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Modeling non-Newtonian fluids in a thin domain perforated
with cylinders of small diameter

Marfa ANGUIANO!, Francisco J. SUAREZ-GRAU?

Abstract

We consider the flow of a generalized Newtonian fluid through a thin porous medium of height h. perforated
with e-periodically distributed solid cylinders of very small diameter £J., where the small parameters ¢, §. and
he are devoted to tend to zero. We assume that the fluid is described by the 3D incompressible Stokes system
with a non-linear power law viscosity of flow index 1 < r < 2 (shear thinning). The particular case h. = o,

2—7r

where 0. :=¢/5. " — 0, was recently published in (Anguiano and Sudrez-Grau, Mediterr. J. Math. (2021)
18:175). In this paper, we generalize previous study for any h. and we provide a more complete description
on the asymptotic behavior of non-Newtonian fluids in a thin porous medium composed by cylinders of small
diameter. We prove that depending on the value of A\ := lim._ 0c/he € [0, 400], there exist three types of
lower-dimensional asymptotic models: a non-linear Darcy law in the case A = 0, a non-linear Brinkman-type
law in the case A € (0,+00), and a non-linear Reynolds law in the case A = +o00.

AMS classification numbers: 76A05, 76M50, 76A20, 76505.

Keywords: Homogenization, non-Newtonian fluid, thin fluid films, porous media.

1 Introduction

This paper is devoted to derive macroscopic laws for generalized Newtonian fluids through periodic porous
medium with small thickness, which is of a great importance in engineering applications, such as oil recovery,
food processing, and material processing, see for instance Prat and Agaésse [39], Qin and Hassanizadeh [40]
and Yeghiazarian et al. [47]. In this paper we consider generalized Newtonian fluids with the commonly used
viscosity formula known as power law model. Thus, denoting the shear rate by D[u] = (Du+ D'u)/2, with u the
velocity, the viscosity, as a function of the shear rate, is given by

e (Dlu]) = pDu]|"72, 1<r<2, >0,

where p > 0 is the consistency, r is the flow index (shear-thinning) and the matrix norm | - | is defined by
€12 = Tr(E€t), € € R3, see for instance Barnes et al. [15], Bird et al. [16] and Saramito [41, Chapter 2], for more
details.

Let us make a recollection of some previous results in relation to the objective of this paper. The case of
the derivation of macroscopic laws for generalized Newtonian fluids with power law vicosity through a periodic
porous medium Q. C R3 with a periodic arrangement of obstacles has been consider in Bourgeat et al. [17, 18]
(see also Allaire [1, 4], Sanchez-Palencia [44] and Tartar [45] for Newtonian fluids). The parameter € is a small
parameter related to the characteristic size of the obstacles and the period of the periodic structure. Thus,
starting from the 3D power law Stokes system with body forces f described by

—pdiv (D[] "D [u]) + Vp: = f in Q.
divu. =0 in Q., (1)
us =0 on 09,

IDepartamento de Anélisis Matemdtico. Facultad de Matemdticas. Universidad de Sevilla, 41012 Sevilla (Spain) anguiano@us.es
2Departamento de Ecuaciones Diferenciales y An4lisis Numérico. Facultad de Matematicas. Universidad de Sevilla, 41012 Sevilla
(Spain) fjsgrau@us.es



Marfa Anguiano and Francisco J. Suédrez-Grau

and letting € tends to zero, by means of the technique of two-scale convergence method, it was derived the
following nonlinear Darcy type law in an e-independent domain ) C R3:

u(z) = iumx) — Vp(a)) inQ,

divu=0 inQ, w-n=0 ond,

with n the outside normal vector to 9. The nonlinear function I/ : R? — R3 is called permeability function of
the porous medium and is defined through the solutions (v¢,7¢), £ € R?, of 3D cell problems of power law type
depending on the geometrical structure of the domain:

—div, (D, [v°]]" 72D, (v%)) + V.7t = ¢ in YV \ Y,
div,e* =0 inY\Y,,
=0 inY,, (2)

(v8,7%) Y — periodic,

where Y C R? is the unitary reference cell and Y, C Y is the reference obstacle. For a complete review of the
homogenization of non-Newtonian fluids through a porous medium, we refer to Mikelié¢ [37, 38].

A more general case of periodic porous medium is when the size of the solid obstacles is assumed to be
much smaller than the period (the so-called tiny or small holes in the mathematical literature, see Allaire [2, 3],
Brillard [19], Diening et al. [21], Lu and Schwarzacher [32] or Lu [33] for Newtonian fluids). In the case of power
law fluids, denoting by e the period of the periodic porous structure and considering obstacles of size €d., with
d. a parameter depending on £ and devoted to tends to zero with e, Fratrovi¢ and Marusi¢-Paloka [28] found
that, according to the behavior of the parameter

Oc = 3= (3)

when ¢ tends to zero, there are three different regimes. Namely, if 6. — +oco (the case called smaller holes) the
homogenized problem has a nonlinear Stokes form and, on the contrary, if . — 0 (the case called large holes),
the homogenized problem is a nonlinear Darcy law. Moreover, when 6. — 7 > 0 (called critical case), it was
developed by obtaining the following Brinkman problem by means of I'-convergence:

—pdiv (|D[u)|"2D[u]) + %g(u) FVp=f inQ
0

divu =0 1in Q,
u=0 on 0f,

where the nonlinear function G : R? — R3, called the drag force function of the porous medium, provides the value
of the drag force on the reference obstacle Y by the exterior fluid flow (see also Fratrovi¢ and Marusié¢-Paloka
[27] for more details):
—div, (|D, [0°])]" 72D, (v°)) + V7 = ¢ in R3\ Y,
div,v®* =0 in R3\Yj,
4
v* =0 on 9Y;, )
lim o® =¢.

|z| =400

On the other hand, the derivation of macroscopic laws for fluids in porous domains with small thickness
(the so-called thin porous medium) is attracting much attention, see for instance Almqvist et al. [5], Anguiano
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[6], Anguiano and Bunoiu [7], Anguiano et al. [8], Anguiano and Sudrez-Grau [9, 10, 12, 13, 14], Fabricius et
al. [23, 24], Fabricius and Gahn [25], Forslund et al. [26], Jouybari and Lundstrém [30], Mei and Vernescu
[35], Sudrez-Grau [42, 43] or Zhengan and Hongxing [46]. A thin porous medium can be defined as a bounded
perforated 3D domain confined between two parallel plates, where the distance between the plates is very small
and the perforation consists of periodically distributed solid cylinders which connect the plates in perpendicular
direction. Denoting w. C R? a perforated domain with obstacles of size and period ¢, we define the three-
dimensional thin porous medium by Q. = w. x (0,h.), where h. is the height of the domain. It happens
that in this type of domains the asymptotic behavior depends on the relationship between the period and the
height, that is, on the asymptotic value of the ratio e/h. when € tends to zero. Thus, in the case of generalized
Newtonian fluid with power law viscosity, see Anguiano and Sudrez-Grau [9], different lower-dimensional types
of the nonlinear Darcy law in w C R? were derived by using an adaptation of the unfolding method, which can
be written as follows:

1 .
Ugo (') = i (f'(@") = Vap(a)), Uswsz=0 inw,
divpyUl, =0 inw, Ul,-n’"=0 ondw.

where Uy, = (U}, Uav,3), with U, = (Ugp,1,Uav,2), is the average in height of the limit velocity, f' = (f1, f2)
is the horizontal body forces, ' = (x1,22) € w denotes the horizontal variables, and n’ is the outside normal
vector to dw. The permeability function Uy : R? — R? is defined through the solutions of auxiliary problems of

power law type depending on the value A := lim._,ge/h. € [0, +00]:

— When ¢/h. — X\ € (0,400), corresponding to the case when the cylinder height is proportional to the
interspatial distance (called proportionally thin porous medium), the permeability function is calculated
by solving 3D power law Stokes local problems, satisfied by (v¢,7¢) with ¢ € R?, depending on the
parameter \:

—diva (DA )72 DA () + Var® =€ Y\ Y,

divar! =0 inY\Yj,
! 5
v$ =0 inY,, 5)

W&, 7€) Y’ = periodic.

Here, we denote Y’ is the unitary reference cell and Y, C Y the reference obstacle in R? and so, Y =
Y’ % (0,1) denotes the unitary reference cell and Y, = Y/ x (0, 1) the corresponding reference obstacle in R3.

Moreover, Dy[v8] = D [v8 ]+ A8, [0 ], Vart = (Vavt', A8.,08 ) and divyvé = 8211)? +8Z2v§/ —l—)\(?Zng’.

— When ¢/h. — 0, corresponding to the case when the cylinder height is much larger than the interspatial
distance (called homogeneously thin porous medium), the permeability function is calculated by solving a
purely 2D power law Stokes local problem, satisfied by (v¢, 7€) with & € R?%:

—div, (D 08 ])7 72D, (v8)) + Vot = ¢ in Y\ YY,
divov® =0 in Y\ Y/,

&' =0 inY/,

(¢, 7€) Y’ — periodic.

— When €/h. — 400, corresponding to the case when the cylinder height is much smaller than the interspatial
discance (called very thin porous medium), the permeability function is calculated by solving 2D Hele-Shaw
local problems for 7¢ with ¢ € R:

—div (|¢ + Vor€ 72+ Voré ) =0 in Y\ Y,

! ’ 7
(|& + VxS 772 +V.n®))-n' =0 on dY.. @
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It is worth noting that the critical ratio €/h. appears by obtaining a sharp Poincaré-Korn inequality in the thin
porous media €).:
[Vl r(eys < KelD]llroaexs Vo€ Wy (Qe)?,

where K. = Ce in the cases of proportionally and homogeneously thin porous medium, and K. = Ch. in the
case of a very thin porous medium, where C' > 0 is independent of ¢, see [9, Lemma 4.1] for more details.

