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Abstract. Crépey, Frikha, and Louzi (2025) introduced a multilevel stochastic
approximation scheme to compute the value-at-risk of a financial loss that is only
simulatable by Monte Carlo. The best complexity of the scheme is in O(g_%)7 e>0
being a prescribed accuracy, which is suboptimal compared to the canonical multi-
level Monte Carlo performance. This suboptimality stems from the discontinuity of
the Heaviside function involved in the biased stochastic gradient that is recursively
evaluated to derive the value-at-risk. To mitigate this issue, this paper proposes
and analyzes a multilevel stochastic approximation algorithm that adaptively se-
lects the number of inner samples at each level, and proves that its best complexity
is in O(e2|Ine|2). Our theoretical analysis is exemplified through numerical ex-
periments.
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1 Introduction

The value-at-risk (VaR) is the predominantly used risk metric in finance [8]. It stands for the
quantile, at some confidence level, of the loss of a portfolio. The probability that such loss
exceeds the VaR expresses the chances of occurrence of large losses on the portfolio. Evaluating
a portfolio’s VaR is thus paramount to assessing its risk. Note that a large class of financial
portfolios can only be valued by Monte Carlo (MC), which introduces a bias when estimating
the loss, hence increasing the VaR computation’s complexity. Determining a portfolio’s VaR is
thus considered a challenging task.

Following the celebrated works on VaR convexification (Rockafellar and Uryasev [37], Ben-
Tal and Teboulle [10] and Bardou et al. [4]), a nascent line of research has adopted a stochastic
approximation (SA) viewpoint to estimate the VaR (Bardou et al. [4, 5, 6], Costa and Gadat [13]
and Bercu et al. [11]). Recent developments (Barrera et al. [7] and Crépey et al. [14, 15]) have
focused on the nested nature of the problem. Notably, Barrera et al. 7] propose a nested SA
(NSA) method that couples an outer SA scheme with an inner nested MC scheme to compute
the VaR. It is shown by Crépey et al. [14] that such a scheme runs in O(¢~3) time, ¢ > 0 being
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a prescribed accuracy. Meanwhile, subsequently to the wide success of multilevel MC (MLMC)
methods (Heinrich [32, 33|, Giles [24] and Dereich [16]), multilevel SA (MLSA) algorithms (Frikha
[21] and Dereich [17]) have emerged as a means to accelerate biased SA schemes such as NSA.
While the latter injects biased nested simulations directly into an iterative SA scheme, MLSA
telescopes a sequence of correlated estimate pairs of lower and lower biases, hence reducing the
complexity by an order of magnitude. Crépey et al. [14] leverage the multilevel acceleration
proposed by Frikha [21] to reduce the complexity of the VaR NSA scheme of Barrera et al. [7] to
0(6*2*5 ), % < 6 < 1 being a small number governed by the integrability degree of the loss. They
also identify a parametrization for their MLSA algorithm that achieves a complexity for the esti-
mation of the expected shortfall (ES), a risk measure closely linked to the VaR, in O(e72|In¢g|?).
Crépey et al. [15] further obtain central limit theorems (CLTs) for VaR and ES NSA and MLSA
schemes, as well as their Polyak-Ruppert variants that enjoy stronger numerical stability prop-
erties.

Albeit significant, the performance gain achieved by MLSA over NSA in estimating the VaR
[14] is to be nuanced. According to Giles [24] and Frikha [21], the canonical optimal complexity for
multilevel techniques is of order e 2. The suboptimality of the VaR MLSA scheme arises from its
inner recursions relying on the evaluation of a discontinuous gradient akin to a Heaviside function
(x — 1;50). When a biased simulation of the loss falls on the opposite side of the discontinuity
relative to the exact target loss, the multilevel recursion incurs an O(1) update error. The
accumulation of these errors propagates to the final estimator, leading to the suboptimality.

Motivated by valuing a digital option with Heaviside payoff in a local volatility model, Giles
[25] surveys multiple approaches to the above discontinuity issue in a multilevel Monte Carlo
(MLMC) context. Most techniques described therein emanate from the derivative sensitivity
computation literature and their common goal is to lower the variance of the paired estimators
at each level of the multilevel simulation. We retain three ideas that may apply to our nested
SA setting. Firstly, a natural idea is to smoothen the Heaviside payoff, but this only attains a
complexity in 0(5_2_1) due to a large smoothing Lipschitz constant that is involved in. Sec-
ondly, Malliavin calculus could be used in conjunction with a cubic spline interpolation, which
however propagates regression noises to the final estimator. Finally, levelwise adaptive refine-
ment of inner Monte Carlo samplings seems to be a versatile technique that achieves the desired
performance gain. It advocates to dynamically refine the biased simulations in order to deal with
the discontinuity issue (Giles and Haji-Ali [26], Haji-Ali et al. [31] and Giles et al. [27]). Let us
provide a brief overview of this technique.

An early example of adaptive nested Monte Carlo simulation can be traced back to Broadie
et al. [12], who endeavor to efficiently evaluate the probability of occurrence of large losses within
the nested Monte Carlo setting of Gordy and Juneja [30]. The latter had proposed an algorithm
for estimating the VaR, which computes an order statistic out of multiple loss scenarios, each one
being obtained by averaging out multiple inner MC samples. The authors in [12] are interested
in estimating the probability that such nested loss, simulated with the help of inner MC samples,
exceeds the VaR. This estimation involves evaluating a Heaviside function that is centered on
the VaR itself. The adaptive strategy developed in [12| consists in refining simulations of risk
scenarios that fall too close to the VaR to reduce their chances of ending up on the wrong side
thereof, by increasing the amount of inner simulations involved. In so doing, evaluating the
Heaviside function at the nested loss becomes almost equivalent to evaluating it at the true loss.
Giles and Haji-Ali [26] and Haji-Ali et al. [31] revisit the adaptive refinement concept of [12] in
the context of nested MLMC, whereby the adaptive refinement is used to increase the number
of inner simulations at each level according to how close their functional falls with respect to the
Heaviside discontinuity.

We note that the work of Elfverson et al. [19] has led to similar adaptive ideas in a partial
differential equation Monte Carlo approximation setting, where the Monte Carlo estimation er-



ror is assumed to be almost surely bounded. The terminology “adaptive MLMC” has also been
employed in other meanings, such as adaptive path simulation (Hoel et al. [34]) and importance
sampling (Ben Alaya et al. [9]).

In this article, we develop an adaptive refinement strategy to efficiently estimate the VaR
using the MLSA algorithm derived in [14]. Asin MLMC, our adaptive strategy prioritizes aligning
the samples with their targets relative to the discontinuities of the update functions, which are
centred at the SA iterates. Note that the strategy that was developed for MLMC in [26, 31]
does not directly apply to our SA setting, since refining the samples that drive an SA scheme
shifts their distributions relatively to the SA iterates, who themselves evolve from one iteration
to the next. This is problematic since the shift in sample distribution affects the original SA
problem formulation, rendering it possibly non-convex and possessing multiple stationary points.
To address this issue, we carefully incorporate a saturation factor that varies along the iterations
in order to mitigate the undesirable effects of the change in sample distribution.

We apply our strategy to both NSA and MLSA paradigms and provide sharp L?(IP)-controls.
For a prescribed accuracy e > 0, their optimal complexities are shown to be in O(e_%]lnd%)
and in O(¢72|In E\g) respectively, resulting in an order of magnitude €3 speed-up on their non-
adaptive counterparts, up to a logarithmic factor. The adaptive MLSA algorithm largely at-
tains a complexity order that is comparable to the standard unbiased Robbins-Monro algorithm,
thus demonstrating the narrowing of the performance gap between nested MLSA schemes and
Robbins-Monro schemes in the context of Heaviside-type update functions. Our numerical anal-
yses, conducted on a toy model as well as a more concrete financial setup, strongly support our
theoretical findings.

The paper is structured as follows. Section 2 recalls the problem and main results in [14]
regarding the estimation of the VaR using NSA and MLSA. Section 3 develops an adaptive
refinement strategy to enhance the efficiency of the Monte Carlo sampling that is nested within
the MLSA approach. Sections 4 and 5 exploit this strategy to reduce the complexities of NSA and
MLSA and provide subsequent L?(P)-controls and complexity rates. Section 7 presents numerical
studies to demonstrate the performance improvement resulting from the adaptive strategy.

2 Stochastic Approximation Approach

This section recalls the setting and main results in [14]| on the stochastic approximation of the
VaR. They will serve as a baseline for the adaptive strategy that we develop in Section 3.

2.1 Unbiased Stochastic Approximation Algorithm

Let (2, F,P) be a probability space accommodating all of the subsequent random variables. Let
X% € LY(P) be an R-valued random loss of a portfolio, defined at some time horizon 7 > 0.
Following Acerbi and Tasche [2] and Féllmer and Schied [23], the VaR of X at some confidence
level a € (0, 1), denoted ¢7, is defined as

i=inf{¢ e R:P(X? <€) >al. (2.1)

As stated in [37, 10, 4], if the cdf Fyo of X is continuous, then £ is the left-end solution to

minlo(e), where Vo(€) =€+ —E(X°~ "], ¢eR (2:2)

Moreover, Vj is convex and continuously differentiable on R, with

_ Fyo(§) —a

l—«o

V5 (8) =E[H(¢, X)), €€R,



where 1

If Fyo is additionally increasing, then Vj is strictly convex and £V is the unique minimizer of Vo:
¢Y = argmin V. (2.4)

Besides, if X% admits a continuous pdf fyo, then Vg is twice continuously differentiable on R,

with )
Vo () = ——fxo(§), E€R.

1—«a

When i.i.d. samples of X° are available, [4] proposes to estimate £V using the unbiased SA
scheme of dynamics

5914—1 = 52 - '7n+1H(£27X2+1)7 ne Nv (2'5)

X0, §8 is a real-valued random initialization independent of the samples
(X9)y>1, and (75,)n>1 is a positive non-increasing sequence such that Y °° | 7, = oo and limy,_ye0 Yn =

0.

where (X0),>; =

We are interested in the setting where X can be written as a conditional expectation:
X° =E[p(Y, 2)|Y]. (2.6)

Here, Y and Z are two independent random variables taking values in R% and R? respectively,
and ¢ : RY x R? — R is a measurable function such that (Y, Z) € L'(P). From a financial
standpoint, Y typically models the dynamics of the portfolio’s risk factors up to the time horizon
7 of the loss simulation, Z their dynamics beyond 7 and (Y, Z) the subsequent future cash flows.

Remark 2.1. Generally, the risk factors Y and Z can be sampled from a model at a fixed cost
co > 0, and the cash flow structure ¢ is known. If Y and Z are simulated by discretizing a
stochastic differential equation (SDE), one must take into account additional terms in our error
controls, as well as extra factors in our complexity formulas. We refer for instance to Rhee and
Glynn [35] for a multilevel method to simulate the functional p(Y, Z) based on an SDE.

Hereafter, we are interested in the case where X° cannot be sampled exactly. One must then
leverage the nested formulation of X in (2.6) to produce suitable samples for the SA approach.

2.2 Nested Stochastic Approximation Algorithm
Let N* := N\ {0}. A natural idea is to approximate X° by the nested Monte Carlo estimator

K

1 1 «

xh .= Z@(Y,Zk), where h::KG’H:{K,:KIEN} (2.7)
k=1

and Y and (Z k)lgkg K " Z are independent. h is termed bias parameter, since it helps control
the bias associated with the VaR estimation. For some h € H, we swap X° by X" in the original
problem (2.2) and obtain the approximate problem

min V,(§), where Vu(§) :=¢&+ !

£eR T E(X"-9", ¢eRr (2.8)

Again, assuming that (Y, Z) € LY(P), if the cdf Fiy» of X" is continuous, then V}, is convex
and continuously differentiable on R, with
_ Fxn(§) — o

Vi(€) = oo = E[H (¢, XM), ¢€R,



recalling the definition (2.3). If Fxx is additionally increasing, then V}, is strictly convex and
" = argmin v, (2.9)

is well defined and constitutes a biased estimator of £9. Finally, if X" admits a continuous pdf
fxn, then V}, is twice continuously differentiable on R, with

VIE) = fen(€), EER.

l—«

Assuming Fyn continuous and increasing, £ can be estimated with bias h € H using the
NSA scheme of dynamics
h h h yh
§n+1 = gn - 7n+1H(£ann+1)v n €N, (2'10)
where (XM),>; "= X", ¢h is a real-valued random initialization independent of the sam-
ples (XM),>1, and (7,)n>1 is a positive non-increasing sequence such that > °° | v, = co and

limy, 00 7 = 0.

2.2.1 Convergence Analysis

Let H := HU{0}. The global error of NSA can be written as a sum of statistical and bias errors
as such:

-0 = (g -+ (- &). (2.11)

Remark 2.2. In the MC realm, a statistical error has zero expectation, which is not the case for
the quantity £ — &, Our terminology here is borrowed from the SA literature (e.g. Duflo [18] or
Frikha [21]). Nevertheless, as recalled later in Lemma 2.5(ii), we do have ¢! — ¢ — 0 in L?(P)
as n T oo, exactly as in the MC framework.

Assumption 2.3 (|14, Assumptions 3.2 & 3.5|).

(i) For all h € H, Fx» admits the first order Taylor expansion

Fxn(§) — Fxo(§) = v(§)h+w(&, h)h, ¢ ER,

for some functions v, w(-, h) : R — R satisfying, for all £0 € Argmin Vp,

d li O n) = li h)d¢ = 0. 2.12
[, v <o tim wem = m [ wemas=o. @12

(ii) For all h € H, the law of X" admits a continuous pdf fy» with respect to the Lebesgue
measure. Moreover, the pdf (fxn)pen converge locally uniformly to fxo.
(iii) For all R > 0,

heH £€B(E2,R)

(iv) The pdf (fxn), 7 are uniformly bounded and uniformly Lipschitz, namely,

sup (|| fxnlloo + [fxnlLip) < o0,
heH

where [fxn]Lip denotes the Lipschitz constant of fyn, h € H.



Remark 2.4 (|15, Remark 1.2]). Giorgi et al.’s |29, Propositions 5.1(a,b)| provide guarantees
on the postulates of Assumptions 2.3(i)-(ii). The second part of (2.12) also reads w(£),h) =
f£0 w(§,h)dE =o(1) asH>h O, 52 € Argmin Vj. Assumptions 2.3(iii)-(iv) are natural in view
of Assumption 2.3(ii) and the increasing nature of Fyo. By Assumptions 2.3(ii)-(iii), for all h € H
and all €8 € Argmin Vj,, V/(€h) = (1 — o)7L fxn(€F) > 0, subsequently reducing Argmin V}, to
a singleton {¢"'}. Assumptions 2.3(iii) may be easily relaxed to supposing fyo(£2) > 0, but the
proposed formulation facilitates the derivation of the Lyapunov properties reprised in Lemma A.1,
which are fundamental to the statistical error controls of Lemma 2.5(ii) below.

We refer to Lemma, A.1 for important consequences of Assumption 2.3. For ¢ € N*, we let

Ag = inf A4 >0, (2.13)
heH

where the (Ang)pem ,>1 are defined in Lemma A.1(iii). Note that (Ag)g>1 are non-decreasing
with respect to ¢ € N*,

Lemma 2.5 ([14, Proposition 3.4 & Theorem 3.7()]). (i) Suppose that p(Y,Z) € L*(P), that
Assumptions 2.3(i)-(iii) hold, and that fxo > 0. Then, as H > h ] 0,

1 (3Y)
5* 6* - on (59) h + O(h)

Thus, for all h € H,

v(&Y) & -8 (&)
&0 <Ch, where C = + sup + . 2.14
£ & @ TEATE T @ 24
(ii) Suppose that ©(Y,Z) € L*(P), that Assumption 2.3 holds, and that
h|2 2kq h
sup B |Ieh 7 exp (2 sup [ ol ) | < o (2.15)
heH — O pen
where ko = 1V 1%, If 7 = 1n B n e N*, with y1 > 0 and B € (0,1], and if \yy; > 1
when 8 =1, then for allh € H and alln € N*
E[(&n — €)% < C,
where
C = sup £p,1(Ch,1,1 + Ch2)s (2.16)
heH
and, for h € H and q € N*, Cp 14 =
(7 ELEL ()] + 52iy)
A
X sup, 1 {m? exp (227711 + epun )G 1 17 ®1o2s(m + 1) — Pm @1 _g(m + 1))}

(14 )¢, 5" (2271 sup,, g {m? exp(=27 2N My m!1=F)P, 2ﬁ(m+1)}+ 25:2)
if B € (0 1),
A AL
¥t exp((1+ epun ) Gy %573 + 52 (BICRE ()] + 73(1 + ) Ghye2 (A V2)
if B=1,



and Ch o =

(V7 ElLna ()] + S h12)

1+e“h 2
X sup,,> {m” exp (22971, o(1 + euh )Py _o(m +1) — —71@)1 g(m+1))}
+(2%Cp12+1)
%Cn,2(172% supyzy {mP exp(—27 DN 0y1ml =)Dy gs(m + 1)} + 01 5 —),
zfﬁ € (0 1),

_ - 2 b
v texp((1+ e ))Ch 25 E + 152)

(m+1)
( [‘Ch 2(50 )} +7 (QCh 1,2+ 1)4-}1 22(71>‘h 2)V3 SUp,;,>1 {%})

m—+1)*h,27 -1
if B=1,

and also, for u > 0,

1
Hh, 2
Chq Ch};qa Chq *Xh qk (( IO',I; +O’5_1) \/U(’;),

Thy = 94~ 1enhim (1 + eptk21) v ek29),

)

with the constants (i g, Khg, )\Zq, 5\h7q and qu: and the functions L and ®, being defined
i Lemmas A.1 and A.2.

Remark 2.6. (i) The value of the constant C' in Lemma 2.5(ii) is retrieved from the proof of
[14, Theorem 3.7(i)]. Its value is based on the results of Lemmas A.1 and A.2.

(ii) The proof of Lemma 2.5(ii) in [14]| can be replicated line by line by taking A = 0, which
corresponds to the unbiased case of Section 2.1. We can thereby obtain the following
L?(P)-control over the statistical error of the SA algorithm (2.5):

E[(€) — €)% < Cyn, mE€N, (2.17)

where

C = k0,1(Co,1 + Co2),

with Cp 1 and Cp2 being defined respectively like Cj, ; and C}, 2 in Lemma 2.5(ii), once h
is substituted with 0, and ko ; being defined in Lemma A.1(v).

2.2.2 Complexity Analysis

The controls of Lemma 2.5 on the bias and statistical errors in (2.11) result in the following
complexities.
Proposition 2.7 ([14, Theorem 3.8]). Let € > 0 be a prescribed accuracy. Within the framework
of Lemma 2.5(ii), setting
b1 i n=I[C
=——= and n=
[Ce1]

where C,C > 0 are the constants described in (2.14) and (2.16) respectively, yields a global L*(P)
error for NSA of order € as € | 0. The corresponding computational cost verifies

1l _2
e ?l,

m\»-A

2
Costley < C'nh P ~C"e 371 as 0,

for some constants C',C" > 0 independent of €. The minimal corresponding computational cost
satisfies
Costl, <C"e™ as €0,

and is attained for v, = y1n~", i.e. for B =1 under the constraint iy, > 1.



2.3 Multilevel Stochastic Approximation Algorithm

With a complexity ceiling of O(¢73) for nested VaR estimation, as achieved by NSA, a multilevel
approach is proposed in [14] to accelerate the latter scheme. We recall below the MLSA scheme
and the associated L?(P)-control and complexity.

Take hg := % € H, M > 2 an integer and L € N* a number of levels, and let

ho 1

To each bias parameter hy, ¢ € [0, L], corresponds an approximate problem mingcg V3,(§) to
(2.2) with unique solution £“. These solutions can be telescoped into

L
= gho 4 3 ghe — g, (2.19)
/=1

By denoting N := (Ny)o</<1, & sequence of iteration amounts, the MLSA scheme [14, 21] consists
in approximating £V ~ ff L with

L
h h hy_
N =0 Y G N (2.20)
/=1

where each level ¢ € [0, L] is simulated independently. More precisely, once 51}{% is simulated
using Ny iterations of (2.10) with bias hg, at each level ¢ € [1,L], for j € {({ —1),¢}, 51}@ is
obtained by iterating

h; h; T
€ =l H(E X)), 0<n< N -1, (2.21)
where (Xﬁz’l,ijZ)lgngNé RS (X he-1, Xhe) and ( gé’l, h) is an R2%-valued random initialization

that is independent of the samples (X,}fe’l,Xﬁ“f )1<n<n,. Crucially, at each level ¢ € [1, L], X"
and X"-1 are strongly correlated, in the sense that

—1 14
Xhe-1 — o KM§ Y, zk), xhe = 1 Xhe— b KEM Y, 7k 2.22
k=1 k=KM*%1+1

where (ZkhgkgKMf "X Z are independent of Y.
At each level ¢ € [1,L], 5% and 5%*1 are referred to respectively as the fine and coarse

approximations. {1@% is referred to as the initial (or level 0) approximation. We can infer from
(2.21) that MLSA correlates multiple NSA pairs, each pair being set with consecutive bias
parameters on the geometric scale Hg := {hy, ¢ € N}. The produced effect is an incremental bias
correction of the level 0 approximation with bias parameter hg. Conversely, NSA can be viewed
as an MLSA instance with 0 higher levels.

The correlation between X’ and X"-1 is primarily induced by their shared ¥ simulation.
A quick look at the proof of [14, Theorem 4.6 (recalled below in Theorem 2.12) reveals that
their overlap in simulations of Z has little impact on the error controls on the MLSA algorithm.
Indeed, in MLMC, antithetic sampling [28] which seeks to exploit the correlation between X he
and X1 in terms of Z simulations, only achieves an improvement on standard MLMC in the
order of |Ing|, for a prescribed accuracy £ > 0.



2.3.1 Convergence Analysis

The following lemma delimits three frameworks under which we derive L?(P)-controls and com-
plexities for the MLSA scheme.

Lemma 2.8 (|14, Proposition 4.2]).

(i) Assume that the real-valued random variables X" admit pdf fyn that are bounded uniformly
inh¢cH.

a. If there exists p, > 1 such that

E[|o(Y,Z) - Elp(Y, Z)|Y]

7] < o0, (2.23)
then, for all h,h' € H such that 0 < h < K, and all £ € R,
Px
Elllxnse = Lpxwsgll < C(W = h)200,

where

C = By, E[|o(Y, Z) — E[p(Y, Z)|Y]

Pe 5o FrEs)

*

77 (sup | fxnlloo) ¥
heH

with By, being a positive constant that depends only on p,.

b. Assume that there exists a constant g > 0 such that, for all u € R,
E[exp <u(g0(Y, Z) — Elel(Y, Z)|Y])> M <o Pogs. (2.24)
Then, for all h,h' € H such that 0 < h < I and all £ € R,

El[lxnsey = Lixnsgll

szm(wﬂ(;@ 100 10 (00~ )] ).

=

(ii) For ¢ € N*, let

ol Xhe — xhe
7\/}% ;
and
FX”Z—1|GZ:g L X IP’(XhZ*1 < CC‘GZ =g), ¢ €supp(Pqe).

