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Abstract

This work focuses on the numerical performance of the Nitsche-based Finite Element Method for dynamic unilateral contact
problems combined with two implicit one-step time-marching schemes. The non-linear contact boundary conditions cause irregu-
larities, which may lead to unstable performance and potential divergence during simulations. By focusing on the discontinuities
inherent in dynamic contact problems, we provide new stability results for the proposed methods.
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1 Introduction

Contact and friction in elastodynamics are usually solved using the method of lines, combining the Finite Element Method (FEM)
in space and a Finite Difference Method (FDM) as a time-marching scheme [53] [58]. This paper is focused on this aforementioned
approach and investigates more in depth some aspects for a particular class of FEM-FDM approximation methods. Notably, for
frictionless elastodynamic contact, practical challenges are to avoid spurious oscillations on the displacement, velocity and stress,
and to preserve the mechanical energy of the system [38]. For the sake of exhaustibility, let us mention a few alternatives, like
space-time discretization techniques [4, 43, [55], techniques from non-smooth rigid bodies dynamics [2], 3, 60] or smoothed particle
hydrodynamics [21], [59]. For the space semi-discretization of contact, the FEM can be substituted with other discrete variational
methods such as Boundary Element methods [8], [9], Isogeometric methods [36, B0], Discontinuous Galerkin methods [44] [64], 65],
Virtual Element methods [6], 84, 39, [47, 56, [70, [71l [72] [73] or Hybrid High Order (HHO) methods [22] 24].

Originally devised for the Dirichlet boundary conditions [23| [62] [67], Nitsche’s method has been introduced in [26] for Signorini’s
problem in elastostatics, and later on extended to elastodynamics [29, B0]. It has been combined with various time-marching
schemes, first the families of #-scheme, of Newmark schemes and a new hybrid scheme in [30]. Later on it has been combined with
the explicit Verlet scheme [33], implicit-explicit IMEX schemes (the implicit term being linear) [I6] and to the Hilber-Hughes-
Taylor HHT-« scheme and Bathe TR-BDF2 scheme [51].

Signorini contact in elastodynamics, when discretized in space with a standard finite element method, leads to an ill-posed
differential inclusion with multiple solutions [52]. If this differential inclusion is combined with a standard time-marching scheme
like Crank-Nicolson, this ill-posedness leads to poor numerical results, with spurious oscillations and no energy conservation.
Notably, this effect is more important when the time-step is reduced. This ill-posedness at the semi-discrete level can be fixed
using a specific treatment of contact, such as the modified mass method, a penalty/regularization or Nitsche’s method [29] 38] (2].
Moreover, these methods allows to preserve a semi-discrete counterpart of the mechanical energy. However, even in this situation,
standard time-marching schemes such as Crank-Nicolson do not preserve a fully discrete energy, due to the Signorini contact
conditions, and some special numerical schemes can be designed to remedy to this issue, see for instance [48] for penalty or [30]
for Nitsche.

In this work, we study the mathematical properties of two families of time-marching schemes combined with Nitsche-based finite
element method for frictionless unilateral contact problems. Namely, we consider theta-schemes and Newmark schemes. The
enforcement of contact conditions is carried out with the symmetric Nitsche method. Initially introduced by J.A. Nitsche in [62]
(see also |23, 67]), the Nitsche method has been extended in [26, BI] for the Signorini problem (unilateral contact problem in
elastostatics), and then [28], 29] [30] for elastodynamics. For the derivation of Nitsche formulation in the context of inequalities and
the link with other methods, see, e.g., [13} 18] 20, 25] B3], 32] [50]. Nitsche’s method is closely related to stabilized mixed methods,
specifically to the Barbosa-Hugues stabilization [10, 11 12, [49]. However it does not introduce a Lagrange multiplier as an extra
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Figure 1: Elastic body occupying the domain 2, with the boundary 9.

unknown conversely to mixed/mortar methods [I, 14, [69] or Augmented Lagrangian technologies [5l, 19 [66]. It differs also from
penalty techniques [27, [37], [40, 45], 53], 54, [63] because it preserves consistency and is more robust with respect to the numerical
parameters.

Particularly we revisit stability results provided in [29, [30]. We take advantage of a new semi-discrete energy proposed by E.
Burman, M.A. Fernandez and Stefan Frei in [I7], that we will call BFF energy for the sake of conciseness. This discrete energy
has the remarkable property of being always nonnegative whatever the values of the discretization parameters are, notably the
Nitsche parameter that does not need to be large. In [I7] a stability bound has been proven at the semi-discrete level. We propose
an adaptation of this energy at the fully discrete level and provide new bounds for the evolution of energy for the aforementioned
fully discrete methods. We complement this stability study with some new numerical experiments.

We first introduce the definition of several discrete energies in Sec. [2], then we define the time-marching schemes used in Sec.
In Sec. ] we present a stability analysis of fully discrete schemes considered previously. Finally, we provide some numerical
illustrations in Sec. [l

2 Nitsche-based finite element method for elasto-dynamic unilateral contact prob-
lems

We consider an elastic body Q C R¢,d € {1,2,3}, see Fig. |1l On the boundary dQ := I'p UTx UT¢ of €, Dirichlet, Neumann,
and Signorini boundary conditions are applied respectively on the disjoint subsets I'p, Iy, and I'c.
We seek the displacement field u : Q x (0,7) — R?, where T > 0 is the final time, verifying the equations :

i)
5

iii)
iv) (1)
v

vi)