The goal of this paper is to provide a more complete description of the study the homogenization of generalized
Newtonian fluid with power law viscosity in a thin porous medium. Here, we consider the case of a thin domain
perforated by an array of periodically distributed cylinders with small diameter. More precisely, we consider the
thin porous medium defined by Q. = w. X (0, h.), with € describing the period of the periodic porous structure,
€d. describing the size of the diameters of the cylinders, and h. describing the height of the cylinders (with o,
and h. parameters depending on ¢ and devoted to tend to zero with €). As a result, we prove that, according to

the behavior of the parameter
€
0e = - (assuming o. — 0), (8)

0e "
with respect to the height parameter k., there are three different regimes when ¢ tends to zero depending on the
value \ :=lim._,o 0. /h. € [0, +00]:

— When o./h. — A € (0,+00), then we derive the following lower-dimensional nonlinear Brinkman-type law
posed in Q@ = w x (0,1) C R?, depending on A, satisfied by the limit velocity u and limit pressure p:

—p A" 2720y, (|00 POy (2 ys)) + pG (u' (2, y3)) + Varp(a') = f(a') i Q,
us = 0,

u'(2',0)=4'(2',1) =0 in w,

1
div, (/ u' (2, y3) dyg,) =0 inw,
0

1
</ u' (2, y3) dy3> -n’ =0 on Ow,
0

where 2/ = (21, 72) € w denotes the horizontal variables, y3 € (0, 1) is the vertical variable, and G : R? — R?
is the nonlinear drag force function, which is defined through the solution of lower-dimensional auxiliary
exterior problems of power law type depending on the geometrical structure of the obstacles (see Theorem

2.1—(4)).

— When o./h. — 0, then we derive the following lower-dimensional nonlinear Darcy law in w C R?:

1
U(/Lv(x/) = 1 gil (f/(x/) - Vx/p(xl)), Uwsz =0 inw,
’ur—l

divp Ul (') =0 in w,
U, (z')-n"=0 on dw,
where U,, is the average in height of the limit velocity and G~—! : R? — R? is the inverse of the drag force
function G : R? — R? (see Theorem 2.1—(ii)).

— When o./h. — 400, then we deduce that there are no effects of the microstructure in the limit, so we
derive the following nonlinear and reduced Stokes-type system satisfied by the limit velocity u and limit
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pressure p:
SN 2750,,(10,,0 "Dy, (2 y3)) + Varp(a) = f(a) i Q,

U3EO,

u(2',0)=4/(2/,1) =0 inw,

1
div, (/ u' (2, y3) dyg) =0 inw,
0

1
(/ u' (2, y3) dy3> -n' =0 on dw,
0

which leads to the classical lower-dimensional Reynolds problem for power law fluids in a thin domain
without obstacles (see Theorem 2.1—(ii7)).

We comment that this study can be framed into the regime of “large holes’ obtained in Fratrovi¢ and Marusié-
Paloka [28] (i.e. the case 7. given by (3) when . — 0). However, we have to take into account that, in this case,
we have cylinder-shaped obstacles and, moreover, that the height of the domain is of order smaller than one. In
this sense, due to the shape of the obstacles, the exponent 3? given in 0. changes to the exponent 2;’“ given
in o.. Moreover, the case o./h. — 0, i.e. when the height of the domain is greater than o., gives a nonlinear
Darcy law as in [28], but with a lower-dimension due to the small height of the domain. As the height of the
domain is reduced, we pass from a Darcy regime (o./h. — 0) to a Reynolds regime ( o./h. — +00) in which
the microstructure of the thin porous medium is not detected. Between the two regimes, a critical size appears
(oc/he = X € (0,400)), where a lower-dimensional Brinkman-type law is derived.

We remark that this problem has already been studied in Anguiano and Sudrez-Grau [13] in the critical
case by assuming h. = 0., i.e. when A\ = 1, which simplifies the difficulties that appear in the present study.
Thus, in this paper we carry out a more complete study by adapting the combination of reduction of dimension
techniques, monotonicity arguments and the version of the unfolding method depending on the parameters ¢
and d. introduced in [13], by taking into account now the new parameter h.. It is worth mentioning that we
are considering the case of shear thinning power law fluids, i.e. when the flow index satisfies 1 < r < 2, because
the version of the unfolding method introduces such a restriction, as explained in [13]. With respect to the
mentioned study, the following novelties are introduced:

— The derivation of the critical ratio o./h. by obtaining a sharp Poincaré-Korn inequality in the thin porous
medium 2., see Lemma 3.1 for more details. Thus, we prove that for every v € VVO1 T(2.)3, it holds

||U||L7‘(Q€)3 < KsHD[U] ||L7‘(QE)3><3,

where K. = C o, in the cases 0. =~ h. or 0. < h., and K. = C h. in the case 0. > h., with C > 0
independent of €.

— An inverse of the divergence operator on thin and perforated domains, which is necessary to derive optimal
estimates for the pressure, see Lemma 3.6 for more details. More precisely, we prove that for every
g € L"(.),there exists ¢ = ¢(g) € WL (Q.)?, with ¢ = 0 on the exterior boundary, such that

divp =g in Q. such that ||

Lr(Q.)® < Cllgl L™ (Qe)» ||D80||LT(QE)3X3 < Ccllgl L™ (Q)s

where C. = C'o! in the cases 0. &~ h. or 0. < h,, and C. = C'hZ! in the case 0. > he, with C > 0
independent of €.

— Some suitable compactness results corresponding to each case, which let us to derive the different homo-
genized problems, see Lemmas 3.15 and 3.16 for more details.



Marfa Anguiano and Francisco J. Suédrez-Grau

We think that this theoretical study provides a quite complete description of the asymptotic behavior of
generalized Newtonian fluids with power law viscosity through a thin porous medium composed by cylinders of
very small diameter. Since the obtained models are amenable for the numerical simulations, we believe that it
could prove useful in the engineering practice as well.

Finally, we comment the structure of the paper. In Section 2 we introduce the domain and give the main
result (Theorem 2.1). In Section 3, we develop the proof of the main result in different subsections. In Subsection
3.1 we prove the sharp Poincaré-Korn inequality and then, some a priori estimates for the velocity are derived.
In Subsection 3.2 we introduce the inverse of the divergence operator on a thin porous medium and then, we
deduce the a priori estimates for the pressure. In Subsection 3.3 we recall the version of the unfolding method
for a domain perforated by cylinders of small diameter. Some compactness results, which are the main keys
when we will pass to the limit later, are addressed in Section 3.4. In Subsection 3.5 we give the proof of the
Theorem 2.1. We finish the paper with a list of references.

2 Setting of the problem and main result

Geometrical setting. Assume that w is a smooth, bounded, connected set in R?. Then, a periodic porous
medium is defined by the domain w with an associated microstructure, of periodic cell Y’ = [-1/2,1/2]?,
which is made of two complementary parts: the fluid part YJZ , and the solid part Y/, such that Y}é Jy, =Y’
and Y/(Y, = 0. Here we assume that Y is a closed subset of Y’ with a smooth boundary (with Lipschitz
boundary) 9Y/, such that Y/ is strictly included in Y. We denote Y = Y” x (0,1) C R and so Yy = Y x (0,1)
and Ys =Y, x (0,1).

To define the cylinders with small diameter, we consider the positive parametes ¢ and J., smaller than one,
where . is such that § — 0 as ¢ — 0. Using both parameters, we define the parameter

€

O = 3= (9)
0c "
and we consider that it holds the following condition
2_77«
limo. =0 orequivalently 0<e<d:." . (10)

e—0

This assumption leads to a solid cylinders of very small diameter €. satisfying
2
0<err <L éd,

which, according to [28], it could be called “large diameter cylinders’. Also, since the diameter €4, is still smaller
than the inter-obstacle distance ¢, then (10) yields

ek o K 1.

To define the thickness of the cylinders, we consider the positive parameter h., smaller than one, where h.
tends to zero as ¢ — 0. We consider a thin porous medium 2. of thickness h., which is perforated by solid
cylinders with diameter of size ed. and distributed periodically with period €.

To define the microstructure of the domain w, we set
Vi =Y'\oY,

such that the domain w is covered by a regular mesh of size ¢, i.e. for k' € Z?2, each cell Yk/,76 =ck/ +eY'is
divided in a fluid part Yy , . and a solid part Yy , , ., where Yy . _ denotes the complement in Y}, _ of the set

Yggfk”s. We observe that Y/’,s is similar to the unit cell Y’ rescaled to size .
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1

Figure 1: View of the 3D reference cells Y (left) and the 2D reference cell Y’ (right).

As consequence, Y is divided in a fluid part Y;_; and a solid part Y;s_,, and consequently Y/ . = k’,ﬁ x(0,1) C
R3, which is also divided in a fluid part Y;_j,, - and a solid part Yj_,, .

We denote by T(Yégsk/’e) the set of all translated images of Y:s/ask/,s‘ The set T(Y(S/Esk/,a) represents the solids
in R?. The fluid part of the bottom w. C R? of the porous medium is defined by w. = w\ Uy ek, Y., oo Where
K.={K e€27?: Y. Nw# 0}

The whole fluid part Q. C R? in the thin porous medium is then defined by
Q. ={(2/,23) ER*xR:2' €w., 0 <3< h.}. (11)

We make the assumption that the solids T()/:;/Esk“s) do not intersect the boundary dw. We define Yk}fjE =
Y. % (0,he) and so, Y;S}:Zk/,a =Y{,, - *(0he) and Yngfklya =Y s, . % (0,h). Denote by S. the set of the

solids contained in .. Then, S, is a finite union of solids, i.e. Sc = U, <k Yéh;k/ .
€ € b
- y!
PR ﬁh? Se frrs€
e frr € !
he € .!, e Spr €
he &0
Sespr\E
//,
€

€

Figure 2: View of the 3D rescaled cell Yk’",”fa (left) and the 2D rescaled cell Yy, _ (right).

