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LANGEVIN DYNAMICS FOR HIGH-DIMENSIONAL OPTIMIZATION: THE
CASE OF MULTI-SPIKED TENSOR PCA

GERARD BEN AROUS!, CEDRIC GERBELOT2, AND VANESSA PICCOLO?

ABsTrRACT. We study nonconvex optimization in high dimensions through Langevin dynamics, fo-
cusing on the multi-spiked tensor PCA problem. This tensor estimation problem involves recovering
r hidden signal vectors (spikes) from noisy Gaussian tensor observations using maximum likelihood
estimation. We study the number of samples required for Langevin dynamics to efficiently recover
the spikes and determine the necessary separation condition on the signal-to-noise ratios (SNRs) for
exact recovery, distinguishing the cases p > 3 and p = 2, where p denotes the order of the tensor.
In particular, we show that the sample complexity required for recovering the spike associated with
the largest SNR matches the well-known algorithmic threshold for the single-spike case, while this
threshold degrades when recovering all r spikes. As a key step, we provide a detailed characterization
of the trajectory and interactions of low-dimensional projections that capture the high-dimensional
dynamics.
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1. INTRODUCTION

Understanding optimization and sampling in high dimensions is a central question across applied
mathematics, theoretical physics, and computer science. The recent empirical success of deep learning
methods in data science [39, 17| has challenged our understanding of the efficiency of gradient-based
algorithms in navigating nonconvex landscapes. Such landscapes are often random functions composed
of a signal component and a noise component. The noise typically introduces an exponential number of
critical points (see, e.g., [2, 13, 48, 46]), potentially trapping gradient-based algorithms on exponential
time scales. However, when the signal is sufficiently strong, a topology trivialization transition occurs,
allowing optimization algorithms to efficiently converge within short time frames. One compelling reason
for the surprising effectiveness of gradient-based optimization methods in high-dimensional, nonconvex
problems stems from the inherent structure of many real-world data: the relevant information often lies
on a manifold of much lower dimension than the ambient space. This underlying structure reduces the
effective complexity of the problem, allowing models to sidestep the curse of dimensionality — the chal-
lenges that arise when dealing with high-dimensional data. Quantitatively describing how optimization
dynamics exploit these properties to reach optimal regions of the landscape within polynomial time is
therefore of fundamental importance.

In this context, tensor principal component analysis (PCA) emerges as a paradigmatic example to
address these challenges. Tensor PCA involves estimating an unknown vector on the N-dimensional
sphere from noisy Gaussian observations of a corresponding tensor. The problem was first introduced for
matrices by Johnstone [36] and later extended to tensors by Richard and Montanari [47], where tensors
of order 2 correspond to matrices. Recent work by the first author, in collaboration with Gheissari
and Jagannath [10, 11], showed that for a broad class of problems, the high-dimensional dynamics of
stochastic gradient descent (SGD) can be effectively reduced to low-dimensional, autonomous effective
dynamics governed by a set of summary statistics. This builds on earlier work by the same authors [7,
8], where they studied Langevin dynamics for the single-spike tensor PCA problem and showed that the
high-dimensional dynamics reduce to a one-dimensional dynamical system.

Building on these advances, our work extends the analysis to the multi-spike setting, providing deeper
insights into the interactions between multiple summary statistics. Specifically, we consider the task of
recovering r hidden orthogonal signal vectors lying on the sphere SN ~1(y/N) from noisy Gaussian tensor
observations. We focus on recovering these vectors by computing the maximum likelihood estimator
(MLE) and analyzing the sample complexity required for Langevin dynamics to achieve successful
recovery, i.e., reaching the global minimizer of the loss landscape. To simplify the analysis, we assume
the hidden vectors are orthogonal, reducing the MLE optimization problem to the Stiefel manifold,
the set of N x r matrices whose columns vectors are orthogonal with norm v/N. To study Langevin
dynamics in this context, we employ stochastic analysis techniques originally developed for spin glass
models. In particular, we extend the bounding flows method introduced in [7], which was used for
the single-spike case [8]. Here, we extend this approach to include diffusions on the Stiefel manifold,
providing a complete characterization of the resulting r?-dimensional dynamical systems. In particular,
we observe a richer phenomenology in the multi-spike case compared to the single-spike scenario, largely
due to the interaction of the trajectories of the correlations between the estimators and the spikes during
recovery. These interactions introduce complex dynamical behavior, as the estimators compete to align
with the hidden signal directions, influencing the recovery process.

Finally, tensor PCA is a prototypical example of statistical-to-computational gaps in high-dimensional
estimation. These gaps arise when the statistical threshold for solving a problem is significantly lower
than the computational threshold. The statistical properties of MLE are well understood [35, 20, 21]:
beyond an order-one critical threshold, the MLE can effectively distinguish the signal from noise. How-
ever, computing the MLE is computationally challenging in practice. To address this challenge, various
algorithmic approaches have been extensively studied to determine the sample complexity required for
efficient recovery. Spectral and Sum-of-Squares methods have been shown to recover the hidden vector
with sample complexity scaling as N%=? [31, 30, 38, 54, 12]. In contrast, local methods — such as
gradient flow, Langevin dynamics [8], stochastic gradient descent (SGD) [9], tensor power iteration [34],
and approximate message passing [47] — achieve recovery at the threshold of N?~2.

We formalize the multi-rank spiked covariance and tensor model as follows. Let p > 2 and r > 1 be
fixed integers. Suppose that we are given M i.i.d. observations Y! of a rank-r p-tensor on RY of the
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form
yi=N"" (Z NvEP Wf> : (1.1)

i=1
where each W is an independent sample of a Gaussian p-tensor with i.i.d. entries VVZ esip ™ N(0,1).
The parameters A\; > ... > A, > 0 are the signal-to-noise ratios (SNRs) and vy, ... ,'vr are unknown,
orthogonal vectors lying on the N-dimensional unit sphere of radius v/ N, denoted by SN~ (v/N). The
task is to estimate the unknown signal vectors vy, ..., v, € SN1(v/N) via empirical risk minimization.
In particular, we choose the most common method for Gaussian variables, namely maximum likelihood
estimation. This involves minimizing the empirical risk Ry.,.(X) defined by

M
A 1
Ry (X) = i Z:EN,T(X; YY), (1.2)
over the constraint set My, == {X € RVNxr. XTX = NI,}, known as the normalized Stiefel manifold.
The loss function Ly ,.: St(N,r) x (RV)®P — R is chosen as the log-likelihood function and results in

L (XYY Z)\ — _N%F Z/\ - 3 My ( (N)(X))p, (1.3)
1<ij<r
where mEJN)(X) = N2 (v;, ;) denotes the correlation between v; and ;.

1.1. OUR CONTRIBUTIONS

This article is part of a series of three companion papers that study high-dimensional optimization in
the context of multi-spiked tensor PCA. In this work, we focus on Langevin dynamics, providing crucial
results on which the other two papers, which address gradient flow [5] and online SGD [6], rely.

For p > 3, we determine the sample complexity and the conditions that the SNRs must satisfy for
Langevin dynamics to achieve exact recovery of the r spikes. Specifically, we establish the conditions
under which (v;, ;) = 1 — o(1) with high probability in the large-N limit (see Definition 1.2). In our
companion papers [6, 5|, we extend this analysis to online SGD and gradient flow in the more general
case where no assumptions are made about the separation of SNRs. In that case, we determine the
number of samples required to recover a permutation of the spikes, as exact recovery is not always
guaranteed. Recovering a permutation of the spikes means achieving (v, (;), ®;) = 1 — o(1), for some
permutation o € S, that we characterize, with high probability in the large-N limit. A key challenge
in analyzing Langevin dynamics stems from controlling the Brownian motion, which complicates the
analysis when the SNRs are not sufficiently separated. We remark that the same separation condition
on the SNRs is also required to ensure exact recovery (i.e. the identity permutation) in the cases of
gradient flow and online SGD. For p = 2, we consider two distinct cases: one where the SNRs are
sufficiently separated, and another where all SNRs are equal.

The estimates derived here for Langevin dynamics play a crucial role in the results of our companion
papers [6, 5]. Specifically, the proofs presented in this work provide a complete description of the
continuous-time population dynamics. In [6, 5], the analysis is carried out up to a point where it relies
directly on our findings for Langevin dynamics.

Finally, we rigorously characterize the sequential elimination phenomenon (see Definition 1.8), which
governs the recovery process. This interesting phenomenon provides new insights into how the hidden
signal vectors are progressively recovered.

1.2. MODEL AND DYNAMICS

To enable the application of Langevin dynamics, we introduce the Hamiltonian by scaling the empirical
risk by vV M. Let H: My, — R denote the Hamiltonian given by

H(X) = Ho(X)— 3 NV, (m (X)), (1.4)
1<i,5<r
where

Ho(X)=N""= i)\i<W7w?”>. (1.5)
i=1
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The noise Hamiltonian Hy is a centered Gaussian process with covariance of the form

E[HO(X)HO(Y)]:% 3 Mj<<wi],vyj>>

1< j<r

Note that minimizing the empirical risk (1.2) is equivalent, in law, to minimizing the Hamiltonian (1.4),
while reducing the running time by a factor of v M.

We define Langevin dynamics with Hamiltonian H as follows. For § € (0,00) and an initial point
Xo € My, we let X t’B € My solve the stochastic differential equation given by

dX? = /2dB, — BVH(X?)dt, (1.6)

where B, € RVX" stands for the Brownian motion on M ~,» and V denotes the Riemannian gradient
on My . Specifically, for any function f: My, — R, the Riemannian gradient is given by

A 1 A A
VI(X) = VI(X) = 50X (XTVF(X0) + VAX)TX), (1.7)
where V denotes the Euclidean gradient. The generator Lg of this process is given by

Lg=A—B(VH,V-), (1.8)

where A denotes the Laplace-Beltrami operator on My, (endowed with the Euclidean metric) and is
given according to [55] by
T 82

N -1 N
j;l(ii)j(fkﬂmf()(), (1.9)

AFX) = Af0) - S TXTVAX) - 1

i,k=1

for any function f: My, — R. Here, A denotes the Euclidean Laplace operator. Similarly, we denote
by Lo g the generator of Langevin dynamics related to the noise Hamiltonian Hy, i.e.,

Los = A—B(VHg, V). (1.10)
Remark 1.1. Langevin dynamics reduces to gradient flow when 5 = co. Accordingly, the results under
Langevin dynamics presented in this article also hold under gradient flow dynamics.

1.3. MAIN RESULTS

Our main results address the sample complexity required to efficiently recover the unknown orthogonal
vectors v1,...,v, € SV"1(V/N). We assume the SNRs satisy A; > --- > A, > 0 and are constants
of order-1. In this subsection, we present the results in their asymptotic form. A nonasymptotic
formulation with explicit constants and convergence rates is provided later in Section 3.

We consider the Langevin dynamics process (X )t>0, initialized from the uniform distribution gy,
on the normalized Stiefel manifold My ,. The probability measure py, is the unique probability
measure on My , that is invariant under both the left- and right- orthogonal transformations. Sampling
from this distribution is straightforward: if Z € RV*" is a Gaussian random matrix filled with i.i.d.
standard normal entries, then the matrix Z (% A Z) 2 is uniformly distributed on My, [22]. Let
(Q, F,P) denote the probability space on which the noise p-tensor W is defined and let Qx, denote the
law of the Langevin dynamics X f , initialized at Xy.

More precisely, our results determine both the sample complexity and the separation condition on the
SNRs required to ensure ezxact recovery of the spikes. We formally define exact recovery in the context
of Langevin dynamics as follows.

Definition 1.2 (Exact recovery). We say that Langevin dynamics ezactly recovers the r unknown
signal vectors with rate £ if, for every € > 0 and every 1 < i < r, there exists Ty such that for every
T 2 T07
lim min m™M(XP)>1-¢)d =¢, P-as.
N=oo iy Ox, (tG[TO,T] i (X)) 2 N xr =&
In contrast, when focusing only on the recovery of the leading spike, we introduce the following
definition.
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Definition 1.3 (Strong recovery of the leading spike). We say that Langevin dynamics strongly recovers
the leading spike v with rate £ if, for every € > 0, there exists Ty such that for every T' > Ty,

li in mV(X%)>1-¢)d =¢, Pas.
Ngnoo /\/(NTQXO (tEI[r%{)I,lT] my ( t) = KUNxr €v a.8

We are now in a position to present our main results, starting with the case p > 3. Our first result
concerns the strong recovery of the leading spike.

Theorem 1.4 (Recovery of the leading spike for p > 3). Fiz any p > 3 and 8 € (0,00). If for every
n>1
A1 > C(T]))\Q

for ¢(n) = C(ny/log(n))P=2 > 0 and C and absolute constant, and if M = N with a > p — 2, then

Langevin dynamics strongly recovers the spike v, with rate £ =1 — %

More detail on the separation condition ¢(n) is provided in Proposition 3.5. In particular, to ensure
the recovery of the leading spike with probability close to 1, the SNR A; needs to be separated from
A2 by a large but N-independent factor. The sample complexity required for recovering the leading
spike vy is of order NP=2%9 for any § > 0, consistent with the well-known result for the single-spike
case [8]. While it is conceivable to reduce the factor N° to a polylogarithmic factor by improving our
proof estimates, this would require substantial additional effort and is left as an open question.

Our second result concerns the exact recovery of all spikes.

Theorem 1.5 (Exact recovery for p > 3). Fiz any p > 3 and 8 € (0,00). If for every n > 1 and every
1<i<r—1,

)\7; > 6(77))\2'+1>

with c¢(n) as in the previous Theorem, and if M = NP~Y, then Langevin dynamics exactly recovers all r
spikes with rate £ =1 — %
To achieve exact recovery of all spikes, the total number of samples M must scale as N?~!, and the
SNRs must satisfy the separation condition ¢(n) previously introduced in Theorem 1.4. The discrepancy
in sample complexity between the recovery of the first spike and subsequent spikes can be explained
as follows. At initialization, the estimator X and the noise tensor W are independent. Under this
i
bound of order 1 without this independence. This reduces the required sample complexity for estimating
the signal component of the generator from N?~! to N?~2, provided this initialization property can be
effectively leveraged over an extended time frame for recovering the first direction. However, once the
first spike is recovered, this advantageous scaling of the noise generator can no longer be exploited by
our proof method. As a result, the sample complexity for subsequent spike recovery aligns with the
order-one bound of the noise generator. Further details and a formal discussion of this phenomenon are
provided in Section 2.

independence, the typical scale of the noise generator Ly gm )(X ) is of order ﬁ, compared to an upper

Remark 1.6. At present, we do not have any refutation results to rule out a sample complexity between
NP~=2 and NP~ for exact recovery of all spikes. Therefore, it remains an open question whether the
NP1 complexity is optimal. In our companion paper on the online SGD algorithm [6], we achieve
the sharper NP2 complexity threshold for the recovery of all directions. The key difference lies in
the sampling dynamics: in the online SGD setting, a different sample W* is used at each step, and
this sample is independent of the estimator from the previous iteration. This independence allows the
beneficial scaling of the noise generator to be exploited at every time step, thereby achieving the sharp
threshold for the sample complexity required to recover directions beyond the first.

Remark 1.7. When the order p > 3 of the tensor is even, each estimator recovers sgn(mgfv)(Xo))vi.
This implies that if the correlation at initialization is positive, then x; recovers v;; otherwise, x; recovers
—wv;. In contrast, when p is odd, each estimator x; recovers v; for all correlations that are positive at
initialization. Correlations that are negative at initialization are trapped at the equator and do not
grow.
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The phenomenology of spike recovery is richer than described in Theorem 1.5. Specifically, the cor-
(N)

relations {mgfv ) (X)}r_, reach a macroscopic threshold one by one. Once a correlation m., ' reaches a
sufficiently large threshold, all correlations ml(év) and mgév) for j # i begin to decrease and reach a very
low level. The fact that the off-diagonal correlations become negligible allows the next diagonal corre-
. (N) . . , o
lation m;,'{,,, to grow to a macroscopic level. We refer to this phenomenon as sequential elimination,

which we define as follows.

Definition 1.8 (Sequential elimination). We say that the correlations {mEzN ) 7_, follow a sequential
elimination if there exist r stopping times T} < --- < T,. such that for every i € [r], every €,&’ > 0, and
T>T,

()

(Xg)| >1—¢ and \m(N)(Xg«ﬂ <é, |m§iv)(Xg“)\ < ¢’ for every j # .

‘m ij

We have the following result, which serves as a foundation for Theorem 1.5.

Theorem 1.9 (Sequential recovery of the spikes). If M = NP~1  then the correlations {mElN)(Xf) T
follow a sequential elimination with P-probability 1 in the large-N limit.

We now consider the case p = 2. In this setting, we obtain similar results to those for p > 3; however,
the separation condition among the SNRs is significantly less restrictive, as an order-1 factor suffices
for exact recovery. Our first main result for p = 2 shows that Langevin dynamics strongly recovers the
leading spike with a sample complexity of order N for any ¢ > 0.

Theorem 1.10 (Recovery of the leading spike for p = 2). Fiz p = 2 and any 8 € (0,00). Let
A1 = Xo(1 + K1) for an order-1 constant k1 > 0. If M = N° for any § > 0, then Langevin dynamics
strongly recovers the spike vy with rate £ = 1.

Compared to Theorem 1.4 for p > 3, Theorem 1.10 shows that the separation condition required for
the SNRs to ensure strong recovery of the leading spike is an order-1 factor. Exact recovery of all spikes
is possible, as soon as the SNRs are separated by order-1 factors and the number of samples scales as
N¢, where ¢ € (0,1) depends on the ratio between the signal sizes.

Theorem 1.11 (Exact recovery for p = 2). Fix p =2 and any 8 € (0,00). Let \; = Aip1(1 + k;) for
2
1-25446
every 1 < i < r —1 and order-1 constants k; > 0. If M > N 1 for any § > 0, then Langevin
dynamics exactly recovers all r spikes with rate & = 1.

As with p > 3, for p = 2, we also observe a difference in sample complexity between recovering the
first spike and the subsequent ones. However, unlike the r;esults for p > 3, once the first direction is
recovered, the subsequent correlations mg\/) scale up to N2, where di; € (0,1) depends on the ratio
between the SNRs. This scaling can then be exploited to show that the sample complexity required to
recover the directions beyond the first one degrades only by a factor d;; rather than by a factor 1. For
a more detailed explanation, we direct the reader to Section 2. Unlike Theorem 1.5, for p = 2, exact
recovery of all spikes is possible as soon as the SNRs differ by order-1 factors.

For p = 2, we also study the Langevin dynamics in the special case where the signal sizes are all
equal. In this scenario, the Hamiltonian H becomes invariant under both right and left rotations. As a
result, the problem shifts from recovering each individual spike to recovering the subspace spanned by
v1,...,v,. In particular, we study the evolution of the eigenvalues 61, . . ., 6, of the matrix G = M ' M,

where M = (mg»v) (X))i<i,j<r. This is due to the fact that
XX —VVT|p=2(r—TiG)),

meaning that finding an estimator X € My, such that | XX — VV | = o(1) is equivalent to
ensuring that the eigenvalues of G converge to 1 — o(1) with high probability.
The following result provides the number of samples required for recovery of the correct subspace.

Theorem 1.12 (Subspace recovery). Fiz any € (0,00). Let p=2 and \y = --- = \,.. If M = N°
for any 6 > 0, then Langevin dynamics recovers the subspace spanned by the r spikes, that is, for every
€ > 0, there exists Ty such that for every T > Ty,

lim Qx, ( min (‘)min(Xtﬁ) >1 —5) dunxr =1, P-as..
MN,r

N—o0 te[To,T]
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There is a third regime of SNRs that remains unexplored in this paper as well as in our companion
article [6] on online SGD. This regime concerns SNRs that are separated by a sufficiently small e-factor,
where € may depend on N. The study of this regime is left for future work.

1.4. RELATED WORKS

The multi-spiked tensor PCA problem belongs to a broader class of models where maximum likelihood
estimation leads to a loss function that comprises both a noise term and a signal term. In many problems
of statistical inference and learning, the deterministic high-dimensional dynamics of the signal part can
be studied through the evolution of the sufficient statistics of the problem, which evolve autonomously.
The simplest example of this fact is the single-spiked spherical tensor PCA model. In this case, the
sufficient statistic is the correlation m = %(v, x), whose evolution under population gradient flow re-
duces to the one-dimensional ODE 712 oc mP~1(1 — m?) [8]. The notion of dimensionality reduction in
certain random dynamical systems arising from gradient-based optimization has been recently formal-
ized under generic conditions in [10, 11|. This framework introduces autonomous quantities known as
summary statistics, of which sufficient statistics are a subset. The evolution of summary statistics under
gradient-based dynamics poses several challenges. First, the effects of Gaussian noise (and Brownian
motion in the case of Langevin dynamics) must be controlled over sufficiently long timescales to ensure
that the events of interest, such as achieving a nontrivial correlation with the hidden signal, can occur.
Second, the system of autonomous equations governing the evolution of the summary statistics must be
simple enough to allow for precise quantitative analysis. Finally, the projection of the dynamics onto
the space of summary statistics should retain as much of the regularity and structure of the original
high-dimensional system as possible. In statistical physics, low-dimensional quantities that facilitate
the study of a random high-dimensional system in closed form are commonly referred to as order pa-
rameters, and we will use this terminology for the following discussion.

In statistical physics of disordered systems, classical examples of signal-plus-noise Hamiltonians are
planted versions of spin glass Hamiltonians [44, 56]. In this context, the out-of-equilibrium dynamics of
the order parameters are typically studied using low-dimensional integro-differential equations involving
two-time autocorrelation functions. This approach, originally proposed in [52, 53, 23, 24, 18] to model
aging phenomena in spin glasses, is commonly referred to as dynamical mean-field theory (DMFT).
Recently, DMFT has been adapted in the statistical physics of learning to analyze Langevin dynamics
in high-dimensional estimation problems. Examples include perceptron models [1], mixed matrix-tensor
estimation [50, 51, 49], Gaussian mixture classification [42], and phase retrieval [43]. In these works, the
resulting integro-differential equations are solved numerically to obtain phase diagrams for the order
parameters over order-one timescales. However, a key challenge of this approach lies in the complexity
of the integro-differential equations, which often hinders a complete analytical study.

On a rigorous level, DMFT equations have been proven for mean-field spin glasses using large devia-
tions techniques [29, 3, 4] and more recently for inference problems using iterative Gaussian condition-
ing [19, 28] and random matrix theory in [16, 15, 41] for instances of spiked matrix models. In these
works, quantitative statements (e.g. recovery thresholds) are only obtained due to simplifications specific
to quadratic models, and extending these results to a multi-spike tensor model appears challenging. Fur-
thermore, DMFT approaches for statistical estimation problems are always proven in the proportional
limit of dimension and number of samples one order one timescales, making it difficult to study problems
that require polynomial sample complexity or running time. Finally, these proofs also require an O(1)
(akin to a warm start, see the discussion in [41]) initial correlation between the estimator and the hid-
den signal, whereas this correlation is typically of order O(ﬁ) when using uninformative initializations.

In statistical learning, the traditional approach to controlling noisy dynamics involves establishing
a single uniform convergence bound (over the input space) for the empirical risk, or gradient thereof,
and then directly analyzing the population dynamics under this control. Recently, this approach has
been applied to problems involving low-dimensional population dynamics [25, 14]. Its main advantages
include simplicity, robustness across different time horizons, sample complexity regimes, and initializa-
tion scales, as well as the tractability of the systems of ordinary differential equations (ODEs) derived
from the noiseless problem. However, this method has significant limitations, particularly its inability
to achieve sharp bounds. Specifically, it fails to leverage the independence between the initial condition
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and the noise tensor discussed earlier, resulting in a loss of a factor N'(2 in the recovery threshold.

