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Adaptive Multilevel Stochastic Approximation of the
Value-at-Risk

Stéphane Crépey™ Noufel Frikha' Azar Louzit Jonathan Spence’ 1

August 13, 2024

Abstract

Crépey, Frikha, and Louzi (2023) introduced a multilevel stochastic approximation scheme
to compute the value-at-risk of a financial loss that is only simulatable by Monte Carlo. The
optimal complexity of the scheme is in O(s*%)7 € > 0 being a prescribed accuracy, which
is suboptimal when compared to the canonical multilevel Monte Carlo performance. This
suboptimality stems from the discontinuity of the Heaviside function involved in the biased
stochastic gradient that is recursively evaluated to derive the value-at-risk. To mitigate this
issue, this paper proposes and analyzes a multilevel stochastic approximation algorithm that
adaptively selects the number of inner samples at each level, and proves that its optimal
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complexity is in O(e=2|Ing|?). Our theoretical analysis is exemplified through numerical
experiments.

Keywords. stochastic approximation, value-at-risk, nested Monte Carlo, multilevel Monte
Carlo, adaptive Monte Carlo.

MSC. 65C05, 62120, 62G32, 91Gxx.

Introduction

The value-at-risk (VaR) is the predominant regulatory risk metric in finance [6]. It stands for the
quantile, at some confidence level, of the loss on a portfolio. The probability that a loss exceeds
the VaR expresses the chances of occurrence of large portfolio losses. Evaluating a portfolio’s
VaR is thus paramount to assess its risk. However, a large class of financial portfolios can only
be valued by Monte Carlo. This introduces a bias in the loss estimation, thereby increasing
the complexity of VaR calculation. Determining a portfolio’s future VaR is thus regarded as a
challenging task.

Following the celebrated works on VaR convexification [32, 8, 4], a nascent line of research
has adopted a stochastic approximation (SA) viewpoint to estimate the VaR [4, 2, 3, 12, 9|.
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Recent developments |5, 13, 14] have focused on the nested nature of the problem. Notably,
[5] proposes a nested SA (NSA) method that couples an outer SA scheme with an inner nested
Monte Carlo scheme to compute the VaR. It is shown in [13| that such a scheme runs optimally
in O(e~3) time, € > 0 being a prescribed accuracy. Meanwhile, subsequently to the wide success
of multilevel Monte Carlo (MLMC) methods [29, 30, 23, 15, 11], multilevel stochastic approxima-
tion (MLSA) algorithms |20, 16] have emerged as a means to accelerate biased SA schemes such
as NSA. While the latter injects biased nested simulations directly into an iterative SA scheme,
MLSA telescopes a sequence of correlated estimate pairs of lower and lower biases, reducing the
complexity by an order of magnitude. [13] leverages this multilevel acceleration [20] to reduce
the complexity of the VaR NSA scheme of [5] to O(e~27°), % < < 1 being a small number
governed by the integrability degree of the loss. They also identify a parametrization for their
MLSA algorithm that achieves a complexity for the estimation of the expected shortfall (ES),
a risk measure closely linked to the VaR, in O(e~2|Ing|?). [14] further obtains central limit
theorems for VaR and ES NSA and MLSA schemes, as well as their Polyak-Ruppert versions
that enjoy stronger numerical stability properties.

Albeit significant, the performance gain achieved by MLSA over NSA in estimating the
VaR [13] is to be nuanced. The canonical optimal complexity for multilevel techniques is of
order £72 [23, 20]. The suboptimality of the VaR MLSA scheme arises from its inner recursions
relying on the evaluation of a discontinuous gradient that is similar to a Heaviside (z — 1,50).
When a biased simulation of the loss falls on the opposite side of the discontinuity relative to
the exact target loss, the multilevel recursion incurs an O(1) update error. The accumulation of
these errors propagates to the final estimator, leading to the suboptimality.

Motivated by valuing a digital option with Heaviside payoff in a local volatility model, [22]
surveys multiple approaches to the above discontinuity issue in a multilevel Monte Carlo (MLMC)
context. Most techniques described therein emanate from the derivative sensitivity computation
literature and their common goal is to lower the variance of the paired estimators at each level
of the multilevel simulation. We retain three ideas that may apply to our nested SA setting.
Firstly, a natural idea is to smoothen the Heaviside payoff, but this only attains a complexity
in O(s_Q_i) due to a large smoothing Lipschitz constant. Secondly, Malliavin calculus could be
used in conjunction with a cubic spline interpolation, which however propagates regression noises
to the final estimator. Finally, levelwise adaptive refinement of inner Monte Carlo samplings
seems to be a versatile technique that achieves the desired performance gain. It advocates to
dynamically refine the biased simulations in order to deal with the discontinuity issue |24, 28,
25]. We quickly overview this technique below.

An early example of adaptive nested Monte Carlo simulation can be traced back to [10],
who endeavor to accelerate the nested Monte Carlo root-finding algorithm of [27] for approxi-
mating the VaR. The latter algorithm combines an outer bisection method with an inner Monte
Carlo sampling of the probability that the loss exceed the VaR, and involves the evaluation of
a Heaviside centered at the VaR itself. Such a method proves however to be computationally
more demanding than the aforementioned SA approaches. The adaptive strategy of [10] involves
refining simulations for risk scenarios that are too close to the VaR, thereby reducing their prob-
ability of falling on the wrong side of the VaR threshold. Evaluating the Heaviside function at
the biased loss becomes almost equivalent to evaluating it at the true loss. [24] revisits the same
concept as [10], extending their method to the nested MLMC paradigm by adapting the number
of inner simulations at each level. [28] generalizes this methodology to a broader class of MLMC
problems.

[17] has led to similar adaptive ideas in a partial differential equation Monte Carlo approxi-
mation setting, where the Monte Carlo estimation error is assumed to be almost surely bounded.
Note that the terminology “adaptive MLMC” has also been employed in different meanings, for
adaptive path simulation [31] and importance sampling [7].



In this article, we develop an adaptive refinement strategy to efficiently estimate the VaR
using the MLSA algorithm derived in [13]. As in MLMC, our adaptive strategy prioritizes
aligning the innovations with their target samplings relative to the discontinuities of the update
functions at the SA iterates. However, the strategy that was developed for Monte Carlo in
[24, 28] does not directly apply to our SA setting, since refining the innovations that drive an
SA scheme shifts their distributions relatively to the SA iterates, which themselves evolve from
one recursion to the next. On the one hand, this increases the risk of steering the iterates
away from the target VaR. On the other hand, it affects the original SA problem formulation,
rendering it possibly non-convex and possessing multiple stationary points. To address this issue,
we carefully incorporate a saturation factor, varying throughout the iterations, to prevent the
potential deviation of the iterates from the target VaR.

We apply our strategy to both NSA and MLSA paradigms and provide sharp L?(IP)-controls.
For a prescribed accuracy € > 0, their optimal complexities are shown to be O(a_g |In 5\%) and
O(e~?2 ]ln£|%) respectively, resulting in an order of magnitude 3 speed-up on their non-adaptive
counterparts, up to a logarithmic factor. The adaptive MLSA algorithm largely attains a com-
parable complexity order to the standard unbiased Robbins-Monro algorithm, thus demonstrat-
ing the narrowing of the performance gap between nested MLSA schemes and Robbins-Monro
schemes in the context of Heaviside-type update functions. Our numerical analyses, conducted
on a toy model as well as a more concrete financial setup, strongly support our theoretical find-
ings.

The paper is structured as follows. Section 1 recalls the problem and main results in [13]
regarding the estimation of the VaR using MLSA. Section 2 develops an adaptive refinement
strategy to enhance the efficiency of the Monte Carlo sampling that is nested within the MLSA
approach. Sections 3 and 4 exploit this strategy to reduce the complexities of NSA and MLSA and
provide subsequent L?(P)-controls and complexity rates. Section 5 presents numerical studies to
demonstrate the performance improvement resulting from the adaptive strategy.

1 Stochastic Approximation Approach

This section recalls the setting and main results in [13] on the stochastic approximation of the
VaR. They will serve as a baseline for the adaptive strategy that we develop in Section 2.
1.1 Unbiased Stochastic Approximation Algorithm

Let (2, F,P) be a probability space accommodating all of the subsequent random variables. Let
Xo € LY(P) be an R-valued random loss of a portfolio, defined at some time horizon 7 > 0.
Following [1, 19], the VaR of Xj at some confidence level o € (0, 1), denoted &2, is defined as

¢ :=inf {€ € R: P(X( < &) > a}. (1.1)

As stated in [32, 8, 4], if the cdf Fx, of Xj is continuous, then £” is the left-end solution to

argmin Vp(¢), where  Vh(¢) = & + %E[(XO e (1.2)
£€R -«

Moreover, Vj is convex and continuously differentiable on R, with V{j(§) = ﬁ( Fx, (&) —a) =
E[H (&, Xo)], € € R, where
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If Fx, is additionally increasing, then Vj is strictly convex and £2 is the unique minimizer of Vp:

€% = argmin V. (1.4)

*

Besides, if Xy admits a continuous pdf fx,, then Vj is twice continuously differentiable on R,
with Vi'(€) = 125 fx,(€), £ € R.
When iid samples of X are available, [4] proposes to estimate £0 using the unbiased SA
scheme of dynamics
§2+1 = 52 - ’Yn-l—lH(ggv Xén-‘rl))’ ne N? (SA)

where (X(()n))nzl ~ Xo, &) is a real-valued random initialization independent of the innova-

tions (Xén))nzl, and (9, )n>1 Is a positive non-increasing sequence such that Zn21 Yn = 00 and

limy, 00 ¥ = 0.
We are interested in the setting where Xy writes as a conditional expectation:

Xo = Elp(Y, 2)|Y]. (1.5)

Here, Y and Z are two independent random variables taking values in R? and R respectively, and
¢: RYxRY — R is a measurable function such that ¢(Y, Z) € L'(P). From a financial standpoint,
Y typically models the dynamics of the portfolio’s risk factors up to the time horizon 7 of the
loss, Z their dynamics beyond 7 and (Y, Z) the subsequent future cash flows. Generally, the
risk factors Y and Z can be sampled from a model and the cash flow structure ¢ is known.

In the case that Xy cannot be sampled exactly, one must leverage its nested formulation to
produce suitable simulations for the SA approach.

1.2 Nested Stochastic Approximation Algorithm

Let Ng := N\ {0}. A natural idea is to approximate X¢ by the nested Monte Carlo estimator

K
1 1 1
Xp, ::?Z@(Y,Z(k)), where h::?GH:{F,K’GNO} (1.6)
k=1
and Y and (Z(k))lngK X Z are independent. h is termed the bias parameter since it helps
control the VaR estimation bias as we clarify next. We swap Xg by Xp, h € H, in the original
problem (1.2) and obtain the approximate problem

1
argmin V;(¢), where Vj(€) =&+ ——E[(X, — O)T]. (1.7)

£€R 1-«a
Again, assuming that ¢(Y, Z) € L1(P), if the cdf Fx, of X, is continuous, then V}, is convex and
continuously differentiable on R, with V}/(§) = 2= (Fx, (§) — o) = E[H(&, X3,)], € € R, recalling

the definition (1.3). If Fix, is additionally increasing, then V}, is strictly convex and
" = argmin V, (1.8)

is well defined and constitutes a biased estimator of 2. Finally, If X}, admits a continuous pdf
fx,,, then V}, is twice continuously differentiable on R, with V}/(¢) = (1 — a)"! fx, (£), £ € R.

Assuming Fy, continuous and increasing, £? can be estimated with a bias h € H using the
NSA scheme of dynamics

dzl—&-l = dzl - rVnJrlH(gr}zla X}(Ln+1))a n e N? (NSA)

where (X ;(ln))nZI N X, ¢ is a real-valued random initialization independent of the innova-

tions (X }(Ln))n21 and (7n)n>1 is a positive non-increasing sequence such that En21 Yn = 00 and
liInn—>c>o Tn = 0.



Convergence Analysis. Let H := H U {0}. The global error of (NSA) writes as a sum of a
statistical and a bias errors:

G-gl=(G-&)+E - (1.9)
Assumption 1.1 ([13, Assumptions 2.2 & 2.5]).

(i) For any h € H, Fx, admits the first order Taylor expansion

FXh(g) _FXo(g) :v(é)h—i—w(g,h)h, 5 € R,

for some functions v, w(-,h): R — R satisfying, for any ¢ € Argmin Vj,

d li 0 Rh)= 1i h)dE = 0.
[, s <oetim et = tim [

(ii) For any h € H, the law of X}, admits a continuous pdf fx, with respect to the Lebesgue
measure. Moreover, the pdfs (fx, )nen converge locally uniformly to fx,.