We define the rescaled domain SNIE = w. x (0,1), i.e. the domain perforated by cylinders with size one. We
observe that 2. = Q\ Uk'elca Ys.5,,,e, and we define T, = Uk’eICE Ys.s,,,e as the set of the solids contained in €2..

We also define the thin domain without microstucture by Q. = w x (0, k) and the domain with height one
without microstructure Q = w x (0,1).

Figure 3: View of the thin porous medium Q. (left) and the domain without microstructure Q. (right).



Marfa Anguiano and Francisco J. Suédrez-Grau

Following previous notation, we remark that along the paper, the points x € R? will be decomposed as
x = (2/,23) with 2/ = (z1,22) € R?, 23 € R. We also use the notation 2’ to denote a generic vector of R?.

Setting of the problem. In the domain ). described previously, we consider the following Stokes system
with power law viscosity

—pdiv (D [us] "D u.]) + Vpe = f in Q.
divu, =0 in €, (12)
u: =0 on 9Q. U S,

where u. is the velocity field and p. is the pressure. In system (12), we assume that the body forces f is of the
usual form in thin domain, given as follows

f@) = (f'(2"),0), ae. zeQ, (13)
where f is assumed in L" (w)?, with #/ = r/(r — 1) the conjugate exponent of r.

Under previous assumptions, the classical theory gives the existence of a unique solution (u.,p:) € VVO1 ()3 %
L (Q) with 1 < r < 400, see Lions [31]. This solution is unique up to an additive constant for p., i.e. it is
unique if we consider the corresponding equivalence class p. € L™ (Q.)/R.

Our objetive is to study the asymptotic behavior of the sequence of solution (ue, pe) of system (12) when ¢,
de and h. tend to zero. To do this, we consider the dilatation in the variable x3 given by

xs3

=, (14)

Ys =

in order to have the functions defined in the open set with fixed height Q.. Thus, we define the dilated functions
. € Wy (2)?, pe € L™ () /R by

(2, ys) = ue(a', heys), Pe(r’,ys) = pe(a/, heys), ace. (2/,ys) € Q.

Let us introduce some notation which will be useful in the following. For a vectorial function v = (v’,v3) and a
scalar function w, we will denote

28z1’l}1 (r“)wl’UQ + 812 U1 (r“)ml’l)g 0 0 8y3v1
1 1
Dy [v] = B Oz, V2 + Op, 01 20,2 Op,v3 |, Oyy [v] = 3 0 0 Oys V2 , (15)
83511)3 83521)3 0 8y3v1 8y3v2 28y303

and, associated to the change of variables (14), we introduce the operators Dy,_, Dy, divy, and Vj,_, by
D, [v] = D [0] + hZ 'Oy, 0],
(Dpv)ij = 0y,v; for i=1,2,3, j=1,2, (Dp_v)i3 = h"dy,v; for i=1,2,3,
divy, v = divy v’ + hZ 003, Vi w = (Vew, hZ 0yw)t.
Using the transformation (14), then the system (12) can be rewritten as follows
~pudivy, (IDn, [@] 7 Dy, [i]) + Vi b = f in G,
divy, . =0 in Q., (16)
e =0 on 8?25.
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The objetive of this paper is then to describe the asymptotic behavior of the dilated sequence of solutions
(e, pe) of system (16), which is described by the theorem below. The problem is that the sequence (e,
D) € Wi (Q:) x L™ (€.)/R is not defined in a fixed domain independent of &, but is defined in €2, which also
depends on . As usual, to pass to the limit when ¢, d. and h. tend to zero, we use convergences in fixed Sobolev
spaces (defined in ) after obtaining optimal a priori estimates. To do this, we need to define previously an
extension of (., p.) to the whole domain Q. In this sense, we consider the zero extensions to the whole Q for
both velocity and pressure, which coincide with the original functions in ﬁa. For simplicity the extensions will
be denoted by the same symbol. Moreover, as recalled in the introduction, we restrict the main result to shear
thinning power law fluids, i.e. for 1 <r < 2.

Theorem 2.1 (Main theorem). Suppose 1 < r < 2 and let o be given by (9) satisfying (10). Depending on the

values of 0. and h., we have the following cases:

(i) In the case 0. ~ he, with o./he — X € (0,+00), then there exist u € WL (0,1; L™ (w)?3), with u = 0 on
ys =1{0,1} andug =0, and p € L" (Q)/R independent of y3, such that the extension (ue,pe) of the solution
of (16) satisfies the following convergences

o: "' —u weakly in WHT(0,1; L7(w)?), p. —p strongly in L (Q),
where (u,p), with uz = 0, is the unique solution of the lower-dimensional nonlinear Brinkman-type problem

—pA"27 2 Oy, (|0y, ! |" 20y, u') + nG(u') + Vap(a') = f/(&)) in Q,
W' =0 onys={0,1},

1
divy (/ u’ dy3) =0 inw, (17)
0

Here, the drag force function G : R2 — R? is defined by

gwmfz/ D, [ ||" 2D, [wé] : Dy [ d2!, V7', ¢ € R?, (18)
R2\Y/

where w€ , & = {7, ('}, is the unique solution to the auxiliary exterior problem
—divr (D2 [0 "D [ ]) + Vart =0 inR2\ Y7,
divow® =0 inR2\ Y/,
w® =0 ondY!, (19)
R wf =g

(w¥,7¢) € DV(R*\ Y))? x L™ (R*\ Y))/R.

The space D" denotes the homogeneous Sobolev space given by DV (O) = {U €Ll .(O): Dve L’"((’))}.

loc

(ii) In the case 0. < he, then there exist u € L™(Q)3, with us = 0, and p € L" (Q)/R independent of ys, such
that the extension (Ug, D) of the solution of (16) satisfies the following convergences

r

o "l —u weakly in L"(Q)°, p. —p strongly in L" ().
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Moreover, the average velocity Uy, (x') = fol udys 1s given by

1 .
Uflw(x/) = - Gg! (f/(ml) - Vx/p(z’)) ) Uiz =0 inw,
=

where p € WH' (w) N (L7 (Q)/R) is the unique solution of the lower-dimensional nonlinear Darcy problem

. / .
divyU,, =0 inw,

Ul,-n'=0 ondw. (20)

Here, G=1 : R? — R? is the inverse of the drag force function G defined by (18), which is asymptotically
defined, up to a suitable rescaling, by the permeability function Us. : R* — R?, defined by (see Remark 2.3
for more details)

Us (&) = / w& () d2 (where Y5 ;=Y\ 0.Y]), (21)
Y/ ¥

with wé the solution of the purely 2D nonlinear auxiliary cell problem
—diva (Do [0 2D [0 ]) + Van = ¢ in Y7\ 8.V,
divow® =0 inY’\48.Y,,
, (22)
w® =0 in .Y,

(', 7%y € DII(Y] )2 < L7 (Y] )\ R.

per

The space D17 (Yélgf) denotes the space of functions in Dl’T(Y(;’ef) which are Y'-periodic.

per

(iii) In the case o. > h., then, there exist u = (u’,0) € WbH(0,1; L"(w)3) with u = 0 on y3 = {0,1} and

p € L"(Q)/R independent of ys, such that the extension (u.,p.) of the solution of (16) satisfies the
following convergences

h;flﬂs —u  weakly in WY(0,1; L7 (w)?), P —p strongly in L" ().

Moreover, the average velocity Uy, (') = fol udys is given by

Ugo(2') = % 1£(@") = Varp@)[" 2 (F(@') = Vep(@), Uswa=0 inw, (23)
22 (r'+ 1)p 1

where p € (L (w) \ R) N W (w) is the unique solution of the lower-dimensional non-linear Reynolds

problem
divp, UL, =0 inw,
(24)
Ul,-n=0 onodw.

Remark 2.2 (Properties of G). We recall the following properties:

— For every £ € R2, the exterior auziliary problem (19) has a unique solution (wé 7€) € DV (R2\ Y!)2 x
L™ (R2\Y/)/R, with 1 < r < 2, see [34, Theorem 3]. For more details concerning the homogeneous Sobolev
space DY we refer to [29, Chapter I1.6].

— According to [27], the drag force function G : R? — R? is continuous and is strictly monotone, that is

(G —G(r), ¢ —7') >0, V¢, 7 eR

10
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Moreover, it satisfies the homogeneity condition
GIAE) = N"2AG(E), V(N E) eRxR?, (25)
and there exists m, M > 0 such that for every & € R? it holds
mlg]" < |G(EN] < Mg

Remark 2.3 (Properties of G=1). We recall the following properties:

— For ¢ € R2, the auiliary problem (22) has a unique solution (v¢ , 7€) in Dé’e’;(Yé’Ef) x L (Y5 ;) \R (recall
that Yy ; =Y'\ 6.Y,), see [27, Remark 5.5].

— The permeability function Us. : R?> — R?, defined by (21) through the solution of the cell problems (22)
posed in Y'\ 6.Y/, appears after the homogenization process of problem (12) in Q. by passing to the limit
in €, but keeping 6. fized. In that case, the homogenization problem fits into the case in which the cylinder
arrangement period is smaller than the thickness of the domain (see the description of the “homogeneously
thin porous media” in the introduction, which agrees in the case of 0 = 1). Then, il can be deduced the
following lower dimensional Darcy law

1 .
Ugw,s.(2') = o (f'(@") = Vap(@')), Uswss =0 inw,

divy U, 5. =0 inw, (26)
wws. -7 =0 ondw.