To address these shortcomings, we adopt an alternative approach, first introduced in [7] for Langevin
dynamics in spin glasses and subsequently applied to the single-spiked tensor PCA problem in [8], where
it was used to prove the conjectured recovery threshold for first-order methods proposed in [47]. In this
work, we extend this method to the multi-spiked tensor PCA problem, showing that it overcomes the
deficiencies of traditional approaches outlined above. It is worth noting, however, that while results
obtained using DMFT are asymptotically exact, the bounding flows method provides inequalities rather
than exact characterizations of the studied trajectories. The main difference between our work and [§]
lies in the increased complexity of the resulting dynamical system, which involves the summary statistics

{mg»v)} as well as the time-dependent bounds for the quantities {HLoﬁm,E;V)HOO} .
1<iy<r 1<ij<r

We conclude this section by noting that the multi-spiked tensor PCA problem also serves as a bench-
mark for studying nonconvex optimization in high dimensions, a topic of significant importance in
machine learning theory. For a detailed discussion of the relevance of our work in this context and

additional references on this subject, we refer the reader to the related works section of our companion
paper [6].

1.5. OVERVIEW

An overview of the paper is given as follows. In Section 2, we outline the proofs of our main results, pro-
viding a roadmap for the key arguments. The nonasymptotic formulation of our main results, including
explicit constants and convergence rates, is presented in Section 3. Preliminary results necessary for
the proofs are discussed in Section 4. The detailed proofs of our main results are provided in Sections 5
through 7. These sections address the cases p > 3, p = 2 with distinct SNRs, and p = 2 with equal
SNRs, respectively. Finally, Appendix A provides concentration properties of the uniform measure on
the normalized Stiefel manifold My .

Acknowledgements. G.B. and C.G. acknowledge the support of NSF grant DMS-2134216. V.P.
acknowledges the support of the ERC Advanced Grant LDRaM No. 884584.

2. OUTLINE OF PROOFS

In this section, we outline our proofs, focusing on the rank-2 spiked tensor model for simplicity. We
first address the recovery of all spikes and then focus on subspace recovery, by assuming p = 2 and
A1 = Ao. The core of the proof revolves around the simultaneous control of the noise and signal part
of the dynamics. Once the noise is controlled, we describe the population dynamics, which is similar to
the discrete time dynamical system obtained in our companion paper [6]. The main difference between
these two works lies in the control of the noise : in the case of Langevin dynamics, the drift induced by
the Gaussian noise in the Hamiltonian is predictable (as opposed to a martingale noise in SGD), and
more involved tools are needed to control the resulting correlations. Moreover, the effect of Brownian
motion must be considered, which leads to a condition on the separation of the SNRs.

2.1. FULL RECOVERY OF SPIKES

We focus on the evolution of the correlations mg;v) (X f ) under Langevin dynamics. We assume an

initial random start with a completely uninformative prior, specifically the uniform distribution on the

normalized Stiefel manifold My ,. As a consequence, all correlations mz(;v) (X o) have the typical scale of

order N~% at initialization. For simplicity, we assume that all correlations are positive at initialization
in the following discussion. Moreover, we write m;;(t) = mg;v) (X?) to simplify notation slightly.

According to (1.6), the evolution equation for m;;(t) under Langevin dynamics is given by

where M, = ﬂfg(Vmij(s), dB;) denotes the martingale part of the evolution. The generator Lg is
given according to (1.8):

Lgmij(t)dt = Amw (t) — B<VH, @mbﬁ
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Recall that
H(X)=Ho(X)— > NVMM\X; (mi; (X)),

1<ij<r

where Hj is given by (1.5). A straightforward computation shows that

_ D _ _
Lgmg; = Lo gm;; + BV Mp)\i/\jmi?j - BV M§ Z AT MieMip ()\jmzj 2 + /\gmiz 2) ,
1<k 0<r

where L s is the generator induced by the noise part (see (1.10)). The population generator consists of
two terms: the first term pA\;A;m? ;1 represents the drift and dominates the dynamics, particularly near
initialization, while the second term g21§k,£§r AR j Mg Mg ()\jmzl;;2 + )\sz22) is the “correction”
term due to the constraint of the estimator X being on the orthogonal manifold. Analogous to the
analysis for online SGD, the main challenge lies in balancing the noise and signal terms. At small scales,

such as near initialization, the population drift predominates over the correction term and the generator
Lgm;; can be approximated by

Lgmij(t) ~ Amg;(t) — B(VHo, Vimg;(t)) + BV MpAAymP; (t).

For the correlations m;; to increase, the drift p)\i)\jmffl at initialization needs to be larger than the
noise part. At initialization, the correlations m;; typically scale as N _%, so that m? j_l typically scales
as N*=". The noise generator Logmij = Amy;(t) — B(VHo, Vimg;(t)) with Amg;(t) = —Ndmg;(t)
according to (1.9). The term —B(V Hy, Vm;;(t)) is also of order N~2 at initialization, thus a sample
complexity of order NP~2 is sufficient for the population drift to dominate over the noise influence.
Under this sample complexity, the dynamics during this first phase can described by the following
simple stochastic differential equation:

v N -1 g

At this point, we need to show that the drift term in the population dynamics keeps dominating the
noise generator Lo gm;; over a sufficiently large time scale, allowing m;; to escape mediocrity. This is
exactly what is achieved by the bounding flows method of [7, 8], providing a time dependent bound for
the noise processes based on estimates of a Sobolev-type norm of Hy(X), while retaining the regularity
of the initial condition. Once the first correlation reaches a critical threshold, the correction term in the
population generator, which was negligible during the initial phase of dynamics, becomes relevant and
the correlations begin to interact with each other. As explained below in the description of the popula-
tion dynamics, the values of the SNRs and of the correlations at initialization lead to an ordering of the
correlations at the microscopic scale that is crucial for the analysis of the recovery process. However,
in the presence of Brownian motion, the fluctuations due to the martingale part M,"" of the dynamics
are comparable to the values of the correlations near initialization. In particular, unless the SNRs are
sufficiently separated, we are unable to guarantee that this ordering is stable.

Analysis of the population dynamics. The evolution of correlations under the population dy-
namics of gradient flow is close to the behavior described for online SGD in [6, Section 2]. For the
sake of completeness and the reader’s understanding, we provide a brief explanation of this population
analysis below.

Assume first p > 3. The solution to the ODE (2.2) shows that the correlations m;; are well approxi-
mated by

mi;(t) = mg;(0) (1 — BVMAXp(p — Q)mij(o)p_2t>ip%2 ; (2.3)

where m;;(0) = :}—# for some order-1 constant «;; > 0. From (2.3), it follows that the typical time for

m,; to reach a macroscopic threshold € > 0 is given by

p—2
- (%)
T VN N
BV MNAjp(p — 2)7;;
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In particular, the first correlation to become macroscopic is the one associated with the largest value of
)\i)\j'yfj_2, where (7;5)1<i,j<2 approximately follow independent standard normal distributions. Recall
that the true evolution of m;;(t) corresponds to a perturbation of 2.3, whose sensitivity to the initial
condition crucially determines the ordering of the correlations near initialization. We show that, using
the sample complexity M, the perturbation due to Lo becomes negligible as soon as M > NP~2
for some constant that is made explicit in the proof. To obtain a uniform control of the martingale
part M, over the time interval required to use the bounding flow method, we use Doob’s maximal
inequality to compare it with the initialization, which perturbes the ordering of the quantities /\i/\jvfj_Q.
To compensate this perturbation, we impose a separation condition on the {)‘i};r In our companion
paper on gradient flow, we show that, due to the absence of the Brownian motion, a sharper analysis
can be carried out without any separation assumption on the SNRs. We leave the elaboration of a more
refined argument at finite temperature for future work.

Once the first correlation m;; reaches some macroscopic value ¢ > 0, we can show that the other

correlations are still of order 1N. Next, we describe the evolution of mqs, m9; and mso during this time

interval. We first note that the correction part of the population generator, i.e.,

p—2 p—2
E Al mugemie(Agmg; ~ + Aemi, ©),
1<k, <2

becomes dominant in the evolution of the correlations mis, ma1, as soon as my; reaches the microscopic

—2
threshold N~ % . Therefore, until m; reaches this threshold value, mis and mso; are non-decreasing
and they begin to decrease from this point onward. On the other hand, the correction part of the
population generator may become dominant in the evolution of msos, as soon as mq; reaches another

microscopic threshold of order N 72&7}”, leading to a potential decrease of mss. Through a careful
analysis, we show that this potential decrease is at most of order w, so that mos remains stable at
the scale \/Lﬁ during the ascending phase of my;. Once mq2, mo; become sufficiently small, we show that
the evolution of mgg can still be described by (2.3), thus ensuring the recovery of the second direction.
The phenomenon we observe here is referred to as sequential elimination phenomenon, as introduced
in Definition 1.8. The correlations increase sequentially, one after another. When the first correlation
myy exceeds a certain threshold, the correlations sharing a row and column index, i.e., mis and ma;)
start decreasing until they become sufficiently small to be negligible, thereby enabling the subsequent
correlation moo to increase and reach a macroscopic value. We refer to Figure 9 in our companion
paper [6] to an illustration of this phenomenon.
We now consider p = 2. In this case, the solution to (2.2) is given by

Mij = Myj (0) exp (2/\1)\Jt) s (24)

with m;;(0) = vi; N ~%. This implies that the typical time for m;; to reach a macroscopic threshold
€ > 0 is given by
% log(N) — log (VTJ)

20\ ’

Ts(ij S

Compared to the case where p > 3, where the quantity )\i)\jyfj_2 determines the correlation that first
escapes mediocrity, we observe here that the initialization -y;; has less influence and the differences in time
for the correlations to reach a macroscopic threshold are dominated by the separation between the SNRs,
which is less pronounced as the v;;’s are not in the denominator. When A; > A,, a sequential elimination
phenomenon akin to the one observed for p > 3 occurs. However, there is an important difference
compared to the tensor case: once mj; reaches the macroscopic threshold £ > 0, the correlations
M2, Moy and Moy scale as N~01/2 N=91/2 and N—92/2  respectively, where §; = 1 — i—f and 09 = 1 — i—%
We then show that mi; must reach approximately the critical value (i—f)l/ 2 for mia, ma1 to decrease.
This value is achieved in an order one time once m1; has reached e, while mqs, mo; still require a time
of order log(NN) to escape their scale of N % In addition, we show the stability of mso during this
first phase by controlling that it remains increasing throughout the ascending phase of m;; and until
ma2, ma1 begin to decrease. Note that, since mao is of order N=%/2 as my; reaches e, the sample
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complexity for the recovery of the second direction degrades by a factor N *1, as opposed to v/N in
the tensor case.

2.2. SUBSPACE RECOVERY

As explained in our companion paper on SGD, the multi-spike matrix model becomes isotropic when
the SNRs are equal, since any rotation of the hidden directions is a global minimizer. Thus, rather
than focusing on the correlations m;; individually, we apply our bounding flow directly at the level of
the eigenvalues of the matrix G = M TM. In particular, fluctuations of the initial condition (at the
microscopic scale) have little effect in this case, so that the martingale part can be easily controlled. We
then show that, when the noisy dynamics is sufficiently close to the population dynamics, the matrix
G follows a constant coefficient algebraic Ricatti equation, i.e.,

G(t) = NG(t) (I, — G(t)),
where its eigenvalues 61, ..., 60, evolve according to

0:(t) = N20;(t) (1 - 6:(t)).

Since these equations are coordinate-wise autonomous and have monotone solutions, it is easy to prove
efficient recovery once the estimator has exited the maximum entropy region of the landscape.

3. MAIN RESULTS

Here, we present our main results of Subsection 1.3 in nonasymptotic form. We first introduce natural
conditions that the initial data must satisfy in order to efficiently recover the spikes. This conditions
are then shown to be satisfied by the uniform measure pyx, on Mpy ..

The first condition is on the regularity of the noise generator Lo s.

Definition 3.1 (Condition 0 at level n). For every 79 > 0, n > 1, we let Cy(n, 7o) denote the sequence
of events given by
n—1

7o .
Co(n, = X e My,: |LE mM(x) < 2 for ever 1<, <r}.
o 70) = (] {X € M 1253 (X)) < o forevery 115 <
We then say that a sequence of random probability measures ¢ € P(M ) satisfies Condition 0 at level
n if for every o > 0,

1 (Co(n,70)°) < Ce™0,
for absolute constants C, c.

Definition 3.2 (Condition 0 at level co). For every vo > 0 and T > 0, we let Co(T,vo) denote the
sequence of events given by

N 7o .
Co (T, v) = {X € Mp,: sup |etL°=ﬁL075m§j )(X)| < N for every 1<i,5 < r} ,
t<T
where e*l0 denotes the semigroup induced by Lo. We then say that a sequence of random probability
measures p € P(Mp,,) weakly satisfies Condition 0 at level oo if for every 7o, T > 0,
1 (C5(T,70)7) < OVNTe %,
for absolute constants C, c.

The second condition ensures that the initial correlation is on the typical scale ©(N ’%).
Definition 3.3 (Condition 1). For every 1 > 72 > 0, we let C1(71,72) denote the sequence of events
given by

2 N 71 ..
Ci(71,72) = {X € Mny: ﬁ < mgj )(X) < ﬁ for every 1 <1,j < r}.
We say that a sequence of random probability measures p € P(My ) satisfies Condition 1 if for every
7 >72 >0, ,
1 (Cr(71,72)%) < Cre™ M o Coe™272VN - Oy,
for absolute constants Cy, ¢y, Ca, co, Cs.
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The most natural initialization is the uniform measure pinx, on My . We claim that

Lemma 3.4. The uniform measure piyx, on My, weakly satisfies Condition 0 at level oo and satisfies
Condition 1.

The proof of Lemma 3.4 is deferred to Appendix A.

We are now in the position to state our main results in nonasymptotic form. Our first result shows
that for p > 3, the critical threshold required to achieve strong recovery of the first spike v; must scale

as VM ~ N5

Proposition 3.5 (Recovery of leading spike for p > 3). Fiz any 8 € (0,00) and p > 3. Consider a
sequence of initializations po € P(Mp ) which satisfies Condition 0 at level n and Condition 1. Then,
the following holds: For everymn > 1, 79 >0, y1 > 72 > 0 and € > 0, there exists Cy € (0, %) such that
» Co (372 +2 plooon :

if A > }fc‘; (%) Ao and VM 2 Bp(/(;Co)v?’lN T T20FD | there exists Ty 2 (n+12)%
that for every T > Ty and N sufficiently large,

1
N 2041 guch

Qx ( inf my (X)) >1 —6) dpo(X) > 1 —n(n,v0,71,72)s
My te[To,T)

with P-probability at least 1 — exp(—KN), where n = n(n,vo0,71,7v2) is given by

1
g2 .- _ a8 BICESY)
n = Cre~% + Che " + Cyvys + Cye careVN 4 g e~ (n+2)N /K1
1 2p—1 _ n
4 2 Kye B0t )NTTTD /Ky g o —o(nt2)N D B0 /Ky | pe o= Ne?/(KaT)

Our second main result shows that the critical threshold for achieving exact recovery of all r spikes
—1
v1,...,v, must scale as VM ~ N7 .

Proposition 3.6 (Exact recovery of all spikes for p > 3). Let f € (0,00), p >3 and \y > --- > A\, > 0.
Consider a sequence of initializations 1o € P(Mn,) which satisfies Condition 1. For every e > 0, we
let R(g) denote

R(e) = {X: mi(X)>1—¢ Vi€ [r] and my(X),m;s(X) < log(N)"N~55 v ¢¢}. (3.1)
Then, the following holds: For every v1 > 1 > v2 > 0 and € > 0, there exist A = A(n,p, B, {\i}1_1) >

p—2
0 and Cy € (O,%) such that if \; > % (%) Air1 for every 1 < i < r—1 and vM 2

A p—1 . > 1 .
BT N 7=, there exists Ty 2 i such that for every T > Ty and N sufficiently large,

" QX ( inf X? c R(E)) d,uo(X) Z 1- 77(71372)7

te[To,T)
with P-probability at least 1 — exp(—KN), where n = n(y1,72) is given by
n= Cle—cmff’ + Corya + 036—03’72\/N
p+1 .
+ r3Kle*7§\/ﬁ/K1 +rKye NPTV /K2 4 TngfezN/(KE;T).

According to the event of strong recovery given by (3.1), it is important to note that after successfully
recovering the first spike, recovery of the subsequent spikes is possible provided the correlations m;
for i # j decrease below the initial scale O(N ’%). More precisely, we observe that the off-diagonal
correlations m;; must reach at least the threshold log(IN )_%N - to efficiently solve the recovery
problem.

We now present our main results for the matrix PCA problem, i.e., when p = 2. We begin with the
case where the SNRs are separated by constants of order 1. Similar to the previous case, we identify two
different algorithmic thresholds for the sample complexity: one threshold required for efficient recovery
of the first spike and another for recovery of all spikes. Our first main result shows that strong recovery
of v; is achievable when M is of order 1.
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Proposition 3.7 (Recovery of leading spike for p = 2). Let § € (0,00), p =2, and \; = N\j11(1 + &)
for every 1 < i < r—1 and k; > 0. Consider a sequence of initializations po € P(Mn,) which
satisfies Condition 0 at level n and Condition 1. Then, the following holds: For every n > 1, v > 0,

v1>1>v >0 and e > 0, there exists Cy € (0, %) such that for every v M 2 %NW}H) and

log(N) = 2:1—5log(371/2) + 2log(e), there exists Ty 2 log(N)N™ 0 such that for every
T > T,

1
(n+2)vo0
/ @X< inf mll(Xf)Zl—%:) dpo(X) =1 —n(n,v0,71,72),
MN,r tE[T(),T}

with P-probability at least 1 — exp(—K N), where n = n(n,v0,71,7v2) is given by
n = Clefcwg + 026762“/3 + s + C4efc4vzx/ﬁ
+ K1677§(n+2)70N2(n1+1) /K KQefNEZ/(KZT).
Our second main result shows that strong recovery of all spikes is possible, provided M is of order
N? for some & € (0,1) which depends on the ratio between the SNRs..

Proposition 3.8 (Exact recovery of all spikes for p = 2). Let § € (0,00), p =2, and \; = N\it1(1 + &;)
for every 1 < i < r—1and k; > 0. Let k denote kK = minj<j<,—1 K;. Consider a sequence of
initializations g € P(My,) which satisfies Condition 0 at level n and Condition 1. For every e > 0
and Cy € (0,1), we let R(e,Cy) denote

_1(1_1=Co z
R(e,Cp) = {X: mii(X)>1—¢ Vi€ [r] and mpe(X) SN ( e ) Vk, (€ [r],k # e}. (3.2)

Then, the following holds: For everyn > 1 and~y, > 1> 72 > 0, there ezist eg > 0 and ¢y € (0, 3 A 7)
1 <1+co A2

such that for every € < eq, Co < cg, if VM 2 %Na 17C°_?) and log(N) > — log (%), there
_1(1+Co Y

~ 14k
2\ 1=cg "2

exists Ty 2, log(N)N 1> such that for every T > Ty,

1
(n+2)v071

/ @X( in XfeR(e,co>) Ao (X) = 1= 1(n, 7071, 72),
MN,T t 7T]

€Ty

with P-probability at least 1 — exp(—K N), where n = n(n,v0,71,7v2) is given by
n = Clefcl'yg + 026762712 + C3ya + 04676472\/N

+K167N€2/(K1T) +K2€7N%(1+6)/(K2T)

Our final main result in this section concerns strong recovery when p = 2 and all signal strengths are
equal, i.e., Ay = --- = A\, = X > 0. In this case, the random landscape H is invariant under rotations.
Therefore, rather than precisely characterizing the recovery of each planted signal by analyzing the
evolution of the correlations as in the previous cases, we focus here on subspace recovery, meaning
recovery of the correct subspace shared by the signal vectors vy,...,v,. Specifically, we can look at
the distance between the orthogonal projections XX"and VV', where V = [v1,...,v,] € My, and
X =[x1,..., 2] € My,. This can be quantified by

%HXXT —VVT2 =2 (1" ~Tr (MTM)) ,

where M denotes the correlation matriz defined by M = %VTX . To analyze this, we study the
behavior of the eigenvalues 61, ... ,0, of G = M "M € R"*" under Langevin dynamics, as stated in the
following theorem. To this end, we need to ensure that the eigenvalues of G at initialization are on the

typical scale ©(N—1).

Definition 3.9 (Condition 1’). For every v > 5 > 0, we let C{(7y1,72) denote the sequence of events
given by

Ci(m,72) = {X € Mn,: % <6;(G(X)) < % for every i € [r]}
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We say that u € P(My,,.) satisfies Condition 1’ if for every v1 > v2 > 0,
w(CL(71,72)%) < Cre~ 1 4 Cyyy 4 Cge~ 212V,
Lemma A.1 ensures that the uniform measure pyx, on My, satisfies Condition 1’.

Proposition 3.10 (Subspace recovery for p = 2). Let 5 € (0,00), p = 2, and \y = -+ = )\, =
A > 0. Consider a sequence of initializations py € P(Mn,) which satisfies Condition 0 at level n
and Condition 1'. Then, the following holds: For every n > 1 and v1 > 1 > ~9 > 0, there exist

2
g0 > 0 and ¢y € (0,5=) such that for every e < o, Co < co, VM 2 %N‘;("’CO), there exists

C2 _s(n
To > (ni;ﬁ log(N)N—%(C0) such that for every T > Ty,

/ Qx ( inf  Oin (Xf> >1- 8) dpo(X) =1 —n(n, 70,71, 72)
My, te[Toy,T)

with P-probability at least 1 — exp(—K N), where 6(n,Cy) = m \% 127000; and n = n(n,vo,v1,Y2) s

given by
n= Che™e% + Che 0 4 C3y2 + Cue=12VN | [ e %m (nF2) N C0) /(K log(N))

4Cor

n 1- 290" L 5(n,c
4 Kpe 102N EO Ky e o=y (nd2) N T (meo

/(K3C§ log(N)) 4 K467N62/(K4T)'

Propositions 3.5 and 3.6 are proved in Section 5. Propositions 3.7 and 3.8 are proved in Section 6.
Finally, the proof of Proposition 3.10 is provided in Section 7. Our asymptotic results presented in
Subsection 1.3 follow straightforwardly from the above results and using the definitions of the initial
conditions.

4. PRELIMINARY RESULTS

In this section, we present preliminary results necessary for proving the main results in Section 3.
Specifically, we study the regularity of the Hamiltonian Hy: My, — R and introduce the bounding

flows method from [7], which plays a crucial role in deriving estimates for ||L075m£—jj-v)|\oo. Additionally,

we present the evolution equations governing the correlations {mgf)}1§i7jgr as well as the equations

satisfied by the entries of M ' M, where M = (m(]-v)

ij
presented in [8]. To simplify notation, we will omit explicit reference to N in ml(-;-v) (X) and instead
write m;;(X).

)i<i,j<r- The results of this section generalize those

4.1. REGULARITY OF NOISE, LADDER RELATIONS, AND BOUNDING FLOWS METHOD
Recall the Hamiltonian Hy: My, — R given by
N (s
_p-1 ®
Ho(X)=N""7" > XN(W,z?),
i=1

where W € (RY)®P is an order-p tensor with i.i.d. entries Wi,....i, ~N(0,1) and My, is the normalized
Stiefel manifold. Similar to the works [7, 8], we work with the G-norm which is motivated by the
homogeneous Sobolev norm.

Definition 4.1 (G-norm on My ). A function F': My, — R is in the space Qk(./\/lN’T) if

1Flge = > N2V Flopllze(muy,,) < oo,
0<t<k
where |V*F|,,(X) denote the natural operator norm when VF is viewed as an (-form acting on the

¢-fold product of the tangent space Tx My ;.

We emphasize that this definition is a generalization of the G-norm defined for functions on S¥ = (v/N)
introduced by [7]. We then have the following important estimate for the G-norm of Hy.
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Lemma 4.2 (Regularity of Hy). For every n, there exist C; = C1(p,n),Co = Ca(p,n) > 0 such that
- iy M)’
P <||HO|9" >y (Z )\i> N) < exp (_sz]v .
=1 7 i
Lemma 4.2 reduces to of [7, Theorem 4.3] for the case r = 1. The proof of Lemma 4.2 follows the

same strategy used to prove Theorem 4.3 of [7] and one can therefore mimic the same arguments, and
it is thus left. We next present the ladder relations which will be useful to bound || Lo sgm;j|, where

A

we recall from (1.10) that the generator Lo g is of the form Lo g = A — f(VHy, V).