—

pu —div(o(u)) =1f, in Q x (0,7),
o(u) = A tr(e(u))I + 2ue(u), in Qx (0,7)
u=0, onI'p x (0,

0
o(u) -n=1fy, onIy x (0,

(
(
o (
(
Up <0, o,(u) <0, upon(u)=0, onT'cx (0,7), (
o(u) n—o,(u)n=0, onT'ex (0,7), (

u(-,0) =ug, u(-,0)=ng, in Q. (vii)
The equations (i) - (iv) describe the problem of elastodynamics in small deformation, where p is the mass density, f is the volumetric
source term, fy is the surface charge, A and y are Lamé coefficients, tr(-) denotes the trace of a matrix, e(-) := £ (V(-) + VT (-)) is
the small deformation tensor and I is the identity matrix of dimension d. The equations (v) and (vi) denote Signorini’s condition
for frictionless contact, where u, = u-n, o,(u) = (c(u)-n) - n are respectively the normal displacement and the contact pressure
at boundary I'c. The initial conditions at the time ¢ = 0 on the initial displacement and velocity fields are given in equation (vii).

We also introduce the bilinear and linear forms

a(u,v) := (o(u),(v))g ;
W) (v) = (£(t), v)q + (En (8), V)r, 5

where the notation (u,v)q, := [,u-v dQ and (0, v)p, = fFF u - v dI' are the L2-products defined on © and I' respectively,

(2)

with I'p € {0Q,T'p,T'y,Tc}. The associated norms are denoted by ||-||¢, == (-, )é and ||||p,. = (s )éF



The total mechanical energy associated with the solution u of dynamic Signorini Problem is:

1 2 1
E(t) = 3 ‘ pquQ + salu,u), vt € [0,7]. 3)
Moreover, with the persistency condition [7, 48| [57] (o(u) - n) -1 =0 on I, and when [(¢) vanishes, the energy is conserved:
d
—E(t) = 0.
Q)

2.1 Space discretization and enforcement of contact conditions

Let V* be the Lagrange finite element space to discretize the displacement, of degree one or two (k = 1 or 2), and based on a
mesh 77" of the domain o
vh .= {vh € (€°(@)": Vi, = 0: Vi = By(T), VT € Th}. (4)

The enforcement of contact conditions is introduced at the semi-discrete level (semi-discretization in space). We focus on the
symmetric Nitsche approximation of contact and follow [32]. We define the space-discrete weak formulation of the Nitsche-FEM
method. First, we introduce the linear discrete operator

Vi L2(Te)
Pow - vh s Ono, (V) — ol (5)

where O € {—1,0,1} is a fixed parameter and ~yy is a positive function independent of v, such that
7o
YN|Tnre = E’ (6)

so for each triangle T intersected with I'c, where hr is the diameter of the triangle T and 7 is a positive constant (the Nitsche
parameter). The primal discrete problem is as follows:

Seek u” : [0,T] = V", s.t.

) 1 (7)
(s ©3"), + a0+ (5 [P P O)] Py 6)) = 10), eV,
TN R I'c
where ag, y (U, v = a(u”,v") — (C;)—;jon(uh),an(vh))F . The notations [-]g- := min(0, -) and [|g+ := max(0,-) denote the
C

projection on the half-line formed by negative or positive real numbers. Also, in static (or when p = 0), it is convergent and
well-posed for 7 large enough. Subsequently, by using Riesz’s representation theorem, the mass operator M : V* — V" and the

nonlinear operator By : V — V" are defined such that
(M(vh),wh) = (pvh,wh)Q, vwh e VI,

1
(BN(Vh)7Wh) = aen N (Vhawh) + (,YN [PL'YN (Vh)hg— 7P@N:’YN (Wh)) ) yw' e V.
e

Q

(8)

The vector L(t) € V" is then defined such that

(L(t),w"), = () (w"), Yw" e V" (9)

Then, the compact form of is
Seek u” : [0, 7] — V", s.t.

M(ii" (1)) + By (u" (1)) = L(1), (10)
u"(0) = ug, w"(0) =g,
which is a system of Lipschitz differential equations and its well-posedness has been proven in [29]. Note that, though the standard
convergence analysis in the static case requires, for technical reasons, extra regularity assumptions [31], there is no extra regularity
required to write a Nitsche method (and the assumptions in [3I] can be weakened in fact, see [42], [46]).
2.2 Preliminary results
The following two properties are classical for the negative part:
[alg- <a, alag- =[a]z-, Va€R, (11)
([a)g- — [b]r-)(a —b) > ([a]g- — [t]z-)* >0, Va,beR. (12)

The following lemma is helpful as an intermediate result.



Lemma 2.1. For a,b € R, the following inequality holds:

0 < —[alg+[blr- < =(a —b)>. (13)

.

Proof. When a < 0 or b > 0, we have —[a]g+[b]g- = 0 < 1/4(a — b)%. For the case a > 0 and b < 0, it leads to —[a]g+ [b]r- =
la| - |b| > 0. With the relation

(lal + [B)* — 41a| - [b] = (|a| — [b])* >0, (14)

we can conclude that for this case: ) )
~lale+ [ble- = la| - b] < 7 (al + lb])? = Jla- b)?. (15)
O

Another useful property is the following:
Lemma 2.2. Fora:tw a(t) a differentiable function the following equality holds:
dla]g- da
[a]r- a [G}R—a-
Proof. First if a(t) = 0, then the equality |16 holds. Suppose that a(t) # 0. We introduce H(-) the Heaviside function: for z € R,

(16)

H(z)=0if z <0, H(z)=1ifx >0.

