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Abstract

This paper presents an effective method to automatically construct trivariate
tensor-product spline models of complicated geometry and arbitrary topology.
Our method takes as input a solid model defined by its triangulated boundary
surface. Using cuboid decomposition, an initial polycube approximating the in-
put boundary mesh is built. This polycube serves as the parametric domain of
the tensor-product spline representation required for isogeometric analysis. The
polycube’s nodes and arcs decompose the input model’s boundary into quadri-
lateral patches, and these patches form hexahedral domains. Using aligned
global parameterization, the nodes are re-positioned and the arcs are re-routed
across the surface in a way to achieve low overall patch distortion, and align-
ment to principal curvature directions and sharp features. The optimization
process is based on one of the main contributions of this paper: a novel way
to design cross fields with topological (i.e., imposed singularities) and geomet-
rical (i.e., imposed directions) constraints by solving only sparse linear systems.
Based on the optimized polycube and parameterization, compatible B-spline
boundary surfaces are reconstructed. Finally, the interior volumetric parame-
terization is computed using Coon’s interpolation. In the context of parametric
studies based on geometrical parameters, this method can be used to compute
the morphing required for reduced order modeling. For different parametric
instances with the same topology but different geometries, this method allows
to have the same representation: i.e., meshes (or parameterizations) with the
same topology. The efficiency and the robustness of the proposed approach are
illustrated by several examples.

Keywords: Isogeometric Analysis, Reduced Order Modeling, Trivariate
NURBS, Cuboid Decomposition, Cross Field Design, Global Parameterization
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Figure 1: Standard CAD models: Boolean operations. A square plate with the underlying
control net (a). A circular hole is cut into the plate by trimming: the underlying control net
is still the same (b). Analysis-suitable representation of the plate with a hole (c).

(b)

Figure 2: Standard CAD models: boundary representation method. A cube with the under-
lying control net (a). The cube appears as a volumetric object but the underlying description
is defined as a set of boundary surfaces (b). Analysis-suitable trivariate representation of the
cube (c).

1. Introduction

Isogeometric Analysis (IGA), introduced by Hughes et al. [11], is a com-

putational approach that offers the possibility of seamless integration between
Computer-Aided Design (CAD) and Computer-Aided Engineering (CAE). This
method uses the same type of mathematical representation for both geometry
and physical solutions, and thus avoids the costly forth and back transforma-
tions between CAD and CAE. There are several candidate technologies available
to the IGA framework, of which B-Splines or Non-Uniform Rational B-Splines
(NURBS) are the most commonly used since they are the standard technology
employed in CAD programs.
Nevertheless, a prerequisite for IGA is the availability of analysis-suitable mod-
els. CAD modelers usually use Boolean operations that lead to trimmed models
(Figure 1) and employ the Boundary Representation (B-Rep) method for vol-
ume models (Figure 2). Aiming at converting B-Rep (potentially trimmed)
models into analysis-suitable volume NURBS models, this article focuses on
one of the most crucial problems of the conversion process: the generation of
a volume parameterization. Surface parameterization would suffice if only the
surface geometry is of interest. In many cases, the surface will enclose a volume.
The basic problem is to develop a volume (i.e., trivariate) parameterization in
such a way that the surface (i.e., bivariate) parameterization is preserved.
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Figure 3: A pants patch (i.e., genus-0 surface with 3 boundaries) (a) and its cuboid decompo-
sition (i.e., polycube’s embedding) (b). The polycube structure is equivalent to a quadrilateral
layout (c). The polycube’s nodes and arcs partition the surface into quadrilateral patches (d).
Each quadrilateral patch corresponds to a boundary face of the polycube (e).

A parameterization can be viewed as a mapping from a model embedded in
R3 to a canonical domain. This canonical domain must have the same topology
as the model but simplified geometrical features. Due to its tensor-product
nature, NURBS fitting demands that the canonical domain (may be composed
of a set of sub-domains) keeps structured. In addition, trivariate NURBS require
canonical domains embedded in R3.
A popular shape abstraction method is to use polycubes. A polycube is a set
of cube (i.e., hexahedral) sub-domains consistently glued together. The poly-
cube can be used to approximate very roughly the geometry of a model while
faithfully replicating its topology. Due to its highly regular and trivariate struc-
ture, the polycube is suitable for serving as the canonical domain of the volume
parameterization required for trivariate NURBS construction. The polycube
consists of nodes and arcs embedded in the model’s boundary surface. These
nodes and arcs partition the boundary surface into quadrilateral patches. Each
patch corresponds to a face of the polycube hexahedral sub-domains (Figure 3).
The model’s boundary can then be mapped to cover the polycube’s boundary
seamlessly and consistently. This approach has the advantage of being inher-
ently volumetric in the sense that the surface parameterization (between the
model’s boundary and the polycube’s boundary) can be trivially turned into a
volume parameterization. This is done by interpolating the boundary surfaces
on each cube sub-domain. However, the quality of the resulting volume param-
eterization strongly depends on the quality of the polycube’s embedding (i.e.,
the placement of the polycube’s nodes and arcs on the model’s boundary).
By using polycubes as canonical domains, the problem of finding a volume pa-
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rameterization of a solid model is simplified to a problem of finding a surface
parameterization between the model’s boundary and the polycube’s boundary.
The isoparametric lines of this parameterization are then extracted and serve
to define the quadrilateral control mesh required for tensor-product spline rep-
resentations.

A recent trend is aligned global parameterizations which adapt the parame-
terization to the geometry of the surface by fitting its gradient to a smooth
cross field interpolating reliable principal curvature directions and geometric
features. This field can be seen as a kind of proxy for the parameterization. In
other words, each of the required properties for a good parameterization (such
as uniformity, orthogonality and singularities) can be redefined in terms of de-
sired properties of the field. Thus the task is shifted from the definition of a
surface parameterization to the design of a smooth cross field on the surface. An
important property of cross fields is their singularities. A cross field singularity
will generate an irregular vertex or a non-quadrilateral polygon in the control
mesh.

Cross field design is the generation of a smooth cross field from a set of con-
straints. These constraints can be topological (i.e., imposed singularities) and/or
geometrical (i.e., imposed directions). Topologically, the cross field is con-
strained by the polycube structure. This means that the cross field must be
singular only at the position of irregular nodes of the polycube. Geometrically,
the cross field must follow the geometric features of the surface.