Lemma 4.3 (Ladder relations). For every linear operator L acting on the space of smooth functions
F: My, — R and every integer numbers n > m > 1, we define

LF|gm
|Llgnogn = sup UELllem
FecMn,,) |IFllgn
Then, for every n > 1 there exists c¢(n) such that for every N and r,
[Allgngn-2 <7 (4.1)
c(n)
(96, 9 lgngns < S Glgn. (12
Proof. We first prove (4.1). Since AF = Tr(V?F) and V Tr(F) = Tr(VF), we have that

yvaF|op = |V* Tr(V2F)|Op = |Te(V2F)|

op’

Moreover, since dim(My ) = Nr — @ < Nr, we have that ’Tr(V”QF)’Op < Nr ‘V”2F|Op, thus

n—2 n—2
IAFlgn-2 =Y N[V AF|oplloc < 7 NE2IVE2AF|op|lo0 < 7| Fllgn,
£=0 =0

as desired. Next, we show (4.2). By the general Leibniz rule and Cauchy-Schwarz, we have that
¢

n—1

12 _

76,V gns = 3823 (TG T4 )
£=0 k=0

< 5 NPTl [T Pl
0<k<f<n—1
< 4 Gjgu | Plg
SN )
where the inequality in the last line follows by definition of the G-norm. O

Using the ladder relations from Lemma 4.3, we can provide an estimate for || Lo gm;;|loo for every
1 < 4,5 <r. According to Lemma 4.2, for every n > 1, there exist K = K(p,n,{\;}/_;) and C =
C(p,n,{\i}I_;) such that |Hpl|gn < CN, with P-probability at least 1 — exp(—KN). Moreover, a
simple computation gives ||m;j||gn < ¢(n). Therefore, there exists a constant A = A(p,n, {\:}i_1,7,05)
such that

& B
1Zo,5mijllo0 < l[Amijllo + BIKV Ho, Vimij)lloo < 7limislige + 1 Hollgr mijllgr < A (4.3)

with P-probability at least 1 — exp(—K N). This estimate turns out to be suboptimal. Therefore, we
next introduce the “bounding flows” method which provides a significantly more precise approach to
estimation. The bounding flows method, originally introduced in [7] and applied in [8], was used to
derive estimates for the evolution of functions under Langevin dynamics on S¥~!(v/N). In this work,
we extend the method to provide more accurate bounds for the evolution of functions under Langevin
dynamics on My . In particular, the following result generalizes Theorem 5.3 of [8].

Lemma 4.4 (Bounding flows method on My ). For every v > 0, we let I, denote the interval
I, = [f\/—%, ﬁ} Let D C My, L be the infinitesimal generator of an Ito process Xy, F: D — R

be smooth, and Xy € D with exit time Tpe. Moreover, suppose that the following is satisfied for some
n>1:
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(1) L is a differential operator of the form L = Lo + 2, <; j<, aij(X)Ai;, where
(a) Aij = (Vahij, V-) for some function 1i; € C*° with ||1hi;]lgr < c1N;
(b) a;; € C(Mnr);
(¢c) Lo = A+ (VU,V-) for some U € C*° with ||U]|gen < ca(n)N.
(2) The function F is smooth with ||F|gz» < c3(n).
(3) There exists v > 0 such that X satisfies L& f(Xo) € I, for every 0 <k <n—1.

(4) There exist € € (0,1) and To(ij) > 0, possibly depending on ¢, such that for any t < Tpe A Téij),

t
/0 0 (X ) |ds < lai; (X,)].

Then, there exists a constant K1 > 0 depending only on c1,ca,cs and 7y such that, for every Ty > 0,
~y n—1 1
FIX) <K |—=) th+t"+ — a; ds 4.4
[ F(X3)| lﬁkzzo l_gzolg( sl (4.4)

for every t < Tpe Amini<; j<r To(ij) A Ty with Qx -probability at least 1 — Ko exp (— K’ZTO )
If instead of item (1)(c), item (1)(c’) is satisfied, where
(¢’) Lo = (VU,V-) for some U € C* such that |U||gzn < ¢oN,
then (4.4) holds deterministically for every t < Tpe Amini<; j<r Téij) A Tp.
If instead of item (3), item (3°) is satisfied, where
(8°) There exist Ty,v > 0 such that X satisfies e!loF(X ) € I, for every t < Ty,
then (4.4) holds for every t < Tpe A minj<; j<r Téij) ANTo ATy A1, with Qx -probability at least 1 —
Ky exp (— KZZTO ) .

Proof. We mimic the proof of [8, Theorem 5.3]. We claim that the function F' can be expanded as

tz.—l &
F(t) = +MF+Z/ / th°F>dtk---dt1

+ / / CLRF(t)dt, - dty (4.5)
th—1
+ > Z/ / aij(ty) Ay LE Y F (ty)dty, - - - dty
1<4,j<r k=1

The proof is by induction on n. The claim is verified for n = 1 by Lemma 4.5 since

F(t) = F(0) + M} + /Ot LF(s)ds = F(0) + MF + /Ot LoF(s)ds + Z /Ot a;j(s)A;;F(s)ds

1<ij<r

Assume that the result holds in the nth case. By definition of M0 F we find that

tn
LUF(t,) = LF(0) + M ¥ +/ LLYF(tny1)dt, 1
0

tn
— LBLF(O) + MLOF +/ Ln+ F( n+1 dtn+1 + Z / a” n+1 A”LO F( n+1)dtn+1~

0 1<i,j<r

Therefore, for the (n 4 1)st case we use the above equality to expand the second-to-last term as

t tn—1
// Ly F(t,)dt, - dty
0 0
t tn—1 " t tno1  ftn
:/ / LgF(0)+Mth°F) dtn--~dt1+/ / / LT F (bt )dtp a1 dty, - - - dty
n—1
/ / / 053 (b 1) Aig L P (b 1)t 1l - di

1<4,5<r
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Combining the terms yields the desired expression by induction. We next bound the absolute values
n (4.5) term-by-term. We start with the first line of (4.5) and we claim that for every 1 < k < n — 1,

||L§F||g2n—2k <(r+ C(n)CQ)k”F”an <(r+ c(n)CQ)kc;;. (4.6)

The second inequality in (4.6) follows by assumption (2). We next prove the first inequality in (4.6) by
induction on k. The claim is verified for £ = 1 by Lemma 4.3 since

27l
[LoFllgen—2 < 7||F|lgen +

\|U||g2n||FHg2n < (r+ (2" = Dea) [ Fliga,

where we used assumption (1c). Assume that (4.6) holds in the kth case. Then, in the (k 4 1)th case
we have that

n

2
||L§+1F||g2n72(k+l) < T”LgF”an—Qk + N

1
||U||92"—2’“||L§F||g2n—2k

< (r+ (2" = Veo) | LEF || gn-2n

< (r+ (2" = Dea) (r 4+ (2" = Dea) | Flger,

where the last inequality follows by induction hypothesis. This proves the claim (4.6). It then follows
that

11V M LG Flopllo < N 72| LG F|gan-2e < ONTY2,
where the first inequality follows by Definition 4.1 and the second inequality by (4.6). Therefore, by

Lemma 4.7 there exists a universal constant K5 > 0 such that for every «v,Ty > 0 and every N,

k
Qx ( sup. M| < jﬁ> > 1 - Ky exp(—72/(KaTo)).
€10,7o

For every 0 < k < n — 1, we then bound |LEF(0)| by yN~2 using assumption (3). We therefore have
that the first line of (4.5) is bounded by

n—1

, n—l .k
Z/ / |L’5F(0)|+‘MthFD dty - dt; < \FZ%Z' <2 Ztk

k=0

with Qx-probability at least 1 — K exp(—v?/(K2Tp)). Since |[LyF| = || Ly F||oo < C(n,7,c2,c3) by (4.6),
the second line of (4.5) is bounded by
t th—1 tn
/ / LG F (tn)|dtn - - dty < C— < C'".

0 0 sz

We turn to the last line of (4.5). According to Lemma 4.3 and (4.6), it follows that
- _ 1 _ ~
[Aii L F| = ([ A Lg™ Flloo < 5 l1tisllgr 167" Fligr < C(ny 7,1, c2,3)-

Therefore, using assumption (4), we bound the last line of (4.5) by

> Z/ /t“ g (t)|dty - dty <Y Zs’“ 1/ |ai;(s Ids<i > /Iam )lds.

1<4,j<r k=1 1<i,j<r k=1 1<z]<r

Choosing K =2V C" v C gives the desired estimate.
To prove the result under assumption (3'), we begin by noting that the third term in (4.5) can be

rewritten as
tp—1
z/ | B dtl—zLo r

and for every t € (0,1), an order n Taylor expansion gives:

n

t
e F (0 Z LEF + Ly F(f)—

= (4.7)
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for some £ € [0, ], so that the following estimate holds according to the ladder relations (see Lemma 4.3)
et P (0 ZLO |< HL"FHOO : (4.8)

O

4.2. EVOLUTION EQUATIONS FOR THE CORRELATIONS AND EIGENVALUES

We are interested in the evolution of the correlations m;; under Langevin dynamics. In particular, we
let mij(XtB) denote the evolution of X? according to (1.6).

Lemma 4.5 (It6’s formula in RVN*"). Let X solve the following RN *"-valued SDE:

dXt = G(Xt)dt + det,t >0
with initial solution Xo € RN*". Here, (By)i>0 is a RN *"-valued Brownian motion, a: RN*" — RN*"
is a measurable function, and b is a constant. Suppose that F is a C? function from some open domain
D C RN*" into R. Suppose that almost surely, X, € D for all t > 0. Then, the process (F(X;))i>0

satisfies

FUX0) = PO+ 0F + [ LR(X)as
0

where M} = bfg(@F(Xs),dBQ is a local martingale such that [MF] < b*t|VF|3« and LF(X,) =
YAF(X,) + (VF(X,),Va(X,)).

For every 1 < ¢,5 < r, the correlations m;; are smooth functions from My, C RV*" to R. Thus,
according to the Itd’s formula, we have that

t
iy (X0) = may (XE) + M + / Lgmy; (X2)ds,

where M, = /2 [[(Vm;(X?),dB,) and Lgmi;(X}) = Ami(X)) — BIVH(X]), Vimi;(X})), as
stated by (1.8). An explicit computation of the generator gives the the following evolution equations
for {m;; (Xtﬁ)}lgi,jg,«. We write m;;(t) = m”(Xf) to simplify notation slightly.

Lemma 4.6 (Evolution equations for m;;). For every 1 < i,j < r, the evolution equation for m,; is
given by
dmij (t) = L[gmij (t)dt + thmij,
where
Lgmij = Lo’ﬁmij + B\/ Mp)\i)\jmzi)fl — ﬁ\/ Mg Z )\kmkjmkgmm ()\jmif + )\[m£22> 5
1<k, t<r
and
Lo gmij = Ami; — B(VHo, Vim;).
Proof. According to (1.8), we have that
ngmij = Amij - 5<VH, @mlﬁ = Lo’ﬁmij + ﬂ(V@, @mij%
where ®(X) = NVM Y2, .o, A\iAjm;(X). The Riemannian gradient of ® on the manifold My, is
given by o
A 1 ~ ~
VO(X) = VO(X) - 5= X (XTV@(X) + V<I>(X)TX) .
An explicit computation gives that
(VO(X)); = Va, ®(X) — 5= (XW@(X) + vq>(X)TX) i

i=1 i

r . D ror 72 L
= \/MZp)\k)\jmij v — \/M§ Z Z BT Mgt ()\jmzj + Aem, ) xy.

k=1 k=1 ¢=1
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Since Vg, mi; = %+ and (v;,v;) = Nd;j, we obtain that

(VO, ﬁmij> = Mp)\i)\jmfj_l —V Mg Z Ao My Mg ()\ijJQ + )\ém222> .
1<k <r

(]

We also recall a classical estimate to bound the martingale part of the evolution of a function under
Langevin dynamics, based on the Doob’s maximal inequality.

Lemma 4.7 (Sub-Gaussian tail bound for local martingales). Let F': My, — R be a smooth function
such that | F|lgi < K and let F(t) = F(X?) denote its evolution under Langevin dynamics (1.6). Then,
for every e, T > 0 and every N, we have that

sup Q sup ‘MF’ > <2exp( Ne? )
X = >~ I — .
XoeMy,,  \telo,7] ! 4K2T

Proof. According to Lemma 4.5, M} is a local martingale and its quadratic variation [MtF ] satisfies

2t 2K?t
ME] <2t|[VF||i < =||F|%: <
[MF] < 2V FI3 < TIFIE < 2
where the second inequality follows by definition of the G!-norm. For every A > 0, Z} = exp(AM}" —
A?[M[]/2) is a positive super-martingale such that Zg = 1 and supx, Eqx, [Z}'] <1 for all £ > 0. For
all t, \,e > 0, we then have that

2 2
supQx, | sup M} >e| <supQx, | sup X} >N 55"
Xo t€[0,T) X, te(0.T]

2 K27 2 K27
<supEqy, [Z(ﬂ N TN A = AT A
Xo

where we used the maximal inequality for the super-martingale Z* for the last inequality. Since the
above inequality holds for all A > 0, we can take A\ = eN/(2K?T) and obtain that

supQ sup MI'>¢] < exp< Ne? )
X = >~ e — .
Xo ° \teor) 4K2T

Proceeding similarly for —M we get

supQ sup (M) >e)| <e p( N62>
_ xp(——i- ),
Xo Xo te[0,T] o= - 4K2T
yielding the desired result by union bound. ([l

In particular, since ||[m;j|lgn < c¢(n), it follows from Lemma 4.7 that there is a universal constant
K > 0 such that for every v,T > 0 and every N,

sup Qx, ( sup |thJ
X, te[0,T)]

> JN) < 2exp (-}Z) . (4.9)

In addition to the evolution of the correlations m;; under Langevin dynamics, we are also interested in
the evolution of the matrix-valued function G(X) = M " M, where M = (m;;)1<; j<r is the correlation

matrix. The latter is needed to study the case p =2 and Ay =--- = \,. Let G: My, — R"™™" denote
1
GX)=M"M = WXTVVTX, (4.10)

where each entry G;; is a smooth function from My, to R such that G;;(X) = >_; _; my (X)my; (X).
Note that G;; = G;; for every i,j € [r], that is, G(X) is a symmetric matrix.
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Lemma 4.8 (Evolution equation for G;;). For every 1 < i,j < r, the evolution equation for G;; is
given by

dGy;(t) = LaGyj(t)dt + dM™,
where MtG] = ﬂfg(VGij (s),dBy) is the martingale part of the evolution, and the generator LgG;;(t)
is gien by LgG;;(t) = Lo gG,j(t) + LgGij(t) and is of the form

T

2
LO,BGij = Z (mkiLoygmkj + mkjLO’gmki) + N (réij — ng) y (41].)
k=1
and

LpGij = 4BV MN3(Gyj — (G?)i). (4.12)

Moreover, the quadratic variation of MtG” satisfies

Gij 2r K 2

(M) < ; [M (s)|gpds. (4.13)

Proof. For every i,j € [r], the summary statistic G;;: My, — R is a smooth function, thus by It&’s
Lemma 4.5 we have that

t
Gij(X1) = Gij(Xo) + MY +/ LGij(Xs)ds,
0

where M = ﬂfg(VGij(Xs),st> is a local martingale and LgG;;(X) is given by LgG;;(X) =

LoGij(X)+ B(VP(X), VGi;(X)) with ®(X) = Ho(X) — H(X). By an explicit computation as done

in the proof of Lemma 4.6, we then find that the population generator ﬁg = B8(VP(X), @) satisfies
LsGij = 4BV MM (G4 — (G?)5).

Moreover, according to [33, Proposition 1.3.1] the quadratic variation [MtG”] of MtG” satisfies

t t
Gij o
M b[ﬁwa@ﬁwséwmmwwa

where we recall that V denotes the Euclidean gradient. Since Vg, m;;(X) = %:dx;, we have that

T

A N ~ 2 2 2
IVGi;[IE = Tr((VGij) T (VGyy)) = N > (mis+miy) = ~ (Gii + Gjj) < 5 Te(G).
k=1

In particular, we find that
G 2 [ 2 [ 2r [*
i< & [ m@nas = & [l < [ ipo)zs
as desired. 0

We readily obtain the following corollary.

Corollary 4.9 (Evolution equation for G). The evolution equation for G is given by
t
G(t) = G(0) + MF + / L;G(s)ds,
0
where ME = (MtG”)ZJ € R™" and LgG(t) = (LgG,;(t))i; € R™*". In particular, LgG is of the form
LgG = Ly G + iﬁG, where

2
LosG = (LosM)' M+ M (LosM) + + (11, - G), (4.14)

and
LsG =48V MN} (G - G?). (4.15)

Similarly to the sub-Gaussian tail bound for the martingale part of the evolution of the correlations
m;; given by (4.9) obtained by the Doob’s maximal inequality (see Lemma 4.7), we have the following
result.
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Lemma 4.10. For every v > 0, T > 0 and every positive, increasing, and deterministic function f(t)

verifying
t
0= [ IMG)IE,ds
0

2 2
sup  Qx, ( sup || M lop > Jﬁf(T)W) <r(r+1)e /@),

for all t € [0,T], we have that

XoeEMn,r t€[0,T]

Proof. We first note that ||MC|lop < rmaxi<; j< (M|, where M is a local martingale given by
Lemma 4.8 such that its quadratic variation satisfies (4.13), i.e., for every 4, j € [r]

ME / IM(s)]3,ds < 2 £0)

For every A > 0, we now introduce the exponential martingale Z; = exp()\M 9 — N2[M, ”] /2). The
same reasoning used in the proof of Lemma 4.7 gives that

G, N€2
sup Qx sup |M, 7| >¢e | <2exp (—) ,
X ’ (te[O,T] M, ) 4r f(T)

for every 4, j € [r]. From this, we then have that

€
supQx, | sup ||MtGH0p >e| <supQx, | sup max |M > -
Xo te[0,7] X

o te(o, T]1<z,]<7

=

B 2 e[0T

r(r+1)exp (-%) |

Choosing € = N f(T)'/? gives the desired result, since f is an increasing function by assumption. [

1
<" qup o, ( sup |M{| > )
Xo

4.3. COMPARISON INEQUALITIES

We first report Lemma 5.1 of [8] that provides simple comparison inequalities for functions.

Lemma 4.11 (Bounds on functions). Let v > 0 with vy # 1, ¢ > 0, and f € Cip.([0,T)) with f(0) >0
(a) Suppose that there exists T such that f satisfies the integral inequality

f(t)2a+/ of(s)ds, (4.16)

0

for every t < T and some a > 0. Then, for t > 0 satisfying (v — 1)ca” 't < 1, we have that

f)=a(l—(y- 1)ca7_1t)7ﬁ .

(b) If the integral inequality (4.16) holds in reverse, i.e., if f(t) < a+ f cf7(s)ds, then the corre-
sponding upper bound holds.

(c) If v > 1, then T < t., where t, = ((’y — 1)ca7*1)71 is called the blow-up time.

(d) If (4.16) holds with v = 1, then the Gronwall’s inequality gives f(t) > aexp(ct).

Lemma 4.11 will be useful in providing bounds on the correlation functions mg»v) for both p > 3
and p = 2. For subspace recovery when p = 2, we need to establish comparison inequalities for the
eigenvalues of the matrix-valued function G defined by (4.10). The following lemma is a standard result
on the rate of change of eigenvalues for matrix differential equations, as found e.g. in [27, 45]. For clarity
and completeness, we include a brief proof.
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Lemma 4.12. Let G be an entry-wise continuously differentiable matriz-valued function defined on
[0,00) and taking values in the space of symmetric positive semi-definite matrices of size r x r. Let
0;(t) denote the ith eigenvalue of G(t) and w;(t) be the corresponding normalized eigenvector. Then,
for every i € [r], 0;(t) and w;(t) are continuously differentiable and satisfy

0;(t) = ui(t) T G(t)us(t).

Proof. For the regularity of the eigenvalues and eigenvectors of parameter-dependent symmetric matri-
ces, we refer to [37, Chapter 2, Sections 5 and 6]. For every i € [r], we have that

(G(t) —6;(t)I,) u;(t) =0.
Differentiating with respect to ¢ gives
(G(t) = 0 () T,) wi(t) + (G(t) — 0, (1) T,) i (t) = 0.
Since 4;(t) € R", it can be expressed as a linear combination of the orthonormal basis {u1(t), ..., u,(t)},
ie.,
wi(t) = > ai(t)u(h),
1<j<r
for a collection of coefficients c;;(t). Therefore, we have that
1<j<r
By expanding the second term we have that
Y () (G) = i) ui(t) = D () (6;(0) = () uy(t) = Y aiy(t) (0;(1) — 0:(1)) ; (0).
1<j<r 1<j<r 1<
J#t
Multiplying from the left by w, the term
(G() = (DI wilt) + D ayi(t) (6;(t) = 6:(t)) w;(t) = 0
gives the desired result. O

In the case of Langevin dynamics however, the matrix-valued function G(¢) is not differentiable and
we need an integral comparison inequality, as stated in the following lemma.

Lemma 4.13. Assume that the matriz-valued function A € R™*" satisfies

{;tA(t) =aG(t)(I,. — G(t))
A(0) = G(0)

for a > 0. Then, for every i € [r] and every t > 0, we have that

0:0)+a / (Ormin(3) — 020 (3))ds < pus (A(1)) < 0,(0) +a / (Oax(s) — 020 ())ds,  (4.17)

where 1;(A(t)) denotes the ith eigenvalue of A(t). Moreover, for every i € [r] and every t > 0 such that
Omax(t) < %, we have that

6:0) +a / (Bin(5) — 620 ())ds < 1z (A(1)) < 6:(G(0)) + a / (B (5) — 20n(5))ds.  (4.18)

Proof. We show the lower bound. The upper bound is obtained in a similar fashion. If u#*(t) denotes
the ¢th normalized eigenvector of A(t), by Lemma 4.12 we have that

e (AW) = (ut(0) "
=a(uf () G, — GO)u (1)

K3

A(t)uf(t)
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where the inequality follows from the fact that Opin(M) = ming, |u)=1 w' Mu for any symmetric
matrix M. Since G is positive semi-definite, the eigenvalues of G — G2 are given by 6; — 6? for every
i € [r], where 61,...,0, denote the eigenvalues of G. In particular, we have that

. _ 2\ — ; ) _ 0?
Amin (G(t) G(t) ) 1211'127« (91 (t) 0; (t)) .
From this, it follows that
min (0:(t) — 02(1)) > Ouin(t) — 62 (1),

1<i<r
yielding

i (A1) > 1(A()) + a / (Buin(5) — 620 (5)) ds = 0,(0) +a / (Bunin(5) — 02,01(5)) dis,

thus proving (4.17). The lower bound in (4.18) can be established similarly by noting that the function
z — x — 2? is increasing on [0, 1]. We therefore have that

i ; — 2 = s 2
1212'12r (01 (t) 91 (t)) emln( ) amm( )
provided Opax(t) < % O

5. PROOFS FOR p > 3
This section is devoted to the proof of Propositions 3.5 and 3.6.
5.1. RECOVERY OF LEADING SPIKE

We begin by showing Proposition 3.5. The first step is to show that weak recovery of the first spike is
achieved, provided v M scales as N [)2;27 as stated in the following lemma.

Lemma 5.1. Let 8 € (0,00), p > 3 and \; = Ao Aiv1 for every 1 <i<r—1 and \g; > 1. Consider

—2

a sequence of initializations py € P(Mny,). Let ey = N~ D and let 7;(3,1) denote the hitting time

of the set {X: mq1(X) > en}. Then, the following holds: For everyn > 1,79 > 0,7 > 1 > 73 > 0,
p—2 —1 n

there exists Cy € (0, %) such that if Ao > % (%) and VM > ﬁp(;EQ’:; INPT*Z‘(E{U , then for

N sufficiently large we have that

1
[ax(7avz ) 14Co(m70) N1 Ca (1, 72) Yo (X)
MN,r (n —+ 2)’)/0]\72("4’1)

1 1
< Kpe WtNZOTD /Ky 2 pe) om0 (nd 2) N 2D /K>,
with P-probability at least 1 — exp(—KN).