0l "2 (0 = ol g (Ha(0)aw) = a0l (HCa0) G0 +a0 T 0). a7)

We finally use the properties dH(—a)/dt = 0 and [a|g- H(—a) = [a]g-
a0l L4 (0) = (0] H(~a(0) (1) = a)]a- (1) (18)
This ends the proof. O

We need the following inequalities for the space discretization. The first discrete trace inequality has been proven in [31] (see
alternatively [68, Lemma 2.1] for the scalar case).

Lemma 2.3 (First discrete trace inequality). There exists Cy. > 0, independent of the parameter vo and of the mesh size h, such
that:

1 2 _ 2
H’yNQUn(vh)HF <Cuyt ||vh||H1(Q) . Whevh (19)
C
The inverse inequality below is proven for instance in [4I, Cor. 1.141, Rm. 1.143, P. 76-77].

Lemma 2.4 (Inverse inequality). Suppose that the mesh T" is quasi-uniform, then there exists Cin, > 0 independent of the mesh
size h, such that:

Ml gy € Conal™ ([0 9% € VP 20
We finally prove a second discrete trace inequality.

Lemma 2.5 (Second discrete trace inequality). Suppose that the mesh T" is quasi-uniform, then there exists C' > 0, independent
of vo and h, such that:

2
H%%vz . < C% ||vh||;7 v e Vh, (21)
and that:
3 oall)? 0 1 R)2 h h
[t SOV gy VR (22)

Proof. We use [15, Thm. 1.6.6] and inverse inequality to have the first inequality:

1 2 ~ 2 Y Y 2
H’YJ%IUZ e < ﬁo thH{)Q = Cﬁo thHHl(Q) thHQ < C}Tg thHQ (23)

Moreover, we use the relation [|-[| < [|]|1 () to prove the second inequality

Y i 2
Cﬁo thHHl(Q) ||VhHQ = Cﬁo thHHl(Q) :



We can also bound the operator Pg, ~, as follows.

Lemma 2.6 (Bounds on the operator Pg, ~y). Suppose that the mesh Th is quasi-uniform, and that ~o is large enough, then
there exists C' > 0, independent of vy and h, such that:

~ip M <20 v, wwhevh 25
TN @Ny’YN(V ) re = R2 ||V ||Q7 V' e ’ ( )
and that: )
-3 Yo 2
HA/NQP@Na’YN(Vh)HFC < Cﬁ ||VhHH1(Q) , wWhevh (26)

Proof. We start with the triangular inequality:

2 2

1 2 1
colbbouon, sl
c T'e T

)

v Posan &)

then we use the first and second discrete trace inequalities (2.3]), (2.5), and the fact that ~ is large enough, to conclude the
proof. O

We finally have the coercivity of the bilinear form ag, y:

Lemma 2.7 (Coercivity of the bilinear form ag, ~y). Suppose that the mesh T" is quasi-uniform then there exists C > 0,
independent of h, such that:

1 1 - 2 1 1
a6 o (V" V") 2 (Co = ONCuyg ) [[V!|[ 1), WV €V (27)
Moreover, for vg large enough if Oy =1 or 9 > 0 if O =0 or O = —1, then there exists C > 0, independent of h (and also
independent of vy for O =0 or O = —1).

v e vh, (28)

aon v~ (vh’vh) > OthHiil(Q) ’

Proof. Since the operator a(-,-) is coercive (i.e., 3Cq > 0, s.t. a(v",v") > C, ||v"| |i11 for all v € V"), using the definition

(DK
of ae, ~y and the first discrete trace inequality (19)), we have

2

_1 _ 2

Goy o (V! V") = a(v" V") = O |12 on (V)| = (Ca = OnCurra ) V311 (29)

C
Hence, for v large enough, i.e., 7o > OnCy.C; L, we have C, — @NC’t,fyo_l > 0. O
2.3 Discrete energy notations
Let us define the discrete energy as follows:
h Lipvnen|? 01 h
EM(1) 1= 5 ||obat )] + Ja(u (1), u @), (30)

which is associated to the solution u”(t) of Problem @ Note that this is the direct transposition of the mechanical energy F(t)
of the continuous system. Set also

2 2

15, (0) = B"(1) — 2 |l Hoa(ut 1) o (31)

= E"t) — OxR"(1),

LT GTN H'YN_% [lev(uh(t))]k"

T

which corresponds to a modified energy (also called augmented energy) in which a consistent term is added. This term denoted
R (t) represents, roughly speaking, the nonfulfillment of the contact condition (I)-(v) by u”(¢) [25, 29]. When [(t) = 0 and
On = 1, we can prove that this modified energy is conserved: EgN (t) = EgN (0), see, e.g., [29, Theorem 2.10, Corollary 2.11].

Remark (modified energy as an energy). The aforementioned energy EgN (t) is positive for vy large enough, by direct application
of the discrete trace inequality . For an arbitrary value of o, there is no guarantee this energy remains positive. See [33,
Proposition 8] for more details.



The BFF (Burman-Fernandez-Frei) energy is a non-negative energy, irrespectively of the value of the Nitsche parameter 7y and
even for small values of this parameter. It has been recently introduced by E. Burman, M. Ferndndez and S. Frei in [I7] for
Nitsche-based fluid-structure-contact interaction problems. The BFF energy is defined as follows:

2

Ber(t) = B'0) + 5 [ (1Prn (0)]a- = o)) (32)

Fc
We observe that this energy is also augmented with a consistent term. We expect that these supplementary terms vanish under
mesh refinement. This can be proven in the static case when the solution is regular enough (in H*(€;R%), s > 3/2). In the
dynamic case, and from the theoretical viewpoint, we do not know if this property still holds and under which assumption on the
solution. However, in practice, we can at least observe these supplementary terms are small (see the numerical section below).

