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Front propagation in hybrid reaction-diffusion epidemic
models with spatial heterogeneity

Quentin Griette and Hiroshi Matano

Abstract. We consider a two-species reaction-diffusion system in one space dimension that is derived
from an epidemiological model in a spatially periodic environment with two types of pathogens: the
wild type and the mutant. The system is of a hybrid nature, partly cooperative and partly competitive,
but neither of these entirely. As a result, the comparison principle does not hold. We study spreading
properties of solution fronts when the infection is localized initially. We show that there is a well-
defined spreading speed and that it coincides with the minimal speed of the traveling waves. Next
we study the case where the coeflicients are spatially homogeneous and show that, when spreading
occurs, every solution to the Cauchy problem converges to the unique positive stationary solution as
t — oo. Finally we consider the case of rapidly oscillating coefficients, that is, when the spatial period
of the coeflicients, denoted by &, is very small. We show that there exists a unique positive stationary
solution, and that every positive solution to the Cauchy problem converges to this stationary solution
as t — oo. We then discuss the homogenization limit as & — 0.

1. Introduction

In this paper we consider the following reaction-diffusion system:

{ut = (o ()ux) , + (ru(x) = & (x) (u +0))u + pry(x)0 = p (X)u, 1> 0,x €R, D

v = (O'(x)vx)x + (rp(x) = kp(x) (0 + 0))0 + pro (X)u — py(x)v, 1> 0,x €R.

Here u(t, x), v(t, x) stand for the density of a population of individuals living in a peri-
odically heterogeneous environment. We assume that the growth rates r,,(x) and r,(x) are
L-periodic functions, and that the coefficients «, (x) and «,(x) which represent the inten-
sity of the competition are L-periodic and positive. Finally, the coefficients u,(x) > 0,
Uy (x) > 0 (also L-periodic) denote the mutation rates between the two populations, which
creates an effect of cooperative coupling in the region where both u and v are small. We
consider system (1.1) under the initial condition

u(0,x) = up(x), v(0,x) =vp(x), x€R, (1.2)
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where u, vg are bounded nonnegative functions on R whose supports are typically localized
in some region. Our goal is to study the speed of propagation of fronts that appear in (1.1).

The above problem is motivated partly by the study of SIS epidemiological models
describing the propagation of pathogens that are subject to mutations, such as the following:

01, = 0x (0 (x)0xS) = (B1 ()1 + B2 () 12)S + y1 ()1 + y2(¥) 2, 1> 0,x €R
01y = 0x (0 (x)0x 1) + Pr1(x)STy = yi(X) 1 + po(X) 2 — i (x) 1, t>0,xeR
O lr = 0x (0 (x)0xD2) + B2(X)Shr = y2(x) [ + 1 (X) [y — p2(X) 2, 1> 0,x €R.
(1.3)
Here the 31, B, denote the infection rates, y, v, the recovery rates, and y1, u stand for the
mutation rates between the pathogens.

It is not difficult to show that the quantity N (¢, x) := S(t,x) + I, (¢, x) + I>(t, x) satisfies
a pure diffusion equation 9;N = 9, (0 (x)9d,N). Therefore, if we assume that N (0, x) is
constant in x, then N (¢, x) remains constant in # and x. Thus we obtain that u = I}, v =1
satisfy (1.1) with r,(x) := NB;(x) — vi(x) and «;(x) := B;(x), where i = 1,2 and * = u,v .
Hence the propagation dynamics of (1.3) is equivalent to that of (1.1).

System (1.3) describes the propagation of a genetically unstable pathogen in a pop-
ulation of hosts which exhibit heterogeneity in space. This heterogeneity represents the
spatially heterogeneous environment that affects the behavior of individuals depending on
where they are. Spatial heterogeneity in the use of antibiotics, fungicides or insecticides
affects the transmission of pathogens and pests and is explored as a way to minimize the
risk of emergence of drug resistance [10]. Beaumont et al [4] study a related model of prop-
agation of salmonella in an industrial hen house. In their study the heterogeneity comes
from the alignment of cages separated by free space that allow farmers to take care of the
animals. Griette et al [17] studied the propagation properties of a closely related model in
the context of the evolution of drug resistance.

The propagation speed of the solutions of reaction-diffusion equations is often linked to
special solutions called traveling wave solutions, that are particular solutions that propagate
at a prescribed speed. There exists a large literature around traveling wave solutions and
the propagation dynamics of solutions to reaction-diffusion equations and systems, see
[2,3,14,24,26-28, 34, 37] among others. When the coefficients depend periodically on
the spatial variable such as (1.1), the traveling waves are often called pulsating traveling
waves, see [5,33,38,39] among others.

Our system has a rather intriguing character in the sense that it is cooperative when (u, v)
is small while the competitive nature becomes dominant when (u, v) is large. Therefore the
standard comparison principle does not apply to the entire system. Such a system has been
studied by Wang [35], Wang and Castillo-Chavez [36], Griette and Raoul [19], Girardin
[15, 16], and Morris, Borger and Crooks [30], when the coefficients are homogeneous in
space. However, in our case, the coefficients are spatially periodic. As far as scalar equations
are concerend, there is a large literature on equations with periodic coefficients, notably
[5,27,33,38,39]. As for systems, Alfaro and Griette [1] constructed a traveling wave for a
related system that travels at the expected minimal speed. Apart from this last result, to the
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best of our knowledge, little is known for systems of hybrid nature with spatially periodic
coeflicients.

In this paper we study propagation properties of solutions of (1.1). We first discuss under
what conditions propagation occurs by using certain principal eigenvalues. and investigate
the spreading speed of solution fronts that starts from compactly supported initial data. We
next prove the existence of pulsating traveling waves and show that the above spreading
speed coincides with the minimal speed of traveling waves.

Next we consider the special case where the coefficients are spatially homogeneous.
This case has been treated in [15,16, 19,30, 35, 36], but the behavior of the solution behind
the spreading fronts has not been completely understood. We show that, under the assump-
tion that (u,v) = (0,0) is unstable, every positive solution to the Cauchy problem converges
to the unique positive stationary solution (u*,v*) as t — +oo locally uniformly on R.

Finally we study the system with rapidly oscillating coefficients and discuss their homog-
enization limit as the spatial period € tends to 0. Among other things we show that every
positive solution to the Cauchy problem converges to the unique positive stationary solu-
tion as t — +oo. Note that, when & is not small, such convergence is generally not known.
We also prove that the above positive stationary solution and the spreading speed for € > 0
converge to those of the homogenized system as € — 0.

Our paper is organized as follows. In section 2 we first recall key mathematical notions
such as principal eigenvalues of various kinds, left and right spreading speeds, and so on.
Then we present our main results including a formula for the spreading speeds (Theorem
2.6), the hair-trigger effect (Theorem 2.9), existence of critical and non-critical traveling
waves (Theorem 2.10), global asymptotic stability of stationary solution for the homoge-
neous problem (Theorem 2.14), and the homogenization limit (Theorem 2.15).

In section 3 we give the proof of those results. This section is further subdivided as fol-
lows: in section 3.1 we establish some results on the principal eigenvalues of the linearized
system; in section 3.2 we prove our statement on the propagations dynamics of solutions
of the Cauchy problem; in section 3.3 we construct traveling wave solutions; in section 3.4
we prove the global asymptotic stability of the positive equilibrium for the homogeneous
problem; in section 3.5 we prove our statement on the homogenization formula for the
speed and the global stability of the positive equilibrium in the case of rapidly oscillating
coefficients.

2. Main results

Throughout this article we make the following assumption on the coefficients of (1.1).

Assumption 1 (Cooperative-competitive system). We let o(x) > 0, x,,(x) > 0, x,(x) > 0,
Uy(x) > 0, p,(x) > 0, be L-periodic positive continuous functions and r,(x), r,(x) be
L-periodic continuous functions of arbitrary sign. We assume moreover that o € C'(R).
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Before presenting our main results, let us recall that system (1.1) has a cooperative
nature for small solutions. To see this, we rewrite (1.1) as:
ur = (00 (ux)  + (ru(x) = pa(x) = & (u)u + (1o (x) = ki (X)ue),
0 = (0 ()ox), + (ro(0) = o (0) = ko (@)0)o + (1 (x) = ko (X))t

Therefore, if f*(x,u,v), f(x,u.v) denote the nonlinearities of the above system, then

O f" (x,u,v) = pup(x) — Kk (u, Oy fO(x, u,0) = pyu(x) — ky(x)0.

Consequently, we have 9, f* > 0, 9, f* > 0 so long as u, v satisfy

Ky (X)u < py(x), Kp(X)0 < gy (). 2.1

We call the range of (u, v) satisfying (2.1) the cooperative zone of system (1.1). The coop-
erative zone becomes larger if the mutation rates y,,, i, increase, while it shrinks if the
competition rates «,, k,, increase. It is important that the cooperative zone is always non-
empty. Note that, for large values of (u,v) for which neither of the inequalities in (2.1)
holds, we have 9, f* < 0, 9, f° < 0, hence (1.1) exhibits a competitive nature in this range
of (u,v).

2.1. Principal eigenvalues of the linearized system

First we introduce different notions of principal eigenvalues that we use in our results.
Even in the scalar case, multiple notions of principal eigenvalues turn out to be useful in
the analysis of spreading properties; we refer to Berestycki and Rossi [7] and Nadin [31]
for an overview of these notions.

The linearized system associated with (1.1) is the following.

{u, = (0 ()ux) , +ru(X)u + ()0 — pu(x)u, 1> 0,x €R, 02

v = (0 (X)vx)  +ro(X)v + p (X)u — py(x)o, ¢ >0,x €R.
Note that this is a cooperative system. We first define the notions of periodic principal,

A-periodic principal and Dirichlet principal eigenelements as follows.

Definition 1 (Periodic principal eigenpair). By a periodic principal eigenpair associated
with (2.2) we mean any pair (17", (¢(x), ¥(x))) where 17" € R, ¢(x) and ¢ (x) are
positive L-periodic smooth functions that satisfy
L',y (x) = ((x)@x)  +Fu(x)g + o ()Y — i (x) = A7,
L[, ¢](x) = (0 ()W) + 1o (W + pu () = po () = A7y

We call 7" the principal eigenvalue and (¢, ) a principal eigenvector.

(2.3)

It follows from the Krein-Rutman Theorem that /lf " is, indeed, unique, and that (¢, ¢)
is unique up to multiplication by a positive scalar. Heuristically, 17" corresponds to the
rate of growth of a small population, given that the initial data is L-periodic.

We continue with the notion of A-periodic principal eigenpair.
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Definition 2 (A-periodic principal eigenpair). For A > 0, by a A-periodic principal eigen-
pair associated with (2.2) we mean any pair (k(4), (¢(x), ¥ (x))) where k(1) € R, ¢(x)
and ¥ (x) are positive L-periodic smooth functions that satisfy

1 . Axgylp —Ax —Ax _
{Ll[w]@) = eV L e Mg, e Y] (x) = k(D)g, o

Lile¢1(x) = e L2 e g, ey (x) = k()Y

or, equivalently,

(O-(X)‘Px)x =240 (x)px + (/120-(x) — Aoy (x) + ru(x))QD + ()Y — i (x)e = k() g,
(C(Wx) =220 (X)rx + (20 (x) = A (x) + o (X)) + () = 1y (X)W = k(D).
(2.47)
We call k(A) the A-periodic principal eigenvalue and (g, ) a A-periodic principal eigen-
vector.

Again, it follows from the Krein-Rutman Theorem that k(1) is unique and that (¢, ¢) is
unique up to multiplication by a positive scalar. We use the notation k(1) to emphasize that
this eigenvalue should be considered as a function of the parameter A. Note that 47" = k(0).

The A-periodic principal eigenpair plays an important role in the analysis of front behav-
iors at the leading edge for the following reasons: At the leading edge, where the solution
is very small, system (1.1) is well approximated by the linearized system (2.2), and the
function pair

—A(x—ct)

u(t,x) == ae o(x) >0, ov(t,x):=ae Dy (x) >0,

where « is a positive constant, satisfies (2.2) if and only (¢, ¢) is a A-periodic principal
eigenvector and ¢ = k(1)/A.
Lastly, we define our notion of Dirichlet principal eigenvalue.

Definition 3 (Dirichlet principal eigenpair). Let R > 0 be given. By a Dirichlet principal
eigenpair on (—R, R) associated with (2.2) we mean any pair (/lf, (¢(x), ¥ (x))) where
/lf € R, ¢(x) and ¢ (x) are positive smooth functions on [—R, R] that satisfy

{(O_(X)‘Px)x + () @ + (Y — py (x) @ :/llf(p, (2.52)
(O-(X)ll’x)x + rv(x)lr// + /'lLt(x)‘P - /«lv(x)‘// = /lllel//, .
and

#(~R) = y(~R) = 0 and ¢(R) = 4 (R) = 0. (2.5b)

We call Alf the principal eigenvalue and (@, ) a principal eigenvector.

As before, the Krein-Rutman theorem ensures that /lf is unique and (¢, ) is unique
up to multiplication by a positive scalar. Heuristically, /lf corresponds to the rate of growth
of a small population that vanishes at x = —R and x = R.
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We are now in a position to state our results on the properties of these different notions
of principal eigenvalue and their relations. First we establish properties of the A-periodic
principal eigenvalue and the map A — k().

Proposition 2.1 (Properties of k(1)). Let Assumption 1 hold true. Then:

(i)  Foreach A € R, there exists a A-periodic principal eigenpair (k(1), (¢,y)) with
w(x) > 0and y(x) > 0 for all x € R, which solves (2.4), and (¢, ) is unique up
to the multiplication by a positive scalar.

(ii)  The following characterization of k(Q) is valid:

1 2
k()=  min  supmax Lile.wl(x) Lile,¢1(x)

@>0,y>0  yeR e(x) T yx)
(@.¥)€CE,, (R)?

; (2.6)

where L}l [o, ¥](x), L/zl[tp, ¥ (x) are as defined in (2.4). In addition, the right-
hand side has a unique minimizer up to multiplication by a positive scalar, which
coincides with the principal eigenvector of the problem (2.4).

(iii) The function A — k(Q) is analytic and strictly convex. Furthermore, the following
inequalites hold:

TminA” + Fmin < k() < OmaxAd” + Fmax forall 1 € R, 2.7
where Omin = MiNyer 0 (X), Omax := MaXyer 0 (X) and
Fmin := min (minr,(x), minr,(x)), 7max := max ( maxr,(x), maxr,(x)).
min (xE]R u( ) CER u( )) max (XGR u( ) oy v( ))
Next we recall some classical properties of the principal eigenvalue for the Dirichlet

problem.

Proposition 2.2 (On the Dirichlet principal eigenvalue for cooperative systems). Let Assump-
tion 1 hold true. Then: for any R € (0, +00), there exists a principal eigenvector (¢, )
associated with /lf, which is unique up to the multiplication by a positive scalar. Moreover,
the mapping R +— /11]? is strictly increasing.

The following theorem states that the minimum of the function k(1) is exactly given
by the supremum of all /l{e for R > 0.

Theorem 2.3 (Comparison between Dirichlet and A-periodic principal eigenvalues). Let
Assumption 1 hold true. Then /lf < k() for all R > 0 and A € R. Furthermore,

. R _ _.:
i AT = i (. =
From (2.8) we see that

lim AR = min k(1) < k(0) = A7
RIS ) < RO =4
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but the equality does not necessarily hold in general. In the case of scalar equations, it
is known that k(—1) = k(1), which is a consequence of the Fredholm alternative since
the operator L_;[¢] := e ™ L[e™*¢] is the adjoint operator of L [¢] := e L[e ],
provided that L is self-adjoint (see also [31, , Prop. 2.14]). In such a case, the equality
min, k() = k(0) always holds since k(1) is even and convex. As we see below, the same
result holds for our system under additional symmetry assumptions.

Proposition 2.4. Suppose that Assumption 1 holds true, and assume further that either:
(1) pu(x) = py(x) forallx e R, or
(ii) all coefficients are even: o (x) = o (—=x), ry(x) = ru(=x), ry(x) = rpy(=x), uu(x) =
My (=x) and ry(x) = ry(—x), forall x € R.
Then the function A — k(Q) is even, i.e. k(1) = k(—=2) for all A € R. Consequently, we have

Jim AR = min k() = k(0) = aP". (2.9)

2.2. Propagation dynamics

Before presenting our main results in this section, we remark that nonnegative solutions of
(1.1) are all bounded as t — +oo. To state this basic estimate, we introduce the following
notation:

Fmax = supmax (ry, (x),7,(x)), Kmin := inf min (k, (x), 6,(x)), K := —=.  (2.10)
x€eR xeR Kmin
Proposition 2.5 (Basic boundedness estimate). Let (u(t,x),v(t,x)) be a solution of (1.1)
with nonnegative bounded initial data (uy(x), vo(x)). Then u(t,x) > 0, v(t,x) > 0 for all

t>0,x eR, and

u(t,x) +v(t,x) < max (E, sup(ug(x) +v9(x))) forall t >0,x €R, 2.11)
xeR
lim sup sup (u(t, x) +v(t,x)) < K. (2.12)

t—+00 xeR

In particular, if ug(x) +vo(x) < K (x € R), then u(t,x) +v(t,x) < K (t > 0, x € R).

As we shall see, the above proposition follows by a rather simple comparison argument.
Note that uniform boundedness guarantees that any nonnegative solution of (1.1) exists
globally for ¢ > 0.