The cross field, and hence the aligned global parameterization, are constrained
by the polycube structure. Depending on the quality of the polycube’s embed-
ding in the surface, the resulting parameterization may contain large distortions
or even local non-injectivities due to fold-overs. Based on the gradient of the
parameterization’s objective functional, the polycube’s embedding can be opti-
mized so as to arrive to a local optimum of global embedding quality.

In order to generate a volume parameterization of a given solid model two
main issues have to be addressed. The first is the computation of the polycube
embedding. The second is the computation of a smooth cross field required
for aligned global parameterization. The remainder of this paper is organized
as follows: Section 2 reviews related work; Section 3 presents the algorithm
for polycube construction, cross field design, global aligned parameterization
computation, and trivariate splines fitting; Section 4 presents examples and
applications of the proposed method.

2. Related Work

2.1. Literature Survey

Since the concept of isogeometric analysis was proposed, many researchers
working on computational mechanical and geometric modeling were involved
in this field. Works on isogeometric analysis can be classified into four cate-
gories: application of IGA to various simulation and analysis problems; error
estimation, accuracy and efficiency improvement of IGA framework by refine-
ment operations and parallel computing; application of different spline models
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in IGA; constructing analysis-suitable parameterization of computational do-
main from standard boundary CAD models. The work presented in this paper
belongs to the fourth category.

Constructing analysis-suitable parameterization from a given solid model,
defined by its boundary triangle mesh or boundary (possibly trimmed) spline
surfaces, remains one of the most significant challenges in IGA. For a given ob-
ject, various computational domains can be constructed with the same shape
but with different parameterizations. Cohen et al. [6] studied the parameteriza-
tion of computational domains in IGA, and showed that the parameterization
quality has a great impact on analysis results and efficiency. Pilgerstorfer and
Jiittler [21] showed that in IGA the condition number of the stiffness matrix,
which is a key factor for the stability of the linear system, depends strongly on
the parameterization quality. One basic requirement for computational domains
in IGA is that the resulting parameterization should have no self-intersections
(i.e., the mapping from the parametric domain to physical domain should be
injective). Xu et al. [29] proposed a linear and easy-to-check sufficient condition
for the injectivity of a trivariate B-Spline parameterization. In addition, the
parameterization should also satisfy these requirements: the isoparametric ele-
ments should be as uniform as possible, and the isoparametric structure should
be as orthogonal as possible.

The first step toward obtaining a global parameterization is the computation
of a canonical domain. A popular shape abstraction method to build canonical
domains is to use polycubes [26]. A polycube is a solid composed of cubes.
It can be used to approximate very roughly the geometry of an object while
faithfully replicating its topology. However, in practice, due to the complexity
of shapes, polycubes are usually constructed manually, entailing considerable
effort. It is still a challenging problem to automatically create polycubes for
high genus geometry and use them in constructing analysis-suitable trivariate
splines. For a genus-zero geometry, Zhang et al. [30] proposed a robust and effi-
cient approach to construct injective solid T-splines. They created a parametric
mapping between the boundary triangle mesh and the boundary of a unit cube,
which is the parameter domain of the solid T-spline. To do this, eight vertices
have to be selected by the user, which correspond to the eight corners of the
cube. Then twelve curves are found via calculating the shortest path between
each pair of the selected vertices. Based on these curves, the input mesh is di-
vided into six sub-meshes, and each one is associated with one face on the unit
cube. Then the main work was to map each sub-mesh to a planar unit square
using surface parameterization based on harmonic mapping. Based on Morse
theory, the work of Zhang et al. [30] has been extended by Wang et al. [27] to
models with arbitrary topology. To extract the topology of the input geometry,
they used the saddle points of a smooth harmonic scalar field defined over the
mesh. Based on these saddle points, a polycube whose topology is equivalent
to the input geometry is built and it serves as the parametric domain for the
solid T-spline. A polycube mapping is then used to build a one-to-one corre-
spondence between the input triangulation and the polycube’s boundary. This
method needs the interaction of the user at two stages to construct the poly-
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cube domain: to select two extremum constraints which controls the harmonic
field, and to choose four seeds points which controls the polycube generation.
Choosing these inputs without considering geometric features and symmetry
can affect the polycube generation and may yield asymmetric parameterization.
Li et al. [15] extended the conventional polycube to a Generalized PolyCube
(GPC) [14], which enables the curved cuboid representation of the elementary
sub-volumes. This enables the polycube map approach to be applied to more
complex objects. After decomposing the entire model into a group of pants
patches patches (i.e., genus-0 surfaces with 3 boundaries), they decompose each
pants patch into four connected cube-like sub-patches to obtain the polycube.
As for the method proposed by Wang et al. [27], this method still needs the
interaction of the user to select four seed points which controls the GPC gener-
ation. Choosing these inputs without considering geometric features can greatly
affect the quality of the generated polycube. Al-Akhras et al. [1] extended the
work of Li et al. [15] by proposing a completely automatic pants-to-cuboids
decomposition algorithm to generate a polycube. However, there are types of
input which are problematic for the proposed method, in particular inputs with
sharp features. For such models, the cuboids’ polyedges don’t align with the
sharp features, and in general they don’t align with the principal directions of
the surface.

By using polycubes as canonical domains, the problem of finding a volume
parameterization of a solid model is simplified to a problem of finding a surface
parameterization between the model’s boundary and the polycube’s boundary.
In order to convert a triangle mesh into a spline surface, one of the main prob-
lems we need to tackle is the extraction of a good quadrilateral control mesh
of the surface. This control mesh is said to be good if its edges are orthogonal
and aligned with the principal curvature directions of the surface. These two
properties make the control mesh optimum in an approximation point of view,
and greatly help to reduce unwanted oscillations on the final spline surface built
from it. So the main problem in converting a triangle mesh into a spline surface
is equivalent to the problem of finding a proper quadrangulation of the surface.
Most recent techniques for quadrangulation are based on aligned global param-
eterizations (Ray et al. [22], Kélberer et al. [12], Bommes et al. [2]). A surface
parameterization can be viewed as a mapping from a surface S embedded in R3
to a canonical domain D embedded in R?. For topologies of S other than the
disk, the domain D must necessarily include discontinuities (e.g. cuts or seams).
Methods based on local parameterization often lead to visible breakup of the
iso-parametric curves along seams. Global parameterization is of particular in-
terest because it covers the entire surface, and hence can alleviate this problem
when the translational and rotational discontinuities in the parameterization
are compatible along cuts. Field-alignment techniques adapt the parameteriza-
tion to the geometry of the surface by fitting the parameterization gradient to a
smooth cross field capturing the principal directions and geometric features (e.g.
sharp edges and boundaries). Thus the task is shifted from the definition of a
surface parameterization to the design of a smooth cross field on the surface.