Proposition 2.8. Let u be a solution of Problem@ with I[(t) =0, ©On = 1, and assume that v > 4C4,.C, 1, then the BFF energy
remains bounded for t € (0,T):

1 1

3 Eher(t) < Ber(0) + (-0, (0 0). (PLoy (0" O] - 3ula0))) (33)

Proof. We adapt the proof of [I7] to our problem where there is no fluid. Firstly using the definition of Pg, ~, multiple times

[\
S
S

2 .
and £ ||a|lt., = 2(a,a)p,, we have,

(;V[Pl,wN(uh)]R,P@N,wmh))rc - ((;);Vanmh),an(uh))%
(2P e - on<uh>>,an<uh>)rc ~ (P e v )
(22 Py e - ot >>,an<uh>)rc (P (e P () - on<uh>)rc
(2P (e 0 >>,an<uh>)rc (P e 0Py ) - an<uh>>)rc
(24P e = () onmh))rc (P (0 BP0 - an<uh>>)FC (34
= (TP e = 0n 000 5 (P (e = ot |
F (0, 0[Py ()]s — (),

(o)

DN =

20t H%Q% ([P (0] — U"(uh))‘

ic + % (1O'n(uh)a [P1yy (uh)]R, _ gn(uh)>rc

(P e — o) (i)

TN T

where Lemma has been used in the fifth line.
Secondly, testing with v? = 0", integrating in time on (0,¢) C (0, 7] and using previous equality, we get

Y on o PR t(On h - h
0= (pu ,u ) dt+ [ a(u”,ua")dt — ——on(u"),on(0") dt
0 Q2 0 o \ TN e




For the symmetric version (O = 1), the last term vanished and we have:

» = E} LU u” 1 u” ~ —on(u”
Blier(t) = Bhre(0) +  -0m(0(0). (Prry (0 O = o (om)rc

1 (36)
~ (S0, (Pro O — o0
TN T'c
Applying the Cauchy-Schwartz inequality and the Young’s inequality, we have:
(imu" (), ([Pri (0" ()] — (" (t))))
TN T
1 2 1 1 - 2 (37
< |patorate|| 43[Rt @ - o)
T'c Te
Using the first discrete trace inequality , we have:
1
Bl (1) < g (0) + (on<uh<o>>, ([Pr (0" (0))]z- — an<uh<o>>>)
YN Te (38)

2

+Cu O] ) + 1 [ (Proaw @Ol = auta®))]|

From the definition of the BFF energy, the coercivity of the bilinear form a(,-) and under the assumption that vy > 4C},.C L,
the following holds:

2B} () = (' (0,0'(0) + | o0 0 + |t (Prow 0 O — onta )|,
> au (1), 0 (0) + | oy (P (0 O] = omla @)} -
> Ca [0 0 [ ) + [ (Priy (0 O] = om0
> 400 [0 Oy + [ vt (Prow O] = om0
Combining and , we have
3 Eber(t) < Bher(0) + (-0, (0(0), (P (O - on<uh<o>>>)rc . (40)
The right hand-side terms depends only on the initial condition and thus, the BFF energy E% () remains bounded. O

3 Time discretization

In this work, we focus on two time-marching schemes: the #-scheme and the Newmark scheme. Let At > 0 be the time-step
and consider a uniform discretization of the time interval [0, 7] : (¢°,--- ,#V), with * = nA¢t,n =0,--- , N. The schemes consist
of solving a nonlinear problem for each time instant ¢t"*! using the displacement u”", velocity ", and acceleration #"" of

instant " as known variables, where u®"*+1 a?n+1 and " *! are the displacement, velocity, and acceleration to be solved, and

Lt = L(tn+1)~ The initial conditions are u"? = ug, a0 = 1'1’3, a0 = g We note that the initial acceleration is calculated by
the relation M0 + BN(uh’O) =19,

3.1 6-scheme
The fully discrete formulation for Problem (7) is such that:
Seek utl phntl ghrtl e viogy,
u = AR((1 - 0)at - gut ), ()

ahrth = aht o A1 - 9)ia 4 g, (i)

Mii"" !+ By (u" ) = L (iii)

(41)

with the parameter 6 € [0,1]. The two classical schemes are forward, respectively backward, Euler schemes for value 6§ = 0,
respectively # = 1. We recall that O is the parameter for the Nitsche’s variant.



3.2 Newmark scheme

The Newmark scheme [61] is another classical scheme for elastodynamic problems. Its fully discrete formulation reads:

Seek un Tt gt ghrtl e vi gt
hn+1 __ __hmn . h,n AtQ h,n h,n+1 :
u =u"" + Ata 5 — (1 =2p)ua™" +2pa"""), (i)

l:lh7n+1 _ ﬂh’n + At((l - C)ﬁh,n + Cﬁh’n+1). (11)
Mihn L 4 BN(uh,n-i-l) — Lt (iii)

The parameters (3, () determine the numerical performance of the method, including the stability, accuracy, and damping prop-
erties. 5 =10,( = % yields an explicit central difference scheme; Crank-Nicolson scheme is obtained by taking 8 = %, (= % (which
is equivalent to 6-scheme with 6 = %) The parameters (5, ) are used here . The Crank-Nicolson scheme is unconditionally stable
and has a second-order accuracy for linear elastodynamic (without contact conditions). However, in the presence of contact, it
can be more complicated and can introduce additional oscillations and numerical energy [30]. The Newmark scheme could be
seen as the case of & = 0 for the HHT-« scheme (Hilber- Hugheb-Taylor a scheme).