Now we discuss the propagation dynamics of the solutions of (1.1). We first focus on
solutions with front-like initial data, then we consider solutions with compactly supported
initial data. Since the propagation speed may differ depending on whether the front faces
toward the right or toward the left, we distinguish the right and left spreading speeds.

Definition 4. The pair of bounded nonnegative functions (g, vp) on R that appears in (1.2)
is called right front-like if there exist real numbers K; < K3 such that

1££ min(ug(x),vo(x)) >0, wuy(x) =vg(x) =0 forall x > K.
x<K;
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It is called left front-like if there exist real numbers K; < K, such that

up(x) =vp(x) =0 forall x < Ky, inIf< min(ug(x), vo(x)) > 0.
x=>2Kp

Theorem 2.6 (Spreading speeds for front-like initial data). Let Assumption 1 hold true and
assume that /lf er
such that for any solution (u,v) of (1.1)—(1.2) whose initial data (ug, vy) is right front-like,

it holds that

> 0. Then there exist real numbers cy, ¢} and a positive number > 0

lim inf [ inf min(u(z,x), v(t,x))] >n, forall ¢ <chy,
x<ct

t—00

(2.13)
=0, forall c > cy,

lim sup [sup max (u(t,x),v(t, x))

t—00 x=ct

while for any solution (u, v) of (1.1)—(1.2) whose initial data (ug, vo) is left front-like, it
holds that

liminf[ inf min(u(z,x), v(t,x))] >n, forall c<cy,
t—o0 x=z-ct

(2.14)
limsup | sup max(u(z,x),v(t,x))| =0, forall ¢ >c}.
t—o0 x<-ct
Furthermore, we have the following formula:
k(2 k(A k(4 k(2 k(-2
c}:infﬁzminﬂ ¢y = inf ()zmin ():min ( ), (2.15)
>0 A >0 A <0 =4 <0 =4 >0 A

where k() is the A-principal periodic eigenvalue defined in Definition 2.

Definition 5 (Right- and left spreading speed). The above quantities ¢ and ¢} are called
the right spreading speed and left spreading speed of solutions to (1.1), respectively.

Note that the constant 7 that appears in (2.13), (2.14) does not depend on the choice of
the initial data. The formula (2.15) is well-known for scalar KPP type equations [5, 6,31,

38,39]. Since we are assuming 47" (= k(0)) > 0, the values of ¢}, and ¢} are well-defined

and finite.
By virtue of the inequalities (2.7), the following estimates of the spreading speeds hold:

Proposition 2.7. Let 0min, Omax, "min» Fmax e the constants that appear in (2.7). Then

* *
Cgp < 2+/0maxFmax» cp < 240 max¥max-

Furthermore, if rmin > 0, then

* *
Cr 2 2+/Cimin min> cp 2 2T min min-

Let us explain the meaning of the formula (2.15) from a different point of view. As we
mentioned in section 2.1, the pair of positive functions of the form

u(t,x) = ae "D p(x),  v(t,x) = ae TNy (x) (2.16)
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satisfies the linear system (2.2) if and only if (¢, ¥) is a A-periodic principal eigenvector
of (2.4) and ¢ = k(4)/A. Therefore, ¢}, can be characterized as follows:

cgr =min{c € R : the pair (1, v) in (2.16) satisfies (2.2) for some 4 >0}. (2.17)
As regards the left spreading speed, we consider a pair of functions the form

u(t,x) = ae D p(x),  o(t,x) = ae 5Dy (x) (2.18)

with A4 < 0, since we deal with a front that faces the negative direction of x-axis. Then we
have

c¢; =min{c € R : the pair (u,v) in (2.18) satisfies (2.2) for some A <0}. (2.19)
Incidentally, combining (2.15) and Proposition 2.4, we obtain the following proposition:

Proposition 2.8. Let the assumption (i) or (ii) of Proposition 2.4 hold. Then ¢y, = c}. In
particular, if all the coefficients are spatially homogeneous, then cj, = cj .

The above result is an immediate consequence of the fact that k(—21) = k(1) which
holds under the assumption (i) or (ii). However, without such assumptions, we may have
Cg # ¢} . We shall show such an example in our forthcoming paper [18]. Note that, in the
case of spatially periodic scalar KPP type equations, it is known that k(—1) = k(2), as we
mentioned earlier, hence we always have ¢}, = ¢ .

We next consider solutions with compactly supported initial data and discuss the so-
called “hair-trigger effect”. This concept was introduced by Aronson and Weinberger [2],
who showed that any solution of the monostable equation u; = Au + f(u) on R with non-
negative nontrivial initial data uo with compact support converges to a positive stationary
solution as # — +oo, no matter how small u is. However, in the case of system (1.1), we do
not know if the condition 47" > 0 is sufficient to guarantee the hair-trigger effect, even if
we weaken its statement to allow the solution to become simply uniformly positive instead
of convergent to a positive equilibrium.

As we state below, a proper criterion for obtaining a hair-trigger effect is the sign of
Dirichlet principal eigenvalues on large domains, which guarantees that both ¢} and ¢}
are positive.

Theorem 2.9 (Hair-trigger effect). Let Assumption 1 hold true. Then the following three
conditions are equivalent:

(a) AR >0 for some R >0, (b) min k(1) >0, (c) ¢k >0, ¢; >0.
€

If any of these conditions holds, there exists a number 1 > 0 depending only on the coeffi-
cients of system (1.1) such that for any nonnegative bounded initial data (ug, vy) satisfying
(1o(x),v0(x)) £ (0,0), the solution (u(t,x),v(t,x)) of (1.1)~(1.2) has the following prop-
erty:

liminfu(z,x) > n and I%Ill_glcf v(t,x) 2 n forall x € R. (2.20)

t—+00
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Furthermore, if, in addition, uy and vy are compactly supported, then the right front and
the left front of (u,v) propagate at the speed ¢} and c} , respectively. More precisely,

liminf[ inf min(u(t,x),v(t,x))| > 5, forall 0<c <ck, (2.21a)

t—oo  |0<x<ct

lim sup [sup max(u(t,x), v(t,x))] =0, forall ¢ > cy. (2.21b)
t—o x>ct

litminf[ inf 0min(u(t,x),v(t,x)) >n, forall 0<c<cy, (2.22a)
—00 1<x<

—C

=0, forall ¢>cj. (2.22b)

lim sup [ sup max(u(t,x),v(t,x))

1—00 x<-ct

The assertions (2.21a) and (2.22a) hold for any nonnegative nontrivial solution of (1.1).

The above theorem shows that the propagation speeds of solutions with compactly sup-
ported initial data are the same as those of solutions with front-like initial data. Therefore,
the notions of right and left spreading speeds, ¢}, and c7 , have a rather universal nature.

Note that if the coefficients of (1.1) satisfy the symmetry conditions stated in (i) or
(ii) of Proposition 2.4, then by (2.9), the above conditions (a), (b), (c) are all equivalent to
/lf > 0.

2.3. Traveling waves

Next we recall the notion of traveling wave solutions under a spatially periodic environment.
We distinguish the “right traveling waves” and “left traveling waves”.

Definition 6 (Traveling wave solutions). Let (u(¢,x),v(¢,x)) be an entire solution to (1.1),
i.e. a solution that is defined for all r € R and x € R. We say that (u(z, x), v(¢,x)) is a right
traveling wave propagating at speed c if it satisfies

L L
u (t+ —,x) =u(t,x—L), v (t+ —,x) =v(t,x - L), forall (r,x)eR?, (2.23)
c c

as well as the following asymptotics at x = +oo:

lim u(t,x) =0, lim v(t,x) =0, forall r € R, (2.24a)
X—+00 X—+00

liminf u(¢,x) > 0, liminfv(¢,x) > 0, forall ¢ € R. (2.24b)
X—>—00 X—>—0

The left traveling wave is defined the same way by reversing the direction of the x-axis,
namely

L L
u (t+ —,x) =u(t,x+L), v (t+ —,x) =v(t,x+L), forall (¢,x) € R?, (2.25)
c c

with reversed asymptotics at x = *co.
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Theorem 2.10 (Existence of traveling waves). Let Assumption 1 hold and assume that
/l’lwr > 0. Then there exists a right (resp. left) traveling wave for (1.1) with speed c if,
and only if, ¢ > cy (resp. ¢ > ¢} ), where ¢}, and ¢} are the spreading speeds defined in
Definition 5.

Remark 2.11. The above theorem shows that the right and left spreading speeds for solu-
tions with front-like initial data (Theorem 2.6) or with compactly supported initial data
(Theorem 2.9) coincide with the minimal speeds of the right traveling waves and left trav-
eling waves.

Figure 1 gives a typical image of traveling waves for different parameter values. In all
these examples, the intrinsic growth rates satisfy r,, < r, so that the natural front speed of
v is faster than that of u, while their carrying capacity (in the absence of the other species
and mutation) satisfy r, /k,, > r,/«, so that u will eventually dominate v in the long run.

(a) (b)

(c)

X

Figure 1. Profiles of traveling waves of (1.1) for different parameter values. (a) Spatially homo-
geneous coefficients with large mutation rates y,,, (. In this case, the cooperative zone of system
(1.1) is rather large, and the traveling wave lies entirely in this zone. As a result, both # and v have
monotone profiles, just as in the case of scalar equations. (b) Spatially homogeneous coeflicients with
small mutation rates u,,, up. In this case, a large part of the traveling wave profile lies outside the
cooperative zone, and a hump appears on v. (¢) Spatially periodic case. The coefficients are the same
as in (b), except ry, (x) and r,(x), which have a cosine-like periodic perturbation.
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The upper and lower barriers that are used in the proof of Theorem 2.10 also give the
following decay estimates of traveling waves on the leading edge.

Theorem 2.12 (Decay rate of traveling waves). Let the assumptions of Theorem 2.10 hold.
Then, for each ¢ > c¥, there exists a right traveling wave (uc(t,x), Uc(t,x)) that satisfies
the following for some & > 0, where A is the smallest positive solution of k(1) = Ac and
(¢, ) denotes the principal eigenvector of (2.4):

{ u(t,x) = e—/l(x—ct)tp/l(x) +O(ef(/l+8)(xfﬂ)), . N (2.26)
as x —ct — +oo. :

U(t,x) = e—/l(x_ct)lﬁ/l(x) + O(e—(/l+£)(x—ct))

If, on the other hand, ¢ = c%, there exists a right traveling wave (u* (2, x),v* (¢, x)) that
satisfies the following, where A* is the unique solution of k(A*) = A*c},:

“(,x) = (x = 5t +O(1)) e~V kD o4 (x),
{u(x) (x—cht+0(1)) e P i, 227)

v (1,x) = (x — Rt +O(1)) eV =CrDy A (x)

Similar statements hold for left traveling waves, if we replace x — ct by x + ct and define A
as the largest negative solution of k(1) = —Ac.

2.4. Global asymptotic stability of the positive equilibrium

Next we turn to the asymptotic behavior of the solutions to the Cauchy problem (1.1)
in the case where the coeflicients are independent of x. More precisely, we consider the
homogeneous problem

U — OUxy = (ry — k(U +0))u + w0 — uyu,
{t ( (1 + o))+ pro0 = g t>0, xR, (2.28)

Ut = OUxx = (rv — Kky(u+ U))U + py it — [y,

where o > 0,71, e R, ry € R, k,, > 0, k, > 0, pt, > 0, pt, > 0. The linearization of (2.28)
around (u, v) = (0, 0) is given in the following form, which is a spatially homogeneous
version of (2.2):

t>0, x€eR. (2.29)

Uy = Oty = (Fy — U + (D,
VU — OUxx = (Fy = o)V + fy

As we have seen before, this is a cooperative system, and since the nonlinearity of (2.28)
is sublinear, any nonnegative solutions of (2.28) is a subsolution of the cooperative system
(2.29). Consequently, if we denote by (u, v) and (i, ) the solutions of (2.28) and (2.29),
respectively, then we have

(#(0,x),0(0,x)) < (@(0,x),5(0,x)) for x € R
= (u(t,x),v(t,x)) < (a(r,x),0(t,x)) for £ >0, x €R.
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The coeflicient matrix of the right-hand side of (2.29) is given by

A= Fu = Mu Mo (2.30)
’ Mu ry = Mo . ’

Since the off-diagonal entries of A are positive, we easily see that A has real eigenvalues.
Define
A4 = max{A € R| A is an eigenvalue of A}. (2.31)

By the Perron-Frobenius theory, the eigenvector (¢, go”A)T corresponding to A 4 is positive.
The sign of 14 plays a key role in the analysis of the corresponding ODE system

(2.32)

ur = (ry — k(U +0))u + yv — pyu,
v = (ry — kp(u +0)v+ puu — pyo.

By definition, the trivial equilibrium point (0, 0) is linearly unstable if 14 > 0 and linearly
stable if 14 < 0. Incidentally, if r, = r,, then 14 =1, = r,.

We remark that the value of 14 also plays an important role in the propagation dynam-
ics of (2.28). To see this, note first that the principal eigenvector (¢(x), ¥(x)) of (2.4)
is a constant function. This is because, for any real number @, (¢(x + @), ¥ (x + @)) is
again a principal eigenvector since the coefficients are spatially homogeneous, hence by
the uniqueness of the principal eigenvector (up to multiplication of a constant), we have
(p(x + @),y (x + @) = (¢(x), ¥(x)) for any a € R, which implies that (¢(x), ¥(x)) is
independent of x. Consequently, the A-periodic eigenproblem (2.4) is given in the follow-
ing simpler form:

(/120_+ru)90+ﬂvw_ﬂu‘p:k(/l)¢, (2.33)
(/120- + rv)'r// + Hup — Mo = k(/l)l/’
It follows that
k() = oA + A4. (2.34)
In particular, we have
Aa=k(0) = /lfer. (2.35)
If 14 > 0, then by (2.34) and (2.15),
Cr=c1 =2V0a4 >0, (2.36)

hence the hair-trigger effect holds by virtue of Theorem 2.9.

Let us come back to the ODE system (2.32) and discuss its dynamics. Throughout this
section we assume the following, which is a restatement of Assumption | in the spatial
homogeneous setting:

Assumption 2. The coeflicients of (2.28) satisfy Assumption 1, that is, o, Ky, Kp, My, Hu
are positive constants and r,, r, are constants of an arbitrary sign.
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It can be seen that the condition 44 > 0 is always satisfied when r,, > 0 and r, > 0, and
always fails when r,, < 0 and r, < 0. The situation when r, and r, do not have the same
sign is more intricate. In this case, there may exist a threshold depending on the values of
My, Uy, such that (0, 0) is stable for small values of y,,, u,, and unstable for larger values.
We discuss this threshold later in remark 3.11.

The following proposition classifies the long-time behavior of all nonnegative solutions
of (2.32) in terms of the sign of 1 4. Note that elements of the proof of this proposition can
be found in the work of Cantrell, Cosner and Yu [9], who proved the global asymptotic
stability of the positive equilibrium for a similar system in a bounded domain.

Proposition 2.13 (Asymptotic behavior of the ODE system). Let Assumption 2 hold, and
let (u(t),v(t)) be the solution of (2.32) starting from a nonnegative nontrivial initial con-
dition (ug, vg).
(1) Ifda > 0, there is a unique positive equilibrium (u*,v*) for (2.32), and (u(t),v(t))
converges to (u*,v*) as t — +oo.

(i) IfAa <0, then (u(t),v(t)) converges to (0,0) as t — +co.

As we shall see, the statement (ii) of the above proposition follows easily from the
fact that solutions of (2.32) are subsolutions of the linearized system (the ODE version of
(2.29)), which is a cooperative system. On the other hand, the proof of the statement (i)
is highly nontrivial, because the system (2.32) is neither entirely cooperative nor entirely
competitive. To prove the convergence (u(t), v(t)) — (u*,v*), we will use two different
methods separately depending on the parameter values, one based on a Lyapunov function,
and the other based on the so-called “ultimate cooperative” property; see section 3.4 for
details.

The following theorem states that, under the assumption 4 4 > 0, solutions to the Cauchy
problem associated with (2.28) converge in long time to the stationary solution (u*, v*).
The proof of this theorem is based on a Liouville type result on entire solutions of (2.28)
(Theorem 3.14).

Theorem 2.14 (Asymptotic behavior of the homogeneous RD problem). Let Assumption 2
hold, and assume Aa > 0. Let ¢, ¢ be the right and left spreading speeds associated with
(2.28), respectively. Then ¢, = ¢ = 2Vo A4 > 0. Furthermore, any nonnegative solution
(u(t,x),v(t,x)) to the Cauchy problem with bounded nontrivial initial data converges as
t — oo fo the unique positive stationary solution (u*,v*) of (2.28), uniformly in the sense
that for each 0 < ¢ < ¢}, we have:

lim sup max (Ju(z,x) —u”|, [v(z,x) —v*]) = 0. (2.37)

1=+ x| <t

2.5. Homogenization

Here we extend the global stability result of the last section to the case of rapidly oscil-
lating coefficients. Our method is based on a combination of dynamical systems theory
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and parabolic homogenization techniques. In the case of scalar equations with periodic
coeflicients, the homogenization limits of spreading speeds and traveling waves have been
studied in particular by El Smaily [11, 12] and El Smaily, Hamel and Roques [13].