The strategy used to prove weak recovery of the first spike is the following. We first show that,
since A; is much larger than the other SNRs, the correlation my; is the first correlation to reach the
microscopic threshold éy = YN *%, where 7 is a sufficiently large constant of order 1 in N. Therefore,
despite a potentially lower initial value m11(0) < max; ; m;;(0), the strength of A, ensures that m1,
exceeds &y before the other correlations do. Furthermore, we show that mp; keeps increasing and

becomes the first Correlation to cross the critical threshold ey = N _2&7—2” Given the algorithmic
threshold M ~ NP~17 %% there is no control on the stability of the evolution of the other correlations.

Now, strong recovery of the first spike immediately follows from the weak recovery result, as stated
in the following result.

Lemma 5.2. Let 8 E (0, 00), p= >3andey = N~ By 1> Then, for everye >0 and VM 2 N7 7 2<"n+1>,

there exists Ty > [CESIE N™G70 such that for all T > Ty and N sufficiently large,

n+2)'y

inf QX( inf  mqyq (X5 )>1—€>

X:T)’L11(X)>EN te[ 0, ]
2p—1
—vo(n+2)N2(—-1) 3T /K —Ne? /(KT
>1—K16 ’YO( ) / 1—2K2€ /(2),

with P-probability at least 1 — exp(—KN).
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Having Lemmas 5.1 and 5.2 at hand, Proposition 3.5 follows by the strong Markov property.
Proof of Proposition 3.5. We note that

. B >1_
/MN,T Ox (te%%;f,T]mu(Xt) = E) dpio(X)

1
> inf @X< inf  myy(XP) > 15> x/ Qx | 7TV < . dpo(X),
X:mi(X)>en t€[To,T] My (n + 2)yN2=+D

1

(n+2)voNW
and then used the strong Markov property. We estimate the first term according to Lemma 5.2 and the
second term by

1
QX 7;(;1) > 1 d.UO(X)
M (n 4 2)y N2 FD

< 110(Co(n,70)°) + po(C1(71,72)°)
1
+/ Qx <7;(1\1,1) > ;i ) 1{Co(n,70) N C1(71,72) }dpo(X).
Mu,r (n + 2)yoNzn+D

Combining Lemma 5.1 with Definitions 3.1 and 3.3 gives the estimate for the second term. Proposi-
tion 3.5 then follows straightforwardly. O

where we first conditioned the Qx-probability inside the integral by the event 7}(;1) <

It remains to prove the two intermediate results, namely Lemmas 5.1 and 5.2. We begin with the
proof of Lemma 5.1.

Proof of Lemma 5.1. We let A = A(n,~o,7v1,72) denote the event

A(n,70,71,72) = {Xo ~ p: Xo € Co(n,70) NCi(71,72)}
where we recall that Co(n,79) and Cy(7y1,72) are given by Definitions 3.1 and 3.3, respectively. We first
note that on Ci(y1,72), for every i,j € [r] there exists v;; € (y2,71) such that m,; (0) = ’y”N’%. For
some Té”) > 0 to be chosen later, we then define the event A0 = AW (n, ~yg,v1, 92, T, ) by

A(U) (TL, 707’711727T(§ij)) = A(na 703’71772) N sup |M1;m1] S e 5
tefo T(ij)} 2\/N

where we recall that according to Lemma 4.7 and (4.9), there exists an absolute constant K7 > 0 such
that

2
mij Y2 72
sup Qx sup |M,| > <Kjexp| —=—].
X te[0,709)] 2V N 4K, T

Moreover, for every i,j € [r], we let TL(?; denote the hitting time of the set
{ X 1Losmis (X)| > CopVMprdmly (X)),

where Cj € (0, 1) is a constant which does not depend on N. We note that on Co(n, 7o),

p—1
Yo Y2
Lo smuy(Xo)| < 2% < CosVATpAA, (m) ,

provided vM > WN 1)2;2, which certainly holds by assumption. Therefore, on the event
0 V2

Co(n,v0), we have that
|Lo.gmmij (X0)| < CoBvVMpAAmE; H(Xo),

and by continuity of the process Xy, TL > 0. We also introduce the hitting time 7Tz, , of the set

1<k <r

{X: sup |Lo gmue(X )| > CoBVMpATmi (X)}
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We also have that 7Tz, , > 0 and we note that Tz, , < TL(ilﬂ)

In the following, we fix i,j € [r] and place ourselves on the event A(9) . We consider the threshold

_2 ..
ey = N30 and we denote by 7}(;,]) the hitting time for the set {X: m;;j(X) > en}. Recalling the
generator expansion given by Lemma 4.6, i.e.,

Lgm;; = Lo gm;j + BV Mp)\i)\jmf]71 — 5\/M§ Z Akmigmkjmkg(Ajm£;2 + )\gmilfz),
1<k, f<r

we have that
(1-Co)Bv Mp)\Mjmf-_l(t) < Lgmij(t) < (14 Co)BVMpAi\mE; (1),
for every t < T(” ) A TLos A mini< e<y Tkt ~ - Since the evolution equation for m;; is given by
mij(t) = m”(O) + th” +/ Lmij(s)ds,
0

we obtain the integral inequality

B i
2?/% (1—Co)BVMpAi); / mP(s)ds < myj(t) < 23;%+(1+Co)5mp>\i>\j/o miy (s)ds, (5.1)

which holds for t < ’7'(”) ANTLy s AMini<y o<y T AT Applying items (a) and (b) of Lemma 4.11,
we then have the comparlson inequality

fi (t) S mij(t) S Ui (t), (52)

for t < ’7'(”) ANTLe s Aming<p o<, 7'5(N€) A T(”) where the functions ¢;; and u;; are given by

1
p—2 T2
Yij Yij
Lii(t) = 1-(1-C Mp(p —2)X A t , 5.3
0 NN( (1 ClsV Tt - 200 (24 ) ) 63
and
1
sy (8) = 225 (1 Z (14 Co) 8V Mp(p — 2)MiA <37”' >p2t (5.4)
ij 2\/N 0 p\p 1/\j 2\/N ) .
respectively. We then let T(”) denote the time such that £;;(7T), g}i) =epn, i.e.,
. 1 (u\P~2 N—3tn
bon = &) - (5.5)

(1 —Co)BvVMp(p — 2N\ (2%>p—2

Similarly, we let qu QV satisfy u;; (qufgl,) =epn, lLe.,
L (3)
i) = 2 —. (5.6)
3 ij
(14 Co)BVMp(p —2)Ai; (Qjm)

On the event A7), we therefore have that Tu < T 2 < T(”) We then choose Tém -7 5

L sEN
and note that
1

T < — <1,
(n+ 270N
1
where we bounded Tz( 6] ) according to the assumption that v M 2 %N RNV By assump-
tion we also have that \; > AgAs and Ay > --- > A, where A\ satisfies

1+Co 3\’
do=ca e (T2 6.7
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for some constant ¢(A\g) > 1. It then follows that Tén) = minj<j o<, TO(M) since for every i,j €
[r], (i,7) # (1,1),
p—2 _Li
T < G cr
T p— . p—2 — TUEN)
c(Xo)(1 + Co)BVMp(p — 2)\; ), (Zwm) (3%)
2(p=1)

provided N > ( (C(A)Ozl) p=2 (3%)2(1771).

Our goal is to show that 7}%1) = minj<g <y ’Ts(fvd) and that T(ll) < TL,, since T, , < ’T(ll) To this
end, in order to get an estimate for Lo gm,; for every 4, j € [r], we wish to apply Lemma 4.4 to the func-
tion F;;(X) = Lo gm;;(X). We see that if we let pe(X) = (vi, @), are(X) = Bp\ﬁ)\k)\gmke (X)
and U = Hy, then condition (1) is satisfied with P-probability at least 1 — exp(—KN) for every n > 1
according to Lemma 4.2. Condition (2) is easily verified since the function Fj; is smooth and for every
n > 1 it holds that ||Fj;|/gen < A with P-probability at least 1 — exp(—K N) according to (4.3). Item
(3) holds by assumption on the initial data, namely the event Co(n,7p). It therefore remains to check
condition (4). For every i,j € [r] we note that on the event A7),

t L Yis L
[l < = (moto - S5 ) < = gm0, 5:5)

for every t < TL(:)]; ATy Amini<g o<, E(]\lff) A To(ll)

inequality (5.1). We then observe that at time ¢t = 0, for every £ > 0 we have that

, where we used the lower bound in the integral

N .
EBV Mphi); (&j(o))pil = BV MpAi); <2%> > C&(n+2)yN 2040 > £;5(0),

1
where we used that by assumption vM > C%N%_%"H) for some constant C' > 0. Since
=072

by (5.2) the function m;;(t) is lower bounded by ¢;;(¢) for every t < TL([?; ATy s AMing < o<r ﬁ(ke)AT(ll)
and since ¢;;(t) is an increasing function satisfying the above inequality, we therefore obtain that

msj (t) < fﬁmp)\i)\jmfj_l (f),

so that from (5.8) it follows that
1
/ |am )ds < < —C, ml](t) ﬂ\’ MpAiA; m ( )s

for t < 7'5”; ATy, Aming<p o<y 7}1\, A Téll). Choosing ¢ = (1 — Cy)/2 yields condition (4) with

¢ = 1/2. We can therefore apply Lemma 4.4: for every i,j € [r], there exists K > 0 such that on the
event mlgk,egrA(u)7

|Losmi;(1)] < K | 22 Ztk+t"+2 > /\au )ds |, (5.9)

1<k ¢<r

for every ¢t < minj<y o<, 7;;((]?5 N TLe s N Mini<g o<y 7;(1\, ) A T(u)7 with Qx-probability at least 1 —
Ksexp <77§/(K2Tén))) and with P-probability at least 1 — exp(—KN).

Given the estimate (5.9), in the remaining of the proof we show that m;; is the first correlation to
reach ey and that ’T(H) < TLo ;- To this end, we first introduce an intermediate threshold &y = YN -3
for a sufficiently large constant 4 of order 1 and show that ’7;(1\1,1) < mini<g e<r TL(S? A TLo 5> Where

7;5? ) denotes the hitting time for the set {X:m;;(X) > én}. In particular, we choose 7 to solve the
equation

(27)7-2 3 (_cha) \77
c(Xg) > G2 = G so that v > = (()\0)_1) 1. (5.10)
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Since the integral and comparison inequalities (5.1) and (5.2) are still valid for ¢ < ’fL(ij; ANTrLes N

ik <y 7}%@ " To(ij)’ we can define Tf(zgz)v and Tyg\r similarly to (5.5) and (5.6), and we see that for
every (i,7) # (1,1),
p—2
_(m
T — ! ( Zlvl)
ey 2 (11 p=2
(1 - Co)BVMp(p — 2)X3 (W)
< 1
N 37vij p—2
(M) (1 + Co)BVMp(p — 2)Ni\; (2\/#)
(3w
< ! ( 2y ) — qid)

= —\p-2 W,EN?
(1+ Co)BVMp(p — 2)Ai); (;%)

where we used (5.7) and (5.10). In order to deduce that on the event Nj<j < A*, it holds that

7}(11) = min; < e<r 7;-(1154)7
estimate (5.9) holds for every t < TL(Z)JZ N TLy s AMing<g o<y 7;-(52) A Té”), it thus suffices to show that
CoBVMpriX; _p—1

: 2 Mg
(i) We start by observing that according to the lower bound in (5.2), for ¢ < TL(U) ANTres A

0,8
. kel 11
ming<g ¢<r 7-5(N ) AN Té )

we need to show that min;<y <, 7}(1\]?[) < minj<g e<r TL((]?? ANTL, - Since the

each term in the sum (5.9) is upper bounded by (t) for every i,j € [r].

> Coﬁ\/ Mp)\i)\j

CoBVMpAX\; _ _ CoBVMpA A, _
Mmf_ () > ) > Myg{ L(0),
n+ 2 J n—+2 J n+2 J
so that for every 0 <k <n —1,
MDA\ s o\ Pl
COB Mp)\z)‘j ( Yij ) > C '7071 > K Y0 tk,
n+2 2V N N2z VN

provided t* = O(1), which certainly holds for all kK <n — 1 and t < TO(H) since Téu) <1
(ii) A sufficient condition to control the second term is given by F(t) < G(t), where F(t) = Kt"

and G(t) = CoBVMpAid;

) Kfj_l(t). By an easy computation, we have that for any &k <n

and

G® (1) =

)

k —1 . p—1
Coﬂ\/ Mp>\i>\j Hz‘:l (;;TQ -+ (Z — 1)) Yij p—1 L k - L _(ﬁ+k)
n -+ 2 2v'N tgf'j) tffj)
where tffj ) denotes the blow-up time of /;; which is given by

-1

2VN
For k < n — 1, it holds that G®)(0) > 0 = F(*)(0), and for k = n we have that
(VMBpAX) " Co(1 = Co)™ [ iy \" 7Y 1 b (=)
n+2 20N £
2 Co(1 = Co)"(n+2) "+
> Knl = FM(t),

tgfj) _ [(1 B CO)B\/Mp(p — 2)/\1)\j <’YU>P ]

el (t) >

11)

provided t/tgfj) is of order 1 for any ¢ < TO( , which certainly holds since Téll) < till) < tgfj ).
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(iii) We control the last term as follows. According to the integral inequality (5.1), on the event
Ni<k g<r./4(kz) we have that

2 3 [ latolias < Imua0) < 1o = o
ake(s)lds < O1gilcz<r *I—CEN_I—C’O\/N’

1<k <r

(1) Moreover, it follows from (5.2) that

> CoBVAIPA s

. kL . 14
for t < minj<g e<r TL(o,a) NTLy , AMing<g o<y Ts(N DA T

OOﬁVMp/\i/\j p—1 Coﬁ\/ p)\ )\pr 1

VIR g (1) 2 SRR g ) COMERAN i )
i . (ke (ke) (11)
or t < minj<y o<y TL0 . NTLy s AN < o< 7}N /\T . Since by assumption on /M we have
that
CoBv/MpA; ( Vi )“ T St
n+2 2V N T (1-Cy)Nzm — 1-Co /N’

for some constant C' > 0, the desired bound then follows.

On the event ﬂ1§k,e§r¢4(k£), we therefore have that min; < ¢<, 7'5(56) < minj<g o<y TL(f.i) A Tr, , and it
follows that an
1)
T:, ' = min TR,

1<k e<r "N
with Q x-probability at least 1— K5 exp (ffyg/(KgTéH))) and with P-probability at least 1 —exp(—KN).
Now, according to the generator expansion Lgm;; given by Lemma 4.6 we see that at ¢t = 'Tg-(;l),

L[jmll(T( ) ( CO)/BrpAlmll (T'(ll))
and for any (7,j) # (1,1)
Lgmij (T;") < CobvVMpXmiy (T27) + BV MpAidmi;  (TED),

N N
yielding

p—1 p—1

e () (s ()

where we used the fact that \;\; < A3/A3 < A}/Ag. According to (5.7) we then have that % <

30(1/\0) 1+Co <1 -—2C, for some Cy < 1/2 thus Cp + 5 L - < 1 — Cy and it follows that

Lgmg; (TA! )<coﬁpr2<

meﬂ><me*»
As a consequence on the event Ni<y, g<7~A( 8), since mn(T( )) > m,](T( 1)) and Lgmll(’T( ))
Lgm;; (7'( ) for every (i,j) # (1,1), we obtain that mqq(t) > m;;(t) for 7;(;1 <t <minj<g e<r ’TL((]:? A
TLO.B Amini <y ¢<r 7'5(]’5@ A Tén), ensuring that

7;.(;1) = min T(M,

1<k e<r &N
with Q x-probability at least 1 — K5 exp (—’yg/(KzTéll))) and with P-probability at least 1 —exp(—KN).

It therefore remains to show that on the event Mj<g o<, AK*Y, 7;131) < ’TLO » with high Qx- and P-

probability. We recall that the estimate (5.9) holds for ¢ < minj < ¢<, TLO g A Tios N 7;]\1,1 A Téll) with
Qx-probability at least 1 — K5 exp (*’YS/(KQT}Ell))) and with P-probability at least 1 — exp(—KN).
Therefore, since each age(t) < a11(t) for 7;(1\1,1) <t < minj<g ¢<r TL(f_ZB) ANTrLgs N 7}]\1,1 A T(H) we obtain

that on the event Ny<y o<, AR,

|Lo,gmi;(t |<K< Ztk+t"+2r / la11 (s |ds>, (5.11)

for ,7-5(;1) <t <minj<p o<y ﬁf?AﬁoﬁﬁAﬁgl)ATén), with Qx-probability at least 1— K5 exp (773/(K2T0(11)))

and with P-probability at least 1 — exp(—K N). In the same way as before, we can show that by the
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CoBVMpA}
n+2

7}%1) <t < minj<p o<y 71(52 NTLos N 7'5(131) A Tén), ensuring that 7—5(;1) < T, with high Qx- and
P-probability. In particular, on the event Co(n, 7o) N Ci(v1,v2) we have that

assumption on v/M each term in the sum (5.11) is bounded above by <22YPAP=L(4) for every

1
T < g — <1
(n+ 290N 277D

with Q x-probability at least 1—K» exp (—78’ (n+2)N 2D /KQ) —Kor? exp (—ygyo(n +2)N 2D /(4K2))
and with P-probability at least 1 — exp(—K N), which completes the proof of Lemma 5.1. ([

We finally provide the proof of the second intermediate result, namely Lemma 5.2.

Proof of Lemma 5.2. Let € > 0 be sufficiently small and let 72(11) denote the first hitting time of the
set {X: my1(X) > e}. We first show that from any initial data satisfying m11(Xo) € [en,€), we have
that 7-'") < 1 with high Qx- and P-probability.

We have from Lemma 4.6 that Lgmi; satisfies

Lﬁmll( ) > _HLO Bm11||oo + Bv p)‘lmll ( )(1 _TQmil( ) > _HLO an”oo + Bv p)‘lmll ( ) >0

for t < ’7'(11) A 7'5(1 ), provided € < 1/r. Moreover, we also have for t < ’T(H) A 7}(11),

||L0 ,Bmﬂ”oc <A< CoBv p/\lmll ( )

for some Cy € (0, 3), with P-probability at least 1 — exp(—K N). Therefore, for every ¢ < 7'(11) AT,
we obtain that

Lgmas (t) > (1= Co)BVMpAimiT (1) > 0,
yielding

() = 5 (1= 0= Cosvatne -2 ()" 1) o

with Qx-probability at least 1 — K exp(— N7 /(4K( Ejil/)Q NTe 11)))) and with P-probability at least
1—exp(—KN). Since on the interval [0, ’T(l o NTe 11)] m11(t) is lower bounded by an increasing function

which is positive at t = 0, we deduce that 7;(11) < 7'5132 and by an easy computation we have that

p—2
1—( —Xr
(11) <2£N2(pp—21> ) 1
T4 < <

3 e < L.
(1 —Co)BVMp(p —2)\2 <N2(P”> (n 4+ 2)y N 2=D " 22D
2
We then obtain that
o Ox (7;“1) < 1) >1— Kyexp (f(n+ 2)yo N 261 ~ 5D /(4K2)> (5.12)
fMmi1 EN,E

with P-probability at least 1—exp(—K N). By the strong Markov property for X, it remains to consider
the case that my1(X) > e for some ¢ > 0 sufficiently small. According to Lemma 4.1 of [8] there exists
Ty such that for every T > Ty,

i i >1l—¢)|>1- —N¢g? '
. mllflle)ZE Qx (tef%)f,T] mi(t) > 1 6) >1—2Ksexp (—Ne?/(K,T)) (5.13)

with P-probability at least 1 —exp(—K N). Combining (5.12) and (5.13) yields the desired statement. [



30 GERARD BEN AROUS, CEDRIC GERBELOT, AND VANESSA PICCOLO

5.2. RECOVERY OF ALL SPIKES

Now, we prove Proposition 3.6 on the recovery of all spikes. The proof of Proposition 3.6 proceeds
through r steps, each focusing on the recovery of a new correlation m;;. For every ¢ > 0, we consider
the following events

Ei(e) = Ry(£) N {X; mi;(X) € O(N~?) for i,j # 1} :
Es(e) = Ri(e) N Ra(e) N {X: mi;(X) € O(N) for i,j # 1,2} :

E._1(e) = M<i<r—1Ri(e) N {X: me(X) € @(N_%)} :
E.(e) = M<i<r—1Ri(e) N{X: mpp(X) > 1 — £},

where R;(g) denotes the set of strong recovery of the spike v;:
Ri(e) = {X: mii(X) >1—¢ and my;(X),m;i(X) <log(N) 2 N~ vj £ } (5.14)

We note that the set E, () corresponds to R(e), which is defined in (3.1). Looking at the r events defined
earlier, we note once a correlation m;; reaches a macroscopic threshold ¢, all correlations m;; and mj;

for j # i decrease below log(N )_%N —%7. This is crucial to ensure the recovery of the subsequent
correlation 141 i41.

The following result shows that attaining the event F; starting from a random initialization that meets
Condition 1 is possible, provided M is of order N?~!. According to Proposition 3.5 and Lemma 5.1,
this suggests that the complexity threshold NP~2 ensures the recovery of the first direction, but is not
sufficient to ensure the stability of the other directions.

Lemma 5.3. Let 8 € (0,00), p > 3 and \; = Ao Aiv1 for every 1 <i<r—1 and \g; > 1. Consider
a sequence of initializations po € P(Mn ). Then, the following holds: For every v1 > 1> v > 0 and
. S . p72
e > 0, there exist A = A(p,n,ﬁ, {Ni}_1) > 0 and Cy € (0,3) such that if Aoy > % (%) and
vM Z WN En , then for N sufficiently large,
1
Qx (Te, 2 Wi H{C1 (1, 72) Ypo(X)

Mn -

+1
< T2Kle—y§\/ﬁ/lﬁ + K267N2<};71)/K2 + K3e*52N3/2/K3
with P-probability at least 1 — exp(—KN).

Once event E; is attained, reaching event Es is straightforward, and so on. Having the (k — 1)st
event Ej_1(g) at hand, we now show that achieving Ej(¢) is possible.

Lemma 5.4. Let 8 € (0,00), p > 3, and A\; = AgiNit1 for every 1 <i <r —1 and Ng; > 1. Then,
the following holds: For every 1 > 1 > 9 > 0 and € > 0, there exist A = A(p,n, B,{\i}I—;) > 0 and

Cy € (0, %) such that if Ao > % (%)  and vM Z 5pA2C A N > , then there exists T, > Tp_1

(with Ty = Tg, ) such that for every T > Ty, and N sufficiently large

inf  Qx, (telnf X7 € Ey(e ))

Xo€Ek_1(¢) [Tx,T]
p+1
>1— (7, o (k o 1))2[(167"/%”/[(1 o K267N2(P*1> /Ky KgGiEQN/(KST),
with P-probability at least 1 — exp(—KN).

Having Lemmas 5.3 and 5.4 at hand, we now are in the position to provide the proof of Proposition 3.6.
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Proof of Proposition 3.6. By the strong Markov property, we have that

/MNX,. QX( inf X/ € R(c )> dpio(X)

te[To,T]

1
> inf f x7 — X).
> ot Qx (t f%, Xt € R(e )) /MNXT Qx (TEI(E S ﬁN> dpio(X)

Again by the strong Markov property, we have that
inf QX< inf X% e R(e )) inf (Q_)X( inf X7 e Ey(e )> inf Qx ( inf X7 e R(e )>
X€EE(¢) te[To,T] X€EE:(e) te[To,T] (e) te([To,T)

Applying the strong Markov property recursively, we find that

: B
/MNXT Qx (te[HTlfT] X7 e R(E)) dpp(X)

ot 0n (30 50) (s ) wen

The first term is bounded according to Lemma 5.4. For the second term we first have by the strong
Markov property,

/MNW Qx (TEl(E) 2 \F) dpo(X)
<m@nw)+ [ o (TEI@ > f) 1€y (71, 72) o (X).

M

We then bound po(C1(y1,72)°) according to Definition 3.3 and the integral according to Lemma 5.3.
Proposition 3.6 then follows straightforwardly. (]

We therefore need to prove the two intermediate results, namely Lemmas 5.3 and 5.4.