— We recall that Us, satisfies the following properties for every &', 7' € R? (see [18] for more details)

Us.(AE') = N""Us (&) YA>0, (27)
mle'|" 7 < |Us, (€] < MIE')" Y where m = ggl Us. (€], M= max Us. ()], (28)
Us. (&) = Us. (1), —7') >0, (29)

and so, for every 6. > 0, the problem (26) has a unique solution p € Wb (w)/R.

— Due to its strict monotonicity, function G is invertible, i.e. G=1(&') is well defined for & € R?, see [27,
Remark 4.6].

— The main result in [27, Theorem 4.8] states that if we consider (v¢ , 7€) the solution of problem (22), and
consider the following scaling for the solutions

/ 2-r , ’ /
w§ () = 6. "w® (6.y), 7r§€ () = 0.7 (0y), ae. v €671V \ Y,

=

which now satisfies

~divy (IDy [ "Dy [ ]) + Vo, = 62’ in 071Y7\ Y,

divy/wg; =0 indtY'\Y/,
, (30)
wg =0 inY/,

) 6-1Y'-periodic,

11
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then, the rescaled solutions (wiﬂrg;) converge to a specific solution (wg-1(¢r), Tg-1(¢r)) of the exterior

problem (19) as 6. — 0:

wg; — wg-1(ery  weakly in L, (R* \ Y])?,

7T§; — g1y weakly in L (R2 \Y)H\R, (31)

D, [wg;] — D, [wg-1¢n]  strongly in L™ (R* \ Y).

As consequence, it holds the continuity of the permeability function in the low-volume-fraction limit

2—7 , 1 ,
li 5T N =1 52 £ Ndy' = li 3 N dy = —1 /¢t 39
Jim o™ s, (67) = Jim ity cws, (y) dy' = lim 07 iy wi (Y)dy' =G (&),  (32)

for every £ € R?, where Us, is the permeability function defined by (21) and G=1 is the inverse of the drag
force function G, which let us deduce that problem (20) has a unique solution p € Wi’ (w)/R.

3 Proofs

In this section, we develop the proof of the main theorem with the following structure. In Subsection 3.1 we give
the sharp Poincaré-Korn inequality and derive the a priori estimates for velocity. In Subsection 3.2, we give the
inverse of the divergence operator in a thin porous medium and derive the a priori estimates for pressure. We
recall the unfolding method in domains perforated with cylinders of small diameter in Subsection 3.3, which is
necessary to capture the influence of the microstructure in the asymptotic behavior. In Subsection 3.4 we give
some compactness results, which will let us prove the main theorem, whose proof will be given in Subsection 3.5.

3.1 A priori estimates for velocity

As said previously, in this subsection we derive a priori estimates of the solution (u,pe) of system (12). To do
this, we first need a technical, which will let us identify the critical size.

Lemma 3.1 (The Poincaré and Korn inequalities). Suppose 1 < r < 2 and let o, be given by (9) satisfying (10).
Then, the following Poincaré inequalites hold with C independent of €:

~ If oo < he or 0. & h. with o./h. — X € (0,+00), then
101l 0,92 < Coe IRl L yoxa, Vo € Wo (). (33)
— Ifo. > h., then
el @z < Che Dol i, yaxa, Vo € Wy (Q:)?. (34)
Moreover, in every case, the following Korn inequality holds with C independent of €:

1D@ll 0, y0xs < C D[l o yoxs Voo € W ()P (35)
() ()

Proof. First, the classical Korn inequality in a porous medium implies that (35) holds. Next, to prove the
Poincaré inequalities, we divide the proof in different cases depending on the values of o. and h.:

— If oo < h, or 0. & h,, applying [28, Lemma 4.1] to the bottom domain w,, we have the Poincaré inequality
[l (oys < COLNDar @l (o yaxe < COL DD (g yaxa s

with o, given by (9) and C independent of €. Integrating previous estimates with respect to 3 between 0
and h., we obtain the desired estimate (33).

12
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— If 0. > h., we are able to obtain a more optimal estimate. For every o(z', x3)

€ Wl”"(Y(;’Ef x (0, he))3,
1 <r < 400, with ¢ =0 on 9(Yj_, x (0,h.)), the Friedrichs inequality in Yé/af x (0, h

) states that

/ lp|"dz'dzs < C’h;/ |05 0|"d2' dx3, (36)
Y/ f><(0,h€) Yé’sfx(o,hs)

where the constant C is independent of e. For every k' € K., we apply the change of variables

/ !
T dz

A ! !
K+2=—, dz = —,
€ €

which rescales (36) from Yy ; x (0, he) to Yy . x (0, he). Thus, for every ¢(z) € Wl””(Y(;'sfk,’E % (0,he))3
with ¢ =01in (Y ;, . % (0,he)), it holds

/ olrda < [ 0ryelds < Ch [ Dugl'dz,  (37)
! X (0,he) Y(;/ f EX(Ovhe)

/
S fyrie Y,;sfk/’EX(O,hE)

with the same constant C' as in (37). Summing the inequalities (37) it gives the estimate (34).

O

Remark 3.2 (The Poincaré—Korn inequality in Q.). Taking into account the results given in Lemma 3.1, for
every function o € Wol’r(ﬂe)?’, 1 <r < 2, we have the following estimates for C' > 0 independent of €:

— If oo < he or o. & h. with o./he = X € (0,+00), then
1]l Lr(nys < Coe PRl (o yoxs Vo € Wy ()%, (38)

— If o > h., then

el L.y < Che Dol yoxs Voo € W (92:)°. (39)

Now, we are ready to derive the a priori estimates of the solution (uc,p:) of problem (12) in €..

Lemma 3.3 (Estimates for velocity in €2.). Suppose 1 < r < 2 and let o, be given by (9) satisfying (10). Then,
the solution u. € W&’T(QE)?’ of the problem (12) satisfies the following estimates, depending on the values of o,
and he, for C > 0 independent of e:

a) If oo < he or . & h. with o./h: — X € (0,+00), then

ltcll s < ChEGZT, D fuclll g yone < ChEoT T, (40)
1Dt gy ysx0 < ChEGTT. (41)
b) If oo > he, then
ltell s < CRETT D el yons < CHITT, (42)
1D g0 < CET T (43)

Proof. Multiplying the first equation of (12) by u., integrating over €. and taking into account that divu. =0
in ., then we have
a!
Q

ID ]2 D [ug] : D [u] dar = /Q fu.da. (44)

€

13
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By means of Holder’s inequality, the assumption of f given in (13) and the relation 1/r" = (r — 1)/r, we deduce

r—1
/Q fu.da'dys < Che™ [|ue | L7(0:)3

and so we deduce that, from (44), it holds

D [ue]lzr (o, )50 < Che™ lttell 1o ys - (45)

Depending on the values of 0. and h., we have the following:

- If 0. < he or 0. = he, we use (38) in (45) to deduce
r—1

I [welll g pos < CheT 0 D[]l gy

and then, we get the second estimate in (40). As consequence, from Korn’s inequality (35), we obtain (41).
Now, using (38) and the second estimate in (40), we deduce the first estimate in (40).

— If 0. > he, we use (39) in (45) to deduce

2r—1

D [uellzr (. ysxs < Che ™ D [uc]]

L7(Q.)3%3 s

and then, we obtain the second estimate in (42). The rest of velocity estimates are obtained in a similar
way to the previous case.

Below, we get the estimates for dilated velocity in ﬁs.

Lemma 3.4 (Estimates for dilated velocity in (NZE) Suppose 1 < r < 2 and let o, be given by (9) satisfying (10).
Then, the solution u. € I/Vol’T(QE)3 of the dilated problem (16) satisfies the following estimates, depending on the
values of 0. and h., for C > 0 independent of :

- Ifo. < h., then
_r_ _1_ _1_
||u6||L7‘(§E)3 < Col™, ||]D)a:’ [u5]||Lr(§E)3x2 < Col™", ||ay3 [UE]HLT(QEP < Col™" he, (46)
. = ~ =
||D$IU€HL"‘(§E)3X2 < Col~ s ||ay3u5||Lr(§E)3 <o hs- (47)
~ If o = h. with o./he = X € (0,+00), then
HﬁE”Lr(ﬁE)S» < Co'gjv H]D)z’ [ﬂE]||LT(ﬁS)3X2 < Co'crjy ||ay3 [aEHILr(QE)S < CO'ETja (48)
1 _r_

||Dw’u5HLr(§E)3x2 < 00’6771 s ||ay3u5||Lr(§E)3 < O-g71 . (49)

— Ifo. > h., then
HaEHLr(ﬁE)S S Chéj; ||Dac’ [aEHILr(QE)SXZ S Chgjv Hayg, [aa]”Lr(ﬁg)z S Ch?) (50)

= ~ =1
[1Darticl gy yoxa < Che™ s |Oysticll ey ye < Che™" (51)

14
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Proof. The proof follows from applying the change of variables (14) to estimates given in Lemma 3.3, taking into
account that

luellr@.)s = he Ul prgyer  IPMue]llLr@oysxs = he [Da [l e @ yoxs

1 ~
”DUEHLT(QS)W?’ = hZ || Dp, | Lr(.)3%3"

We remark that estimates in the critical case 0. = h. have been written in terms of o..
O
Remark 3.5 (Extension of u. to the whole domain Q). We extend the velocity u. by zero to Q and denote

the extension by the same symbol. Obviously, estimates of velocity u. given in Lemma 3.4 remain valid and the
extension is divergence free too.