In stating our results, we restrict ourselves to the case L = 1, without loss of generality.
For each 1-periodic function o (x), o (x), r,, (x), ry(x), t,(x), gy (x), we define:

re(x) =ry (z) s KE(x) = ky (z) s ME(x) =y ()EC) ,

ri(x) =ry (z) , kP (x) =k (z) s ME(X) =y (z) , (2.38)
cf(x) =0 (z)

and

<
N

Fa = A odn, R /0 v, T = fo (),

1 1 1
ﬁ:z/ ry(x)dx, K_UZZ/ Kp(x)dx, ,u_uzzf My (x)dx,
0 0 0

([ )
o .—(/0 O_(X)dx

We study the following system, whose coefficients oscillate rapidly when & is small:

{uz = (0 (ux)x + (r7 (%) — g (X) (u +0))u + pa7 ()0 = g (X)u,

v = (0 (X)vx)x + (ry (X) = k5 (X) (u +0))v + 7 ()u = ) (X)v

(2.39)

n R. (2.40)
On a formal level, the homogenization limit of (2.40) as € — 0 is given by:

on R. (2.41)

—H — — —
Uy =0 Uy + (T _Ku(u"'v))”"',uvv_#uu,
Ve =0 vy + (Fy — Ko (4 + )0 + fygt — Hpv

The main result of this section is the following:

Theorem 2.15 (Homogenization). Let o (x), r,(x), ry(x), k,(x), ky(x), t,(x) and py(x)
be 1-periodic functions that satisfy Assumption | with L = 1, and that the matrix A in (2.30)
with the entries 7, Ty, Uy, and [, satisfy 14 > 0. Then there is € > 0 such that for each
O<e<eég,

(1)  the system (2.40) possesses a unique positive stationary solution (. (x), vi(x));
Sfurthermore, (1, (x),v%s(x)) is e-periodic and converges to (u*,v*) as € — 0 uni-
formly on R, where (u*,v") is the positive stationary solution of the homogenized
system (2.41);

(i) et c’(’;’ R’ c’; ;. denote the right and left spreading speeds of the system (2.40),
respectively, then c’;, r >0, c";’ . >0and

lim ¢ = lim ¢, ; = (=) =240 Aa, (2.42)
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where % and g denote the right and left spreading speeds of the homogenized
system (2.41);

(iii) any solution to the Cauchy problem (2.40) starting from a nonnegative nontrivial
bounded initial condition converges ast — +co to (1 (x), v (x)), uniformly in

the sense that for any cy,cy with0 < ¢y < ¢’ ;, 0 < ¢ < ¢, g, we have

lim sup  max (|u(r,x) —ul(x)], [o(z,x) = v5(x)]) =0. (2.43)

I+ _cir<x<ent

(a) (b)

(c)

xT

Figure 2. Illustration of the homogenization process of traveling fronts. In each figure, the reproduc-
tion rates ry, (x), ry(x) are periodic functions of the form r; (x) = r; + A; cos ((x + ¢;) X (27)/L) for
i = u,v, where L is a varying parameter, and all other coefficients including A; are spatially homo-
geneous and fixed. L is relatively large in (a), smaller in (b) and very small in (c). As L decreases,
the amplitude of oscillation of the traveling wave profiles becomes smaller and the shape ultimately
converges to that of a traveling wave for the homogenized problem.
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3. Proof of the mathematical results

3.1. Principal eigenvalues of the linearized system

In this section we focus on the principal eigenvalue problem for general cooperative elliptic
systems with periodic coefficients.

Proof of Proposition 2.1. Statement (i) is a direct consequence of the Krein-Rutman The-
orem. We concentrate on the remaining statements.

Proof of Statement (ii). We prove the minimax formula (2.6). Let (¢, ¥ ) denote a
principal eigenfunction of (2.4). Then

Li[pa yal (x) _ Lilpa ¢al (x)
palx) pa(x)

= k().
Thus, using (¢ ,1,) as a test function in (2.6), we find that
LYo, 0](x) L2[e,¢](x
k) > k' = min sup max el (x) Lile,yl(x)

©>0,4>0 (R ex) T y(x)
(@) €Cher (R)2

[l

Next let us show the converse inequality. Let £ > 0 be given, then by the definition of
k* there exists (¢, ) such that

(T()@x), =220 (X)@x + (BP0 (x) = A0x (x) + 1 (X) = (%)) 9 (x) + o ()1 (x)
< (K" +&)p(x),

(T ()x), =200 ()Wx + (A0 (x) = Ao (x) + 75 (x) = 11 (X)) () + p1, (x) 0 (x)
< (K" +e)(x).

Let u* > 0 be the largest constant such that u*¢, < ¢, u*4 < . Then there exists a
point xo € [0, L] such that either u*¢, is tangential to ¢ from below at x = xp or u*y,
is tangential to ¢ from below at x = xo. In the former case we have u*(a)xx(x0) <
©xx (x0), 1 (©)x(x0) = @x(x0), W pa(xg) = p(xg) > 0, while in the latter case, we have
K (W) xx(x0) < Yax (x0)s 17 (Y 2)x (x0) = Y (x0), P alxo) = ¢ (x0) > 0. In either case,
one can deduce from the above inequalities that k* + & > k(). Since € > 0 is arbitrary,
k* > k(). Statement (ii) is proved.

Proof of Statement (iii). We first note that the analyticity of k(1) is classical. In the
terminology of Kato [23], the family of unbounded operators in the left-hand side of (2.4)
is a holomorphic family of type (A) [23, Paragraph 2.1 on page 375] and the principal
eigenvalue is isolated in the spectrum by the Krein-Rutman Theorem; therefore the spectral
projection and the principal eigenvalue are analytic (see [23, Remark 2.9 on page 379]. The
analyticity of k(A) with respect to A follows.

The convexity of k(1) can be established by following the proof of Nadin [31, Propo-
sition 2.10] in the scalar case. For the sake of brevity, we omit the proof. Since k(A1) is
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analytic and convex, it is either strictly convex everywhere, or is a linear function. The
latter, however, is not possible by the inequality (2.7), which we will prove in the next
paragraph. Hence k(1) is strictly convex.

Now we prove (2.7). Let w(x) := ¢(x) + ¥(x). Adding up the two equations in (2.4"),
we get

(c(wx), =220 (x)wy + (AP (x) = Aoy (x))w + 1y ()@ + 1o ()Y = k(Dw.  (3.1)
Let us first prove the upper bound in (2.7). From the above equation we have
k(Qw? < (o (@Xwx) w =220 (X)wyw + (P20 (x) = A0 (x) + Fmnax) 07

Integrating by parts and recalling the L-periodicity of the coefficients and w, we obtain

L L L L
k(/l)/ wldx < —/ ow’dx +/ (%0 (%) + Fimax) w?dx < (OmaxA® + Fmax ) / w?dx.
0 0 0 0

This proves the upper bound in (2.7). Next we prove the lower bound. From (3.1) we get

o > T,
w

=210 (x) Ux 220 (x) = 205 (X) + Fmin.
w

Now we integrate the above inequality over [0, L]. First note that integration by parts gives

/OL (U(x;wx)xdx _ /OL(T(X) (%)de‘

Consequently,

L 2 L )
k(AL > / o(x) (w_; % +/12) dx + rminL = / o(x) (& - /l) dx + rminL
0 w w 0 w

L w 2 Liw
X 2
> O'min/ (— - /1) dx + rpinl = O'min/ (—2 +A )dx + rminL
0 w 0 w
> Omind’L + rminL.

This proves the lower bound of (2.7). The proof of Proposition 2.1 is complete. ]

Proof of Theorem 2.3. The following proof is inspired by [31, Theorem 2.11] for the scalar
case.

We fix 1 € R and let (¢, ¢) be the associated A-periodic principal eigenvector. The
functions @(x) := e ™ p(x) and ¥ (x) := e~y (x) satisfy

(C()Py)  + (ru(x) = 1 ()@ + ko ()¢ = k(D)P(x), and
(W), + (ro(x) = k()Y + pu () = k(D).

By comparing (i, J) to the Dirichlet principal eigenvector in [—R, R] for R > 0, we find
that k(1) > Af forall R > 0and A € R.
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Let us show that there exists A € R such that limg_, 4 /lf = k(). Let (¢, ) be the
locally uniform limit of a sequence of Dirichlet principal eigenpairs (R, ¢R) with R —
+00, normalized with ¢®(0) + ¢R(0) = 1. Then (¢, ) is positive and satisfies

() @x) , + (ru(x) = ()@ + p ()Y = A7,

R,
(W), + (o) = oW + (g = AT

where A7 := limg 400 AR. We let

(x+L) (x+L)
oGy P =T

Then, applying the Harnack inequality for fully coupled elliptic systems [8, Theorem 8.2]
to (@, ¥), we see that the function (@, ) (x) is uniformly bounded. We let

Px) = ——

m := sup max (@(x), ¥ (x)) < +oo.
xeR

Then there exists a sequence (x,,) such that either @(x,,) — m or ¥ (x,) — m. We define

o= el [2) ww s e [7]).

T )

where | - | denotes the integer part. Applying the Harnack inequality for fully coupled ellip-
tic systems, the sequences ¢" and ¢ are locally bounded. Moreover, we have

wu+u:¢@+L[J+U:~Wﬂ
W ekrrL[E) T

and similarly
p'+ L) Y+ L|P]+L)
yr) g e+ L[2])
Up to the extraction of subsequences, the sequences ¢", /", ¢", and ", converge locally
uniformly to ¢=, ¥, 3> and ¢¥*°; and importantly, the supremum of max(@*, J*) is
attained on the interval [0, L]. We remark that ‘p‘p(’z;)L) = ¢™(x), ‘/’;Lﬁf) =y (x), and
that (&>, ™) solves

=" (x).

(@), + a(x):—jo¢;° +,uv(x)Z—oo(zﬁ°° _ %) =0,
/5% e

(T ()IY) +0'(X) U7 +uu(X)w—w(<ﬁ°° -y) =0.

Consequently the functions ®(x) := ¢ (x) — m and ¥(x) = J>(x) — m satisfy

(e8] (o)

(c(x)D@y), + O'(x)i—;d)x +pu(x)lZ—oo(‘I’ -¥) =0,
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0

(O'(x)‘I’x)x+0'(x)Z—%:‘I’x+/,tu(x) (@-Y)=0.

Ll
wOO
This is a cooperative, fully coupled elliptic system. Furthermore, @, ¥ < 0 and either @ or ¥

attains its maximum somewhere. Hence [8, Proposition 12.1] implies that ®(x) = ¥(x) =0,
that is, ¢ (x) = m and > (x) = m. Let A := %ln(m), then we have

PV (x+ L) = $¥ ()™ (x) = mg™ (x) = o™ (x) and Y= (x + L) = ey (),
therefore the vector function e~ (o™ (x), > (x)) is L-periodic. Moreover it satisfies

(C()¢Y), =220 (x) @ + (Lo (x) = A0 (x) + 7 (%) = (1)) 9 (x) + o ()9 (x)

= AT (),
(YY) =200 ()Y + (70 (x) = A0 (x) + 7y (xX) = 10 () )™ (%) + 2, (x) 0™ (x)
= 7Y ().
Thus we have shown that A7 = k(4) for some A € R. This finishes the proof of Theorem
2.3. [

Proof of Proposition 2.4. We first prove statement (ii). Foreach 2 € R, let (k (1), (¢(x), ¥ (x)))
be a A-periodic principal eigenpair of (2.4); in other words, suppose that it satisfies (2.4").
Then it is easily seen that (¢(—x), ¥ (—x)) satisfies (2.4") with A replaced by —A but with the
constant k (1) unchanged. This means that (k (1), (¢(—x), ¥ (—x))) is a A-periodic principal
eigenpair of (2.4) for —4, which shows that the equality k(—1) = k(1) holds.

Next we prove statement (i). Since y,, = u,, the joint operator (Ll_ Y L? /l) " is the formal

adjoint of the operator (L}, Li)T for the canonical scalar product in L3, (R)*:

L L
<(¢1,lﬁ1),(902,lﬁ2)>=/ <P1(X)902(X)dx+/ Y1 (x)ga(x)dx.
0 0

Hence, by the Fredholm alternative, k(—1) = k(). This completes the proof of Proposi-
tion 2.4. ]

3.2. Analysis of propagation dynamics
Here we first prove the basic boundedness estimate, Proposition 2.5.

Proof of Proposition 2.5. The nonnegativity of u(x), v(x) follows easily from the maxi-
mum principle, since p,(x) > 0, u,(x) > 0. The details are omitted. Next let w(z, x) :=
u(t,x) + v(t,x). Summing up the two equations in (1.1) yields

(u+0) = () (w+0)x) , +ru()u+ry(x)v — (ke (X)u + Ky (x)0)

< (o () (e +0)x) , + Fmax (tt +0) = Knnin (1 +0)*.
Therefore, w satisfies

wy < (X wy) , + (Fmax — kminw)w (£ > 0, x € R). (3.2)
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Let W(t) be the solution of the following ODE problem:

Wi = (Fmax — kminW)W,  W(0) = max (K, sup(uo(x) +vo(x))),

xeR

where K := Fmax/Kmin. Then by the comparison principle we have w(z,x) < W(¢) for all
t > 0, x € R. Furthermore, it is clear from the equation for W that W (¢) is nonincreasing
in ¢ and converges to K as t — +oo. The conclusion of the proposition then follows. ]

Next we prove Theorems 2.6 for the spreading speeds and Theorem 2.9 for the hair-
trigger effect. In the proof of Theorem 2.6, we only consider the case where (ug, vg) are
right front-like and focus on the right spreading speed c’,, since the other case can be treated
precisely the same way. Theorem 2.6 follows as a direct consequence of Lemma 3.1 and
Lemma 3.3 below.

Lemma 3.1 (Upper spreading speed). Let Assumption 1 hold true. Let A > 0 be fixed and
(k(2), (o(x), YA (x))) be the associated A-periodic principal eigenpair. Assume that, for
some a > 0,

uo(x) < we ot (x) and vo(x) < e ¥yt (x) forall x € R. (3.3)
Then if ¢ = @ we have
u(t,x) < ae Do (x) and vy(x) < ae "Dy (x) forallx e Randt > 0. (3.4)

Proof. The vector function ae~4*=<") (o1(x), y*(x)) is an explicit solution to the linear
system (2.2), as we mentioned in section 3.1 and also in (2.16). Consequently, this vector
function is a super solution to (1.1) since the nonlinearity of (1.1) is sublinear. This implies
(3.4). [ ]

Before stating the next result on the lower spreading speed, we introduce some key
notations. Let

(x) . ﬂu(x) _ ., Max (SupxeR ru(x), SUp, e ru(x))

pi= =

K = mm(mf HolX) , (3.5)

xeR K, (x) xer Kv(x)
and let (i(¢,x), 9(¢,x)) denote a solution to the auxiliary system:

+ pp(X)0 = py ()i, t>0,x €R,

i
+ ty (X)it — up(x)o,  t>0,x €R.
(3.6)

iy = (o (x)iix) , + (ru(x) — ky(x) (i + D) — Bii)
Uy = (O-(X)f)x) (rv(x) = kp(x) (@ +7D) - ﬁv)ﬁ

Lemma 3.2 (Comparison with a lower barrier). Let Assumption | hold true. Let iig(x) and
Uo(x) be continuous functions such that

0 < dip(x) < min (ug(x), %K) and 0 < Tp(x) < min (vo(x), %K), 3.7)
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and let (i(t,x),5(,x)) be the solution of (3.6) starting from (0, x) = io(x) and 5(0,x) =
o (x). Then for all t > 0 and x € R we have

i(t,x) <u(t,x) and o(t,x) < v(t,x). (3.8)
Proof. We first show that i + 0 < K. Summing up the two equations in (3.6) yields
(i +0); < (0(x) (@ +D)x) , + ru(X)ii + 1y ()5 B (ﬁ2 + 52) :
Therefore, the function @ := i + 0 satisfies
Wy < (07 (x)iDy) , + max(sup ry, sup ry)i — 'gu?z = (o (x)iy) , + 'g (K-d)w. (3.9)
Since @(0,x) = iip(x) + Jp(x) < K, by the comparison principle we have (¢, x) < K. Hence
i(t,x)+0(t,x) <K forall r>0, x eR. (3.10)
In particular, i(z,x) < K and i(z,x) < K, which imply
o (x) — Kk, (X)iE(¢,x) 2 0 and u,(x) — k,(x)0(7,x) > 0 forall £ >0,x e R. (3.11)

Now, in order to prove (3.8), we define U :=u — i1, V := v — 0. Then a direct calculation
shows
U, = (O_Ux)x + ((ru = ty) — ky(u+ i+ U))U + (py — ku )V +ﬁ’22,
Vi = (Vi) + ((ro = o) = kp(u + 0 +8))V + (11, — k,0)U + B2,

hence

U 2 (0Uyx), + ((ru — My) — k(U + 0+ U))U"' (Hy — K, @)V,

Vi 2 (Vi) + ((ro — o) — kp(u+0+0))V + (p — k,0)U, (3.12)
By virtue of the inequalities (3.11), the right-hand side of (3.12) is a cooperative system.
In view of this, and the fact that U (0, x) = ug(x) — idp(x) > 0, V(0,x) = vo(x) — Dp(x) = 0,
we obtain U(t,x) > 0, V(¢,x) > 0forall > 0 and x € R, which implies (3.8). The lemma
is proved. ]

Note that, by the inequality (3.11), (ii(¢, x), 5(t, x)) can be regarded as a solution of the
following system so long as the initial data satisfies iig(x) + p(x) < K.