Many applications require the construction of N-symmetry direction fields
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on surfaces, i.e., fields that associate to every point a set of N unary vectors
(i.e., directions) forming equal angles between radially consecutive directions.
For example, a 2-symmetry direction (line) field can be used to guide texture
placement, a 4-symmetry direction (cross) field can be used for quadrangular
remeshing (Bommes et al. [2]), and a 6-symmetry direction field can be used
for triangular and hexagonal remeshing (Nieser et al. [20]). In quadrilateral
remeshing, the cross field singularities play an important role. For instance, a
singularity will generate an irregular vertex or a non-quad polygon. A variety
of methods were proposed for cross field design. Cross field design is the gener-
ation of a smooth cross field from a set of constraints. These constraints can be
topological (i.e., imposed singularities) and/or geometrical (i.e., imposed direc-
tions). Topologically, the cross field is constrained by the polycube structure.
This means that the cross field must be singular only at the position of irregular
nodes of the polycube. Geometrically, the cross field must follow the geometric
features of the surface. A number of methods rely on manually placed singu-
larities (Ray et al. [24]; Lai et al. [13]; Crane et al. [7]). Such methods allow
to control the topological structure of a cross field but the integration of geo-
metrical constraints (such as specified directions) can be difficult [7], may lead
to none globally optimal solution [24] and sometimes be in contradiction with
the specified topology (in this case the arising of new singularities is inevitable).
Other methods compute singularity positions automatically (Ray et al. [23];
Bommes et al. [2]) given a set of sparse geometrical constraints. However, such
methods don’t give any control over the topological structure of the cross field.

2.2. Contribution

Our work investigates objects with complex geometry and arbitrary topology
given in boundary representation. Our goal is to generate a trivariate parame-
terization with respects to a given solid model defined by its boundary triangle
mesh or boundary (possibly trimmed) spline surfaces. In order to have a uni-
fied framework for both input types, our method takes as input a solid model
defined by its triangulated boundary.

We present a method to compute an optimized aligned global parameteri-
zation using an optimization process of the initial polycube’s embedding. Such
optimization eliminates the effect of the polycube’s embedding quality on the
final volume parameterization. In addition, it allows the polycube to automati-
cally capture the geometric features of the model (e.g. principal directions, sharp
edges, boundaries). The optimization process is based on one of the main con-
tributions of this paper: a novel way to design cross fields with topological (i.e.,
imposed singularities) and geometrical (i.e., imposed directions) constraints by
solving only sparse linear systems.

Our method can be also used to solve one major bottleneck in the context of
reduced order modeling for geometric parametric analysis. For different geomet-
rical instances of the same topological model, the issue of having isotopological
solutions is addressed by generating the same parameterization for all objects.




225

230

005
Ve

S
PR X
FevavieTaYs

Vs
vy
e

Vv OSfun
AL
AVAVAVAYG )Y
RN
TAVAVA

(d) (e)

Figure 4: Algorithm overview. The input triangulated boundary surface homeomorphic to a
pants patch (a). The polycube generated from cuboid decomposition (b). The embedding of
the quad layout induced by the polycube (c). The cross field topologically conformal with the
quad layout, and geometrically aligned with the surface principal directions and boundaries
(d). The global parameterization aligned with the cross field (e). The control quad mesh
extracted from the global aligned parameterization (f).

3. Algorithm

Our method takes as input a solid model defined by its triangulated boundary.
The algorithm includes three main steps (Figure 4):

- Using cuboid decomposition, an initial polycube approximating the input
boundary mesh is built. The input mesh is decomposed into a set of pants
patches, and each pants patch is decomposed into a set of cuboid patches
(Section 3.1).

- The polycube’s nodes and arcs decompose the input model locally into quad-
rangular patches, and globally into hexahedral domains. Using aligned global
parameterization, the nodes are re-positioned and the arcs are re-routed across
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Figure 5: Generalized polycube generation. The input triangulated boundary surface (a).
The boundary surface is first decomposed into a set of pants patches: genus-0 surfaces with 3
boundaries (b). Each pants patch is further decomposed into a set of cuboids: boxed regions
enclosed by 6 topological disks (c). The embedding of the polycube’s nodes and arcs (d).

the surface in a way to achieve low overall patch distortion, and alignment to
principal curvature directions and sharp features (Sections 3.2 and 3.3).

- Based on the optimized polycube and parameterization, compatible B-spline
boundary surfaces are reconstructed. The interior volumetric parameteri-
zation is computed using Coon’s interpolation and the B-spline surfaces as
boundary conditions (Section 3.4).

We work with a triangulated connected 2-manifold mesh M with a set of vertices
V, edges E and faces F. Its dual mesh M* has a set of vertices V*, edges E*
and faces F*. The dual mesh doesn’t have to be explicitly constructed since
dual quantities can be stored on the corresponding primal elements. M is also
oriented: each face f € F has coherent normal, and each edge e € E has
an orientation. This allows to define a unique orientation for each dual edge
e e B*.