(iii) For any R > 0,

_ inf fx, (&) > 0.
heH, £€B(E9,R)

(iv) The pdfs (fx, )7 are uniformly bounded and uniformly Lipschitz, namely,

SuB(HthHOO + [th]LiP) < o9,
heH
where [fx, |Lip denotes the Lipschitz constant of fx,, h € H.
Remark 1.1 (|14, Remark 1.1]). |26, Propositions 5.1(a,b)| guarantee Assumptions 1.1(i,ii). The
last part of Assumption 1.1(i) reads w(£0,h) = féooo w(& h)dé = o(1) as H > h | 0, & €
Argmin V. Assumptions 1.1(iii,iv) are natural in view of Assumption 1.1(ii) and the increasing

nature of F,. By Assumptions 1.1(ii,iii), for any h € H and any & € ArgminVj, V(&) =
(1 —a)Lfx, (&7 > 0, subsequently reducing Argmin V}, to a singleton {¢1}.

For any positive integer ¢, we let

Ag = inf Apg, (1.10)
heH

where (Ahq)pem >1 are defined in Lemma A.2(iii).

Lemma 1.2 ([13, Proposition 2.4 & Theorem 2.7(i)]).

(i) Suppose that ¢(Y,Z) € L'(P), that Assumptions 1.1(i,ii) hold, and that the pdf fx, is
positive. Then, as H > h |0, for any £" € Argmin V,,

v(&)
x0(§2)

(ii) Suppose that (Y, Z) € L*(P), that Assumption 1.1 holds, and that

L h + o(h).

4
sup E ||¢62 exp (1= o sup || fx, €6 ) | < o, (1.11)
heH — Y hen

where ko = 1V 125 If v = mn=8, B e (0, 1], with \yy1 > 1 if B = 1, then there exists a
positive constant C' < co such that, for any positive integer n,

sup E[(&! — ¢1)?] < Oy
heH
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Complexity Analysis. The controls of Lemma 1.2 on the bias and statistical errors in (1.9)
result in the following complexities.

Proposition 1.3 (|13, Theorem 2.8|). Let ¢ € (0,1) be a prescribed accuracy. Within the
framework of Lemma 1.2(ii), setting
1 _2
hzﬁwe and n:’VE g—‘
yields a global L*(P) error for (NSA) of order € as € | 0. The corresponding computational cost
satisfies

2
CostfISA <Cnht~Ce 3V as e 4+ 0,

for some positive constant C < oo independent of €. The minimal computational cost satisfies
Costlg, <Ce™ as €10,

and is attained for v, = yin~t, i.e. for f =1 under the constraint \yy; > 1.

1.3 Multilevel Stochastic Approximation Algorithm

With a complexity ceiling for nested VaR estimation at O(¢~3) as achieved by (NSA), a multilevel
approach is proposed in [13| to accelerate the latter scheme. We recall below the MLSA scheme
and the associated L?(P)-control and complexity.

Take hg = % € H, M > 2 an integer and L € Ny a number of levels, and let

ho 1
hy=— = —— £=0,...,L. 1.12
4 ML KM € H7 ) ) ( )
To each bias parameter hy, £ =0,..., L, corresponds an approximate problem argmingcg Vp, (&)

to (1.2) of unique solution &, These solutions can be telescoped into

L
hy_
M=oy g gt (1.13)
/=1

By denoting N := (Ny)o</<r, a sequence of iterations amounts, the multilevel SA scheme [13, 20|
consists in approximating £¥ ~ ffL with

L
h h ho—
N =6+ D 6N €N (MLSA)
/=1
where each level £ = 0,..., L is simulated independently. More precisely, once 5]@% is simulated

using Ny iterations of (NSA) with bias hg, at each level £ =1,... L, for j € {({ —1),¢}, 52;@ is
obtained by iterating

h; h; h;

&l =& = H(E!, X"Y), nefo,.. N -1}, (1.14)
where <Xi(z721’Xl(zZ))1SnSNe ~ (Xn,_,,Xp,) and {g‘[‘l and {ge are real-valued random initializa-
tions independent of the innovations <Xi(121’Xi(zZ))1§n§Nv Crucially, at each level £ € {1,..., L},
Xp, and X}, | are perfectly correlated, in the sense that

1 K M1 1 1 KM*
_ (k _ - (k
th_l - K M1 Z @(sz ))a th - Mth_1 + KM Z @(Y;Z ))7 (115)
k=1 k=K M{=141



where (Z(k))lngKMz ~ Z are independent of Y.

Ateachlevel { =1,...,L, f% and f%’l are referred to as the fine and coarse approximations.
5117(% is referred to as the initial (or level 0) approximation. We can infer from (1.14) that (MLSA)
correlates multiple (NSA) pairs, each pair being set with consecutive bias parameters on the
geometric scale Hg := {hy,£ > 0}. The produced effect is an incremental bias correction of the

level 0 approximation of bias hg. Conversely, (NSA) can be viewed as an (MLSA) instance with
0 (higher) levels.

Convergence Analysis. The following lemma delimits three frameworks under which we later
derive L?(P)-controls and complexities for (MLSA).
Lemma 1.4 ([13, Proposition 3.2]).

(i) Assume that the real-valued random variables X}, admit pdfs fx, that are bounded uniformly
inh €H.
a. If
then, for any h,h' € H such that 0 < h < h/ and any £ € R,

p*] < oo for some pe > 1, (1.16)

E[|1x,5¢ — Lx, »¢]] < (0 — h)7e-50,

1 *
where C := By, El|p(Y, Z) —E[p(Y, Z)|Y] P PeFL(supy oz ||th||oo)ﬁ, with By, a pos-

itive constant that depends only upon py.

b. Assume that there exists a non-negative constant Cy < 0o such that, for all u € R,
E[exp (u(p(Y, Z) — Elp(Y, 2)|Y])) Y] < %™ P-as. (1.17)

Then, for any h,h' € H such that 0 < h < h' and any & € R,

EH]th>§ - ]th,>§H S 2\/Cg(h/ - h) (1 + su;l Hth,, ||oo\/2 |1H (Cg(h/ - h)) ‘)

h'"eH

_1
(ii) Let G¢ == h,*(Xp, — Xy, ,), define FXhz,llGFg: z = P(Xp, , < z|Gy =9), g €
supp(Pg,), ¢ > 1, and consider the sequence of random variables (Ky)g>1 given by Ky =
K¢(Gy), where

1

1Fx,, | 1Gi=g(%) = Fx,, | |Gi=g(%)]

Ky(g) == sup , £>1,g¢esupp(Pg,).
TH#Y ‘CL‘ - y’
Assume that (Ky)p>1 satisfies
sup E[|G¢| K] < 0. (1.18)
>1

Then,

1
sup h;EEH]th£>§ — ]the71>§H < 0.
£>1,6€R
Remark 1.2 (|13, Remark 3.3|). Lemma 1.4’s frameworks are ordered by strength. The Gaussian
concentration framework (1.17) holds if E[exp(ugp(Y, Z)?)|Y] is bounded for some ug > 0 [21,
18]. It entails (1.16) for any p, > 1 via an exponential series expansion. The framework (1.18)
relaxes [27, Assumption 1] and is computationally optimal (c.f. Proposition 1.7(iii)). It holds for
instance if F' Xn,_, |Ge=g is uniformly Lipschitz in g and £.
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Assumption 1.5 ([13, Assumption 3.4]). There exist positive constants C,dy < oo such that,
for any h € H and any compact set L C R,

1
sup| fx, (€) = fxo (€)] < Cha*™.
£ex
Remark 1.3 (|13, Remark 3.5]). Assumption 1.5 holds within the framework of [26, Proposi-
tion 5.1(a)|.

Theorem 1.6 ([13, Theorem 3.6]). Suppose that (Y, Z) € L*(P), that Assumptions 1.1 and 1.5
hold, and that

16
sup B[4 exp (-——ka sup |y, |lgh])] < oo.
heH — Y her

Within the frameworks of Lemma 1.4, if v, = vin™%, B € (0,1], with oy, > 2 if B = 1,
then, there exists some constant K < oo such that, for any positive integer L and any N =
(No,...,Np) € Nb+t,

L 2 L 3 L
E[(eM: —¢l)?] < K(wo + (ZWW) +) A+ Zme(hg)>, (1.19)
/=1 /=1 /=1

where

R f (1.16) holds,
e(h) = h3 [Inhg|2 i (1.17) holds, h €M (1.20)
h3 if (1.18) holds,

Complexity Analysis. The global error of (MLSA) can be decomposed into a statistical and
a bias errors:

N &)= (N )+ (g - )). (1.21)
Proposition 1.7 (|13, Proposition 3.7, Lemma 3.8 & Theorem 3.9]).

(i) Suppose that Assumption 1.1(i) is satisfied. Let € € (0,1) be a prescribed accuracy. If

ho > €, then, setting
lnh(]E*l
L=|——— 1.22
[ In M -‘ ( )

achieves a bias error for (MLSA) of order e.

(ii) The computational cost of (MLSA) satisfies

L N,
Cost? ., <Y X
OSUyrsa > ;h€7

for some positive constant C' < oo.

(iii) Let € € (0,1) be a prescribed accuracy. Within the framework of Theorem 1.6, setting

L s 5 o1
N = [(Kms—?(thﬁwe(w)liﬂ) hg”e(he)ﬂ, (=0,...,L,
=0



1.e.

1 1 gy px L
[(Kvl)ffs zh”ﬁ(+2(1+P* (Zg, Ny 5““*?*)))ﬂ if (1.16) holds,
_1-28 1
Ne= [(K71)%€7h (Zﬁ o bt lln | 750 )’31 if (1.17) holds,
28 l
[(Kvl)%s’?h“”ﬁ)(zg, 2“*‘”) ] if (1.18) holds,

where K is the constant on the right hand side of (1.19), achieves a statistical error on the
estimation of §§ of order €. The optimal computational cost is attained when 8 = 1 under
the constraint Aa7y1 > 2, in which case

et if (1.16) holds,

1
Costysa <C Q=3 |lnelz  if (1.17) holds,

e s if (1.18) holds.

Remark 1.4. The advantageous framework described by (1.18) results in an optimal computa-

tional cost in 0(5_%), which remains suboptimal compared to the canonical optimum of O(¢~?)
that is achievable by multilevel techniques [23, 20].

The next section devises a strategy to adaptively refine the inner Monte Carlo innovations
of (NSA) and (MLSA).

2 Adaptive Refinement Strategy

The suboptimality of (MLSA) is linked to the discontinuity of the gradient H (1.3) intervening
in the VaR recursion (1.14). Indeed, for n € Np, if the simulated loss

K
n 1 n n
X = ?Z(p(y( ), 7(km)
k=1

is too close to the estimate f 1 but falls on the opposite side of the discontinuity of H (fn 1)
with respect to its sampling target

X(gn) = Elo(y, 2)]jy=y (2.1)

an O(1) error is registered, lowering the overall performance of the multilevel algorithm. To
address this issue, we investigate the incorporation an adaptive refinement layer into (MLSA).

The following steps elucidate the intuition underlying the development of our adaptive re-
finement strategy. For simplicity, we consider a nested simulation X}, targeting an unbiased
simulation Xy, that we want to adaptively refine given a current iterate £ at the recursion rank n.
Assuming that Y and ZM, .. .| ZEM) S 7 wwere used to simulate X, according to (1.6), refining

the latter to Xp,, , consists in simulating additional Z(KMZ‘H), ceey Z(EM) S

from Y and Z(M, .., ZEM) and setting

Z independently

1 R
_ k
Xh€+1 = MXM + W kl%é-i_l (p(Y, Z( )) (2.2)

A confidence based heuristic strategy.
We loosely adapt the reasonings employed in [24, Section 2.3.1] and [28, Section 3| to derive a



preliminary strategy. Roughly speaking, considering a refinement amount 7 and an iterate &, we
want to ensure that H (£, Xp,, ) = H(§, Xo) with high probability by aligning Xp,, ~with Xy on
the same side of the discontinuity of H(&, -) at £. Using a conditional CLT,

Xhry = N (Xo, heynVar(p(Y, Z)[Y)).

To achieve the desired alignment, we consider a critical value C, corresponding to a confidence
level p € (0,1) and choose n € N minimal such that [ X, — Xo| <[Xo — §| with confidence p,
which can be expressed as

1
Car/hesaVar((Y, 2)V) < |Xo =€, or  [Xo—&| > Cahf,, (2:3)

up to a modification of C, conditionally on Y. However, this approach is impractical as X is
inaccessible.

We thus switch perspective and require instead that |Xp,,, —Xo| < |Xp,,, —§| with confidence
p, to ensure that Xo and Xj,, —are on the same side relative to . We then select 1 minimal
such that

1
CarJhesnVar(o(V. 2)[Y) < | X, €l ie  [Xn,, —€ > Cahfy, (2.4)

allowing for a modification of C, conditional on Y. In effect, we augment the number of in-
1

ner simulations of X}, by 7 refinements until the threshold C’ahZH7 around ¢ is crossed. [24]
views this process as estimating Xo by Xj,,, in the original strategy (2.3). [25] interprets the
evaluation of the criterion (2.4) as performing a Student t-test on the null hypothesis “ Xy, = £".