{ﬁt = (o (X)iix)x + (ru(x) = pu(x) = (ky +B)ﬁ)ﬂ + ﬁ(ﬂv()c) - Ku(x)ﬁ)+’ (3.13)
O = (0 (X)0x)x + (ro(x) = po(x) = (ky + B)0) + i (1 (x) = K, (x)7) . .

This is a cooperative system, therefore the comparison principle holds.

Lemma 3.3 (Spreading properties of (3.6)). The system (3.6) possesses an L-periodic
positive stationary solution (p(x), q(x)) satisfying p(x) + q(x) < K with the following
properties.
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(i)  For any solution (i(t, x), 0(t, x)) of (3.6) whose initial data (iig(x), Do(x)) is L-
periodic and satisfies 0 < iip(x) < p(x), 0 < Tp(x) < q(x), it holds that

tlim i(t,x) = p(x), tlim o(t,x) = q(x) uniformly on R. (3.14)

(ii)  For any solution (ii(t,x), 0(t,x)) of (3.6) whose initial data (iio(x), Do(x)) is right
front-like and satisfies 0 < iip(x) < p(x), 0 < Tp(x) < q(x), it holds that

lim sup (Ji#(z,x) — p(x)| +0(t,x) — q(x)]) =0, forevery ¢ < cj, (3.15)

t—+00 x<ct
where cY, is the right spreading speed defined in (2.15).

Proof. As we have shown in the proof of Lemma 3.2, there is no distinction between the
solutions of (3.6) and those of (3.13) so long as the initial data satisfies iip(x) + Dp(x) <
K, thanks to the inequality (3.10). Since (3.13) is a cooperative system, the comparison
principle holds for such solutions. Note that the linearized system for (3.6) is (2.2), the
same as that for (1.1). Hence the principal eigenvalues 17", AR, k(1) associated with
(3.6) are identical to those associated with (1.1).

Let us first prove the existence of the periodic stationary solution (p, g) with the prop-
erty (i). Thus, for the moment, we focus on solutions of (3.6) whose initial data (i (x), Do (x))
is L-periodic. Since 47" > 0, there exists &9 > 0 such that, for any & € (0, £o], the pair
(e@Pe", eyP¢") is astrict subsolution of (3.6), where (¢P¢",yP¢") is the principal eigenvec-
tor of the problem (2.3). We choose g sufficiently small if necessary, so that 9P (x) +
eoyP" (x) < K. Let (u®(1,x),0°(,x)) denote the solution of (3.6) whose initial data is
(e@Pe", eyPe"). Then, since (u®(,x),v°(¢,x)) is also a solution of (3.13), which is a coop-
erative system, this solution is strictly monotone increasing in ¢. Moreover it is bounded
from above by the inequality (3.10). Hence it converges to an L-periodic stationary solution
(p(x),q(x)) as t — +oo. Note that we have

p(x) > £0@”" (x),  q(x) > eoyP (x),

since otherwise p (or g) would have to be tangential to £;¢P¢" (or £1yP¢") from above
for some 0 < &1 < g, but this is impossible by the strong maximum principle and the fact
that (£19P¢", £1yP¢") is a strict subsolution. Consequently, the limit stationary solution
(p(x), g(x)) does not depend on the choice of & € (0, &o].

Now let (o (x), Jo(x)) be any L-periodic initial data that satisfies 0 < fo(x) < p(x),
0 < Pp(x) < g(x). Then there exists € > 0 such that £p”¢" < iy, eyP¢" < by. Since the
solution of (3.6) with initial data (e¢”¢", eyP¢") converges to (p, q) as t — +oo, we see,
by the comparison principle, that the same holds for the solution with initial data (i, 9p),
which proves (3.14).

Next we prove statement (ii). This is actually a direct consequence of the result of
Weinberger [38], after adapting our problem to make it fit into the scalar framework used
in the paper. The paper deals with propagation dynamics of a system defined by a rather
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abstract order-preserving real-valued operator Q defined on a close set H ¢ R¢. To make
this result applicable to our vector-valued system, we rewrite our system (3.6) as a nonlocal
scalar equation defined on H := R x {0, 1} ¢ R?, which represents two parallel straight
lines. We remark that any continuous vector function (ﬁ(t, x), b(t, x)) can be represented
as a scalar function w : R X H — R by letting w(z, x, 0) = i(¢,x) and w(t, x, 1) = 0(¢, x).
Therefore our system can be regarded as a scalar system on the habitat . If we define the
operator Q as the time-1 map of the system (3.6):

0 : (do(x),To(x)) = (a(1,x),5(1,x))

then it is not difficult to see that the assumptions of [38, Theorem 2.1] are all fulfilled,
thanks, in particular, to the property (3.14). The fact that the right spreading speed of (i, 7)
coincides with the value c} in (2.15) follows from [38, Corollary 2.1] and the fact that the
A-principal eigenvalues k(A1) for (3.6) are identical to those for (1.1). (We remark that the
same conclusion also follows from the abstract results of Liang and Zhao [26, Theorems
2.11, 2.15, 3.10]). The Lemma is proved. [

Proof of Theorem 2.6. Since the assertions (2.13) and (2.14) can be shown precisely the
same way by simply reversing the direction of x-axis, we only prove the former.

The second assertion of (2.13) is a consequence of Lemma 3.1. The first assertion of
(2.13) follows from the inequalities (3.8) and Lemma 3.3 (ii). Finally, the “inf” in (2.15)
can be replaced by “min”, since k(0) = AP¢" > 0 and k(A1) grows quadratically by virtue
of (2.7). The Theorem is proved. ]

Proof of Proposition 2.77. We only prove the assertion for ¢, as the proof for ¢} is precisely
the same. By (2.7),

k()

. .
Cp = IMIn
R™ 250

) T
< min (o-max/l + max) = 24/0maxmax-
>0 A

Next, assume rpin > 0. Let the above minimum of k(1) /A is attained at A = 19 > 0. Then

. k@ T'mi . Fmi
g = % > Omindo + ::(;n > I;1>1{)1 (O’min/l + r;m) = 20 min"min-
This completes the proof of the proposition. ]

Proof of Theorem 2.9 (hair-trigger effect). Let us first prove that the conditions (a), (b), (c)
are equivalent. The equivalence (a) & (b) is already implied in (2.8), since /lf is strictly
increasing in R. The assertion (b) = (c) is also clear since k(1) is convex. Now assume
that (c) holds. Then by the formula (2.15), we have k(1) > 0 for 4 > 0 and also for A < 0.
It remains to show that k(0) > 0. Assume by contradiction that £ (0) = 0. This means that
k(0) = k’(0) = 0. Then we have
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contradicting the assumption (c). This contradiction proves that (¢c) = (b) holds. The equiv-
alence of (a), (b), (c) is proved.

Next we prove (2.20). Actually this statement follows from (2.13) and (2.14), but since
the proof of the latter two statements relies on Theorem 2.6, we give a much simpler direct
proof of (2.20). By Lemma 3.2, it suffices to prove the claim for solutions of (3.6).

Choose a large enough R > 0 such that /lf > 0 and that R > L, and consider the system
(3.6) on the interval [—R, R] under the Dirichlet boundary conditions at x = +R, namely

iy = (0iiy)  + (ru — k(@ +0) — BiA)i + D — pyil, t>0,x € (R, R),
b = (00x)  + (ro — k(@ +0) — BO)0 + pyit — p0, ¢ >0,x € (=R, R), (3.16)
i(t,-R)=u(t,R) =0, ©o(t,-R)=0(t,R) =0, t>0.

As in the case of (3.6), for any solution of (3.16) whose initial data satisfies i (x) + Do (x) <
K, the inequality (3.10) holds on the interval [—R, R], therefore the comparison principle
holds among such solutions of (3.16). Since /lf > 0, there exists g9 > 0 such that, for
any € € (0, go], the pair (@R, eyX) is a strict subsolution of (3.16), where (R, yR)
denotes the principal eigenvector of the problem (2.5). We choose &y small enough so that
g0¢R (x) + ey R (x) < K. Let (u®(,x),0%(t,x)) denote the solution of (3.16) whose initial
data is (e(,oR, sy ). Then, by the comparison principle, this solution is strictly monotone
increasing in ¢ and is bounded from above by the inequality (3.10). Hence it converges to
a stationary solution (PR (x), OR (x)) as t — +oo. Note that we have

PR(x) > g0p®(x), QR (x) > sy (x),

since otherwise PR (or QF) has to be tangential to &;¢® (or £1¢®) from above for some
0 < &1 < &, but this is impossible by the strong maximum principle, Hopf boundary lemma
and the fact that (8190R, sle) is a strict subsolution of the system (3.16). Consequently,
the limit stationary solution (PR (x),OR (x)) does not depend on the choice of & € (0, g9].

Now let (ﬂ(t, x), i(¢t, x)) be any solution of (3.6) whose initial data is nonnegative,
nontrivial and satisfies iy (x) + p(x) < K. Fix 7 > 0. Then iéi(7,x) > 0, #(7,x) > 0 for all
x € R, hence ii(t,x) > gpR(x), i(1,x) > ey®(x) on [-R, R] for some & € (0, &g]. By the
comparison principle,

i(t+7,x) > a(t,x), o(t+7,x) >20°(@,x) forall t >0.x € [-R,R],

where (1 (t,x),v®(t,x)) denote the solution of (3.16) whose initial data is (e, ey®).
Letting t — 400, we obtain

lim inf i (7, x) > PR(x), liminf o (r, x) > 0R(x), for x € [-R,R].

Replacing the interval [—-R, R] by [-R + kL, R + kL] (k € Z) and repeating the same

argument, we see that the following estimate holds for all k € Z:

I}mjnfﬁ(t,x) > PR(x + kL), lgm}nf o(t,x) > OR(x+ kL), for x € [-R+kL,R+kL].
(3.17)
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Since R > L, the family of intervals [-R + kL, R + kL] (k € Z) covers the entire x-axis with
much overlapping. Therefore, (3.17) gives a uniform positive lower bound. The assertion
(2.20) is proved.

Next we prove the second part of the theorem. As mentioned before, we only prove
(2.21), since (2.22) can be shown precisely the same way by simply reversing the direction
of the x-axis. By what we have just shown above, the following inequalities hold:

liminf i (7, 0) > PR(0), lim inf 3(7,0) > 0R(0).
—+00 —+0c0

Fix a constant m satisfying 0 < m < min(PR(0), 0% (0)). Then there exists 7 > 0 such that
i@(1,0) > m, 5(1,0)>m forall t>T. (3.18)

Fix such T > 0. Note that, since PX + O < K, we have m < K/2.
Next we consider another auxiliary system of the form

{'Iit = (o () ix) , + (ru(x) = & (x) (@ +0) = B'w)u + pp (x)0 — py(x)it, 1> 0,x €R,

Uy = (0 (X)), + (ro(x) = ko (x) (@ +7D) = D)0 + p ()t — pry(x)0, 1> 0,x €R,
(3.19)

where the constant 8’ is given by
K
ﬁ, = _:B»
m

with K and § being the constants defined in (3.5). This system is obtained by replacing
the constant 3 in (3.6) by 8. By using an argument similar to (3.9), we see that w(z, x) :=
u(t,x) +v(t, x) satisfies

_ . BK_ B, . BK o
Wy < (o (x)iy) , + S-S = (o (x)wy), + oy (m - ) w.
Therefore, if the initial data of the solution of (3.19) satisfies
w(0,x) := up(x) +v9(x) < m, (3.20)
then w(z, x) := u(t,x) +v(t,x) < mforallt > 0, x € R. In particular, we have

u(t,0) <m, v(t,0) <m forall >0, 3.21)

provided that (3.20) holds. Now we consider a solution (i(z, x), (¢, x)) whose initial data
(0, o) satisfies (3.20) and is left front-like in the sense that

12112 min (o (x),To(x)) > 0 for some K <0, iap(x) =0p(x) =0 forall x > 0.
XSKg

Since 8’ > B, this is a subsolution of the system (3.6). We claim that

u(t,x) <a(t+T,x), v(t,x) <0(t+T,x) forall t >0, x>0. (3.22)
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Indeed, at z = 0, (3.22) certainly holds for all x > 0 since &y and vy are 0. At the boundary
x = 0, the above inequality holds by virtue of (3.18) and (3.21). Thus the comparison
principle implies (3.22).

By Theorem 2.6, the front of (u(z,x),0(t, x)) propagates at the speed Cg» since the
linearized system for (3.19) is the same as that for (1.1). This and (3.22) proves (2.21a).
Note that this statement holds for any nonnegative nontrivial solution of (1.1). For solutions
with compactly supported initial data, the assertion (2.21b) is a consequence of Lemma 3.1.
The Theorem is proved. |

3.3. Existence of traveling waves

The goal of this section is to prove Theorems 2.10 and 2.12 on traveling waves. We consider
only the right traveling waves, as the left traveling waves can be treated precisely the same
way. The existence will be proved by a fixed-point argument. More precisely, for each speed
¢ 2 g, we first restrict the system (1.1) on the moving interval —M + ¢t < x < +oo and
prove the existence of a traveling wave for this restricted system by applying the Schauder
fixed-point theorem, then we let M — oo to obtain a traveling wave of the original system.

In order to apply the fixed-point theorem, we need to construct upper and lower barriers.
The upper barrier is easy to construct, as it is simply a solution of the linearized system. On
the other hand, the construction of the lower barrier is much more involved. Our construc-
tion of lower barriers for ¢ > ¢} is adapted from [20] on scalar equations, but the lower
barrier for ¢ = ¢}, is new. The latter requires subtler analysis because of the degeneracy of
the characteristic equation.

As a matter of fact, it is possible to prove the existence of traveling waves for the critical
case ¢ = ¢, by a limiting argument, namely by taking the limit as ¢ — ¢} of the traveling
waves of speed ¢ > ¢},. Such an approach is more common in the study of scalar equations,
but it does not give detailed information about the spatial decay rate of the critical traveling
wave as x — +oo. Our approach, on the other hand, gives an optimal decay rate directly for
the case ¢ = c,.

Now, for each fixed M > 0 and ¢ € R, let us consider the following system, which is
obtained by restricting the system (1.1) on the interval —-M + ct < x < +co0:

Uy = (O'(x)ux)x + (ru(x) — ku(x)(u + v))u + (X))o — py()u, t>0,x>-M+ct,
v = (0 ()vx) , + (ro(x) = ko (X) (U +0))0 + p () = pry(x)v, >0, x> M +ct,

ux(t,—M +ct) = v, (t,-M +ct) =0 (¢ > 0).
(3.23)
The global existence and the uniqueness of solutions of system (3.23) for nonnegative
bounded continuous initial data (uo(x), vo(x)) is classical. We next consider the following
auxiliary system which is obtained by restricting (3.6) on the interval —M + ¢t < x < +o0:

i = (O-(X)sz)x + (ru(x) — Kk (x) (@i + D) - ﬁﬁ)ﬁ + py(X)0 = py (X)),

b = (0 (x)0x) , + (ro(x) — ko (xX) (@ + D) = BD)D + pay (x) i — 1 (x)7, (3.24)
iy(t,—-M +ct) =0x(t,-M +ct) =0 (¢t > 0).
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Then equivalents of Proposition 2.5 and Lemma 3.2 hold for this system, with virtually
the same proof except for a minor modification at the boundary x = —M + ct. We state
below an equivalent of Lemma 3.2 without proof.

Lemma 3.4 (Comparison with a lower barrier). Let Assumption | hold true and let M > 0
and ¢ € R be given, and let K be as in (2.10). Let (u(t,x), v(t,x)) be a solution of (3.23)
whose initial data (uo(x), vo(x)) is bounded, nonnegative and continuous, and let ii(x)
and 0y(x) be continuous functions such that

0 < dip(x) := min (uo(x), %K) and 0 < To(x) < min (vo(x), %K) (3.25)

Then the solution (ii(t,x),d(t,x)) of (3.24) with initial data (iip(x), 0o(x)) satisfies
i(t,x) < u(t,x) and o(t,x) < v(t,x) forall t >0, x > —M + ct. (3.26)

Next we construct upper and lower barriers in the form of several lemmas.

Lemma 3.5 (Upper barrier). Let Assumption | hold true, K be as in (2.10) and M > 0 be
given. Let 1 > 0 and ¢ € R be such that ¢ > @ Define

u(r,x) = e =D x)  B(t,x) 1= e Dy (), (3.27)

where (¢, ) is the A-periodic principal eigenvector of (2.4) that satisfies || (¢, ¥?) || L~ =
1.

If M is sufficiently large, then for any solution (u(t,x), v(t,x)) of (3.23) satisfying
u(0,x) <u(0,x), v(0,x) <0(0,x), u(0,x) +v(0,x) < K, it holds that

u(t,x) <u(t,x), v(t,x) <v(t,x), u(t,x)+v(t,x) <K forall t >0, x > —M +ct.

Proof. The fact that u(z, x) + v(¢,x) < K is a consequence of (an equivalent of) Proposi-
tion 2.5, so we prove the former two inequalities. Direct computation show that

iy = (0 (X)) + (ru(x) = pu(x) + Ac = k()i + pp (x)7,

vy = (O'(X)Ex)x + (ry(x) — pp(x) + Ac — k(/l))5+,uu(x)ﬁ. (3.28)

Therefore (i, v) is a solution of the linear cooperative system (3.28). Since ¢ > @, we

have
Uy = (O'(x)ux)x + (ru(x) — (%) = Ky (x) (u + v))u + py(x)v

< (o ()uy)  + (ru(x) = (x) + Ac = k() )u + py(x)v,
U = (O-(X)Ux)x + (rv(x) = Ho(x) = ky(x) (u + U))U + py (X)u
< (o (@)ox), + (ro(x) = po(x) + Ac = k(D))o + p (X)u.