Consider the sequence of random variables (K*)p>1 given by K* := K*(G"), where

K*(g) := sup ’FXhz71|G€:g($) - FXhe71|Gg:g(y)‘

, g esupp(Pge), €N
TH#Y |:E - y|

Assume that the (K*)y>1 satisfy

sup E[|GY| K*] < oo. (2.25)
>1

Then, for all £ € R,
1
E[|]I{Xh£>g} - ]l{Xhe—1>§}” < Ch;,
where
C = supE[|G| K*].

>1

Remark 2.9. Lemma 2.8’s frameworks are ordered from weakest to strongest.



i) The constant B,_in the postulate of Lemma 2.8(i)a emanates from a Burkholder-Davis-
Dx
Gundy inequality. According to Revuz and Yor [36, Chapter IV, Section 4|,

L ifp, <2,
By, = o
(pf':l) 2 if pe > 2.

(ii) According to Fathi and Frikha [20] and Frikha and Menozzi [22], if

E[exp (uo(gD(Y, Z) — E[p(Y, Z)\Y])Q)] <

for some wug > 0, then there exists g > 0 such that, for all u > 0,
E[exp (u(p(Y, 2) ~ Elp(Y, 2)|Y]) )| <.

This is analogous to our Gaussian concentration framework (2.24).

Note that the framework (2.24) entails the framework (2.23) for all p, > 1, which can be
shown via an exponential series expansion.

(iii) ([14, Remark 4.3]) The framework (2.25) relaxes Gordy and Juneja’s [30, Assumption 1],
and is the most advantageous computationally (c.f. Proposition 2.13(iii)). It holds for
instance if (g,¢) — FXhZ*1|G’Z=g is uniformly Lipschitz in g and /.

Assumption 2.10 (|14, Assumption 4.4|). There exist some constants ¢,dg > 0 such that, for
all h € H and for any compact set K C R,

sup | fxn (€) — fxo()] < chit%.
Eex

Remark 2.11 (|14, Remark 4.5]). Assumption 2.10 holds within the framework of [29, Proposi-
tion 5.1(a)].

Theorem 2.12 ([14, Theorem 4.6]). Suppose that p(Y,Z) € L*(P), that Assumptions 2.3
and 2.10 hold, and that

4k,
sup 6} exp (12 sup vl )] <

sup
heH O heH

where ko = 1V 2. If v, = mn™?, n € N*, with vy > 0 and B € (0,1], and if Aoyy > 2

1-a”

when B = 1, then, there exists some constant C' > 0 such that, for all L € N* and oll N =
<N07 ey NL) € (N*)L+1;

L 2 L 3 L
E[(&NF — €h0)2) < c<m + (Zm) +> %, + Zme(he)) (2.26)
=1 /=1 =1

where

[y if (2.23) holds,
e(h) == { h2|Inh|z if (2.24) holds, h € H. (2:27)
h3 if (2.25) holds,

|
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2.3.2 Complexity Analysis

The global error of MLSA can be decomposed into statistical and bias errors:
N -8 = (R - )+ (€ - ). (2.28)
Proposition 2.13 (|14, Proposition 4.7, Lemma 4.8 & Theorem 4.9]).

(i) Suppose that Assumption 2.3(i) is satisfied. Let € > 0 be a prescribed accuracy and C > 0
the constant defined in (2.14). If hog > C~ e, then, setting

L= {m(gﬁl)w >1 (2.29)

achieves a bias error for MLSA of order ¢.

(i) The computational cost of MLSA satisfies

L
CostMLS < @Z
=0

Ne
Iy

for some constant C > 0.

(i1i) Let e > 0 be a prescribed accuracy. Within the framework of Theorem 2.12, there exists a
constant C' > 0 such that, setting

1

L £ 1 3 1 1
(Z W 1+ﬁ6(h£,)1+ﬂ> hg*‘ie(he)”ﬂ, veo, 1],

=0

™[N

Ny = [(C"yl)»—}*s

i.e.

;

Jun

2

1 _2 + N
[(C'n)Pe Bhw( Z(H—p*))(Zg/ 1+6 G 2<1+p*)))ﬂ
if (2 23) holds,
28-1
N, = RC 71)58_5h2(1+’8) ’ In h€| 2<1+6 (Zzl e/ T 2(1+A) | In Ay \2(1+B)) -|
if (2.24) holds,

-

28-1

[(c’ %)Ef?hmﬁ (o by )]

-
@l

if (2.25) holds,

achieves a statistical error on the estimation of 52 of order . The optimal computational
cost is attained when 8 = 1 under the constraint Ao7y1 > 2, in which case

3+2(1+P*) ’Lf (223) hOldS;
|ln£|5 if (2.24) holds,

€
Costl s <C"{ e
5 if (2.25) holds,

_5
2
_5
2

for some constant C" > 0.

Remark 2.14. The advantageous framework described by (2.25) results in its best computational

cost in O(e_g), which remains suboptimal compared to the canonical optimum of O(¢~2) that
is achievable by multilevel techniques [24, 21].

The next section devises a strategy to adaptively refine the inner Monte Carlo samples of

NSA and MLSA.
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3 Adaptive Refinement Strategy

The suboptimality of MLSA is linked to the discontinuity of the gradient H (2.3) intervening in
the VaR recursion (2.21). Indeed, for n € N*, if the simulated loss

K
=% Z (Y, Zy)
k=1
is too close to the estimate 5271 but falls on its opposite side with respect to its sampling target

Xg = E[Sp(yv Z)]\yZYn’ (31)

an O(1) error is registered due to the discontinuity of H (& ,,-) at €|, thus lowering the overall
performance of the multilevel algorithm. To address this issue, we investigate the incorporation
of an adaptive refinement layer into MLSA.

The following steps elucidate the intuition behind our adaptive refinement strategy. For
simplicity, we consider a nested simulation X", targeting an unbiased simulation X°, that we
want to refine adaptively given a current iterate & at the iteration number n. Assuming that

Y and Z1,.. ., ZEM" S 7 were used to simulate X according to (2.7), refining the latter to
X"e+1 consists in simulating additional samples ZKM£+1, ceey ZEMT RS independently from
Y and Z1, .. .,ZKM(Z and setting
1 o Ru
h h k
X £+1 — MX ¢ + W Z SO(Y,Z ) (32)
k=KM*+1

Step 1. A confidence based heuristic.

We loosely adapt the reasonings employed in |26, Section 2.3.1] and [31, Section 3| to derive a
preliminary refinement strategy. Roughly speaking, considering a refinement amount 1 € N, we
want to ensure that H (&, X™+1) = H (¢, X0) with high probability by aligning X" with X°
on the same side of the discontinuity of H(&,-) at £. Via a conditional CLT,

Xhesn /\/(XO, hepy Var (o(Y, Z) \Y)). (3.3)
To achieve the desired alignment, we consider a critical value C,q4 corresponding to a confidence

level p € (0,1), and choose 1 minimal such that |X"+» — X0 < | X% — ¢| with confidence p,
which can be expressed as

Caayfhan Var (9(V. 2)|V) < X0 =€l or |X°—¢] > Cuahf (3.4)

L+m)
up to a modification of Cyq conditionally on Y. However, this approach is impractical as X is
inaccessible.

We thus change our perspective and require instead that |X"+n — X0 < |X"e+n — €| with
confidence p, to ensure that X° and X"+ are on the same side relative to £&. We then select 7
minimal such that

Cuay/hesn Var (p(Y, 2)[Y) < [XPe40 — g, e, | XM — € > Cuah? (3.5)

L+n)

allowing for a modification of Cy4 conditional on Y. In effect we augment the number of inner

simulations of X" by 7 refinements until the threshold Cadh around ¢ is crossed. [26] views

+n
this process as estimating X° by X" in the original strategy (3.4), while [27] interprets the

12



evaluation of the criterion (3.5) as performing a Student t-test on the null hypothesis “ X"e+n = ¢,

For more flexibility, we introduce two parameters r > 1 and 0 < 6 < 1 that respectively
control the strictness and budgeting of the refinement strategy.

Step 2. Refinement strictness.
We redefine the refinement strategy as choosing 7 minimal such that
1

| X" een — €| > Caahi,,.

(3.6)

The parameter r allows us to adjust the strategy’s propensity to refine. Larger r values impose
more strictness. Setting r = 2 retrieves the previous baseline strategy.

Step 8. Refinement budgeting.

The strategy outlined above may be risky, as the refinement amount 1 required to satisfy (3.6)
could be excessively large, hence increasing the subsequent complexity. To address this, we
impose an upper limit on n at [6¢]:

n(€) = [00] Amin{k : [ X"+ — €] > Cughl,,}. (3.7)

Note importantly the dependency of 17 on . For this strategy to be computationally efficient, the
entailed number of inner simulations should, on average, be comparable to the number of inner
simulations absent the strategy. To ensure this, we relax the constant C,4q to a normalization
factor c(hy) that is calibrated such that E[hé_ﬁn(g)] = O(h;'). We have

[0¢0] [60]
Elhy o) = 2 hilkP(n(€) = k) < byt + D R P(n() = k).
k=0 k=1

From (3.7) and Assumption 2.3(iv),

1 1 1
P(n(€) = k) < P(|X i1 — ¢] < c(he)hi x_y) < 2M7 sup || fxnllooc(he)hj, -

heH
Extending the definition of s — hg to R with hg := ]\hfs, we obtain, for some constant C' > 0,
[0¢]
E[hﬁjrln(é)] < C<h€_1 +c(he) Zhhk) < C(hyt + C(hf)h(1+6)£(%—1))-
k=1

To balance the terms on the right-hand side, we normalize with

1
c(he) = hGoir—1)—e

yielding the refinement strategy

1
s

n(€) = [0¢] Amin{k : |X ek — ¢] > Caaliyi_1) 41}

This approach is essentially the same as the one delineated in [31]. The amount of inner simu-
1

lations is increased until the varying threshold Cadh&(r,l) 4, around & is crossed by the sample
Xherr,

13



Step 4. Refinement saturation.
To illustrate the strategy thus far, let’s test it along a single dynamic of (2.10) with bias parameter
hy:
h h he oy eanElt)
‘Snﬁ-l = ‘Ene - 7n+1H( nZ7Xn+1 " )
Unlike the MC setting [31] where the iterate £ remains constant across the recursions, the iterates
(€h¢),>1 above change from one step to the next. This causes the samples (X/*),>1 to refine

4+"I(§Z€_ 1) )

to (Xn n>1, de facto solving the root finding program ¢ : E[H (&, X n@©)] = 0, or

equivalently, & : E[]].{Xhé+n(§)<§}] = «. Since n(§) evolves with &, £ — E[]].{Xhé+n(§)<§}] is no
longer given by a cdf, as it may not be monotone and could have several roots.

To address this issue, we saturate the refinement amount 7 for large iteration numbers n
(corresponding to terminal SA phases) to the cap [#], turning it into the convex program
ming Vp, 160 (&) for n large. This is achieved by incorporating an increasing dependency on n
into the strategy’s threshold. Such dependency was calibrated from the ensuing error controls
provided in Proposition 4.4 and Theorem 5.4. We refer to Figure 1 for a visual representation
of the adaptive refinement procedure, to (3.10) for our definitive strategy and to Remark 4.1 for

additional related comments.

XO
--- xh,h=05
--- xh,h=0.0125
VaR gradient H(&, .)

am———

~~o
S~
-~
~—o
~—

Figure 1. An illustration of the adaptive refinement procedure. The sample X" is refined by
lowering its bias parameter h from % to %, to ensure that H (&, X") is equal to H(&, X°) with
great probability. The plotted pdf of X° and X" h € {%, %}, are based on the case study of
Section 7.1. The gradient x — H (&, -) is not represented at scale.

The following lemma revisits the framework (2.25) to grant us a flexible basis for our adaptive
refinement strategy. Its proof is postponed to Appendix B.

Lemma 3.1. For 0 < h < h/ € H, define

;XM —Xh
GF =", (3.8)
A /h/
and
FXh|GZ’:g = P(XM<z|GY =g), g¢€ supp(PGZ/).

Assume that the random variables (Kgl)ogimh’eﬁf defined by K} := KJ' (G, where

’ ‘FX}L‘G}L/:g(x) - FX}L’G}L/:g(y)‘
K} (g) :==sup h h
Ty |x - y|

, gesupp(PGZ/), 0<h<heH,
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satisfy
sup  E[KV|GY|] < . (3.9)
0<h<h'€H

Then, for all0 < h < W € H,

1
EllLixnse = Lxnsgll < C()2,

where
h h
C= sup E[K?|G?]].
0<hi<ho€H

Remark 3.2. The framework (2.25) can be viewed as a special case of (3.9) for consecutive bias
pairs on the geometric scale Hg = {hy,{ € N} C H. In standard MLSA, the fine and coarse
approximations at each level are controlled by consecutive bias parameters in Hg. If one is to
refine either approximation separately, the refined fine and coarse approximations are no longer
controlled by consecutive bias parameters in Hg, hence the need for the generalized framework
above.

Following the roadmap of |26, 31, 27|, we define
15(€) := [0€] Amin {k € [0, [0€]] : | X"+ — &| > Caa¥h5*},  £,m € N7, (3.10)

with the convention min @ = 400, where Cq >0, r > 1,0< 0 <1,

1 1

un " b if (2.23) holds,

Ok . 0l(r—1)+k 3.11
noT 1 1 146 1 ) ( . )
2 ((yn/71) 2hyy g )h(;e(r—l)Jrk if (2.24) or (3.9) holds,
and
U, =y1n~°, with 0§ € (0,1]. (3.12)

Note the property

%Wg B [CE Ve Rt if (2.23) holds,

ST T (L= M) T2 0y f (2.24) or (3.9) holds,

(3.13)

where we used in the last inequality the constraints 6 € (0,1] and r € (1,2], which stem from
the frameworks of Lemmas 4.2 and 5.2.
We refer to Cyq as the confidence constant [26, 31], r as the refinement strictness parameter

[31, 27], 6 as the budgeting parameter, the n-dependent factor in (3.11) as the saturation factor,

h
and the quantity %, that our adaptive strategy seeks to greedily make as large as possible,

as the error margin [f2]

Algorithm 1 Adaptive refinement strategy

Require: A sample X" an iterate &, refinement parameters Cog > 0,7 > 1and 0 < § <1, a
level £ € N*, an iteration number n € N*

1: 4 0

2. while n < [0¢] and | X"+ — £| < Coqvbi" do
3: Refine X/+n to Xhetnt

4: n<—n+1

5: end while

6:

return X ¢+n

15



We refer to [31, Algorithm 3.1| for an analogous refinement strategy in an MLMC setting,
that is independent of the iteration number n.

Remark 3.3. (i) At each level ¢ and iteration number n, the adaptive strategy refines the
simulation X/ used in (2.21) to XZ””, with the aim of escaping the region [¢ & Cpqthy”]
around the discontinuity of z +— H (&, z) at x = &.

ii) No refinement is applied at the level £ = 0, as ° = 0 for all n € N*.
I,

(iii) The thresholds C’add}fgk depend on the hyperparameters r > 1 and 0 < 6 < 1. It decreases
for r or 6 large. It also depends on the level £ and the iteration number n. It decreases for
¢ large and increases for n large.

(iv) Recalling the definition (3.1), by virtue of the almost sure convergence of X/* to X0 as
¢ 1 oo (by the conditional law of large numbers, under suitable assumptions), the refined

h, e
simulation X, is in theory closer to the actual simulation target X0 than X It is

h
therefore expected that H (&, Xn”"%@) = H (¢, X?) with high probability. See Remark 4.1
for a complementary comment.

(v) In our derivation of the adaptive refinement strategy, the confidence constant Cyq took in
fact the form of Cpy/Var(p(Y, Z)]Y), where C, is a critical value of the law N(0,1) at
some confidence level p and /Var(p(Y, Z)|Y) is the sampling standard deviation. For a
99%-confidence level, a natural choice for Cyq is three standard deviations, i.e. C = 3. The
standard deviation can be estimated empirically. However, the ensuing convergence and
complexity analyses show that our choice of C,q constant for the adaptive strategy (3.10)
accomplishes the desired performance gain. In practice, C,q should be fine-tuned to avoid
over- or under-adapting.

4 Adaptive Nested Stochastic Approximation Algorithm

Before delving into the adaptive refinement of MLSA, let us first investigate the influence of our
refinement strategy on NSA, which we recall can be considered an instance of 0 level MLSA.

Consider a bias parameter hy, £ € N* on the geometric scale Hy = {hy,¢’ € N}, which
allows resorting to single-level refinements (3.2). The adaptively refined nested SA algorithm for
estimating the VaR can be written as

ch Py The wh
Sy =8 =y HE, X00), neN, (4.1)
where
he Pt ¢ (Fhe
Xn+1 = Xn+1 ) nn—i—l = nn+l(§n )7 n e Nv (42)

and EZ}‘* is a random real-valued initialization that is independent of the samples ()Z,’;‘f)nzl.
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Algorithm 2 Adaptive Nested SA for estimating the VaR

Require: K,M,¢,N € N* with M > 2, a positive non-increasing sequence (y,)n>1 such that
Yoo 1 =00 and lim,_, ¥, = 0, refinement parameters Cpg >0, 7 >1and 0 <0 <1

: Sample EZ}Z randomly
:forn=0..N—-1do

Simulate Y,,+1 ~ Y and Z}H_l, e Zﬁ]\{ﬂ Wz independently of Yj, 11

1

2

3

4 X:Llil « ﬁ ZII::A{Z o(Yni1, Zi1 )
5: )A(:Zil — ReﬁneC’ad,r,H,ﬁ,n(Xgila 52@)
6 ngi-l — ghe — ’Yn+1H(ggeaXQi1)

7: end for

8

. )
: return N

Remark 4.1. Unlike in [26, 31, 27|, the adaptive refinement (3.10) depends on the iteration
number n. As previously discussed, using an adaptive refinement independent of n can be viewed
as seeking a root of & — E[H (&, X h“’ie(&))], which is not guaranteed to retrieve a problem like
(2.8), as it could have multiple roots. The introduced dependency on n saturates the refinement

P, Posnbior s herron . - q
amount to [0] for large n, thus aligning X, with X, with high probability and
practically solving the strictly convex nested SA problem ming Vj, 100 (&) with bias parameter
hey 1o

This behavior can be verified by calculation. Assuming that ¢(Y, Z) € L'(PP), by Markov’s
inequality,

P(nh (&) < [0€]) = P(3k € [0, [0€] — 1], | X e+ — €] > Coqvi")
[00]1—1
< S0 P(XPE - €] > Cagvls®)
k=0

100 —1
< Clm SO OE[XM — g 50 as 0t oo (4.3)
ad¥n  r—o

Observe that

P(3ng € N,Vn > no,15(€) = [0¢]) = 1 — P(limsup {n}(£) < [0€]}).

ntoo

Given the increasing monotonicity of n — 15* following Remark 3.3(iii), the events ({n’ (&) <
[00]})n>0 are decreasing, so that by Fatou’s lemma and (4.3),

P(lim sup {5, () < [04]}) < lim inf P(n, (&) < [0¢]) = 0.

ntoo

Finally,
IP’(Elno € N,vn > no,nﬁ(é) = WU =1

In words, since (n%(€))n>1 are discrete random variables taking values in [0, [#¢]], considering
(4.3), there exists a PP-as-finite random time ng that depends on ¢ and &, such that for n € N,
the equality 1% (¢) = [0¢] holds on the event {n > ng}. Hence the desired saturation effect for n
large.

Of course, the iterate £ depends on the iteration number n. The boundedness of the iterates
in some LP(PP) space, 0 < p < 2, is hence essential to retrieve the asymptotic behavior described
n (4.3). Such boundedness is established in Proposition 4.4.
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4.1 Convergence Analysis
The proofs of the ensuing results are postponed to Appendix B.

Lemma 4.2. Let v, = yin %, n € N*, with v; > 0 and 8 € (0,1].
(i) Assume that the real-valued random variables X" admit pdf fyn that are bounded uniformly
inh¢cH.

a. If (2.23) is satisfied, with

-2
pe>2 1<r<2 and 0<f<

, 4.4
Dy + 2 ( )
then, for all {,n € N*,

1+6
| [ {Xh2+n£(£)>§} o ]l{XheJr(oﬂ >€}]| < Clhg Upys
where

_ 2px 1_1
hO Px+2 hl_p*(?_i)

ey V20 BuE[le(Y, 2) ~Elp(Y, 2)IY)

Ch

1
P*]pj

with By, being a positive constant that depends only on p,.
b. If (2.24) is satisfied for some g > 0, with

8g 2—r
ho > | =~ , 1l<r<2 and 0<6<1,
Cad

(4.5)
then, for all £,n € N*,
1+0
Bl {Xhl+n£(6)>§} - ]l{Xhu—rez] >£}” < Cohy ™ yn,
where
&
2T (- MYy
(i1) If (3.9) is satisfied with, for some vy > 0,
sup E[GXP(UOIGZ/P)] <00, hy> (22> 2ir’
O<h<her vl (4.6)
1<r <2

and 0<60<1,
then, for all £,n € N*,

140
[E] {Xhé’+n£<§)>§} - ]1{Xh£+(9£] >§}” < C3hy ™,
where

o SuPogh<h'eﬁE[GXP@O‘GZ"Q)]
3 ’)/1(1 o M—l)

Remark 4.3. (i) We refer to Remark 2.9(i) for an elaboration on the value of B, in Lemma 4.2(i)a

(ii) Unlike [31, Lemma 3.9|, the bias controls above display a dependency on n that decays
roughly in the order of the step size y,. This property will prove useful to control the
numerical error induced by the refinement strategy (3.10) in the adaptive nested scheme
(4.1).
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(iii) Using the special values of h = 0 and A’ = 1 within the first postulate of the framework
(4.6) yields that the quantity

2
E| exp (vo (Y. 2) — El (Y, 2)[Y])?)]
is bounded. As discussed in Remark 2.9(ii), this entails a Gaussian concentration of the
random variable ¢(Y, Z) — E[p(Y, Z)|Y].
Define

l,n e N*. (4.7)

o | (uahy ) vy, if (4.4) holds,
S if (4.5) or (4.6) holds,

Recalling the definition of (A;)4>1 in (2.13), the next lemma provides an adaptive counterpart
to Lemma 2.5(ii).

Proposition 4.4. Let v, = vin™?, n € N*, with v1 > 0 and B € (0,1]. Suppose that Assump-
tion 2.3 holds.

(i) If \iy1 > 1 when 3 =1, and

h 2k h
sup B 18 P e (22 sup o 1) < o
>0 — Q>

where ko = 1V 72, then, for all £,n € N¥,

MW—&WWSW%,Mm<ﬁﬁng (4.8)

with the (C*%) 41 being the positive constants given in (B.47).

(ii) If Aoy1 > 2 when 3 =1, and

4k
ch ch
supE 16 “exp (122 sup g | 651} < o
>0 — Q>

where ko = 1V 12, then, for all {,n € N*,

E[(E &™) < PG where CF = sup Y, (49)

with the (C*%) 41 being the positive constants given in (B.57).

Remark 4.5. The above results are comparable to the non-adaptive case that is dealt with in
Lemma 2.5(ii). The L*(PP)-control is necessary to our study of the adaptive MLSA scheme in
Section 5.

4.2 Complexity Analysis

Proposition 4.4(i) provides an insight into the behavior of adNSA. Fixing ¢/ € N* and running
(4.1) n € N* times results in a global error

~ ~ h h
ghe — &) = (gl — &) 1 (6T - €Dy,

where the first term represents the statistical error and the second the bias error. The proofs of
the following results are available in Appendix D.
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Proposition 4.6. Suppose that Assumption 2.3(i) holds. Lete > 0 be a fized prescribed accuracy,
and let C > 0 denote the constant described in (2.14). If hg > C~'e, then, setting

- [k

achieves a bias error for adNSA of order €.