3.1. Polycube Generation

We briefly review our previous work on cuboid decomposition of solid models
(for more details, see Al-Akhras et al. [1]). We refer the readers to the book of
Hatcher [10] for more details on topology. The starting point of our algorithm
is a triangulated mesh M bounding a solid CAD model V. As the boundary
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Figure 6: N-symmetry direction fields. A 1-symmetry direction field (i.e., vector field) V on a
torus: at each point of the surface S, there exists one direction v (a). A 4-symmetry direction
field (i.e, cross field) C on a cube: at each point of the surface S, there exists one 4-symmetry

direction ¢ which is a set of 4 directions {c1, c2, c3,ca} invariant by a rotation of w/2 around
the normal (b).

of a solid region, M = OV is a closed surface and can be of complex geometry
and arbitrary topology. We begin by decomposing the triangulated input mesh
M into a set of pants patches. Such segmentation decomposes a complicated
surface into a set of shapes that have a trivial topology: genus-0 surfaces with
3 boundaries. The Euler characteristics x for surfaces of most topological types
are negative integers. For a pants patch y = —1, and therefore pants decompo-
sition provides a canonical decomposition scheme for these surfaces. We then
decompose each pants patch into a set of cuboid patches. Each cuboid is one
boxed region enclosed by 6 disk-like surfaces. The idea is to generate nodes and

arcs on each pants patch and decompose it into 4 connected components, each
having 8 nodes and 12 arcs like a cuboid (Figure 5).

3.2. Direction Field

In order to obtain a guiding field for the global parameterization (Section 3.3),
we design a 4-symmetry direction field (i.e., cross field) C on the surface. Di-
rection field design is the generation of a smooth direction field from a set of
constraints. These constraints can be topological (i.e., imposed singularities)
or geometrical (i.e., imposed directions). We strike for a balance between three
important properties of direction fields : smoothness, singularity positions, and
alignment with local geometry. Topologically, C must be conformal with the
quad layout £ induced by the polycube. This means that C must be singular

only at the position of irregular nodes of £. Geometrically, C must follow the
principal directions and sharp features of the surface.

10
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3.2.1. Definition

A direction field defined on a surface S is a tangent unit vector field: at each
point of the surface, there exists a direction w such that ||w| = 1 and w -
n = 0, where n is the normal of S. A N-symmetry direction field WV is a
multivalued direction field: at each point of the surface S, there exists a N-
symmetry direction w which is a set of N directions {wy,...,wx} preserved
by rotations of 2m/N around the normal n of S (Figure 6).

3.2.2. Discretization

The first step of the discretization of a direction field W on a mesh M is the
choice of tangent planes. Storing directions at vertices V requires the definition
of tangent planes in terms of extrinsic geometry. Storing directions at faces F'
is more natural because tangent planes can be defined intrinsically. Hence, in
the context on this paper, direction fields will be represented at faces F' of the
mesh M, or equivalently at vertices V* of the dual mesh M*.

The direction field is then sampled by defining one direction on each face. This
is done by choosing a local orthonormal frame (x,y) on each face f. x is the
unit vector along one of the oriented edges e of f, and y = n X x with n being
the normal of f. The direction w defined on f can then be expressed in terms
of polar coordinates. Since w has unit norm, it is completely parameterized by
the polar angle « it forms with x (Figure 7a). Angles in adjacent faces can be
represented in a common coordinate frame by flattening both faces along their
common edge. Given an angle ! in face f;, it can be expressed in an adjacent
face f; as:

g = O(;: — 6ij + 6ji = O{z: —+ Kij Wlth Kij = _6ij + 5]'1' = —Iiji (1)

QU

where §;; and §;; are the angles between the shared edge e and the reference
direction x; and x; respectively, and k;; € | — 7, 7] represents the angle between
reference directions x; and x; (Figure 7b).

However by representing the direction field only at a set of points, its topology
cannot be accessed. In particular, there is no information about the behavior
of the direction field between the discretization points. Assume that we want
to interpolate a direction w along an edge [AB] knowing w4 and wp. If the
direction field is continuous, the angular variation w along [AB] verifies:

WAB 2/ da = Z(wa,wp)+ (2m/N)pap (2)
A

where Z(wa,wp) € ] — m, 7] is the angle between w4 and wg, and p € Z is an

integer. The angular variation w has infinitely many possible values for all the
possible values of p (Figure 8a). This ambiguity can be solved by (Figure 8b):

- specifying the directions at A and B and the integer p. p € Z is called the
period jump [16] and it specifies the number of N** turns the direction w
undergoes when passing from A to B. We will refer to this method, developed
by Ray et al. [24], as the period jump based discretization. In this case, an

11
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Figure 7: N-symmetry direction fields representation. A 4-symmetry direction w on a face
f is a set of directions {w1,wa, w3, wy} defined as the image of a reference direction x by
rotations of a+k(w/2),k € {0,1,2,3} (a). Angles in adjacent faces f; and f; can be expressed
in a common coordinate frame using the rotation angle x;; between reference directions x;

and x; (b).

J

angle a! defined on face f;, expressed as o

different from a§ :

in an adjacent face f;, is in general

ozg =al+ kij + (27 /N)p;; and az #* a? (3)
Hence direction angles on all faces and period jumps on all dual edges are
required to completely define the discrete direction field.

- specifying one direction at A or B and the real w. w € R is called the con-
nection angle and it specifies the amount of rotation the direction undergoes
when passing from A to B. We will refer to this method, developed by Crane
et al. [7], as the connection based discretization. In this case, an angle o
defined on face f;, expressed as af in an adjacent face f;, is in general equal

J.
to asj:

J— af | | J— o
o = @; + Kij +w;j and of = o (4)

Hence a direction angle on one face and connection angles on all dual edges
are required to completely define the discrete direction field

For the sake of simplicity, the angle o! defined on face f; will be simply de-
noted by «;. In the context of this paper, we use both discretization methods.
Connection based discretization (4) is used for topological design. This is done
by finding the proper connection angles on dual edges satisfying the topological
constraints. Period jump based discretization (3) is used for geometrical design.
This is done by fixing period jumps on all dual edges and then fitting direction
angles on primal faces to the geometrical constraints.

3.2.83. Smoothness
A common requirement on direction fields is smoothness. For a mesh M, the
curvature of a direction field xyy along a dual edge e* is the angle difference
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Figure 8: N-symmetry direction fields discretization. Between two directions given at points
A and B, different interpolations are possible (a). This ambiguity is solved by specifying
angles on both faces and an integer p. p is called the period jump and it specifies the number
of NtP turns a direction undergoes when traversing a dual edge. This ambiguity can also be
solved by specifying an angle on one face and a real w. w is called the connection angle and
it specifies the amount of rotation a direction undergoes when traversing a dual edge (b).

between neighboring faces represented in a common coordinate frame [24]:
rw(ei;) = wij = a; — o + Ky + (27 /N)pij] (5)

where e, is the dual edge oriented from f; to fj, w;; € R is the connection
angle, o; € R and «; € R are direction angles in faces f; and f; respectively,
Kij € | —m, 7] is the angle between local frames, and p;; € Z is the period jump.
The smoothness energy of a direction field E;()V) can be measured as its inte-
grated squared curvature xyy [24]:

EW) = > |lsw(ey)]” (6)

e;‘jEE*
2
= > il (7)
e;‘]EE*
= > llai+ i+ @n/N)pij — o) (8)
e;‘jEE*

Topological design is based on the minimization of energy (7), and geometrical
design is based on the minimization of energy (8).