The well-posedness of Problem (4I)) (f-scheme), respectively Problem (42 (Newmark scheme), has been proven in [29] under the

condition (14 Oy )%y, -l < Cup (1 + 02At2) with C,,, a positive constant, respectively (1 + @N)quo_l < Cup (1 + ﬂpﬁ; )

Remark. In the literature of the Newmark scheme, most of the time, the parameters used are (3,7), but to avoid confusion with
Nitsche’s parameter yn, 7 is replaced by ¢ here.

4 Energy estimates and stability

The mechanical energy E(t) is conserved for a zero external force (for continuous case only). However, this property no longer
holds for the fully discrete formulations and . Let us define the fully discrete mechanical energy associated with the
solution u":

1) 2 2 1
Eh,n po— ’ 3 qqhen - hn __hn 43
2 [P Y o,szjL 2a(u ), (43)

the fully discrete modified energy:
© 1 2 ® 1 2
hn LT N LM N o _ n L,
Eoy = B~ 2 HVNQU"(uh ) ‘0 r + 2 HWNQ [P (u"")]r- ‘ ’0 e E"" — ONR"
L C L C (44)
1 1.hn 2 1 h,n h,n 2
= 5ot | + Goowan ) + S| P b

and the fully discrete counterpart of the BFF energy:

2

hyn n 1 -1 n n
Eyip = E" 4 5 | (Praw (0] = ()| (45)

Te

Note that these energies E»™, Eg;l and Eg;  are the fully discrete version of the energies introduced in Sec. [3l The evolution

of the modified energy for the #-scheme (and Newmark scheme) and its unconditional stability for § = 1 (and 5 = %, (=1,
respectively) has been proven in [30]. Here, we complete the analysis of the evolution of the BFF energy.

4.1 Properties of discrete acceleration

In order to simplify the notations, the following conventions are used: P" = P ., (u""),0% = o,(u™") for all n > 0. The

following two Lemma will be used for the analysis of the boundedness of the discrete energies.

Lemma 4.1. Assume that the mesh T" is quasi-uniform and u" is the solution of Problem , then there exists C' independent
of Yo, h and At, such that the following inequality holds:

1. o h
lote]], = 035 1 lanco (1)
Proof. This proof is a rearranging of [33, Prop. 15 and 21]. Taking v = i in 7 we have:
1l.ph 2 h h 1 h ih
[oFi]| | = ~aoy o (0" 5) = (= [PLay (")) Poyay (i) ] (47)
YN Te



Then, we use the continuity of a(-,-), the Cauchy-Schwarz inequality, the first discrete trace inequality , and the inverse
inequality to bound the first term:

06,03 (0", 5| < [a(u”, )| + O] | (15 7 ("), 0 (i) .

< O||uh||H1(Q) HﬁhHHl(Q) +On| H’Yj:réffn(uh)HFC H’Y;ffgn(ﬁh)’

o (48)
< O 10 15+ 1031Cur™ [0 i 6

< CRM (147 [0 s [0 -

Similarly, for the second term, we use the Cauchy-Schwarz inequality and the boundedness of the operator Pg ~y - :

1 h . py -3 h -3 .y
—[Pr (W) = Porn () ) | < [ [Pras (@) =[] Py w (i)
TN o T'c T'c
< | P )| || Poyon ()] (49)
c Le
i ..
< O 16|y oy 1o -
We combine the previous inequalities to deduce the following one:
I < € (1725 20k ) [0 18] €T s [ (50
where we have used that v is large enough. O

Lemma 4.2. Assume that the mesh T" is quasi-uniform and 0 < n < N, u"" is the solution of (41)-(iii) or ([42)-(iii), then
there exists C' independent of v, h and At, such that the following inequality holds:

ﬁh,nJrl T h,n)

a

: |
P2 ( o

C _ 1] _1
7 ((1 +7 ") Huh’nﬂ - uh’nHHl(Q) +% H’YN2 (P g- — [PH]R—)‘

<

")

Proof. Taking v = a1 — il in —(iii) or —(iii):

N (uh,n—i-l7 uh,n—i—l uh,n) ( [Pn—i-l] , P, N (uh,n+1 uh,n))
I'c

p% (ﬁhJH-l _ ﬁh’n) ‘2

Q

YN
+ A0 N 4w (uh,n7 uh,n-i—l o uh,n) + <[Pn]]R— , P@NWN (uh’"+1 o uh,n)) (51)
YN o
< ’a@NKYN (uh,n+1 _ uh,n’ ﬁh,n+1 _ ﬁh,n)’
1 . .
(P e P ) Py 04 =) .
YN Te
Proceed as in the previous Lemma (4.1]), we have :

a6y (W = G @[ < O (L) [Ju | o ([ =] (52)

and we continue with the Cauchy-Schwarz inequality and the boundedness of the operator (25)):

1 n n . hon hon
‘(W([P e = [P ) P (041 <))
T
) (53)
< OR3P e = 1P| [ =t
C
Combining these two terms concludes the proof. O



4.2 Stability of 6-scheme

The evolution of the modified energy for the #-scheme and its unconditional stability for # = 1 has been proven in [30]. We
complete here the study of the conditional boundedness of the modified energy in the case 6 € (3,1].

Proposition 4.3 (Boundedness of the modified energy for #-scheme). Suppose that L™ = 0,0 <n < N, Oy =1,0 € (%, 1], and
Yo large enough such that the following condition holds

0<C

(1—6)0* At
1 At?