For more flexibility, we introduce two parameters r and 6 that respectively control the strict-
ness and budgeting of the refinement strategy.

Refinement strictness.
We set r > 1 and redefine the refinement strategy as choosing 1 minimal such that
1

’Xh@m - 5‘ Z Cah*

. (2.5)

The parameter r allows to adjust the tendency of the strategy to refine. Larger r values impose
more strictness. Setting r = 2 retrieves the previous baseline strategy.

Refinement budgeting.

The strategy outlined above may be risky, as the refinement amount 1 required to satisfy (2.5)
could be excessively large, hence increasing the associated complexity. To address this, we impose
an upper limit on n at [6¢]:

n(€) = [00] Amin{k: [Xp,,, — €| > Cahi,,}. (2.6)

Note importantly the dependency of 17 on £. For the strategy to be computationally efficient, the
entailed number of inner simulations should, on average, be comparable to the number of inner
simulations absent the strategy. To ensure this, we relax the constant C, to a normalization
factor c(hy) that is calibrated such that E[h;ﬁn(g)] = O(h, ). We have

[0¢€] (6]
Elhy o) = D helkB(€) = k) < b+ Y bl P(n(€) = k).
k=0 k=1

From (2.6) and Assumption 1.1(iv),

1 1 1
P(U(ﬁ) = k) < P(’Xhljtkfl - ‘f‘ < C(hf)hé}kfl) <2M-~ sup HthHOOc(hﬁ)héJrk
heH

10



Extending the definition of s — hg to R with hg = ho for s € R, we obtain

MS
(00,
-1 -1 v -1
Elhy o) < C(he +c(hg)th+k> < O(hg* + e(he)hrpgpay))-
k=1

for some positive constant C' < co. To balance the terms on the right-hand side, we normalize
1

with c(hy) = hgf(r—l)—ﬁ’ yielding the refinement strategy

1
T

n(§) = [0€] Amin{k: |Xp,,, —&| = Cah(;Z(r—l)Jrk}'

This approach is essentially the same as that in [28]. The amount of inner simulations is increased

1
until the varying threshold C’ah&( around £ is crossed.

r—1)+k
Refinement saturation.
To illustrate the strategy so far, we test it along a single dynamic (NSA) of bias hy:

1
S = 60— Y H (G0, X,

e4n(ent)

Unlike the Monte Carlo setting |28] where the iterate £ remains constant across the recursions, the

iterates (£¢),>1 above change from one step to the next. This causes the innovations (X ,(17))”21
(n) /

to refine to (Xh "y )n>1,
n(€,t ) T

equivalently, &: IE[]thé+ © <¢) — a. Since n(&) evolves with £, & — E[1
n

de facto solving the root finding program &: E[H (¢, Xy, )], or

X6 <¢] is no longer
given by a cdf as it may not be monotone and could have several roots.

To address this issue, we saturate the refinement amount 7 for large recursion ranks n (corre-
sponding to terminal SA phases) to the maximum allowed [6/], allowing to veer into the convex
program ming Vj, L ree] (&) for n large. This is achieved by incorporating an increasing dependency
upon n into the strategy’s threshold. We refer to the definitive strategy described below and

additional comments in Remark 3.1.

The following lemma revisits the framework (1.18) to grant a flexible basis for our adaptive
refinement strategy.

Lemma 2.1. Let 0 < h < W € H. Define GY = (h’)_%(Xh/ — Xn) and the function
FXh\GZIZQ: g:/»—> P(X, < z| GZ, = g),lg € Su/pp(}I/DGZ/). Assume that the sequence of random
variables (K} )ocp<per defined by K" = K (G}, where

}FXh|GZl:9(x) o FXhIGZ'=g(y)‘

KM (g) =
Ho =T
satisfies
sup  E[K) |GV < . (2.7)
0<h<h/eH
Then )
sup  (h) 2 E[[Lx,,>¢ — Ly, >¢l] < o0.
0<h<h’'eH
Remark 2.1. The framework (1.18) can be viewed as a special case of (2.7) for consecutive
bias pairs on the geometric scale Ho = {hg,¢ > 0} C H. In (MLSA), the fine and coarse
approximations at each level are controlled by consecutive bias parameters in Hg. If one is to
refine either approximation separately, the refined fine and coarse approximations are no longer
controlled by consecutive bias parameters in Hg, hence the need for the generalized framework
above.

11



Following the roadmap of |24, 28, 25|, we define

ng (€) == [00] Amin {k € [0, [0€]] : [Xn,,, — &l > Cafy}, £, n €N, (2.8)
with the convention min @ = 400, where C, > 0, r>1,0< 0 <1,

1 1
Un " h if (1.16) holds,
o=y e o 29)
ki _1 _ 1 + 1 .
(Inym 2R, 2, )2h98(7_1)+k if (1.17) or (2.7) holds,

1
and
u, =yin %, &€ (0,1]. (2.10)

Note the property Z,Leﬂ) Yro < C@ZJ&Z, for some positive constant C' < oo.

The constant C, is referred to as the confidence constant [24, 28|,  the refinement strictness

parameter [28, 25|, 6 the budgeting parameter, the n-dependent factor in (2.9) the saturation

X —
factor, and the quantity %ﬂifl) that our adaptive strategy seeks greedily to make large enough,
k,

the error margin [10].

Algorithm 2.1 Adaptive refinement strategy

Require: An innovation Xj,, an iterate £, adaptive refinement parameters C, > 0, r > 1 and
0<6<1,alevel £ > 1, arecursion rank n € Ny

1. < 0

2: while n < [0(] and |X},, —¢&| < Cuiy, do
3: Refine Xp,  to Xp, . .,

4: n+<n+1

5: end while

6:

return Xhe+n

We refer to [28, Algorithm 3.1] for an analogous refinement strategy in a MLMC setting, that
is independent of the recursion rank n.

Remark 2.2.

(i) At each level £ and recursion rank n, the adaptive strategy refines the simulation X ,(lj) used

in (1.14) to X ,(1277, with the aim of escaping the region [£ £ Catlyy ;) around the discontinuity

of x — H(& ) at z = €.
(ii) No refinement is applied at the level £ =0, as nj = 0 for all n > 1.

(iii) The threshold 17, depends on the hyperparameters » > 1 and 0 < § < 1. The parameter
r controls the refinement strictness and 0 its budgeting on the allowed refinement amount.
The threshold decreases for r and 6 large. It also depends on the level £ and the recursion
rank n. Larger ¢ values lead to smaller thresholds while larger n values lead to larger
thresholds.

(iv) Recalling the definition (2.1), by virtue of the almost sure convergence of X f(z:;) to Xon) as
¢ 1 oo (by the conditional law of large numbers, under suitable assumptions), the refined

(n)

hetnp (o)

is therefore expected that H (&, X (n) )= H(¢, Xén)) with high probability.

hagnp &)

simulation X is in theory closer to the actual simulation target Xén) than X }(;Z) It

12



(v) In our derivation of the adaptive refinement strategy, the confidence constant C, took in
fact the form of Cp\/Var(p(Y,Z)|Y), where C, is a critical value of the law N(0,1) at
some confidence level p and /Var(p(Y, Z)|Y) is the sampling standard deviation. For a
99%-confidence level, a natural choice for C, is three standard deviations, i.e. C;, = 3. The
standard deviation can be estimated empirically. However, the ensuing convergence and
complexity analyses show that our choice of C, constant for the adaptive strategy (2.8)
accomplishes the desired performance gain. In practice, C, should be fine-tuned to avoid
over- or under-adapting.

3 Adaptive Nested Stochastic Approximation Algorithm

Before delving into the adaptive refinement of (MLSA), let us first investigate the influence of our
refinement strategy on (NSA), which we recall can be considered an instance of 0 level (MLSA).

Consider a bias parameter hy, £ > 1, on the geometric scale Hy = {hy, ¢ > 0}, which allows
resorting to single-echelon refinements (2.2). The adaptively refined nested SA algorithm for
estimating the VaR writes

€y =6 — i H(E, X\MY), (adNSA)
where 1 1
v (n+1 n n+ n =7
X}(W : = X}(l/:_ (2;-9—1)’ é : =Ty +1( Zz)’ ne N7 (31)
C ”]e

and EZ; ¢ is a random real-valued initialization that is independent of the innovations ()Z' f(lZ))n>1'

Algorithm 3.1 Adaptive Nested SA for estimating the VaR

Require: K, N € Ny, a positive non-increasing sequence (7, )n>1 such that > >, 7, = oo and
lim,, o0 ¥ = 0, refinement parameters C, >0, r >1and 0 <6 <1

1: Sample EZ}Z randomly

2: forn=0..N—1do

3 Simulate Y1) ~ Y and Zz(+1D), | z(FLEMY S 7 ipdependently of Y (1)
4 X}SZH) - KJIW ZkK:J\iIZ (Y (D) | Z(nt1k)

5: X}(LZJFU
6
7
8

: — Reﬁneg7r?ca’g’n(X}(LZ+1), ~24)
=h Py, Py, v(n+1
Eniy & Ent — ’Yn+1H(§ZZ7X;(LZ )

: end for

. chy
: return N

Remark 3.1. Unlike |24, 28, 25], the adaptive refinement (2.8) depends on the recursion rank n.
As previously discussed, using an adaptive refinement independent of n can be viewed as seeking
a root of & — E[H(ﬁ,XhHWQ)], which is not guaranteed to retrieve a problem like (1.7), as it
could have multiple roots. The introduced dependency upon n saturates the refinement amount

to [6] for large n, aligning X (n) with X }(Lj) :

heng @) +To¢
the strictly convex nested SA problem ming Vj, 101 (€¢) of bias parameter hy roe]-

This behavior can be verified by calculation. Assuming that (Y, Z) € L'(P), by Markov’s
inequality,

: with high probability and practically solving

P(ny (&) < [00]) = P(3k € [0, [0€] — 1], [ Xp,,, — & = Catlfy)
[o0—1
< Y P(1Xn, — &l > Catipy)
k=0
" E[| X, — €]

-0 as n7Too.
Cathity

(]
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Since 0y (€) is a discrete random variable taking values in [0, [6¢]], there exists ng(¢, ) such that,
for n > ng, 1/ (§) = [6¢] P-as. Thus the desired saturation effect for n large.

Of course, the iterate £ depends on the recursion rank n. The boundedness of the iterates
in some LP(PP) space, 0 < p < 2, is hence essential to retrieve the asymptotic behavior described
above. Such boundedness is established in Proposition 3.2.

3.1 Convergence Analysis

In the following, C' < oo designates a positive constant that may change from line to line but
does not depend on ¢ or n. The proofs of the ensuing results are postponed to Appendix B.

Lemma 3.1. Let v, = yin?, B € (0,1].

(i) Assume that the real-valued random variables X}, admit pdfs fx, that are bounded uniformly
inh€H.

a. If (1.16) is satisfied, with

G
pe>2, <2 and 0§%+1, (3.2)
then
‘E[ﬂxhe+n7<s>>5 X0 >€” < Chyun, £z 1.
b. If (1.17) is satisfied for some Cy > 0, with
hoz(i%g)fll, r<2 and 0<1, (3.3)

then
B 146
’E[ﬂxhe+ny<s>>5 X for >5” < Chg™my bm2 1.
(i1) If (2.7) is satisfied with, for some vy > 0,

2 \z5
T <2 d 0<1 3.4
L) s ed s ()

sup _E[exp(uolGR2)] < o0, ho > (
0<h<h/cH
then
_ 146
‘E{]IX%W&) 6~ W, >f” < Chymy £ n 2 1

Ultimately, within the framework of either (i)a, (i)b or (ii),

o
’E[]lxhwnz(s) > ]1X°>4 ’ <Oh™, Ln>1.

Remark 3.2. Unlike [28, Lemma 3.9|, the bias controls above display a dependence on n that
decays roughly in the order of the step size 7,. This property will prove useful to control the
numerical error induced by the refinement strategy (2.8) in the adaptive nested scheme (adNSA).

Recalling the definition of (A;)4>1 in (1.10), the next lemma provides an adaptive counterpart
to Lemma 1.2(ii).

Proposition 3.2. Suppose that Assumption 1.1 holds. Within the frameworks of Lemma 3.1,
define
wVunht ™ if (3.2) hold
5t mVunhy (3:2) holds, n>1,0>1. (3.5)
Tn if (3.3) or (3.4) holds,

14



(i) If \yy1 > 1 when B3 =1, and
4
Sup 1€ exp (7——kasup | x,, Icl€1)] < o0,
£>0 —Q >0

then, there exist positive constants (Ky)e>1 such that supy>1 K¢ < oo and, for any positive
integers £ and n,

7 h ~
E[(& — &) < Ko,

(ii) If Aoy1 > 2 when B =1, and
Ahg 4 16 ’vhg
supE[[€° 1" exp (7——kasup | x,, Icl€1)] < o0,
>0 — @ >0

then, there exist positive constants (Ky)e>1 such that sup,>, Ky < 0o and, for any positive
integers £ and n,

B[ — &)Y < K, (74)2.