3.2.4. Topological Design

On a smooth surface S, a connection 2 describes how a direction rotates locally
when moved an infinitesimal distance along a given direction. Once this lo-
cal information is provided, by integrating these infinitesimal rotations along a
curve, a direction can be mapped between distinct tangent planes. This process
is called parallel transport. For a mesh M, a connection can be represented as
an angle w on each dual edge e*. This angle represents the integrated rotation
that a direction undergoes when passing from one face to its neighbor. Once a
connection (2 is defined, there is a straightforward way to construct a direction
field W on the mesh M. Namely, starting with an arbitrary face and an initial
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Figure 9: Discrete connections. Transport using Levi-Civita connection can be described as
follows: unfold the faces isometrically into the plane, translate the vector along the shared
dual edge, and then fold the faces back into their initial configuration (a). In general, a vector
parallel transported around a loop ! will not end up where it started. The angle between
the initial direction w and the transported direction w’ is called the holonomy §. Every
connection has an associated curvature K. If [ bounds a region then the curvature K over
this region equals the holonomy § around the loop (b).

direction, this direction is transported to adjacent faces until the entire mesh is
covered.
The simplest connection is obtained by setting connection angles to zero on all
dual edges: this is the Levi-Civita connection (Figure 9a). In general for a curved
surface S, a direction parallel transported around a loop [ by a connection will
not return to its original orientation. The difference in angle between the initial
and final directions is called the holonomy § of the connection around the loop
[. Every connection has also an associated curvature K. In particular if the
loop I bounds a region of the surface S, then the curvature K of the connection
over this region equals its holonomy ¢ around the loop ! (Figure 9b).
A cycle 7 is a sequence of primal faces that form a loop (Figure 10a). This loop
is defined as the sequence of dual edges orthogonal to primal edges shared by
adjacent faces of v after unfolding the cycle isometrically to the plane (Figure
10b). From this definition, the discrete geodesic curvature . at a face equals
the signed angle between corresponding primal edges (Figure 10¢). In this case,
the holonomy 4, of the Levi-Civita connection around the cycle v can be defined
as [19]:

by == Kayl€) = 0y =~y (9)

e*ey

where k. is the total discrete geodesic curvature of the cycle .
Because of holonomy, depending on which connection is used, the direction field
might not be consistently defined. A direction field is considered to be con-
sistent only if directions are mapped to themselves modulo 27/N by parallel
transport. For instance, the holonomy of the Levi-Civita connection equals the
Gaussian curvature, so in general a direction transported around a closed loop
is not mapped back to itself. As a consequence, transport from one point to
another will depend on the choice of path. Crane et al. [7] showed that trans-
port via trivial connections, i.e., connections with globally vanishing holonomy,
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Figure 10: Cycles holonomy. A cycle « is a sequence of primal faces (a). By unfolding ~
isometrically to a plane, a loop [ is defined as the sequence of dual edges orthogonal to primal
edges shared by adjacent faces of v (b). Within a face, | turns an angle k, computed as the
oriented angle between corresponding adjacent primal edges (c).

is path-independent. However zero holonomy everywhere implies zero curva-
ture everywhere. According to the Gauss-Bonnet theorem, the total Gaussian
curvature of a surface is equal to 2wy, where x is the Euler characteristic of
the surface. To overcome this problem, the total curvature is distributed over
the mesh in a way that doesn’t interfere with parallel transport. In particular,
curvature will be concentrated at boundaries or/and at a set of vertices called
singularities in increment of 27 /N. In this case, for a given cycle v, a direction
might do an arbitrary number of N** turns before coming back to its starting
point. This quantity is called the turning number 7, of the direction field W
along the cycle v [24]:

20T, = Y rw(e) = Y ryle”) (10)

e* ey e*e€y

where kyy is the curvature of the direction field W, and s, is the geodesic
curvature of the cycle +.

By substituting the curvature xyy of a direction field along a dual edge by its
connection angle w (5), and the total geodesic curvature k. of a cycle by its
holonomy d, (9), the turning number T, of the direction field W along the cycle
~ can also be expressed as:

21T, = Z w(e*) + 0y = Z w(e*) = —dy + 27T, (11)

e*e€y e*ey

In terms of connections, this states that the trivial connection angles around a
given cycle should cancel the holonomy found with Levi-Civita, and potentially
add a certain amount of curvature in order to respect the Gauss-Bonnet theorem.
Ray et al. [24] showed that the topology of a direction field is entirely defined by
the turning numbers of the direction field along 2g homology generator cycles,
max(b—1,0) boundary cycles, and s cycles around singularities. We need to fix
all topological degrees of freedom in order to restrict to cross fields topologically
compatible with the quad layout £. The turning numbers around singularities,
homology generators and boundary cycles are determined using the method de-
scribed by Campen and Kobbelt [4]. Crane et al. [7] presented an algorithm
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Figure 11: N-symmetry direction fields topological design. The TORSO model along with its
quad layout £ obtained from polycube decomposition. The quad layout singular nodes are
depicted by circles (a). The cross field C obtained by setting the initial direction angle to a
random value. The cross field singular vertices (depicted by circles) are conformal with the
quad layout £ singular nodes (b). The directional constraints on boundary faces corresponding
to the direction of boundary edges (c). The cross field obtained by setting the initial direction
angle to the mean value of all directional constraint angles expressed in a common face.
Locally, the cross field directions don’t respect the directional constraints on each face (d).

that, given the above turning numbers, determines the appropriate trivial con-
nection by minimizing energy (7). Finally, we still need to define one direction
to construct the direction field. To obtain this direction, all directional con-
straints are transported from their respective faces to a common face fy. The
initial direction angle aq is defined to be the mean of all directional constraint
angles expressed in fy (Figure 11).