Remark 4.7. According to the decomposition (2.11), when using NSA with a bias hy on the
geometric scale Ho = {hy, ¢’ € N}, one must set

In (Ch0€_1)
=|— 7| >1
¢ { In M -

to achieve a bias error of order e. adNSA requires a smaller ¢, which in turn translates into a
less expensive, albeit biased, simulation X’ that is then refined. This adjustment contributes
to a reduction in the complexity of adNSA.

The next lemma quantifies the average simulation amounts performed per iteration under

the adaptive strategy.
Lemma 4.8. Under Assumptions 2.3(ii)-(iv), by setting r > 1, for all £,n € N*,

e .
E[h;lﬁg] <c h, 1np 1 if (2.23) holds,
Hiin hy (£ +1Inn)2 if (2.24) or (3.9) holds,

where C' > 0 is described in (D.3).

Remark 4.9. Note the analogous [31, Proposition 3.1] for adaptive Monte Carlo, independent
nonetheless of the iteration number n. The average amount of inner simulations therein is in the
order of he_l. The saturation of our adaptive strategy for n large is responsible for expanding
these amounts by a small order depending on n. We refer to Remark 4.1 for further comments
on this dependence on n.

Proposition 4.10. Suppose that Assumptions 2.3(ii)-(iv) hold. By setting r > 1, the average
complexity of adNSA satisfies

T if (2.23) holds,

Costy, <C
anea {n(fé +In2 n)hy ' if (2.24) or (3.9) holds,

where C' > 0 is the constant described in (D.4).

Remark 4.11. Absent the saturation factor, the complexity would simply be in O(nh;l), similar
to the complexity order of NSA, as per Proposition 2.7.

Theorem 4.12. Let € > 0 be a prescribed accuracy. Assume that ho > (C") e, where C' > 0
is the constant described in (2.14), and that \iy1 > 1 if B =1, and set £ as in (4.10). Then,
denoting C' > 0 the constant defined in (D.5), by taking

if (4.4) holds with § < 2,

1 if (4.4) holds with 6 > g, or if (4.5) or (4.6) holds,

3

I
—
Q
@i Sl
m\
@l =
p—

the statistical L*(P)-error for adNSA is of order € as ¢ | 0.
Under this setting, by taking v > 1, the computational cost of adNSA satisfies

_ pxtd 1

g pxd 146 if (4.4) holds with § <

_2(0+px) 1

Costaansa < C Qe o 150 if (4.4) holds with § >
5_%_ﬁ|ln5|% if (4.5) or (4.6) holds,

as €10,

IN il pe)
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where C' > 0 is the constant defined in (D.9). The minimal computational cost, which is attained
under the constraint A\1y1 > 1, satisfies

_ 5pxt4

e 2 if (4.4) holds, B=1,6=5 =1 and
5fg|1n6|% if (4.5) or (4.6) holds, and = 1

:p*_Q
pt27 g5 ] 0.

Costaansa < C {

Remark 4.13. (i) Within the framework of Assumption (4.4), adNSA achieves a speed-up over
NSA when p, > 4. By contrast, heavier-tailed distributions, corresponding to an integra-
bility exponent p, < 4, do not appear to benefit from adaptive refinement. This may be
explained by the fact that adaptivity is primarily sensitive to higher-order moments.

(ii) By comparison with Proposition 2.7, the complexities outlined in Theorem 4.12 are an
order of magnitude of e2 lower than those of NSA for large p, under the framework (4.4)
and up to a logarithmic factor under the frameworks (4.5) and (4.6). As we will see in the
next section, adNSA serves as a fundamental component of the adaptive MLSA scheme.
Consequently, the performance improvements noted on the former scheme should result in
an acceleration of the latter.

The table below recaps the differences between NSA and adNSA.

Algorithm NSA adNSA
1 1
Bias parameter h~e hy ~ ElJer S~ (1+|;1)61|n]\4
e5 if (4.4) holds with § < &,
2
Tteration amount n~eg B n ~ 5_% if (4.4) holds with § > g,

or if (4.5) or (4.6) holds,

Costansa =
_ 5pxt4
O(e 2+ ) if (4.4) holds,
O(¢~3|Inel2) if (4.5) or (4.6) holds.

Best complexity | Costyga = O(e73)

Table 1. Comparison of NSA and adNSA. 0 designates the prescribed accuracy. The statements
refer to Propositions 2.7 and 4.12.

5 Adaptive Multilevel Stochastic Approximation Algorithm

Recalling that MLSA telescopes multiple paired NSA schemes, the previous development on
adNSA provides a framework for the extension of the adaptive refinement strategy to the mul-
tilevel paradigm. We define the adaptive multilevel SA (adMLSA) estimator for the VaR as

L
1 ch che_
N = €N+ DN &N, (5.1)
=1
where N := (N, ..., Nz) € (N*)L+! represents the number of iterations at each level. Each level

¢ € [0, L] is simulated independently. As detailed in Remark 3.3(ii), the level 0 estimator is not

refined, resulting in Ny iterations of NSA. Each of the remaining levels ¢ € [1, L] is obtained

as follows: after initializing (5@“*1,7;2), for each n = 0,..., Ny, — 1, once the components of

(Xsfﬁl,XSL) have been simulated according to (2.22), Xgi*f and XZil are separately refined
as in (4.2), relative to the fine and coarse iterates &2'" and £, into Xgi’ll and )Zsil respec-
tively. These refined samples are then injected into separate single updates of (4.1) to obtain

the following iterates (ngﬁl’giil)'
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Algorithm 3 Adaptive Multilevel SA for estimating the VaR

Require: A number of levels L > 1, a bias parameter hy = % € H, an integer M > 2,

No, ..., N € N*, a positive non-increasing sequence (v )n>1 such that » 2, v, = oo and
limy,— o ’yn = 0, refinement parameters Cpq >0, r >1land 0 <0 <1

1: Sample 50 randomly

2: €k + NSA(hg, No)

3: for/=1..Ldo

4: Set hyp + %

5. Sample (EZ;H, ¢0*) randomly

6: forn=0.. N,—1do

7: Simulate Yn+1 ~Y and Zn+1’ .. Z,ﬁj\lﬂ "% Z independently of Y41
—1

8: Xgill A KMZ I ZKM n+1’Z£+1)

o Xn+1 A Xﬁif + KM[ Zk KMZ 141 P(Ynta, Zali+1)

10: for j=¢—-1..¢do

Shj h;  =h,

11: Xn+1 — Reﬁnecadw 6.7, ”(anH’ fnj)

12: AZ+1 A gn '7n+1H(£n] ) X:Llil)

13: end for

14: end for

15: end for

16: NML _|_ Z A7l/z Ah

—
-3

: return fML

Remark 5.1. In line 5 of Algorithm 3, the intializations EZ;“ and EZ;E may be set equal, or even
be set deterministically.
5.1 Convergence Analysis

The proofs of the following results are postponed to Appendix B.
The next result guarantees stronger error controls for adMLSA comparatively with its non-
adaptive counterpart, Lemma 2.8, for MLSA.

Lemma 5.2. Let vy, = yin %, n € N*, with v; > 0 and 8 € (0,1].
(i) Assume that the X" admit pdf fyn that are bounded uniformly in h € H.

a. If (2.23) is satisfied, with

l<r<2 and 0<0<—2* (5:2)
Px + 2’
then, for all {,n € N*,
(140) 525y
E[’ﬂ{xhé+n£<s)>§} — lxosgll < Cihy P
where
) 2
Ct = hy 7 B, E[|(Y, 2) ~ Elp(¥, Y] ]77 (sup |yl )
heH
h 2(;)*_"4521)]1 p*(l %)
* P R
+ g YT ﬁc;iP*Bp*EHcp(Y, Z) —E[p(Y, 2)|Y] p*] o

with By, being a positive constant that depends only on p,.
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b. If (2.24) is satisfied for g > 0, with

4 2—7r
ho> (=) ', 1<r<2 and 0<6<1, (5.3)
Cad

then, for all {,n € N*,

E[j1

130 1
(X" b © sy Lixosgl] < Cahy® |Inhyl2,

where
_1 1 9
Cy = dgihy 2 ( (sup 1 fxrlloo) (202 V [0 (ghg ")) > +—
heH

(i1) If (3.9) is satisfied, with, for some vg > 0,

hi2 1 217"
sup Elexp(vo|Gg5|*)] < 00,  ho > ,

hEeH U(]ng (54)

1<r<2, and 0<0<1,

then, for all {,n € N*,

140

Efl1 — Txosgll < C3hy*

{Xh2+n£<£) >¢}

where

E Gh 2
Cs = hy sup [KhQ‘G ]+ supp,cy E[exp (Qiﬁ‘ 0l )]
0<hi<h2€H 1-M~2

N[

Remark 5.3. (i) Although the frameworks of Lemmas 4.2 and 5.2 are similar, those of Lemma 4.2
are stronger.

(ii) The value of B, in Lemma 5.2(i)a is discussed in Remark 2.9(i).

(iii) In comparison with the non-adaptive frameworks of Lemma 2.8, the variance controls for
adMLSA display an extra exponent factor of 146, which should bring down the algorithm’s
statistical error faster to 0.

The main convergence result follows. Its proof is deferred to Appendix C.

Theorem 5.4. Suppose that (Y, Z) € L*(P), that Assumptions 2.3 and 2.10 hold, and that

4k

“h ch
SupE|:|§Oé|4 exXp <1 = sup Hthz/ ‘|OO’§OZ’>:| < o0,
>0 — Q>

where ko = 1V 2= If y7p = 1n 5, n € N*, with 1 > 0 and 5 € (0,1], and if 5\271 > 2 when
B =1, then, for all L eN* and all N = (Ny,...,Np) € (N*)L+1,

E[(EN" — & 1)) < <7No (Zm) JrZVNZ 752 EL: ”9), (5.5)

(=1 /=1
where C > 0 is the constant described in (C.13), (Y5)en>1 are defined in (4.7), and € is defined
as in (2.27):
hEATE if (4.4) holds,
e(h) == { h2|Inh|z if (4.5) holds, h€H.
h3 if (4.6) holds,
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Remark 5.5. Similarly to Theorem 2.12, the upper L?(P) control for the statistical error of
adMLSA is comprised four terms: the first term governs the level 0 simulation and the remaining
three govern the drifts and martingales arising from the multilevel linearization (C.7). The
first difference with MLSA lies in the inclusion of 7, which emanates from the controls of
Proposition 4.4. Additionally, the final term exhibits an extra exponent factor of 1+ 6, resulting
in an accelerated convergence rate compared to MLSA.

The convergence rate speed-up, shown in the previous theorem, translates a significant per-
formance gain that should reflect in the complexity of adMLSA, as we clarify next.

5.2 Complexity Analysis

Approximating £2 by ngL results in a global error that decomposes into statistical and bias errors
as such: B B N \
N =& = (R &) (6T =€), (5.6)

The proofs related to this section are deferred to Appendix D.

Proposition 5.6. Suppose that Assumption 2.3(i) holds. Let e > 0 be a prescribed accuracy and
C > 0 the constant described in (2.14). If hg > C~'e, then, setting the number of levels to

_ [In(Choe™)
L= [me)OmMW >1 (5.7)

achieves a bias error for adMLSA of order €.

Remark 5.7. In view of Propositions 5.6 and 2.13(i), to achieve a comparable bias error order,
adMLSA requires significantly less levels than MLSA. In fact, for 8 = 1, adMLSA requires half
as many levels as MLSA to achieve a bias error of order €. This property alone makes adMLSA
much faster than MLSA. It is linked to the fact that, for a given number of levels L, adMLSA
achieves a bias error of order h1L+0, an order of magnitude h% lower than MLSA, which achieves
a bias error of order hy,.

Proposition 5.8. Suppose that Assumptions 2.3(ii)-(iv) hold. By setting r > 1, the average
complezity of adMLSA satisfies

1+ 9
L N, et if (2.23) holds,

(5.8)
S L Ni(Lz +1n2 Nhy ' if (2.24) or (3.9) holds,

Costgamrsa < C

where C' > 0 is the constant given in (D.10).

Remark 5.9. Without a saturation factor in the refinement strategy, the computational cost
would be lowered to O(Zévzo Nghy; '), similar to both MLSA and the adaptive MLMC algorithm
[31]. However, omitting this factor would adversely affect the convergence of the statistical error
(5.5). See Remark 4.1 for further comments on the necessity to saturate the refinements.

Theorem 5.10. Let Coq >0, r > 1 and 0 < 0 < 1, and suppose that Assumptions 2.8 and 2.10
hold. Let € > 0 be a prescribed accuracy. Denote C,C > 0 the constants on the right-hand sides
of (5.5) and (5.8) respectively.

(1) If (4.4) holds, then, by setting

s 2 L es-asonmrei-aion, 5 Giopat2

—Z 2(px+1)((1 * * 2(px+1)((1 * *

Ny = ’701, e B ( § hg/ (Px+1)(1+B)px+9) > hg(p +1)((1+8)p«+9) —‘7 = [[07 L]], (5.9>
=0
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(i)

(iii)

where

8,5 (px+9)px
Clv = C<1+B FE=) (nyl) (A+B)px+6
(( Bp, )<1+mp*+a . < Bp, )—<1+§§’;*+a> é( Pt s )é
X 71 . o\, < )
P+ 0 et 6 (1+B)ps+6

adMLSA scores a global L?(P)-error of order €. By taking L as in (5.7), the corresponding
average complexity satisfies

2(px+9)

—2Apsxtd) , 28—1)p,+26—
e B if > @oLp2520
-~ _ 2(px+9) (A+B)px+46 ) _ _
Costaamrsa <C1 Qe #rx |Ing|  #rx if 0 = W—;}ﬂ”, as €0,
_2(pxt8) _ (2B-(140))px+28-(140)3
e B A+0)8(atD) if 0 < (Qﬂ—1p)117—:£25—57
*

where 6’1 > 0 is the constant on the right hand side of (D.19). The best complezity is

. . =2
attained if =1, 610, and 0 = fm.

X ~ _9_ 3px+2
1nf9 Costgamrnsa < Cie st forany >0, ase 0.

)y

If (4.5) holds, then, taking L as in (5.7) and

1

L 28-(110) R ==
( Z hy, 2(1+8) | In | 2(1+,8)> hQ(Hm |Inh ]2(1+ﬂ)—‘ ¢e[o,L],
e/

SN

Ny = [(C—'Vl)éf

leads to a global L*(P) error for adMLSA of order € as € | 0. The corresponding average
complezity satisfies
14045 ]
€ ﬁ]lns] 25 if 0 >28—1,
~ 3(148)+6 .
Costaanrsa < Ca{ e 5| lne|” 27 ifo=28—1, as €0,
_3(1+6)+28 14+6+8
e 20408 |Ine| 26 if0 <28 —1,

where 52 > 0 is the constant on the right hand side of (D.38). This complexity is minimized
for =0 =1, in which case

. ~ 7
1511(5 Costgamrsa < Cae 2| Inelz, as e]0.

If (4.6) holds, then, setting L as in (5.7) and

5 28—(1+0) ﬁ 3+6
[C’yl )Be” ﬁ(Zhw 8 > h;““ﬂ, ¢eo, L],

\ —

gives a global L*(P) error for adMLSA of order € as ¢ | 0. The corresponding average
complezxity of

14648
€ Blln&‘] 25 if 0 >25—1,
~ 3(148)+6
Costaanrsa < C3{ e 5 |Ineg|” 28 if6=28—-1, as €10,
3(1+6)+28 1+0+8

e 207 |lne| 28 iff <281,

where 5’3 > 0 is the constant on the right hand side of (D.40). This complezity is minimized
for =0 =1, whereby

. -~ — 5
1n0f Costogmrsa < Cse 2| In 8| 2, as el0.

)

25



Remark 5.11. (i) Within the frameworks of Theorems 5.10(ii)-(iii), adMLSA scores a signif-
icant performance gain over MLSA and retrieves the canonical multilevel performance
[24, 21] of order 72, up to a logarithmic factor.

(ii) As for the framework of Theorem 5.10(i), it is faster than its MLSA counterpart for any
px > 2. Better performance is expected by taking p, sufficiently large, recalling that a large
class of portfolio payoffs are LP+(P)-integrable for all p, > 2. Note that, asymptotically as
Py T 00, Costaamrsa = O(e™274), for all © > 0, while Costyrsa = O(Efg), retrieving the
same overperformance reported above.

The table below compares MLSA and adMLSA.

Algorithm

MLSA

adMLSA

L?(P)-control

O(hE, + Yo vvse(he)
(Decomposition (2.28),
Lemma 2.5(i) and Theorem 2.12)

2(1+6 ~
O™ + T Tye(he)*)

(Decomposition (5.6),
Lemma 2.5(i) and Theorem 5.4)

Number of levels

[Ine]
In M
(Proposition 2.13(1))

[Inel
(14+6)InM
(Proposition 5.6)

LN

COStMLsA = COStadMLSA -
B W P o _3pet2 '
O(e 2(l+p*)) if (2.23) holds, O(e ™ 20+ 4D 7)), Ve > 0, if (4.4) holds,
5 _ 7 .
Best complexity O(e™ i[lnf;‘\ ) if (2.24) holds, O(e72| lns\i) if (4.5) holds,
O(e™2) if (2.25) holds. O(e7 2| In¢e|2) if (4.6) holds.
(Proposition 2.13(iii)) (Theorem 5.10)

Table 2. Comparison of MLSA and adMLSA. ¢ > 0 designates a prescribed accuracy.

6 Heuristics

6.1 Refinement Parameters

In view of Theorem 4.12 and Theorem 5.10, to compute the VaR efficiently, we need to set
0 = 5:13 within the framework (4.4) and # = 1 within the frameworks (4.5) and (4.6). Note
that § ~ 1 for p, large enough within the framework (4.4).

The choice r =1+ % together with the assumption 6 ~ 1 lead to thresholds in (3.11) of the

form

1
N 1+9 ~ 2
W = el Wn = M pwn,

where w,, is the saturation factor. Complementing |27], under this choice of r and 6, our strategy
can be seen as conducting consecutive Student t-tests on the null hypotheses “X"e+k = ¢
0 < k < [6/¢], until the first rejection.

6.2 Refinement Strategy

Let us fix some level ¢ and iteration number n, and denote & and £€¢~1 the corresponding fine and
coarse iterates. For simplicity, we omit n from our notation. To increase efficiency, we propose
to only refine the fine sample X to X = X h”ﬁ"'(ﬁ"?, then discard the Z simulations indexed
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from KM 141" + 1 onward to recover the coarse sample Xhe-1,

KM 40t (€%)

> 1
he—1 _ k
X = e 2 2,
k=1
1 1 KMZ-HIZ(EZ)
Yhe — = xhe k
XM= MX + KM5+77£(§£) Z SD(KZ )7

k=K M{—1+n4Eh)+1

where (Z%) <" Z are independent of Y. This amounts to setting n‘~1(¢6-1) = (n(&f) — 2)*.
While this strategy for n°~! is not centered on ¢/~', numerical trials have shown it to produce
better results.

6.3 Confidence Constant

In the following, we tune the confidence constant Cpq appearing in (3.11) on a grid. Remark 3.3(v)
however suggests a different treatment for this constant.

Denote o = /Var(o(Y, Z)[Y) the sampling standard deviation, and ", h = &+ € H, its
empirical approximation given by

1
2

oh iK kN2 yhy2
_<K;¢(Y,Z) (X)). (6.1)

An alternate refinement strategy consists in incorporating an estimation of Cyq in (3.11) with
the quantity Cpah“k at the refinement step k, where C), is set to 3 to retrieve a 99%-confidence
on the closeness between X"++ and XO.

We term o-adNSA and o-adMLSA the adNSA and adMLSA versions where C,q is esti-
mated by (Cpahﬂk)ogkgma. For comparative purposes, these versions are run as well and their
performances are reported and discussed in subsequent analyses.

6.4 Unsaturated Refinement

To further reduce complexity, we propose to look into a desaturated variant of the refinement
strategy (3.10), whereby the saturation factor is set to 1:

n'(€) = [00] Amin{k € [0, [00]] : | XPerk — €| > Coqyp®*}, e N*, €eR, (6.2)

with the convention min @ = 400, where C,q >0, r > 1,0 < 0 <1, and

1
O = hgyo_yyp K0, [00], LN

To be able to incorporate this refinement strategy in an adaptive multilevel scheme, we need
the corresponding optimal iteration amounts. These unfortunately cannot be easily obtained for
this heuristic. Given that the strategy (6.2) resembles that of [31, Eq (3.2)] for adaptive MLMC,
one could simply consider the iteration amounts derived in [31]. The complexity theorems |31,
Theorem 3.10 and 3.11] content with pointing to the best complexities, without providing the
corresponding iteration amounts. These however may be found in the proof of the earlier work
of |24, Theorem 3.1|. But adopting these iteration amounts remains problematic for a couple
of reasons. First of all, as pointed out in Section 3, the saturation factor incorporated in the
refinement strategy (3.10) has been worked out from the bias and variance upper estimates
derived in Lemma 4.2 and Proposition 4.4. Substituting this factor with one, which is tantamount
to unsaturation, leads to upper estimates that do not asymptotically vanish with large iteration
amounts. Besides, the frameworks used by [24] or [31] are different from ours in (4.4), (4.5) and
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(4.6). Considering all of these concerns, we opt for the prudent choice of using our own optimal
iteration amounts calculated in Theorem 5.10 as obtained by factoring in a saturation effect. In
other words, the unsaturated refinement strategy (6.2) is simply treated as a heuristic in the
pursuit of faster execution.

The adaptive NSA and MLSA algorithms corresponding to the heuristic (6.2), that we dub
u-adNSA and u-adMLSA, will therefore be run with the same iteration amounts n and (Ny)o<s<r,
delineated in Theorems 4.12 and 5.10.

7 Financial Case Studies

In the ensuing numerical studies, we illustrate the closure of the performance gap between MLSA
and SA, which is made possible by using our adaptive refinement strategy. To that end, we
revisit the VaR use cases already handled by SA, NSA and MLSA in [14, Sections 5 & 6]. The
implementations for the case studies can be found at github.com/azarlouzi/ada_mlsa.

7.1 European Option

We succinctly recall here the setting of |14, Section 5]. We refer to the developments therein for
a rigorous derivation of the ensuing statements.

Consider a European option of maturity 7' = 1 and payoff R 3 z — —22, on an underlying
asset following a standard Brownian motion dynamic (W;)o<¢<i. The risk-free rate is null and
the pricing is performed under P. The option’s value at time ¢ € [0, 1] is

Vi = E[-WE W],
and its associated loss at a horizon 7 € (0, 1) is
X0 =V - V..

We are interested in retrieving the VaR &2 of this loss at some confidence level a € (0, 1).