Proof of Lemma 5.3. The proof of this lemma is divided into four different parts, which we briefly de-
scribe. First, we show that mq; is the first correlation to reach the microscopic threshold ey = N _2&7:2”,
while the other correlations are still in ©(N~2). This is due to the fact that by assumption the parame-
ter A? is much larger than AiAj. As already seen in Lemma 5.2, the microscopic threshold e is sufficient
to ensure strong recovery of the first spike v;. Next, we see that as mq; crosses the threshold N -~
the correlations m;; and mq; for ¢ # 1 start decreasing from ©(N _%) since the evolution equation at this
point is approximately given by m;; ~ )\%mnmll and mq; & Almumh, respectively. In particular,
we show that such correlations will reach the lower threshold N~ log(N )~% in a microscopic time.
Finally, we study the evolution of the correlations m;; for 4, j # 1 as m; crosses ey which is approxi-
mately given by m;; = A mp to 7“2/\2m11 m;1mq;. In particular, we show that such correlations can
undergo a decrease, which is at most by a constant, and thus globally we have that m;; remain on the
scale O(N~2).

—2

Step 1: Evolution of the correlations until the first correlation reaches ey = N~ D,
On the initial event Ci(7y1,72) given by Definition 3.3, for every 4,j € [r] there exists v;; € (y2,71)
such that m;;(0) = v;;N~3. For some TO(”) > 0 to be chosen later, we then define the event A7) =

A (1,72, Tém) by

AP (31,799, TS = Co(1,72) N4 sup | M) < :
te[0,T$)) 2\/7

where we recall that according to (4.9), there exists a constant Ky > 0 such that

2
Mg V2
sup Qx sup | M,V < Kyexp (—l> )
x rel0. 18] W 4K, Ty
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.. p—2 ..
In the following, we fix 4, j € [r] and place ourselves on the event A7), Let ey = N -0 and let 7209
denote the hitting time of the set {X: m;;(X) > en}. Given the generator expansion by Lemma 4.6,
ie.,

Lgmi; = Lo gmij + BV MpidmbH — 5\/]\712 > Memaempgmpe(Amy 2+ Aemk %),
1<k,£<r
we see that
—[[Lo,8mi |00 + BYMpAA;mE (£) < Lamij(t) < || Lo,gmislloe + BYMpAiXmE (1),
for ¢ < mini<g o<y 7;(]}56). Moreover, according to Lemma 4.2 and especially to (4.3), we have that

I Lo, smijllco < A for some constant A = A(B, p,n, {\i}i_;), with P-probability at least 1 — exp(—KN).
We then observe that for ¢ < minj<y ¢<, 72(152),

A _
CoBVMphidymt (t) = C—=y N* T ml () > A,
Y2

b

for some constant Cy € (0, 1), where we used the facts that v/M > C "Nz and that mi;(t) >

p)\QC' 05~
Yo N ~2. We therefore obtain the integral inequality given by

2T/]N + (1= Co)BVMpAi); / i e)ds < i) < 23\% (A, / S

for t < minj<g <y 'TENZ) A Té”), with P-probability at least 1 —exp(—K N). Lemma 4.11 then yields the
comparison inequality
Cij () < mij(t) < uig(t),

for t < minj<g ¢<r 7}%5) A To(ij), where the functions ¢;; and w;; are given by

_1_

055(t) = 2?/% (1 — (1= Co)BVMp(p — 2)Ai), (;;N)p_ t) "

and

p—2 T p-2
ws(t) = S (1—<1+co>ﬁf p(p— 2 Aj(;’%‘j) t)

respectively. We then define Tz(’isj) by 4;;(T, 6N) =en, l.e.,

(i) 1— (3;/2)" 2 N~
TK,EN - 5 p—2°
(1= Co)BVMp(p — 2)As (7% )

Similarly, we let T&@V denote the time such that w;; (TIEZQV) =ep, le.,
1 - (3y,/2)P 2N~ D

i) —
o \P2
(1+Co)sv/Mp(p — 220 (22

U,eEN T

We note that on the event A(ij), Té@v < 72-(1? ) < T[(Zgzj We then choose Téij ) = Té(lgjzr Since by
assumption A\; > Ag)\;, where Ay > 1 is given by

1 P2
do= 0o ()
Y2
for some constant ¢(Ag) > 1, we see that for every (4,7) # (1,1)

1 (w)P > N
o\ P2 p—2
o)1+ Co)BVMpp - 20, (2) ()
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provided N > (%) P2 (571)2@71). As a consequence, on the event ﬂlgk,egr/l(kz), we have that

with P-probability at least 1 —exp(—K N), that is, my is the first correlation that reaches the threshold
en. We therefore have that on the event ﬂlgk,ggrA(u),

1
S VN

with P-probability at least 1 — exp(—/KN). Furthermore, we observe that as the correlation mq1(t)

7—(11) < T(ll)

exceeds ey, the other correlations are still on the scale ©(N _%). Indeed, since T(ll) T(lz and
U;; is a monotone increasing function, on the event A N A() we can upper bound Myj (’T(u)) by
i (TAV) < iy (T and we find that

Z,EN

-2
o)y 3 AN 1T+ Co (375 _ P2 N3
uig(T2)) = 5% (1 visa (o (1= (/2 N2
< 3 (1_)‘i)‘j Ao >”12_ 37i ( (o) >”12
~2VN AT c(Mo) 2v/N \c(ho) — 1 '

Therefore, on the event Ny<y <, A¥*), we have that m;; (T4D) = ’yng_% for some constant v;; > 0
for every (i,7) # (1,1).

1

p—2

(5.15)

Step 2: Recovery of the first spike. Next, we study the evolution of mi;(t) for ¢t > 7'5(,\1,1). Let
e € (0,1) be sufficiently small. According to the generator expansion given by Lemma 4.6, for every

7;(131) <t< 7}(11) A 7;(1\1,})2 we obtain that

Lemay(t) > —|[Logmu s + BV MpATmy; " (£)(1 — mi, (1))
> —||Lo,gmurlse + BV MpATmiT ' (t) > 0.

Since || Lo, 5m11||oo < A with P-probability at least 1 — exp(—KN) and since by assumption v M >

WN = for some constant C' > 0, we then have that Lgmi; is bounded below by
2

Lgmii(t) > (1 — Co)BVMpAImP T (t) > 0,

for AV <t < T A T /2, with P-probability at least 1 — exp(—KN). According to Lemma 4.11,
this then yields

__1_
p—2

m1(t) > %V (1 - (1~ Co)ﬂmp(p - 2)>\% (%\[)pi2 (t— 7—5(1\1[1)))

for every ’T( 2 <t< 7 A ’7'(1/2, with Qx-probability at least 1 — Ky exp(fNﬁ/(élKg( (DA
7;%1/)2))) and with P-probability at least 1 — exp(—K N). In particular, we have that mi;(¢) is bounded
below by a monotone increasing function which is positive at ¢t = E(jil). We therefore deduce that
T T(l » and by an easy computation we have that

p—2
1o
T _ (1) < (25N2(pp21)) o1 . “ 16
€ T ey =  p-2 p—2 N22(pj) <1, ( . )
(1 Cols/Ap(p— 2033 (250 )

with Qx-probability at least 1 — Ky exp(fNﬁ/(ZlKgTs(u))) and with P-probability at least 1 —
exp(—KN). As a consequence, on the event Ny < r<, A% we find that

1
T =T 4 (T T S o
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+1
with Qx-probability at least 1— K5 exp(—N 2D /(4K3)) and with P-probability at least 1—exp(—K N).
This proves weak recovery of the first spike. In order to show strong recovery, we proceed in a similar
way. We note from Lemma 4.6 that Lgmq; satisfies

Lamyi(t) > = Logmaills + 2777 BV MpATeP~ (22 — £7),

for all 72 () <t < T 11) A 7'1(11 It therefore follows that

mu() 2 5 + 5 BVMpATE ™ (2 — ) (¢ = TI),

2 op—1
for every T2 <t < 7'(11) /\7'1(11) with Q x-probability at least 1 — Ko exp(—e2N/ (4K 5(/121)/\7-1(11 )

and with P-probability at least 1 — exp(—K N). As a consequence, we have that 7'1(11) 7-5(/121) and we
find that

“3e/2)20 1 1
7—(11) 7—(11) < ( < < ,
e cBVMpA2er—1 ~ NB /N

with Qx-probability at least 1— Ko exp(—sN/(4Kngi )) and with P-probability at least 1—exp(—K N).

In particular, we see that on the event Ny<y p<,AFY,

7D — ) (74D _ )y <

A

with Qx-probability at least 1 — K exp(— N7 1 /(4K3)) — Ko exp(—e2N/(4K>T0D)) and with P-
probability at least 1 — exp(—KN).

Step 3: Evolution of m;;(t) and mh( ) for i # 1 as t > TV, Now, we study the evolution
of m;1(t) and mq,;(t) for ¢ # 1 as t > 7}N . According to Step 1, as mi; crosses the threshold
ey = N _2&;—21), the correlations m;; and mq; are on the scale O(N ’%). We first observe that for
t> 7;(;1) the generators Lgmy; and Lgm;; are bounded above by

Lemi(t) < ||Logmitlloc + BV MpAiAmy ' (t) — BYMpATm?E, (t)ma (t),

5.17
Lema(t) < ||Logmaillsc + BV MpAtAmy; ' (t) — BYMpAImY, (t)ma;(t). (47

In particular, we note that for ’7'6(11) <t< '7'(11),2 A 7}(21),
N

Lgmii(t) < [[Logmitlloe + BYMpAi ity () < (14 Co)BVMpAydim?y ' (2),

and similarly for 7'(11) <t< 7'(11) s(,i”,
N~ 2P

Lgmyi(t) < ||Losmugllee + BV MpAAim? T (1) < (14 Co) BV MpAiAim?; (1),
for some constant Cj € (0, %)7 with P-probability at least 1 — exp(—K N). In particular, we can extend
the argument of Step 1 and bound my;(t), m;1(¢) at time t = T(n by (5.15) so that we have that
mi v(’T(H)_ )= 7{‘]\7*% and m;; (7'(11)_ ) =7 N~ 3 with hlgh QX— and P-probability.

2p

We now study the evolution of m;; and my; as ¢t > T » for every i # 1. We note from (5.17) that
N7 2P

as my; exceeds N_2;p2,
Lgma (t) < |Lo,gmallcc — ¢SV MpATmy; (t)min (1),

and m;; start decreasing from (N ’5). The same holds for the correlations my; for ¢ # 1. We therefore
. . . G1) .
introduce the stopping time 7., given by

1
Th()i}e)r inf ¢ t:ma(t) S ————= ¢ (5.18)
log(N)N
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and we let Tiower denote Tiower = max2<,<T{T (1) T(h) }. We then note that if T (1) o < Tiower <

lower’ /lower —
zp

’7'5(11) then there is nothing to prove since we have already shown in Step 2 that ’7'5(11) < N~2 with high
Qx- and P-probability. It therefore remains to consider the case 7'(1127_2 < 7}(11 < Tiower and show

N 2p
that Tiower = TV 4+ (Tiower — TV) < N=# with high Qx- and P-probability. To this end, fix i # 1
and look at Lgm,; which is bounded for 7'5(1 <t< T (1) A 7},3,1) by

lower

c
Lemii(t) < A — BV MpAimY, (t)m (t) < —55\/ MpAicPmy (1),
with ]P’—probability at least 1 — exp(—K N) provided v M > m, which certainly holds since
2 1 z
log(N)"2N~"T <my (t) < N~2. By the Gronwall’s inequality (see item (d) of Lemma 4.11) we then
have on the event ﬂlSk,tgg,-A(’d),

, v ¢ . i ¢ 2 p (11)
mi (t) < Wit 2,8sz\ / o m41(s)ds < 2\/Nexp (—2ﬂ\/ﬂp)\15 (t—"1T. )>7

for 7;(11) <t< 71(“) /\72(;,1 , with P-probability at least 1 —exp(—K N). Since m;; is upper bounded by

ower

a decreasing function for every 7'8(11) <t< T (1) A 7;(131), it then follows that 7'(11)

. (1)
lower lower < mlnlgigr 773N .
Therefore, we have that

21 _p—1
7Ic()wer 7—6(11) < CﬁprQ ]"Og N < IOg N)N 2, (519)

ensuring that on the event ﬁlgk)egr.A(M),

_p=t 1
Tiower = 7;(11) + (Tiower — 7;(11)) S 7;(11) +1log(N)N™ =" < ﬁv

with Qx-probability at least 1 — Ko exp(—N2&t11> /(4K3)) and with P-probability at least 1—exp(—KN).

Step 4: Evolution of m,;(t) for i,j #1 as t > 7}11)

for every i,j # 1l ast > 7}(11 We first observe that for ¢ > 7;(1\1,1), according to Lemma 4.6 the generator
Lgm,; is bounded above by

It remains to study the evolution of m;;(t)

Lami;(t) < ||Lo.gmijlloc + BV MpAidymb; H(t) — ﬂ\ﬁp)\lmu (t)ma (£)ma;(t). (5.20)

In particular, we note that for 7'8(131) <t< T(lj)(,),g) A 7}(1?),
N 21

Lgmij(t) < [|Lo,gmijllec + BY Mp)\i)‘jmfj_l(t) < (14 Co)Bv Mp/\z‘/\jmfj_l(t)’

for some Cj € (0, %), with P-probability at least 1 — exp(—K N). In particular, as argued in Step 3, we

can extend the argument given by (5.15) so that we have that m;; (’7'(11)1,_3 ) = ’Yz(jN*% with high

N 2(»-1)
Qx- and P-probability.
We now fix ¢, # 1 and study the evolution of m;; for ¢t > 7'(11);,,3 . We first note that as
N 2D
t> T(l_li(p,gl), the term A2m?] " (t)mg1 (t)my;(t) in (5.20) may be larger than )\i)\jmfj_l(t) and may
N 2=
lead to a decrease in m;;. Recalling the stopping time Tiower introduced by (5.18), we see that if

T(HZ)_2 < Trower < T(H) .—s , then we still have the estimate

N~ 2p N 2(»—1)

— || Lo.smijllo0 + BV MpAAmEH(£) < Lamij(t) < || Lo smijllo + BV MpAXymEH(t),  (5.21)
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for every T]\(fl_li ps <t<L 7}(11) A 7;5? ), and the evolution m;; keeps increasing. Otherwise, if Tiower >
-
T(ll)p_g , then Lgm,;(t) is bounded according to
N 2(—1)

Lpmij(t) > —||Lo,smijllec — r2BVMpAImET  (t)mly (H)mE - (2)

) (5.22)
Lgmi;(t) < ||Lo,pmijllec — *ﬂv MpXimiT (m (ymb; (1),

for T(H) s St < ’Hower/\ﬂ(n) /\TE(JZVJ), thus the evolution of m;; on this time interval is decreasing. We
N 2(—1)

therefore need to quantify the decrease of m;; between T(lj) »—s and Tower. We may assume without
N 2»-1)

loss of generality that ’T(ll) < Tiower in order to have the maximal decrease of m;;. It is then sufficient

to show that the decrease of m;; between 70D »—s and 72-(11) is by a constant, thus ensuring that as
N 2(17 1)

mq1 exceeds € the correlations m;; are still on a scale ©(N ’%). We claim that we have shown that

mij(Ts(u)) YN~ z for some constant 7i5 > 0. Then, we see from (5.22) that
Lgmi;(t ) ~ | Lo,gmigllse — r* BV MpATmy (t)mir (t)ma(8) = —CrBVMpAT(1 — )P~ N7,

for every ’7} < t < Trower A Tl (11
that

, with P-probability at least 1 — exp(—KN). We therefore obtain

mij(t) > mi; (TA) + M™ — Cr?BVMpA3 (1 — e)P N~ (¢ — TMV)
for 7}(11) <t < Tiower A Tl(i), yielding

1
mij(ﬂowcr) Z 2?}% - C?”zﬂmp)\f(l - €)p71N71 (ﬂowcr - 7-5(11)>
< Vij log(N) ~ d
~2VN VNVN VN’

on the event My<y 1<, A*Y | with P-probability at least 1 — exp(—K N), where we used the bound given
by (5.19).

It therefore remains to prove the claim that mij(’];(u)) = ;N ~3. We first note that there is
nothing to prove for p = 3 since m;; may decrease once m1; is macroscopic since m;; start decreasing

,Cl( )p 1

__p-3 . .
as my; exceeds N 21 = ¢. We therefore consider p > 4. In particular, we observe that for every

ve (0,52 G 1)] and every 0 < v, the time difference 7'(113+5 — TA(fl,lV) is bounded above by
2
T - T <2 (T(H) iy — T(H),V) = Nv(e=2) (1 - N*é@*?)) ,
T m TN TN (1= Co) BV Mp(p — 2)AF

where we used (5.16). We will use the above estimate to provide a bound on the correlation m;;(¢) for
T(H) <t< ’T(nwﬂS According to (5.22), for every N —L <t < T, 113+5, we bound Lgm;; below by
Lemij(t) = —|| Lo,gmijllse — 2BV MpAmiy ™ ()i (t)ma (¢)
> —A—’f'Qﬂ / p)\2N—(u—5)(p—1)—1
> —QTQﬁ\ﬁp)\Q (v=38)(p—1)— 1’
with P-probability at least 1 — exp(—KN), provided VM > *AQ/\QN (»=0)(p=1)+1 which certainly holds
since by assumption (v — §)(p — 1) + 1 < E5=. We therefore obtain that

ma () = may (TS + M{’“j 2BV MpNEN D ()
for every Ty 11) <t< 7'(11”57 yielding

mi(T8D) > 2y (TEY) = r2 BV MpAZN— (=911 (Tme T(H))
No—1) _ o
c

NNV

(5.23)
>
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We see that if v = and ¢ <5 , then

2(1; 1)
Vi ¢ NOP=1) _ N S C
2N VN Nvtz TN

In particular, we can divide the interval [7'(11)(,,,3) ,72(11)] into a finite number n(J) of small intervals
N 20(—-1)
and by iterating the argument above until N—**?

~ ¢ we can show that at each step the decrease of

m;; is at most by a constant. This ensures that at ¢ = =1V the correlation m;;(t) € O(N~2).

Step 5: Conclusion of the proof. We therefore see that the hitting time 7, () = inf {X: X € E(e)}
is given by

TEl (e) = ﬂ(ii) V 7Tower~

In particular, according to the Steps 2 and 3 we have that on the event ﬂlgk’ggr.A(ké),

TE1 g) = T(ll) V Tower ~ \/—

with Qx-probability at least 1 — Ky exp(— N1 /(4K,)) — K exp(—e2N3/2/(4K>)) and with P-
probability at least 1 — exp(—KN). We then choose TO(H) = Té(lelz\z and TO(”) = Tiower fOr every
(i,7) # (1,1). In this way, we have that on the initial event Cy(v1,72),

TEl E) N \/}
with Qx-probability at least
1= 12Ky exp(—3VN/(4K0)) — Ko exp(= N0 [(4K0)) — K exp(—e2NY/2J(4k:)), (5.24)
and with P-probability at least 1 — exp(—K N) thus completing the proof. O

It remains to prove Lemma 5.4.

Proof of Lemma 5.4. We prove the statement for k& = 2 since the proof will be identical for the other
cases. Let € > 0 and assume that Xy € Fy(e). We first show that the evolution of the correlations
my1 and mq;, my; for i # 1 are stable for all £ > 0. This can indeed be easily see from the generator
expansion given by Lemma 4.6. In particular, we have that

Lamui(t) > —|| Lo gmai|loe + BVMpXImET (8)(1 — m3 (1)),

for every ¢ > 0. Using similar arguments to that used for Step 2 of the proof of Lemma 5.3 we can show
that mq (t) will stay above 1 — ¢ for all ¢ > 0 with high Qx- and P-probability. Similarly, we see that

Lama;(t) < || Logmaillse — cBVMpATmE, (t)ma;(t)

for all t > 0. As done in Step 3 of the proof of Lemma 5.3 we can show that my;(¢) and m;; (¢) will not

increase and therefore will stay below the threshold 1/(y/log(N)N p%l) for every ¢ > 0, with high Qx-
and P-probability.
We therefore consider the evolution of the correlations m;; for ¢,j # 1. Since X € E;(¢) we have

—2
that m;;(0) = ’)/ijN_% for some order-1 constant -;; > 0. Let eny = N D, By the generator
expansion from Lemma 4.6, i.e.,
_ P _ _
ngmij = LO,,Bmij + B\/ Mp)\i)\jmfj - 6\/ M§ Z )\kmigmkjmkg()\jmij 2 + Agmie 2),
1<k, 0<r

we see that for every i, # 1,

—[[Lo.gmijlloe + BYMpAAmET () < Lgmij(t) < || Lo gmijlloe + BV MpAXmE; (1),
for all ¢ < ming<y e<r 7}(56). Indeed, the terms associated with mq; in the generator expansion are

also accompanied by m;; and mqy; which make that globally they are small compared to the term
BV MpA;AjmE j_l, for N sufficiently large. We can therefore proceed exactly as done in the proof of
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Lemma 5.3 by mimicking all the four steps. This shows that there exists To > Tg, () such that for all
T >1T,,

inf inf XV cE
in (s)QXD (te[%,T] : € 2(5))

Xo€EE:
> 1 (r— 12Ky exp(—2VN/(4K2)) — Ky exp(—N 76D /(4K,)) — Ky exp(—2N*/2 J(4K>)),
with P-probability at least 1 — exp(—KN) provided N is sufficiently large. O

6. PROOFS FOR p = 2 AND DISTINCT SNRsS
This subsection is devoted to the proofs of Propositions 3.7 and 3.8.
6.1. RECOVERY OF LEADING SPIKE

The proof of Proposition 3.7 follows a similar structure to the proof of Proposition 3.5. We begin to
state the result on weak recovery of the first spike.

Lemma 6.1. Let 8 € (0,00), p =2, \; = Nip1(1+ k) for every 1 <i <r—1 and k; > 0. Consider
a sequence of initializations o € P(Mn,). For every e > 0, we let 7;(11) denote the hitting time of
the set {X: m11(X) > e}. Then, the following holds: For everyn > 1, > 0,71 > 1 > 75 > 0, there

1
exist g > 0 and ¢y € (O,% A 23«»1) such that for every e < g9, Co < co, VM 2 %N’MHU, and

log(N) > 21og(3v1/2) + 210g(3v1/72) (1—00)(11-:;53()]—(1-"-00) — 2log(e) we have that

log(N
[ ex (7;“” > los )1> 1{Co(n,70) N C1 (1 72) bdpo (X))
MN, - (n + Q)VON 2(n+1)

< Kleﬂgmuwm/(m log(V)) | T2K2677§70(n+2)Nm/(4K2 log(N))
with P-probability at least 1 — exp(—KN).

As for p > 3, strong recovery of the first spike follows straightforwardly from the weak recovery result,
as stated in the following lemma.
Lemma 6.2. Let § € (0,00), p =2, \j = Aip1(1 + &;) for every 1 <i <r —1 and k; > 0. Then, for

every € > 0, there exists Ty 2, m log(N)N™ 2D such that for all T > Ty and N large enough,

inf Qx ( inf mn(Xf) > 15) 2172K16*N€2/(K2T),
X: mll(X)ZE tE[TD,T]
with P-probability at least 1 — exp(—KN).
The proof of Lemma 6.2 follows the same strategy used to prove [8, Lemma 4.1] and is therefore left
to the reader. Proposition 3.7 follows the same approach of the proof of Proposition 3.5 by combining

Lemmas 6.1 and 6.2 via the strong Markov property. It then remains to prove Lemma 6.1, for which
we will mimic the proof of Lemma 5.1.