3.2 A priori estimates for pressure

In this subsection, we introduce the inverse of the divergence operator for thin porous medium, which will let us
derive optimal estimates for the pressure. The idea is to find, for any g € L"(£2.), a function ¢ = ¢(g) such that
divep = g and the following estimate

lellr@as < Clgllor@.ys  1Dellrzxs < Cellgllor .y

with the constant C. such that it is the inverse of the Poincaré constant, i.e. C. = Co_ ! in the cases 0. ~ h. or
0. < he, and C. = ChZ! in the case 0. > h., with C' > 0 independent of ¢.

Lemma 3.6 (Inverse of the divergence operator in €2.). Suppose 1 < r < 2 and let o. be given by (9) satisfying
(10). Then, there exists a constant C independent of € such that for any g € L"(.), there exists ¢ = ¢(g) €
WL ()3 with ¢ =0 on 0Q. such that

divp =g in Q, (52)

and, moreover, depending on the values of o. and h., for some constant C > 0 independent of e:

— If oo < he or o, & h. with o./he = X € (0,+00), then

lollzr @z < Clgllir@.y,  1Dellr s < CoZtlgll-a.)- (53)

— If 0. > he, then
lelzr@ae < Cligllzr@nys  1D¢llLr@exs < ChZlgllor(o.)- (54)

Proof. The proof follows the lines of [13, Lemma 3.2]. Thus, given g € L"(€).), it is possible to define an extension
inside the cylinders called G € Lj(Q.) = {q e L"(Q.) : st qgdr = O} such that

Gl @.) < CllgllLra.)- (55)

Since G € L"(Q.), it follows from [22, Lemma 4], that there exists ¢ € WO1 "(Q.)? such that it holds the
divergence equation

divp =G in Q., (56)
lellzr .y < CIGLr@.) (57)
D@l Lr(qoyzxs < ChM|GllLr .- (58)

Let us consider ¢, : it belongs to W' () with ¢ = 0 on dQ.. Then, (52) follows from (56) and estimates
given in (53) follow from (57) and (59).

15
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We observe that in the cases 0. < h. or o. =~ h., we need a more accurate estimate. By using relation
between the parameters in these cases, then (58) implies

||D<p||Lr 3><3 < CO’ HG”L’V'(QE). (59)

As before, considering |, , we deduce the result, i.e. problem (52) and estimates (54).
O

Lemma 3.7 (Estimates for pressure in §2.). Suppose 1 < r < 2 and let o be given by (9) satisfying (10). Then,
the pressure p. € L™ (Q.)/R, with v’ = r/(r — 1), solution of the problem (12), satisfies the following estimate
for some constant C > 0 independent of €:

a
Ipell L (.) < Che" (60)

Proof. The proof is similar to the proof given in [13, Lemma 3.2], just taking into account that the height of the
domain here is h., instead of o.. We develop the case 0. < h., because the rest of the cases can be developed
similarly, just taking into account the corresponding estimates for velocity in each case.

Assume o, < h, and consider g = |p€|rlf2 Pe, which satisfies g € L"(Q.) due to p. € LT/(QE). From Lemma
3.6, we have that there exists ¢ = (g) € Wy " (Q.)? such that
leLp =g in 957 ||('0HW1 q(Q < CJ ||g||L'V'(Q€). (61)

Now, multiplying the first equation of (12) by ¢ € WO’T(QS)3 and integrating over )., from the second estimate
n (40) and (33), we deduce

/Q pedivpdz| < CIDuc] |77 g, s | Dol Lranysxs + Chem ||90HLT(Q )3
< CHD[’LLEH nr (Q )3X3||D(P||L7‘(Q )3x3 + Chg U€||D<pHL7‘ Q.)3%3
< Ch O'EHD(pl L7(Q.)3%3-
By using (61), we get
”pEHLr Q) < Che (62)
r'—1
and from ||g|lzr(a.) = Pl 7.y Ve obtain
||p€||2¢" Q ) S Ch’ ||p€||Lr Q )
Taking into account that 1/r" = (r — 1)/r, this gives (60).
O

Lemma 3.8 (Estimates for dilated pressure in S~2€) Suppose 1 < r < 2 and let o, be given by (9) satisfying (10).
Then, the dilated pressure p. € L (Q:)/R satisfies the following estimate for some constant C > 0 independent

of e:
1Pl &.) < C- (63)

Proof. The proof follows from applying the change of variables (14) to estimate given in Lemma 3.7, taking into
account that

e ~
||p6||Lr’(§E) = h¢ ||ps||Lr’(§E)'
O

Remark 3.9 (Extension of p. to the whole domain Q). We extend the pressure p. by zero to Q2 and denote the
extension by the same symbol. Obviously, estimate of pressure p. given in Lemma 3.8 remains valid.
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3.3 Unfolding Method in domains with cylinders of small diameter

In this section, we first recall the version and some properties of the unfolding method adapted to domains
perforated with cylinders of diameters of size €6, distributed periodically with period e introduced in [13], which
is necessary to capture the influence of the microstructure of €. in the behavior of (u.,p:) by introducing the
unfolded functions (U, p:). Then, by using the estimates of (u., p:), we will obtain the estimates for the unfolded
functions.

Definition 3.10 (Unfolding operator in domains perforated with cylinders of small diameter). For ¢ € L9(£),
1 < q < 400, we define p € Li(w x R? x (0,1)) by

!/
@ (5& (i) +€6€z’,y3> i (2,2 ys) €wx Y % (0,1),

P, 2 ys) = (64)
0 otherwise,
where the function k : R? — Z? is defined by
k(') =k < 2’ eY,,, VK eZ’
Remark 3.11. We make the following comments:
— For 0. = 1 we are in presence of the adaptation of the unfolding operator for domains with cylinders

introduced in [9, Subsection 4.2].

~ The function k is well defined up to a set of zero measure in R? (the set Uy cz2 8Y’,’1). Moreover, for every
e > 0, we have
m/
H() =k <= 2 €Y ..
- :
— For k' € K., the restriction of ¢ to Yy, _ % LY’ % (0,1) does not depend on x', whereas as a function of 2’
it is obtained from @ by using the changes of variables 6.2’ =1y’ and

, o —ek

y=—"" (65)

which transform Yy o into éY’ x (0,1).

Theorem 3.12 (Properties of the unfolding operator). We have the following properties of @:
1. Suppose 1 < q < +o0. For every ¢ € L1(Q), it holds
_2
H@HLq(wx]sz(o,U) <0 ||<P||Lq(sz)' (66)

2. Suppose 1 < q < +o0. For every ¢ € WH4(Q), it holds

1D [0 g v 0172 < D (Bl oy (67)
1045 M o 10, S84 10458l ey - (68)
3. Suppose 1 < q < 2 and let O be a bounded open set in R?. For every ¢ € Wh4(Q), it holds
18 = @l oo @2)) SCoe Dar [l Lo ()2 » (69)
1@l zatuxox 01 < ClO2 0 [Dar @l oz + 1017 1Bl oy, (70)

where ¢* = 22qu be the associated Sobolev exponent, C' denotes the Sobolev-Poincaré- Wirtinger constant for
WE4(Y") and @ € LI() is the local average defined by
1 - . ~
pa) = 5 [ e =6 [ g rar, veeri@. (@
€ EK(%’)+EY’

1y
(55Y
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Definition 3.13. From extensions of the dilated velocity and pressure (U, pe), we define the unfolded velocity
and pressure (Ue,pe) by using (64).

Lemma 3.14 (Estimates of the unfolded functions). Suppose 1 < r < 2, let 0. be given by (9) satisfying (10),
and let O be a bounded open set in R?. Then, the unfolded functions (U.,D.) satisfy the following estimates
depending on the values of 0. and he:

- Ifo. < he, then

T

el s ox 0,102 < Coe " (72)

D e v moyyse SCOT s 10 BN o100 < Co T hebe (73)
1D | L7 (wx & Y7 x(0,1))3%2 <Col T, [0y Ul 1 (o AY7x(0,1))3 chﬁhs&f_%» (74)
[te = el pr (01 m2)2) §00r;%1, (75)

- If o &~ h. with o./he = X € (0,400), it holds

T

el rwxox 0,12 < Coe " (76)
B el v emomyses S COET e 108l oy oy SCOF T8 (1)
1D v 055 SCOT s N0y e oy oy SCOZ 027 (78)
e = ell oy sy SCOZ (79)
— Ifo.> h., then

1D B e v tyyove SCRE e 048] o oy oy SCHE 027 (80)
1D el ooy oo SCRE 0 10Tl sy oy SCRE 762 (81)

Moreover, in every case it holds ,
||ZA)e||Lr/(wa2x(o,1))/R <Co . (82)

Proof. We describe the case 0. < he (the rest of the cases are similar, so we omit it). Taking into account
estimates (46) in (70), we deduce (72). We remark that if we had used (46) and (66), we would have obtained

_2
estimate ||Ues, || Lr(wxr2x (0,1))2 < Cod ™" 0c 7, which is not as sharp a (72).

Also, taking into account the second estimate in (46) and (67), we get the first estimate in (73). And using
the second estimate in (46) and (68), we get the second estimate in (73). Consequently, from Korn’s inequality
(35), we also have (74). Estimate (69) together with the second estimate in (46) gives (75).

We remark that in the case o. > h., we only give some estimates because, in that case, the microstructure
will not play an important role in the homogenized model (see proof of Theorem 2.1—(4ii)), so we omit it.

Finally, taking into account the estimate (63) in (66) with ¢ = 7/, and ' = r/(r — 1), we can deduce (82).
O
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3.4 Some compactness results

We give some compactness results concerning the behavior of the extension of the solution (ug,p:) and the
sequence of unfolded functions (., p:) satisfying the a priori estimates given in previous sections.