—2 2 ph? ’
0 — p2h4 S Yo S pr (1 + ) ’ (54)

with C' > 0 independent of 0, vo, h and At. Then, the modified energy Eg; remains bounded, i.e., for all 0 < n < N such that

clo-31-0) (0 - (1 -0)*
h,n+1 0 h,rm
Egg < |1+ ;—4 14 Qfﬁ E@Nl. (55)
Proof. According to , we have
2

ilh’n+1 + ﬁh,n — E(uh,n—i-l _ uh,n) + (1 _ 20)(1-1h,n+1 _ ﬁh’n), (56)

and
antl gl = gAtah T 4 (1 - ) At (57)

Firstly, using the definition of Egs and (56), we get:
h,n+1 h,
Eg" — Egt

1 1
P (p(ﬁh’n+1 _ ﬁh’n), 1:lh,n-‘,-l 4 uh,n)Q 4 ia@N,’YN (uh,n+1 _ uh,n7 uh,n+1 + uh,n)

2
1 _% n+1 2 1 _% n ‘ 2
+g |t e = g P (58)
1 - h,n+1 - h,n h,n+1 h,n 1 L/ hn+l - h,n 2
= (p(a i) ) (o g) [t )|
+ la@ (uh,n—i-l _ uh,n uh,n—i—l + uh,n) + 1 H,.Y_%[Pn-i—l] _‘ 2 o 1 H,y_%[Pn] _‘ 2
9 NYYN ’ 9 N R I'e 2 N R T'o .
Then, we use with (#1)-(iii) and Pe, ~, (v*™) = P" for Oy = 1, to have
(p(l:lh’n+1 _ ]:lh,n)7 uh,n+1 o uh,n)Q
=0 (p(uh’”+1 - uh’”)7 Atﬁh’"H)Q +(1-9) (p(uh’"+1 - uh’"), Atﬁh’”)ﬂ
1
= 818 [y () (et Pt ) (59)
YN I'c

1
I'c

10



So,
h,n+1 h,n
E@ - E®N

IN

1
— _f <a@N7’YN (uh,n+1,uh,n+1 o uh,n) + ([Pn+1]R_’Pn+1 o Pn)) >
T'e

1
- (1 - 0) <a@N7’YN (uh’nv uh’n+1 - uh’n) + ([Pn]R ’ Pn+1 - P”)) >
YN e

1 1 2
+ (5= 0) ||t @ — |
2 Q
1 1 2 1 1 2 (60)
h,n+1 hn _hn+1l h,n —3rpn+l —31pn
T SRV = T 1 e
1 1 2
_ (5 _ 9) < pf (]:lh,n+1 _ uh,n) ‘Q + a0y A (uh,n+1 _ uh,n’uh,n-i—l _ uh,n))
1 n n 1 n 13 n
= e A e O I C S
YN T'e YN T'c
Pn+1 2 1 3 Pn 2
QH’YN ]Rf‘rc_i "YN [ ]Rf‘rc
Since, we have P"[P"|g- = [P"]2_, P" = [P"]g- + [P"]g+, and [P"]g- [P"]g+ = 0, we get finally
h,n+1 h,n
Eg, " — Eg,
1 2
_ (5 —0) (‘ p% (ﬁh,n—o—l B ﬂh’n) ‘ F a0y 4y (uh,n+1 o uh,n,uh,n—&-l _ uh,n))
Q
n+1 n 2 1 n—+1 n
0|t P = (Pheo)| [ =0 (= 1P T [P
T'c YN T'c
1
=0 (P [P
YN e
1 n n+1 1 n n+1
- 7[P ]R*»[P ]R* - 7[P ]]R*a[P ]R*
YN T'c YN Te (61)
+1 2 1 7% P 2
P4+ g b 1P|
4|t ie ||+ 5 P
- (} —9) ’ ph (@t oy ’2
2 Q
2
0y (W = ) |y B (P [P )| )
C

+(0—-1) (

[P, [P"LR)FC .

+0 (1P P )

<0

e

The last term is bounded using the inequality , the boundedness of operator P (Lemma and the definition of the #-scheme
(1)
1
0= 1) (1P e [Pl )

TN T'c
<( H Pn-‘rl Pn 2
< v )
T'e
gc@ = 0) 05 [Jul = (62)
:O(l 70)’70At H hn+At9(1 79) hn+At02( h,n+1 _ h,n)||?z
<001 - 2B ([[at | + ARE( - 0 [ + AR [+ — 2.

h2
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Now, using Lemma [{.1] Lemma [£.2] and the triangular inequality, we have

0= 1) (1P, [P“m-)rc

YN
A2 2AL20%(1 - 0)? N
< 0= 0) 2555 (115 + 2= [ o) )
At! -3 ?
+o-0)6' L ((1 ) [ a2 o0 || (P e = [P )| ) :
p Te

Hence, using previous inequality, Lemma (2.7)) and condition for g large enough, we have

h,n+1 h,n
E@N — E@)N

1 2
< (5 _ 9) ‘ P% (ilh’n+1 _ ﬁh,n) ‘Q
"YOAtz - h,n 2 78At202(1 B 0)2 h,n 2
+00 =022 ([l + BEE= O g
1 At 1 2 (64)
Z_0 2179947 H 2 Pn+1 __[pn 7”
+ (G -0+ oa -0 5 ) [t e - |,
11 —1y2,.2 4 At hontl _ - hon|2
75" (G = 0(Caro = Cur) + O+ 95?81 = 0)6" g ) [ = a1
YoAt? onnl2 WAPP(1—6)7 ) 2
< o -2 (||| + LR e g ).
Then, the modified energy is bounded using its definition
n n Yo At? 1ol 20%(1 — 0)2At? nll2
Eg7N+1 S EgyN +C(1-0) Oph2 <’ pri . w0 oh? ) [[u" HHl(Q)
(65)
AL 130°(1 — 0)*At? hon
< <1+C(19) o (1+ph3 Eg’,
we conclude the proof using again O

Remark. The left part of the condition can be seen as a CFL condition since it implies an upper bound to Ajh The right
p2

part is the well-posedness condition.