Remark 3.3. The above results are comparable to the non-adaptive case in Lemma 1.2(ii). The
L*(PP)-control is necessary to our study of the adaptive MLSA scheme in Section 4.

3.2 Complexity Analysis

Proposition 3.2(i) provides insight into the behavior of (adNSA). Fixing ¢ > 1 and run-
ning (adNSA) n times results in a global error

= ~ h h
T (O ) RS S
where the first term represents the statistical error and the second the bias error.

Proposition 3.3. Suppose that Assumption 1.1(i) holds. Let ¢ € (0,1) be a fized prescribed
accuracy. If hg > €, then setting
In hoe*
g:&no€] (3.6)

1+6)InM

achieves a bias error for (adNSA) of order e.

Proof. By Lemma 1.2(i), the bias error of (adNSA) is of order hy 9. Hence, to achieve a bias
error of order €, we have to take £ such that hy gs < % <e. O

Remark 3.4. According to the decomposition (1.9), if using (NSA) with a bias hy on the geometric
scale Hg = {hy, ¢ > 0}, one must set
/- Fn h0€_1—‘

In M

to achieve a bias error of order €. (adNSA) requires by comparison a smaller ¢, which in turn
translates into a less expensive, albeit biased, simulation X}, that is subsequently refined. This
adjustment contributes to a reduction in the complexity of (adNSA).

The next lemma quantifies the average simulation amounts performed per iteration under
the adaptive strategy.

Lemma 3.4. Under Assumptions 1.1(1i,iv), for any positive integers n and ¢, setting r > 1, it
holds

)

hy 'np if (1.16) holds,

E|[h p}_c - |
hy, V1+Inn+£¢ if (1.17) or (2.7) holds.

L+n
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Proof. For n, ¢ € Ny, one has

[00] [60]
E[n! o )] = Zh;ﬁkp ) <hy +Zh;+1k19> = k).

Let k € [1,[6¢]]. By the definition (2.8) and Assumption 1.1(iv),

PO = k) < P(|X0, | = €] < Catr ) < 2Ca(sup |1 fx, loo) Ui e

heyr—1 g
Thus, recalling that r > 1,
[0¢]
-1 —1 -1 /n
E[h@m(n)} < c<h£ + kz_‘; hwkw,ﬁ_l,Z)

_ i ? 0] , — :
ot 1(1 +npehy o S 1)) if (1.16) holds,
N - 1 roe] , - :

1(1 +Vi+nn+Lhg,. E 1 hk(1 1)> if (1.17) or (2.7) holds.

5o .

cclm” h;! if (1.16) holds,

VI+Inn+2h,t if (1.17) or (2.7) holds.
O

Remark 3.5. Note the analogous [28, Proposition 3.1] for adaptive Monte Carlo, independent
nonetheless of the recursion rank n. The average amount of inner simulations therein is in the
order of h;l. The saturation of our adaptive strategy for n large is responsible for expanding
these amounts by a small order depending on n. We refer to Remark 3.1 for further comments
on this dependence on n.

Proposition 3.5. Let ¢ € (0,1) be a prescribed accuracy. Within the frameworks of Lemma 3.1,
setting

[e=3] if (3.2) holds with § < B/2,
[5_%] if (3.2) holds with § > 3/2, or if (3.3) or (3.4) holds,

yields a statistical L*(P) error for (adNSA) of order €, ase | 0. The corresponding computational
cost satisfies

px+d 1

c pxd 140 if (3.2) holds with § < 3/2,

-1 2(8+px)
Costaansa < CnE {hz%m] ~CR T T if (3.2) holds with 6 > B/2, 5 €10,
e 5T |lne|2 if (3.3) or (3.4) holds,

for some positive constant C < oo independent of €. The minimal computational cost is attained
under the constraint A\yy1 > 1, with

5px+4

e if (3.2) holds, f=1,0=15 =1 and 6 = 2121,

Costagnsa < C
1
es lne|z if (3.3) or (3.4) holds and B =0 = 1.

Proof. The results of the proposition are a direct consequence of Proposition 3.2(i). The com-
plexity computations are standard and are therefore skipped. O
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Remark 3.6. The (adNSA) framework (3.2) scores a speed-up on (NSA) when p, > 4. By
C?mparison to Proposition 1.3, the complexities outlined above are an order of magnitude of
€2 lower than those of (NSA) for large p, under the framework (3.2) and up to a logarithmic
factor under the frameworks (3.3) and (3.4). As we will see in the next section, (adNSA) serves
as a fundamental component of the adaptive MLSA scheme. Consequently, the performance
improvements noted on the former scheme should result in an acceleration of the latter.

The table below recaps the differences between (NSA) and (adNSA).

Algorithm NSA adNSA

[In g]
(1+6)InM

e75 if (3.2) holds with & < 3/2,

1
Bias parameter h~c¢ hy ~ e & ( ~

. 2 2
Iterations amount n~eg B n~Qe75if (3.2) holds with 6 > 3/2,
or if (3.3) or (3.4) holds,

Costaansa <

Optimal complexity | Costysy < Ce™3 o e B if (3.2) holds,

e s \lna]% if (3.3) or (3.4) holds.

Table 3.1. Comparison of (NSA) and (adNSA). ¢ € (0,1) designates the prescribed accuracy.
The postulates refer to Propositions 1.3 and 3.5.

4 Adaptive Multilevel Stochastic Approximation Algorithm

Recalling that (MLSA) telescopes multiple paired (NSA) schemes, the previous development
on (adNSA) provides a framework for the extension of the adaptive refinement strategy to the
multilevel paradigm. We define the adaptive multilevel SA (adMLSA) estimator for the VaR as

L
A1 zh She—
=0+ G~ (adMLSA)
=1
where N = (Nyp,...,Np) € N0L+1 represents the number of iterations at each level. Each level

¢=0,...,L is simulated independently. As detailed in Remark 2.2(ii), the level 0 estimator is
not refined, resulting in Nj iterations of (NSA). Each of the remaining levels £ = 1,..., L is

obtained as follows: after initializing (Aé”’l AZ]”), for each n = 0,..., Ny— 1, once the components

of (X("H),X}(ZZH)) have been simulated according to (1.15), X}(l:fll) and X,(;ZH) are separately

hg—1
refined as in (3.1), relative to the fine and coarse iterates EZH and £ into X }(ljil) and X }(SH)

respectively. These refined innovations are then injected into separate single updates of (adNSA)

to obtain the next iterates (gllﬁll,gfil).
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Algorithm 4.1 Adaptive Multilevel SA for estimating the VaR

Require: A number of levels L > 1, a bias parameter hg = % e H, M>2, Ny,...,Ni € Ny,
a positive non-increasing sequence (y,)p>1 such that Y >, 7, = oo and lim, o vn = 0,
refinement parameters C, >0, r >1and 0 <6 <1

1: Sample 5610 randomly
2: €80+ NSA(hg, No)
3: for/=1..Ldo
4: Set hy + %
5. Sample (EZ;H, ¢0*) randomly
6: forn=0..N,—1do )
7: Simulate Y1) ~ Y and Z(m+1D) | z(+LEMY S 7 5 dependently of Y (n+1)
1 -1
8 XtV = g S (v e, 2 1))
1 1 Y]
o Xi(zre”r ) ﬁX;(L?i ) + K]l\ﬂ ZII::]\;[{M‘*LH ‘P(Y(n+1)a Z(n+1’k))
10: for j=¢—-1..¢do
11: X}(l?+1) < Reﬁneg7r70a7j7n(X]§?+1), gth)
~h; ~h; ~h; =
12 1 & — v H(E?, X"Y)
13: end for
14: end for
15: end for

P h L 7he  Zhe-
16: &N" + &n + 2ol v, — &,

17: return £4"

4.1 Convergence Analysis

Below, C' < oo designates a positive constant that may change from line to line but does not
depend on L. The proofs of the following results are postponed to Appendix B.

The next result guarantees stronger error controls for (adMLSA) comparatively with its non-
adaptive counterpart, Lemma 1.4, for (MLSA).

Lemma 4.1. Let v, = yyn~?, B € (0,1].

(i) Assume that the real-valued random variables X}, admit pdfs fx, that are bounded uniformly
inhcH.

a. If (1.16) is satisfied, with

1

1- petl
r<2 and 0<-—S—, (4.1)
14+ 1
p*+1
then (146)2 2
+ *
EH]I -1 H < Ch 2(p*+1).
Xy g€~ LXo>¢|| < Oy

b. If (1.17) is satisfied for Cyq > 0, with

A€,

1
E> For<2 and 6<1, (4.2)

hoZ(

then

0
E[[1x,,, . >¢ — Txose|| <OV (1Y /iR,
ny (&)
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(ii) of (2.7) is satisfied with, for some vy > 0,

V

( 1 )211
T r<2 and 6<1, (4.3)

supE[exp(vo\GgF)] < oo, ho woCZ

heH

then o
EH]the+n7<5>>5 a ]lX°>5H <OVhe
Remark 4.1.
(i) Although the frameworks of Lemmas 3.1 and 4.1 are similar, Lemma 3.1’s are stronger.

(ii) Comparatively with the non-adaptive frameworks of Lemma 1.4, the variance controls
for (adMLSA) display an extra exponentiation in 1+ 6, which should bring the algorithm’s
statistical error faster to 0.

The main convergence result follows. Its proof is deferred to Appendix C.

Theorem 4.2. Suppose that (Y, Z) € L*(P), that Assumptions 1.1 and 1.5 hold, and that
Ahe 4 16 Ahg
supE| €| exp ( T —kasup [ fx,, loléo| ) | < oo
£>0 — Q@ >0 ]

Within the frameworks of Lemma 3.1, if v, = vin™%, B € (0,1], with oy, > 2 if B = 1,
then there exists a positive constant K < oo such that, for any positive integer L and any
N = (No,...,Nz) € Nb+,

L 2 L L
= h 2 ~, ~ 1 ~) ~
E[(XF — &7 )] < K(’yzvo + (Zm@) + > w(F,)? + Z’vaéf(he)”e), (4.4)
/=1 /=1 /=1
where (V) i>1.n>1 are defined in (3.5) and
hEOET if (3.2) holds,
€(h) =19 h3|nhlz if (3.3) holds, hEM (4.5)

NI

h if (3.4) holds,

Remark 4.2. Similarly to Theorem 1.6, the upper L?(P) estimate for the statistical error of
(adMLSA) contains four terms: the first term governs the level 0 simulation and the remaining
three control the drifts and martingales arising in the multilevel linearization (C.7). The first
difference with (MLSA) lies in the inclusion of 7%, which stems from the controls of Proposi-
tion 3.2. Additionally, the final term exhibits an extra exponentiation in 1 + 6, resulting in an
accelerated convergence rate compared to (MLSA).

The convergence rate speed-up, shown in the previous theorem, translates a significant per-
formance gain that should reflect in the complexity of (adMLSA), as we clarify next.

4.2 Complexity Analysis

Throughout, C' < co denotes a positive constant that may change from line to line but remains
independent of L. We consider ¢ € (0,1) a prescribed accuracy for (adMLSA).
Approximating £9 by &N results in a global error that decomposes into a statistical and a

bias errors: _ _ b h
N =€ = (N &) (e - ). (4.6)
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Proposition 4.3. Suppose that Assumption 1.1(i) holds. Let ¢ € (0,1) be a fized prescribed
accuracy. If hg > e, then setting the number of levels to

In h06_1
L=|—F7"—— 4.7
{(1 +6)In M—‘ (4.7)
achieves a bias error for (adMLSA) of order e.

Proof. Lemma 1.2(i) guarantees that the bias error is of order hrfgr], thus we must choose L

so that hryror) < <e. Ul

ML(1+9)

Remark 4.3. In view of Propositions 4.3 and 1.7(i), to achieve an identical bias error order,
(adMLSA) requires significantly less levels than (MLSA). In fact, for § = 1, (adMLSA) re-
quires half as many levels as (MLSA) to achieve a bias error of order . This property alone
makes (adMLSA) much faster than (MLSA). It is linked to the fact that, for a given num-
ber of levels L, (adMLSA) achieves a bias error of order h1L+9, an order of magnitude hY lower
than (MLSA) that scores an order of hyp,.