Proof of Lemma 6.1. We let A = A(n,70,71,72) denote the event

A(n,50,71,72) = {Xo ~ p: Xo € Co(n,7) NCr(71,72)}

where Co(n,v0) and Ci(7y1,72) are given in Definitions 3.1 and 3.3, respectively. We note that on
Ci(71,72), for every i,j € [r] there exists v;; € (72,71) such that m;;(0) = 'yijN*%. For some Té”) >0

to be chosen later, we then define the event A7) = AW (n, ~g, y1, 72, Téij)) by

A(Zj) (TL, 707’715727T(§ij)) = A(?’L, 707’71772) N sup |M1:m“| < 12 5
tE[O,Téij)] 2\/N
where we recall that according to Lemma 4.7 and (4.9), there exists a constant Ky > 0 such that

2 7%
> < Koexp| —————— ] .
2V N AK,TY

sup Qx sup | M,
X te[0,789))
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Moreover, for every i,j € [r], we let TL(?; denote the hitting time of the set
{X: |L0,5mij(X)| > ZCQﬁV M)\i)\jmij (X)} ,
where Cj € (0, 1) is a constant which does not depend on N. We note that on Co(n, 7o),

Yo 72
Logmii(Xo)| £ —= < 2C0BV MM —=,
| 0,8 ]( 0)‘—\/N— 0B J\/N
provided VM > 52— which certainly holds by assumption. Therefore, on the event Cy(n, ), we
2CoBAi N2
have that

|L0’gmij (X0)| S QCoﬂ\/ M)\z)\jm” (Xo),

and by continuity of the process Xy, TL((?; > 0. We also introduce the hitting time 7Tz, , of the set

{X: 1<s;1£>< | Lo, (X)) >2005\/MA§m11(X)}.

We also have that Tz, , > 0 and we note that Tz, , < TL(ilfs)
In the following, we fix i,5 € [r] and place ourselves on the event A(9). For every € > 0, we denote
by 74 the hitting time for the set {X: m;;(X) > e}. Recalling the generator expansion given by

Lemma 4.6, i.e.,
Lgmi;(t) = Lo gmi; () + 28V MNAmi;(t) = BVM Y~ Ne(Aj 4 Ae)mie(t)ma; (£)mie(t),
1<k, f<r

we have that
2(1 — Co)ﬂ\/ M)\Z)\]mw(t) S Lgmw(t) § 2(1 + C())ﬂ\/ MAiAjm”(t),

for every ¢ < TL(?; A TLo,s A ming<ge<r T, According to the evolution equation for m,;, namely

mi;(t) = my;(0) + M + fg Lm;;(s)ds, we obtain the integral inequality

ii t 3 t
Q,YTJN + 2(1 — CO)B\/M/\Z)‘J/(; mij(s)ds < mij(t) < % + 2(1 + CQ)B\/M)\l)\j/O mij(s)ds, (61)

which holds for ¢ < TL(;]; AN TLe s N ming<g o<, E(M) A To(ij). Gronwall’s inequality (see item (d) of

Lemma 4.11) then gives that
Cij (t) < miz(t) < ui;(t), (6.2)

for every t < ’TL(éj; ANTry, Amingi<p o<y 7;(]“‘5) A To(ij), where the functions ¢;; and wu;; are given by

£ig(t) = 5= e (201 = Co)pvANA),

and

uij(t) = 23}% exp (2(1 + Co)ﬂx/MAi/\jQ :

respectively. We then define T[(iej) by 4;; (Té(ig)) =g, i.e.,

i) _ log(eVN) —log(7i/2)

= 6.3
be 2(1 — Co)BVMMA, (6.3)

Similarly, we let Tyé) satisfy u;; (7T, 1%)) = ¢, so that
Tid) log(eV/N) — 10g(3'yij/2)' (6.4)

WS 2(14 Co)BVMMA,
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We note that on the event A ), TISZQV < TE(]f,j ) < TZ(Z;)V We then choose Téij ) — Tz(’igj) > 0. We then
note that

70D log(eV'N) — log(72/2)
5T 21— Co)BVMAN, TTZh (L + mie) TTIZ) (L + e)
log(eV'N) — log(y2/2)
2(1 = Co)BVMMNA; (1 + k1)
_ log(eV/N) —log(371/2)
2(1+ Co)BVMAA,

where for the first two inequalities we used the fact that by definition A\; = A\;(14+ k1) --- (14 &;—1) and
that A2 > A\, (1+k1)% > M\ (1+ k1) for every i > 2, and for the last inequality we used the fact that
by assumption,

< T8,

37 37 (1+Co)
k’g(“ﬁ)ﬂog( 2 )“ (w)(l—co)(lm)—(lwo)'

We need to choose Cy < 3 A s in order to ensure that (1 — Co)(1 4+ k1) — (1 + Cp) > 0. Since
T(ll) < T&@ for every (i, j) ( 1), we deduce that T(ll) = minj<g,e<r Téké

Our goal is to show that T an _ = mini<p <y 7‘E and that 7;(11) < TLM < TL(ilﬁ). As done in the
proof of Lemma 5.1 for p > 3, to get an estimate for Lo gm;; for every i,j € [r], we wish to apply
Lemma 4.4 to the function F;;(X) = Lo gm,;(X). Conditions (1)-(3) are easily verified using the same
arguments of the proof of Lemma 5.1. To see condition (4), we note that for every i,5 € [r], on the

e\/ent .A(’Lj)7
1) = 1 C 1) /7N = 1 C 1] bl N

for every t < T(”) A\ TLM A minj<g o<, 72(1%) A TO(H), where we used the lower bound in the integral
inequality (6.1) and recall that a;;(t) = 28V MM\ ;m;;(t). We then observe that at time ¢t = 0, for
every £ > 0 we have that

26V MAN;£i;(0) = EBV M, ”’jv > CE(n+2)9 N~ T > £;;(0),

70N2<n1+1> for some constant C' > 0. Since by (5.2) the
(11)

where we used that \/M Z OW%

function m;;(t) is lower bounded by ¢;;(t) for every t < T(”) ATLo s AMing < p<, 7RO AT,
¢;;(t) is an increasing function satisfying the above inequahty, we therefore obtain that

mi;(t) < 268V MNNmij (8),

and since

so that from (6.5) it follows that

1
. < T
/O iy 8)ds < T omig(6) < 128V AN i ),

for t < TL(Z)]; A Tro s A Ming<g o<y TEEO A Téu). Choosing £ = (1 — Cy)/2 yields condition (4) with
e =1/2. From Lemma 4. 4 it follows that there exists K > 0 such that on the event ﬂlSk’erA(M), for

every t < minj<y p<r TL( 0on N Tro, Aming<p o<, (kz) A TO(H), it holds that
Lo smi (0] < K | 22 Ztk+tn+2 3 / lage ()]s | | (6.6)
1<k t<r

with Qx-probability at least 1— K5 exp(—, /(KQT(ll))) and with P-probability at least 1 —exp(—KN).
We then proceed i in the same way as in the proof of Lemma 5.1. We first introduce an intermediate
threshold é5y = YN~ 2 for a sufficiently large constant 4 of order 1. In particular, we choose v to verify

the inequality ;
K —|— 1 Y1
1 > —1 — . .
og() = =5 1ox (%) (6.7
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We also let 7—5(1? ) denote the hitting time for the set {X:m;j(X) > én}. Since the integral and
comparison inequalities (6.1) and (6.2) are still valid for ¢ < ’T(” ANTLy s AMing<g o<y T( O A Téij), we
can define Te(gz)v and Télgv as in (6.3) and (6.4). We then see that for every (i,7) # (1, 1),
1) _ log(v) < log(v) —log(371/2) _ 1ij)
BEN T 91— C)BVMAZ ~ 2(1— Co)BVMAN(1+ k) — 2(14Co)BVMAN; —  “7
where we used that Ay = A(1 + &) > M\(1 + k) for every 3 < ¢ < r and (6.7). In order to deduce

that, on the event My<g o<, A*Y, ’7;(1\1,1) = minj<j o<, 7;(]152)7 we need to show that minj<y <, T( 0 <

a1 _ log(y) — log(v11/2)

IN

mini<g e<r ’TL(f(;) ATL, - It therefore suffices to show that for every i, j € [r], each term in the sum (6.6)
is upper bounded by %@mlj (t) for every t < miny<y <y TL(o y ATy s AMing <y o<, T(kz /\T(u)

(1) We start by observing that on the event Ny <y, r<, A*9,

2Co BV MM\ 2008V MM\

[ T— 1
n+2 mij(t) > nto SOEY I 445(t) 2 90N T T exp((n + 2)y N ZEF0 £),

for t < mini<g o< ’TL(:)C? AN Tre s AN mini<y e<r 7'5(56) A Téu), where we used the assumption
vM > MN%}H) . We then see that for every 0 < k <n —1,

~ ﬁAiCo(l*Co)"/z

)k~ k N TwFD
exp((n + 2)70N2<n1+1)t) > (n+2)"5 k> ¢k

k! ~
for t < Tén) <log(eV'N)/((n + 2)70N2(n1+1> ). We therefore have that for every 0 < k <n — 1,
2C()ﬂ\/ MAlAj (t) > K ’Yo tk
nt2 WA EUN

(ii) We next observe that a sufficient condition to control the second term is given by F(t) = Kt" <

CoBVMM A
NI 04(1) =

G(t). An explicit computation shows that for every k < n,
FO@t)=Knn—1)---(n—k+1)t" "

and

CoBVMM\; ij

n+2 /N

For k < n — 1, it holds that F*)(0) = 0 < G®)(0), and for k = n we have that

G® (1) = (2(1 - CO)B\/M/\i/\j)k exp(2(1 — Co)BVMAN;1).

n+1
(B\/M)\q)\]) ’YijOQQn(l — Co)n
(n+2)vVN
_ 2 (4 2t
~ (1= Co)
> Knl = F™M(t),

G (t) = exp(2(1 — Co) BV MM M;t)

exp((n +2)3 N7 t)

which gives the bound for the second term.
(iii) To bound the last term, we note from (6.1) that on the event ﬂlgk,gST.A(M),

2} /\a )lds < < max {mpe(t)} < 2" 2 7
X
1St we Co 1<k f<rt —1-Cy N = 1-Cy+/N

for t < minj<p o<, 7}5 A Tro s AMing<g o<r T( O A Téu). Then, since by the assumption on

vV M we have that
CoBVMN N 7ij
n+2 VN

0,8

S —— 2r* y
> N 200+D) > K !
~1-0Cy - 1—00\/]\/"
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it follows that

200 BV MM\, 200 BV MM\, 2r?
bmij(t) > 0B ng( ) > K r L,
n-+2 n—+2 1-Cy+/N
for ¢ < miny < r<, TLO 5 N Tros AN Ming<k o<, TWZ) A T(H) This shows the last bound.

We therefore have that, on the event ﬁlgk,egrv“( 4) ming < e<r 7;(1\]? )

< minj<g e<r 7}4 /\'TLO 5 SO that

0,8
it follows

(11) _ . (k)

T = 80 Ta

with Qx-probability at least 1 — Ko exp(—vg/(KgTO(H))) and with P-probability at least 1 —exp(—KN).
Now, according to the generator expansion Lgm;; given by Lemma 4.6 we note that at ¢ = Té}i”,
Lgmay (TAD) > 2(1 = Co)N3may (TAIY),
and for every (i,7) # (1,1),
L (TAV) < 2C0BVMN2may (TAV) + 28V M m (TAD).

In particular, since A\;A; < A\3/(1 + k) we have that

B (11)
L (TA) < 2008V M \/N <Co+ >5WA e

1 1 — Cp log(v) —log(371/2)
Co+——<Co+
R TR e YO log ()

provided Cy < 1/2 is sufficiently small. We therefore have that for every (4, 5) # (1,1),
Lamig(T) < Lomn (TE).

\F

By (6.7) we then see that

S17007

As a result, on the event Ny <, <, A% we have that for every (i,j) # (1,1), mu(Tg(;l)) > mij(ﬁ(;l))
and since Lgmu(T( )) > Lgmi; (T( )) hence

mll(t) > My (t),
for every T2," < t < miny<p e<r TAE) A Tr, , Amingcp o<y T2 A TS, with Qx-probability at least

1—- K, exp(—’yg/(K2Téu))) and with P-probability at least 1 — exp(—KN). In particular, we deduce
that on the event ﬂlgkjgr./l(ké),

7Y = min Tk

1<k £<r

with Qx-probability at least 1 — Ko exp(— g/(KgTéH )) and with P-probability at least 1 —exp(—KN).
It remains to show that T(H) < ’7'(11) with high Qx- and P-probability. To this end, we want to use
the estimate (6.6). Since each age(t) < aq1(¢) for 7;(1\1,1) <t < minj<ge<r 72(512 ATy s N 7'6(11) A Tén),
it follows from (6.6) that on the event ﬂ1gk,£§r¢4(kl)7 for every ’7;(1\1,1) <t < minj<g o<y ’TL(f? ANTres N

70 To(n)

7o k n

Lo sgm <K tt+t —|—27‘/a )ds | , 6.8
|05 l]()| <\/Nkzo ‘11 | > ( )
with Q x-probability at least 1 — K5 exp (—’yo/(KQTO(H))) and with P-probability at least 1 —exp(—KN).
In the same way as before, we can show that each term in the sum (6.8) is upper bounded by

2
LCoigilmu(t) for T\ <t < minj<y oer TL(S? ATy AT AT, ensuring that 71 < T,

It then follows that on the event Co(n,70) N C1(y1,72) we have that

7;(11) < To(ll) < log(V) ;
(n+ 230N T
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with Qx-probability at least
1— Kyexp <7'yg(n + 2)N2<n1+1> /(K> log(N))> — Kyr? exp <7”y§’yo(n + 2)N2<"1+1> /(4K> log(N))>
and P-probability at least 1 — exp(—K N), which completes the proof of Lemma 6.1. ([l

6.2. RECOVERY OF ALL SPIKES

In the following, we focus on the proof of exact recovery of all spikes when p = 2 and the SNRs are
sufficiently separated. We first recall the event of strong recovery (3.2) that we wish to achieve from
random initializations that meet Condition 0 at level n and Condition 1. For every € > 0 and Cy € (0, %),
R(e,Cp) is defined by

1-Co A2

R(e,Cp) = {X: mii(X)>1—¢ Vi€ [r] and mpe(X) gN_%(l Ty ) Vil € [r],k;u}.

Similar to the proof of Proposition 3.6, we proceed through several steps, each focusing on establishing
the weak recovery of a correlation. To this end, we first need to introduce some notations. For every

1<k<r—1andevery k <i,j <7, we denote by 5(k) and 51(]@ the parameters given by

]-_CO)\i)\j
1+Co AL

1 A\
52(1?):1_ + Cy y

(k) _
and
1-Cy X2 &

We see that 5(k < §ff), Z(Jk) = (5(k) and f(k) = (k) for every 1i,j,k. Moreover, we have that 0 <

or every i,j n the other hand, we have that <0< < o;;” for every
W< e® > k. On the other hand, we have that 8, < 0 < &\, < 6\ f
zg>k+1 prov1dedCo< /\2+K

choose Cy < = /\ 5 with £ = minj<x<,_1 kk. For every e > 0 and Cy € (0, % A 2_%{), we then consider
the following sets

Since we want to ensure that this condition holds for all &, we

« 5
El(E,Co) = W1(€,C()) n {X N_i < m”(X) < N_i V2<i,5< T}

5<2>

(2)
EQ(S,C())ZSl(E,Co)mWQ(S,Co)ﬂ{X N— <mZJ(X)§N v3<l ]<7‘}

(r—1) (r 1)
Erfl(é?, CO) = ﬂlgigr,QSi(E, Co) n erl(E, C()) N {X N—™ 57.1,2 S mrr(X) < N~ } s
E,(,Cp) = Ni<i<r—15i(e, Co) N Wy.(g, Cyp),

where W;(e, Cy) and S;(e,Cy) denote the set of weak and strong recovery of the spike v;, i.e.,

5<1>
Wi(e, Co) = {X: mii(X) > e and m;;(X),m;;(X) SN~ Vi> z}

(1)
Sl(é‘,Co){Xm”(X)Zlé‘ and mU(X),mJ,(X)N }

With these notations, achieving R(e,Cy) from E,.(e,Cp) means showing that weak recovery of my..
implies strong recovery.

The first step consists in showing that the estimator mi; becomes macroscopic, provided a sample
complexity of order N° for some ¢ € (0,1) which depends on the ratio between the signal sizes.

Lemma 6.3. Let § € (0,00), p =2, and \; = N\j11(1+k;) for everyl <i <r—1 and k; > 0. Consider a

K1
24+kK1

and we let Tg, denote the first hitting time of this set. Then, the following holds: For everyn > 1,7 >0
and y1 > 2 > 0 there exist g > 0 and ¢y € (0, 2_’;;1) such that for every e < eg, Co < co, if VM 2,

sequence of initializations p € P(My ). For everye > 0 and Cy € (O7 % , we consider E1 (g, C)
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2
r

1 1+co A)
m]vg(lco M/ and if log(N) > 2log(371/2) +210g(371/72)(1—00)(114:rm01())—(1+co) —2log(e), we
have that
,;<1+Co,%)
log(N)N “\'70 »
T, > 1{Co(n,70) N C1(v1,72)} dpio(X
MNTQX B, CETe {Co(n,70) N C1(71,72) } dpo(X)

1+Co _ A2

1-C 2
0 )\1

ol
/
=
T
Q
o
>
xS

) i
/(K1log(N)) T2K26—72w71(n+2)N

< Kje~omn+2)N >/(K2 log(N)

with P-probability 1 — exp(—KN).

Having the first step at hand, we next show that x; achieves strong recovery with v; and that -
achieves weak recovery with wvo, i.e., we show that from the event E; we obtain the event E5. In general,
having the event Ej, with 1 < k < r—1 at hand, we can reach the event Fj1, as stated by the following
lemma.

Lemma 6.4. Let 8 € (0,00), p = 2, and \; = XNiy1(1 + &;) for every 1 < i < r —1 and k; > 0.
Let k = mini<i<gt1 Ki. Then, the following holds: For every n > 1 and vy > ~v2 > 0 there exist

g0 >0, co € (0,5 A 75:)s and A = A(p,n, B,{\i}[_1) such that for every e < &9, Co < co, if VM 2

2
1 14Co A2

m]\ﬁ —Co ?)7 and if log(N) = mlog(é), there exists Ty, > Ti—1 (with Ty = Tg,) such

that for every T > T,

1
inf  Qx ( inf XP € Eppi(e,Co) ) > 1— Kye N/UOT) _ o= N2 /(kaT)
X€E(e,Co) te[Ty,T)

with P-probability at least 1 — exp (—KN).

The last phase is to show that strong recovery of the last spike follows straightforwardly from
ET(E,C()).

Lemma 6.5. Let § € (0,00), p=2, and \; = \i11(1 + K;) for every 1 <i <r —1 and k; > 0. Then,

2
1( 1+Co _ A%

), there exists an order time T,. such that for every

for every e > 0 and VM > m]\ﬁ 0o 5%
T>T,
xeatecn X (te[i?fﬂ X7 € R, CO)) 21— Ky exp(=Ne*/(K.T)), (6.9)

with P-probability at least 1 — exp(—KN).

Having Lemmas 6.3, 6.4, and 6.5 at hand, we now provide the proof of Proposition 3.8 using the
strong Markov property.

Proof of Proposition 3.8. By the strong Markov property, we have that

/ Qx ( inf X7 e R(E,CO)) dpo(X)
MN xr

te[To,T]

> inf
X €eFE1(e,Co)

,;(ﬂ,g)
. log(N)N *\'770 X
f X% eR(,C <
(tef?m r € R O)) X/MWQX TEiteico)
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Applying the strong Markov property recursively to the first term, we have that

inf @X( inf X7 eR(s,CO))

X €eF1(e,Co) te[To,T]

> inf X( inf X € Es(e, CO)) inf QX< inf X € R(e, Co))
XEEl(E,Co) tE[ 0, ] XEEQ(&,CU) tE[ 0, ]

> f f XPeE C, inf f X?eR(eC
HXGEI&ECO (tef;;] € Bl 0>) xeitecn X (H © Bee, 0>)

so that we can use Lemmas 6.4 and 6.5 to bound the above factors. It remains to estimate the integral

term. We write
1 [ 1+cq A2
N)N_E T—Co _;15

(n+ 2)yom

lo
/M Qx | Tei(c.c0) S Bl dpo(X)

< 1o(Co(n,70)¢) + 1o(C1(71,72)°)

L x| oo S5 1{Coln,70) €1 (1, 72) o ()

so that we bound 19(Co(n,70)¢) and o (C1(71,7v2)¢) according to Definitions 3.1 and 3.3, and the integral
according to Lemma 6.3. Proposition 3.8 then follows straightforwardly. O

It therefore remains to prove all the auxiliary results stated at the beginning of this subsubsection.

Proof of Lemma 6.3. The proof follows the same approach used for the proof of Lemma 6.1 and
consists in studying the evolution of the correlations until max;<j <, myre reaches the macroscopic
threshold £ > 0. We let A = A(n,,71,72) denote the initial event

A(n,50,71,72) = {Xo ~ p: Xo € Co(n,v) NCr(71,72)} -

We note that on Ci(7y1,72), for every i,j € [r] there exists 7;; € (72,71) such that m;;(0) = %J-N’%.
For some Té”) > 0 to be chosen later, we then define the event A% = AU (n,~vg, v1, 72, Té”)) by

A (150,71, 799, Ts ) = A(n,70,71,72) N sup  [M™ :
tef0,78)] Q\F

where we recall that according to Lemma 4.7 and (4.9), there exists a constant Ky > 0 such that

M j V2
sup Qx sup | M,V < Kyexp (—l> i
x 0.7 W 4K, T )

Moreover, for every i,j € [r] we let TL(:)J; denote the hitting time of the set
{ X 1Lo,amis (X)| > 2Co8VMANmi(X) |

for some order 1 constant Cy € (0,1/2). We note that on Cy(n, o),

\F

provided v M > 20{)5\7‘)_)\_72, which certainly holds by assumption. Therefore, on the initial event A,
we have that | Lo gm;(0)] < 2Co8v MA;Ajm;;(0), thus by continuity of the process X it follows that

TL(;J; > 0 for every i,j € [r].

| Lo,smi; (X (0))] < \/N<2Co/3f i)
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In the following, we fix i,j € [r] and place ourselves on the event AU9) | For every € > 0, we denote
by 749) the hitting time for the set {X: m;;(X) > €}. Recalling the generator expansion given by
Lemma 4.6, i.e.,

Lgmi;(t) = Lo gma; () + 28V MNAmi;(t) = BYM Y Ae(Nj + Ao)mae(t)mu; () mue (t),

1<k 0<r
we have that

2(1 — Co)BVMNAmij(t) < Lgmij(t) < +2(1 4 Co)BVMAAjm;(t),

for every t < TL(;JZ A ming<g e<r TS(M), provided ¢ is sufficiently small. We then obtain the integral
inequality

1 3 1
2}%+2(1—00>ﬁfxx/m” ds < mi;(t) < 2}]%+2(1+Co)ﬂfM/mm s)ds, (6.10)

for all t < TLZjﬁ Aminy<p <y THO A Téij). Furthermore, by the Gronwall’s inequality (see item (d) of
Lemma 4.11) we have that

ig exp (2(1 — Co)ﬂ\/ﬂ)\z)\jt) = éij(t) S mij(t) S Uij(t) = 37” exp (2(1 + C()),B\/M)\z/\jt) s

2VN 2N
(6.11)
for every t < TL ) A ming<g e<r 7}“66) A T(”) We then define T( i) by €;; (T;Zg)) =g, ie.,
i) _ logle VN) —log(vi;/2) 19
Z e . (6 )
2(1 = Co)BV MM\
Similarly, we let 77 satisfy u;;(T52)) = €, so that
iy 1 — iil2
i) — Og(E\/N) log(3vi;/ ) (6.13)

BT 2(1 4 Co)BVMMA;