3.2.5. Geometrical Design

Within this topologically fixed space, we now strive to find a smooth direction
field that interpolates sparse directional constraints, corresponding to reliable
principal directions, feature curves directions, or user specified intents. In other
terms, given a mesh M and a subset of faces F'* C F' with constrained directions
{a°}, we search for the smoothest interpolating direction field W restricted to
a given topology.

In the general case (W’s topology is free), as presented by Bommes et al. [2],
the smoothest interpolating direction field W is computed by finding integer
valued period jumps {p} on dual edges and real valued direction angles {«}
on faces minimizing the direction field smoothness energy Es(W) subject to
directional constraints {a°} on the set of faces F°. In our case, the direction
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field W is restricted to a given topology so the integer valued period jumps {p}
are fixed, and the real valued angles {a} are the only variables in the constrained
optimization problem. For the mesh M, let |E| be the number of its edges and
|F'| the number of its faces. Then the energy E;()V) can be expressed as:

E,W)= > i+ ki +@c/Npy —a;]” = [Aa—b|*  (12)
eijE*

where A € RIFIXIFI b € RIFI and a € RIFI is the vector of unknowns corre-
sponding to direction angles on faces. For the k' dual edge e}, oriented from
face f; to face f;, A(k,i) =1, A(k,j) = —1, and b(k) = — [k;; + (27/N)ps;].
The constrained minimization problem can then be formulated as follows:

min ||Aa — b|®> subject to o = af , Vf; € F° (13)

acRIFI

For a given face f¢ € F¢, it is not inherently clear by which of W’s N directions
the directional constraint is to be interpolated. This choice has an important
effect on the fixed values of the period jumps. Assume that for a given face
fi, the direction angle is given by «;, and the period jumps are given by {p;;}.
If the angle «; is rotated by a multiple of 27 /N around the normal (i.e., &; =
a; + k- 27 /N), in order to preserve the direction field topology, this change
must be compensated by updating the affected period jumps (i.e, p;; = pij — k).
Using a modified version of the technique for reducing the search space [2], we
proceed as follows to compute the fixed values of period jumps accommodating
the given set of directional constraints (Figure 12):

1. We construct a forest of Dijkstra trees of the dual mesh, where each con-
strained face in F, is the root of a separate tree such that no tree connects
constrained faces [2].

2. In each constrained face ff, we normalize the direction angle o; and the
constraint angle af to | — m/N;w/N]. This choice is justified by the fact
that a direction field is invariant by rotations of 27/N around the nor-
mal. We then find the integer k£ € Z minimizing the absolute difference
| ; + k-2 /N — af |. Finally, the interpolating direction in face ff is set
tobe &; = a; + k- 27/N.

3. Starting at constrained faces {f¢} with interpolating directions {a}, we
reconstruct the direction field using the connection angles and following
the forest of Dijkstra trees. We note that at this point, the direction field
is unchanged : it was only discretized differently so its period jumps could
agree with the directional constraints.

4. The fixed period jumps {p} are defined to be the integers minimizing the
direction field curvature (5) on each dual edge.

17




455

460

(c) (d)

Figure 12: N-symmetry direction fields directional constraints interpolation. We are searching
for the smoothest cross field with no singularities and interpolating 4 directional constraints
(a). The cross field satisfying topological constraints and constructed using the mean value
of the directional constraints. The primary directions are indicated by an arrow on each face,
and the period jumps are indicated by a value on each edge (b). The reconstructed cross field
starting at constrained faces and following the forest of Dijkstra trees (c). The cross field
satisfying topological and geometrical constraints (d).

The geometrical direction field is the solution of a symmetric linear system
obtained by setting the gradient of the energy (13) to zero (Figure 13):

OE,(W)
Jda

Hard constraints can be difficult to handle because in some cases additional
singularities should arise to exactly satisfy all the constraints. To prevent un-
desired singularities and have some freedom around imposed singularities, the
constrained minimization problem (13) can be modified to integrate soft direc-
tional constraints:

=0=A'A.-a=A'b (14)

mi{}w(l — M) |Aa = b|]> + Ao — &||* subject to a; = af , Vf; € F¢ (15)
acR

where & € RIF| is the set of soft constraints on faces, and the parameter A € [0, 1]
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Figure 13: N-symmetry direction fields geometrical design. The topological cross field doesn’t
satisfy all directional constraints on boundary faces corresponding to boundary edges (a,b).
The geometrical cross field satisfies all directional constraints while preserving the same topol-
ogy (c,d).

is used to control the trade off between smoothness and fitting.

3.8. Aligned Global Parameterization

Every mesh M can be cut to a topological disk M., by removing a set of seam
edges from the mesh. In this case, a global parameterization (Figure 15) is
a piecewise linear map from the mesh M. € R? to a topological disk domain
D € R?. Since the parameterization should be piecewise linear, it is sufficient
to assign a (u,v) parameter value to each face corner of the mesh. The parame-
terization should be locally oriented according to the guiding field (Section 3.2).
This implies that the gradients Vu and Vv of the piecewise linear scalar fields
u and v should follow the cross field directions on each face.

3.83.1. Seamless Parameterization

We are interested in global parameterizations where the transition functions
across seems are not arbitrary but of a very restricted class: rigid transforma-
tions with a rotation angle of some multiple of 7/2. In addition for quadrangu-
lation, it is necessary that the transitional part of the transitions are integral.
In this case, we talk about integral seamless parameterization. We follow the
method of Bommes et al. [2] to compute such parameterization:

- A cut is a connected graph G of mesh edges, such that M \ G is topologically
equivalent to a disk D € R2. The appropriate cut graph is computed in
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Figure 14: Generalized polycube optimization. The initial parameterization induced by the
initial polycube (a). The optimized parameterization by relocating the polycube’s nodes (b).
The optimized cuboid patches (c). The embedding of the optimized polycube’s nodes and
arcs (d).

two steps. First we start from a random face and grow a topological disk
by constructing a spanning tree of the dual mesh. Thus the primal of all
non spanning tree edges is already a cut graph G which transforms M into a
topological disk D. The size of this cut graph can be significantly reduced by
iteratively removing all open paths. In the second step, paths connecting the
cross field singularities to the cut graph are added.