Hence (u, v) is a subsolution to the system (3.28). Moreover, for M sufficiently large, we
have

A

u(t,-M +ct) = e™Mp (=M + ct) > K > u(t,—M + ct)
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and similarly v(¢, —M + ct) > v(t, —M + ct). Thus by the comparison principle for coop-
erative parabolic systems, the following inequalities hold, which prove the lemma:

u(t,x) <u(t,x), v(t,x) <v(t,x) forall t >0, x > -M +ct. ]

Lemma 3.6 (Lower barrier for ¢ > c¢). Let Assumption 1 hold true and let M > 0, ¢ > ¢},
be given. Let A > 0 be the smallest positive solution of @ = c. Define

g(t,x) = e_/l(x_Ct)(,D/l(X) _ we—v(x—ct)(,ov ()C), Q([,x) = e—/l(x—ct)w/l(x) _ a)e—v(x—ct)wvcx)’
(3.29)
where the constant v > 0 satisfies k(v) — ve < 0 and A < v < 2A. Then there exists w* > 0
such that, for all w > w*, we have u(t,—M + ct) < 0 and v(t,—M + ct) <0 forallt > 0,
and that, for anyn € {O, cees [%J } and any nonnegative solution (u(t,x),v(t,x)) of (3.23)

satisfying
uog(x) > u(0,x+nL), vo(x) >v(0,x+nL) forall x>-M,
we have
u(t,x) = u(t,x+nlL), v(t,x) = v(t,x+nL) forall t >0, x >-M+ct. (3.30)
The following proof is adapted from [20] on scalar KPP type equations.

Proof. We first prove the lemma for the special case n = 0, then discuss the general case
later.

Let us first remark that u (7 + %,x) =u(t,x— L)and v(r + %,x) =u(t,x — L). It follows
from direct computations that sup, , u and sup, , v are both finite and become arbitrarily
small when w — +co. By Lemma 3.4, it suffices to check that the vector function (u, v) is
a lower barrier to the system (3.24) if w > 0 is sufficiently large. Now direct computations
show

u, = (), + (ru(x) = () + po(x)0 = (=k(v) + ve)we ™ ¥~V (x),
v, = (@), + (ro(®) = () v+ s (Xu = (=k(v) +ve)we™ =Dy (x),
where we recall that —k(v) + vc > 0. Note that we may assume

1n(sﬂ”(y)) ln(l!ﬂ(y))
et(y)) " \w(y)

In(w) + Cp),

(3.31)
otherwise we would have ¥ < 0 and v < 0, in which case there is nothing to prove. In what
follows, we assume that w > e ~€0 so that u < 0 and v < 0 whenever x — ¢t < 0 (in particular
at the boundary x = ¢t — M). Observe that

inf min
v — A yeR

1
1 +
— In(w)

X —ct 2> (
v -A

3 1
K () (1 + v)u + Bu® < (sup ky +,8)g2 + SUp Ky v < (E sup K, +,8) u® + 3 Sup K0
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< (2sup ky + B) max (sup ¢, sup yt)e2A(x=<)

a a
max { su , Su . )
< [(2Sllpku+ﬂ) ( iif(pgo" Py )e—(Z/l—v)(x—ct) gpv(x)e—v(x—ct)
C
S 2/11—\/ (lov(x)67V(X7C[)’
w V-1

v-a
for some constant C| > 0. Taking w > (ﬁ) " we obtain

Ci
22-v
w v-1

< w(=k(v)+vc)

and therefore
K () (e + V)1 + B < W(=k(v) + ve)g” (x)e ¥,
Thus we finally get to

u, < (o) + (ru(x) = pu(x) = k() (w0 + ) = Bu)u + pp (x)0.
v-a
Similarly, there is a constant C; > 0 such that for any w > (ﬁ) * we have

Ko (%) (1 + V)0 + Bv? < w(=k(v) +ve)y” (x)e™" =<0,

hence
Y < (0)n,) , + (ro(0) = po(x) = & (¥) (u +0) = Bo)o + pu (x)u.
The statement (3.30) then follows by applying Lemma 3.4. The lemma is proved for n = 0.

Precisely the same argument holds for (u(z,x +nL),v(z,x + nL)) since it satisfies the
same differential inequalities as the case n = 0 and since u(¢,x + nL) < Oand v(¢,x +nL) <

0 at the boundary x = —M +ct foralln=1,..., L%J This latter claim holds because
u(t,x) < 0 and v(z,x) < 0 whenever x — ct < 0 by our choice of w. This completes the
proof of Lemma 3.6. ]

To construct upper and lower barriers for the critical speed ¢ = ¢}, we need a different
approach, since the decay rate of the traveling wave as x — +co is not purely exponential.

Let 2* > 0 be the unique positive solution of %/l) = Ck» and define
U(f ).__ 0 ( —/l(x—c;;[) /l( ))| V(l ),__ 0 ( —/l(x—c;}t) /1( ))|
,X) = ae @ (X)) 1o ,X) = ﬁe @ (X)) 1o pee
(3.32)
and, for positive constants @ > 0, w > 0 and 1* < v < 247,
T (t,x) = U(t,x) + ae~ ¥ F=RD oV (x),
o (t,x) == V(t,x) + et TRy (x), (3.33)

E*(I,X) = U(t,x) + e—v(x—c;}t)QDV(x) _ we_/l*(x—c;;t)sp,l* ),

vH(1,x) = V(t,x) + e VSR YV (x) — we™V Ry A (). (3.34)
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Lemma 3.7 (Lower and upper barrier for ¢ = ¢%). Let Assumption 1 hold, let K be as in
(2.10) and let M > 0 be given. Then there exist a* > 0, w > 0 and &y > 0 such that

u*(t,&9+ct) <0 and v*(t,&o+ct) <0 forall t >0

and that, for any @ > a*, anyn € {O,. . [%J } and any solution (u(t,x),v(t,x)) of (3.23)
satisfying

up(x) =0, vo(x) >0 and up(x) +vo(x) <K, "x>-M, (3.35a)
uo(x) <@ (0,x), vo(x) T (0,%), “x =&, (3.35b)
uo(x) > u*(0,x +nL), vo(x) > v*(0,x +nL), “x>& —nL, (3.35¢)

it holds that
u(t,x) >0, v(t,x) >0 and u(t,x)+v(t,x) <K, "t >0and "x > —M + cyt, (3.36a)
u(t,x) <w'(t,x), v(t,x) <0*(t,x), "t > 0and "x > & + cpt, (3.36b)
u(t,x) = u*(t,x +nL), v(t,x) > v*(t,x+nL), Yt > 0and "x > & —nL + crt. (3.36¢)

Proof. The claim (3.36a) is a direct consequence of (a variant of) Proposition 2.5 and
(3.35a). We next consider (3.36b). Differentiating (3.28) with respect to A and evaluating
at 4 = A%, we find that

ru(x) = pu(x) + ¢ = k' (1)) U + pp(x)V

(
X (ru(x) _#u(x))U+ﬂv(x)V7 (3.37)

<t
+

Vi = (0(0)Va)  + (ro(x) = po(x) + ¢ = K" (1)) V + pu ()U
= O-(X)Vx)x + (rv(x) - ﬂv(x))v + ,uu(x)U-
Indeed A* is the minimizer of A +— @, which implies that ¢y = k’(1%). Thus, (U, V) is

a solution of the cooperative system (3.28), hence so is (#*,0"). On the other hand, (u, v)
is a subsolution of (3.28). Furthermore, for « sufficiently large we have

T (1,60 + cigt) = ((Eo + @) (€0 + Cipt) — g (€0 + Cgt)) eV 90 > K > u(t, & + ),

and similarly 0° (1, &0 + cjpt) > K >o(1,& + cxt). This, together with the inequality (3.35b)
and the comparison principle for the linear cooperative system (3.28), proves (3.36b).

Next we prove (3.36¢) for n = 0. By Lemma 3.4, in order to show that (i, v) is a lower
barrier for (u,v), it suffices to verify that (u,v) is a subsolution of (3.24) in the range
X 2 & + cpt and that (u,v) > (u,v) at x = & + ¢t for sufficiently large w > 0 and &.
Direct computations show

ul = (o (U} + (ru () = pu(0)u* + (0" = (k(v) = veg)e ™ xD " (x),
vy = (L), + (ro(x) = ()0 + pu (X)u” = (k(v) = veg)e ™ Ry (x),
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where we recall that k(v) — vcj > 0.

Now we show that, for x — ¢} sufficiently large, the term e™”*=¢x!) dominates the
quadratic nonlinearities (x*)?, (v*)? and u*v* which behave like (x — ch‘)2 —24 (x—cpt),
Once this is shown, we see that (u*, v*) is a subsolution to (3.24) for carefully chosen
parameters.

We remark that the leading term in U (¢, x) near x = +o0 is (x — c}t)e"l*("‘ciet) in both
u* and v*. Therefore there is & > 0 such that

1
E(x—c*Rt)e_’l =D U (x) < U(1,x) < 2(x - Cpt)e ™V TR A (x),

1 . . . . . .
E(x —cp)e T ETRD YA () < V(t,x) < 2(x — clpr)e ™V Ry (x)
for all x — ¢t = &. We define

4 v
w(&o) =280+ e~ )% max [ sup <p/l*(x) , sup v (x)

xeR ¢ (X) xeR W’l*(x)

so that whenever w > w(&p) we have
u'(t,é+cgt) <0, v(t,ép+cgt) <0 forall r>0. (3.38)

In what follows we fix w = w(&p) and will use the fact that w < 3&), which is true for &
sufficiently large. Note that by increasing &, we can bound the supremum of u*(¢, x) and
v*(z,x) over the moving interval x € [&g + ¢, +00) by an arbitrarily small value. We have,
for all x — ¢t = &o:

we*/l*(x—th) A* (x) < 3(x _ CRt)ef/l (x— th) A* (x)
therefore, by developing the square of (3.34), we obtain

g*(t,x)Z < 3U(t’x)2+3672v(xfth) V(x)2+3w e 2/1*(xfth) A* (x)Z

< (12(sup )% +3(sup )% + 3 x (3sup )2 (x — cpt)?e 2 ¥ =Ck!)

< 42 max(sup ¢, sup ¢ ) (x — clpt)?e 2 (X =ckt);

and similarly
v* (1, x)? < 22 max(sup g, sup )2 (x — clpr)2e 2 kD,

Thus

ki () (u* + 0" )" + B(u’)* < (% Sup &y +ﬁ) (u")*+ % sup &, (v*)?

Co(x — cipt)?e 2V (¥ <kl
C()(x _ C*Rt)Zef(Z/l*fv)(xfc;t)

~ min(inf ¢, inf y¥) (k(v) — vc)

IA

(k(v) = vc;)ef"(xfc;?’)go"(x)
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=C(x - C}t)Ze—(Ll*—v)(x—c;{t) (k(V) _ VC;)e—v(x—c;(t)SDV(x)’

where Cy and C) are positive constant independent of &g. For & sufficiently large we have
£l CU-ME < CLI for all & > &y and therefore

K () (" + 0" + B(*)? < (k(v) — veg)e " ¥ TRD @Y (x) forall x — it > &.
By a similar argument we find that, if & is sufficiently large, we have
Ko () (" + 00" + B(0)? < (k(v) = vep)e YRy (x) forall x — it > &.

Hence (1%, v*) is a subsolution to (3.24). This, together with (3.38) and (3.35c), shows that
(u*,v") is a lower barrier for (u, v) for sufficiently large &. The Lemma is proved for n = 0.

Precisely the same argument holds for (u*(¢,x + nL), v*(¢,x + nL)) with & replaced
by &y — nL, since it satisfies the same differential inequalities as the case n = 0 and since
u*(t,x + nL) < 0 and v*(¢,x + nL) < 0 at the boundary x = £y — nL + ¢}t for all n =

1,...,| % |. This latter claim holds because, by our choice of w = w(&)), we have u(t,x) <0
and p(t, x) < 0 whenever x — c%t = &; moreover &y > 0, therefore g —nL > —nL > —M.
This completes the proof of Lemma 3.7. ]

Proof of Theorem 2.10. The fact that there exists no traveling wave for ¢ < ¢} is a direct
consequence of the spreading property (Theorem 2.6). The existence of a traveling wave for
¢ 2 ¢y will be shown by using the Schauder fixed-point Theorem and a limiting argument.

We begin with the case ¢ > c},. Fix ¢ > ¢, and let A be the smallest positive solution
to Ac = k(). We let u(t, x) and v(z, x) be the functions defined in Lemma 3.5 by (3.27)
and u(t,x) and v(t, x) be the function defined in Lemma 3.6 by (3.29).

For M > 0, we let Ny := L%J i.e., the largest integer below M, and let E; be the
(convex) set of all vector functions (uo, vo) € BUC([-M, +o<>))2 satisfying the following
constraints:

uog(x) > 0, max u(0,x +nL) < up(x) <u(0,x),
ne{0,1,....,Np}

vp(x) =0, max v(0,x +nL) < vy(x) <v(0,x), Vx> -M,
ne{0,1,..., Nm}y ™

uo(x) +vo(x) < K,

where K is as in (2.10). Note that E; is not empty. Indeed, since %(0, x) > u(0, x) and
since u (0, x + nL) is monotone decreasing with respect to n € N, we clearly have u(x, 0) >
u(x +nL) for all n > 0, and the same holds between v and v. Next we define an operator
OM : Ep — BUC([-M, +))” by

OM (ug, v9) (x) = (u (%,x+L),u(%,x+L)), (3.39)

where (u(z, x), v(z,x)) is the solution of the system (3.23) starting from the initial data
(10, v0)-
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Then, it follows from Lemmas 3.5 and 3.6 that 0™ (Ej;) € Ejp;. Moreover the parabolic
operator QM is compact. Thus, the Schauder fixed-point Theorem implies the existence of
a fixed-point (u™,v™) € Ep such that QM (uM,vM) = (uM,vM). Again by the parabolic
regularity, there exists a sequence M,, — +oo such that u™» converges locally uniformly to
a solution u® to Q* (u*,v™°) = (u*,v™), which belongs to the set E., € BUC(R)? defined
by the constraints

up(x) 20, supu(0,x+nL) <ug(x) <u(0,x),
neN

vo(x) =0, supv(0,x+nL) <wvp(x) <v(0,x), Yx eR.
neN

uo(x) +vo(x) < K,

Note first that the equality Q% (u*, v*°) = (4, v™°) is equivalent to (2.23). Next, since
u(t,x) — 0 and v(t,x) — 0 as x — +oo, we have u®(¢,x) — 0, v™°(t,x) > 0 as x —
+00, which proves (2.24a). The condition (2.24b) is satisfied since sup,, oy u(#,x + nL) and
sup,, i 0(¢, x + nL) are uniformly bounded below by positive constants as x — —co. Thus
(u®,v™) is the expected traveling wave.

Next we consider the case ¢ = c}. In this case we can repeat basically the same proce-
dure, replacing Ej by the set E;, ¢ BUC([-M, +c>o))2 defined by the constraints

uo(x) =0, vo(x) =0, uo(x)+vo(x) <K, Yx>-M;

up(x) <u*(0,x), wo(x) <u(0,x), Yx > &
uy, (x) <up(x), vy, (x) <wvo(x), Vx> & — Ny,
where
uy, (x) = pe 0T u (0,x+nL), vy, (x):= e 0™ 0 0" (0,x +nL).

Note that E}, # 0 since " (0,x) > u*(0,x) and u*(0,x + nL) is monotone decreasing with
respect to n € N. The operator QM : E3, — E), is defined by (3.39). Thus OM possesses
a fixed point in £}, and its limit (#>,v%) as M — oo belongs to the set E, defined by the
following constraints:

uo(x) >0, vo(x) =0, wuo(x)+uvp(x) <K, Yx e R;
up(x) <u*(0,x), wvo(x) <u*(0,x), Yx > &

supu*(0,x +nL) < ug(x), supv*(0,x +nL) <wvp(x), YxeR.
neN neN

As above, one easily sees that the vector function (u*, v™) satisfies (2.23) and (2.24),
therefore it is the desired traveling wave. This completes the proof of Theorem 2.10 |

Proof of Theorem 2.12. Let us first prove (2.26). We fix ¢ > cy. Let 4 > 0 be the smallest
solution of k(4) = Ac and (u (2, x), v (2, x)) the traveling wave constructed in the proof
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of Theorem 2.10. By the construction, we have u(z,x) < u.(t,x) < u(t,x) and v(t,x) <
ve(t,x) < v(t,x), where u(t,x),v(t,x) are given by (3.27) and u(t, x), v(t,x) by (3.29) with
v>A. Lete:=A4—v >0, then

Z(lt,x) — ef/l(xfct)soxl (x) _ wefv(xfct)(p\/(x) — ﬁ(t,x) + O(ef(/l+£)(x7ct))’

and similarly v(z,x) = (¢, x) + O (e~ (*+#) (x=¢)) This proves (2.26).