Proposition 4.4. Suppose that Assumptions 1.1(ii,iv) hold. By setting v > 1, the average
complezity of (adMLSA) satisfies

S ™ L if (1.16) holds,
VIS Ne g sk (NetaNe i (1.17) or (2.7) holds.
Proof. The average complexity of the adaptlve multilevel SA algorithm satisfies

Costgamrsa < C

No L Ny 1
Costaamrsa < C E[Z vy
n=1 =1 n=1 Z-l—n(") =140,
Invoking Lemma 3.4 concludes the proof. O

Remark 4.4. Without the saturation factor in the refinement strategy, the computational cost
would be lowered to O(Zévzo ]}Y—f), similar to both (MLSA) and the adaptive MLMC algo-
rithm [28]. However, omitting the saturation factor would adversely affect the convergence
of the statistical error (4.4). See Remark 3.1 for further comments on the necessity to saturate
the refinements.

Theorem 4.5. Let C, > 0, r > 1 and 0 < 0 < 1 and suppose that Assumptions 1.1 and 1.5
hold. Let € € (0,1) be a prescribed accuracy.

(i) If (3.2) holds, then setting Ny =

(38(146)—26)p2 +(2(1+0)+6(1430)ps+25(140) 1 ((5+30)ps+4-+20)ps

12 > 5 * " :
[(K%)as 2 <25: 2(1+px) (0+(143)p%) hf““’ YO+(1+0)p >1 if 6 < B,
. P OOp 26— (140)0) )\ L+ 0pap
[(K,yl)gg (Zz/ 2(T+px) 0+ TB)Px) ) h€2<1+p*>(6+<1+5)p*)1 if85> 8,
(4.8)

0 < ¢ < L, where K s the constant on the right-hand side of (4.4), yields an average
complezity satisfying

(3(140)—28)p2+(2(146)+5(1430)) px+25(146) _ px+5+pxd

2(5+P*)
L 2((I+0)px+6)(1Fpx) Pxd .
Cost?d? <o g o (Ze:oh if § < 83,
OVadmrsa = 2(5+p) _ (2B—(140)ps+(28—(146)8) | Pxtb+psf
e B« ( h 2(14px) 3+ (IFB8)p+) PxB if6> 8.
p*/2

This complexity is optimal if § < 3, for all 6 € (0 ] as long as 6 — = 1:

NPESEN

1,—1,0 2
CostadMLSA < Ce 2o,
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(ii) If (3.3) holds, then setting
. L _2-0+0) 5 a40
Ny = ’V(K'yl) B ( Z hy 2T In by ’2(14—[3) > hZ [In by ‘2(1+ﬁ) -‘ 0</¢<L,
=0

N

where K is the constant on the right-hand side of (4.4), leads to an average complexity
satisfying

L 23( (1+>9) %
201175
Cost? dMLSA < Ce™ 3 \1n5]2 ( g h, [In Ay \2<1+5>>

£=0
which is minimized for § =0 =1, in which case

Cost™l . < Ce2[lne|?
OStamrsa = .

(iii) If (3.4) holds, then setting

L 26-(1+0)\ 5 _3+6
Ny = ’VKfyl 55 E<Zh€/ 2(1+58) > h2(1+ﬁ)-‘, 0<(<L,

where K is the constant on the right-hand side of (4.4), gives an average complezity of

1+8

L 28— (1+6) 5
2(1+8)
CostadMLSA < Ce™ 3 |1nz-:|2 (Zh ) )
(=0

which is minimized for § = 0 = 1, whereby
CostijMLSA <Ce? ]1n5|g .
Proof. Define
14+ ,
N, if (3.2) holds,
Ne(VL +vInNy) if (3.3) or (3.4) holds.

Following [24, 13|, a heuristic proxy for the upper estimate in (4.4) is KZf 1%{,;(113)”9
To determine the optimal number of iterations Ny,..., Ny, we optimize the complexity while
constraining the aforementioned term to £2:

GL(Ng) =

minimizen, .. N, >0 Z(gL OQSL(Ng)th,
subject to S 0N, E(he) T = K12,

We can check easily that, with the obtained solutions, the remaining terms in the upper esti-
mate (4.4) are of order £2.
O

Remark 4.5.

gain over (MLSA) and retrieves the canomcal multilevel performance [23, 20] of order £~2,

up to a logarithmic factor.

(ii) As for the framework of Theorem 4.5(i), it requires that p, > 1 + /5 ~ 3.24 to be faster
than (MLSA). This suggests to take p, sufficiently large, recalling that a large class of
portfolio payoffs are LP*(IP)-integrable for any p, > 2. Note that, asymptotically as p, 1 oo,
Cost;’d?/ag A = O(c72) while Costigga = O(E_g), retrieving the same overperformance
reported above.
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The table below compares (MLSA) and (adMLSA).

Algorithm MLSA adMLSA
0 ~p ~
W+ Sio mie(he) W S A e )
L?(PP)-control (Decomposition (1.21), (Decomposition (4.6),

Lemma 1.2(i) and Theorem 1.6) | Lemma 1.2(i) and Theorem 4.2)

B {hos_w B [ hoe ™! W
Number of levels In M (1+0)InM
(Proposition 1.7(i)) (Proposition 4.3)

Costyrsa < Costaamrsa <

—34 Px _2_l .
e "T20+»9 if (1.16) holds, e if (3.2) holds,
Optimal complexity | ¢

ol

if (1.18) holds. e2|lnel? if (3.4) holds.
(Proposition 1.7(iii)) (Theorem 4.5)

€

)
_5 L c! o LA
e 2 |lnel2  if (1.17) holds, e ?|lne|2 if (3.3) holds,
)
)

Table 4.1. Comparison of (MLSA) and (adMLSA). € € (0,1) designates a prescribed accuracy.

4.3 Heuristics

In view of Proposition 3.5 and Theorem 4.5, to compute the VaR efficiently, we need to set

= i:g; within the framework (3.2) and # = 1 within the frameworks (3.3) and (3.4). Note

that § ~ 1 for p, large enough within the framework (3.2).
The choice r =1+ % together with the assumption 6 =~ 1 lead to thresholds (2.9) of the form

1
1+ ~ 2
1/’194 h kwn ~ h;—i—kwn’

where wy, is the saturation factor. Complementing [25], under this choice of r and 6, our strategy
can be seen as conducting consecutive Student t-tests on the null hypotheses “Xj,,, = &7,
0 < k < [6¢], until the earliest rejection.

5 Financial Case Studies

In the ensuing numerical studies, we illustrate the performance gap closure between (MLSA)
and (SA) that is made possible by adopting our adaptive refinement strategy. To this end, we re-
visit the VaR use cases already handled by (SA), (NSA) and (MLSA) in [13, Sections 4 & 5|. The

implementations for the below case studies can be found at github.com/azarlouzi/ada_mlsa.

Confidence Constant Estimation. In the following applications, we tune the confidence
constant C, appearing in (2.9) on a grid. Remark 2.2(v) however suggests a different treatment
for this constant.

Denote o = \/Var (Y, Z)|Y') the sampling standard deviation and oy, h = % € H, its
empirical approximation given by

N[

_ 1 x k) 2
ahf( S (v, 2®) X) (5.1)

k=1
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An alternative refinement strategy would incorporate an estimation of C, in (2.9) by Cyop,,, at
the refinement step k, where C), is set to 3 to retrieve a 99%-confidence level on the closeness
between Xp, , and Xp.

We term o-(adNSA) and o-(adMLSA) the (adNSA) and (adMLSA) versions where C, is
estimated by (Cpon,,, Jo<k<[or]- For comparative purposes, these versions are run as well and
their performances are reported and discussed in subsequent analyses.

5.1 European Option

We succinctly recall here the setting of [13, Section 4]. We refer to the developments therein for
rigorous derivation of the ensuing statements.

Consider a European option of maturity 7" = 1 and payoff x — —x“, on an underlying asset
following a standard Brownian motion dynamic (W3)o<¢<1. The risk-free rate is null and pricing
is performed under P. The option’s value at time ¢t € [0, 1] is

2

Vi = E[-W{ Wi,
and its associated loss at a horizon 7 € (0,1) is
Xo="Vo—V;.

We are interested in retrieving the VaR &2 of this loss at some confidence level a € (0, 1).

Analytical and Simulation Formulas. Let ¢: R? — R,
oly,2) = —(Vry+VI—72)", y,2€R.

On the one hand,

I~

Xo £ —1 - E[p(Y, 2)|Y] = 7(Y2 - 1),

where Y and Z are independent and of law N(0,1). Xy can thus be simulated exactly, hence
the benchmarking unbiased SA scheme [4] is applicable to estimate the VaR.
On the other hand, for a bias parameter h = % € H, Xy can be approximated by

K
1 k
Xh:—l—K;so(Y,Z( ),

where Y, Z(D ..., Z(K) X A7(0,1). We can then apply (NSA), (MLSA), (adNSA), o-(adNSA),
(adMLSA) and o-(adMLSA) on this basis to approximate the VaR.
Finally, the VaR £” at level a has an analytical form:

gS:r<F*1(1;O‘)2—1), (5.2)

where I is the standard Gaussian cdf. Its evaluation will help assess the estimation errors of the
aforementioned SA schemes.

Numerical Results. We conduct below a performance comparison of the different SA schemes
discussed in this paper. We set the confidence level to o = 97.5% and the time horizon to 7 = 0.5,
which yields £2 ~ 2.012 via (5.2).

To minimize complexity, all algorithms are run with § = 1 and their respective theoretical
optimal iterations amounts. (SA), (NSA), (adNSA) and o-(adNSA) are run with ~, = 1/(100 +
n). (MLSA), (adMLSA) and o-(adMLSA) are run with M = 2 under the framework (3.2)

with p, = 11 and § = 0.95. We set 0 = g:g_ﬁ and r = 1+ % for the adaptive schemes, as
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recommended in Section 4.3. Identical hy parametrization was applied to (adNSA), o-(adNSA),
(MLSA), (adMLSA) and o-(adMLSA), and identical v, parametrization was applied to (MLSA),
(adMLSA) and o-(adMLSA). Further parametrizations of the adaptive and multilevel schemes,
obtained via a grid search, are described in Table 5.1. The subsequent level amounts computed
via (1.22), (3.6) and (4.7) are reported in columns L, £,q and L,q. For (adNSA) and (adMLSA),
the iterations amounts scaling factor C (e.g. C = (K’yl)% for (adMLSA) as per (4.8)) and the
confidence constant C, were jointly optimized by grid search, which led to the choices C' = 2
and C, = 0.5 for (adNSA) and C = 700 and C, = 12 for (adMLSA). As for o-(adNSA)
and o-(adMLSA), we use the critical value C}, = 3 with scaling factors C' = 2 and C = 700
respectively.

€ ho | Caq € ho | L Tn € ho | Lag Tn

1 1 1 | 1 2 1 | 1 2
55 | 6] 1 52 | 16 | ! | 25xi054m 32 |16 | ! | 35xi05m

1 1 1 111 2 1 | 1 1 2
61 | 32 64 | 32 1x103+n 64 | 32 1x103+n
1 | L 9 1 [ 19 0.75 1| L 2 0.75
128 | 32 128 | 32 9x103+n 128 | 32 9x103+n
1 | L ) 1 113 0.25 1 | 1 2 0.25
256 | 32 256 | 32 109 +n 256 | 32 10%+n
1| 1 1 | 1 0.09 1 | 1 0.09
512 | 33 | 3 52 | 3 | 4| 10ia 52 | 33 | 3 101+n

Table 5.1. Parametrizations of (adNSA) and o-(adNSA) (left), (MLSA) (center) and (adMLSA)
and o-(adMLSA) (right), by prescribed accuracy.

Root-mean-square errors (RMSEs) relative to the true £ and corresponding average execu-
tion times over 200 runs, for a prescribed accuracy ranging in {3%, 6%1, ﬁlg, ﬁ, 5—12}, are graphed
for each algorithm on a logarithmic scale in Figure 5.1. Figure 5.2 plots the average execu-
tion times against the prescribed accuracies themselves to illustrate the achieved complexities.
The slopes fitted on these curves, shown in dashed lines in Figures 5.1 and 5.2, are reported in

Table 5.2.
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Average execution time (s)
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-5~ MLSA
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Figure 5.1. Performance comparison of the different SA schemes.
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Prescribed accuracy €

Figure 5.2. Complexity comparison of the different SA schemes.
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SA scheme | NSA | 0-adNSA | adNSA | MLSA | adMLSA | o-adMLSA SA
RMSE -3.01 —2.89 —2.61 —2.77 —2.04 —1.84 —2.05
Accuracy € | —2.98 —2.89 —2.69 | —3.05 —2.18 —2.06 —2.00

Table 5.2. Reported slopes in Figures 5.1 and 5.2.

[13, Section 4.3] already provides a thorough discussion on (SA), (NSA) and (MLSA). We
retain here that (MLSA) scores a partial gain on the performance gap between (SA) and (NSA).