- The cross-field is made consistent: the angles representing the field are changed

so that the period jumps across all non-cut edges are equal to zero. It is pos-
sible to achieve this since the cut passes through all singularities. As the
period jumps are all equal to zero at non-cut edges, if we arbitrarily label one
of the directions of the field on a face f as uy, the label can be consistently
propagated to all other faces. The 7/2 rotated vectors of the cross-field are
labeled v¢. The vectors uy and vy are the target values for the gradients of
the parametric coordinates Vu and Vv in the face f.

- The parameterization is computed as a solution to the constrained minimiza-

tion problem:

min Y ([|[Vu — hug||* + || Vo — hvs||*) A, (16)
(u,v) feFr
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Figure 15: Global parameterization. A triangle mesh (a) and its parameterization (b). The
intersection between the Cartesian Grid and the parameterization (c) is inversely mapped

onto the mesh in order to obtain a quad mesh (d).

where Ay is the area of the face f, and h is a scale factor that sets the corre-
spondence between the length scale of the parametric domain and the surface.
The constraints imposed on (u,v) correspond to transitions across seams. We
want the match across seams to be the same as for the guiding cross-field:
if the uy direction across a seam is transformed to a vy direction, then the
parametric directions are transformed in the same way. More precisely, if two
faces f; and f; share a cut edge e;;, with parametric positions of endpoint
corners p% and ph on one side of the cut, and p] and pj on the other side,

these are related by:

P = Rp} + t. and p} = Rcpj + te (17)
where R, is a (7/2)p;; rotation defined by the period jump p;; of the cross-field
on the edge e;;, and t. is an unknown translation.

3.8.2. Arcs Embedding Optimization

We have to ensure for each arc of the quad layout £ that the two incident nodes
(n; and ny) lie on a common isoparametric curve. In other words, we want
to change the parameterization so that a parametric line starting at n; passes
through nsy. If a mesh can be parametrized without seams, the requirement of
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nodes alignment easily translates into a constraint on parameterization: both
nodes should be on the same parametric line, i.e., share the same u or v value.
For parameterizations with cuts, the situation is more complicated. A paramet-
ric line on the surface undergoes a jump to a different point and direction in the
parametric space when it crosses a cut. While the rotation is entirely determined
by the cross field to which the parameterization is aligned, the positional jump
depends on the parameterization itself. The resulting constraint will depend not
only on the pair of nodes (nj, ny), but also on the variable translational parts
{tc} at the cut edges we cross. In the general case, consider a path crossing cut
edges €;, i = 0,...,m between nodes n; and ny. Assuming the final direction
of the path is M(u,v) € {u, v}, and that p,(u1,v1) and py(uz,vs) are the para-
metric positions of n; and ny respectively, then the complete constraint has the
form [18]:

m m—1 m—i—1
[(HRmi)pﬁz( 0 ij>ti+tm
=0 =0

=0

= |:p2:| (18)
A(u,v) A(u,v)

for either A(u,v) = u or A(u,v) = v, where this subscript means taking the u
or v coordinate.

3.3.8. Nodes Embedding Optimization

After computing a global parameterization, the quad layout’s nodes are relo-
cated based on the gradient of the parameterization’s objective functional with
respect to their positions. This is done iteratively until a local optimum of global
embedding quality is reached. Campen and Kobbelt [4] described a method to
perform this repositioning using an easy-to-implement estimator of the objective
functional’s true gradient (Figures 14 and 16).

#17
‘t,’,"’tl
1AL

(b)

Figure 16: The evolution of the aligned global parameterization after 0 (a), 5 (b), 10 (c),
and 15 (d) iterations. In the beginning severe distortions and inversions are present which
successively vanish in the course of the optimization.

3.4. Trivariate Splines

We briefly review our previous work on trivariate splines fitting (for more details,
see Al-Akhras et al. [1]). Using the quad mesh extracted from the optimized
aligned global parameterization, a structured grid of points is generated on
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Figure 17: Trivariate splines fitting. The structured point grid extracted from the optimized
aligned global parameterization (a). The reconstructed B-spline boundary surfaces (b). The
reconstructed B-spline volume (c). The reconstructed B-spline boundary surfaces using local
parameterization based on harmonic mapping. Notice the tangential discontinuity of the
isoparametric lines across different patches (d).

each patch, and then used to fit the boundary B-spline surfaces [17]. For each
cuboid, the volumetric parameterization is obtained using the reconstructed B-
spline surfaces as boundary conditions. Keeping the boundary control points
fixed, the interior control points of the B-spline solid are computed using Coons’
interpolation [28]. The positions of the interior control points are then adjusted
by minimizing a Laplacien based energy (Figure 17).

4. Results

The proposed method is implemented in VB.NET and C++. The software
Rhinoceros 5 is used for visualisation, and RhinoCommon for NURBS manip-
ulations [25]. In addition, for solving the various sparse linear systems, we use
the SuperLU [9], SuiteSparseQR [8], CHOLMOD [5], and CoMISo [3] solvers.
All examples in this paper are performed on a 3.1 GHz Intel Xeon CPU with
64 GB Ram.

4.1. Analysis-Suitable Models
Figure 18 illustrates the obtained results for models with high genus, Figure
19 for models with sharp features, and Figures 20-21 for models with boundaries.
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Cubic B-Splines were used in all examples.

4.2. Geometric Parametric Analysis

Many modern numerical models of real-life physical phenomenons pose chal-
lenges when used in numerical simulations, due to complexity and large size. As
a consequence, novel methods are required in order to tackle not only non-linear
problems but also large scale and parametric problems. This is the principal
motivation behind Reduced Order Models (ROMs).

ROMs are computationally inexpensive mathematical representations that
offer the potential for near real-time analysis. In the context of parametric
studies, their construction requires accumulating a certain number of system
responses to different input excitations. The accumulated system responses are
called snapshots. The ROM is constructed by using a compression method
aiming at computing a basis spanning the snapshots.

Nevertheless, a good prerequisite for ROM construction (in order to avoid
a projection step) is the availability of solution vectors with the same dimen-
sion associated to all snapshots. In other words, their construction requires
accumulating a certain number of simulations on isotopological meshes (i.e.,
meshes with the same number of nodes and connectivity) while modifying the
input parameters. However for parametric studies based on geometrical param-
eters, isotopological meshes can be difficult to obtain when using general mesh
morphing techniques in the case of a large variation of input parameters.