Next we prove (2.27). Let 4" > 0 be the smallest solution of k(1) = A*c}; let also
(u*(z,x),v* (2, x)) be the traveling wave constructed in the proof of Theorem 2.10 with
¢ = . As before we have u*(t,x) < u*(t,x) < u"(t,x), with u” (¢, x) given by (3.33) and
u*(t,x) given by (3.34). Recalling the definition of U(z, x) in (3.32), we have

w*(t,x) = U(t,x) + O (e—“x—cief)) . T (LX) =U(tLx) +0 (e—“x-cie”) .

We find that U (¢,x) = (x — cjpt)e ™ ¥ =rD) + O (e"l*““";e’)) by developing the A-derivative
in (3.32). The estimate for v* (¢, x) can be shown by a similar argument. This proves (2.27)
and completes the proof of Theorem 2.12. |

3.4. Proof of global asymptotic stability of the positive equilibrium

In this section we focus on the case where the coefficients of (1.1) are spatially homoge-
neous. In Section 3.4.1 we study the corresponding ODE problem and prove local asymp-
totic stability and uniqueness of stationary solutions. Then, in Section 3.4.2, we extend
those results to the system (1.1) with spatially homogeneous coefficients and prove Theo-
rem 2.14.

3.4.1. Global dynamics of the ODE problem. Here we prove Proposition 2.13 on the
dynamics of the ODE system. We rewrite the system (2.32):

{u, = (ru — &u (0 +0))u + o0 — pu =1 f*(u,v),

v = (ro = k(U +0))v + pyu — pov =2 f*(u, v).

Here the coefficients r,, 7, need not be positive, but the other coefficients are all assumed
to be positive. We first prove statement (ii) (for 14 < 0), which can be done by simply
comparing the solutions with those of the linearized system. The proof of statement (i) (for
A4 > 0), on the other hand, requires much more involved arguments, and a large part of this
section is devoted to the proof of statement (ii). To achieve this goal, two different methods
are to be employed, depending on the sign of r, — u, and r, — u,. If one is positive, the
system admits a Lyapunov function which simplifies the convergence proof significantly;
whereas in the case where both are nonpositive, the system is ultimately cooperative and
the long-time behavior can be handled by monotonicity arguments. (using super- and sub-
solutions). Note that both arguments are inspired by [9]. We still include the proofs for the
sake of completeness.
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Proof of Proposition 2.13 (ii). The linearized system of (2.32) is given in the following
form:
ur = (ry — tu)u + Wy,
0= (= st iy t>0, xeR. (3.40)
v = (ro = o)V + pult,

This is a cooperative system, and since the nonlinearities of (2.32) is sublinear, solutions
of (2.32) are subsolutions of the system (3.40). Consequently, if («,v) and (i, 7) denote
the solutions of (2.32) and (3.40), respectively, we have

(1(0),0(0)) < ((0),5(0)) = (u(t),v(r)) < (i(2),0(¢)) for t > 0. (3.41)

We first consider the case where 44 < 0. Let (¢, (p”A)T denote the positive eigenvector
of the matrix A corresponding to A4. Then for all M > 0, (i(¢),5(¢)) := Me’lA’(goﬁ, %)
is a solution of (3.40) that converges to (0, 0) as t — +oco. Consequently, by (3.41), any
nonnegative solution of (2.32) converges to (0, 0).

Next we consider the case where 14 = 0. In this case, the system possesses a one-
dimensional family of equilibrium points (M 'y, M%) (M > 0). For each u,v > 0, define

M (u,v) := min{M >0:u<Mph, v< Mga”A}

Then, by applying (3.41) to the case (i1, ) is an equilibrium, we see that M (u(t), v(t)) is
non-increasing in ¢ for any nonnegative solutions (u(¢), v(¢)) of (2.32). Furthermore, it is
easily seen that M (u(t), v(z)) is strictly decreasing in ¢ except when M = u(0) = v(0) =
0. Therefore, M (u, v) is a Lyapunov function for the system (3.41) whose unique local
minimum is achieved at (u, v) = (0, 0). This proves that (u«(z),v(t)) — (0,0) as t — +oo.
The proof of statement (ii) is complete. [

Remark 3.8. The non-existence of a positive stationary solution when 14 = 0 was treated
in [16, Theorem 1.4 (ii)] by using a different method and it also follows from [8, Theorem
13.1 (¢)].

Now we turn to the proof of statement (ii). We prepare several lemmas.

Lemma 3.9 (Existence and uniqueness of stationary state). Letr,,r, € R, k, > 0, k, > 0,
and py, iy, > 0. Suppose that A4 > 0. Then, there exists a unique nonnegative nontrivial
equilibrium (u*,v") for (2.32), that satisfies:

1) ifry—puy >0 (resp. ry — uy > 0), then

min (fy, 7y — Mu) < *<n’1aX(,uU,ru—,uu)

0< <u <
Ky Ky
min (,uu’rv _,uv) * max (/lua Iy _ﬂv)
resp. 0 < —————— 2 < pf g ——— 7 )
Ky Ky

Equality holds in the above inequalities if, and only if u, = ry, — p, (resp. ry — iy =
Huc)-



Front propagation in hybrid reaction-diffusion epidemic models with spatial heterogeneity 37

@{i) ifry—p, <0(resp.ry —pu, <0), then 0 < u* < % (resp. 0 < v* < '%)
In particular, (u*,v*) belongs to the interior of the cooperative zone defined in
QDifry—pu <0andr, — u, <0.

Proof. Let (u,v) be anonnegative nontrivial stationary state for (2.32). Then (u, v) satisfies

u(ry — Ky (u+0)) + pyv — pyu =0,
v(ry = kp(u +0)) + pyu — o = 0.

Since (u, v) is nonnegative and nontrivial, and since y,, > 0, u, > 0, we have in factu > 0
and v > 0. We introduce the new variables S = u + v and Q = %, which satisfy the system:

O(ry — kuS) + uy — 1, Q =0, Q(ru B KuS) o = @ =0,
= _ ro+ uyQ — iy
Ky ’

ro = KpS + 1, Q — py =0,

Ky 2 Ky
- Hu—0 +(ru_luu_
Ky K

v

(rv_/'lv))Q"'/lv:O’
—
Ty + 1y Q — Hy

Ko

S =

The first line of the latter system has a unique positive solution:

2

K K K K

0= : Fy — Mu — u(rv_/lv)"' Fy — Mu — u(rv_,uv) +4 u,uuﬂv .
2Ky Ky Ky Ky

Since the change of variables is reversible, we have proved the uniqueness of the solution.
To prove the existence of an equilibrium for (2.32), we first observe that S(¢) = u(t) + v(¢)
satisfies

S; < max(ry, r,)S — min(k,, kp)S2,

which follows by adding up the two equations in (2.32). Consequently, the interior of the
triangle delimited by the axes and the line {u + v = max(r,.r,)/min(k,, k,)} is positively
invariant for the flow, and (0, 0) is an ejective equilibrium point whenever 14 > 0. By
an extension of the ejective fixed point theorem to flows [21, Theorem 19], there exists a
nonejective equilibrium for (2.32), which proves the existence.

Next we focus on the estimates on statement (i). Since the statement is symmetric with
respect to the variables u and v, we only prove the result for u*. Assume first that r,, — p,, >
Hy > 0. Then u* satisfies:

0=u"(ruy— pu — Kutt") + 0" (ptp — K u"). (3.42)

Ifu* < 'u ¢ then both terms in the right-hand side of (3.42) are positive, which is a contra-
diction. Slmllarly, ifu*> r“ fu—Hu then both terms are negative, which is also a contradiction.
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We conclude that ” L <yt < r"K Hu Rinally, if equality is achieved in the latter inequality,
then one of the terms in (3.42) is 0 and the other is positive, which is a contradiction. Thus
Mo Ty — Mu

—<M <
Ky Ku

In the case 0 < r,, — p,, < uyp, a similar argument shows that

D Pu e < B
Ky Ku
Finally, if r, — pu,, = yp, then both terms in the right-hand side of (3.42) have the same sign
independently of u*, hence the only possibility is

« _Tu—MHu  Ho
u = —= —.
Ky Ku

Statement (i) is proved. To show Statement (ii), since r,, — p,, < 0, we simply rewrite (3.42)
as:

*

u*:&+u—*( uu—Kuu)<ﬂv
Ky u Ku
This proves Statement (ii) and the proof of Lemma 3.9 is complete. |

We have seen above that the unique nontrivial nonnegative equilibrium point (u*, v*)
of (2.32) is automatically positive. Now we discuss its linear stability. The Jacobian matrix
of the nonlinearity f := (f“, f") at (u*, v*) is given in the form

Fu =ty — K (21 +0) oy — Kyl ) . (a b)

4
My — Ky ry — My — Kp (1 + 20) c d (3.43)

D(u*’v*)f =

The eigenvalues of this matrix determines the linear stability of (u*, v*).

Lemma 3.10 (Linear stability of the positive equilibrium). Letr,,r, € R, k,, > 0, k, > 0,
and py, > 0, p, > 0. Assume that 14 > 0 and let (u*, v*) be the positive equilibrium point
of (2.32). Then (u*, v*) is linearly stable. More precisely, the constants a, b, c,d in (3.43)
satisfy:

*

a=- (Kuu* +/,tvv—*) <0, d=- (KUU* +yuu—*) <0
u v

as well as:
tr(D (e oy f) =a+d <0, det(D: ) f)=ad—-bc>0.

Proof. Let us first remark that the equation satisfied by the equilibrium (u*, v*) of (2.32)
can be written as

*

v
— = k(U +0") = —Ho—>

u

M*
— My = Kp(U* +0") =~ —.

U*
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Using the above relation, we have

v* u*

a+d=ru_/lu_Ku(zu*+U*)+ru_NU_KU(M*+2U*)=_/10_*_/lu__KMu*_KUU*<0'

U*
Computing further, we obtain
ad = be = (ry = pu = Ku(2u" +07)) (ro = pto = Ko (u” +207)) = (o = kytt”) (R = Ko0")
v* * u* * ¥ *
= ﬂu; + Ky ,uuv_* + kU | = (ptp — kutt”) (g — Kp0")

(v")? (u)?

* *
= MoKy e +,uuKuT+,uvKuu + pyukpv” > 0.

The lemma is proved. ]

Remark 3.11 (Stability of (0,0)). The principal eigenvalue 14 can be computed explicitly
as

2
ru_/lu+ru_ﬂu+\/(ru_/lu - (rv_,uu)) + 4y
> .
By a direct computation, one sees the following:

s =

(i) A4 is monotone increasing in both r,,, r, and 14 =0ifr, =r, = 0;

(i) If we fix the ratio between u, and u, as u, = u, 4, = au, then 14 is monotone
decreasing in u and 14 — max(ry, r,) as u — 0, while 14 — ;1:1:;10
H — oo.

Hu

HutHy

ry + Iy as

From (i) above, we see that 14 > 0 if r,, r, are both positive (hence (0, 0) is unstable), and
Aa < 0if ry, r, are both negative (hence (0, 0) is stable). When max(r,,,r,) > Obutr, <0Oor
ry <0, then from (ii) above, we see that (0,0) is always unstable if :‘fyv m :‘ 1T 20,
whereas if m u’ffm Fu+ ﬂ:’ Ty < 0, the stability of (0, 0) depends on the size of the mutation
rate; roughly speaking, (0, 0) is unstable if y,,, u, are sufficiently small, and stable if y,,, u,
are sufficiently large.

ry +

We are now in a position to give our key arguments for the long-time behavior of the
ODE problem. We begin with the case where a Lyapunov function exists for the system.
We define:

Fuu(u) :=u—u*—u*ln(%), Fo(v) :=v—0"=0v"1n (U_v*) (3.44)

Note that this Lyapunov function is rather classical and has been used for instance by [22]
for competitive Lotka-Volterra systems. The present argument was inspired by [9].

Lemma 3.12 (Lyapunov function). Let Assumption 2 hold true, and assume that 14 > 0
and that max (r, — p,,r, — itp) > 0. Then there is K > 0 such that the function ¥X (u,v) :=
Fu(u) + KF,(v) is a Lyapunov function for (2.32), that is, for any positive solution (u(t),v(t))
of (2.32),

%TK(u(t),u(t)) <0 for1>0.
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Moreover the inequality is strict unless (u(t),v(t)) = (u*, v*).

Proof. Since it is clear that F (u*, v*) = 0, we will focus on the case of a solution orbit
(u(2),v(r)) starting from a positive initial condition (uo, v9). We first compute:

M*

d o Ut
4 Fatu) = (1 _ 7) = (- u™

% v
= (u—u )(ru_/lu_Ku(u"'v)"',uv;)

* * * v 14
=(u-u )(Ku(u +U)_l1v;_’<u(u+v)+ﬂv;)

utv — uv*)

*

= (= u*)? = k(= ") (0 = ") + o (= u) ( -

*

_(Ku+,uv%)(u—u*)2—(Ku—';i)(u u)(v—v")

<~ = u)? = (k0= B2) (w =) 0= o),
u

*

and the inequality is strict unless # = «*. Similarly,

SR < k0 =00 = (k0= 22) (w0 -0,

and the inequality is strict unless v = v*. Since (u,v) # (u*,v*), we have for all K > 0:

SR ) < s =1 = (k= B2 4 K (k= 22)) (0= 0= 0) = K007

Next we prove that the right-hand side can be made nonpositive for all (u, v) > (0, 0)
for a well-chosen value of K. We remark that the right-hand side is a quadratic form in
(U :=u—u*,V :=v—0"), which can be written as —Q (U, V) where:

Q(U,V) := AU*> + (B+KC)UV + KDV?, (3.45)

andU=u—-u*,V=v-0, A=k, B=x,-%,C=x,— 5 and D = «,. We claim

that Q (U, V) can be made positive definite by a proper choice of K > (. Indeed, algebraic
computations lead to

2 2
B+KCV) +(KD— (B+KC) 2

Q(U,V)zA(U ) ,

and therefore it suffices to find K > O such that

0 <KD (B+KC)?> —-C?K?+(4AD -2BC)K - B> _ P(K)
44 4A 44

Here P(K) is a quadratic polynomial and the number of its real roots is determined by the
sign of the quantity

A = (4AD - 2BC)* - 4B>C? = 16AD(AD — BC) > 0.
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If BC < AD, the polynomial P has two real roots, and those roots have to be nonnegative
since P(K) < 0O for all K < 0. This implies that there exists K > 0 with P(K) > 0, which
will prove our claim and consequently will complete the proof of Lemma 3.12.
Our last task is therefore to check that BC < AD. Assume first that r, — g, > 0 and
ro =ty > 0, then B =k, — 22 > 0 and C = «, — £4 > 0 are both positive by Lemma 3.9.
Thus,
BC = (Ku - &) (KU - %) < kyky = AD.

Next assume that r,, — y,, < 0 and r, — p, > O (the case r, — y, < 0and r, — y,, > 0 can
be treated similarly). In this case, k, — £ < 0 and k, — £% > 0 and thus

BCZ(KM—M—:)(KU—ﬂ—Z)S0<KuKU:AD.
u v

Hence BC < AD always holds under our hypotheses. Lemma 3.12 is proved. ]

Notice in particular that Proposition 2.13 (i) follows directly from Lemma 3.12 in the
case max(ry, — py,ry — Hy) > 0. Next we consider the case max(r, — py,, ry — ty) < 0. Inthis
case, we show that the dynamics is eventually cooperative and we deduce the conclusion
by comparison arguments.

Lemma 3.13 (Ultimately cooperative dynamics). Let Assumption 2 hold, and assume that
A4 > 0and that max(ry, — y,ry — 1y) < 0. Then any positive solution (u(t),v(t)) of (2.32)
satisfies

tgrfw(u(t), v(t)) = (u*,v"). (3.46)

Proof. Let (u(t),v(t)) be a positive solution to (2.32). Then (u(t), v(¢)) is a subsolution
to the cooperative system:

{ﬁt = it(ry — My — Kyit) + D max(u, — Kyit, 0), (3.47)

Uy = 0(ry — 4y — kyD) + i max(u, — k,0,0).
Let (i(2), 0(¢)) be a solution of (3.47) with the following initial data:

i(0) = max (u(O), ’ﬁ), 5(0) = max (0(0), &).
Ku Ky

Since max(r,, — py, ry — 4y) < 0, we have i1, (0) < 0, 5, (0) < 0. And since (3.47) is a coop-
erative system, the comparison principle implies that (i(z), 7(¢)) is monotone decreasing
in t > 0. Therefore (i(z), 0(¢)) eventually enters the cooperative zone defined in (2.1),
ie,0<ii< f:—:, 0<d< ’,‘(—:, and converges to an equilibrium point (&*, 5*) of (3.47) as
t — +o0, Since the systems (3.47) and (2.32) are identical in the cooperative zone, (i*,0")
is also an equilibrium point of (2.32). In view of this and the fact that i(0) > ’:—L‘: > u',
v(0) > ’,‘(—: > v*, and recalling the uniqueness of the positive equilibrium point, we see that
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(a*,0%) = (u*,v*). Since (u(t),v(t)) is a subsolution of (3.47) such that u(0) < i(0) and
v(0) < 0(0), we have u(t) < u(z), v(t) < v(z) forall t > 0. Hence

limsupu(z) < tlim i(t) =u*, limsupo(t) < tlim o(t) =v". (3.48)
t—00 —00 f—00 —00

Nextlet (o', ga‘;‘)T denote the positive eigenvector of the matrix A corresponding to A 4,
and let (u® (), v*(t)) be the solution of (2.32) with initial data (1 *(0),0°(0)) = (¢"}, ¢%)-
Since 14 > 0, the following inequalities hold if € > 0 is chosen sufficiently small:

uf (0) = ety +0(g) >0, v7(0) = Aae¢Y +0(g) > 0.