Lemma 3.15 (Compactness results for extension of dilated functions). Suppose 1 < r < 2 and let o. be given
by (9) satisfying (10). Depending on the values of o and h.:

— If 0. < he, for a subsequence of €, still denoted by e, there exists u € L"(Q)3, with uz = 0, such that

r

oc e —u  weakly in L" (). (83)

~ If 0c = he, with oc/he — X € (0,400), for a subsequence of e, still denoted by e, there erists u €
Wr(0,1; L™ (w)?), with u =0 on (w x {0}) U (w x {1}) and uz =0, such that

Oe ﬁﬂe —u  weakly in WH(0,1; L™ (w)?). (84)

— If 0. > h., for a subsequence of €, still denoted by ¢, there exists u € W1 (0,1; L" (w)?), with u = 0 on
(wx {0}) U (w x {1}) and uz =0, such that

h;ﬁﬂg —u  weakly in WH(0,1; L™ (w)?). (85)

Moreover, in every case it holds the following divergence property

1 1
div, </ u' (2, y3) dy3> =0 inw, (/ u' (2, y3) dy3> ‘n=0 on dw, (86)
0 0

and that there exist p € L" (Q)/R, independent of y3, such that
P. —>p strongly in L” (Q)/R. (87)

Proof. We develop the case 0. < h.. First, we focus on the convergence of the extension of the extension of the
dilated velocity. The first estimate in (46) implies the existence of u € L"(2)3 such that, up to a subsequence,
we have the convergence '
or T —u in LT(Q)°. (88)
This also implies
or T divey @, — diveru  in L7(0, 1, WL (w)3). (89)

From div,_ 4. = 0 in ©, multiplying by o= "', we get
o: " rdivpul + hitoe T Oyt 3 =0 in Q. (90)

Next, (88) and (89) combined with (90) imply that h;la;ﬁaygﬂ&g is bounded in L7(0,1; W 1" (w)3). This
implies that . ™' 9y, 7. 3 tends to zero in L"(0,1; W1 (w)?). Also, from (88), we have that 0. "' 0y, 3
tends to Ay, in W~ (0,1; L"(w)). From the uniqueness of the limit, we have that %3 = 0 which implies
that w3 does not depend on y3.

Next, we prove the divergence condition (86). For this, we consider ¢ € C¢(w) as test function in div,_u. = 0
in 2, and we get

0= / (U;Tjdivmfﬂ; +hto. r’18y355,3> o(2") dx'dys = —/ oc "l - Va(2') do' dys,
Q Q
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and from convergence (83), we deduce
/ u - Vyo(z') da'dys = 0,
Q

which implies (86).

Now, we focus on the extension of the dilated pressure by proving (87). From estimate (63) we deduce that
there exists p € L (Q)/R such that, up to a subsequence, we have the following convergence

P. —p weakly in L" (Q)/R. (91)

In order to prove that p does not depend on ys, we multiply system (16) by h. ¢ with ¢ € C§°(Q)? and we
integrate by parts. Thus, we get

/ heﬁsdivm'wl dx’dyg + / De 6y3<p dx’dyg
Q Q
2 (92)
= phe [ [Dn (@) Dy (@) s D do'dy e [ - de'd
Q Q

Taking into account estimates of the extension of the velocity and pressure given in Lemma 3.4 (case 0. < h.),
and the assumption of force f, we have

yihe / Dy, [@]" " D, [ic] : D[] da’dys
Q

< CVhEHID)hE [ﬂs]llz;(lﬂ)md < Cheo. — 0,

hs/ fo dx'dys| < Ch, — 0,
Q

< Che||p-|

Lr/(Q) S Chs — 0.

hg/ﬁgdivwmp’ dx’ dys
Q

Then, passing to the limit in (92) by means of convergence (91), we obtain

/p8y3<pdx'dy3 =0,
Q

which implies that p is independent of y3. Moreover, if we argue similarly as in [17, Lemma 4.4], we have that
the convergence of the pressure p. is in fact strong.

To conclude the proof, it remains to prove that w3 = 0. To do this, since uz does not depend on y3, we take

as test function ¢ = (0,0. " 3(2’)) in (16), and passing to the limit, using monotonicity arguments (follow
Step 1 of the proof of Theorem 2.1 without applying the unfolding method, and taking into account the test
function and the definition of the symmetric derivative (15) in this case), we can deduce that ug satisfies

—divy (|Dy (5] *Dy[us]) =0 in Q,

and this implies u3 = 0, which concludes the proof.

The cases 0. = h. and o, > h. are similar to the case developed in [13, Lemma 5.1], so we omit it. The
main difference with the previous case is that, from estimates (48) and (50) respectively, the velocity has more
regularity in the vertical variable, i.e. we deduce u € W1r(0,1; L"(w)?3), and so we can deduce u = 0 on
(wx {0})U (w x {1}). Moreover, since ug is independent of y3 together with the boundary conditions on the top
and bottom, it holds uz = 0, whose proof is faster than the one in the previous case.

O
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Now, we give a compactness result for the unfolded velocity @. (only in the cases 0. < h. and o, &~ h,).
For this, we follow [20, Chapters 9 and 10] and consider the homogeneous Sobolev space of weakly differentiable
functions defined locally on R? having a gradient in L"(R?)? and zero value on the obstacle Y/, which is given
by

loc

Ky, = {qﬁ(z’) e WL (R?) : V¢ e L'(R?)? and ¢ =0 on YS’}. (93)

We remark that if & € Ky, then it has a limit at infinity denoted @, i.e. there exists o, € R such that
lim| 1| 400 ?(2') = @oo. In addition, to relate the value at infinity of the limit of %, with the limit of u., we
consider a more general space depending on the case

— In the case o, & h., with o./h. = X € (0, +00):
Ly, = {@(x',z/,yg) € L'(QKy;) : Boy = B(-,00,) € W (0,1;L7(w)) with oo =0 on ys = {0, 1}}.

— In the case 0. < h,:
LYS/ = {@($I7Z/7y3) S LT(Q7KY;) : QB(X: = @(-7007-) € LT(Q)}

Lemma 3.16 (Compactness results for unfolded velocity). Consider the cases 0. < h. and 0. ~ h., with
0e/he = X € (0,400). Suppose 1 < r < 2, let . be given by (9) satisfying (10) and u be given in Lemma 3.15
according to the corresponding case. Then, for a subsequence of €, still denoted by e, there exists U € L3, where
Usx = u and Us independent of y3, such that :

7‘

oc "', = U weakly in L"(Q; Ly, (R*)3), (94)
aQﬁDZ,agz%Y, — DU weakly in L™ (w x R? x (0,1))3*2, (95)
1
div </ U, dyg,) =0 inw, (96)
0
div,U' =0 inwxR?x(0,1). (97)

Proof. We only consider the cases 0. < h. and o. =~ h., because in the case . > h., as we said before, the
microstructure will not play an important role in the homogenized model (see proof of Theorem 2.1).

The proof of the existence of U € L3, where Uy, = u and Us independent of y3, such that (94) and (95) hold,
is the same as the one given in [13, Lemma 5.1], so we omit it.

Next, since Uy = u, then (96) holds from the divergence condition (86). Finally, from divergence condition
divp_ e = 0 in Q and the change of variables (65) (see the proof of Theorem 4.1in [13] for more details), we
deduce

(e6.) " div,/ul Loy + hZ1 0y, 3 1oy, =0 inwx R? x (0,1). (98)
Multiplying by o "~ " (£d.), we get
__r_ 2 _ 1
oc "THiva L 1 ays + 62 hotos Oy, s iy, =0 inwx R? x (0,1). (99)

For the case 0. < he, from the second estimate in (74) and convergence (94), together with the fact that
2 _ 1 2 __r_ 2 2 _ 1
Schto. 7' = 62o.hIto. T and 8 o.hsl — 0, we deduce that 62 hZlo. "1 Oy, Ue 3 tends to zero, and so

2
passing to the limit in (99) we get (97). For the case 0. ~ h., we proceed similarly because 62 o.hZ ! also tends
to zero.

O
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3.5 Homogenized model: proof of the main theorem

In this section, we prove the main result. For this, we recall the following version of [20, Lemma 10.4] to choose
an appropriate test function in the variational formulation of system (16) and thus, be able to pass to the limit.

Lemma 3.17. Suppose 1 < ¢ < +oo. Let @ be in D(Q; WE9(R?)) such that Vi is in D(Q; LY(R?)?) and has
a compact support. We set

1 .
Pes, (50,71/3) =@ (l‘l, 57 7y3> m (I/ayl}) € Q. (100)
e

By [20, Proposition 9.2], it has a limit at infinity denoted by oo € D(Q). If 6 is small enough, the function
¢es. belongs to D(0,1; Wh4(w)) and

Ves. = Yoo Strongly in L7 (). (101)
Remark 3.18. From the definition of pes. given in (100), we have

12 —er(Z 12 —er(Z
mepass (xlvy3) = VT’SO <xl7 67¢3 y3> + (556)_1v2’90 (.’E’, 7¢1 y3> y
a € O €
/ 102
, , o' —en(%) (102)
Oyt (0 5) = Oy = =y ).

Moreover, applying the unfolding operator (64), we have

QO(J)/7 Zlay?)) + 9655 ('T/a Z/a 93)7 Zf (xlv Z/7y3) cw X 5715Y/ X (07 1)7
Pese ($’7Z/,y3) =
0 otherwise,

with Ogs, (2,2, y3) = go(sn(%/) +e0.2, 2 y3) — (', 7, ys). Consequently

~ . 1
Vz’soszss (xlv Z/a yS) = Vz’go(xlv ZlvyS) + VZ’9€55 (x/; Z/7y3) mw X 67Y/ X (0; 1)7 (103)

€

where, from the mean value theorem applied to V , O.s_, the fact that \5&(%) +ebez’ —a'| < e fora' €Y,
kK € K., and V.o € D(Q; LY(R?)?), it holds

|| P 9655 ‘

Le(wxR2x(0,1))2 < Ce. (104)

Proof of Theorem 2.1. The proof of the main result will be divided in four steps.