7.1.1 Analytical and Simulation Formulas

Let ¢ : R? = R, ,
oy, z) = —(VTy+vV1—712)°, y,zeR

On the one hand,

0 £

X0 £ 1 —Elp(Y. 2)]Y] = r(¥* - 1),

where Y and Z are independent and of law A(0,1). X° can thus be simulated exactly, hence
the benchmarking unbiased SA scheme [4] is applicable to estimate the VaR.
On the other hand, for a bias parameter h = % € H, XY can be approximated by

K
1
h _ - k
X'=-1- Kkg_lcp(Y,Z )

where Y, Z1, ..., ZK "% N(0,1). We can then apply NSA, MLSA, adNSA, o-adNSA, u-adNSA,
adMLSA, o-adMLSA and u-adMLSA on this basis to approximate the VaR.
Finally, the VaR €” at level a has an analytical form:

(- (52)

where I is the standard Gaussian cdf. Its evaluation will help assess the estimation errors of the
aforementioned SA schemes.
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7.1.2 Numerical Results

We conduct below a performance comparison of the different SA schemes discussed in this paper.
We set the confidence level to o = 97.5% and the time horizon to 7 = 0.5, which yields ¢ ~ 2.012
via (7.1).

To minimize complexity, all algorithms are run with 8 = 1 and their respective theoretical
optimal iteration amounts. SA, NSA, adNSA and o-adNSA are run with ~, = 100 . MLSA,
adMLSA, o-adMLSA and u-adMLSA are run with M = 2 under the framework ( 4), with
6 = 0.05 and p, = 11. The parameter p, has been fine-tuned on a grid of values to minimize
RMSE and execution time. We set 6 = z:;; and r = 1+ % for the adaptive schemes, as
recommended in Section 6. Identical hg parametrization was applied to adNSA, o-adNSA,
MLSA, adMLSA, o-adMLSA and u-adMLSA, and identical -, parametrization was applied to
MLSA, adMLSA, og-adMLSA and u-adMLSA. Further parametrizations of the adaptive and
multilevel schemes, obtained via a grid search, are described in Table 3. The subsequent level
amounts computed via (2.29), (4.10) and (5.7) are reported in columns L, f,q and L,q. For
adNSA and adMLSA, the iteration amounts scaling factor C' (e.g. C' represents 011’6 for adMLSA
as per (5.9)) and the confidence constant C,q were jointly optimized by grid search, which led
to the choices C = 2 and Cyq = 0.5 for adNSA and C' = 2 and Cyq = 12 for adMLSA and
u-adMLSA. As for o-adNSA and o-adMLSA, we use the critical value C), = 3 with scaling factor
C =2

e | ho | laa e |ho| L Tn € | ho | Laa Tn

1 | 1 1 L1l |1 2 1 | 1 1 2

32 16 32 16 2.5x103+n 32 16 2.5x103+n
1 | L1 1 1| L |1 2 1 | L 1 2

64 32 64 32 4x103+n 64 32 4x103+n
1o 1 2 L L1 0.75 1L 2 0.75
128 | 32 128 | 3 9x103+n 128 | 32 9x103+n
1 | 1 2 1 | L3 0.25 1 | 1 2) 0.25
256 | 32 256 | 32 109+n 256 | 32 10%+n
1| 1 3 1Ly 0.09 1| 1 3 0.09
512 | 32 512 | 32 1044-n 512 | 32 104 4+n

Table 3. Parametrizations of adNSA and o-adNSA (left), MLSA (center) and adMLSA, o-
adMLSA and u-adMLSA (right), by prescribed accuracy.

Root-mean-square errors (RMSEs) relative to the true £2, as well as corresponding average ex-

ecution times over 200 runs, for a prescribed accuracy ranging in {7, ﬁ, 2—16, 23 103} are graphed

for each algorithm on a logarithmic scale in Figure 2. Recalling that £V ~ 2.012, these prescribed
accuracies correspond to accuracy rates ranging from % ~ 7.10% down to 12/ ng ~ 0.48%.
Before feeding them into the different SA algorithms, we adjust each accuracy £ by a scaling
factor of C' = 1 into C’e (C’ represents the constant on the right hand side of (5.5)).

Figure 3 plots the average execution times against the prescribed accuracies themselves to
illustrate the achieved complexities. The slopes fitted on these curves, shown in dashed lines in

Figures 2 and 3, are reported in Table 4.
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Average execution time (s)

Average execution time (s)

Value-at-risk

101 4

100 ]
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NSA
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MLSA
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o-adMLSA
SA

(=]
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Figure 2. Performance comparison of the different SA schemes.
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Figure 3. Complexity comparison of the different SA schemes.

30

N o




SA scheme | NSA | 0-adNSA | u-adNSA | adNSA | MLSA | adMLSA | u-adMLSA | o-adMLSA SA
RMSE —2.98 —2.78 —2.74 —2.63 —2.67 —2.58 —2.55 —2.48 —2.12
€ —-2.98 —2.83 —2.68 —-2.69 | —3.05 —2.65 —2.57 —2.66 —-2.00

Table 4. Reported slopes from Figures 2 and 3.

[14, Section 5.3] already provides a thorough discussion on SA; NSA and MLSA. We retain
here that MLSA achieves a partial gain on the gap of performance separating SA and NSA.

The novelties here are the adaptive schemes. On Figure 2, adNSA, o-adNSA and u-adNSA
achieve comparable performances, outperforming NSA by a margin that seems to widen for
smaller accuracies. adNSA seems to be slightly outperforming both g-adNSA and u-adNSA.
The overperformance over o-adNSA may be attributed to the overhead computation performed
by the latter algorithm to recompute the confidence constant C,q. The overperformance over
u-adNSA can be explained by the desaturated refinement strategy used by the latter algorithm.
adMLSA, o-adMLSA and u-adMLSA show to be outperforming MLSA: for a target RMSE of
order 1072, adMLSA, o-adMLSA and u-adMLSA run on average in 1s while MLSA runs in
2s, achieving a 2-fold speed-up over their non-adaptive counterpart. o-adMLSA seems to be
slightly outperforming adMLSA, which can be explained by the precision brought in by the
recomputation of the standard deviation o, in spite of the entailed computational overhead. The
advantage of adMLSA over g-adMLSA remains that, once calibrated on a few accuracies, the
confidence constant C,q for adMLSA needs not be readjusted, which eliminates all additional
upstream fine-tuning. u-adMLSA seems also to be slightly outperforming adMLSA, which can
be attributed to the computational gain achieved by the simpler unsaturated refinement strategy,
despite the implied refinement imprecision.

Eventually, an examination of the fitted slopes highlights that adNSA achieves the theoretical
complexity exponent predicted by Theorem 4.12. It also demonstrates that adMLSA approaches
the quadratic complexity anticipated by Theorem 5.10(i) for p, large.

Note that, in a comparable numerical setting, [31] instead plots the quantity “Average ex-
ecution time x RMSE?” versus the RMSE on a logarithmic scale. This choice is intended to
illustrate the underlying complexity results, recalling that the average execution time serves as
a proxy for the computational cost, while the RMSE represents the prescribed accuracy. Under
a quasi-quadratic complexity regime (Cost oc 7279 with § > 0 small), one expects a log-linear
relationship between these quantities, with a mildly negative slope (In(Cost£?) oc —dIne). The
main drawback of this graphical representation is that the quantity “Average execution time X
RMSE?” lacks a clear interpretation, as it does not directly convey a tangible performance gain
by directly comparing execution times for a given level of accuracy.

7.2 Interest Rate Swap

The following setting is recapitulated from [14, Section 6].

We consider a swap, of strike K, maturity 7' and nominal N, with each leg being worth 1
at inception, and issued at par on some underlying interest (or FX) rate (S;)o<i<7 that follows
a Black-Scholes model with risk neutral drift & and constant volatility &. At the coupon dates
0<Ty<--<Ty;=T, the swap remunerates the cash flows AT;(Sr,_, — K), where AT; =
T; —T;—1, To = 0. The risk-free rate is ¥ and the risk neutral probability measure is P.

For t € [0, T, let i; be the integer such that ¢t € [T;,_1,T;,) if t € [0,T), and 400 otherwise.
The fair value of the swap at time t € [0,7] is

st].

NIE[Ze T AT;(Sy,_, — K)

=it
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The loss on a short position on the swap at a time horizon 7 € (0,7}) is
X' =eTTP.

We are interested in computing the VaR €U of this loss at some confidence level o € (0, 1).

7.2.1 Analytical and Simulation Formulas
On the one hand,
72 i .
X0 £ NASO<eXp ( —5T + 5\EU> — 1), where A := Ze_rTiAEe“Ti—l
i=2

and U ~ N(0,1). This allows simulating X exactly, hence the availability of SA to approximate
the VaR.
On the other hand, X© satisfies

X0 £ E[p(Y, 2)|Y], (7.2)

where Y € R is independent of Z = (Z1,...,Z4_1) € R with

=2
Y :=exp ( — %7’ + U\EUO>,

l\.’)

AR exp(—a2 (Ty — 1)+ O'\/Tl—TU1>
=2
Zi::exp<—2ATi+a\/ATiUi>, 2<i<d-1,
d i—1
o(y,z) := NSy Ze_fTiATieRTi—l (y H zj — 1), yeR, z=(z1,...,2¢_1) € R,
i=2 =1

and (Uy)o<icd—1 ~ N(0,1). The nested Monte Carlo averaging (2.7) is thus available to ap-
proximate (7.2), hence the applicability of NSA, adNSA, o-adNSA, u-adNSA, MLSA, adMLSA,
o-adMLSA and u-adMLSA to approximate the VaR.

Finally, the VaR £V at level « is available analytically:

€0 = NASO<exp <F1(a)a T — (_’;T> — 1), (7.3)

where F' is the standard Gaussian cdf. The output of this formula will serve as a benchmark for
the outcomes of the aforementioned algorithms.

7.2.2 Numerical Results

For the case study, we set So = 1%, 7 = 2%, & = 12%, ¢ = 20%, T = 1year, AT; = 3months,
= Tdays and @ = 85%. We use the 30/360 day count fraction convention. (7.3) yields
€9 ~ 219.64.

We run all algorithms at their theoretical optimums, with = 1 and the corresponding
optimal iteration amounts. The learning rate ~,, = 00 is employed for SA and v, = 50 for NSA,
adNSA, o-adNSA and u-adNSA. For adNSA, a—adNSA u-adNSA, MLSA, adMLSA, U—adMLSA
and u-adMLSA, we adopt the framework (4.4) with the exponents p, = 8 (fine-tuned on a grid
to reduce RMSE and execution time) and 5 = 0.05, and the geometric step M = 2. As suggested
in Section 6, we set 0 = p*+2 and r =1+ 7. For every prescribed accuracy € € {2, 2,4,8,15}, we
tune hg (governing the number of levels L for MLSA, £,4 for adNSA, o-adNSA and u-adNSA, and
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L,q4 for adMLSA, o-adMLSA and u-adMLSA) and the learning rate (v, )n>1 for MLSA, adMLSA,
o-adMLSA and u-adMLSA on suitable grids. Table 5 lists these parametrizations by prescribed
accuracy. The iteration amounts scaling factor C' and adaptive refinement confidence constant
Caq are tuned on grids. We retain C' = 2 for adMLSA, o-adMLSA and u-adMLSA, C,q = 30 for
adMLSA and u-adMLSA, C = 2 for adNSA, 0-adNSA and u-adNSA, and Cyq = 300 for adNSA
and u-adNSA. We eventually set the critical value C), = 3 for 0-adNSA and o-adMLSA.

€ hO gad € hO L Tn 3 hO Lad Tn

1 1 1 1 6 1 1 6

2 | 5| 2 2|8 | 2] Tom 2 | 8| 2 | Tom
1l 4 11, 20 1] 20

64 16 64 16 5004+n 64 16 500+n
FEE I 11y 21 1] 21
128 16 128 16 1034n 128 16 1034+n
11 o3 1y 20 1] o3 20
256 16 256 16 2x1034+n 256 16 2x103+n

1 1 1 1 21 1 1 21
s | 16 | 4 512 | 6 | ° | 3%10°%n 52 | 16| 4 | sxiocm

Table 5. Parametrizations of adNSA and o-adNSA (left), MLSA (center) and adMLSA and
o-adMLSA (right), by prescribed accuracy.

The joint evolution of the RMSE and average execution time over 200 runs for each SA
scheme, for an accuracy e looping through {%,2,4,8, 15}, are plotted on a logarithmic scale
on Figure 4. Since £¥ ~ 219.64, these accuracies coincide with accuracy rates in the tune of
2119/% ~ 6.83% through ﬁ ~ 0.23%. The prescribed accuracies £ have been adjusted by a
factor of C" = ﬁ into C’e before using them in the different SA schemes. Figure 5 showcases the
average execution times against the prescribed accuracies. Table 6 reports the regressed slopes

on these curves as depicted in dashed lines on Figures 4 and 5.

Value-at-risk

—— NSA

102 n o-adNSA
R 3 u-adNSA
2 —£3— adNSA
o 107 —7 o-adMLSA
£ -5~ MLSA
)
c 100 - 4 - adMLSA
o —— u-adMLSA
3

-1
o 10
@)} 10_2 T
(©
—
S
-3 ]

Z 10

10—4 4

10° 10!
RMSE

Figure 4. Performance comparison of the different SA schemes.
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-~ MLSA
~%- adMLSA
—— u-adMLSA
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100 4

Average execution time (s)
S

4 8 15
Prescribed accuracy €

NI=
N

Figure 5. Complexity comparison of the different SA schemes.

SA scheme | NSA | 0-adNSA | u-adNSA | adNSA | o-adMLSA | MLSA | adMLSA | u-adMLSA SA
RMSE —3.46 —-3.98 —3.74 —3.52 —5.62 —-3.92 —-3.21 —-3.21 —1.66
€ -3.00 —-2.90 —2.68 —-2.71 —2.68 —2.90 —2.50 —2.50 —2.00

Table 6. Reported slopes from Figures 4 and 5.

We refer to |14, Section 6.3] for extended comments on SA, NSA and MLSA.

Some similar comments to the previous case study are applicable here. Concerning the nested
schemes, adNSA, o-adNSA and u-adNSA score a slight speed-up over NSA. As for the multilevel
schemes, only adMLSA and u-adMLSA score a speed-up with respect to MLSA. o-adMLSA
seems to score worse than MLSA. This may be attributed to the computational overhead coming
from the recomputation of the constant C,q at each iteration. The performance margins between
adNSA, o-adNSA and u-adNSA on the one hand and between adMLSA and u-adMLSA on the
other hand remain slim.

Although further fine-tuning may be required, the fitted slopes already indicate that the adap-
tive multilevel schemes adMLSA and u-adMLSA are closer than MLSA to the desired quadratic
complexity.

8 Conclusion

For a prescribed accuracy € > 0, the canonical e~2 multilevel complexity order is retrieved, up
to a logarithmic factor, for an MLSA scheme with a Heaviside-type update function. This is
made possible by adopting an adaptive refinement strategy on the samples driving the multilevel
algorithm’s inner nested schemes. Our strategy allows us to close of the performance gap existing
between the nested MLSA and the unbiased Robbins-Monro schemes for Heaviside-type update
functions. The performance gain achieved by adaptive MLSA compared to its regular counterpart
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is significant in practice, attaining a two-fold speed-up in certain cases and expected to increase
exponentially with smaller prescribed accuracies. Potential future lines of research could involve
applying a Polyak-Ruppert averaging [15] to adMLSA to promote greater numerical stability, or
extending our findings on adaptive refinement to triply nested X-value adjustment estimations
[27], or exploring the effect of sampling the risk factors Y and Z from an SDE trajectory [35].
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A Auxiliary Results

Similarly to [13, Sect. 2.1] and [14, Appendix C|, we define, for u € Ry, h € H and q € N*, the
Lyapunov function E‘}ﬁ ¢ R — R, given by

£h (&) = (Va(&) = V() exp (1(Va(©) ~ Va(€l) ), €eR. (A1)
The following lemma states some important properties of .C’,iq.

Lemma A.1 ([14, Lemma C.1|). Denote ko = 1V 12, pihg = q||V}/|loc, and Ly 4 = /thq’q,
h € H, g € N*. Under Assumption 2.3, for all u € Ry, h € H and q € N*,

(i) L, , is twice continuously differentiable on R and

(Lh ) (©) = aVi(€)Lh o1 (&) + uVia(©)Lh [(§), EeR. (A.2)

(ii) for all £ € R,

_ ke,
Lnal6) < kg|s—5f|qexp< %o g | Fm ool —5f|).

L=y
(111) for all § € R,
3 V// fiz 4
V}Z(ﬁ)(ﬁlft7q),(§) Z )\Zg[:éll‘,q(f)’ whe’re AIfJ);q = 7q f;/(gf) /\ Iu' L (// 2) °
8 4[Vh ]Lip

Furthermore, for all ¢ > q, inf, 7 )\szq’q’ > 0. In particular, letting Xh,q = )\Z,hq’q, one has

infheﬁ Xh,q > 0.
() for all € € R,
(L5, )" (] < Xy o (L (&) + L 1 (8)),

where

2 2
3ka Vi lLip 3HV;§’H§O>
Vi€l v(Ed)
Besides, for all ¢ > q, |)\ZZ"/|2 < XZZ‘Z/, and supy, .z XZZ"I/ < 00. In particular, introducing

_ . /»Lh’ Y 2 _ _
Xh,q = thqq, then |Apql° < Xh,q, and SUDPy, 77 Xhyg < 00-

X o= @V IIVi oo + Kap(nV 2) +q(20V (g — 1)) <
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(v) for all p' € Ry and all £ € R,

34 3%V
(6~ €01 < hng (L4, (€) + Ly (6)), where mpg = ARG Vé’(ff;:*qp |

Moreover, supy, 37 fih,q < 00.

For w € R, let

“Lw — 1), if
B (t) = 4@ D, w0, teR?, (A.3)
Int +~%, if w=0,

where 7€ is the Euler-Mascheroni constant. The next result generalizes [14, Lemma C.2].
Lemma A.2. Let v, = in?, n € N*, with vy > 0 and § € (0,1]. Using the convention
[I; =1, define

n

HkJrln:: H (1_)‘PYJ+C 1+6)7 ke [[Ovn]]a NEN*,
Jj=k+1

where 5, A > 0 and ¢ > 0 are constants independent of k and n. Assume that 1—\y, +(yi+° >0,
n € N*. Then, for all n € N*,

(i) for all k € [0,n — 1],

exp{—M1(®1_g(n+1) —P;_g(k+1))}
- x exp{ 20070y (D) 5144y (n+ 1) — @1 _g1g)(k+ 1))}
ktin = if 8€(0,1),

A
exp(C(1+ )7 149 4 %) E:ii));& if B=1.

(ii) for allp > 1,

n
P79
Z ’Vka—Hm <
k=1
(1+4)

_ - 1 p—(019)
IV ()5 exp(@HPUEIC OBy gy (0 + 1))
xexp(——@l g(n+1))

_ _ 9l+(p—1)8,p—1 .
+2097 exp(—27 DMy =P @y _p(n 4+ 1) + ,\7,,@7—1;51( if B € (0,1),
&y 1y (nt+1) ‘
Wexp{C(L+ 5™ + 250 + () V) In (2} 20— if =1

Proof. We follow closely the strategy employed in the proof of [14, Lemma C.2].

Let n € N*, k € [0,n] and p > 1. Using that 1 + 2 <e”, z € R,

ng+mgexp< Ay %)exp <g 3 1+6), (A4)

j=k+1 j=k+1

with the convention ) = 0.

Step 1. Case 8 = 1.
Step 1.1. Inequality on HkJrl -
Denoting 1 is the digamma function (c.f. Abramowitz et al. |1, Section 6.3]), we have

D v =n(@n+1) =k +1)).

j=k+1
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We recall that 1) satisfies (see e.g. Alzer [3])
1 1
nz——<¢Y()<lnz-——, x>0
x 2z

Thus

M M ntly m
E >l — > 1l _
Jk+17] Vln(k"‘l) ”+1+2(k+1)_71n<k+1) 2

Besides, via a series-integral comparison,

Z 146 _711+5(1+%>_

Thus, recalling (A.4),

)\’yl) (k‘ + 1)>\71
2

1
0 S\ A+ AL AT L)
Il 1.0 < €xp (C(l + 5)7 + CEE

Step 1.2. Inequality on >} _ 1ykl_[
Via the upper bound in (A.5),

P L A
gl N 145, M (k+1)
E ’YkaH n S 1))\% exp <C(1 + 5)7 + TN 2 % .

k+1n-

If Ay < p, then

) -

n
(k+1 1
2 =T G < P ®mn (it D)
k=1 k=1

Otherwise, if Ay; > p, then
n n
k4 1)
E L < 2)\’)/1 E k)\’)’l—P < 2)\71(I)A71—p+1(n+ 1)

kp
k=1 k=1

All in all,

Py —pt1 (n+1)

o 1 i
275H2+1:n < 77 exp (C(l + 5>’YI+6 + 7 + () vp) ln(Q))

P (n+ 1)

Step 2. Case B € (0,1).
Step 2.1. Inequality on HkJrl -
Via a series-integral comparison,

> iz (Prpn+1) - gk +1)),
j=k+1

and also

o A <220 (@) pis(n 1) = B1 g (k+ 1)
j=k+1

Therefore, recalling (A.4),
I, <exp ( — M1 (®1_g(n+1) — ®1_g(k + 1)))

X exp (26(1+5)( 1M(‘I)l —pa+e)(n+1) = @345 (k+ 1)))~

37



Step 2.2. Inequality on > }_, VZH

k+1n-
Let
1
n ‘:inf{neN*"y < <i>g}—l
0 - cfn > 2<
Note that \
1_)‘7n+c71+5<1_57m n>mng+1,
and that ) )
(24)35 e (%)é B
ny = — - = .
0 71 b\ g \
Now,
no/An
)
Z ’YkaJrl n Z ’YkaH»l ngAano/\n+l m T Z PYkaJrl n
k=1 k=ngAn+1
no/An no/An n )\
1+45
<Z% IT a+¢yt )> i (1—2%‘)
= j=k+1 Jj=noAn+1
A
Il (050)
= j=k+1

Let us study each term in the upper bound separately.
On the one hand,

no/An no/An
Z Tk H (1+¢7™)
k=1 j=k+1
no/An no/An
< (v @) N7t TT (14 ¢y ™).
k=1 j=k+1

If p> 1+ 9, then, given the decreasing monotonicity of (5)n>1,

(149)

— 1+6
P VAP (146) < AP= (1+4)

Otherwise, if p < 1+ 0, then, taking into account (A.8),

BN (14+8)—
_ n 2
P (1+9) - p—(14+9) < ( o) ( f)

71

(1+5> P

Besides, note that, by telescopic summation,

no/An no/An
Z,Yl+5 H 1_'_C,yjl+6)
j=k+1
no/An no/An no/An
1+6 140
Cz(n Lredt) = I a+al)
j=k+1
1no/\n
8
E H 1+<,71+
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Thus, coming back to (A.10), using (A.11), (A.12), (A.13), telescopic summation and the in-
equality 1 +z < e*, x € R,

no/An no/An
ka [T @+¢v™)
= j=k+1
A p—(146) no/An
< ¢ ( “‘”V(Q—C) ’ )H(Hﬁ”‘s)

Jj=1

p—(1+6) no/An
< <1<v{’_(1+‘5) v (;C) ’ >exp <C Z 1+5>.