For models with different geometries but same topology, a potential solution
to generate isotopological snapshots is the use of analysis-suitable isogeometric
parameterization with the same canonical domain. In addition, isogeometric
meshes are based on the parameterization of the model and can handle a large
amount of distortions, hence can adapt to large variation of input parameters.

As an application on the plate model (Figure 19) with 6 geometrical param-
eters (Figure 22a), a simple analysis has been performed by fixing some edges
and applying a normal pressure on others (Figure 22b). The ROM enables the
construction of a numerical chart where the results of the simulation (in this
case the total displacement) corresponding to different input parameters can
be accessed in real time (Figures 22c-f). The choice of the snapshots and the
precision of the obtained ROM are beyond the scope of this paper.

4.8. Statistical Shape Analysis

Statistical shape analysis is an analysis of the geometrical properties of some
set of shapes by statistical methods. It has applications in various fields includ-
ing medical imaging. For instance, it could be used to quantify differences
between normal and pathological vessel, bone or organ shapes. One of the main
methods used is principal component analysis. Such techniques require the cre-
ation of a proper isotopological shape model for all members of the population.
An isogeometric representation over all shapes can be a useful tool. This tech-
nique is going to be illustrated on a database of abdominal aortas that present
an aneurysm.
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Figure 18: Block model : input triangulated boundary mesh (a); pants decomposition (b);
cuboid decomposition (c); optimized polycube embedding (d); B-spline boundary surfaces (e);
output B-spline volume (f).

Each input triangle mesh is homeomorphic to a pants patch. Using the
cuboid decomposition algorithm, a polycube approximating the input mesh is
generated. Then the parameterization is optimized until a local optimum of
global embedding quality of the polycube is reached. The control quadrilateral
mesh is finally extracted from the optimized global aligned parameterization.
Figure 4 illustrates the complete algorithm, and Figure 16 illustrates the aligned
global parameterization during the course of the optimization of the polycube’s
embedding.

For the subsequent principal component analysis using singular value de-
composition, all aortas must have the same representation, i.e., meshes with
the same number of nodes and connectivity. This can be implicitly achieved by
mapping all the input meshes to the same canonical domain. In addition since
each decomposition is optimized to fit the given input geometry, not only the
output meshes will have the same topology, but they have the optimal geome-
try representing each shape. Figures 23a-f illustrates isotopological meshes for
different patients, and Figure 23g illustrates the morphing between two aortas
with different morphologies.
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Figure 19: Plate model : input triangulated boundary mesh (a); initial polycube embedding
(b); initial aligned global parameterization (c); optimized aligned global parameterization (d);
optimized polycube embedding (e); extracted quad mesh (f); B-spline boundary surfaces (g);
output B-spline volume (h).

5. Conclusion

In this paper, we proposed a framework to automatically compute a volu-
metric parameterization for a solid model defined by its triangulated boundary.
Based on the input triangulated boundary, we first decompose the solid model
into cuboids in two steps: pants decomposition and cuboid decomposition. The
set of cuboids compose a generalized polycube approximating the input model.
Due to its regular structure, the polycube is suitable for serving as the paramet-
ric domain of the tensor-product spline representation required for isogeometric
analysis. Using aligned global parameterization, the polycube is optimized in
a way to achieve low overall patch distortion, and alignment to principal cur-
vature directions and sharp features. The core of the optimization algorithm
is a new way to design cross fields on surface which satisfy exactly a given set
of singularities while fitting as closely as possible a given set of directional con-
straints. The surface spline representation for the model is then constructed as
an approximation of the inverse of the computed parameterization. Finally, the
volume spline representation is computed using the surface spline as boundary
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Figure 20: Bust model : input triangulated boundary mesh (a); initial polycube embedding
(b); initial aligned global parameterization (c); optimized aligned global parameterization (d);
extracted quad mesh (e-f).

condition.

A given surface admits infinitely many pants decomposition. In general, not
all pants decomposition results are suitable for the following cuboid decomposi-
tion algorithm. The pants-to-cuboids algorithm is very robust and still going to
generate the corresponding cuboid decomposition even for very distorted pants
patches. However, the extracted volume parameterization is greatly affected by
the quality of the initial pants decomposition and might contain very distorted
elements. In practice satisfying results were obtained if the pants decomposition
is guided by the different geometric criteria (shortest length, symmetry, minima
rule).

Pants patches can be geometrically assimilated to three branches meeting
together. The cuboid decomposition algorithm generates only T-shaped config-
urations. However other configurations might be more optimal in some cases in
order to capture the geometrical features of the model. In order to select the
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Figure 22: Parametric plate model : the parametric model with 6 geometrical parameters (a);
a simple linear analysis is performed by fixing the plate’s edges and applying normal pressure
of the holes’ edges (b); the ROM enables the construction of a numerical chart where the
results of the simulation (in this case the total displacement) corresponding to different input
parameters can be accessed in real time (c-f).

most suitable configuration in a general way, a potential solution is to extract the
skeleton of the model and select the cuboids’ configuration in a skeleton-aware
manner.

However despite the limitations mentioned above, the proposed method has
a great potential in the context of reduced order modeling for geometric para-
metric studies. Even if the initial polycube decomposition had to be made
semi-automatically or manually, it has to be done only once on a generic model.
Then this decomposition can be transferred in a very approximate manner to
all geometric instances. Finally using the optimized parameterization (based
on the proposed cross field design algorithm), the initial approximate polycube
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can be optimized to fit the geometry of each instance. This implicitly defines a
morphing between the parameterizations of the different parametric instances.
In addition, each parameterization is guaranteed to be optimal for a given geo-
metric instance.
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Figure 23: Aorta model : input triangle meshes (a-c); output isotopological quadrangular
meshes (d-f); morphing between two aortas with different morphologies (g).
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HIGHLIGHTS

We construct a volumetric NURBS parameterization from standard CAD
models.

The solid region is first decomposed into a set of cuboids using pants

decomposition.

The set of cuboids compose a polycube approximating very roughly the
geometry of the model while faithfully replicating its topology.

An optimized global parameterization (aligned to a cross field) is computed

between the solid’s boundary and the polycube’s boundary.

Based on this mapping, surface and volume parameterizations are

generated.