We note that on the event .A(ij)7 T,Elg) < 7;(”) < Te(,isj). We then choose Téij) = Te(fej) > 0. Moreover, we
observe that

o - loa(eV) —log(1p/2)  _ log(evV/R) ~loa(311/2) _ i

be = 2(1 —Co),@\/M)\i/\j(l—FK:l) - 2(1—|—Oo)ﬂ\/M)\i)\j -

9

where we used the fact that by assumption log(ev/N) > log(3v1/2) 4 log(371/72) (1—Cg)(11++m?()J—(1+Co)'
Since Tz(’lel) < Tézg) for every (i,7) # (1,1), we also deduce that TO(H) = minj<g o<y TO(M). In order to
deduce that 7' = ming<g <r T we have to show that on the event Mi<k.e<rAFD it holds that
minj<g <y 7}(M) < minj<g o<y 71((1:1;) with high Qx- and P-probability. To this end, we wish to apply
Lemma 4.4 to the function F;;(X) = Lo gm;;(X). We refer the reader to the proof of Lemma 6.1 for

a proof of conditions (1)-(4). We therefore have that there exists a constant K > 0 such that on the
event ﬂlgk’egrA(M),

|Lo gmij(t)] < K ]&Ztutnw Z /\au )ds | , (6.14)

1<k <r

for ¢ < miny<y,e<r TL( B)/\mlrl1<k v<r TFOATIY  with Q x-probability at least 1— Ky exp(—12 /(KT8 )

and with P-probability at least 1 — exp(—KN). Our goal is to show that, on the event Ny<x o<, A*Y,

k0)

mini<g <y 7:_-(]“[) < minj<g o<y TL(0 , 8O that we have that Tg(u) = min; < e<r TE(M) It therefore suffices

2C0 VMM \j

to show that for every 4, j € [r], each term in the sum (6.14) is upper bounded by o L1y (t) for

. ke . ke 11
every t < minj< o<y 7;:(()’/3) Aming < o< 7‘6( ) A Té )
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(i) We start by observing that on the event Ni<y, g<w4(u),
2005\/ M/\z/\] 2005\/ /\ by C()B\/ MM, )\] ’}/U

Gt > Y A 2(1 — Co)BVMMA),
for ¢ < min; <y o<, TL(f? A ming<g e<r T A T(H). We then see that for every 0 < k <mn —1,
— Co)BVMN N\
exp(2(1 — Co)BVMNAt) > (2 O)Z )",

Therefore, a sufficient condition for the first estimate to hold is given by

K%tk < CoBVMNN; i (2 (1—00)5\ﬁ>\>\)
VN = n+2 N k! ’

which implies that
1
! E+T
ﬁ)\z)\j 2’“00(1 — Co)k"/ij
for every 0 < k < n — 1, which certainly holds by assumption.
(ii) We next observe that a sufficient condition to control the second term is given by F(t) = Kt" <
2C0 BV M\ 0 (t) =

G(t). An explicit computation shows that for every k < n,

n+2
F® @) =Knn—1)---(n—k+1)t"F
and
CoBVMNA; i k
G(k)(t) = % \’;jﬁ (2(1 — Co)ﬁ\/MAZAJ) eXp(2(1 — Co)ﬁ\/ﬂ)\z)\ﬂf)

For k <n — 1, it holds that F(*)(0) = 0 < G*)(0), and for k = n we have that

n+1
(6\/M)\1)\J) ’)/ijC()Qn(l — Co)n
(n+2)VN
2" (n + 2)"yy
yrCr(1 — CO)
> Kn! = F™(t),

GM(t) = exp(2(1 — Co) BV MM M;t)

exp((n + 23N 7w t)

which gives the bound for the second term.
(iii) To bound the last term, we note from (6.10) that on the event Ny<y < AR,

2 2
2 Z /|akg )|ds < mkg(t)gl r max  uge(t),

ma
Z Oy 15his 1<k,i<
1<k 0<r 1-Go " Co "

for t < mini<g e<r ’7;:(2“? Amini<g ¢<r 7O A Téll). Therefore a sufficient condition for the last
estimate is given by

2r2 2008V MN; A
< vy,
1-Cy lérllc?f)ér ke(t) < n+2 lij (1),
which implies that
3r2(n+2
vVM > ( ) {'}/k@ exp(2[3v ((1 =+ CO))\kA[ (1 — Co)A7AJ) t)},

~ Co(1 = Co)BAiNj7ij 1Sk

(kL)

for t < miny<y o<y TLM Amini<g<r To ' A Téll). Since the right-hand side is increasing, the

maximum value of this function is attained at T, 0(11). We therefore obtain that

14+Co  AiXj

Vi > 3t 2m 2eVN\ " N
o CO(]- - CO)B)\ )\j’YZJ Y11 ’

which holds by assumption.
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We therefore have that, on the event ﬂ1gk,é§r¢4(ké), mini<g ¢<r 7;(]%) < minj<g o<y TL(f?, so that

,;(M,Lr)
Slog(N)N AR

min Tk — (1)
} (n +2)v0m

1<k, 0<r €

1+Cq _ A2
I-Co a2

1
with Qx-probability at least 1— Ky exp(—43y1 (n+2)N ( 1 ) /(K3log(N))) and with P-probability

at least 1 — exp(—KN).

Furthermore, on the event ﬂ1§k7ggr,4(ké), we have from (6.11) that m;;( 5(11)) < uij('ﬁ(n)). Since
the function w;; is monotone increasing, we can upper bound mij(Tg(n)) by u;; (Tz(}el)). It therefore
follows from (6.11) and (6.12) that

3 i _1(1_14:00 Aixj)
iy (T = % exp (2(1+ Co)BVMANT{Y) = oINPT RT )
1+Co AiAj
g +C0 2i%
where C’YJ) =3 (%) M Since Cp < iA 545, we have that
1"’00/\2'/\3'_1"'00 1 <1—|—Co 1

1-Co A} 1-Go[[, (1 +m) [[Zi (1 + ko) ~ 1—Coltm —

Similarly, on the event ﬁlgk,ggrA(M), we have that m;;( 5(11)) > Eij(’ﬁ(u)). Since /;; is a monotone

increasing function, we can bound mij(’TE(ll)) below by ¢;; (TSE1 )). It therefore follows from (6.11)

and (6.13) that

() = 22 a0 _ i (- ER )
0 (Ty ) = m exp (2(1 — Co)ﬁ\/M)\i)\jTu’E ) =CyN ).

u,E

1-Cg i
T+Co "a2

1, This completes the proof of Lemma 6.3. O

where Cém =% (33‘?1)
Proof of Lemma 6.4. We show Lemma 6.4 for k = 1. We now assume that Xo € Ey(e,Cp). First,
we show that there is a sufficiently large threshold & > e such that when mq; reaches &', then the
correlations my; and my; for 2 < k < r begin to decrease. Moreover, we show that this occurs before
mq; and my are too large to result in a decrease in m;; for every 2 <7, j < r. Subsequently, we show
that mq and my; decrease below a certain threshold, allowing mss to become macroscopic.

Step 1: Evolution of mq;(t) for t < 7;(,11) for every ¢’ > ¢. Let ¢/ € (¢,1). For every i,j # 1 and
& > 0, we consider the stopping times T(ljluL

s ,T(il)é(l) ) and 7 )6(1) S which represent the required
1j il ij

N~ "2 N~ 2 N 2
time for mq;, m;; and m;; to change scale in N. We then see that

Lo (1) 2 =1 gl + 28V AR (1) (1= s (0) = (0% = 1) o {ma ()01

> —||Lo,gmn oo + 28VMNEm (1) (1= mdy (1) — (r2 = )N~ (00)
> —||Logmuillce + BV MM (1) (1 —miy (1)),

for every t < 7'6(,11) /\7;(/121) Aming<; j<r T(ljigv_é A T(il)éq)_s A T(ij)sgp_é , where the last inequality
J _ i k¥

N~ 2 N 2 N~ L

1
holds provided N > (21(12;)12)) RRRE Therefore, we have that

Lgmay (t) = —A + BVMAmas (8)(1 — mi, (t)) > %ﬁmA%mll(t)(l —mi(t) > 0,
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with P-probability at least 1 — exp(—KN), provided v M > Y
1
by assumption. Recalling that

mu(ti(Alfmz oL which certainly holds

t
mll(t) = m11(0) —+ thll +/ L@mu(s)ds,
0

we obtain the integral inequality given by

e 1 t
mi1(t) > 3 + 56\/ M)\%/ mi1(s)(1 —m?,(s))ds, (6.15)
0
for every t < 7'5(,11) A 7;(/121) Aming<; j<yr T(lji(l)_a A 7-(1‘1)6(1)_5 A T(ij)g(l)_a , with Q x-probability at
= L N = i

least 1 — K exp (—52N/(4K1 (7;(,11) A 7;(/121)))) and with P-probability at least 1 — exp(—KN). Since

the function x — z(1 — 22) is locally Lipschitz on (g, c0) for every € > 0, we have that the equation
f=ag- g
f0)=0 ’
_1
admits as unique solution f(t) = e (e2* + 5 — 1) 2. It then follows from (6.15) that
exp(BVMAit/2)
exp(BVMAt) + 5 — 1

mu(t) >

for every t < 7;(/11) A 7;(/121) A ming<; j<p T(ljlu)f& /\T(il)#)iﬁ /\T(ij)ég1_>75 and we deduce that

1j ij
N~™ L3 N~ 2 N~ L

7;(/11) < 7;(/121 ), Moreover, we have the following estimate for 7;(/11)7 namely

(11) 1 (6/)2 4 — 52

with Qx-probability at least 1 — K; exp (—52N / (4K1TE(,11))> and with P-probability at least 1 —
exp(—KN).

Step 2: Evolution of m;i(t), my;(t) and m;;(t) for every t < 7'5(,11). We first consider the
correlations m;; and my; for ¢,5 # 1 and observe that

Lgmi(t) < [[Logmiilloc + 25\/M)\1>\imi1(t) - BVM Z Al (A1 + Ag)muger () mie (t) me (t)
1<k <r
S A + 2ﬂ\/ M)\l (>\7, — Almfl(t)) mil(t),
and similarly,
Lgma(t) < ||Lo,gmujlloc + 28V MM A my;(t) — VM Z Ae(Aj 4 Ae)m; (B)mae(t)mue(t)
1<k<r
<A+ BVMAL (20 = (A + Ag)miy (1) ma (D),

for every t < 7;(,11) Aming<; j<r T(lji(l),é A T(il)é(;)ié A T(ij)é(l)is , with P-probability at least 1 —

14 ij

N™ "2 N 2 N~ 2
exp(—K N). We then note that the correlation m;; starts decreasing as soon as
by 1
mi; > ==

A é:(l —|—f£g)7
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so that as m?, exceeds —-—, all correlations moy, ..., m, are decreasing. In the same way, we see that
: 11 1+k1 )
the correlation my; starts decreasing as soon as
2 > 2\ 2
11 T i—1 )
AMAA T+ (1 + ke)
e 2 2 4 4 1 2
so that the condition mj; > 5T ensures that mqo,...,my, are decreasing. Since T < 37 We
2 _ 2 K1 ; . . i
have that as soon as mjy; = 57 Tw for0 <w < T all correlations m;; and my; are decreasing.
. . 1 K
Without loss of generality, we may assume that w = 53 T, and we set
() = gl
2(2 + /*61)

According to (6.16), we have that

1 2
Fan 1 10g(4+m4—s2) v H(ERR) <4+m4—g2>

K1 82 K1 62

with Qx-probability at least 1 — Kyexp (—52N/ (4K27;(,11))> and with P-probability at least 1 —

exp(—KN). Since 7-5(/11) is of order 1, the correlations my; and m;; do not change scales during this

interval (as it requires a time of order log(N) to do so) so that they are still upper bounded in a scale
s

N—F.
It remains to consider the evolution of the correlations m;; for 2 < ¢,j < r during [0, ’7'8(/11)]. We aim
to show that during this interval the functions m;; remain increasing. To carry out this analysis, we let

Tl(ij ) denote the hitting time for the set
{XZ 2T2)\%m11(X)mi1(X)m1j (X) > Co)\i)\jmij (X)} .
Our goal is to show that 7;(,11) < minao<y o<y Tl(ke). To this end, we first observe that

Lgmi;(t) > —[|Lo,gmijllse + 28V MNNmi;(t) = BYM > " Ae(Nj + Ao)m; (8 (t) e (t)
1<k e<r

Z —A + 2ﬁ\/ M)\l)\jm” (t) — 27’2ﬁ\/ M)\fmlj (t)mll(t)mu(t)
> 2(1 - C())ﬁ\/ M)\Z)\]m”(t),
for every t < 7'5(,11) A Tl(ij), with P-probability at least 1 — exp(—KN), provided v M > A

CoBAixjmi;(t)’
which certainly holds by assumption. From this, we obtain that

t
0

b
Ly ¢
> + 2(1 - Co)ﬂ\/ M)\Z)\j / mij(s)ds
0
e
N3
> S —exp (2(1 - C’o)ﬁ\/M/\i/\jt> ,

B 1-Cg AiXj
for every t < 7;(,11) A Tl(”)7 with Qx-probability at least 1 — Ky exp(—N""° M /4K27'6(,11)) and with
P-probability at least 1 — exp(—K N), where the last inequality follows from item (d) of Lemma 4.11.
We denote by /;; the function given by

e

lii(t) = N

Furthermore, we always have the brutal upper bound on the generator Lgm;;, i.e., for every i,j € [r]
and t > 0 it holds that

Lﬁmij(t) S A + QB\/M)\z)\]mw(t) S 2(1 + Co)ﬁ\/ﬂ)”)\]m”(t),

exp (2(1 _ Co)ﬁ\/ﬂ)\,»)\jt> .
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with P-probability at least 1 — exp(—K N). Therefore, we find that
mlj(t) S m%(o) + 2(1 + Co)ﬁ\/ M>\7,>\j / ml-j(s)ds S m%(o) exp (2(1 + Co)ﬂ\/ M)\Z)\]t> s
0

for ¢t < ’7'6(,11) A Tl(ij), with Qx-probability at least 1 — K exp(—mij(O)QN/(4K2’TE(/H))) and with P-
probability at least 1 — exp(—KN). We denote by wu;; the function given by

Uij(t) = %(0) exp (2(1 + CQ)/B\/M)\l)\jt) .

A sufficient condition to show that 7' (11) < ming<g o<y Tl(u) is therefore given by 7'6(,11) < mino<y o<y T1(

where T1( 7 denotes the hitting time for the set
{X 2’)“ )\luu( )uil(X)ulj(X) > CQ)\l)\jfU(X>}

The inequality defining the above event can be written as

N2 ot /2 NEG /2
27’2)\%5' 2(1+CO)B\/MA1(A1+>\j)t > CoAij 2(1—00),8\/M>\i>\jt
2 b

2 2

yielding an explicit expression for T} (@) e,

2007+ 81 - € ) og(N) + log(Codis /(r7X))

P 28VM((1+ Co)ha(Ni + Ay) — (1= Co)Aihy)
We note that the term 58) + 5(1) fg), which is given by
1—=CoXA;  14+Co A+
5(1 5(1) (1) _ -1 0 NG i J
1t S A VR BTGNS

is positive, provided Cy sufﬁciently small. In particular, if K = minj<;<,_1 k; is sufficiently large then
we can easily found Cy < = /\ T4 such that 5(1) + (5(1) 51(;) > 0. Otherwise, we need to take Cj
sufficiently close to zero. Therefore we can find ¢y = co( ) such that for every Cy < ¢o the quantity
68 + 5(1) ff;) is in (0,1). In addition, we see that T1(22) = mina<y, <y Tl(kz). A sufficient condition for
7;(,11) < ming<y o<y Tl(kz) is given by

4 1

26(1) 6 1) (1+/€1)

log(N) >

(21 + Co)(1 + k1) — (1 Cp)) log <4+m4—52)’

K1 62

and we can take

4 44k 4 — 2
log(N 1 .
og(N) 2 T r Og( P )
Under this condition, we have that 7'5, < Tl(” ) < Tl(ij ) for all 2 < 4,5 < r with Qx-probability at
least

1-Cq >\§

e (‘N”c“ *?/<4K27;€1”>> =2 = DRy e (-NEEH /L TI))

and with P-probability at least 1 —exp(—K N ). We deduce that m;; does not become decreasing during
e

[0, 7;(/11)] and remains at least of order N~ %

Step 3: Evolution of all m,;(t) for 7'6(,11) <t < 7Tg,. The last step focuses on the evolution of the
correlations m;; during the time interval 7;(,11) <t < Tg,, where we remind that ( N2 = (421’:1).

We start with the correlation mq(¢) and note that for every 7'6(,1 <t< T, /2 ) A 71(11) it holds that

Lamai(t) = —||Lo,gmai|lso + 28V MAFmaa (t) (1 — r2mi (¢)) .

We can then proceed using Lemma 6.2 to show that mq; reaches 1 — ¢ with Qx-probability at least
1 — Ksexp(— NEQ/(Kng(ll))) and with P-probability at least 1 — exp(—KN).

ke)

)
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We next focus on my;(t) and m;;(t), and observe that for every 7;(,11) <t < Tg,, it holds that

aat 9 K1
Lami1(t) < || Lo gmitllee — 28VMN2 —"—m;1(t) < —BVMN ———m1 (1),
pmir(t) < [|Logma B 12+H1m1()_ BVMN G —ma (1)

with P-probability at least 1 — exp(—KN), provided vV M > %, which certainly holds since

™)
VM > N = By Grénwall’s inequality it then follows that

1 (11) K1 5 [
ma(t) < gmalTe™) = g BVMAL |, male)ds

1 __m 24 _(11)
imﬂ(zgn))e s VM (t=TS)

IN

5(1)
N— 4 K T2 (11)
< e* 2+,1C16 M>‘1(t77;/ )
>~ 2 ’

1+Cqg A
with Qx-probability at least 1 — K3exp (—N o ﬁ/ (4K3TE2)> and with P-probability at least 1 —
&)

o,

exp(—K N). This shows that the correlations m;; descend to a value of order N~~%~ in a time of order
(€3 =01)(24r1)

QHlﬂm)\% IOg( ).

We finally look at the correlations m;; for 2 < 4,7 < r and show that msy is the second correlation
to become macroscopic. We see that

Lamij(t) > =N+ 28V MNXma; () = BYM >~ Me( + Ae)mu ()mie(E)mue(t)
1<k <r

> — A+ 28V MMM (t) — 2r2 BV MMy () ma (t)ma (t)
> — A+ 28V M (Mdjmij(t) — r2 A3 (1 — e)N o)
> 2(1 — Co) BV MNAjmij(t).
By Gronwall’s inequality (i.e., Lemma 4.11) we have that
NE5 /2 N8 /2
——— exp(2(1 = Co)BVMAAt) < mij(t) < —— exp(2(1 + Co) BV M),
with high Qx- and P-probability. It then follows that
T2 < log(2: N2 /2) ,
2(1 = Co)BVMA3
Moreover, we see that for every i,5 # 1, (i, §) # (2,2),

—5 /2 14+Cg Aidj
ij

map(T22y < T 5 (%Nfé?ﬂ)m B < N

and similarly

-2 1=Cg Aidj
my(T2) 2 S (2eN/2) TOOT 2 N
This completes the proof of Lemma 6.4 for £k = 1. We proceed analogously for k > 2. O

7. PROOFS FOR p = 2 AND EQUAL SNRs

This section is devoted to the proof of Proposition 3.10. We recall that when p = 2 and the SNRs
are all equal, the problem becomes isotropic. Consequently, we focus on the recovery of the eigenvalues
01,...,0, of G = M " M under Langevin dynamics. We refer to Subsection 4.2 of Section 4 for details
on the evolution equations for the matrix-valued function G.

To prove Proposition 3.10, we first show that weak recovery of the largest eigenvalue 0,,x of G is
achieved, provided a number of samples of order 1.
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Lemma 7.1. Let 8 € (0,00), p=2, and A\; = --- = X\ = X > 0. Consider a sequence of initializations
to € P(Mn,r). For every e > 0 and every Cy € (0,2) we define the set E = E(e,Cy) by
2Cor
E(e,Cy) = {X: Ornax (X) > ¢ and Gpin(X) > N~ T5¢6r }
where 0; denotes the ith eigenvalue of G. We let Ty denote the hitting time of E = E(e,Cy). Then, the
following holds: For everyn > 1, v > 0, 71 > v2 > 0, there exists g > 0 and ¢y € (0, %) such that for

2Cq
2
every € < €g, Cp < co, VM 2 7(2—502\’;[071N2(n+1) = co,

1 2Cor
10g(N)N*(WVT0m) ,
> 1 X
Mar QX TE ~ (TL I 2),}/871 {Co(n7 PYO) N Cl (71) 72)}d:u0( )

2Cqor 2Cor
< Kyem b N T T (0 og(V)) | g, =i ra(n )N T TR ke

with P-probability at least 1 — exp (—K N).

Proof. We let Ag = Ag(n,v0,71,72) denote the initial event given by

Ao(n,70,71,72) = {Xo ~ p: X € Co(n,v0) NCi(71,72)}

We note that on Cj(v1,72), for every i € [r] there exists v;; € (72,71) such that 6;(0) = ~; Nt
Moreover, for v > 0 and Ty > 0 to be chosen later, we also define the event A = A(n,~o,71,Y2,7, Z0)
by

A = AO(n,’YOathpYQ) N { sup ||Mt ”Op < Tf( )1/2} )

t€[0,To)

for some positive, monotone increasing function f to be determined later such that f(¢) > fo | M (s)]|2,
for every ¢ € [0,Tp]. We then introduce the hitting time 7¢ for the set

t
{6 13681, > min 20rsVADN [ 615305}

for some Cy € (0, 2=). We note that since ||M§||op = 0, we have that Tg > 0. We also introduce the
hitting time 7Tz, , for the set

{ X 105G (X)llop > 2C0BYMN puin (X) }

According to (4.14) we have the bound
2r

120,5Gllop < 20Mlop 1 Lo,sM op + 3 + =

|GHOP’ (7.1)

so that under the event A,

2 s
HLOBG(XO)||op<27” max \ng(X0)| max |L0ﬁmu(X0)|+N+ﬁ 1216?( [mii (X o)mi; (Xo)

2r2~2 2r 21242
< 70 + 25 Y0

- N N N
< 2OOWMA2%

2
provided v M > CO;}’% which certainly holds by assumption. This implies that Tz, , > 0.

For every € > 0, we then let 7T; " denote the hitting time for the set {X: 6;(X) > ¢}. We recall the
evolution equation for G under Langevin dynamics given by Corollary 4.9, i.e.,

G(t) = G(0) + ME +/Ot Lo}gG(s)ds—f—/Ot LsG(s)ds

where LG satisfies LsG = 48V MMNG(I, — G). For all t > 0 and i € [r], we obtain by Weyl’s
inequality that

0. (1) — (G(O) LapVan | G, G(s))ds) ‘ <frs+ [ L5 Gl5) opds,




54 GERARD BEN AROUS, CEDRIC GERBELOT, AND VANESSA PICCOLO

where 11;(A) stands for the ith eigenvalue of A.Moreover, by the triangle inequality and the fact that
Hfg Lo sG(s)ds|op < rfOtHLO,BG(s)HOpds it then follows that

0,(t) — <G<0>+4WW / G(s)(ITG<s>>ds>\ <1018 ap + 7 [ 205G (o).

