on D).
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and note that 0 < m;(D) < M;(D) < co. Here the second inequality is strict since D has a non-
empty interior; the last inequality follows from the compactness of D. Proposition is ap-
plicable with the rectangle

(e

=1

I, i= [>< Ly (D)) (DN

By construction
d d
ayDCa, (>< [miw),Mi(D)]] c [>< [Lanmiwu, ranM,wﬂ]].
i=1 '

It remains to note that as n — oo,

d

(25) #11, ~ajf | |(Mi(D)-mi(D)),
i=1

and also

(26) liminf#—lzn >0,

n—oo an

which is a consequence of the fact that D has a non-empty interior and, therefore, contains a
small d-dimensional cube in the interior. Relations (25) and (26) imply

#I1

limsup —= < co.
n—o0 n
The proof of Proposition [4.6]is complete. O

Example 4.7 (Spherical domains). Put B := {(xy,...,x4) € [0,00)% : x% 4+t x§ < 1}. Then the

sequence of discrete balls
D, =8, := VnBNINY = {(x1,.-.,%x4) eIN?: x%+---+x§ <nj}
satisfies (7) and by Proposition
Truncated cones, such as Weyl chambers, also satisfy (7)) and (13).

Example 4.8 (Truncated Weyl chambers). Let A :={(xq,...,x4) € [0,00):x; <--- < x4 <1}. Then

the sequence of sets
D,=A,:=nANN = {(x1,...,xz) e N9 : x; <--- < x4 <n)

satisfies (7)) and by Proposition
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5. SET-THEORETIC OPERATIONS PRESERVING PROPERTIES AND (13)

In this section we discuss stability properties of sets satisfying (7)) and (13) with respect to
the standard set-theoretic operations.

First, immediately from the definitions, one obtains the following.

Proposition 5.1. Let DY) and DY be two sequences of sets satisfying (7)) and (13). Then the se-
quence D, := PV upy satisfies (7)) and (13).

As far as intersections and differences of sets are concerned, additional assumptions ensur-

ing that the resulting sets are not small have to imposed. The following holds true.

Proposition 5.2. Let D,(}) and Dilz) be two sequences of sets satisfying (7). Suppose further that
(2)
#D
(27) D,(f) C Di,l) and limsup —=— €[0,1).
5 (1)
n—oo #Dn

Then the sequence D,, := DLl) \D,(qz) satisfies (7). Moreover, ifD,(ql) satisfies (13), then so does D,,.
Proof. Using the inclusion (A \ B)A(C \ D) C (AAC) U (BAD) we obtain, for every fixed c € Z¢,

#(DuAD, +c)  #(DV\DP)A(DL + )\ (D +¢))

#D, #D,
1 1
_ #0AD,

+¢)) #D\V . #DPANDY + ) #D?

- #D,(ql) #D, #Df) #D,
In view of ,
(2) (1) (1)
D #D #D
(28) 0 <limsup —— < limsup ——— = limsup ﬁ < 00,
1n—00 n 1n—00 n n—o0 #Dn _ #Dn

and we see that D, satisfies .
If Dill) satisfies (13)), then, for every a,b € Nand i,j =1,...,d, i # j, it holds that for all n € N,

1
#(D,NZ;(a)NZ;(b)) - #(DL)ﬂZi(a)ﬂZj(b))#fo’ <K #D, _ K
#D, B #Dizl) #D, ~ ab nellli)l #D,, b’

where we used for the last passage. O

With minimal changes, the above proof leads to the following.

Proposition 5.3. Let D,(}) and D,(qz) be two sequences of sets satisfying (7). Suppose further that

(1) (2)
#(D D

n—e #(D, D))
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Then the sequence D,, := P A DY satisfies (7). Moreover, if DY or DY satlsﬁes (13), then D,
satisfies as well.

AprPENDIX A. ON THE REGULAR GROWTH CONDITION FOR DISCRETE DOMAINS

The following definition can be found on p. 173 in [5].

Definition A.1. A sequence of finite sets D, C Z is said to be regularly growing to infinity if
as n— oo,

#(Dy \ Dy)

(29) #D, — oo and #D,

— 0,

where for A ¢ Z% and p € N, we denote by
AP = {x = (x,...,x4) € Z% : dist(x, A) < p},
and dist is the supremum metric on Z¢.

Proposition A.2. Assume that D, C Z* is a sequence of finite sets and #D,, — oo as n — co. The

following statements are equivalent:

(i) Condition (7)) holds for all c € Z°.
Condition (7)) holds for ¢ = +ex, k=1,...,d.
Condition (7)) holds for c= e, k=1,...,d.

(iv) The sequence D,, is regularly growing.

)
(ii)
i)
)

(it

Proof. Condition [(i)| trivially implies condition and [(ii)| clearly implies The fact that
(iii)={(i1)| follows from

#((Dyy — ex)AD,,) = #(((Dyy — ex)ADy) + ex) = #(Dy A(Dy, + ex)) = #((Dy + ex) ADy,).

We now prove that|(ii)—=|(iv)} Note that

Thus,

d d
(Dl\D #((D,, ek )\ D,,) #(( ek AD)

The right-hand side converges to 0, since by (7) every summand converges to 0.



MULTIVARIATE MULTIPLICATIVE FUNCTIONS OF RANDOM VECTORS IN LARGE INTEGER DOMAINS 19

We proceed to the proof of |(iv)==i(i)} Assume that holds and fix ¢ € Z?. Using the
inclusion A\ Bc (A \ C)U(C\ B) which holds for any sets A, B, C, we conclude that

(D, +c)AD, C U((’Dn +1u,)\ (D, +75)),
j
where the union is finite and for every index j, u; —v; = +ey, for some k; € {1,...,d}. Since
#D, = #(D, + x) for every x € Z4%, it suffices to check that, for every j,
#((Dy+uj)\ (D, +vj))

li -0,
560 #Dy+v))

but this follows from the inclusion (D, + u;) = (D, +v; £ ekj) c(D,+ v]-)1 and the fact that if
holds for a sequence D,,, it also holds for the shifted sequence D, +x, for every fixed x € 7. O

The following result is a combination of Proposition and Lemma 1.5 in [5]. In some
cases, it is useful for checking (29).

Proposition A.3. Assume that V,, n € N, is a sequence of bounded measurable subsets of R satis-

fving the so-called van Hove condition, meaning that for every € > 0

(30) i Vol(dV, & B4(0))

=0,
neo  Vol(V,)

where dV,, is the topological boundary of V,.. Then the sequence D,, := V,, N Z* satisfies (29).

Our last auxiliary result provides sufficient conditions for (13). It has been used in the proof
of Proposition

Proposition A.4. Assume that there exist two sequences (s1(n),...,53(1n))en and (c1(n),...,c3(n))eN

of nonnegative integers such that the rectangle

1, = | X [ei(m)ci(m) +si(m)] || N

satisfies

(31) #D, CcII, and C:=sup

Then holds. More generally, if holds with D, replaced by some set IT,, which satisfies (31)),
then holds for D,,.
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Proof. Fixi,j=1,....d,i=#j. If holds, then for all n € IN and all 4,b € N it holds
#HDuNZi(a)NZ;(b) _#(1,NZi(a)NZ;(b)) =#(1,NZi(a)NZ;(b))

<C

#D, - #D, #11,
Since i # j, we obtain
#(I1,NZ;(a)NZ;(b)) o1 ri(n)+1J 1 r;‘(”)+1J<i
#I1,, “si(n)+1 a si(n)+1 b “ab
and the desired estimate holds true with K = C. O
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