The novelties here are the adaptive schemes. On Figure 5.1, (adNSA) and o-(adNSA) achieve
comparable performances, outperforming (NSA) by a margin that seems to widen for smaller
accuracies. (adNSA) seems to be slightly outperforming o-(adNSA), which can be attributed to
the overhead computation performed by o-(adNSA) to recompute the confidence constant C,.
(adMLSA) and o-(adMLSA) show to be significantly outperforming (MLSA): for a target RMSE
of order 1072, (adMLSA) and o-(adMLSA) run on average in 0.2s while (MLSA) runs in 2s,
achieving a 10 fold speed-up over their non-adaptive counterpart. o-(adMLSA) seems to slightly
outperform (adMLSA), which can be explained by the precision brought by the recomputation
of the standard deviation o, in spite of the entailed overhead computational time. However, this
overperformance remains slim, recalling that the calibrated confidence constant C,, for (adMLSA)
needs not be readjusted on the whole accuracy range once it has been optimized on a couple of
accuracies, thus eliminating any additional upstream fine-tuning.

Eventually, an examination of the fitted slopes highlights that (adNSA) and o-(adNSA)
achieve the theoretical complexity exponents predicted by Proposition 3.5. It also demonstrates
that (adMLSA) and o-(adMLSA) achieve the quadratic complexity anticipated by Theorem 4.5(i)
for p, large. The performances of these schemes match that of (SA) that assumes the exact
simulatability of the true loss Xj.

5.2 Interest Rate Swap

The following setting is recapitulated from [13, Section 5|.

We consider a swap, of strike K, maturity 7" and nominal N, each leg being worth 1 at
inception, issued at par on some underlying interest (or FX) rate (St)o<t<7 following a Black-
Scholes model with risk neutral drift & and constant volatility &. At the coupon dates 0 < T1 <
.-+ < Ty = T, the swap remunerates the cash flows AT;(Sr,_, — K), where AT, = T; — T;_1,
Ty = 0. The risk-free rate is ¥ and the risk neutral probability measure is PP.

For ¢t € 0,7, let i; be the integer such that t € [T;,_1,T;,) if t € [0,T"), and +o0o otherwise.
The fair value of the swap at time t € [0,7] is

st].

The loss on a short position on the swap at a time horizon 7 € (0,77) is

d
Pt = NE[ZQ_T(Ti_t)AE(STi—1 - R)

=1t

X() = e_FTPT.
We are interested in computing the VaR €7 of this loss at some confidence level a € (0, 1).

Analytical and Simulation Formulas. On the one hand,

_92 d
Xo £ NAS()(exp ( — %T + 6\ﬁU> — 1), where A= Ze*FTiAieRT"*l
i=2
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and U ~ N(0,1). This allows simulating X exactly, hence the availability of (SA) to approxi-
mate the VaR.
On the other hand, X satisfies

Xo £ Elp(Y, 2)|Y], (5.3)

where Y € R is independent of Z = (Z1,...,Z4_1) € R, with

5.2
Y =exp ( - —T+ 6%[]0),

2
5.2
A ::exp(f?(Tl77')+5\/T1*7'U1)a
~2
Zilzexp(—%Ai—i-a'\/AiUi) 2<:1<d-1,

d i1
o(y,z) == NSy ZefFTiAieRTFl <y H Zj — 1>, yeR,z=(z1,...,24_1) € R,

i=2 j=1

and (Ui)o<i<a—1 ~ N(0,1). The nested Monte Carlo averaging (1.6) is thus available to ap-
proximate (5.3), hence the applicability of (NSA), (adNSA), o-(adNSA), (MLSA), (adMLSA)
and o-(adMLSA) to approximate the VaR.

Finally, the VaR £” at level a is available analytically:

5.2

€0 — NASO<exp (F’l(a)c? T 37) — 1), (5.4)

where F' is the standard Gaussian cdf. The output of this formula will serve as a benchmark for
the outcomes of the aforementioned algorithms.

Numerical Results. For the case study, we set So = 1%, 7 = 2%, & = 12%, ¢ = 20%,
T = lyear, AT; = 3months, 7 = 7days and a = 85%. We use the 30/360 day count fraction
convention. (5.4) yields £V ~ 219.64.

We run all algorithms at their theoretical optimums, with f = 1 and the corresponding
optimal iterations amounts. The learning rate -, = 100/n is employed for (SA) and =, = 50/n
for (NSA), (adNSA) and o-(adNSA). For (adNSA), o-(adNSA), (MLSA), (adMLSA) and o-
(adMLSA), we adopt the framework (3.2) with the exponent p, = 8, the geometric step M =

2 and the exponent § = 0.95 for u,. As suggested in Section 4.3, we set 6 = g:g_ﬁ
11 1 1 1

r=1+ % For every prescribed accuracy € € {55, 51> 1987 356> 5131 We tune hg (governing the
number of levels L for (MLSA), £,q for (adNSA) and o-(adNSA), and L,q for (adMLSA) and o-
(adMLSA)) and the learning rate (v,)n>1 for (MLSA), (adMLSA) and o-(adMLSA) on suitable
grids. Table 5.3 lists these parametrizations by prescribed accuracy. The iterations amounts
scaling factor C' and adaptive refinement confidence constant C, are tuned on grids. We retain
C = 80 for (adMLSA) and o-(adMLSA), C, = 100 for (adMLSA), C = 2 for (adNSA) and o-
(adNSA) and C, = 300 for (adNSA). We eventually set the critical value C), = 3 for o-(adNSA)

and o-(adMLSA).

and
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15 ho | Caq € ho | L Tn € ho | Laq Tn

1 1 1 1 6 1 1 6

5 | 5] 2 2 | 5 |2 10+n 32 | 3 2 10+n

1 1| o 1| L, 20 11| 20
% | 16 61 | 16 5001 61 | 16 500t
1 1] 11 21 PR 21
28 | 16 28 | 16 105+tn 28 | 16 10°+n
1 1 1 1 20 1 1 20
256 | 16 | O %6 | 16 | 4 | axio"in %6 | 16 | S | 3xi0°ta
I A 1 | 1 21 1 | 1 21
512 16 4 512 16 5 3x103+n 512 | 16 4 3x1034n

Table 5.3. Parametrizations of (adNSA) and o-(adNSA) (left), (MLSA) (center) and (adMLSA)
and o-(adMLSA) (right), by prescribed accuracy.

The joint evolution of the RMSE and average execution time over 200 runs of each SA scheme,

1 1 1 1 1

for an accuracy e looping through {=5, =5, 152, 57+ =15 }, are plotted on a logarithmic scale on

327 647 1287 256° 512

Figure 5.3. Figure 5.4 showcases the average execution times against the prescribed accuracies.
Table 5.4 reports the regressed slopes on these curves as depicted in dashed lines on Figures 5.3
and 5.4.

Average execution time (s)

Value-at-risk

102 E

10!

NSA
o-adNSA
adNSA
MLSA
adMLSA
o-adMLSA
SA

10° 10!

RMSE

Figure 5.3. Performance comparison of the different SA schemes.
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Figure 5.4. Complexity comparison of the different SA schemes.

SA scheme | NSA | 0-adNSA | adNSA | MLSA | adMLSA | o-adMLSA SA
RMSE —3.52 —4.10 -3.86 | —3.93 —-2.60 —2.75 —1.66
Accuracy € | —3.00 —2.90 —2.78 | —2.90 —1.96 —2.05 —2.00

Table 5.4. Reported slopes in Figures 5.3 and 5.4.

We refer to [13, Section 5.3] for extended comments on (SA), (NSA) and (MLSA).

Similar comments to the previous case study are applicable here. For smaller accuracies,
(adNSA) and o-(adNSA) score a speed-up with respect to (NSA) as do (adMLSA) and o-
(adMLSA) with respect to (MLSA). The performance margins between (adNSA) and o-(adNSA)
on the one hand and (adMLSA) and o-(adMLSA) on the other hand are rather slim. (adNSA)
and (adMLSA) remain preferable as they do not require recomputing C, once it has been fine-
tuned on a couple of prescribed accuracies.

Although further fine-tuning may be required, the fitted slopes already indicate that the
adaptive multilevel schemes are approaching the desired quadratic complexity.

Conclusion

For a prescribed accuracy € € (0, 1), the canonical €2 multilevel complexity order is retrieved, up
to a logarithmic factor, for an MLSA scheme with a Heaviside-type update function. This is made
possible by adopting an adaptive refinement strategy on the innovations driving the multilevel
algorithm’s inner nested schemes. Our strategy allows to fulfill the closure of the performance
gap that resides between nested MLSA and unbiased Robbins-Monro schemes for Heaviside-type
update functions. The performance gain achieved by adaptive MLSA on its regular counterpart
is significant in practice, attaining a ten fold speed-up in certain cases and expected to increase
exponentially with smaller prescribed accuracies.
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A potential future line of research could involve applying a Polyak-Ruppert averaging [14]
to (adMLSA) to promote greater numerical stability. We could also explore extending our find-
ings on adaptive refinement to include triply nested X-value adjustment estimations [25].

A Auxiliary Results
The proof of the following result is included in the preliminary steps of [13, Proposition 3.2| and
is therefore omitted.
Lemma A.1.
(i) Assume that there exists p > 1 such that El|p(Y, Z) — E[o(Y, Z)|Y]|P] < co. Then, for any
h,h' € H,
E[|X), — Xw|’] < C|h— K|5.
(ii) Assume that there exists Cy > 0 such that E[exp (u(o(Y, Z) — E[p(Y, Z)|Y]))|Y] < eCou®
P-as for all w € R. Then, for any h,h' € H and any u € R,
E[exp (u(Xp — Xp))|Y] < exp (Cyu?|h —1'|)  holds P-as.
Similarly to [13], we define, for h € H, ;1 > 0 and a positive integer ¢, the Lyapunov function
U}i . R—= Ry by
Lho(€) = (Va() = Va(€)))" exp (u(Va(€) = Val&)))), €E€R. (A1)
The following lemma states some important properties of E’,f .
Lemina A.2 (|13, Lemma 3.2|). Denote ko = 1 vfﬁ, phg = ClIVY oo and Ly, = EZqu’q,
heH, q€Ny. Under Assumption 1.1, for any h € H, p >0 and g > 1,

(1) EZ,q is twice continuously differentiable on R and
(Lhq) () = aVa(O) L} (1 () + pVi(E) L], 4(£), EER. (A.2)

(i) for any £ € R,

q2

Lngl€) < k1€ — €117 exp (ko sup | fx, o€ — €11).

heH

(iii) for any € € R,

Vi eh?
4[Vi;/]%ip ‘

3
VR(E(L] )'(6) = X, L5 4(€), where X = 2aVil(€) A

Let S\hﬂ = )\Z,hq’q. Then inf) S\h’q > 0.

(iv) for any £ € R,
() (O <t (L8 () + £, 1 (6),

where

3k Vi E4p 3||vf;'||zo)
VIEmE T V(ED

, one has |5\h,q\2 < fhg and supy, g7 fp,q < 0.

=V IV oo + K20V 2) + (20 V (g — 1))(

Besides, introducing iy, q = 172”;"7

(v) for any £ € R,
RNl

(€= €00 < mna(£0,4(O) + Liay(), where mng = e V ey

Moreover, sup, 77 fin,qg < 0.

30



B Proofs of the Auxiliary Convergence Results

Throughout, C' < oo denotes a positive constant that may change from line to line but is
independent of n and /.

Proof of Lemma 2.1. The proof is similar to [13, Proposition 4.2(ii)]. We have
El|1x, >¢ — 1x,>¢|]
=P(Xp << Xp) +P(X <€ < Xp)
— P(Xp + (h’)%G’“ <E< Xp) +P(Xp < €< Xy + (H)IGY)
= P(X), — (W)?(G})™ < €< Xp) + P(X), < € < X, + ()2 (G}))
= B[Fy, g (€ + (W)F(G})7) = Fy, g (©)]
+E[Fy, 1 (€) = Fy, g (€ — (W) 3(G))]
= E[Fy, g (€ + (N)3(GI)7) = Fy, e (€ = ()3 (GI)H)]
<( sup  E[KPIGR[)(R)z.

N

0<hi<ho€H
O
Proof of Lemma 3.1. By (2.8) and the law of total probability,
P(Xth?(E) S FXheHom (&)
[64]
= > P(Xn,, SENE) =k) = P(Xny,pp <EMF(E) =) B1)
k= .

0

[00]—1

= Z E[(]thé+k§§ o ]thzHaﬂ gg)]ln;(g):k]'
k=0

(i) a. For k € [0, [6¢] — 1], given that

{Xhe <6< Xhu[em} U {Xheﬂea <E< Xnppid C{IXner — Xhe+[9e1| > | Xne — €I} (B2)

and that, by (2.8) under the condition (1.16),

{77?(5) = k} - {’th+k €| > Cyun p* grg(r 1 +k}’ (B3)

by Markov’s inequality and Lemma A.1(i),

[E[(Lx,,,, <6 = x4, ., <€) Lpe)=] |
[64]

<E [(11 1 )]1
= X SE<Xngy g T B Xng 1oy SE<Xng {1Xn,, € |>0au; P ho%e( k)

< P(|Xh£+k - Xhz+(ee1| 2 Xy = &l [ Xy =€ 2 C u"p hW(T 1)+k)

<CPu h (; )+k [|Xhe+k_Xhe+wa i

'U

Px

< C“nhae(r 1)+kh€+k
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Using the previous inequality, (B.1) and the condition (3.2) on 7 then on 6,

“P)(thrn"(&) <8 - Xhzﬂou (f)}
[60]-1
< Cunhyls b 37 BET”
( P (B.4)
< Cunh

—0tp, (1-1)+ 2t 1 g0p, (3 -1)
< C’unh1+9.