Remark (Unconditional stability). From , we conclude that we have no unconditional stability except for § = 1 (see above

Corollary) however taking vo small enough limits the augmentation of the modified energy between two time-steps (though it needs

to be large enough to ensure well-posedness).

Remark (h-dependency). The constant in depends on h, hence the time discretization error is influenced by the space

discretization. This dependency comes from Lemma which has a factor h5. This is suboptimal and improving this result
remains an open question.

The unconditional stability of the backward Euler scheme (6-scheme with ¢ = 1) proven in [30] is recovered here

Corollary 4.4 (Unconditional stability of backward Euler scheme). Assume that L™ =0, 0 <n < N, and 7o is large enough (to
ensure well-posedness). Then, with 6 = 1 and ©n = 1, the solution of Problem is unconditionally stable in the sense of the
modified energy, i.e.,

Eg" - EST <0, Yn>0. (66)
Proof. Tt follows directly from
C0—3)(1-9) (6 —3)(1-0)%
1 2 1 2 —=1|=1 7
+ 0 + c N (67)
O

Then, we state the evolution of the BFF energy for #-scheme.

12



Proposition 4.5 (Evolution of the BFF energy for 6-scheme). Suppose that L™ = 0 and that Problem is well-posed. The
following identity holds for all n > 0:

2

)

h,n+1 h,n
EBFF - EBFF

- ()

1
+(5+ o) gt ent - o)

%(ﬁh,n-&-l _ uh,n) 2

_1
Fa ) P - P

Q

2

INe]

L (On+1) (ian, (onH — a:n)
YN T'c

1 nt1 n i+l m (68)
+(1=0n) | —OP" p- + (1 =0)([P"]z-), (o0 —on)
YN T'c
n 1 n
0 (P 1P )+ 00 (P e [P )
T el
1 a1 n+1 L on
- 7[P ]R—,Un + [P ]R 7Un .
YN T'c TN T'c
Proof. The definition of Eg;  gives:
h,n+1 h,n
Egrr — Egpp
1 “ n - n - n . n 1 n n n n
=3 (p(uh’ +1 4 ghe ),uh’ +1 _ g ) —|—§a(uh’ Ly gt gt ) (69)
2
1 R G e ] M g RSl
Then, we use (56), (57), and the fact that Po 4y (V") = Py (V") + (On — 1)o,(V"),
h,n+1 h,n
Egrr — Egrp
1 1 2
:E (p(flh’n+1 - ﬁh,n)’ S uh,n)Q + (5 —0) ’ p% (uh n+1 uh,n) )Q
1
+ 5a(uh,n+1 + uh,n’ uh,n+1 o uh,n)
n+1 -3 2 Pn+1 2 1 *% Pn 2
2H7N In ‘Fc_iHvN o 2H’YN ]Rf‘rc_iH’yN [ ]Rf‘rc
1 1
_ ([PnJrl]R’o.:Jrl) 4 ([Pn]R70,z)
YN T YN T'c
_ (% _ 9) ( %(uh,n—i-l o ﬁh,n) }i + a(uh,n—i-l _ uh,n7uh,n+1 _ uh,n))
+ 0Oy (1(90”“ + (1 =0)op), (ot - 0”)) H” H n+1’ R ‘7—%Un ’
YN n nl n n o 2 N On To 92 N n I'o
1
= (P (1= 0P, Py (a7 =) ) (70)
T'c
1] -1 1 1 2 1 1
+ 5 |t || - 5|t - ( prt _,ag“) + < Pn _,a;;>
5 TN [ ] re 2 TN [P"]r T'o 7N[ Ir . 'YN[ Ir .
1 L. hn - h.n 2 . n n n n n 2
- (2—9)( E(ahntl _ghny )Q—&—a(u” 1 gl gt +H7 (P o = [P"]e-)| ) )
C
1 “1 i 2 1 11
+ (5 +0n0) ||yt (ontt = o[+ ©n + 1) ( —om (ot — o)
I'c YN Te
1 n n n n
~ (1= 0x) (- OIP e + (1= 0[P ) o~ o))
YN Tc
1 1
+ 0 ([Pn-i-l]R7 [Pn]R+> (9 _ 1) ( [Pn-&-l} [Pn} )
YN e TN e
1 1
o <[Pn+1]RaUZ+1> + <[Pn]R7O,:Lz) )
ny FC ’yN 1—‘C’
O
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For the symmetric Nitsche’s method (On = 1), we state a boundedness result for the #-scheme.