Moreover, note that, for j < ng, v; > (%)%, so that %’yj < C’y; +9. Hence, using the inequality
1+z<e” xzeR,

[ (-3 < A50)n((E0)

j=noAn+1 Jj=1
no/An
< exp ( - Z%) exp (g > 1+6>

Combining the two preceding upper bounds and using (A.6) and (A.7) with k& = 0,

(nof:nvk nﬁn +C71+5)> ﬁ (1—;%)

= Jj=k+1 Jj=noAn+1
A p—(148) no/An A n
< p—(1+9) ke B 146 A ‘
e () e (s ) e (35

B B )\ p—(149)
<t (7{' 49y (2?) 5 )exp (2P0 g1y (n + 1))

X exp ( - %@1,5(71 + 1)).

On the other hand, for m € [1,n],

St 1 (1-50) =2 11 (15

k=1  j=k+1 j=k+1

A.15)

I
N————
+

(1=

2
x3
[
L.
+
—
7N\

—

|

| >
o
N———

By the inequality 1 4+ 2 < e”, € R and the decreasing monotony of (v,)n>1,

> w11 <1 2%) < II (1 - 2%’) >
= 1 j= k=1

" " (A.16)
A -1
< exp < -3 2. ’Yj)’Yf > e
j=m+1 k=1
Using series-integral comparisons,

n n
270 (D1_p(n) = B1_p(m)) < D> 3 <D % <2P5di_g(n+1). (A.17)

j=m+1 j=1
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Hence, combining (A.16) and (A.17),
m n
A _
> 11 <1 - 2%‘) < 2070 exp ( =27y (B15(n) - ‘Pl—ﬂ(m))>‘1’1—ﬁ(n +1). (A18)
k=1 j=k+1
Besides, since (v )n>1 is decreasing,
}: n;II (1—70f§%5h E: W:II (L—%> (A.19)
k=m+1 j=k+1 k=m+1  j=k+1
By telescopic summation,

50325 (I (- 3)-TL0-)

k=m+1 Jj=k+1 k=m+1 “j=k+1

[N
>~.\ )

(A.20)

E

.

Thus, gathering (A.19) and (A.20),
n n A 27;071 27;;—1
p _ A < m+1 — 1
Z ’Yk H <1 27]) — Y )\(m+ 1)(1’*1)6' (A21)
Collecting the upper bounds from (A.15), (A.18) and (A.21),

I (-)

k=1 j=k+1

-1
247

S 267{) exp ( — 2_(6+1))\71 ((I)l_ﬁ(n) — @1_5(m))>¢1_5(n + 1) + m

Taking m = |5 ], and using that 28 <1+ 8, B €(0,1], one has

st - ous([3]) 2 75

Thus
A
Z'yk H 1- §7j
= Jj=k+1 (A22)
91+(p—1)8 p—1
8 p 50— (B+2) 1-8 £ 7"
< 279y exp(—2 A7) @rpg(n+1) + An(-1)8

Finally, injecting the upper bounds of (A.14) and (A.22) into (A.9) concludes the proof. [J

The proof of the following result is included within the preliminary steps of the proof of [14,
Proposition 5.2|, and is therefore omitted.

Lemma A.3. (i) Assume that there exists p > 1 such that
El|¢(Y, 2) = E[p(Y, 2)|Y]|"] < o0,

Then, for all h,h' € H,
E[| X" — X" [P) < Clh— 1|3,

where

'B\H

C = V2B,E||¢(Y, Z) — E[p(Y, 2)|Y]|"] 7,
with By, being a positive constant that depends only on p.
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(ii) Assume that there exists g > 0 such that, for all u € R,
E[exp (u(cp(Y, Z) —E[p(Y, Z)|Y])) ’Y} < e Pogs.
Then, for all h,h' € H and all u € R,
E[exp (u(Xh - Xh/)) Y] < exp(gu’|h — B'|) P-as.

We refer to Remarks 2.9(i) and (ii) for related comments.

B Proofs of the Convergence Results

Proof of Lemma 3.1. The proof is similar to [14, Proposition 4.2(ii)]. Using the tower law, one
has

El[Lxnsgy — Lixnse
—P(X" << XM +P(X" << XM
—P(X" 4 (W)EGY <€ < XP) +P(X" <€ < XM+ (W)2GY)
— P(X" — ()2 (G))" <€ < XM+ P(X" < € < XM 4 ()2 (G))T)
= E[Fyu g (§+ (W)2(GR)7) = Fyene (6)]
+ E[Fyugr (6) = Fyar (€ — ()3 (GE)T)]
= E[Fyu g (§+ (W)2(G)7) = Py (€= ()2 (G1)")]

<( sw  EIKPIGED) ()

0<hi<ho€H
O
Proof of Lemma 4.2. Let £,n € N* and £ € R, Cpaqg > 0, r > 1 and 0 € (0, 1].
By (3.10) and the law of total probability,
h
P(X b <€) — F hgsron (§)
[64]
=Y P(XPek < &nl(6) = k) — P(XPerron <& onl(€) = k)
Pt (B.1)
(0071
= Z E[(]l{xh4+k§§} - ﬂ{thﬂeﬂ gg})l{nﬁ(£)=k}]'
k=0
Let k € [0, [6¢] — 1]. One the one hand,
]l{Xthgg} - ]l{XheHeﬂ <ey — 1{X"Z+k§£<xh2+f5’[\} - ]l{XhurGﬂ <g< XMk} (B.2)
On the other hand, by (3.10),
{nn(€) = k} € {|X % — €] > Cagt*}. (B.3)
Therefore, combining (B.2) and (B.3),
|E[(]l{xhe+k <¢y ]I{Xhu(ee] Sg})ﬂ{nfl(g)zk}”
= E[(R{XW’K&X’LHW”} * ]l{Xh“WW §5<th+k})]l{th“kf&Izcadwﬁ”“}] (B.4)

< P(| XMk — Xherron | > | Xherk — g] | XPerk — €] > Cuqph®)
< P(|X ek — Xherton| > Coqph),
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where we used that
{xhes < g < xherron} U (Xhesion < € < Xheas) € [P - xherroa ] > Xk — ).

(i)a. By (B.4), Markov’s inequality and Lemma A.3(i),

’E[(]l{xhuk <ey ]l{XhtZHOlﬂ gg})ﬂ{nﬁ(é):k}”

_1 1
< P(| XMk — XMoo | > Coguy ™ Poetr—1)4) (B.5)
_Px ’
< C;dp*“nhee(:«—l)+kE[|Xh“k — Xherton P
__Px Px
< Cuntnhgyi gy M

where )
p*] e 7

Cn = \@C;ip*Bp*EHSO(K Z) = Elp(Y, Z)|Y]

with B), being a positive constant that depends only on p,. Using (B.5), (B.1) and the condition
(4.4) on r and on 6, it follows

h
|P(X "e+nh© <€) — FXWHW ()]
|—9[|_1 _ px Px
< Cutn Y. hour—1y1aPen
k:10 1 (B.6)
- *(*77)
Cllh Px( 73 _pxlq_
< WU"M =(1-0)
* r 2 —_—
< Clgunh}—’—ea
where 2
% 11
_ Cuhyg " hy pee

MPG=2) — 1

Cr2

(i)b. Let A > 0. By (B.4), the definition (3.10) for the case (2.24), Markov’s exponential inequal-
ity, the fact that el”l < e* +e7% z € R, and Lemma A.3(ii),

|E[(]1{Xhl+k§§} - ]l{Xthez] SE})ﬂ{nﬁ(g):k}”
1 _1+0
< IP)(|Xh"'+’“ — XPes100] > Caaly, 1y In? (v ) "2hy, )>

1 1 _ 1 10
< exp ( = ACaahy(y_1y 102 (01 9m) 2Ry, )>E[GXP(A’Xh”k — XPerion )]

1
s

1 _ I . 0]
< 2exp < - )\Cadhgg(r_l)+k In2 ((71 1%1) 2h£+k2 ) + g)\2h£+k>-
Minimizing the above upper bound with respect to A yields

‘E[(]I{Xh“k <& ]l{xhéﬂw Sg})]l{nfz(f):k}”

2 2 —-1 _1 —%6

Cadhgf(r—l)+kln((71 7”) 2hg+k ))
dgh iy

§2exp<—

2
2 7
Cadge(r—1)+k

Yn ;146 8ghy
=2 —h
(e
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Observe that 7" hit? < 1. Now, consider the condition (4.6) on hg, r and #. On the one hand,

Z—Hf
one has 6 <1 < ( 1), so that —26(1 — ;) +1>0,ie M~ 20001 3)+4 > 1. On the other hand,
2

C24hg
one also has ‘"*T > 1. Thus

|E[(]1{Xh£+k <& ]I{Xhu[ea Sg})]l{n%(g):k}] |

2
2 21
Cadhg  pp—200(1-1)+e

Tn 1+9> 88
<2 h
(2ot

146
< CQI'Ynhgika

where
Coy = 271_1.
Therefore, by (B.1),
h
[P(X" 6 <€) = Fngy o0 (€)] < Cozynhy ™. (B.7)
where o
- 21
022 = 71 e

(ii) Via (B.4), the definition (3.10) for the case (3.9), the definition (3.8) and Markov’s exponential
inequality,

E[(Lxrern<gy = Lxhesron <g})]1{n@< y=i}]

1 _ 1+€
SP(|XW+I€ Xhz+(9£1| > Cadh%(r 1)tk In2 ((71 1%1) 2h£+k ))
—P(|G" | > Cuhl W2 Ind (v ) Rho
- (| hz+m1| adbgo(r—1)+k o n? ()™ : ok ))
2 _ _ 1 _ 146
< exp ( - UOCadhaTé(rfl)+khZ—i}k In (37 ") "2y ))E[eXp@O‘Ghﬁﬁm )]

Noting that 'Y" hLF% <1, and using the condition (4.6) on hg, 7 and 6, which implies in particular

l+k
that 0 < 1 < ﬁ, so that —26(1 — 7) + 1 > 0, hence M~ 200(1—3)+¢ > 1, and also that

2’000 dhO > 1, one has
|E[(]1{Xhe+k <y ]l{xhurea gg})ﬂ{n£(5)=k}]|

2
7l —20e(-4)+e

o 1ve %voCzdhr
< (s _ Bl ) (20117
0<h<W€EH

146
< CSI’Ynhg_Hg:

where

Cor =7 sup _ Elexp(wolGh ).
0<h<h€H

Thus, by (B.1),

h
[P(X" 4 <€) = Fngy o0 (€)] < Caaymhy ™. (B.8)
where o
_ 31
C32 - 71 — Mfl .
O
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Proof of Proposition 4.4. In this proof, we omit the superscript pu from the Lyapunov func-
tion L} , and the parameters /\“ and XZ , as defined in Lemma A.1, and simply denote

Lhg, Ang and xpq. For £ € N, let (fﬁf)nm be the filtration defined by .7-" (Ag") and
Fhe = (&, X710 LX) e e

Step 1. Linearization of the adNSA dynamics.
Let ¢,n € N*. Define

1
vh(§) = EIH(E, X k)] = 1 - ——P(X"eh© 2¢), EeR. (B.9)
The dynamics (4.1) can then be rewritten as
h h
§n+1 = én ’YnJerI:gHgﬂ (EZLLZ) - 7n+17"ni1 - ’7n+16n{k1’ (B.IO)
where
b -
Tni1 = Ufz+1(~h[) Vi;,_,ﬂg,ﬂ (ﬁhz) (B.11)
h chy wh
nﬂ-l = H( ¢ anl—l) - UfLJrl( hé)' (B12)
By Lemma 4.2,
il = T P <)o —B(XM < O | € CMhson, (B3
where
if (4.4) hold
Ty = | Vntt I (4.4) holds, (B.14)
Ynt+1 if (4.5) or (4.6) holds.
and

Cy if (4.4) holds,
C = Cy if (4.5) holds, (B.15)
C3 if (4.6) holds,

with C7, Cy and C5 being the positive constants defined in Lemma 4.2.

Step 2. Testing the Lyapunov function.
Let u € R4 and g € N*. In the spirit of [14, Theorem 3.7|, we test the Lyapunov Lhy, 19,9 2long
the dynamics (B.10). Using a second order Taylor expansion,

~h ch ch h h

Eheﬂm 7‘1(§n€r1) = Lhumﬂ 0l (gng - 7n+1Vl{z+(9ﬂ (&n") — ’Yn+17”nﬂ_1 - 7n+1eni1)

ch ch h
= EhéH@ﬂ (&) = ’y”"‘lchzﬂez] q( n’) (Vheﬂeﬂ( )+ Tn+1 + enil) (B.16)
1
ch h ch
+ fyngrlH(gn[ Xnil)z/(; (1 - t) Ié“—[w ,q (t£n+1 + (1 - t) nz)dt'
It follows from Lemmas A.1(iii)-(iv), (A.2) and (B.13) that

[’hé-Hoﬂ ,q(ggil) < Eh@r ro] ,q(gge)
X (L= Mg royqnst + CMpl| Vi, looPiet roe Yt 1tin41)
= Ynt1 L0y o A(E)ent s + CMq|[Vy,, oy looher ro Yot 11 Ly g0 0— 1(€he) (B.17)
+ Xhgy o g Ve s H(ER, X0 )

! ch ch
X /0 (1 - t) (ﬁhzﬂez] ,CJ( gn-&-l (1 - t)gné) + Ehuma A 1(t§n+1 (1 B t) n£)>dt'
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The mean value theorem guarantees that, for all ¢ € [0, 1], there exists a/(t) € R such that

th.rem (tgn—i—l (1 - t) 7?) th. ree] ( ) + ch“_ [oe] ( i (t)) (Egil - AZLLZ)' (B'IS)
Besides, from (2.3),

6ty — &) = Y |H(ER, X)) < ks, (B.19)
with ko, = 125 V 1. From (B.18), (B.19) and the fact that HV}ZHH)Z] lloo < kq, it ensues that, for
all t € [0,1],

het o0
th[em (tfn—i-l (1—1)¢ ne) Vheﬂm o ) (B.20)
th-&-(«%] (gh ) — Vheﬂem (S*HW]) + k27n+1
Using the inequality e® < elly<q + 2% 1551 < e(1l + z%%), x > 0, and the very definition (A.1)
of Ly, 4, it follows
Lho(6) <e(l+piLy (€), E€R, peRy, heH, geN. (B.21)

Thus, by (B.20) and (B.21), for all ¢ € [0, 1],
EthezL ( n+1 +(1 _t)mz)
< (Vi pon (€1) = Vigy 1 (62710 + K2 1)
x 0D (1(Va o (€8) = Vi g (60 *7) + K27m11) ) (B.22)
< 297 exp(h2n41) (Lo o a(€0) + K298 11 Ly 10 0(ER))
<oy ('CheHm q (gge) + %ql+1)7
with
obf =217 ! exp(uka'yl)(( + epdkiy?) v ekiq) >27t eRy, heH, gqeN-.
Plugging the upper bounds of (B.19) and (B.22) into (B.17) yields
Lhptonal€nin) < Lo .alE)

~ 2
X (1 - Ahe+w[‘ q7n+1 + (CMHHV}]{[+W[| ‘|00h€+’—0[| ’Yn—s—lun—i-l + V};;era q7n+1))

=y (B.23)
(CMqHVhZ_HM-‘ HOOP)/TL-‘rlun-i-lhf-i-Wﬂ +v h/+[9/] q7n+1)£hz+"gm q— l( )
ch +1
— ’Yn+1£hé+[gg] q( é) n+1 + hg+"9[| ’q’y'gLJ,»l)
where
1 _
V,’fq 5 Xh, qka((mahq—kahq 1)\/ahq) weR,, heH, qgeN-. (B.24)
Hereafter, to simplify notation, we will simply denote vy, 4 instead of v}/ ¢
Step 3. Inequality on E[Lp, ., 7q(§~ﬁf)].
Via the tower law,
ch ch Th
E[ ;LZ_H—Q[‘,q( Z)en—f—l] E[ hoyroe q( Z) [ n+1 5 [H (B25)
For n € N, by the independence of the (ng:lk)lgkgwﬂ and Fhe,
[ n+1 ‘Fhé]
~h
e+ L ERD | = é+vn (€
[ (gn 7Xn+177 i )’]:7]7,”] - [ (g XnJrl] i )]IE_EZI

a

ch he+k
_E[ZH eXnil) {T]flJr(

[64]
he+k
:| ZE Xnil )]l{nfzﬂ(f):k}]\f:gze

=0.
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Hence (e/),>1 is a ((F)n>0, P)-martingale increment sequence, and, by (B.25),

chey b
]E[‘C;Lg+w[‘ 7q( nz)en[ikl] = O

Thus, by taking the expectation in both sides of the inequality (B.23),

E[‘Chu— ree]»4 (&il)] < E[ﬁhu_[gﬂ ,q (ggé)]

~ 2
X (1 - )‘heﬂem qYn+1 (CMMHVAZHM Hoohé—i—[%] Vn+1Un+1 + Vhyy g0 ,q7n+1))

~ 2 ch
+ (CMQHVI;HW] HothJr[Gé] Vr+1Un+1 + Vhy ron ,q'VnJrl)E[[’heﬂea a—-1(&n°)]

g+1
+ Vo .aVntt

(B.26)

(i) We hereby aim to use Lemma A.1(v) with h = hy g and ¢ = 1. To that end, we provide
below sharper controls for E[Zhe“eml(fz@)] and E[ﬁihzﬂw 2(&h)]. According to Lemma A.1(ii),
by assumption, for p € {uhi“m’q,,q/ € {1,2}},

E[ﬁhu roc)»1 (ggz IRY E[ﬁheﬂea 2 (gg[ )]

sEkr+%aE?P+mP“wP»
2ka ~h h
e (2 o (] 127 ) | <

Step 1. Inequality on ]E[Ehzﬂmyl(gﬁf)],
Taking ¢ = 1 in (B.26) and (B.21),
ch ch
E[Ehe+(em ,1(€ni1)] < E[£h4+[94] 1 (é‘nZ)]
X (1 - >\h¢+wa,17n+l + (1 + eu)(CMHHVi:Zerﬂ ||00h€+|—0[| ’7n+1ﬂn+1 + Vhprwﬂ,lrygz—‘rl))
+ CM@HVIQH[M oot r00) Yn+1Un+1 + (1 + eﬂ)l/hgﬂw,wgﬂ‘

Let
6 if (4.4) holds
5 = 0 i (44) holds, (B.27)
B if (4.5) or (4.6) holds.
Note that, by (B.14),
~ 71 17%/ % *
Un =5 =" ", n € N*, (B.28)
so that ) ) ,
_ 0% 1-& 14&
YnlUn = nTJlr(g/ =M B’Yn s , neE N*, (B29)
hence ) , ,
P B Lo :
_dng gy 8008
Therefore, using in particular that y,u, <7y, ” v 7 ,ne N,
zh ch
E['Che+[ge],1( nizH)] < E[’Chg+(gg},1(€nl)]
X (1 - )\hg_'_l‘g[‘,lfyn-}—l
, 1_8n8 1+6/TAB (B31)
(e CMulVE,, o looheson + heronIn et )

5 5

-2 1+
+CMvy, ’ eHVfZZHM HoothrWﬂ')’n—&—lB +(1+ eu)yhuroml%Qwrl-
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Recalling the definition of x/}, ; from Lemma A.1(iv) and the definition of vy o given in (B.24),
let

"
v 1 1
pwoo._ “hag u 2 - _ _Hh,
Chg = i = 5(05‘ V(noh + 0q71))ka > 30 Cha =6, W
7q

peERy, heH, qeN. (B.32)

Let ¢’ > ¢ and set o = pup, . Recalling that ])\Mh |2 < Xh 4" according to Lemma A.1(iv), and

_ B 1+m
that v, 7y 7 > 72, n € N*, according to (B.30), it ensues that, for all n € N*,
u " 1_9'A8 1+5’/\@
1= Xy + ﬂ4ﬁw%qM0thqHWMmh+ 2 S
2 1 _A:uhq ’yn_i_yiuhq ’Yn
> 1= (X7 ) 2 yngs + X o2
= h.q n+ hg “hg In (B.33)
1
>1- 7
= 0
4c hhqq
> 1 >0
— 2 .

Therefore, for ¢’ > 1, setting yt = pn,, 1y, and iterating n times the inequality (B.31),

ch ch h 1,q
E[£h£+[9ﬂ71(£ng)] [Ehé-Fw[\’ ( Z)]Hlf’;rWﬂ
1-% 145 p 1
B ,B (ESEAR) 7q
+ CM% eHV,{mw los Z hovronme " Miiim (B.34)
k=1 .
- h 1,
2 AN TARERL]

+(1+ Clhy o0 ,Q’)thmg] 1 Z ankjl:n )

k=1
where
h,q,q' s H " 1_9'A8 1, A
I 8] o— h h
et T (1= Ay + (14 el ) (CMpn g [Villooh + ViV 7y 7 ),
i=k

heH, qeN, ¢>q, kneN,

with the convention [], = 1.
If v, = vyin~!, n € N*, then, applying Lemma A.2,

- /
he ~0,1 E[Ehzﬂozwl(foe)] ~0,1 (I)/\hu[ea»”l"s (n+1)
E[‘Che+(9e],1(£n )] < Cl / B\ 1.9’ B\

4 (n + 1) erron ™ 4 (n + 1) Perron ™

hoyron

(I)Ahe-s-reﬂ ’171_1(?1 +1)

1,¢’ (n—|— 1)>\hl+]'9[|71’yl

where 5
TR 1,8’ N 1.s hotroe,171
Cl,f]’ - oxXp (Che-s- ree)>1,q' (1 (5’)7 * 2 ’
~0,1 (An Av)V(A+8") A1

C1,q/ N cCy MeHVhHW oo V2,

~TA
cy

_ oy gy am)V2 1 2
1,9 = 27 erlen (1+e'uhe+(9£17q/)l/hé+[9ﬂ7101,q’71’
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with

I3 1-228
Chqq : (1 +6M%7q,)(CM/,th ”VhHooh +v hq )71 ? )
heH, qeN, ¢ >q, B,6€(0,1]
— Hp q
It Ahg o171 > 1, so that, for ¢ > 1, héﬁgr;g]l "M = )\héﬂw 171 > 1 > ¢, then, via the

definition (A.3),
[ﬁhurea 1(~hz)] < Cf:;/((hl—wN )V ’Yn) (B.35)

where R
Crt =1 HCrLEILh,, (001 (8] + ho *CrL + CrL).