According to Lemma 4.13, we then have that
0i(t) < 0:(0) + 45V M /0 (s () = 8200 () s+ [ME o + 7 /0 205G opds
0i(t) = 6;(0) + 45V M N /Ot (Bmnin (5) — Ommax(5)) ds — [ M lop — T/OtLo,BG(S)IIopds,
for all t > 0 and ¢ € [r]. Then, on the event A, for every i € [r] we have that
T+ 4(1 = Cor)BVIN? /Ot min(s)ds < 0:(t) < 1 +4(1+ Cor)3V/AIN? /Ot Omax(s)ds, — (7.2)

forallt < Tp, ,ANTgAmini<i<, 7}(1). Given the integral inequality (7.2) we then obtain from Lemma 4.11
the following comparison inequality,

£(t) < Omin(t) < 0:(F) < Omax(t) < u(t), (7.3)
for every i € [r] and every t < Tr, , A Tg A minj<i<, Ts(i): where the functions £ and u are given by
o) = % exp(4(1 — Cor) VM%),
u(t) = lNl exp(4(1 + Cor)BVMA2L).
We then let Ty . denote the time such that £(7;.) = e, i.e.,
. — los(lV) — log(72/e)
4BV M2 (1 — Cyr)
Similarly, we let T), . be such that u(T, ) =¢, i.e.,
_ log(N) —log(m1/¢)
T 4BVMAN2(1 + Cyr)

We note that on the event A, T, . < 79 < Ty, for every i € [r]. Moreover, since the functions ¢ and u
(j))

are monotone increasing, we can bound 6;(min; <;<, 7z
1-Cor 1+Cor
Yo (E)HCOT N~ = U(Tye) <0; ( min T(j)> <u(Tye)=m <€>1_COT N
7 A e Ay < V2
In the following, we choose Ty = T} ..
Now, we wish to show that on the event A, Tg A T, , > mini<i<, 7}(i). We first show that on the
event A, Tr, , Amini<i<, ﬁ(i) ATy < Te. We observe that

||M||§p = ||MTM||0p = omaxa

for every i € [r] by

so that from (7.3) we have that

t t
M(s)||?. ds < ﬂ/ AIHConBVMNs g ne
/o 1M lopds < N Jo N 4(1+ Cor)BVMN2

4(14+Cor) BV MMt _ 1

)

. (i) . . B 4(1+Cor)BVMAZE _q .
for every t < Tp,, A Teg A mini<;<, 7e . In particular, the function f(t) = %W is

non-negative, monotone increasing for all ¢ > 0, and bounds fg | M (s)]|2,ds by above for every t <
Tro s NTe Aming<i<, 7;(i). In order to prove that on the event A, Tr, , A minj<;<, Tgm ANTy < Tg, it
suffices to show that there is v > 0 such that

Y Y2Cor 4(1—Cor)BVMA%t
L < == 0 — .
VIO < s (¢ 1). 74
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for every t < T, , AN Tg Aminj<;<, 7—6(1') ATp. Indeed, according to the comparison inequality (7.3), the
right-hand side of (7.4) is a lower bound for the desired quantity, i.e.,

Y2Cor ( 4(1—=Cor)BVMA*t ) 272 /t 4(1-Cor)BVMN®s
1220t —-1)=2 MN = 0 d
2(1 — Cor)N \° CorBVMN* 0 " §

t
< 2C0r6\/M/\2/ Omin(s)ds
0

for every t < Tr, , A Ta A minj<;<, ﬁ(i). It is easily noticed that (7.4) is verified at ¢t = 0 for every
~v > 0. Moreover, the inequality (7.4) holds at t = Ty, provided Cor < 1/3 and

s _ BBV
V<V
B!
Since both sides of (7.4) are increasing functions and the inequality is satisfied at ¢t = 0 and at ¢ = Ty,
the estimate (7.4) holds for every ¢ < Tro s N Ta A mini<i<, 7;(1) A Ty. This implies that Tr, , A

- 2~2 2 2
ming<i<, TIOANT, < Ta, provided Cor < 1/3 and % < M

Next, we show that Tz, , > minj<;<, 7:_-(i) A Ty. To this end, we wish to apply the bounding flow
method in order to estimate the operator norm || Lo gG||op. We first recall from (7.1) that

2r
N N

Since HMng = Omax(G), we can bound || M]||op via (7.3). Moreover, we will use the bound |G||op <
r? maxi<; j k<r |Mrimi;| < r? for the last term. It remains to bound || Lo s M ||op and for this purpose
we will use Lemma 4.4 with a different control on the last term. We direct the reader to the proof
of Lemma 6.1 for more details on the application of Lemma 4.4. We now consider condition (4) of
Lemma 4.4. Since we do not have comparison inequalities for the m;;, in order to verify item (4) of
Lemma 4.4 we need to relate the control of the drift part of the expansion in Lemma 4.4 to the quantity
[|M||op- Recall the expression for the third term in the expansion (4.5) which is bounded by

1 Lo,5Gllop < 2| M [lop | Lo,s M ||op + HGIIop

te—1

) Z/ /tk et (b2t - dt1f26\ﬁ)\22/ / M () o dty - dts

1<4,j<r k=1

tr—1

< 2B8VMN?r 3/22/ / | M (t1)|opdts - - - diy,

where we used that a;;(s) = 28V MA?m;;(s) and we used the equivalence of norms || M ||, < r%/2|| M ||op
(see e.g. [32]). Our goal is therefore to prove that

/ M (s)llopds < €| M (#)l|op, (7.5)

for some € € (0,1), ensuring that the third term in the expansion (4.5) is bounded by
n t te—1 n t
28VMAN 2N / / |V (1) llopdts - - - dty < 2BvVMN* /2 " b=t / | M (5)]|opds
k=170 0 k=1 0

1 t
gzﬁx/MAzrs/zie/o 1M ()] opds.

A sufficient condition for (7.5) to hold is given by

2
\/77162(1+C07‘)ﬁ\/M>‘ t—1 < e\/%BQ(l_COT)ﬁmAQt
N 2(1+Cor)BVMX2 — VN |

for every t < T, , Aminj<i<, 749 A To, where we used (7.3). The above inequality is easily verified at

t = 0 and holds at t = Ty with € = 1/2, provided v M 2 ,BA\{}NI &or , which holds by assumption.




56 GERARD BEN AROUS, CEDRIC GERBELOT, AND VANESSA PICCOLO

We therefore have according to Lemma 4.4 that on the event A,

n—1 t
| Lo, g M (t)||op < r1§}§}§r |Lo,pm;(t)] < Kr (Joﬁ Ztk +t" —|—4ﬁvM)\27~3/2/0 M(s)||0pds> ,
- k=1

for every t < Tr, , Amini<i<, 7'5(i) ATy, with Qx-probability at least 1 — Ky exp(—~3/(K2Tp)) and with
P-probability at least 1 — exp(—K N). From this we obtain that, on the event A,

VN Pt N N

for every t < Tp, , Amini<;<, 7;@) ATy, with Q x-probability at least 1 — K> exp(—'yg/(KgTo)) and with
P-probability at least 1 — exp(—KN). In order to deduce that TLo,B > minj<i<r 7}1 A Ty, it suffices

n—1 t 2
2 2
1Lo.sG(t)l|op < 2K7 (| M (t)]lop (70 Stk +4B\/M>\2r3/2/ ||M(5)||opds> + 2502 (1)
0

to show that each term in the right-hand-side of (7.6) is bounded above by 2005 r;A Omin (t) for all

t<Tr,, NAminj<i<, Ta(i) A Ty. The reasoning is similar to the one used for the proof of Lemma 6.1.
(i) We first see that according to the lower bound in (7.3), we have that

QOoﬂ ]\4)\2 ZCoﬂ ]\4)\2 Y2 2
————Ohin(t) 2 ————— = 4(1 — M ,
DI 1) = 202 copar — /TN
for t < Tp,, Aminj<i<, Tgm A Tpy. Similarly, according to the upper bound in (7.3), we have

that

IM(®)llop = v/ Omax(t) < \/\/?vj exp(2(1 + Cor) BV MA?1),

for every t < Tr, , A minj<i<, 7;(i) A Ty. Therefore, a sufficient condition for the first term is
given by
o1y 0 VL ik 2(14ConBVAINE 2r(r+1) _ 2CoBVMN* 3, (A=Cor)a VTt
VN VN N = n+z N°

for every 0 < k < n—1. We observe that the inequality holds at t = 0. For ¢ > 0 it is equivalent
to verify that

CoBv M/\272 £2(1=3Cor)
n+2
for some constant C' which may depend on r. We then see that for every 0 < k <n —1,

2
BYMN*E Cryoy/ it

2
CoBV MMy, 20-3ConBVIMNE > o N Y 87 g2(1-3Cor) (n+2)v0m 7t

n+2
> (n+2)* kﬂk“vk“ Pkl N T VT
Z; Yo/ ’ylt )

where the first inequality follows by assumption on /M. This ensures that the first term is
controlled as desired for every ¢ < T, , A minj<;i<, 7}(1) ATy and every 0 < k <n—1.
(ii) Similar to item (i), a sufficient condition for the second term is given by

2Krﬁtn€2(1+cor)ﬁmA2t n 2r(r+1) < 2Co BV MN? 72 41— Cor)ﬁ\ﬁk2
VN N =" n¥2 N°

for all ¢t < TLW3 Aminj<i<r 7;(1) A Tp. The bound holds at ¢ = 0 and for ¢ > 0 it is equivalent
to verify that
CofVMA? v,
n+2 N
for some constant C' which may depend on 7. Proceeding as done in the proof of Lemma 6.1 to
verify item (ii), gives that the control holds provided

1
s CVREE DT

_1

BNCTT AT

62(1—3007“)[3@)\215 > C?\/’ﬂt",
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which holds by assumption.
(iii) Finally, we wish to show that

r(r+1) < 2Co BV MN?

t
. 2
K2 VA M)y [ IM(5) g + 2 < SO g ),

for every t < Tr, , A minj<;<, 7;(i) A Ty. To this end, a sufficient condition is given by

2
4KT5/2ﬂ62(1+Cor)ﬁ\/ﬁz\2t e2(H+ConaVIINL _ | + 2r(r+1) < 2Co BV MN? Eezx(pcor)ﬁm/\?t
N 1+ Cyr N - n—+2 N ’

for every t < Tr, , Aminj<;<, 7}(i) A Ty. We easily verify that the inequality holds at ¢ = 0 and
at t = Tp, provided

o2y (n+2)  2cr
VM > T L)
~ TGN )

Therefore, we have that the third term is controlled for every t < TLQ s Aming <<y, 7'5(i) A Tp.
We therefore have that on the event A, min; 7'5(i) NTy < Tr,, with Qx-probability at least 1 —

Ks exp(—73/(K2Tp)) and with P-probability at least 1 — exp(—KN). In particular, under the event
Co(n,v0) N Ci(71,72) we have that

log(N)
2Cor

min ’Ts(i) <Ty =< -
(n + 2)y2y N 20D Y T=Cor

1<i<r
Cor
with Qx-probability at least 1— Ko exp(f'yl’yé(nJr?)Nﬂ"lH) V= /(K3log(N)))—r(r+1) exp(—v2/(4r?))
and with P-probability at least 1 — exp(—K N). This completes the proof of Lemma 7.1. ([

It remains to prove Proposition 3.10.

Proof of Proposition 3.10. We recall from Lemma 7.1 the set E(e,Cy) for every € > 0 and Cy €
(0, 1) given by

B(e,Co) = { X fna(X) > & and Opin(X) 2 N*iicc"&}.

log(N)

Moreover, Tg denotes the hitting time of the set E = E(e, Cy). Forevery T > Ty 2, o
(n+2).y(2),le2(n+l) 1-Cor

we have by the strong Markov property that

/ Qx ( inf  Opin (X9) > 1— 5) dpio(X)
My te

[TUvT]

>  inf Qx < inf O (X7) > 15> x/ Qx <TE < log(NV) - )duo(X).
My, (n+2)

= X€E(s,Co) t€[To. 7] N2y N T ¥ T=Cor
We estimate the integral according to Lemma 7.1 since it holds that

log(N
/ Qx (75 2 BN) ) dug(x)
My, r (n + 2)73,}/1va1—7007~

< 10(Co(n,70)%) + 10 (C1(71,72)°)

log(N
. fé L )1{co<mo>mq(m,w)}duo(X).
n -+ TN 2(n+1) Y T—Cor

+ Qx (TE S

MnN r

Therefore, it remains to estimate the probability of strong recovery of all eigenvalues starting from
X € E(e,Cy). It follows from Corollary 4.9 and Weyl’s inequality that for every i € [r],

0:(t) — (G(O) - 4BVAIN2 / G(s)I, —G(s))ds)\ < | ME lop + / 1Lo 5G(5)llopds,
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where 11;(A) stands for the ith eigenvalue of A. Now, for every ¢’ > & > 0 such that ¢ < %,

to Lemma 4.13 and especially to (4.18), we have that

according

t t
i (G(O) ENGTIE / G(s)(I, G(s))ds) > 0:(0) + 48V A2 / Bunin (5) (1 — Ouin(5)) ds,
0 0
for every t < 7;(,max) A ﬁ(min). In particular, we assume that 0.5 € (g,&’). We then obtain that
t t
Bunin (£) > Ounin (0) + 457/ DN / Ounin()ds — | MC [op — 1 / 1 L0 5G(5)]|opds,
0 0

for t < ’7;(,"“”() AT According to (7.1), the operator norm of Ly 3G is bounded by

2r 2 2r(r+1)

2
1Zo.5Gllop < 2/ M |lop[|Lo.sMllop + 7 + |G llop < 2" max|| Lo smijllee + —

We recall from Lemma (4.3) that for every n > 1, there exists a constant A = A(p,n, {\;}2_,) such that
I Lo,00mij]lo0 < A with P-probability at least 1 — exp(—K N). It then follows that

t t
. / Lo 5G(5)[|opds < ACorBv/ATA2 / Ounin (),
0 0
since

t T
4CorAVMN® / Oumin(5)ds > ACorBvDMINN " T507
0

2,2
4C0r

> drt(n + 2)y2y N 1%

1
> ort (ﬁA + T(T]\j)) > || Lo 6Glop-

Furthermore, since fJHM(S)ngdS < r?t, it follows from Lemma 4.10 with f(t) = r2¢ that
sup Qx | sup |[ME|op >~ | <r(r+ l)e’NVZ/(‘MT).
XeMn,r t€[0,7T]

Combining the above results yields

2Cgr t
(‘)min(t) Z %N_ 1‘*'000’" + 4(1 — C(]T)ﬂ\/ M)\2/ Gmin(s)ds,
0

. 4Cqor .
for every t < 7;(/max) AT with Qx-probability at least 1 — 7(r + 1) exp(—=N'~ o7 /(8T47;(mm)))
and with P-probability at least 1 — exp(—K N). Gronwall’s inequality from Lemma 4.11 implies that

1 2¢cgr
(1) 2 5N~ 7907 exp(4(1 — Cor)8VMN*1),

. 4Cqr .
for every t < TE(,maX) AT | with Qx-probability at least 1 — r(r+1)exp(—N'" T+ 0or /(8r47;(mm)))
and with P-probability at least 1 — exp(—K N). A simple computation shows that

C3 log(N)
1 2Cgr
(n+ 2)73yL N 2@ 7D Y T=cor

~

7-6(min) <

Showing strong recovery of 6,;, from weak recovery is straightforward and we direct the reader to the
proof of Lemma 5.2. 0

APPENDIX A. CONCENTRATION PROPERTIES OF THE UNIFORM MEASURE ON THE STIEFEL MANIFOLD

The concentration and anti-concentration properties of the uniform measure pyx, on My, were
studied in [5]. In particular, there we proved that py«, satisfies both Conditions 1 and 2. We now need
to present that Condition 1 is satisfied for the eigenvalues.
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Lemma A.1. If X ~ iy, and G = M " M with M = %VTX, then there exist constants C(r), C'(r)
and c(r) > 0 such that for every t > 0,

e (Bmax(@) > 1 +) < C(r) exp(—c(r)NY),

and for every t € (0, %),

HNxr <9min(G) < Jif) < C'(r)Vt+ C(r)exp (—c(r)N1/4t) )

Proof. Since M is a square matrix, it is equivalent to study the operator norm of M M T Using the

~1/2
characterization X = Z (%ZTZ) for X ~ pnxr given by [22], we then have that

1 1 /1
MM'=(—-V'z)(=2"2 —Z'V).
(3v72) (5 V7V
We now introduce M = ﬁVTZ and note that M € R"*" has i.i.d. standard normal entries. We
therefore rewrite the previous identity as

—1
MM — %MMT n <;[VTZ> ((;]ZTZ> _ IT> <]1[ZTV) .

In particular, we have that

Iflop > t)

r

N

1o =T 7 1 1 - 1
= pivcr (IINMM -y yV'2) ((Nsz> - L) N V)llop > t)

1 1. r t 1, - 1+ )\ " [ t
< _ _ _ _ _ _ _ _
< i (I ¥ BT = L Ll > ) + s (nN(v 2) ((Nz 39 L) V)l > S

1 -7 - 7 t 1 -7~ 1 -t t
< i (190 = L Ll > ) + s (nNM Mol (§272) Ll 2) -

e (MM~

2

According to equation (A.1) in [5], we find that

1 -7~ T t 1~ 7 - Nt
KN xr (lNM M — NIT”OP > 2) = UNxr (”TM M_IT”OP > 21")

2
1/ Nt\ 2
< 2exp —r( <) -1 ,
c \ 2r

The remaining term is handled in a similar fashion to what is done in the proof of [5, Lemma A.1].
For the lower bound on the smallest eigenvalue of G, we first note that by Weyl’s inequality we have

that
Binin (G) > Amin (&MMU — Amax <(;;VTZ> <<;ZTZ) o IT> (;ZTV>> .

Letting a and b denote the two terms in the r.h.s. of the above expression, we have for every t > 0,

t t 2t t
. > > —b>— > > — < —
]P’(Gmm(G)_N>_P<a b_N>_IP’(a_Nﬁb_N>,

t 2t t 2t t
; — )< = — )< = — .
P(&mm(G)<N)_IP’(a<NUb>N)_P(a< >+P(b>N)

We first focus on P(a < 2t/N). The matrix MM " is a Wishart matrix, thus the distribution of its
smallest eigenvalue is given by Theorem 3.1 of [26]. If fy .. denotes its density function, for every

so that
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t € (0,1), there exists a constant C’(r) such that
Joun () < C'(r)
Therefore, for every t € (0,1/2) it follows that
1 - -7 2t
P Amin | oMM ) < — ) <20°(r)Vt.
o () <3) st

Turning to the second term P(b > t/N), we see that

e ((272) ((or2) "n) ()

—1
1 1 1
IV 2R (§272) ol 5272 Tl

L
7

For every t1,ts,t3 > 0 we then have that

2
P (1721 > 1) =P IV Zlon > VL) < 209 (— (Y2 -2v7) ) ,

C
P (H(;[ZTZ)_ Hop > t12> <2exp | — (@(1 — o) — \/7?) ,

P (15272 Ll > V) <205 ( (”:N - f)) |

Choosing t; = %, Vis = % and t, = 1, we deduce that there exist constants C(r), ¢(r) such
that
P(b>t/N)<C(r)exp (—C(T)N1/4t) .

This completes the proof. ([l

It therefore remains to prove the following concentration estimate which ensures that py, weakly
satisfies Condition 0 at level co.

Lemma A.2. For every T > 0 and every 1 < 1,5 < r, there exist C1,Cy > 0 depending only on
p, 7, {Ni}Yi_, such that for every v > 0,
LN xr (sup \etLOvBLO’BmEJN)(XH > 7) < C1NT exp (—CQ'VQN) ,
t<T

with P-probability at least 1 — O(e=EN).

The proof of the Lemma A.2 follows similar arguments to those made for gradient flow in our com-
panion [5]. In turn, we use similar ideas to those used to prove [8, Theorem 6.2]. In the following, we
let X; denote the Langevin dynamics generated by Lo g (see (1.10)). The first step is to establish the
rotational invariance properties of this dynamics. For every X € My, we let R])V(: Tx My, —= Mn,
denote the polar retraction defined by

1 —1/2
RY(U)= (X +U) (L« - NUTU> .

which verifies (RY (U)) " RY (U) = NI,.
Lemma A.3. For everyt > 0, if Xo ~ pinxr, then X, and RY (VH()(Xt)) are elements of Mp ,
that are invariant under left rotations.

Proof. A similar argument to that used in proving [5, Lemma A.5] applies, upon noting that Brownian
motion is invariant under left rotations. (]

We now provide the proof of Lemma A.2.
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Proof of Lemma A.2. Let Eg, denote the expectation with respect to the law of the Langevin

dynamics X, generated by Lo g started at X. By definition of the semigroup of the noise process, it
holds for every 1 <i,j <,

ebo Lom{Y) (Xo) = Eqy, [LO am Y ’(Xt)} .
By definition (1.10) and of (1.9) we have that

RAVHO(X) foi) = ~ ot (Ko foily) — &

where [v;]; =[0,...,0,v;,0,...,0] € RV*" denotes the matrix with all zero columns except for the jth
column, which is v;. Let H € R"™™" be a matrix sampled from the Haar measure on O(r). For every
t > 0, we introduce

Lo gm(N)(Xf) =Am (N)(X ) <VH0(X?5)7 ['Ui]j>7

N N
Z, = RXO(VHO(Xt))H,
Z,= X,H.
According to Lemma A.3 and by definition of the Haar measure, both Z, and Z, belong to M ~,r and are
invariant under left and right rotations. Since this property uniquely characterizes the invariant measure
on My ., we deduce that both Z; and Z, are distributed according to z1nx,. The remainder of the proof

follows a similar approach to that used in [5, Lemma A.4]|. Specifically, we establish uniform-in-time
deviation inequalities over one-dimensional projections of Z; and Z; by discretizing the interval [0, T

and relating these inequalities to the quantities appearing in Ly Bm( )(X ¢). In light of Lemma 4.2, for
constants I' = I'(p, {\;}]_;,7r) and K = K (p, {\;}/_;,7) we have that the event

& ={|[Hollg-: = TN}

holds with P-probability at most exp (—K N). We direct the reader to Definition 4.1 for a definition of
the G™-norm on My . According to Definition 4.1, we also notice that, under the event £¢,

1192 Ho(X)loplloo < T

For every 0 < s <t and every 1 <4,j <r, we now focus on controlling the increments

1 - ~ 1
N4t~ Zs,[vil) and (Zy — Zs, [vil;).

Defining the function m( (X,) = A{Zy, [vy];), Ito’s formula gives

1 -
N(ztfzs, vil;) N/ Tvi];,dB.) + /Logm( )(X,)du,

where we remind that B; is a Brownian motion on the normalized Stiefel manifold My . Using the
Burkholder-Davis-Gundy inequality (see e.g. [40, Theorem 5.16]) to bound the martingale part, we
obtain

o, |12 - Zulod]| < Vi + Losin)llt - o)

From Lemma 4.3 on the ladder relations, the norm \|L0,ﬁm§§\” |lo is bounded by a constant depending
on 3,p, {\i}ti<r. Turning to the second increment, we introduce the shorthand U, = VH (Xt) Recall
the following identity from [5, Lemma A.4]:
r S T T 1/2
Z:—Zilr < ——=| X0+ U U, U, -U,U;, +7|Us —Us||p.
121 — Zs||r \/NH o+ UllU,; Uy - I 1U: i3
Applying It6’s formula to the vector field Uy, we obtain that

t t
Ut — US = VQHo(dBu, ) =+ / L(LQVH()(XU)dU,

S

where we used the shorthand Lo gV Hj (X «) to denote the vector field on My , whose coordinates are
given by, forany 1 <k < N, 1 </¢<r,

[LO,BVHO(Xu)]kK = LO,B[VHO(Xu)]k,é-
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We then reach
t 1/2
Bay, 10~ Ul < [ IV*HolRds )+ 120,V Hollalt ~ )

< VNITVE =5 + ||Lo,sVHol|ss (t — 5),

where we used Burkholder-Davis-Gundy inequality again to bound the martingale part. Now, to bound
I Lo,5V Hol| oo, We write

OH, 1/2
1 20,5V Holloe < IV Holop oo [V Holoplloc + wvr( sup_[|Az ||§o)
1<i<N,1<j<r Lij
<I'*VN +TN/r,

where we used the ladder relation (4.1) in the last line. Similarly,

t t
ulu,-UlU, = 2/ V2H, (dBu,VHO(Xu)) + 2/ Lo sVHo(X,)"VH(X,)du,

S

so that, applying Burkholder-Davis-Gundy inequality again for the martingale part, we reach
Eax, [IU U~ UIU,|le| < 20VNVE=s +2|[Lo sV Ho(Xu) TV Ho(X ) | (t -~ )

Finally, to bound ||Lo sV Ho(X )T VHo(X ) |l0e, We use the ladder relation (4.1) again to control the
Laplacian (applied coordinate-wise):

1/2
. . OHo\ >
105V Ho(X,) T VH(X,0) o < VQHOWHO’VHO”"”NT( e (a 0) ”°°>
1<i<N,1<j<r Lij

<T3N +TNr

To conclude the proof, we follow the approach outlined in the proof of [5, Lemma A.4] for gradient
flow dynamics. Specifically, we discretize the interval [0, T] with a sufficiently fine partition to handle
the polynomial increments. We then apply exponential concentration inequalities for one-dimensional
projections of matrices sampled from the invariant measure on My, and conclude with a union bound.

O
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