(i) b. Let k£ € [0, [6¢] — 1] and A > 0. By (B.2), (B.3), the definition (2.8) in the case of (1.17),
Markov’s exponential inequality and Lemma A.1(i),

[E[(Lx,,,, <6 = 1x,, 1, <€) Lipe)=s]|

< IP’(]Xth - Xheﬂem‘ 2 | Xng = & 1 Xy, — 5‘ > Cq h@Z(r 1)+k(1n7” 2h£+2k(1+0))%)
<o (- C, Ahim ox(090 E) )Blexp (A X, — Xy )
< 2exp (= Cadhgy o (7 71 2 7) 2 4 CoXhe).

Minimizing the above upper bound with respect to A yields

(1+9)
C hr ln'y 2h
- 00(r—1)+k 2 Tn ok
‘E[(]lthkSS ]thHma 55)1"?(5):’“] ‘ < Zexp ( 4Cyhytk )

In view of the condition (3.3) on hg, r and 6, one gets

C2}12/'r 1

o A—20e0—1)+e
E[(Lx,,, <e = 1xi,, . <6) Dipe=a] | < 2(mhgly) ™ % < 2yl R

Therefore, recalling (B.1),
‘P(Xhun"(s) <& -

(ii) For k € [0,[0¢] — 1], via the definition (2.8) in the case of (2.7), Markov’s exponential
inequality and the condition (3.4) on hg, r and 6,

)] < Cyahyte. (B.5)

Fx Pyt 007

E[(Txy,,,>¢ = 1xu,, ., >€) Lupe)=#] |
+[60]

1(1+6)y 1

< ]P)(’Xhﬁrk - Xheﬂeew‘ 2> ’thk - €| |Xhz+k 5‘ > Ca h@[(r 1)+k(1n7” 2h€—s-2k )2)

h L1401
<P(|Gy, ", | = C h%(r 1)+khe+k(1n% hei )?)

i)
£ 2
SGXP( Caht%(r 1)+kh£+k Iny, h£+l<:2 )E[GXP (UO‘Ghime’ )]
, U Czh?— M—QGZ(I—%H—Z
<( sup E[exp(vo|Gl[))]) (hffrm) 2"
0<h<h’eH
< Cmbhyiy-
Thus, by (B.1),
1+6
‘P th+n"(§) = 5) Xthoﬂ (5)‘ = C*ynh;r ) (B'6)

Eventually, we decompose

P(Xhyy6 <8) = Fxo(§) = (P(Xhun?@ <§) - FXny o &)+ (Fxhuwu (&) — Fx,(€)) -

::AZL =:By
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By (B.4)-(B.6) and Assumption 1.1(i),

v(&)

|A7| < Cybg ™, Be = ———>2 by 100 + o(heyon))s
G

hence the final result.

O
Proof of Proposition 3.2. In this proof, we omit the superscript p from the Lyapunov function
EZ and denote instead L, 4. For any ¢ > 0, let (F1),>0 be the filtration defined by .7-" 0(7)” )
The — ~(¢he (n)
and F* = o(& ’XheHee] ) ’Xheﬂeﬂ )n =1

For ¢ > 1 and n > 1, define

() = E[H(E X)) =1~ TP (Xn g 26, EER (B)
The dynamics (adNSA) rewrite

Ere =G0 = Y1 Vi, e (600) = T 17s = Tngr€ntns (B.3)

where
s = ) = Vi, (G0, (B.9)
entir = HE X)) — (@), (B.10)

By Lemma 3.1,

| = \ (Xhmgﬂ(&) <O g = P(Xhy o < 5)@4\ < Chyy o0 ting1, (B.11)

where

~ if (1.16) holds,
Upt1 = untr f (1.16) holds (B.12)
Ynt1 if (1.17) or (2.7) holds.
Let ¢ > 1. In the spirit of [13, Theorem 3.3|, we test the Lyapunov Lh, 0. 2long the
dynamics (B.8). Using a second order Taylor expansion,

ch _ ch / h h h
ﬁhg+[9a ,q(gnil) - Ehgquﬂ ,q (g ‘- 7n+1vhe+[9[‘ (gn[) - ’Yn-i-lrnil - ’Yn—l—l@nﬁ_l)

chy
= Ehéﬂeﬂ (&) — 7”"‘1‘6’1“(951 »q( )(Vheﬂea( )+ T”Jfl - 6”+1) (B.13)
n+1
o2 H(E X)) /0 (L= 0L, (85, + (1= ) dt.
It follows from Lemmas A.2(iii,iv), (A.2) and (B.11) that

ch ch ~

- fyn+1£hg+"9[| ,q(g:]w) n+1 + Cq||vhl+[9l-‘ ||00h‘€+|—9[| fyn+1un+1£hg+[ga d— 1(£h )
ch +1
+nﬁe+(@e] ﬂﬂ’”rlH( ”Z’Xf(lzf ))
1
4 ~
x /(; (1 - t) (£h4+[94] ,q(t§n+1 + (1 - t)gne) + Ehu—mm g 1(t§n+1 (1 B t) ZZ))dt'
(B.14)
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The mean value theorem guarantees that, for any ¢ € [0, 1], there exists a/#(t) € R such that

Vigsror (620 + (1= D) = Vi1 (€2) + V7, (@ (0))(E, — 810, (B.15)

Besides, from (1.3),
1
€ = 6l = A HE X3 < ko, (B.16)

with ko = $%; V 1. Applying the triangle inequality to (B.15) and using (B.16),

h
V’WH%W (t€n+1 +(1 _t)gg ) VhH rec ( [HM) S th+ [oe] (ngl ) th [o4] (5 “W])‘H{? Tn+1- (B~17)

Using the inequality ” < el <; + 2z%"1,51 < e(1 + 2%"), x € R, and the very definition of
Eh,q:
Lho(6) <e(l+piLy (€), €€R, heH, p>0,q>0. (B.18)

Thus, by (B.17) and (B.18),

ﬁhureu ,q(t§n+1 (1- t)NZZ)
< (Vigs roor €)= Vig, o (625 1°0) + K2 0)”
% e (Vi o (€8) = Vi o (€6 1°) + K27m11) ) (B.19)
< 297V oxp (k3 vn1) (Lhy oy a(ER0) + Kol 41 Ly 1o 0(ER))
<oy (Ehzﬂeu ,q(§ )+ 7n+1)
with

ok = 29V exp (k1) (1 4 epk294]) v ek2?) > 2971,

Plugging the upper bounds (B.16) and (B.19) into (B.14),

ch ch
‘Chtz+[9tﬂ 7q(£nﬁ-1) < ‘Chprwa 7q(gnl)

-~ 2
(1 - )\hfﬂm q In+1 + (CHHV}:[HM ‘|oohe+we]’7n+1un+1 + Cﬁéﬂw 7q’yn+1))

N (B.20)
Hh
+(CallVi,, 1o llocmr1Tins1lgs ror) + Chej;r;{]qq%%-&-l)ﬁhu[ga a-1(&))
ch +1
- fyn+1£h[+(9['| q( Z) n+1 + Ché+[9a ,q/)/z-‘rl’
where )
Grg = *Uhqk‘a((wo’thrUhq 1)V Ohg)s (B.21)
Via the tower law property,
choy _h ch Th
E[E;lg+wg]7q(£ Z) nil] ]:E[ ?124,(0[‘ ,q(é- Z) [ n+1 ‘F é]]
and
]_-qu — [H(Nhé X(”+1) ))j}he] —E[H( 7X(”+1) )}
Blental ) ¢ eenpti@ne/ ‘ Pomptie/ g
[0¢] [o¢]
_ zh +1) Th +1)
- [Z H éné’XhZ-i-k‘ ) L (Ene ]: Z] ZE h?—i-k: )]ln?“(é):k] |ehe
k=1

=0,

so that (e/¢),>1 is a ((j-v"fllf)nzl, P)-martingale increment sequence.
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Hence, by taking the expectation on both sides of the inequality (B.20),

ch
E[‘Chpr[gm ,q (gnﬂ-l)] S E[‘Chg+[9g] ,q (g]?y)]
e 2
(1 - )\he+[0£“ q’yn"'_]- + (CHHV}:ZJ',WZ] ||Oohé+[9£1 ’7n+1un+1 + C]{;+’79[| 7q’%ﬂ‘f‘l))

~ ch
+ (CQHVh&ng] HOOhZ—l- [60] Tn+1Un+1 =+ C}l;pr[w ,qr772L+1)E[‘Che+(ee] ,q—l(fné)]

q+1
+ Churem g Tnt1-

N (B.22)
(1) In the following steps, we provide sharper upper estimates for E[Zheﬂea 1(€M)] and E[ﬁ_héﬂeﬂ 2(&hy).

Step 1. Inequality on E[Ehww,l(&f)],
Taking ¢ = 1 and p = pp, 4,1 in (B.22) and (B.18),

he
[‘Chg.gga 1(€n+1)] [‘Che.;.[ga, (gn )]
X ( = Mg o 1+ (COLF @) ng 1o 11 Vi g loohies ro Y1 g + (1 + eﬂh“rg“,l)gh“_wﬂ,1'7721+1))

+ (CeHV/’Zng[gg] "Ooh€+"9€-|’yn+lan+1 + (1 + e)éthr[ga,er'?l-Fl)'
(B.23)
Observe now that )
(et 4 + D)Chg > ThgChogs
where, using Lemma A.2(v) and (B.21),

¢ - 1
Ch o= (ep? + 1) = 27 ep? + 1) (ol V (10l + ol ))KZ > 3 Cha = = ¢,

Mhq

Therefore, recalling that |\, 4|2 < 4 by Lemma A.2(iv), for any integer n,

1= Mgttt + (C(L+ g VilloohmrTings + (1 + s )12
> 1= Mgt + (L +epd VhgVii

>1- \/ ﬁh7q'7n+1 + ﬁh,qéh,q'772z+1

1
>1- > —>0.
B 4Chq_2

Hence, iterating n times the inequality (B.23),

_ ~ ~h h Nl
E[£h5+"9g],1(§zé)] < E[‘Chpr[e[\ 1( Z)]Hl’['r-:wa

thr[g[‘,l (B24)

n
+ (CeHVfieHeﬂ loo + (1 4 <h2+r9m 1 Z e ro0 Uk V ’Yk)HkH:n )
k=1

where

n

h7 . B\ ~ ~
st =TT (1= Mg + (CO+ g Villochss + (1 + e JGn2d) ), a =1, (B.25)
j=k

with the convention [, = 1.
We employ similar lines of reasoning to those in the proof of [13, Theorem 3.1]. Omitting
some technical details,

E[/jhmwg(gﬁé)] < K1 (v V hegontin), (B.26)

under the constraint 5\171 > 1if § =1, for some constants (K 1)¢>1 satisfying supy>q Ky1 < 00,
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Step 2. Inequality on ]E[Zhwwz(fgf)],
We now take ¢ = 2 and p = ip,, ;2 in (B.22) and use (B.26) to obtain
ELLh o1 2(En'r)]
< E[Ehwmz(gze)]
X (1 = Mg o 241+ (Ching, o1 20 Vi o looles roe) Va1 Unst + Chy ,2%21+1)>
201V, o ol o Bt + Gy 2921 E Ly g 1 (€2
+ Eh,zﬁw 21
< E[Lhy, 1000 2(60°)]
X (1 — Mgy roe 2 Vnt1 + (CHhZHMQHV}:HW] llooPes 1601 Yt 1Tnt1 + e ror ,2%2L+1))
+ 2064}(2,1“‘/;{[“%1 lloo (2° P ror Vo1 Tin1 + 2705 4t Yt 1T 1)
+ ChMm72(2U64Ké,1he+[9a Vo1t + (1+2%e Ky 0)75 ),
where
o if (1.16) holds,
g if (1.17) or (2.7) holds,

Iterating n times the previous inequality yields

C ch 5 “hoihos o2
E[ﬁh“[”] 260 = E[[’heHMQ( o) alal

1n

) (B.27)
X Y (hesron Yotk V Iyt Wlig V AT,
k=1
where .
ot =TT (1= Mo + (Comal Vil + naid) )5 a1 (B.28)
j=k
Similar computations to those in the proof of [13, Theorem 3.1| yield
E['C_hg”ga 2 (ggé)] < Ko (’Y%L 4 h?+ [60] ai)7 (B.29)

with supys; K2 < oo.