Consequently, (#°(t),v®(¢)) is monotone increasing ¢ so long as it stays in the cooperative
zone.

By (3.48), there exists #; > 0 such that (u(¢), v(¢)) lies in the cooperative zone for all
t > 1. Replacing € > 0 by a smaller constant if necessary, we may assume that 0 < #¢(0) <
u(ty),0 < v?(0) < v(ty). Then (u®(t),v*(t)) remains in the cooperative zone and satisfies

u®(t) <u(t+t), ve(t) <v(t+t;) forall r>0. (3.49)

Hence (u%(t), v®(t)) converges monotonically to an equilibrium point of (2.32), which
coincides with (u*, v*) by the uniqueness of the positive equilibrium point. This and (3.49)
imply
liminfu(z) > lim u®(¢) = u*, litminf o(r) = lim v®(z) = v".
t—00 t—o0 —00 t—o0
Combining this with (3.48), we obtain (3.46). The lemma is proved. [

We are now in a position to prove Proposition 2.13 (i) and conclude this section:

Proof of Proposition 2.13 (i). If 14 > 0, the existence and uniqueness of a stationary solu-
tion (u*, v*) has been shown in Lemma 3.9. The convergence of (u(¢),v(t)) when t — +co
has been shown in Lemma 3.12 for the case max(r, — p,,r, — ty) > 0 using a Lyapunov
function, and in Lemma 3.13 for the case max(r, — py, r, — ) < 0 by means of compar-
ison arguments. This covers all the cases therefore completes the proof of the statement ()
of Proposition 2.13. |

3.4.2. Asymptotic behavior of the homogeneous RD problem. In this section we prove
Theorem 2.14 on the convergence of solutions of (2.28) to the positive equilibrium point
(u*, v*). For that purpose, we first prove the following Liouville type result which states
that any entire solution of (2.28) that is uniformly positive is identically equal to (u*, v*).

Theorem 3.14 (Liouville type resut). Let Assumption 2 hold and assume that A4 > 0. Let
(u(t,x),v(t,x)) be a nonnegative bounded entire solution to (2.28). Assume that (u, v) is
uniformly positive, that is, there exists 6 > 0 such that

u(t,x) 26, v(t,x) 26 forall teR, x eR.

then (u,v) = (u*,v*).
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Proof. We divide the proof in three steps.

Step 1: The ultimately cooperative case: max(r, — t,, rp — i) < 0.
In this case, our argument is partly similar to the proof of Lemma 3.13. Define

M := sup max (u(t,x),v(,x))
(t,x)€R2

and let (i1 (¢), 0(¢)) be the solution of the ODE system (3.47) for the following initial data:

i2(0) = max (M, &), 7(0) = max (M, &)
Ky Ky
As we have seen in the proof of Lemma 3.13, (ii(), 0(t)) — (u*,v*) as t — +oo. Note
also that (iz(¢), 9(#)) can be identified with a spatially uniform solution of the following
reaction-diffusion system:

Uy — Oxx = (ry — fy — Kyuid) it + 0 max(u, — ki, 0), (3.50)
U — OUxy = (ry — Uy — kD)0 + i max(u,, — k0, 0). '
Let tp € R be an arbitrary real number. What we have to show is that
(u(to,x),v(19,x)) = (u*,v*) forall x € R. (3.51)

Choose T > 0 arbitrarily and define U(¢,x) = u(t +ty—T,x), V(t,x) =v(t +t9 — T, x).
Then (U(t,x),V(t,x)) is a solution of (2.28) and satisfies U(0,x) < M < i(0), V(0,x) <
M < 5(0) for all x € R. Since any solution of (2.28) is a subsolution to the cooperative
system (3.50), we have U(¢,x) < i(t), V(t,x) < 0(¢) forallt > 0, x € R. Setting t =T, we
obtain

u(ty,x) =U(T,x) < a(T,x), v(tg,x) =V(T,x) <0(T,x) forall x eR.
Now we let T — oo. Then (i(7T), 5(T)) — (u*,v*), hence

sup u(tg,x) < u*, supo(to,x) <v". (3.52)
xeR xeR

In order to obtain a lower estimate, let (u®(¢), v°(¢)) be the solution of (2.32) with
initial data (#*(0),v*(0)) = &(¢'}, %), as in the proof of Lemma 3.13, and let #; > 0 be
such that (U(¢,x), V(¢,x)) lies in the cooperative zone for all ¢ > ¢;. Then, choosing & > 0
sufficiently small and arguing as in the proof of Lemma 3.13, we obtain u®(¢t) < U(t +t1,x)
and v (1) < V(t+1t,x) forall t > 0, x € R. Now we sett =T — 1. Then we have

u®(T —11) < U(T,x) = u(ty,x), v®(T —1t;) < V(T,x) =v(tg,x) forall x € R.
Now we let T — oo. Then (u?(T —t1),v°(T — 1)) — (u*,v*), hence

inf u(tg,x) > u*, inf v(tg,x) > v*.
xeR xeR
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Combining this with (3.52), we obtain (3.51), as desired.

Step 2: The Lyapunov case: max(r,, — pty,, rp — i4y) = 0.

In this case we use a generalisation of the Lyapunov argument used in the proof of
Lemma 3.12. Let 7,,, 7, be the functions defined in (3.44) and K be the constant given by
Lemma 3.12, so that 7% (u,v) := F,(u) + KF,(v) is a Lyapunov function for the flow of
the ODE (2.32). Define w(t,x) = FX (u(t,x),v(t,x)). Then, since 7, (u) > 0, " (v) = 0
for all u, v, w satisfies:

Wy — oWyx = (U — O—Mxx)ﬁ(u) +K(v; - O'Uxx)f),(l}) - O-(ui?:u”(u) + Kv)ch:uﬂ(v))
< —ky(u—u*)? - (Ku - 'u—f +K (KU - ,u_:)) - Kkyp(v—0")?
u* v
=—Qw—-u",v-0"),

where Q is the quadratic form defined in (3.45). As we have shown in the proof of Lemma 3.12,
O(u —u*,v—v*) > 0 whenever (u,v) # (u*,v"). Since —Q(u,v) < 0, w is a bounded entire
subsolution to the heat equation, therefore it has to be a constant. And since —Q(u,v) < 0
whenever (u,v) # (u*,v*), the only possibility is w(¢,x) =0, which implies (u(¢,x),v(t,x)) =
(u*,v"). This establishes the claim of the theorem for the case max(r, — uy, ry — ty) = 0.
Combining Step 1 and Step 2 completes the proof of Theorem 3.14. |

Proof of Theorem 2.14. As the formula ¢}, = ¢} =2V A4 is already given in (2.36), in
what follows we focus on the assertion (2.37).

We argue by contradiction. Suppose that (2.37) does not hold for (u(¢,x),v(¢,x)). Then
there exists £ > 0 and sequences ¢, — +oco and x,, € R such that |x,| < ct, and that

max (|u(ty, xn) — u*], [v(tn, xn) —0°) 2 >0 for n=1,2,3,....

By the classical parabolic estimates, the sequence (u(t + t,,x), v(t + t,, x) has a subse-
quence that converges locally uniformly to an entire solution (#*(, x), v®(t, x)) which
satisfies

max (|u™(0,0) — u*|, [v*(0,0) — v*|) > &. (3.53)

Now choose ¢’ such that 0 < ¢ < ¢’ < cx- Then by Theorem 2.9, there exists 7 > 0 such
that

liminf | inf min (u(7,x),0(z,x)) | > 7.
t—oo | |x|<c’t

Since |x,| < ct, and ¢’ > ¢, we see from the above inequality that u® (¢,x) > n,v°(t,x) = n

for all t € R, x € R. Hence, by Theorem 3.14, we have (u® (¢, x),v°(t,x)) = (u*,v*), but

this contradicts (3.53). This contradiction proves (2.37). The proof of Theorem 2.14 is

complete. ]
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3.5. Proof of homogenization

In this section we prove Theorem 2.15 on the homogenization of the system (2.40). We
start with a lemma concerning the homogenization of associated eigenproblems.

Lemma 3.15 (Homogenization of the eigenproblems). Foreach A €R, let (k®(2), (9%, ¢ %))
be the principal eigenpair of (2.4) for the coefficients (2.38) under the following normal-
ization condition:

(% ¥l 2 0.02) = /0 (¢°(0)°+ (@) dx=¢ (O<e<l). (3.54)

Then k° (1) — k°(1) as € — 0 and the vector function (¢®,¥?) converges to the constant
function (¢°,y°) uniformly on R, where (ko(/l), (¢°, 1,//0)) denotes the principal eigenpair
of (2.33) with the homogenized coefficients given in (2.39) and under the normalization
condition (¢°)* + (y°)? = 1:
(T + 7)o" + T~ ® = K0 (D),
2—H , —\, 0, — 0_— 0 _ 10 0 (3.55)
(/10' +ru)lﬁ + e — Y = k()Y

Proof. We first note that, since the coefficients in (2.38) are e-periodic, the uniqueness of
the principal eigenpair of (2.4) implies that (¢, y°) are also &-periodic.

Fix A € R arbitrarily. Then k®(2) is uniformly bounded as ¢ varies. This follows from
the inequalities (2.7), since the maxima and minima of o ¢ (x), r(x), 77 (x) do not depend
on &. For notational simplicity, we denote these bounds (for a fixed 1) by Cy, C», that is,

C) < k(1) < Co. (3.56)

Next we show that, given any R > 0, the family (¢?, ¥ ¥) is uniformly bounded in
H'(=R, R)? as & varies. Indeed, multiplying the first line of (2.4") by ¢ and integrating
by parts, we have

[ oty ac= [ (Rt rio - i - ) (69 ax
+/Osuf(x)sog¢gdx.

Since the coefficients 0%, 2, uf, uZ, as well as k®(A), are uniformly bounded, and since
0 %(X) 2 Omin :=minyeo,1] o (), the above identity and the normalization condition (3.54)
imply

/O (¢2)’ dv = O(e).

The same estimate holds for . Thus, recalling again the normalization condition (3.54),
we have

(M0 M 0er2) = OCe).
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In view of this and the e-periodicity of (¢*,¥¥), we see that there exists a constant C3 > 0
that is independent of € such that

2
(16" 0"l rrr) <GR (O<e<1), (3.57)

Next we prove that the auxiliary functions £¢ (x) := o (x) (¢ (x) — 1¢®(x)) and £ # (x) :=
o ®(x) (¢ £ (x) — Ay?(x)) are also uniformly bounded in H!'(-R, R). Indeed (2.4") can be
rewritten as:

—£5 = —(0%(pF —29%)), = —A0° (5 = Ap®) + (rf (¥) — 0 (%)) 9% (x) + ¥ (x)
- ke (D)e®,
—{7 = (0T (Wy — W), = A0 (W = WF) + (g (0) = g ()9 (x) + p 9% (x)
— k2 (Dy”.
(3.58)
This and (3.57) imply that [|(¢]| 12~ g g) @and {5 |12 (g, r) are uniformly bounded, hence

2
(16, 2%l crmy) <CaR (0 <z<1) (3.59)

for some constant C4 > 0 that is independent of ¢.
Let (&£,) be any sequence with &, — 0. By (3.56), (3.57) and (3.59), we can extract a
subsequence, again denoted by (&,), such that k(1) — k°(1) and that

(@, yfm) = (@ 4°), (€57, ¢%") — (€°,¢") as n— oo weakly in H}, .(R)* (3.60)

loc

for some real number £°(4) and (¢°,¢?), (£°,£°) € H) _(R)%.

Since H'!(—R, R) is compactly embedded in C([—R, R]), the convergence in (3.60) is
uniform on any interval [—R, R]. Furthermore, by the embedding H 1<, 12 the functions
@®n are uniformly 1/2-Holder continuous. In view of this and the e-periodicity of ¢, we
see that max ¢ (x) — min ¢%(x) = O(g'/?), hence ¢ is a constant function. The same
holds for 0, £°, £0.

Since ¢® — " uniformly and since rZ(x) := (%) is bounded and e-periodic,
En en _—, 0 _ &, &n 0 &n —-—\ .0
rin(x)e —=Tap” =1k (x)(go —tp)+(ru (x)=T) " =0 as n— oo

weakly in leoc (R). Repeating the same argument and recalling that (£, £%7) — (£9,°)
weakly in H lloc (R)?2, we see that (3.58) converges to the following system as n — co weakly
in L2 (R)%:

loc

0 _ 360 () )0 o0 _ 2,0 0
{0_ E0 = 280 + (ru — ) @ + Ty = K0(2) ¢, 3.61)

0= -0 =2+ (7o — Fo)y” + Ttug® — kO ()y”,
Here we used that fact that £°, 70 are constant functions. Observe also that

1 : dy o
90571, _ /l‘,DEn = _gg N / -
* o @ (x) o o(y)
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weakly in L2 _(R). Thus &% = 77 (% — 2¢°), but since ¢9 = 0, we have £* = -5 1¢°,
and similarly ¢ 0= _gH /llﬁo. Substituting these into (3.61), we obtain (3.55). The condition
(%2 + (y°)? = 1 follows from (3.54). Since the principal eigenpair of (3.55) is unique,
the limit (ko(/l), (¢, 1,00)) does not depend on the choice of the sequence (g,). Hence
(k2 (2), (9%, ¥?)) converges to (k°(2), (¢°, ")) as & — 0. This completes the proof of
Lemma 3.15. ]

Lemma 3.16 (Convergence of the spreading speeds). Let the assumptions of Theorem 2.15
hold and k® (1) be as in Lemma 3.15. Then min g k€ (A1) > O for all sufficiently small & > 0.
Furthermore, (2.42) holds.

Proof. Let k°(2) be as in Lemma 3.15. Then, by (2.34), k(1) = A2 + 1. Since we
are assuming A4 > 0, we have k°(1) > 0 for all 1 € R. Next we note that the convergence
k%(A) — k°(2) in Lemma 3.15 is locally uniform in A € R. This is because pointwise con-
vergence of a sequence of convex functions is uniform on bounded sets (see [32, Theorem
10.8]). Moreover, by (2.7), there exists M > 0 such that k(1) > 0 for || > M forany & > 0.
Thus it suffices to show k(1) > 0 for |A| < M. The uniform convergence k(1) — k°(2)
on —M < A < M proves this claim.

Next we prove (2.42). Let & be small enough so that min,cg k() > 0. By (2.7), there
exists M| > 0 independent of & such that inf .9 k¢(1)/4 and inf, o k¥ (1) /|| are both
attained on the interval |A| < M;. Since k¥(1) — k°(1) uniformly on |A| < M), the claim
(2.42) follows. (]

Lemma 3.17 (Homogenization limit of entire solutions). Let the assumptions of The-
orem 2.15 hold. For each small € > 0, let (u®(t, x), v2(t, x)) be an entire solution to
(2.40) that is bounded from above and from below by positive constants, that is, m® <
u®(x,t) +ve(x,t) < M*® for all t € R, t € R for some constants M°, m® > 0. Then, as
e — 0, (u®(t,x),v°(t, x)) converges locally uniformly to the unique positive stationary
state (u*,v") of the homogenized problem (2.28) with o, ry, 'y, Ku, Ko, lu, My replaced by

Proof. We divide the proof in three steps.
Step 1: Uniform upper bound.

We first derive uniform upper bound for (u®(z,x),v°(t,x)) that is independent of &£ > 0.
This is done by slightly modifying the proof of Proposition 2.5. Let rmax, kmin and K :=
Fmax/Kmin De the constants defined in (2.10) for the coefficients of the system (2.40). Then
these constants do not depend on €. As in (3.2), w®(x, t) := u®(x,t) + v®(x, ) satisfies the
inequality

wi < (®(@)wf) , + (Fmax — kmin®)w®. (3.62)

Next let W(¢) be a solution of the following ODE problem:

W, = (rmax - KminW)W, W(O) =M*.



48 Q. Griette and H. Matano

Fix ty € R arbitrarily, and let T > 0. Then, since w® (o — T, x) < M ¢ = W(0), the comparison
principle implies w®(t +ty — T,x) < W(r) for all t > 0 and x € R. Setting r = T, we obtain

w?(tg,x) < W(T) forall x € R.

The right-hand side of the above inequality converges to rmax/kmin- Since f is arbitrary,
we get

W (1,%) +0°(6,%) = w(1,x) < X K forall  €R, x € R. (3.63)

Kmin

Step 2: Uniform lower bound.

Here we derive uniform lower bound for (% (¢, x),v? (¢, x)) that is independent of & > 0.
Let (/1‘18 ,(¢#(x) > 0,%(x) > 0)) be the principal eigenpair associated with the eigenprob-
lem:

{me(x)w )+ (7E (1) = ()¢ () + 1 (DU * () = AL 9" () a6

(W )x + iy (X) @ (x) + (r (x) = p ()Y (x) = AT * (x),

under the e-periodic boundary conditions, and normalized as sup,..g (¢¢(x) + ¥ ¢ (x)) = 1.
Next let % (u,v), G* (u, v) denote the right-hand side of the system (2.40), namely

FE(u,0) = (0" (ux)x + (1] (x) = 57 () (u+ 0))u+ g (X)v = g7 (X,
G (u,v) = (0 (X)vx)x + (ry (x) = k5 (X) (u +0))v + 7 (X)u = ;) (X)v.