Likewise, if v, = yin %, n € N*, with § € (0, 1), then, by Lemma A.2,

E[ﬁhz-‘-rezwl(ézz)} < (E[ﬁhu—mmJ( )] + C + C )
5’A5

/ 5/
P (21+5+6 Aﬁcﬁtjﬂeml,qﬁl ’ P1pg_ynp(n+1) —

Ah 1M
”§W¢Pﬂn+n)

~0, _ _
+ 2'8(01 ﬁ/’h s hoyron + Clﬁ,ﬁ) exp(—2 (BH))\MHMJ’YWI F)@1_p(n+1)
5/
146 F 148
M 2 s 27
+ Oy ey o + CYY) ;
)\he+[9[\: & o] La )‘he+[9ﬂ 71n6
where
I ' —(6'nB)
5/ —(8'A8) M, . 555 g
-1 B 0416015
(Chf-‘r [ee] 71,(] ) <’yl v Cﬁ,él )CMfyl e||Vhe+ [o4] ||OO7
heyroe,1,d
/ B—=58'AB
6*(6 /\B) Ah 1 5l/\ﬁ
1 3 e+ree1»
(Chzﬂezwl,q ) <71 v < C ) >(1 + Clhyyron 7q’)th+fee%1'
hu—wa, ,q"
Hence
ch L, 1 0~
[Ehu[ez],l(gn[)] < 01,51((h * n) V ’Yn) (B.36)
where e
Cl q N (]E[Ehpr(oewl( )] + C + C )
14808

/ 75/
X sup {mﬁ exp <21+/3+‘5 Aﬁcfiﬂm,l,q 7 7 ®i_gosag(m+ 1))

m>1
An M
X exp <— %@1_5(7% + 1)>}

+ 2'8(01 /’71 he+|’9[‘ + Cl q/'Yl)

P52 Ny roryaam! )@y _g(m + 1)}

x sup {m” exp(—27

m>1
1+
146’ B 1
05 + Y EB 21+8
+CﬂhA +Cy ¢\ ,
0 hgy o751 hetroes1

Note that supys; Clzq, < oo, q €{1,2}, B €(0,1].
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Step 2. Inequality on ]E[Lhz+m72(§2f)],
Via (B.35) and (B.36), assuming that Ap,, ,,, 171 > 1if 8 =1, for ¢’ > 1,

ElLh,, o, (6] < Cm (27 Mgyttt + 259n41). (B.37)

Thus, taking ¢ =2, h = hey g and p = pin, 1y, ,¢7» With ¢ > 2,in (B.26), and using (B.30) and
(B.37),

E[‘Chg+ [o6]2 (52-1-1)] [‘Chg+ [o¢],2 (gh[ )]

X ( )\h’f-‘rf@ﬂ 2Tn+1 + (CM:U’thr[gg] ,q Hthjng] HOOhE+W[| + th_,,[g[‘, )’Y
1+6' 2
+2700M HVheHee] HOOCLQ’h@JrWﬂ 7”+1u”+1

0 5 _
+C M(QH’BCHVIQMM lloo 4 2° Vi, rger.2) e 00 Yog 1 it 1

B ’B
+ (270 4 Dhy, g 271 (B.38)

5'AB
ch
< E[ﬁhurem )2 (fné)]( )\h“[w 2Yn+1 + C’WH@L’]» 2,¢' Tn+1 7 )

+ th roey 2. Vot (e o Untr + Y1)

~ 1+5 AB
< ElLny o 2(En )N = Mgy oy 2741 + Chzfﬂeﬂ 2q Yo+t )

dﬂ(s 2— 25/h 142 ﬁ d576, 3
+2 hetoe 2.0 11 e+[00 Tnt1 T 2 heyroe,2:a T+

where we used

I3 1-242
Chqq (CMluthVhHOOh+V hq)rYI ? )
0675/
418, = (24 CCHMVi) v (@70 + 2490M VL))

Vv ((2°CT8 + Dy
heH, qeN*, ¢ >q, B,6€(0,1].

and the fact that

3 s s
9 0% 2-2% 1428
Ylln = gy =N T, neN. (B.39)

1_38'n8 1_,_&
Recall that v, 7 4, 7 > 2 n € N* by (B.30). Therefore, via (B.33), for all n € N*,

heH,qe N and ¢ > g,

1-9n8 1,818
1-A th (CMthHVhHooh‘i'Vﬂhq)'Yl T
>1- )\Mh 7N+ Z/Mh 72 (B.40)
1
> =->0.

-2
Hence, iterating n times the inequality (B.38) yields, for ¢’ > 2,

~ Ah Nh 727 /
E[‘Che.”ea ,2(626)] < E[[’h[.;,.(ga, ( e)]H prroen=a

1n
n

SR SIS
hg+ ree1» 2 q/’yl é+ |—0[| ryk ]€+1 n (B41)

n
3,6 ~hyir00:2:4
- 2dhz+ roe1:2:4’ Hk+1 n ’
k=1
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where

n
~h 1—
2 =TT (1= Ay + (CMpn g | Villooh + v Yy

kn
i=k
heH, qeN*, ¢ >q kneN, (B42)

with the convention [, = 1.
If v, = y1n~ %, n € N*, then, by Lemma A.2,

Ah /
E[L), Q(Ehe)] < bt E[[,hu—reﬂ 2(& )] ot (I)Ahzﬂee]vﬂl_% (n+ 1)h
eHfoe=ion J1 = T2 An 271 2,q' An 271 £+[6£]
1) Petroe1 [ e o
(n+1) (n+1) (B.43)

~0,1 (I))‘WHM an—2(n+1)

+Cy
2,¢ (n + 1))\he+wa 271

where \
01 =1,8' I\ 14g hoyro0,271
02761’ = exXp (Cheﬂeﬂ 2,4 (1 5’)7 + 2 ’
~,1 F(Ahy rgpr,270)VAHS) Je1 51,6 3
027q/ - 2 o Gy 2,q' heﬂm 2,¢/ 1

+(An, 27)V2Z AT 1,6
= +T0e]>
! 2 Gy, 2,q' he+[9[\ 12,4 ’Yl

27q
If S‘héﬂeé] 171 > 1, so that )‘heﬂeﬂ 271 = S‘heﬂeﬂ 271 = )\h2+(0a,1’71 > 1> ¢, then
ch 4,1 1 9~
E[Lh, o 260 )] < Colgr ((hy ™) V ), (B.44)
where
01 1 Al o~
027‘1/ ! <CZ,Q’E[’CW+[9M 2(&°)]
CZ ; s q))‘hfﬂtm 2m—20 (m+1)
+ 2 sup 5
MZ-F[%] m>1 (m+1) hoyroe) 2L
+ O sup {m(p/\h“rw’md(m - }>
24 m>1 (m —+ 1))\h4+|’g[|,2’71
If v, = yin~?, n € N*, with 8 € (0,1), then, as a consequence of Lemma A.2,
ch ~h ~L, ~0,
IE[£}7'Z+|'9[| 72 (gnf)] S (E[‘Ch4+r94] ,2 (50[)] + CQ’qﬂ/ + 02751)
5 1+6/Aﬁ )‘hg (9@},271
X exp (21+,8+ Aﬁchzﬂezh 2g M B cI)l—B—E’/\ﬁ(n + 1) _ %‘blfg(n + 1)
(B.45)

5/
8 - - B
+ 25(02 q,”yl %5 hl%—f@ﬂ + C'ng,vf) exp(—2 (BH)/\MHM’ﬂml ﬁ)q)l_@(n +1)

2
1426’ 142 2
e T e N,
2,¢' 267 '+ 2,q' 2
Ahzﬂez], n )‘hurom on?P’
where o
25’ —5' A8
25’ =8’ nB
= (P Ny 7 v M o
he+r9m 12,q 1 C )
he+[9e]: .4
28-6'AB

1 257;35//\5 \/ Ahg+(0[‘72 STAB
(Chéﬂea 2,q /) N 678,68 :

Che+ [oe1-2,q’
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Thus
0
E[[’hl+[9£] 2 (é\ﬁ[)] S ngqﬂl ((hl—ngn) V ’Yn) <B46)

where s - 05 s

Gy, =N (B [Ehmeeﬁ( 0 )] + C2iq’ + CZZq’)
3 14+8+8'AB 7B, 14048
X sup {m exp (2 Cheﬂee] 24N D1_g_spp(m+ 1))

m>1
An 1
X exp ( %Mfﬁl_g(m + 1)>}

+ 26(02 q/% heﬂee] + 02 q'71)
x sup{m’ exp(—2~ (BH))\WHM,Q%W )@y g(m+1)}

m>1
o1+26' —1+42% o1+28
4B " 4 LB 7
2,q' +[0¢ 2,q'
ho M+ ])‘thezﬂ 2 >‘h5+wz],2

Note that supgs, C2:2 < o0, B €(0,1].

Step 3. Conclusion.
Applying Lemma A.1(v) with h = hy (90, ¢ = 1 yields

h _ ~ _
E[(AZ},Z - f*eﬂm )2] S Khyy o1 (E['Cheﬂeewl(fzé)] + E[Eheﬂeeb?(g?)])'

Thus, via (B.35), (B.36), (B.44) and (B.46), if Ap,, ,,;.171 > 1 when 8 = 1, s0 that Ap,, ,,0 271 >

)\hg+"9[|,1’yl > 1 When B == 1, then

E[(“lee _ gfe+reew)2] < Cf’ﬁ((hlwun) v %)

where

O = kipy, (O] + C55). (B.47)

Observe that supys; CP < 00, p € (0,1].

(ii) Our goal is to apply Lemma A.1(v) with ¢ = 2 and h = hy 4,. Via Lemma A.1(ii), by
assumption, for u € {in,, 1oy, ¢ 4 €{1,2,3,4}},
ch ch ch ch
E[ﬁhg+[9ﬂ ,1(5()@)] \/ E[‘Ch2+w[‘ ,2(502)] \/ E[‘Chg+"9[| ,3(5()[)] \/ E[EhéJr[gﬂ ,4(€O£)]
<E[(1+8KA(E 1 + 16 ™) exp (Ka(I€)] + 64 ™*1]))] < oc.

Step 1. Alternative inequality on E[ﬁhzﬂgmg(gﬁf)].

If Tn = ’Ylnil
Aheng],Q“ﬂ

, n € N* and ;\hureﬂ 2y1 > 2, which implies in particular that j‘hu—(@ﬂ 1 =

> 1 and that, for ¢’ > 2, )\h;ﬁ(;ﬁq v > )\h[”gﬂ 271 > 2 > 24, then, recalling the

control on E[Lp,, 1y, 2 (£M)] derived in (B.43), for ¢ > 2,

E[Ehe+(eu,2(gze)] < ; ((h2(1+9)~2) \ ’Yn) (B.48)

where

o A0 Zh —2061 4 obl
2 q/ = Q(CZ,q’E[ﬁheHeﬂ 12(502)] + hg 202711' + 027‘1/).

o1



Reconsidering the inequality on E[Lhu[ea 72(57?)] obtained in (B.45), if v, = y1n"%, n € N*,
with 8 € (0,1), then

7h =, 2(1+6) ~
ElChy, e 2(E00)] < C35 (71 T072) v 22), (B.49)
where
=0, — ~h ~L, ~e,
Cyl = W HElLny, g 260 + O3 + TP
28 1+B8+8'AB B,8' 1+5’Tw
X sup {m exp <2 Cryrom2a | ®ropeyas(m+ 1)>
m>1 ’ ’
Ah 271
X exp < — %Ql_g(m + 1)> }

5 125 ~,
+ 26(02,5/71 ’ h§+ ro0) 02,5/'71)
x sup {m* exp(—27 N, o oyim! )@y _s(m + 1)}

m>1
1426/ —2+42% o1+28
~L,8 it ~L,08
—"_ C(27ql th + 027(1/ A .
0Nt 100752 hoyro01:2

Note that sups, C’S’S, < o0, ¢ €{2,3,4}, B € (0,1].

Step 2. Inequality on ]E[ﬁhzﬂm 73(5242)]‘
To be able to apply Lemma A.1(v) with ¢ = 2 and h = hy g, one needs a control on

E[Lp, -+ foe] 74(571”)], which, ostensibly from the recursive relation (B.26), requires in turn a con-
trol on E[Lp, 73(524’)]. For ¢’ > 3, assuming that j‘he-»—[@ﬂ o1 > 2 if § =1, then, by (B.48)
and (B.49),
ch %L, ! ~
E[ﬁhmeew 2(6°)] < 02,5’(226 M2h§+ 24 “721+1 + 22ﬂ%%+1)-

Thus, by taking ¢ = 3 and h = hy ¢ in (B.26), for ¢ > 3,

h h 8,6' 14808
E[ﬁhu[ae] 3(&4 )] < E[Ehuwa 3(&)](1 = )‘huwa 3n+1 7+ Cfiﬂw 3, Tnt1 )

26" oA 1 r3 3 -3
+2%3CCy, M7V, o1 lloohig s roy U Yt
2 <L, ”
+2 63002,§/M”Vf2e+m1 llooPet [0 tn+1Vp 41

25 A8 1 2 5 o
+2 CQ,Q/M Vhetron 73h£+[6£]un+1'7n+1

25 vé:ﬂ 4
+ (2 027(1/ + 1)l/hl+|—9[| ,377’1/-‘,-]_ l (B.50)
ch —5 o 1+%
< E[ﬁhume] ,3(57/)](1 - >\h4+(g[| 3Vn+1 + Ché;ﬂt%] 3,¢' Tn+1 )
8,6 ~ 5
+ dge_;,_ A ,3,q’7n+1(h‘ﬁ+ [oc] Up41 + ’77H~1)
oh =B, 14948
S E[£h£+]'9[| 3 (é‘nf)](l - Ah4+"9[| 3 Tn+1 + <£Z+wa ’37(1/7”_;'_1 E )
7ﬁ,6/ 3_3% 3 1+3% 7676/ 4
t 4dhz+[9m 3,4 N h€+ [06] Yn+1 + 4dhe+(¢m 3,q Tn+1s

where we introduced
78,6 ! o A, 0,
dy? = (22'3CC5MP||V) o) V (222CCY 0 M|V o)
22% <08 172 Hhg 28 40,8 I o
v <302:q,M Vp o ) V(220 + k),
heH, qeN, ¢ >q, B,6€(0,1],
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and used that

4 8 8
" 0% 3-3%L 1435
Vol = Wl&gl =7 "m 7, neN". (B.51)

Considering (B.40) and recalling (B.42), for ¢’ > 3, by iterating n times the inequality (B.50),

~h ~h ~h 73aq/
E{Lhzﬂeﬂ 3(&1)] < E[Lhzﬂeﬂ 3( e)]Hl'eJ[m

4d55 3— 35' n h 1+3 ﬁHhu—rg[‘ .3,

Z 41‘[’””"“ 34
thr[gg] 3,q’ Tk k+1:n :

If v, = yin~ !, n € N*, then, by Lemma A.2,

ch
E[Lhzﬂaa 3(&°)] =01 (I)/\heﬂw,sw—?»é’ (n+1)

37q’ (n+ 1)>\h€+WW ,371

E[Ch,, 10 3(€00)] < O, hi+ o0

o (n + 1)Ahé+wew371

~01 (I))\hum] ,371—3(71 +1)
+ 03,(1/

(n + 1))\he+’—9[| 371

where \
AN LN 1460, Mhegren 301
03"1/ —oXp (Cheﬂm 13,9 (1 5/>’7 + 5 )

Oy g VO FEL 1 A

01
C3yq’ = 2" 3,q'heroey,3.0 1

0,1 +(An, BY)VARLL 1.6
1o +oe]
C q 2 C3) 3,q he+[ea 13,4 71

In particular, if /\héHeﬂ 9 > 2, so that Ahéﬂtm 37Y1 > )‘hé+r9ﬂ 271 > Ahuw] 271 > 2 > 20’, then
l, 2(14+6) ~
ElLh,. 100.3(E00] < Cory (3 a0) v 42). (B.52)

where
‘1 —2( A1 >h
037(1’ =N <C3,q’E[£he+[9ew :3(£0é)]
CZ; { 26 (b’\heﬂeﬂ s (m +1) }
’ sup 3
(m+1) heyroe1-371

ho M+ [64] m>1
m2 (p’\hzﬂeﬂ an-s(m+1)
+ C’3 , sup X .
m>1 (m + 1) hZJF’—g[l,S'Yl

_l’_

If v, = yin~?, n € N*, with 8 € (0,1), then, by Lemma A.2,
o _Z7 ~£7
E[ﬁhe_._y'g[\ ,3(622)] < (E[Ehg_._(g[‘ 73( ) 0375/ + 035’)

‘ng A
1 5 142 hetron 371
K exp (2 R T

@1Mn+n>

1+3% _
+2°(Cyam hwwc o) exp(=2 T, snt )@ g0+ 1)

! 3
21+35 21+3673

77 A8
3 hiron + Cs

£,B
+Cy _—

3,9 3,9 3
T Mgy o037 Mgy fory 877
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where
35’ —8'AB

38’ —6'nB
CHB = (PP )7y 7V 4>\h”[9€1 3 5TAB
3.4 he+[ea 3.4 1 C ’
h4+[94] 3,q'

38—8'AB 35—/i/w
CE’B (Ctherﬂ 3,9 )_1 (71 B Y ( :-\heﬂeﬂﬁ > - >
hotro61,3:9
Thus
ElLh,. 100 3(E00] < Cop (3" a0) v 42). (B53)
where
Oyl = 1 2 (B[Lh,, g 3(E0)] + Cy5 + Cy5)

§'AB

28 1+B+8'AB 7 1+73
X sup {m exp <2 Chumﬂ 30N

m>1
>\h 371
X exp ( _ e <I>1_3(m + 1)) }

(1)1_5_5//\5(777’ + 1)>

2

0,3 1435 ~0
+2%(C50y iy o + Cyant)
x sup {m?® exp(—2~(A+2 )/\humz] sm )0y _g(m + 1)}

m>1
, —2438
. 0“3 91435 - B . c” 91436,
3,4 hOM€+’79 ])‘hz +o0)3 >\h€+(9€] 3

Note that sup,s; Cﬁ’qﬁ, < o0, q €{3,4}, p € (0,1].

Step 3. Inequality on E[ﬁhgﬁeﬂ ,4(532)],
For ¢ > 4, assuming that Ahgy o271 > 2 if B =1, following from (B.52) and (B.53),
- .. , B
ELChis o 3(62)] < Ciig (2% MR, fons + 2P 7001).

Thus, the relation (B.26), with ¢ =4 and h = hy. roe1, together with the decreasing monotonicity
of (n)n>1 and the relation (B.51), give

5'AB

Zh Zh =8,8' 1+
E[ﬁhuwe] ,4<£nf|—1)] < ]E[Ehu.mﬂ 74(€n2)](1 - )‘hu.reﬂ ATn+1+ C}f@r[@ﬂ Aq Tnt1 ’ )

+2 CC37¢1’M ”V];eﬂem ”00h2+ (06 Yn+1Vn+1
242 £, - 3
+2 + 500 5,MHV;;[+W” Hoohg_i_[gg] Un+1Vn+1

268" ~E
+27 0y BM Yhet oo 4h£+[6£1un+17n+1

28 E ﬂ
+ (2% Cy T + Y1)Vhey 1 V41 / (B.54)
. 1+6 AB
S E[*Chg+ ree] ,4(677, )]( )\hé+ [o£] 74’yn+1 + <h2+ [eel» 4, ,yn+1 )
A 76/
+ di‘ieﬂea ag Vo1 (Pegrontng + Yot1)”
14 5’/\3

ch
< E[Ehg.;_(eg] ,4(£nl)]( Ahe.,.(eg] ,47n+1 + Qh@r(”] 4.4 ryn+1 )

35,0/ 3-3% 1438
tddy, g™ *hiy 00 Ynt1 + 4dhe+m 4,q,7n+1,

54



where we introduced
22+2/3
3

7 75 6/ £7
dg’q’q/ = (2242 C0375,M3|yvf;\|oo) Vv (

£7
ccgﬁf,an,;”oo)
\V ﬁc&ﬁ MQV“h,q’ \Vi ((2250&6 + )Vuh,q/)
3 347" “ha 30 T MWPhg )
heH, qgeN*, ¢ >q, pB,0€(0,1].
Hence, iterating n times the inequality (B.54),

~ Thoh 4.,q
E[Ehe-‘-[em 74(57};@)] < E[‘Chu-wu ,4( OZ)]Hlﬁjwm

5/ n 5/
5.8 3-3% 1435 ~

B 3 hey o044
Ady a7 D e I
k=1

n
38,07 a7hosro0 4,4
T 4dhz+[az1 4,q Z ’YkaJrl:n :
k=1
If v, = Vln_l, n € N* then, by Lemma A.2,

/\h/ !
E[ﬁhzﬂea 4(&°)] ~0,1 CI))"%HM An—30 (n+1) 13
(n + 1) Merron a7 T il

(n+ 1)Ahf+f0ew AN
~0,1 (I)Ahzﬂeﬂ ’4%_3(71 +1)

¢
+C
B (g 1) Mo

where \
~TAE 1,8 N 14s hetroe1,471
C47q/ = ©Xp (Cheﬂeﬂ A.q' (1 - 5/)71 + 2 ’
~01 _ o2+H(An AY)V(1438) Je1 51,67 4
04 q/ - 2 L+160] 4’q/ h£+ [oe] ’47q/71;
Ol — 92+ Py g am)VAGLL 18" 4

4,q 4,q' “hey o0 4,91

In particular, if /_\h£+r6£1»2 > 2, so that /\he+ree1 A1 2> )‘heﬂeﬂ 271 > /_\h4+r941 271 > 2> 260', then

E(Chy, e a(E00)] < Cro (B3 072) v 22), (B.55)

where

01 o Ae1 h
Coy=m 2 <C47q/IE[[,he+r9a 4(&09)]

~0,1 )
+ — Cig __ sup < m?’ q>/\hz+[eﬂ am—s (m +1)
hOMng ’79[| m>1 (m + 1))\h€+ roc] ,471
~¢,1 2 (I>>‘he+r91ﬂ ,471—3(m + 1)
+ C47q, sup s m " o .
m>1 (m_|_ 1) o0+[00]

If v, = yin~?, n € N*, with 8 € (0,1), then, by Lemma A.2,
7 n - ~,
E[ﬁheﬂ'e[\ 74(622)] < (E[£h£+(0£'\ a(&")]+ 04,5’ + 04,5’)
5

'nB

6/ — ’5/ 1+ Ahe [g[| 7471
X exp <2H’3+ Aﬁ(,iﬂw g D ®1pynp(n 1) - %Cﬁpg(n +1)

_67 1+367/ NE? - -
+ 218(04,(16’71 ? h?—l— 4 + 0475’7%) exp(—2 (6+2) )‘he+ ree] 74’}/177’1 B)(I)l—ﬁ (n + 1)

, 3%
ol +3 2 ep 2303
557 o0 +Cf

y
+Cb L
b 3 )
I )‘huree] an®p

.
)‘he+ roe) 4T
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where
35’ —8'AB

’_sr
CH8 = (PP )7t e vV 4>\h”[9€1 4 A8
4,q he+[aa, . N ’

Chz.q- roe1:4.q’

38—6'AB

38—6'AB
obB — (C )_1 Ty )‘heﬂea 4 3’8
4,9 he+ roe1,4,q’ L )

Chu roe1:4,q’

Thus -y
E[Chy, 0 4(E00)] < CL0 (0T 002) v a2), (B.56)

where

Cﬁ:qﬁ’ = ( [‘Chz-s-re/q 4(5 )] + Cﬁqﬁ + Cﬁg)
§'AB

5 1+
X sup {mQﬂ exp <21+6+ /\thu roe1,4,¢" 11 ’

m>1
A A1
X exp < — A @y g(m A+ 1)) }

@1_5_5//\5(771 + 1)>

2

0,3 1435 ~0,
+2%(C0y T o + Ciant)
x sup{m?’ exp(—Q*(’BH)/\h[Hm am D _g(m + 1)}

m>1
, —2438
T 91438 G . C’M 91436,
4
o ho M HT6¢ ]/\he +roe14 )‘heﬂee] 1

Note that sup>q Cﬁf < oo, B € (0,1].