Step 8. Conclusion.
Combining (B.26) and (B.29) with the conclusion of Lemma A.2(v) completes the proof.

(ii) Using similar arguments to the previous point, we obtain the sharp upper estimate

E(Lh,, 10 4 (€M) < Ko (v V B, 1o Tin ). (B.30)

with supys; Kg4 < co. Considering Lemma A.2(v), the inequalities (B.29) and (B.30) yield the
sought upper estimate.
OJ

Proof of Lemma 4.1. We calculate

[04]
E|:’1Xh2+n?(£)>f - 11Xo>£H = ZEH]thM>g — Lxg>¢|Lyp(e)=k] < A+ B,
k=0
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where

Ag = EH]IX}LZ-&-(GM >& ],
[00]—1

Be= ) E[llx,, >~ Ixose|Lypo=k)- (B.31)
k=0

We analyze Ay, and By separately.

(i) a. Step 1. Study of Ay.
Using Lemma 1.4(i)a,
(146)

Ay < Ch 2(P +1)
Step 2. Study of By.
Letting k € [0, [#¢] —1], one has, via the definition (2.8), Markov’s inequality and Lemma A.1(i),
E[|lx,, ,>¢ = Lxo>e|Lyp(e)=+]

< P(|Xhé+k — Xo| =2 |Xhé+k =&, ‘Xhuk §| = Caun p* herf(r 1)+k)

'U

SC’a_p*u h (:‘ 1)+k [|Xhz+k_X0’p*]

Px Dx

< Cunh;ﬁ(;—l)—&—khfik'

Thus, by (B.31),

p [00]—1

Px _1 1+6
By < Cunhy, by Z BETIP < o O

Ché 2(p +1) ,

IN

—00p, (1= 1)+ 55 400 (5 1)
where we used the condition (4.1) on r then on 6.

(i) b. Step 1. Study of Ay.
Lemma 1.4(i)b entails

146
Ap < Cr/hy (1—1— |1nhg|).
Step 2. Study of By.
Let k € [0,[0¢] — 1] and A > 0. By the definition (2.8), Markov’s exponential inequality and
Lemma A.1(ii),

E[|1x,, ,>¢ = Lxo>¢|Lyp(e)=t]
< P(|Xh/z+k = Xol 2 [ Xnppp = & [ Xnpyy — 5’ > Cq heé(r 1)+k;(1n’7" Qhé—s—Qlc(He))%)
<exp(—Cq )‘hee(r 1)+k(ln% 2hé+2k( 9))5)E[exp()\]Xth — Xol)]
< 2exp (= Cadhgyy ) (7 21y 2 0)E 4 N,

where we used the inequality exp(|z|) < exp(x) + exp(—z), z € R. Minimizing the above upper
bound with respect to A yields

Czh% In v, 2h 3(149)
B I A
E[‘]lxhz+k>5 ]lX0>5‘]l77?(§):k] < 2€Xp < 4Cth+k: )
In view of the condition (4.2) on hg, r and 6,
C2h2/r 2060(1— L)+
M~
EH]theJrk >€ ]1X0>§’]l ] =< 2(7”héilz) Cg <2 V ’Ylh}jrrlg
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Eventually, (B.31) yields
0
By < C\/hy .

(ii) Step 1. Study of Ay.
Consequently from Lemma 2.1,

A< Cvig

Step 2. Study of By. )

For simplicity, we denote G}, the random variable such that X = Xo+h2Gy,. For k € [0, [0¢]—1],
via the definition (2.8) and Markov’s exponential inequality and recalling the condition (4.3) on
hg, 7 and 6,

E[|Lx,, ,>¢ = Lxo>¢| Ly (e)=#]
T —3,-3(1+0)\ 3
< P(’Xh£+k - XO’ > |Xh£+k - 5‘7 |Xhe+k - é‘ > Cahge(r,1)+k(ln7n h[+k ) )

1 146 1

1 _1 _1
< P(IGhyil = Calgyyyyihe (I 2hyyf ) ?)
2 1 146
2; 7 -1 S 2
<exp (- UOCahez(r—1)+khe+k Inoyn *hy )E[eXP(UOGhZ+k)]
P

< (sup Elexp(voGH)]) (hy 1
heH

< Cymhgfy.
All in all, via (B.31),
By <oV .

C Proof of Theorem 4.2

For any ¢ > 0, let (.7?’“5)”20 be the filtration defined by .7?6“’ = U(EZ]”) and

n
Fhe — (che y (1) (n)
Fpt =o(&) ’Xhéﬂeé]""’XheHeﬂ)’ n > 1.

Following (B.8), the dynamics (adNSA) can be decomposed into

~ h ~h h
57};2 - 5*24—(921 = (1 - 'YnV()”(fg)) (fn[_1 - £*€+F9ﬂ) - ’Yngﬁl - 'Vnpﬁé - 'VnTZ[ - '7716?1[7 (C.1)

where (ef¢),>1 and (r/),>; are defined in (B.9)-(B.10) and

G = (Vi (€11°0) V) @ — o) (©2)
~h h ~h h
pﬁe = V}{Hrm (€,%) — }ZIZHGN( *€+me1)(£ne_1 _ ghesrony, (C.3)

Iterating (C.1),

n n
Y h Zh h h h
Zz - §*€+F9€1 = (504 - §*£+(9£] )chn - Z Vkﬂk—i—l:ngkl - Z'Ykzﬂk—f—l:npkz

k=1 k=1
. i (C.4)
- Z 7knk+1:nrze - Z FYka+1:neZZ7
k=1 k=1
where
n
My = H (1 - ’7]‘/2]”(52)) (05)

J=k
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with the convention [[, = 1.
Given that v | 0 as k 1 oo, there exists ko > 0 such that for j > ko, (1 —;V§'(€Y)) > 0
Hence, using the inequality 1 + z < exp(x), x € R, for n large enough,

n

M| = Mio—1| ] (1= %V5 (D)
j=koVEk

< |Hgiko—1] exp ( - V(&) Z ’Yj) (C.6)

Jj=koVEk
< Cexp ( - (&) Z’Yj)
=k

where C' = 1V maxi<p<i, Mrro—1] exp (V7' (£2) Z] konk 7;), with the convention Y-, = 0.
According to (adMLSA) and the decomposmon (C.4),

~ h ~71 h h
gln\arL _ €*L+(0L1 0 —¢ho 4 Z sz] (f —f 0—14T6(0— m))
h hp_ _
0 0 4 Z e+[0a (gge_1 . g*z 1+10(e 1)1))H1:N£
L Ny L Ny (07)
h h h
> el (9" — g ") Z Z Vellgron, (" — Py ")
/=1 k=1 /=1
L N, . L N, .
h - hy _
=D Ml (g =) = D Z’Ykﬂkﬂ N(eg — e ).
l=1 k=1 =1 k=1

We study each term in the above decomposition separately.

Step 1. Study ofgifoo — ¢ho,
Following Remark 2.2(ii), no refinement is applied at level 0, so that by Lemma 1.2(ii),

E[(€h —£M)’] < Oy,

h hg_ _
Step 2. Study of Yoy (& — &1 = (& — &) M,
By assumption, sup,>g E[|§34 2] < o0, and according to Lemma 1.2(i), (£'), 57 is bounded. Hence

SUPg>q E[(EZ}@ —§he+w”) ]% < sup£>0 E[EZ; K ]2 + suppey [€F] < oo. Besides, by (C.6) and [14,
Lemma A.1(ii)], lim sup,,3, 7, ' [I1:n| = 0 under the condition Apy; > 2. Hence,

L 271
[( 0@ e - @ - )]
/=1
L L
h 1
< QSZLIIO)E[(%M . §*z+[0ﬂ)2]2 Z ‘HliNg’ < KZ’VNZ.

ho
Step 3. Study of Sy Sty ellkr1v, (g1 — ¢ )
Recalling that, by Lemma 1.2(i), (£!), 57 is bounded, there exists a compact set K C R such
that ffﬁﬂf?ﬂ € K for any ¢ > 0. From Lemma 1.2(i) and Assumptions 1.1(iv) and 1.5,
1 h
‘ hU—FGN (E E-H%])‘ < m ([on]LiP‘g*H_WN - £S| + ?GIIIC) }fXO (é) o thé-&-(eﬂ (5)‘)

Lts L180)A1)(14-6
< K (oo + b o) < Kh I
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Consequently from (C.2), Proposition 3.2(ii) and the above inequality,
271 h - h 1 (L 460)A1)(146) ,—p\ L
Eflgn ]2 < IV'(€D) = Vi 1o (& T DIEIGEy — &7T7)?)2 < Khy ™™ ()2,

Recalling (C.6), under the condition Aoy > 2 if 8 = 1, by [14, Lemma A.1(i)],

L Ng \ 274
E [(ZZ’Yka+1:Ng (QZZ - gk41)> }

(=1 k=1
L N , .
ZZ e (B [lg2*]7 + E[|gp 1)
(=1 k=1
& +5 )AL)(140)
<K Z ’ Z’Yk (762 Mis1.v, |
=1 k=1
L
=1
2(14+6)doA 3

Using that »_,°, h, < 00, the Cauchy-Schwarz inequality and the definition (4.5),

1

[ Somnnsi )]

(=1 k=1

L
SK(Z?e 1+9) <Zh 1+950/\ > <K<27Ne hg 1+9>
/=1

L N, h he_
Step 4. Study of 24y D opy Wellkvren, (0" — Py )-
h
Taking into account the fact that V};Hw (&.711) = 0 and Assumption 1.1(iv), a first order

Taylor expansion yields

(C.9)

1

<h h h
SR e N (S [

~h h “h h h
- ‘(gnil - E*HFM)/O (Vhﬁfea( S (1—1) *“W]) Vheﬂea( [Hm))dt‘

U io g, e
= 2(1—a) 7t M '

‘ he+|’9[\( _ £he+fmﬂ)‘

Hence, by the definition (C.3) and Proposition 3.2(ii) (which applies since Aoy > 2 if 8 = 1),

oL suppeg fxuluip o, LR 1 _
B[] < =y B - e < K

Recalling (C.6) and that Ayy; > 2 if 8 = 1 by assumption, via [14, Lemma A.1(i)]

L Ny \ 2 %
E[(zz%nmm ¢ gt 1>) ]
/=1 k=1
L Ny

<3S ot Bl + B 1
ig: k"Yk’Hk+1Ng’<KzL:’YNZ

(=1 k=1

| /\
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h
Step 5. Study of ZeL=1 Zgil Yiellg41:n, (TZ —r ). B
Using the inequalities (B.11) and (C.6) and recalling that A\yy; > 2if 8 = 1, by [14, Lemma A.1(i)],

L N N 271
[ (X ot -t )|
(=1 k=1
L N,

1
<SS Mo B[] *)2 + B[ ]7)
(=1 k=1
L Ny L
ZZ VeV M1, <KZ'YNZ
/=1

(=1 k=1

N, h hy_
Step 6. Study of ZZLZI Yoty VeI, (e — e 7).
Note that the random variables (Zgél Vil g 1. Nz(eze — eze 1)) />p are independent with zero

mean and that, at each level £ > 1, (ezZ — eZ k>1 are (]::,? ) > -martingale increments. There-

fore
L Ny L 2 L Ny . N
E[(ZZ’Yka—&-l:NZ( et 1)> ] = ZZ’Y;%‘HHI:MZE[(%Z —e ).

(=1 k=1 (=1 k=1
From (B.10), (B.7) and (1.3),

E[(eﬁf—e%?}:EWm( (&, X)) — H(G X))

E[(H(E, X)) - H(E X,J;t”)) ]
@(E[)ﬂfg%zﬁe |
Xo>Eit!

+ IEH]IXO>~ZZ 1

IN

)

he
>En

+E|1

-1 "'(n+1)

)}

On the one hand, for j € {¢ — 1,¢}, by the tower law property and Lemma 4.1, recalling (4.5),
H < Ce(hy)*H.

~h
Xo gnl 1

EH]I)?(““B&n B ﬂXo>EZ

i } - [ H]L(”“Bén _]lXo>£n

On the other hand, by Assumption 1.1(iv) and Lemmas 1.2(i) and 3.2, recalling that A;y; =
A2
771 > 17

H]IX0>€~ZZ B ]1X0>E~Ze ! } :E[ﬂ <Xo<f~zz ! +]1§Z“<Xo{’#}
~h The_1\271
:EHFXO Ene) —FXO( né 1)’] < (SUBHthHOO)E[(gZE *éné 1) ]2
heH

< K(E[(AZLM _ ilu[eﬂ) i n ‘ghu-mz] £h1z_1-‘.r9(z_1)1 ’ i E[(EZ?” _ £f£—1+r9(z_1)1)2]%)
< K(h*0 + (35)7).
Combining the previous results and invoking [14, Lemma A.1(i)], recalling that Aoy, > 2if 8 =1,
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