Then it is easily seen that, for any constant @ > 0,

FE(ap® ay®) = (A7 - arg () (9° +¢%))¢® 2 (A7 — aky (x)) ¢, (3.65)
G (ap®, ay®) = (A7 — aky () (¢® + Y)Y ® = (A7 - axy (x))y*
Now we claim that the following inequalities hold:
u®(t,x) = a®9®(x), v°(t,x) > a®y®(x) forall teR, x €R, (3.66)
where @® = min(4{ K1, K>) and
K= l K> =min| min ﬂv(y) in llu(y)
max (maxyeo,1] ku(¥), maxyejo,1] ko(¥)) yel0.11 k() yelod] &o(y)

In order to prove (3.66), we define
a* =sup{a >0 : ap®(x) <u®(,x), ay®(x) <0v°(t,x) (V(¢t,x) eRXR)}.

Since u®(t,x),v%(t, x) are bounded from below, ap®(x) < u®(t,x), ay®(x) < v®(t,x) if
a > 0 is sufficiently small, therefore the quantity o™ is well-defined. All we have to show
is that @ > a®.
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We argue by contradiction. Suppose that ¢* < @®. By the definition of ¢*, we have
a*p®(x) < u®(t,x), and a*Y?(x) < v®(¢,x) for all (x,7) € R X R, and there exists a
sequence (t,,x,) € R X Rsuch thateither u®(t,,,x,,) — a*¢?(x,) = 0 (n — o) orv®(t,,x,) —
a*Yé(x,) = 0 (n — o). Let m, (n € N) be the integers such that m,e < x,, < (m,, +
e (n=1,2,3,...). Replacing by a subsequence if necessary, we may assume that x,, —
mu& — x* as n — oo for some x* € [0, £] and that (u® (t + 1, x + mpe), 0% (1 + 1, x + My€))
converges locally uniformly to an entire solution (U#(z,x), V#(z,x)) of (2.40) as n — oo.
By the construction, (U (t,x), V*(t,x)) satisfies

a"f(x) <U®(t,x), a"y®(x) <V®(t,x) forall (x,7) € RXR,
and a*®(x*) = U®(0,x™) or a"y®(x*) < V(0,x").

This, however, contradicts the strong maximum principle, since a* < A7 K and (3.65) imply
that (a*¢?®, a*¥®) is a subsolution of (2.40), and that &* < K, implies that (a*¢?, a* %)
lies in the interior of the cooperative zone defined in (2.1). This contradiction proves (3.66).
It remains to derive from (3.66) a uniform lower bounded for u® (¢, x), v® (¢, x) that is
independent of & > 0. First we remark that (3.64) is a special case of the eigenproblem
treated in Lemma 3.15 for 4 = 0, so the above eigenvalue A7 coincides with k#(0) in
Lemma 3.15. Therefore 17 = k#(0) — k°(0) as € — 0, and, by (2.35), k°(0) = 24, where
A4 denotes the largest eigenvalue of the matrix A in (2.30) with the entries 7, 7, {4, and
M. Consequently
a® > min (14K;,K;) as € — 0.
Note also that, since ¢, © thatappear in (3.66) are normalized by the condition max (¢? (x) +
Y€(x)) =1, it is clear that
“(x) > LO and ¥ °®(x) — w—o as & — 0, uniformly on R
4 o0 + 40 o0+ 40 ’ y :

Combining these, together with (3.66), we see that (1%, v®) is uniformly bounded below
by a positive constant that is independent of &, for all sufficiently small & > 0.

Step 3: Convergence of (1%, v%).

We first remark that, since (#?, v®) is uniformly bounded, the classical estimates for
parabolic equations in divergence form with discontinuous coefficients (see e.g. [25, Chap-
ter III Theorem 10.1]) imply that (%, v®) is locally uniformly bounded in C?(R X R), i.e.
for any T > 0 an R > 0 there exists C > 0 (independent of ¢) such that

max (|[u®llco-1.71x[-R.R])> I0E lco (-1 T1x[-R.R])) < C.

Then the diagonal argument allows us to extract a sequence &, — 0 along which (u%, v¥)
converges locally uniformly in C*/2(R?) to a limit (u, v). It is then classical that (u, v)
satisfies weakly:

(3.67)

—H S — —
Uy =0 Uyx + (T — K (1 +0)) 1 + [l — fHyu
vy =0, + (ry — Ky (u + 0))v + @u — .
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Let us explain briefly how to obtain (3.67) rigorously. Since u® and v® converge locally
uniformly to their limit, it is also the case for u® (u® + v¥) and v® (u? + v?); therefore, except
for (c%u?)y and (0®v%),, all the terms on the right-hand side of (2.40) converge weakly
to the corresponding term in the homogenized equation (3.67). To show the convergence
of (c®u?)y to oy, letus fix ¢ € Cy’(R) and define u®(¢) := /R u®(t,x)¢(t)dr. Then

—(o®(u(9)),), = (ri = wDu® (D) ;u($) — kyu® ($(u® +v°)) + v (¢) +u®(¢r).

In particular, £°(¢) = o° (u® (q’)))x is bounded in H lloc independently of &; hence up to the
extraction of a subsequence, £ (¢) converges strongly in leoc (and weakly in H lloc) to some
£(¢),and u®(¢), = 2=£°(¢) — (@) 7' £%(¢) which shows that £%(¢) =" u’ ()., This
establishes the first line of (3.67) rigorously. The second line can be treated similarly. Hence
(u,v) satisfies (3.67) in a weak sense. Parabolic regularity then implies that (u(z,x),v(z,x))
is in fact a classical entire solution to (2.28). Since (u(?, x), v(t,x)) is bounded from below
(by Step 1), Theorem 3.14 shows that u(¢,x) = u* and v(¢,x) = v*. Finally, since the limit
(u(x),v(x)) = (u*,v*) does not depend on the choice of the sequence &, — 0, we have
(u®,0%) - (u*,v*) as € — 0. The lemma is proved. [

Next we discuss the linearized stability of the equilibrium point (u#*, v*) of the homo-
geneous system. The linearized equation of (2.28) around (u*, v*) is given in the following
form:

@r = T pxx = (ru = pu) @ + po — ku QU™ + 07 )@ — kuu’y, t>0,x €R,
Ui — OWxx = @ + (ry — o) — k0™ 0 — k(W™ + 20", t>0,x€R,  (3.68)
@(t =0,x) = @o(x), (1 =0,x) = o(x), x €R,

Lemma 3.18 (Linear stability of the equilibrium). Let the assumptions of Theorem 2.15

hold. Then any solution (¢, ) of the linear parabolic system (3.68) with (¢o(x), yo(x)) €
BUC(R)?, converges uniformly to zero as t — +co:

Jim max ([lg(t, oo, 19 (2, ) lloo) = 0.

Proof. We show that the spectrum of the linearized operator is included in the negative
complex plane. The linearized operator around (u*, v*) is given in the following form:

A (‘P) — (O-SDxx) n ((ru = My = 2K,U" = Ky U") @ + (fy — KU WY
v (M = kot )@ + (1y = py = Ko™ = 2k, |~

OYxx
We regard A as an unbounded operator acting on (¢, ) € BUC(R)2. The operator A is
sectorial and generates an analytic semigroup on BUC (R)?2, as a bounded perturbation of
the unbounded operator (00, dxx)” (acting on D(A) = C,,~(R)?), which is sectorial
and generates an analytic semigroup on BUC(R)? [29, Corollary 3.1.9 p. 81].

Let 1 € C and (g, h) € BUC(R)? be given, and consider the resolvent equation

(Al - A) (f;) = (i) . (3.69)
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The set of solutions of the equation (3.69) can be computed explicitly by the variation of
constants formula. More precisely, we let Y (x) = (¢, ¢, ¥, )T and rewrite (3.69) as an
ODE on R*:

0 1 0 0 0
c'(1-a) 0 -0~ ' 0 g

aY(x) = 0 0 0 | Y - ol= BY(x) + Z(x),
- le 0 o'A=-d) 0 h

where a, b, c, d are the constants introduced in Lemma 3.10 to denote the coefficients of
the Jacobian matrix of the nonlinearity at the equilibrium point:

*
v

a:=ry — iy —2k,u" — Kk, 0" = — (Kubt* +,u,,—,) <0, b =y, — Kk u’,
pe

X
u

o—— * *_ * —— *

d:=ry— Uy — Kyl — 2K, ——(K,)v +'uu_v*)<0’ C = Uy — KpU~.

We first investigate the bounded eigenvectors of the ordinary differential equation Y’ = B, Y,
which constitute the point spectrum of A, op(A). These correspond to the imaginary
eigenvalues of the matrix B,, i.e. the imaginary roots of the polynomial

xa(X) =X*+o0 a+d-20)X* +072(2* - (a+d)A+ad - be).
We show that op (A) is contained in the half-plane R(z) < —w for z € C, where

w :=—‘“2rd > 0. (3.70)

Indeed, investigating the values taken by y,(iX) for real values of X, we find that
Xa(iX) = X* — o7 ((a+d) - 20)X* + 072(A* = (a +d)A + ad - bc).

Since a < 0,d < 0and ad — bc > 0 (see Lemma 3.10), we immediately see that y,(iX) >0
if Aisreal and A > %d. If 3(A) # 0, we remark that

I(xa(iX)) = I [207'X* + e 22R(A) - (a+d))] .

therefore if R (1) > # the right-hand side is positive and the polynomial y,(iX) cannot
have a real root.

When A € C\op(A) then Y is uniquely determined and depends continuously on Z.
Indeed, the set of solutions to the equation Y’ = B,Y + Z can be determined by the variation
of constants formula

Y(x) = e¥Bry, + / e Bz (5)dz, (3.71)
0

for arbitrary ¥ € R*. Then there exists a unique choice of ¥, such that ¥ (x) remains bounded
on R. Indeed, the discriminant of y;(X) considered as a second-order polynomial in X? is

D(A):= 0'_2(a+d—2/l)2 —~4072(A* = (a+d)A+ad - bc) =0 ((a+d)* —ad + be) >0,
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thus is independent of A and positive. Hence y,(X) has four distinct roots; by reducing B,
to a diagonal matrix, ¥y can be computed explicitly and the resulting ¥ (x) = (1 — A) - (2)
depends continuously on Z(x). Since the computations are relatively long and classical, we
omit them for the sake of brevity. In particular, the spectrum is equal to the point spectrum
o (A) = op(A) and the spectral bound of A satisfies s(A) < —w.

To complete our first Step we remark that ¢’ can be computed by the Dunford-Taylor
integral

e = L / e (Al - A)~lda,
2in Jr

where I is a curve joining a straight line {pe~?, p > 0} for some 6 € [% 7) to the straight
line {pe~'% : p > 0}, oriented so that J (1) increases on I', and such that o-(A) is included
in the left connected component of C\I'. From the above computations it appears that I
can be chosen such that R(1) < —% (where w is given by (3.70)) for all 2 € T, in which
case

etﬂ — e—%t . L e(/l+%)t(/l_ﬂ)—ld/l,
2 Jr

therefore

_w, 1 _ @ _
le" Ml pue )y < e 2‘-E/re RO (A - A) | £ suc@))dd

_wy
< Ce 27,

for all ¢+ > 0, where C depends only on A and w. This completes the proof of Lemma
3.18. |

Lemma 3.19 (Uniqueness of rapidly oscillating entire solution). Let the assumptions of
Theorem 2.15 hold. Then there exists € such that for any 0 < € < g, the system (2.40)
possesses an entire solution (u®(t,x),v®(t,x)) that is bounded from above and from below
by positive constants. Moreover, such an entire solution is unique. Hence it is a stationary
solution and is e-periodic.

Proof. We first show the existence. Let (u(z, x), v(t, x)) be a solution of (2.40) with non-
negative nontrivial initial data (uo(x), vo(x)) and choose a constant M > 0 such that uo(x) +
vo(x) < M for all x € R. Then from the inequality (3.62), we see that

u(t,x) +v(t,x) < max (rmax,M) =M’ forall t >0, x eR.
Kmin

Therefore (u(t, x), v(z, x)) is bounded from above. Next, by Theorem 2.9, there exists

n > 0 such that (2.20) holds. Consequently, by choosing a sequence f, — +oo appro-

priately, the family of functions (u(t + t,, x), v(t + t,, X)) converges to an entire solution

(too (2, X), Vo (2, x)) Of (2.40) satisfying 7 < ue(,X), veo(7,x) < M’ forall 7 € R,x € R.
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Next we prove the uniqueness. Assume by contradiction that there exists a sequence
&, > 0and two sequences of bounded nonnegative nontrivial entire solutions (u ‘18" (t,x), vf" (t,x)) %
(u5"(1,x),05" (1, x)) of (2.40). Define

On 1= max (||M§"(t,x) —ui™ (,0) | guc @y o3 (, x) = Uf"(t’x)“BUC(R)Z) ’

1
e (t,x) = a(ui" (t,x) —ui"(1,x)),
1
won(t,x) = a(vf" (t,x) = o™ (1,x)).
With an appropriate shift in time and space, we may assume without loss of generality that

0
— < sup (max(Jus"(0,x) —ui"(0,x)],[05"(0,x) — 07" (0,x)])) < 6p.  (3.72)
x€(0,L)

Then (@*(t,x),¥°" (1, x)) satisfy:

‘pfn _ (O.Sn‘p;:n)x — (r;?n _/J]fn)‘pgn +/‘f"¢g" _ Kf" (214;" +1)28n)(psn _ K;;:,,uzsnwsn +0(])’
C = (T Tn) = e (g = g = ko — ke (g + 205 )Y+ o(1),

where o(1) denotes a remainder term that tends to 0 as n — oo locally uniformly with
respect to (¢,x) € R X R. Indeed, by virtue of Lemma 3.17, there holds

(uy",vf") — (u*,v") and (u5",05") — (u*,v") locally uniformly as n — +co.

Since ¢®" (t,x) and ¥ “" (¢, x) are bounded, by following the arguments presented in Step 3
of the proof of Lemma 3.17, the classical homogenization theory then leads to the conver-
gence (up to an extraction of a subsequence) of (¢ (¢, x), ¥ (t,x)) to (¢(t,x), ¥ (t,x))
solving

{sot ~ T g = (Fu — F)p + Foty = Fa(2u" +0")p — K™y

i =T ax = Hag + (7 — T — K" = (" + 20y,

and the convergence holds locally uniformly in (z,x) € R X R. Because of our normalization
(3.72), the limit function (¢(z,x), ¥ (z,x)) is nontrivial and bounded on R X R, which is in
contradiction with Lemma 3.18. This establishes the uniqueness.

In order to prove the last claim, note that, for any 7 € R, (u®(t + 7, x), v°(t + 7,x)) is
also an entire solution of (2.40) with the same upper and lower bounds. The uniqueness then
implies (u®(t +7,x),0°(t +7,x)) = (u®(t,x),0v°(t,x)), which means that (1% (¢, x),v°(t,x))
is a stationary solution. Similarly, (u® (¢, x + €),v®(t, x + &)) is an entire solution since the
coefficients are e-periodic. Hence (#¢(t,x + &), ve(t,x + &)) = (u®(t, x), v°(t, x)). The
proof of Lemma 3.19 is complete. ]
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Proof of Theorem 2.15. Asregards Statement (i), the existence and uniqueness of a positive
stationary solution (u(x), vi(x)), as well as its g-periodicity, are a direct consequence
of Lemma 3.19. The convergence (u%(x), vi(x)) — (u*,v*) follows from Lemma 3.17.
Statement (ii) is already proved in Lemma 3.16.

Let us prove Statement (iii). Let £ > 0 be sufficiently small, so that k¥ (1) > O for all
A € R. Then c*‘;’R and c‘;’L are both positive, and (2.21a) and (2.22b) of Theorem 2.9
hold for any solution of (2.40) with nonnegative nontrivial bounded initial data. We argue
by contradiction. Suppose that (2.43) does not hold for some ¢y, ¢ with 0 < ¢j < ¢ ;,
0<cp < c’;’ r- Then there exist a constant 6 > 0 and sequences , — +oo and x, with
—cit, < x, < caty such that

max (|u(tn, xn) — wis(xXp)|, [0(tn, xn) = Vi(xn)]) =6 for n=1,2,3,....

Without loss of generality, we may assume that |u(t,,x,) — w5 (x,)| = dforn=1,2,3,...
Let m, (n € N) be the integers such that m,e < x, < (m,, + )e (n=1,2,3,...).
Replacing by a subsequence if necessary, we may assume that x,, — m,e — x* asn — oo
for some x* € [0, &] and that (u(t + t,, x + m,&), v(t + t,, x + myu€)) converges locally
uniformly to an entire solution (U(t, x), V(t,x)) of (2.40) as n — oo. By the construction,

we have
[U0,x™) —u(x")| = 6. (3.73)

Now we choose constant €71, ¢, satisfying 0 < ¢y < ¢ < ¢}, ;,0<c2 < <, . Then,
by Theorem 2.9, we have

liminf _min _ min (u(z,x),0(¢,x)) > 7
t—oo —(E1t<x<6t

for some constant 7 > 0. In view of this and the fact that —c ¢ < x,, < ¢t (n € N), we see
that
U(t,x) >n, V(t,x) =2n forall (t,x) € RxR.

Then, by Lemma 3.19, (U(t,x), V(¢,x)) coincides with the stationary solution (% (x),v%(x)),
but this contradicts (3.73). This proves Statement (iii). The proof of Theorem 2.15 is com-
plete. ]
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