Step 4. Conclusion.
Allin all, if )\he-ﬂeﬂ 271 > 2 when 8 = 1, then, considering Lemma A.1(v) with ¢ = 2, h = hy_ (g,
[t = fihy, 1gp,2 and = [hey (e ,4+ the inequalities (B.48), (B.49), (B.55) and (B.56) yield

E[(“Ee _ §f£+(ez])4] < C—,e,g((hz(1+e)~2) v %)

where the
-0, ‘,
CE = th.,_ (06,2 (02,5 + 045) (B57)
satisfy supys; C% < oo, B € (0, 1]. O
Proof of Lemma 5.2. Let £,m € N* and £ € R, Cpg > 0, r > 1 and 0 € (0, 1].
Via (3.10) and the law of total probability,

[67]

~Lxosgyl] = DBl iy — Lixosg L g=iy) < A°+ B,
k=0

E[|1

{Xhun%(&) >¢}
where

Al = EHH{X’WHM e ]1{X0>£}Ha
ro0—1

B = Z E[‘]l{xhukgg} — Lixo<ey Lt 6)=r})- (B.58)
k=0

Let k € [0, [6¢] — 1]. Observe that
‘]I{Xhukgg} - ]l{XheHem Sf}‘ = ]]'{Xh£+kS§<th+Wﬂ} + ]l{XheHeﬂ §€<Xhz+k}7

o6



that

[Pk < €< XPerion} U (Xheron < € < Xhe} C (xR - Xheron| > XChe - g]),

and that, by (3.10),
{nh(&) = k} C {| Xk — & > Cagvi™}.

Hence

EH]I{Xth <€y ]l{XhIH- roc] gg}’ﬂ{nﬁ(f):k}]
< B ynern ceaxteriony T Licherton cecxhere) Lixhers _e>c,ppty]
SP(|X Pk — Xheston| > | XPerk — ¢ | Xtk — €] > Caaths®)
< P(|Xherk — Xherron | > Cqpbk).

In the following, we separately study A¢ and B¢ within each framework.

(i)a. Step 1. Study of A’.
Using Lemma 2.8(i)a,
A < Crahy TR

where
Px

_ Px # *
Cia = hy ™ B, E[|p(Y, 2) — Bl (Y, Z)|V]["] 75 (sup [ fxnlloe ) ™
heH

with B), being a positive constant that depends only on p.

Step 2. Study of BY.
Via (B.59), the definition (3.10), Markov’s inequality and Lemma A.3(i),

B0 cherncey — Lixocer Lt o))
1 1

<P(IX" = X0 > Cagtin ™ hjyy_y) )

Px
T

—Px h 0(px
< Cadp unh’ef(rfl)JrkEHX =X ‘p ]

_Px Px

r 2
= Clbhee(r—1)+khe+k=

where )
P*] P

Cy = 11V2C,{" By E[|¢(Y, Z) — E[p(Y, Z)|Y]
Thus, by (B.58) and using the condition (5.2) on r and 6,

|—9[‘_1 Dx Dx

1 5 Fl

BT < Cyp Z h%(rfl)JrkhZik
k=0

—pa(£—3)
< Cuwhy 2 A B0

= urG3) —q
(140) 357

S ClBhg )
where
,2(1?*;;1) oAy
C B Clbh‘(] Px hl r 2
1B — 1_1
MP(G=3) —q

o7

(B.59)



(i)b. Step 1. Study of A*.
Lemma 2.8(i)b entails

AL <2, /ghesron <1 + (SUQHthHoo) 2[In (Bhu[ez])!)-

heH

1 140
24/ 8hesro0 < 24/ ghg Ry .

On the other hand, using that # < 1 under the condition (5.3) and the inequality /xz +y <

VT + /Yy, z,y >0,
/2110 (ahe o) < /2000 (ghg ") + (L+0) k| < (/2 In (ghg V)] + 2¢/TIn ]

On the one hand,

Thus
1+6 1
AY < Coahy? |Inhylz,

where

1. -1 _ 3

Coa = 4g2hg 2 <1 + (sup ||th||oo) (2(2 V |1n (ghy, 1)|)) 2>.
heH

Step 2. Study of BY.

Let A > 0. By the inequality (B.59), the definition (3.10), Markov’s exponential inequality and

Lemma A.3(ii),

E[IT ynesn <ey = Lxo<ep e 6)=h)]
< IP’(|Xh‘—’+k ~ X > Coah? Inz ((7;! )_%h_#»
= = “adlp(r—1)+k Y1 In l+k
% 1 —1 -1 _% hoyk 0
< exp ( - )\Cadhgg(r_l)+k In2 (('71 Yn) 2h£+k ))E[QXP(MX - X"))]
3 Lo 1 \-1,—4f 2
< 2exp ( - )\Cadhgg(r_l)+k In> ((71 Yn) 2h£+k ) + gA h€+k)>

where we used the inequality e/*l < ¢ 4+ ¢, 2 € R. Minimizing the above upper bound with
respect to A\ yields

E[IT ynesn <ep = Lixo<ep e 6)=h)]

9,2 1, —UEE
Cadhear—l)%ln((% Vn) 2hy )>
dghg

§2exp<—

2,7
Cad™00(r—1) 4k

o Mn 1+9> Sohetk
=2 —h
(’Yl I+k

Note that v, < 71 and héj_z < 1. The condition (5.3) on hg, r and 6 implies in particular that

f <1< ﬁ, so that —260(1 — %) + 1 > 0, hence M2060=1)+e > 1. It also entails that
c2ng "

8¢ 2

%. Hence
E[‘]l{xhewgg} - ]l{X‘)S&}‘]l{nfi(éhk}]
2

c2 h?71 1
(146) Zad 0 M0 —5)+L
< 2h, 4y, %

146

2

< 2Ny,

o8



Eventually, (B.58) yields

where

2
Cop = i
— M2
(ii) Step 1. Study of AL
Consequently from Lemma 3.1,
140
A" < Cahy®

where

[NIES

C34 = hy sup  E[K}2|G}2].
0<hi<haeH
Step 2. Study of BY.
Via (B.59), the definition (3.10) and Markov’s exponential inequality, and recalling the condition
(5.4) on hg, r and 0,

[EI( enerr <y = Lixo<ep) L )=k

1 1 _1+6
s

1 _ 1
< P(|Xh”k = X = Caahgyy_ry g 102 (97 ) "2 hy 2 ))
heyk = 3 1.1 -1 -1 _%9
:P<|Go | > Cadhgg(r_1)+kh£+k: In2 ((71 Vn) 2hy gy ))
2 2 -1 N hetr )2
< exp (=0 1y ity 0 (7 9) 2 A f ) JElexp(vol Gy )
2
Lo pr—ta—20001—3)+¢
v 2V0Cad"%0
< (sup Blesp(aolGH2 ) (201
heH n
140
< CBbhgf_ky
with
Cyp = sup Elexp(vo| G )],
heH

where we used that v, < ~q, that § < 1 < ﬁ, o that M—2001—1)+¢ > 1, and that
2_
wC2hi " > 1. All in all, via (B.58),
146
BZ S C3Bh’52 ’
where o
b
C3B— k 1
1-M"2

C Proof of Theorem 5.4

For all £ € N, let (F/),>0 be the filtration defined by ]?5” = U(EZ)”) and

n
j':r}zu _ J(EZ)”,X?ZHM,...,XZZHM), n>1.
Following (B.10), the dynamics (4.1) can be decomposed into

h h
ehe — & = (1= 1 VI (ED) (€] — &) — yght — ypplt — yprhe —yele, (C.1)

99



where (e/),>1 and (r¢),>; are defined in (B.11) and (B.12), and

h h
g 1= (Vi (6171 = V(D) (e, — &1, (C.2)
h h
PZZ = VAZHM (E’"“ ) Vhéﬂea( e4[60] )(ag_l _ g*zﬂeﬂ ) (0.3)

By iterating (C.1),

n n
~h h ~h h h h
fn[ _ *HW] _ (foe _ g*zﬂeﬂ )len N Z7kﬂk+1:ngke _ ZVka+1:npké

- Z 781 PP Z VeIl 1mey,
k=1 k=1
where .
., = H (1 - ’VJVE]”(&?)) (05)

j=k
with the convention [], = 1.

Given that v J 0 as k 1 oo, there exists ko > 0 such that for j > ko, (1 —v;V{'(¢2)) >0
Hence, using the inequality 1 + z < e*, x € R, for all n € N*,

n

M| = Miao—1| ] (1= %V5' (&)

j=koVEk

< Mgy —1] exp ( — V(&) Z ’Yj) (C.6)

Jj=koVEk
< Cexp < — V(&) Z’Yj>7
=k
where
k-1
C=1v Jax {|Hk ko—1| €xp <Vo”(§*) Z 7j> }7

J=koNk

with the convention ) = 0.
According to (5.1) and the decomposition (C.4),

v _ 51““9” _ Z h/f+r6£1 (%,1 _ gff—urm—lﬂ ))
0 04 Z hurw (ggm _ ffe—me(e—m))ﬂl:w
L N N L N b (0.7)
- Z Z Vil 1:v, (91" — gke Y Z Z YVellkt1:n, (" — sz ")
=1 k=1 =1 k=1
L Ny B L N h
- Z Z ’Yka+1tNg( - Tké 1 - Z Z ’Yka-i-l:Ne (ellze - ekz_l)'
0=1 k=1 =1 k=1

We study each term in the above decomposition separately.

Step 1. Study of 7@% — ¢ho,
Following Remark 3.3(ii), no refinement is applied at level 0, so that by Lemma 2.5(ii),

E[(Eh — ") < C_1yny,

60



where C_1 > 0 is the constant described in (2.16).

Step 2. Study of ZKLZI(NZJ” — 5,}:“[9” — (ESLH — £f£71+r9(27m))H1:N£,

By assumption, supys EH%’Z 2] < oo, and according to Lemma 2.5(i), (£]'), 57 is bounded. Hence
D>

supgso E[(€)" — &)%)z < Supz>0EUfo 22 + supgsg |61 < co. Besides, by (C.6) and [15,

Lemma A. 1(11)] lim SUPmoo T exp( (€D > r_1 k) = 0 under the condition Aoy > 2, since

the latter entails that 1 V7 (€2) > Aoy > 2 > 0. Hence,

N

L 2
(e @]

(=1

~

h
< 2sup E[(E) — & 23 My
=0 =1

L
< CO Z YNg»
=1

where

= “h 1 hyr _ -
Co = 2C(sup E[1&Y 72 + sup [ I) sup {vml exp < - Vy'(&) %) }
= k=1

0'>0 m>1

h
Step 3. Study of Y-¢y Spty Wilkr1n, (9" — 95" ")
Recalling that, by Lemma 2.5(i), (£) nerg 18 bounded, there exists a compact set K C R such

that ff”[w € K, ¢ € N. From Lemma 2.5(i) and Assumptions 2.3(iv) and 2.10,

h )
V(D) — Vi ()]

h h h
< Vg < 0) = VE(E 1) + V(61 = Vi ()]
h
< (ol ™ — €9 + Sup /x0(6) = fhesron (©)) ©8)
[fX JLipd + ¢
< %(WH@@W v he+[ae1)

< Cglhé(i+60)/\1)(l+6)

I

where ¢ > 0 is the constant described in (2.14), and
1_ 1 5ot LxolLipe + ¢
Cg = M(4 0) ﬁ

Recalling the definitions (4.7), (B.14) and (B.27), using Proposition 4.4(ii), (B.28) and the fact
that

_ 280" 98
up=m " m’, neN, (C.9)
one gets
~h h
E[(6ty — &)
Shyr hyr .
< ) 8lsupp> 1 EflS 1]+ suppsy [67]1) if =1,
CB(7n 1)2 if n > 2a

(C.10)
< { (0 (ot 11 s 1)) v @100 0 4

28
< (W97 142), ne N,
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where
98¢

Cy = {(8752(5};1115[\53 [t J+sup €| )) V(22(5V5’)Cﬁ)}(71 7oV,

with C# > 0 being the constant described in (4.9). Consequently, using (C.2), (C.8) and the
inequality (z + y)i < zi+ y%, x,y > 0, one gets

1 h 1
Ellght T8 < V'(€9) = Vi, (62" DIEIE, — €277

C.11
Z+50)A1)(1+9)( o & 1 (C.11)

< Cing he? 3 +9R),

where
3 121
Cg = Cg(C’g)4.

Recalling (C.6), under the condition Agy; > 2 if 8 = 1, which entails that v VJ'(£2) > Aay1 >
2>1v 8 if =1, by [15, Lemma A.1(i)],

L Ny N 2 %
E[(Z ller1n, (91" — 95" 1)> ]
(=1 k=1
L Ny N
<3N Wl (Bl g2 [?]7 + Ellgp*[?]7)
/=1 k=1
L 1 Ne 140 N 3
=4+50)A1) (1460 =X
< CHM + 1) 3 RGN KZm%mmHm+Z%mmMQ
=1 =1 k=1
L 1 1+ 9 1
1160)A1)(146) ,, 10 25 1
< OO RN G B )
/=1
5 om (L (BoAD)(140) ¢ 1
< Cg Zhg4 * (7]\7@)27
/=1

where

C;l = C’;’C’(M +1) ( sup {me Z% 2[3 exp ( - Vo”(fg) Z 7]')}
j=k+1

k=1

v sup {%Z ka exp ( Vo' (€7) ~§:17j) })

k=1
4 +2,3
= V20 (v V1).

Hence, using the Cauchy-Schwarz inequality and the fact that, recalling (2.27), h3 < e(h),
h € H\ {1}, one gets

L N b 2
E[(Z Vellkt1:nv, (9 —ng)> }

(=1 k=1

L
ol ) e

/=1

1

NI
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where ]
(146) (507 3)

Cc - 05(§:h2<1+9><6m>>5 __ M Gy
g g — ¢ (1 o M—Q(l-‘re)(&)/\%))% '

h
Step 4. Study of 25:1 Zgi1 Yellgs1:n, (P — Py - 1)

hu roe] )

Taking into account the fact that V’iuﬂ%w (&« = 0 and Assumption 2.3(iv), a first order

Taylor expansion yields

¢t h h h
|Vhe+mm (&he ) — Vheﬂea (e! e+16¢6] )(Ehe | — gherton )|

h h h
= (gZle—l - é‘*Zer[‘ ) /(; ( hlllg+(g[] ( § ( t)g*prwa) - V};;-F[@[\ (é.*brwa ))dt‘

[the]Lip he hogroe
< m(fn—1 L2,

Hence, by (C.3), (C.10) and the inequality (z + y)% x2 +y2, x,y >0,

E[] n‘-’| ]% < ME[(&el 7§fz+reu)4]% < C’l( I ’y; ),

where

1
ol — (CF)2 suppq [fyheLip
P 21 — «)
Recalling (C.6) and that, by assumption, Agy; > 2 if 8 =1, i.e. nVJ(£2) > a1 > 2> 1V ¢ if
g =1, via [15, Lemma A.1(i)]
1

[(i iﬁnk+1 N, (Pl = phe 1>>2] 3

Z

h 1 h 2,1
Wl v [(Ellog 22 + Ellpy ' %]2)
1

M=

~
Il

1

L Ny N,
G +1)Z<Zhl+e’m B|Hk+1Ne|+ZVk|Hk+1Ne|>

(=1 k=1 k=1

=
Il

IA
<

L
140
gz hy " fYNz—i_/YNf)

| /\

Mh I

C,

IN

PYNZ’

~
Il
—-

where

_ L= 1+ -
C2=CIC(M +1) <sup {vm ka exp ( € Y %’)}
j 1

m>1 =kt
m
V sup {'yml > Aiexp < V(€D > %-) }>
mz1 k=1 j=k+1

_,’_5
Cp=2C3(y, " V1)

h
Step 5. Study of Zezl Zkz'l 'Vka-H:Nz(TZ —r. ).
Recalling the definition (B.15), it follows from the inequality (B.13) that

5/
h 1,140, 8
‘an S Crhg Tn -
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where
6/

1—

Thus, using (C.6) and recalling that )\271 > 2if 8= 1, hence v VJ'(€%) > Aoy1 > 2> 8 if B =1,
by [15, Lemma A.1(i)],

s (3 3t - mé

(=1 k=1

L
1 ho_ 1
< SO el Wt | (B 212 + Eflre ' 2)2)

L
+
SCHM+1)) Y bty g LIVEEHA

where

e =ctor+ s {57 Y0 T ew (<€) Y- %)
j 1

k=1

N, h hy_
Step 6. Study of ZeL=1 Yoty Vel (e — e 7).
Note that the random variables (ijé 1 g1, (eZ" —62“1 ))e>1 are independent with zero mean

and that, at each level ¢ € N*, (ek - ez Yk>1 are (fge)kzl—martingale increments. Therefore

E[(ZL:%%HHLN[@ZE ")] giki Bl 1 PE[(el — ef1)2)

=1 k=1

From (B.12), (B.9) and (2.3),

n— n17

<E[(H(E , Xty — H(E S X )]

E[(e — en'™)? = E[ Var (H (€M, XI) — HE, X )| Fe )]

n—1>
< T El g, ~ Loz ]
FEI xosgre 1y~ 1{X0>€Z€zl}”
FEI o greny = Bigree ey -

On the one hand, for j € {{—1, ¢}, recalling the definition (2.27), by the tower law and Lemma 5.2,

Bl gy~ Lixosgo p 1 = E{E[’ﬂ{iﬁbéﬁil} - 1{X°>Eﬁil}"fsil]]
= E[E[[]l{ﬁj ey 11{X0>§}H‘§:§%n11]
< Clé(h]’)1+9
< Cle(h)'*,

where

Cl = C'Mz(In M)z,
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and

Cq (5.2) holds,
C’' = (¢ Oy if (5.3) holds,
C3 if (5.4) holds,

with C7, C5 and (5 being the positive constants defined in Lemma 5.2.
On the other hand, using Assumption 2.3(iv),

E”“{X%&?él _]l{X0>§;£—f}”

- E[1{$€1<X0§§€31} + 1{5”31 <X0§EZ"_1}]
= E[|Fxo(§M 1) — Fxo(&,7)]]
< [l FxolloEIER ) — €17)Y
< [ fxolloo (EIERE, — & T3 4 [er+1o — ¢
T [€0 — gyt (g ghen ),

n—1
Recalling (C.10), by using the inequality (x + y)% 2T+ y%, x,y >0,
h 1 RPN E: a8 1
E[(Eﬁ& - f*éﬂw) J* < (C§)4(h€2 Yl 4+ 1)

Besides, by Lemma 2.5(i)
‘gfzﬂea _ 52’ < c/ho—lhé-ke7

recalling that ¢ > 0 is the constant described in (2.14). Thus

E[|]1{X°>£7€1} B ]1{X°>EZ€;1}H
1 149 % 3 =142 140
< fx0llos ((CHF(M + 1)(h, % " +72) 4+ hy (M? + 1)k, ™)
149 9 1

< C2(hy ™+ hy” ),

where

C? = 2||on||oo(((C§)%(M + 1))V (dhg (M + 1))).

Combining the previous results and invoking |15, Lemma A.1(i)], recalling the decreasing mono—
tonicity of (y,)n>1 and the fact that Xoyr > 2if B =1, ie. 1V (€9) > Aoyp > 2> (1+ ) vV 3
if =1,

Ki%vkﬂmn e',? 1)>2]

—1 k=1
L Z N[
1—a)y2 Z( 2 e(h) O Mg, P 4+ C2 D by Ty,
/=1 k=1 k=1
2 L 244 2 =
+ C¢ Zh e g1, * + CZ Z’Yk|ﬂk+1zvl|
k=1 k=1
L 1
Ce > (vne(h)™ +n, (G, )2),
/=1
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where

m

C, = (1—104)20 ((01 +C?) sup {le > kexp ( —2(E) Ailw)}

k=1 j=k+
5/ m m
v C?(SUP { ka 5 exp ( —2V(&) w)}
m j=k+1
+ sup {’Ym ka exp ( —2V5(€)) > %‘) }))
= k=1 =kt 1

Step 7. Conclusion.
Combining the previous upper bounds, we obtain

L
E[(?%L _{fL+(8L]) ] (PYN() <27N2> +Z'7N£ 7Ng % Z l+9>

(=1 =1

where

0 =6(Coav (Co)* v (Cy* v (Cp)* v ((07)271‘2“%) vE), (C.13)

D Proofs of the Complexity Results

Proof of Proposition 4.6. By Lemma 2.5(i), the bias error of adNSA satisfies

Cho

hetron
£ — €] < Chyyron < 700

(D.1)

where C' > 0 is the constant described in (2.14). Hence, assuming that hg > C~'e, in order to
achieve a bias error of order £ > 0, it suffices to take ¢ minimal such that

Chg . In (Choé‘fl)
< .€. =|——F-——=| > 1. .
M =& e f [(1 o) mar| =" (D-2)

O

Proof of Lemma 4.8. Let £,n € N*. By the law of total probability,

[0€] 24
Elhg o] = D hely Pl = k) < byt + > h\ PG, = ).
k=0 k=1

For k € [1, [64]], by the definition (3.10), the tower law and Assumption 2.3(iv),

P, = k) < PX" = 6104] < Caadi )
= E[P(IX:" ! — €] < Coa? ™)

=t ]
< 2Cqq ( sSup fohe/ HOO) wffk_l'
>0

Thus

[0¢]

i) < Co (" + Sttt )

k=1

where

Cy = <zcad Sup || £y ||oo) V1
>0
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Recall now the definition (3.11) and the fact that » > 1. If (2.23) holds, then

18 :
1 *
Elhy 5] < Co (h + Uy ” Z hiinhg fe(r— 1)+k>

—1+7 s [60]

:Co(hgl—{— lh ZM >

VM- —e+00(1-1) 3

s | @0 (- )>

M-t

S5
< Conr+ <hg1 + —
%;T*M—ewm_;) M-F 1

£
= Cinprx hf ,

where

B 301

301

01:CO<1+ LO - >
A O - 1)

Next, recalling that hg = %, note that, for k € [1, [0¢]],

1
n\ 2, —1tf 1+6 1+60
1n<<7> h£+§>:§1nn+;(€+k)lnM+ ToInK

1446

v(;(1+0)(2+0)lnM>v< 1nK)(1+e+1nn)

where

=8V ((Q+60)2+0)ImM)V(1+6)nK).
Hence, if (2.24) or (3.9) holds, then

[64] -1

1 -1 1 Yr\ 2 17
Elhy 5] < Co <hg +Zln2 <<%) h£+k )h€+kh9€(r 1)+k>

k=1

) h71+$ [0€]
<Coll+Inn)z(ht+0C,—0 N p-pk
< Gl +nn)2( Y= (1&),;

h(;“r% . M(2+9£)(1—;)>

1
< 5 —1 /
= Coltlnn)? <h’£ " CQM*ZW(%%) M -1

— Cy(t+1nn)zh; ",

where
h§ M3
Cy = co<1 +02)
M= —1
All in all,
)
_ nr-hy ! if (2.23) holds,
[h‘@+n ] C 1. 1 .
" (¢ +1Inn)2h, " if (2.24) or (3.9) holds,
where
Cy if (2.23) hold
o= {1 i (223 holds (D.3)
Cy if (2.24) or (3.9) holds.
O
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Proof of Proposition 4.10. Let ¢,n € N*. Based on (4.1), adNSA performs n iterations, where,
at each iteration k € [1,n], it simulates one copy of Y of cost ¢p, and simulates hejﬁg i.i.d. copies

of Z, each copy being of cost cg. Overall, the average computational cost of adNSA satisfies

COStadNSA<COZ 1—|—Eh€+~£] <2002E Z+~é]
k=1

By Lemma 4.8, if (2.23) holds,

n
s
Costaansa < 2¢oC” Z hzlkpj,
k=1

where C’ > 0 is the constant described in (D.3). Via a series-integral comparison,

o
27p *p*>
p*-|-5 '

If (2.24) or (3.9) holds, using Lemma 4.8 and the inequality (x + y)%

)
Costaansa < Cin' Tochy 'l where C) = 2c00’<1 v

+y % vy >0,

t\.’)\»—A

Costaansa < 2¢0C" Zh ((+1Ink)z < 2coc’h€1<n£% +3 mik).
k=1 k=1

If n > 2, then, via a series-integral comparison, the inequality (x + y)% 3 + y2 z,y > 0, and
the increasing monotony of R} > x Inz z,

n
Zln2k<nln22—|—Zln2 <nln22+/ ln%sd8§2nln%n.
1

The above upper bound can also be obtained by integration by parts. Thus, for all n € N*,

Costaansa < an(€2 + In2 n)hz ., where O3 = 4coC".