Step 1. Cases 0. < h. and 0. =~ h.. In this step, we derive a variational inequality, which will be useful to
derive their respective homogenized variational formulations.

We define the following set
(v, V') e Whr(0,1; L™ (w)?) x L%,S, 2 V(2 ys) =0 (2, y3) ae in (2/,y3) € Q,

1 1
div,V' =0 in w x R? x (0,1), div,, (/ v dy3> =0in w, </ v’ dyg) -n’ =0 on Jw,
0 0

To simplify expressions, we define the operator S : RS — R3 by

sym sym

S(€) =¢"%, VEERLS,
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and denote by O, a generic real sequence, which tends to zero with € and can change from line to line.

Now, let us define the test function according to Lemmas 3.15 and 3.16 in the cases 0. < h. and 0. =~ h..
We consider ¢(2/, 2", y3) € D(Q; K:{’/,) such that D,/ has a compact support and p3 = 0, and we define .5 by
(100). According to Lemma 3.17, when 6. is small enough the function ¢.s. belongs to D(0,1; W17 (w)?) and its
limit at infinity oo, € D(Q)? satisfies the convergence (101).

Multiplying (16) by ¢.s., taking into account the extensions of the dilated velocity and pressure, integrating
by parts and using (102), we have

p /Q S (D, [e]) : (Do [] + h 'Oy, []) da’dys + p(ed) ™ /Q S (D, [e]) : Do [¢] da'dys

(105)
—/ Pe divy @’ da’dys — (e6) " / pe div: @' da'dys = /~ ¢ da'dys
Q Q QE

where, for simplify, from now on we use the following notation:

, N3
;1 x —es(%)

— p=p, yf,yg) in the integrals in 2,

— ¢ = (', 2',y3) in the integrals in w X (%Y’ x (0, 1) obtained after applying the changes of variables (65).
Below, we analyze every term in (105):

— First term. Taking into account the convergences of the velocity given in Lemma 3.15 in both cases, which
are given by (83) and (84) respectively, we rewrite this term as follows

i [ S (o il 20 []) (B ] 1104, ) o'

—_-_r __r (106)

=1 / S (orEDx/ [05 T’lﬂg] +08h;18y3 [05 T’lﬂED : (aer/ [¢] +Uah;18y3 [(p]) dz' dys.
Q

— Second term. We apply the changes of variables (65) (see the proof of Theorem 4.1in [13] for more details)
and taking into account the convergences of the unfolded velocity given in Lemma 3.16 in both cases
together with the property of the test function given by (103), we rewrite the second term as follows

NEAR /Q S (Dyr [ie] + 20, 7)) : D ] da'dys

— u(e6.) 162 / S ((£6.) D [@ic] + b2y, [2]) : (Da [0] + Do [O2s.]) da’dz'dys (107)

wx £ Y% (0,1)

__r 2 e
= U / Ly )S (Dzl |:0'5 1 ﬂe] +6505h5_18y3 {0’5 =1 ag}) . (]D)z, [(P] +Dz’[9565])dl’/d2/dy3,
wx 5-Yx(0,1

Using the Holder inequality, estimates given in (73) in the case 0. < he or (77) in the case o. = h., and
taking into account (104), we have

< (Ce — 0,

/ S (DZ, [o—; fa} + 02 0.hZ1a,, [a; Ta]) : D/ [Ors, ] da’ d2' dys
WX = Y/%(0,1)
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and then, we have that (107) is rewritten as follows

p(ede) ™! /Q S (Dr’ [ue] + hs_lays [ﬂED 1 D2 ] da'dys

r

S (ID)Z/ {05 T ug} + 5 ohZ 0y, |:0'g ﬁﬁa}) : D, [p] dx'dz'dys + O (108)
S (]D)z’ [Ua = us] +d%0.h ~10y, [Ja ﬁﬁe}) : (Dz’ [o] + 650511;10% [90]) dx'dz' dys
bt oehTt /w vt 1)S<]D>z/ [0;’" u} + 6 oehT10, [ o a}) £ 0y, ) da'ddys + Os.

Using that ¢ € D(Q; W,L"(R?)3), by the Holder inequality and estimates in (73) in the case 0. < h. or
(77) in the case o. ~ h., we have

2
< CéL Ushg_l — 0.

55%05%_1 /WXJ o 1)S(]D)Zr {JQ’TIA} +(5 o-hZ1o, [ ;’TIQED 2 Oy, ) da' dz' dys

Then, we have that (108) reads as follows
p(e62) 7" / S (D [tic] + h: 'Oy, [Ue]) : D[] da’dys (109)
Q

_ / Y/X(Ol)S(]D)z/ 7] +o6io.nzto,, [or™a)) (Bl |+ 62 0.h=0, o ) data-lags + 0.

— Third and fourth terms. By the changes of variables (65) (see the proof of Theorem 4.1 in [13] for more
details) in the third and fourth terms in (105) and taking into account (103), we deduce

—/ Pe divy ¢’ da'dys — (e6.) 7 / pe div,: ¢ da’dys
Q Q

(110)
—/Qﬁg div, ¢’ da'dys — 62(e6.) " /XR2><(0 5 P (divarg’ +divOLs ) da'dz'dys.

Using the Holder inequality, estimate (82) and taking into account (104), we have

<0t 0.

62(e62)7t / P div.OLs da’ dz'dys
wxR2x(0,1)

Thus, we get that (110) is rewritten as follows

—/175 div, ¢’ da'dys — (5(58)71/?5E div, ' dz'dys
Q Q
(111)

— / Pe divy ¢’ da’dys — 62(e6.) " / De div, ¢ da'dz dys + O..
Q wxR2x(0,1)

24



Marfa Anguiano and Francisco J. Suédrez-Grau

Therefore, taking into account (106), (109) and (111) in (105), we get the following variational formulation
" / S (0D [o0 ] + 0eh 0y [o0 T ) ¢ (0D (9] + 02k 1y, [6]) dadys
Q

+u / $ (Dor [0 i 402 ohT0,, o= 7))+ (Do [ 4820 hT0,, [¢]) da’dz'dys
wX 5=Y7x(0,1)

(112)
— / Pe divy o’ da'dys — 62(6.) / De div, ¢ da'dz' dys
Q wxR2x(0,1)

= / ¢ dx'dys + O,.
ﬁa
Now, we consider v € D(2)? with v3 = 0 and satisfying the divergence condition div, fol v dys = 0 in w.
Moreover, we consider V € D(2; K3.,) such that D,V has a compact support and div,/V’ = 0 in w x R? x (0, 1).

We set Vo5, by (100), which has a limit at infinity denoted by V,, € D(Q)3, and assume Vo (2',y3) = v(2’,y3)
a.e. in . Then, we consider the following test function ¢ in (112):

N ’_ z’ —r_ . X . ~
— @es5. =Ves. —0c T U =V (x’, i%’ﬂ(f), y3> — 0: "', in the integrals in Q and €.,

— o5, = V(2,2 y3) — o T4, in the integrals in w x 3Y” x (0,1) and w x R? x (0, 1).

Applying the Holder inequality and using the first estimate in (74) and estimate (82), the fourth term in (112)
satisfies

53(5(55)_1/ p=div.ipls da'dz'dys| = (53(5(55)_1agﬁ/ pe div, . do'dz'dys
wxR2x(0,1) wxR2x(0,1)

1 ,A/ __r_ 2—r 1 - T 1 __r_ _1_
<8700 T =07 e 0 T =00 T =0l =0,

and then (112) reads as follows

I /QS (O’EDI/ {Ugﬁﬂs] + 0chZ 10y, {Ue_ﬁﬂs]) : (O’EDI/ [es.] + ochZ 1Oy, [@555]) dx’dys

r T

+u /wx;EY'x(o,l) S (]D)Z/ [U;ﬁﬂg] + 55’2'05}1;18% [a;ﬁagb : (]D)Z/ [pes.] + 6§aeh;18y3 [(pg(;s]) dx’dz' dys

—/ pe divayr s, da'dys = /~ fheols. da'dys + O..
Q QE
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From this, we deduce

—p / (5 (0D oo ™| + 0eh 0y, [00 7T L] ) = S(0uDw V] 4+ 02hZ 10, [V]))
Q
: (UeDJ," [pes.] + oshglam [(ps(gs]) dz'dys

_M/ S(o-Dy [V] + Ueha_layg [VD : (UaDw’ [90565] + Usha_lays [@565]) dx/dyg
Q
- S (D, [or 70| + 62 0un210y, [or T 70 ]) = S (Do [V] + 62 0uhT18,, [V
5 oy (@0 b o] ) =5 (0 V) n 1))
: (}D)Z/ [pes.] + (ﬁogh;layg [90565]> dx'dz'dys
—p / S (D2 (V] + 62 0020y, [V]) 1 (Dot [pes. ] + 02 0ehZ 0y [0es.] ) da'ddys
wxiY’x(O,l)
—|—/ Pe divyrpls da'dys = —/~ fheols. da'dys + O..
Q Q.
Because the operator S is monotone (i.e. (S(€) —S(¢)): (€ —¢) > 0 for any &, ¢ € R3?), we have
i [ SODAV) 4 0h (V) (02D [pes ] + 02Dy [ ]) da'de
Q
+u/ S (D, [V —&—5508/1;18 s V1) (Dy [pes. —|—5§'agh;18 s[pes.]) da'dz'dy
o (Do V) s V1) : (D2 e, salipes.]) P ()

— / De diVI/SD/E(;E dxldys > /~ f/ . 4,0/,55E dx/dy:; + O..
Q QE

Step 2. In this step deduce the homogenized problem (17) in the case . ~ h., with o./h. — X € (0, +00).