Overall,
1+%, 1 .
Costaansa < C{ f e 1o ?f (2:23) holds,
n(fz +1In2n)h, " if (2.24) or (3.9) holds,
where
C1 if (2.23) hold
o= {1 i (2:23) holds, (D.4)
Cy if (2.24) or (3.9) holds.
O

Proof of Theorem 4.12. Let n € N* and € > 0, and set £ € N* as in (4.10). According to (D.2),
one has hHo < &, where C" > 0 is the constant described in (2.14). Thus, consequently from
Proposmon 4.4(i), the statistical error of adNSA satisfies

e n~2e3)Vn~2 if (4.4) holds,
B n=% if (4.5) or (4.6) holds,
where )
C=(c(E) v m)*, (D.5)



with C# > 0 denoting the constant described in (4.8).
Assume (4.4) holds, with (n_gsé) Vi3 =n"3
suffices to take n minimal such that

1 . . .
€2. To achieve a statistical error of ¢, it

[ SIS

<g le n= [C%E*%] (D.6)

N

Cn™ z2¢

If (4.4) holds, with (n‘gg%) Vn©E = n‘g, or if (4.5) or (4.6) holds, then, to achieve a statistical
error of order €, we must take n minimal such that

N[

On~% <e, ie. n=[CFc 7] (D.7)

We now go back to the framework (4.4). If n is set as in (D.6), then

B
B £26
2

>
(Cs +¢

s
n 2

N|=

2 <C7 ', and n~ (D.8)

N1y

SIS
=

)

g B

Thus, if n™ Conversely, if § < 5, then,

<n-
according to (D.8), by taking ¢ small enough, it holds that n™2 < n"5es, Applying a similar

[
52 for all € > 0, then, necessarily, § <

SNk

reasoning to (D.7) shows that n~5es < n=% if and only if § > g, provided that ¢ is taken small
enough.

Let C > 0 denote the constant defined in (D.4), set r > 1, and £ as in (4.10), and take € > 0
small enough. Following Proposition 4.10, by setting n as in (D.6) if (4.4) holds with § < g, and
as in (D.6) otherwise, it holds

_pxtd 1
e~ s 150 if (4.4) holds with & < &,
= (5+px)
Costaansa < C 5’2 B:f e if (4.4) holds with § > g,
e 5 T |lne|3 if (4.5) or (4.6) holds,
where
2 px+d
3 +1)% if (4.4) holds with § < &,
2 px+d
2 . . . 8
o @(C’)ﬁh(}%hfl (C# -1-21) P if (4.4) holds with § > 5
1+C%)
2 14|In (Chg'? .
x(In(1+CF) + 2 41+ PGl i (45) or (4.6) holds, oo
D.9

The best complexity rates are then easily obtained by optimizing the upper bounds with respect
to 6, 6 and 5.
O

Proof of Proposition 5.6. Lemma 2.5(1) guarantees that the bias error of adMLSA satisfies

Cho

hrirer 0
’5* " - 5*’ < ChLJr(@L} < W’

where C' > 0 is the constant described in (2.14). Thus, provided that hg > C~le, it suffices to
take L minimal so that

Chy . In (Ch0€_1)
— < . =|— | 2
pras =5 e kb [(1+0) War| =
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Proof of Proposition 5.8. Recalling that no adaptation applies at level 0 (c.f. Remark 3.3(ii)),
the average complexity of the adaptive multilevel SA algorithm satisfies

L Ny
CostaamLsa < CO(Z L+ +> D (A+E[R,) e V h; s 1]))

/=1 n=1
L N
<3co<Noh +ZZ z+~f [h;11+~;i 1]))
/=1 n=1

Using a similar reasoning to the proof of Proposition 4.10, for £ € N*, Ny € N* and j € {¢—1,/},

o 1 :
ZE L <@V N, ‘z h, 1 if (2.23) holds,
]Jr Tin 5 5 -1 3
Ny(£2 4+ 1n2 Ng)h, = if (2.24) or (3.9) holds,

where €’ > 0 is the constant described in (D.4). Note that the previous inequality takes into
account the case where £ = 1 and j = 0, for which no adaptation occurs. Therefore

SN P*h ! if (2.23) holds,

Costaamrsa < C
o Ng(L2 +1nz Np)hy ' if (2.24) or (3.9) holds.

where
C = 6¢o(C'V1). (D.10)
0
Proof of Theorem 5.10. Define
N if (4.4) hold
if (4.4) holds,
¢rL(Np) = ‘o 1 .
N¢(Lz +1n2 Ny) if (4.5) or (4.6) holds.
Following [26, 14], a heuristic proxy for the upper estimate in (5.5) is C 25:1 v, €(he) 1+, where
C' is the constant given in (C.13). To determine the optimal number of iterations Ny,..., Ny €
N* we relax the problem to seeking the optimal values of Ny,..., N € R that minimize the

complexity while constraining the proxy L?(P)-error control to £2:

miny, . Ner C Z(gL:o ¢L(N€)he_1=
s.t. C Zf:o YN, €(he) 10 = €2

where C' > 0 is the constant given in (D.10). We can check easily that the obtained solutions are
positive and that, through them, the remaining terms in the upper estimate (5.5) are of order

2.

(i) Step 1. Iteration amounts.
The problem to solve is

Px+6

. L -1
MINpN,...,NpeR CZE*ON " hé )
(1+6)p«
S.t. Cﬁyl Ze 0 ﬁh 2(p+1) = 62-
The associated Lagrangian can be written as
pxtd (14+0)px

P*

2(p+1)
+ A (071 Z )
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where A € R is the Lagrangian multiplier. Optimizing with respect to Ny, £ € [0, L], leads to

— DPx
(3+0)px+2
CVpr*) S el (e

AQ:AM%L%(Q@,+5 h; (D.11)

Injecting this value back into the Lagrangian gives
__Bpx px+6
2 = C(1+B)P*+5 (C'Yl) (1+8)px+6

X<<ﬁp><ﬁ>++(5p><§>>
( +5)P*+5 (1+B)p*+6

_ (2B-(140))px +(26—(146)d) |,
« NTEHeTs Z h, CerIDTEAREY )

=0

The optimal Lagrangian multiplier \ satisfies

px Py +0 DPx —+ 5
M\ A+B)px+é = C(1+ﬁ)p*+6 C +8)px+6 | — =%~
{ () ((1"‘6)17*‘1‘5)
1

Bps TS B« ~ TR ) 8
X<<(1+B)p*+6> +<(1+6)p*+5> >}

., /L (B ONpet GB-r0) 3
-3 2(px+1)((1+B)px+ *
X € B( E h, ) .
=0

The optimal iteration amounts Ny, ¢ € [0, L] are then obtained by injecting the previous value
of the Lagrangian multiplier into (D.11):

)

B I €. EC ) VIR LRV EL ) I Gtopat2
= 5 <Z h, DR > p T DO (D.12)
=0

where
(Px+38)px

CP0 = 75 (Cryy ) BP9 10

1

(( B« ) s N ( Bps )(1+g§)§*+s> 5 ( Dy + 0 >3
X B e a—— .
et 0 Pet0 (1+B)pe+9

It is easy to see that Ny > 0, £ € [0, L]. Since we expect such values to be in N*, it suffices to
take the ceiling thereof.

Step 2. Complexity.
Denote the rational fractions

42
S C o)) M . (D.13)

Ao = 2 T D B 5 0
(28— (1+0))ps + (28 — (14 6)3)

B, = .- D.14
b 2+ DL+ Dpr +0) D (D-14)
Observe that 5
1+ —)A, —1=-B,,.
( p*> b b

Thus, recalling that the Ny, ¢ € [0, L], are set as the ceilings of the value indicated in (D.12), by
considering Proposition 5.8,

QA+B)px+3

L
_ _2< «+5) _ Brx
Costaamnsa < 01’8’5< E hg_l +e e ( g h Bp*) ’ ) (D.l5)
(=0
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where

In view of (5.7),

Moreover,

x+0
=2mC(1V (CP%) "o )
-1 ! 1
hy (Cho)Toh' o
—1-M-1 = 1—M-1 ’
h_BP*
1—OMBm if B,, <0,
L+1  ifB, =0,
hy P
1_][\’477317* if Bp* > 0.

Take e small enough so that |Ine| > 1. Note that, following (5.7),

L+1< (2+

I (Cho)l +1Y |
(14+0)InM )

Besides, if B), > 0, then, it ensues from (5.7) that

Bp, Bp,
hy P < (Cho) T hy Prre™ 745,
Thus
L 1 if By, <0,
S kP <G el it B, o,
=0 —Pre
e w0 if By, >0,
where
thP* A
1_‘}‘/[5“ if B,, <0,
~5.6,0 |In (C'ho)|+1 - .
Clﬂ’ =92+ 1+9)1%M if By, =0,
™ —Bpy
(o) 2l i By, > 0.

Therefore, via (D.15), (D.16) and (D.18),

.1 .
Costaamrsa < Cie” 0 + C1{ ¢7 Box |]ng| Bpx

where

86,0

Hence

1
3 y _ Cho)T+oh1 ~ t6
C1 = sup Cf’é’a, with Cf"s’g = Cf"s ((0)1 vV (Cf"w)pm )

_ 2(px+9)
€ Prx if B,, <0,
_2(pxt9) A+B)px+6
if B,, =0,
_2(pet6) _ (26—(146))psx+28—(146)5
e Brx (+0)B(px+1) it B,, >0,

1—M-1

Costaamrsa < 2C1

3

9

9

_ 2(pxt9)

Bpx it B,, <0,
_ 2(px+9) (A+B)px+6

frs | lne|  Ars if By, =0,
_ 2(px+9) _ (2B—(140))px+28—(146)4

Bpx (1+6)B(px+1) if Bp* > 0.

Step 8. Best complexity.
Step 3.1. Case where By, < 0.

If B,, <0, then, by the definition (D.14),

(26— (1+0)p+ (26— (1+6)5) <0, ie 6>

(2/6_1)]7*"‘25_5
Pe+0 '
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(D.16)

(D.17)

(D.18)

(D.19)

(D.20)



Given that 6 € (0, 2 *_2] then, necessarily,

(28—1)pe+268—-0 p—2 . Pi(ps +0)
< . e B<
Px+0 Pxt+ 2 Le. P (p*+1)(p*+2)

<1. (D.21)

. . . * « (P«+9
Reconsidering (D.20), by using (D.21), and letting 6 = p 2 and 31 %,

o 6 _4_,

iﬁnef CoStaamrsa < 2C1e ~ 7 77

)

for any ¢ > 0. This bound is independent of the choice of ¢ € (0, 1].

Step 3.2. Case where By, = 0.
If B,, =0, then, by the definition (D.14),

(28 — 1)ps + 26 — 5

(286—(1+0)p.+ (26— (1+6)8) =0, ie 6O=

Pxt 0
In particular,
1 pxtd
= . D.22
1+60  28(pe+1) (D-22)
Since 6 € (0, Z*é] then, necessarily,
26 —1 2 5 -2 1)
ps+0 p*+2 (P« + 1) (P« +2)
. . . « (Px+0
Coming back to (D.20), via (D.22) and (D.23), by letting 8 = %,
. o 6 _ 4 2p3 +(3+28)p2 +(2438) px+28
i%f Costagmrsa < 2C1e ~ 7+ »%|Ing] Sp3+82ps
Note in particular that, for such choice of 3,
g p* — 2
Dy + 2 )
This upper bound is minimal for 6 = 1, in which case,
. -—9_6_ 4 2p*+3p*+2
iﬂng Costaamrnsa < 2Ce Pr Py |Ine|
Step 3.3. Case where By, > 0.
If By, > 0, then, by the definition (D.14),
286 —1 28 — 6
(286—(1+0)p+ (26— (1+6)5) >0, ie 6< (28 = 1)p. + 28 )
px+0
Note that, following (D.14) and (D.20),
L _2(pxtd)  (2px+96)((2B—(140))px+(28—(140)9))
Costaamrsa < 2C1e  Brx 2(140) (px +1) ((1+B8) P« +6) . (D.24)

First, assume

Pe—2  (28—-1pe+26-0
<
p*+2 p*+6

p*(P* + 5)

I T
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. _ pe—2
Per (D.24), taking 6 = =5,

L _2(mx+9)  (Cpxt+8)((pxt1) (Px+2)B—px (Px+6))
inf Costaamrsa < 2C1e Prx 2px (P +1) (1+B) P« +9) .
o >

Thus, taking g =1,
. . 2(px+68)  (B=8)px+2
1ﬂn0f Costaamrsa < 2C1e ~ px 2pxlowtD)

Hence, letting d | 0,

. > 9 3px+2 .y
lnfg Costaamrsa < 2Cie 2px(px+1) 7

)Yy

for any ¢ > 0.
Assume now that

(26 =Dpe+28-0 _pi—2
p*+5 _p*+27

p*(p* +5)

e+ D)(pe +2) .

p <

Via (D.24), letting ¢ 1 22=1pe22020,

_ 2(px+9) _

i%f Costaamrsa < 2016 Bpe ¢

DPx (p* +6)
(Pxt+1)(pst+2)”

for any ¢ > 0. Hence, setting g =
. . 727f7i2ﬂ
glg Costaamrsa < 2C1 e Pr

for any ¢ > 0, independently from the choice of § € (0, 1].

Step 8.4. Conclusion.

All in all, the best complexity is attained when 8 = 1, 6 | 0 and 6 = %. The ensuing
complexity satisfies

. v 9 _8px+2
é%fe Costaamnsa < 2C1e © ZoxlpFD) 7,

(ii) Step 0. Preliminaries.
Take e sufficiently small to ensure that |lne| > 1. Note that, consequently from (5.7),

1+ |1 (Cho)|

L<Cl here Cp =1 : D.25
< Ci|lne|, where C + A5 0) M ( )
We postulate that, for some 6’2 > 0,
In Ny < Co|Ine|, £€[o,L], (D.26)
a claim that we check a posteriori by explicitating Cs. Then, one has
L Ny, 1 1 ~ L & N, ~ ~ 1 ~ 1
O E(LE +1n2 Ny) < CClInel2 Y5, where C = (C1)2 + (Co)2. (D.27)
= = M

Step 1. Iteration amounts.
We now solve the proxy problem

. jod 1 _
minyg,. vper  CC|nel2 Yoo Neby '
_ 1460
s.t. Cn L NSOn, % |Inhy| 2 = €2
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The associated Lagrangian is

&N L
SzCC’|lns|5Zh—j+ (sz

/=0 /=0

5 I |5

E
NE

where A € R is the Lagrangian multiplier. The optimal Ny, ¢ € [0, L] satisfy

(C 715 >
cC
Coming back to the Lagrangian, using the previous value for the Ny, £ € [0, L], one has

£ = (CC)TH3 (Cy) T

2B—(1+0)

(ﬂﬁ +57)

3+6
)\1+6|1ng] 2(1+B)h2<1+5)“nh |2(1+za>

x)\1+5|ln5|2(1+5>2h ECCNINYE B

(=0

The optimal Lagrangian multiplier verifies

Aliﬁ:<

X € [3 ’ ]n5|2(1+ﬁ) (

(CC)T53 (Cn) ™3 (8741 + 57 T49)

1+6

=0

Injecting this value back into (D.28) yields

_28—(146)

Z h 2(1+8) | In he! 2(1+5)>

)é

ey

i

L 26— (1+6)
Z hg/ 201F5) ‘ In h[/ ’ 2(1+;;)
é/

1
B
) b

3+6
2(1+5) | 1n hy ’2(1+ﬁ>

Recalling that hg =

, note that

|Inhy| < (In K +In M)L.

Besides,
_28-(1+0)
B 20+P) _
28—(146) 1—M 20+8)
Zh <L+ if 28 =146,
_28—(1+9)
b, ZHE) .
——mrgy 28 >1+6.
1—-M 20+8)
Hence
L 28-(+0
n <Z hé 2(1+5) >
/=0
26— (1+6)
—In(1— M 2048 ) if28<1+80,
<<{In(L+1 if286=1+6,
2/3( 26—(1+6) ) _26-0+0)
50T5) (InK+LInM)—In(1—M 20G+8 ) if28>1+46,
< GyL,
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(D.29)

(D.30)

(D.31)

(D.32)



where
280 —(1+46 + 28— (1+0)
ch = ((M) In(MK)—1In(1— M 20+ )]1{2,3#1%}) V. (D.33)
Hence, considering (D.25), the inequality (D.26) holds with
~ 2+ |In(Cm)|  ~ ([ 3+86 1+6 Cy
Cy = 5 + 01 g gy (M) + =55 (1+\1n (In ( MK))|) 7)

Step 2. Complexity.
We set each Ny, ¢ € [0, L], as the ceiling of the value in (D.29) in order to retrieve iteration
amounts in N*. Via Proposition 5.8, (D.27) and (D.30),

L
~ N,
Costagmrsa < CC|1HE|% E hfz

. (D.34)
0+ 28-(140)\ 2
C”M(]lne\ Zh te P |lne| 2 <Zh 20HA) ) >
=0 =0
where
~3.,0 ~ 172 &
Coo = 00(1 V (C1)? (Cy In (K M)) )
If 268 > 1+ 0, it follows from (5.7) that
_26-(140) _ 26— (1+6) _
hL 2(1+8) (Cho)%h 2040)(1+5) .~ %
Hence, via (D.31) and (D.17),
L o 1 if28 < 1+6,
> hy <P x ¢ |Ine] if26 =149, (D.35)
yard _28-(140)
= TS if 26 > 140,
where
28— (1+6) _28-(1+96)
(1 — M 20+8) )*1h0 2(1+8) if 28 <140,
~B,0 In (Chg)|+1 .
CPP = {2+ LpiChllil it28 =140, (D.36)
_ 2B—(1+46) +0)  —_26-0+06)
(1— M~ 205 )= (0h0)2<1+e><1+a>h PUFOUED i 28 > 1+ 6.
Thus, by gathering the results of (D.16) and (D.35) and coming back to (D.34),
2 140+
£ ﬁ|1n5\ if 28 <1446,
Costaanrsa < Cos™ 70| Inel2 + Cy § =5 [Ing| " 5 it28 =149,
_30146)+28 +0+0
g 2I+0)F \lns\ if28>1+9,
where )
- - - g0 (Cho) TR ~5 148
Cy =supCH?,  with C5f = c§’9<(°)11 Vv (CHY ) (D.37)
676 1 - M
Thus
P 14013
€ B\lne\ 25 if 26 <1+0,
. 3040140
Costaamrsa < 20§ 675 |Inel if 28 =146, (D.38)
_301+6)+28 4045
g 20408 |1n5| if 286 >1+96.
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Step 3. Best complexity.
If 26 < 1+ 6, then, the complexity bound is minimal if § = 1 and 8 1 1, in which case

. s o 3
1Bn0f Costaamrsa < Coe 27 Ing|2 T

)

for any ¢ > 0.
If 26 = 1+ 6, then, the complexity bound is minimal if 5 = 6 = 1, in which case

. > T
lng Costaamrsa < 2C5¢ 2’ Ing|z.

)

If 28 > 1+ 6, then, the complexity bound is minimal if 5 =1 and 6 1 1, in which case

. 9 3
lﬁng Costaamrsa < Coe 2 ‘[1In E|2+L

for any ¢ > 0.
Overall, the best complexity is attained for = 6 = 1, and it satisfies

%Bng Costaamrsa < 2026_2’ lne\%.

(iii) Step 0. Preliminaries.
We proceed similarly to the previous framework by assuming that ¢ is small enough to ensure
that |Ine| > 1, and that (D.26) holds.

Step 1. Iteration amounts.
Thus, taking into account (D.25) and (D.27), we look into the proxy problem

146

. ~ TR -
miny,, . N er CC|lnel2 Zz% o Neh 17
s.t. Cv ZzL 0 'Bh 2 =2

The Lagrangian of the previous problem is

~ N L op2
£:CC’Hn6\§E }lé—i—/\((_l'*ylg ]ifﬂ —52>,
¢
l

=0

with A € R being the Lagrangian multiplier. The optimal Ny, ¢ € [0, L], are given by
_3+6
<C’Ylﬁ) >\1+5‘1n€| 2(1+3) h;(1+5)‘
cc

Injecting these values back into the Lagrangian yields

~ _ 28—(146)
£ = (CC) T3 (Cryy )T (BF4T 4 §T45)ATHF | In e ? 1+6>Zh 2 _ )2,
(=0

The optimal Lagrangian multiplier \ satisfies

e 45 (BFE -5\ 3 L 1
)\ﬁ - <(CC) P (C) TR (B + 5 ”B)) ﬁé‘ /23‘1H€|2(1+ﬁ) (Zhe 2@(1+1;;))> .
bro =0

=

Thus

L -2 Z SEALONG At
A = —= 2(1+ 2(1+
Ng = 55 B ( h ) hﬁ .

7



Using (D.32) and (D.25), we obtain that (D.26) holds, with

~ 2+ |In(Cy)| ~< 3+6 C’é)
02_—6 +C4 72(1+5)IH(MK)+ 3 )

where C) > 0 is the constant defined in (D.33).
Step 2. Complexity.

We set each Ny, ¢ € [0, L], as the ceiling of the value in (D.29) in order to retrieve iteration
amounts in N*. Via Proposition 5.8, (D.27) and (D.30),

~ &N
Costaamrsa < CC|lnel2 e
(=0
R & ) L/ L _28-040) #
SC’gﬁ(HnE?ZhZI—FEB\lnah(Zhe 20+8) ) ),
£=0 (=0

where

GO = CC(1v (Cm)P).
Using (D.16) and (D.35),

_2 1
e Bllne|2 if 28 <1490,
~ _ 1 1 ~ _2 1428
Costaamrsa < Cze” 0 |Inelz + C3¢ e #|Ine| # if28=1+0,
_ 3(140)+28

e 20405 |Inglz if 28> 146,

where )
. . . ~ Cho)THhyt  ~5p 148
Cy =sup CY7, with CJ* = O (Wf V(G0 ) (D.39)
8,0 1— M-
with 5’25’0 > 0 being defined in (D.36). Hence
_2 1
€ B|lnelz if 26 <140,
= _2 1+28
Costaamrsa < 2C3¢ e #|lne| # if 26 =1+6, (D.40)

_3(146)+28

e 2506 |lnelz if 28> 1+ 0.

Step 3. Best complexity.
Similarly to the previous framework, the best complexity is attained for § = 6 = 1, and it
satisfies

- 5
ing Costaamrnsa < 2C35_2] Ine|z.

)
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