2
For this, we pass to the limit in (113) by using that o. and 6 tend to zero, o./h. — X and convergences
(83), (87), (95) and (101). Thus, we obtain

" /Q S [VL]) : (A, (VL — o)) da'dys
e

/ S (D, [V]): D, [V — U] da'dz'dys — / pdivy (VL —u')dz'dys > / (VL — ') da' dys.
wx (R2\Y?)x (0,1) Q Q

Because p is independent of y3, taking into account that V. =o' in Q and div, fol v dys = divy fol u' dyz =0
in w, we have

1
/ pdivy (VL —u')da'dys = / pdive (v — o) da'dys = / pdivy (/ (v — u’)dy3> dx’ = 0.
Q Q w 0
Then, we have
i [ SO0IVLD : (00, Vi ) da'dys
Q

+p / S (D, [V]): D, [V = U] da'dz'dys > / (VL — ') da' dys.
wx (R2\Y/)x(0,1) Q
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From Minty’s Lemma [31, Chapter 3, Lemma 1.2] and the homogeneity property of the operator S, then previous
inequality is equivalent to the following variational formulation

pN" [ S (Dyy [U]) 2 Oy, [V ] da'dys + / S (D, [U)): D,/ [V] da'dz'dys = | f'- V. dx'dys.
Q wx (R2\Y/)x (0,1) Q

(114)
Following [13, Proof of Theorem 2.1], it is easy to prove that Us = 0. Then, we get that (114) reads as follows

A" /Q S Dy, [u']) = Dy, V'] da'dys + p /

S (D, [U"]) : Dy [V'] da'dZ' dys = / fh da'dys,
wx (R2\Y/)x(0,1) Q

(115)
which, by density, it holds for every (v',V’) € W.

To finish, it remains to deduce problem (17) for v’ identifying U’ in (115) by means of the drag force G given
by (18) and the auxiliary problems (19). This is developed in Step 2 of the proof of Theorem 2.1 in [13], so for
the reader’s convenience, we reproduce it below. For this purpose, we consider the auxiliary problems (wgl, 775/)
V¢ € R?, defined by (19) and the drag force function G defined by (18). Then, we take in (115) the pairs of
functions (v/,U"), (v', V') € W in the following form

UI(CL'I, z/’ yg) _ ,wu'(:c',y:a)(z/)7 V/(:L‘/, Z/,y?,) _ w'u/(w/7y3)(2/)’ (116)

a.e. in w x (R?\Y!) x (0,1), and then, we deduce
N [ 8@y ) 0,y ) d'dys -t [ G- da'dys = [ do'dy, a17)
Q Q Q

for every function v’ € V, where

V= { v € WLT(0,1; L7 (w)?) : divy (fol v’(m',yg)dyg,) =0 inw, (fol v’(sc’,yg)dyg,) -n/ =0 in dw }
(118)
From the properties of G described in Remark 2.2 and following [28, Lemma 4.4], the variational formulation
(117) has a unique solution v’ € V. Finally,taking into account that S(d,,[u']) = 2725(dy,u’), we deduce that
there exists ¢ € L" (w) \ R, where ¢ coincides with the limit pressure p, such that (117) is equivalent to system
(20) for . Since problem (20) has a unique solution (see proof of Lemma 4.4 in [28]), then the entire sequence
(te, ) converges to (u,p). This finishes the proof in this case.

Step 3. In this step deduce the homogenized problem (20) in the case 0. < h. (i.e. 0./he = A =0).

The proof is the same as Step 2 just taking into account that, in this case, A = 0. Thus, we deduce the
homogenized variational equation

w / S (D, [U']) : D, [V'] do’dz'dys = / ' da' dys, (119)
wx (R2\Y/)x(0,1) Q

for every (v, V') € W. By means of the identification (116), we deduce that (119) is written as follows
L / G(u") - v da'dys = / [ da' dys, (120)
Q Q

for every function v’ € V, where V is defined in (118). Finally, similarly to the critical case, we can deduce that
there exists ¢ € L" (w) \ R, where ¢ coincides with the limit pressure p. Then, we can deduce that (v, p) satisfies
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(120), which is equivalent to system

pG(') = f'(2') = Vap(a'), uz=0 inQ,

1
div, (/ o dyg) =0 inw,
0 (121)

1
(/ u'dy3> -n’ =0 on dw.
0

where G is the drag force function defined by (18). From the homogeneity condition (25), we have that uG(u') =

Q(uﬁu’). Moreover, the fact that G=1(¢’) is well defined for ¢ € R? (see [27, Remark 4.6]), then problem
(121); is rewritten by

u'(a',ys) = ——G7" (f'(a') = Vop(a')), uz=0 inQ,

1
div, </ o’ dyg) =0 inw, (122)
0

1
</ u’dy3> -n’ =0 on dw.
0

From the properties and convergences relating G~ and Us_ given in Remark 2.3, given ¢’ = f/(2') — Vp(z')
for a.e. ¥’ € w, we have that

Us. (f'() = Varp(a)) = 62 Uy, (f' (") — Varpla),

where ZZ;E is the permeability function given by

()~ V@) = [ ot T gy,
STy Ny :
where wi(m,)_vz'z)(wl) is the unique solution of problem (30) with &' = f'(2’) — Vp(2'). Moreover, due to the
relation given by (32), we have that

—r

lim 60 Us. (f'(2") = Vup(a) = GH(f'(2)) — Vaup(a)),

5.—0

then we have that G~ does not depend on y3, s0 Uy, (7') = fol u(z', ys) dys satisfies

U(/w(:c/) = T Gg! (f/(x’) - Vm’p(xl))a Usw3z =0 inw,

div/ Ul (') =0 inw, (123)

Ul,(')-n'=0 on dw,

which has a unique solution p € Wi’ (w)/R. Then, the entire sequence (U, pe) converges to (u, p), which finishes
the proof in this case.

Step 4. In this step we develop the case 0. > h.. The proof follows previous steps, so we will give some
remarks. We take as a starting point the variational formulation (105). Below, we analyze every term:
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e First term. Taking into account convergences given in Lemmas 3.15 in the case 0. > h., we rewrite this
term as follows

u /Q 8 (D [ie] + B2 10y, [72]) = (D[] + b0y, ) da'dys
—u /Q S(hE]D)Ir [h; ﬁaa} +,, [h; frlaa}) : (heDy: [i9] + By, []) da’dys. 12y

e Second term. From the changes of variables (65) and using (103), we deduce
1 (655)71/ S (D [Ue] + b0y, [0e]) : Do [¢] da'dys
Q

= u(ﬂk)*l‘sg/ S ((£62) 7' Ds [] + bt By, [i]) = (D[] + D2 [O25.]) da'd2'dys - (125)
wx 3= Y’ x(0,1)

= heoTlp / S (]D)Z/ {o—;lhs a} +8,, [5 he a]) (D, (] + Dy [Bes.]) da’ 2 dys.

wx £ Y%x(0,1)

From the Holder inequality, estimates (80) and using (104), we get

< hgagl — 0,

heoZtp S (D, o he T | + Oy, [55 h;ﬁﬂg} : D, [p] dx'dz'dys
wX 5=Y 7% (0,1)

r

__1 2 _
heoZtu / S (]D)Z/ {o—;lhs a} + Oy, [5 he a]) : D,/[Ocs.] da’dz'dys| < Ceh.oZ' — 0,
wX 5=Y7x(0,1)

and then, (125) satisfies
i (6.) ! / S (Dyr [@] + ho "By [32]) : Do 0] d’dys — . (126)
Q

e Third and fourth terms. Similarly to the other cases, it holds

—/ Pe divy ' da'dys — (6.) 71 / Des. divr ¢’ da'dys
Q Q
(127)

= — / De divy o’ dz'dys — 55(555)_1/ Pe (divag’ + div. OLs ) da'dz'dys.
Q wxR2x(0,1)
and also, by the Holder inequality, estimate (82) and (104), then

2—r
52(e6.) ! / B. div. 6., da' d'dys| < C5.7 — 0.
wxR2x(0,1)

Therefore, from this analysis, we deduce that (105) is rewritten as follows
" / S (heDar [he 7] 4+ By [he 7T ) 5 (B[] + Oy [9]) da'dys / B divy ¢! da'dys
Q Q

- / J' - da'dys + O..
Q.
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Observe that there is no effects from the microstucture of the original domain, because the terms involving the
unfolded functions vanish. Therefore, passing to the limit when ¢ tends to zero by monotonicity arguments as
in the previous cases, we can deduce the homogenized variational formulation

b [ 8@ () 0y ) de'dys = [ -0 d'de,
Q Q

for every v’ belonging to the space

v e WE(0,1; L7 (w)?) v =0ony;={0,1}

W= 1 1
divy (/ v dyg) =0in w, (/ v dyg,) -n =0 on dw
0 0

Taking into account that S(dy,[u’]) = 272 S(dy,u’), we can deduce that there exists ¢ € L™ (w) \ R, where ¢
coincides with the limit pressure p, such that the previous variational formulation is equivalent to the system

—4272 By, (104,07 20y5u’) + Varp(a') = f'(z')  in Q,
u'=0 onys=/{0,1},

1
div,, (/ o dyg) =0 inw, (128)
0

1
(/ u'dy3> -n’ =0 on dw.
0

It holds that (u’,p) € Wb (0,1; L™ (w)?) x ((L”/ (w) \R) N Wb’ (w)) is the unique solution of (128), and so, the
entire sequence (ug,p:) converges to (u,p) with ug = 0. Moreover, it can be derived the nonlinear Reynolds

problem (23)-(24). We omit the derivation of the Reynolds problem and the regularity for p, which can be seen
in [36, Propositions 3.3 and 3.4].

O
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