Proposition 4.6 (Boundedness of the BFF energy for #-scheme). Suppose that L = 0,0 <n < N, Oy =1,0 ¢ (%, 1], and o
large enough such that the following condition holds

2(1— 0)0* At h?
0<0¥—<7—2<c2 (1+p> : (71)

6—1 pPht we INE

with C' > 0 independent of 0, O, Yo, h and At. Then, E% ... remains bounded, i.e., for all0 <n < N,

0+3 (0~ H1-6) (0~ 501 -6y
h,n+1 — Yo h,n

Proof. In what follows, we denote C' > 0 a generic constant that can change at each occurrence. According to Prop. [£.5] we have

h,n+1 h,n
EBFF EBFF

_ (5 _ 9) ( p— hn+1 ﬁh,n)
1 n+1 n _
(P e e )+

2 _1
‘Q + a(uh,n+1 _ uh,njuh,n-kl _ uh,n) + H’YN2 ([Pn+1}ﬂk— _ [Pn}]R—)

é(u
1 _1 2
+ (7 ; e) Hw (62 —o2)
2 r e

+2<ias,<az“—oz>) - (i[P"“}R ,a::“) + (i[P"JRf,o:;)
v I'c e

YN

<<§—9)< | [l ) B P c> (73)
+ (5+0) [patern —an]| v (e e )
- (G 0P = 1P7) = (G = P, 07 o)
- (S - oo (o - )+ (e i - ";))Fc'

where we have used that 0 ( [P R, [P"]R+) > 0. Then, we use Young’s inequality to bound the module of the last four
Te
terms, with positive constants Cy and Co:

Cl _% 2 n+1 n 2
il < 7HVN e, + 307 o s -1 hﬂ’ ro
2 2

e S bt -l e -
1< 22wt D, + 56 Pt P+ = 17| o
|13|s§]wN2<[P e —on||, +3 hatent—on)| .
11| < }Hf%o” : Hv ot —op) ‘2

=9 N n 2 N \On n I'e

Then, we continue with the inequality , the boundedness of operator Pg, ~, (Lemma|2.6]), the definition of the §-scheme
and the triangular inequality:

0= 1) (1P e [P )

Te
<( H Pn+1 pP" 2
< Y )
| el

SO(I —0) ﬁ O [t — a2 (75)

2
:0(179)%}%|| B AtO(1 — 0)i" " + A0 (" — )| |

2
<Ccl- 9)%,5 (Il [[5, + A262(1 = 0)% [ |7, + Ae2o [[ia 1 — "))
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where we have taken

Now, using Lemma [{.1] Lemma [£.2] and the triangular inequality, we have

0= 1) (1P e, [P"LR)FC

Yo At?
< _
<ca-02 (]

2

1
/)5 ilh’n

VA0 (1 — 0)?

) nl|?
L+ SO )

At? _ .
o1 —9)pt <(1+ o )2 [[aln Tt —

p2h*

|3 g+ 0 |yt (P e = [P7]s- )|
Then, combining , , and using the first discrete trace inequality ., we get

2
re/
h,n+1 h,n
EBFF _EBFF

s(;—e))(pl

2
5 (ﬁh’n+1 ‘
Q
1 1

- i _ 4’)/0A n+1 _ n
30 5e T ag HO0- 00 )|t (P [P]R->]
2

+ Q1o+ D prter - o

o+ 9)9470
I'c

. uh,n)

+ a(uh,nJrl o uh,n7 uh,n+1 o uh,n))

2

I'c

h,n+1 h,n
21,4 || o HHl(Q)
2

1

Y At ]- —% n n
+C(1-6) °h2 ( +5H7N ([P"]r- —ffn)‘ e
73At4 1 C n 2
+ <C( —0)%62 02h5 (§+ —HCug >H“h’ HHl(Q)'

Now, the first three lines of are bounded using the fact that o7*! —¢" = g, (u"*!
and the coercivity of the bilinear form af(,-)

G- (||

1_ i L . 4’)’0At n+1 _ipn

30+ 5e t e HOU- 09T )| (1P = [P)eo)|
2

+ G0+ D)t —om

4
L O 45121 — 09t 202t
C

2
uhm

—u"), the first discrete trace inequality

3 (ﬁh7n+1 N ]:lh,n)

2
‘Q + a<uh7n+1 . uh,n7 uh7n+1 o uh,n))
+(

2

I'c

h,n h,n

o2hl [[u"" ! —u HHl(Q)
1 3 Cy

<((G=0Ca+ (G+0+ )0y + O+

’YOAt h,n h,n 2
o0t W)Hu [ )
1 o _ 4’?0At n+1
+<2 0+ 5+ g5g; +C0- 08 H ([P e

~ [P"e-)|
Ok (c< 0 (1 - 00 %}i—(@—? (CWO—C“ (”%)))

At 1
2 o 4 _ n+1
+<C%(1 00 o 2(9 ))H”N [P g
1

_ 1 _ 1
20 20, T

2

I'c

[[ulrrt — h’nHHl(sz)

2

<0.
I'c

~ [P"]z-)|

(6 — 5) and used the condition to conclude. It remains to bound the last two lines of
(77) as follows using the coercivity of ag, vy (Lemma and the definition of E5 . -
Yo At? Ty -1, . n
o -0 | +5 ot P — o),
2 VoA 1 G hon |2
+ (O( 0)9 2h5 +(§ + )Cfr')/ Hu HHl(Q

0 3 2
<C (1+ (29+ 2 )% +(1—9)70At

%l-lh,n

2

(79)
2 A 42
Y At h,n
o (1 +6%(1 —0)? ;h?’ )) Egpp.
Hence, combining previous terms gives
n 0+3\ _ At? 3AL? n
E%F;l < (1 +C (1 + (29 _21> Yo'+ (1-6) %phg (1 +6%(1 - 9)270ph3 ))) E%FF' (80)
We conclude using again . O
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Remark (backward Euler scheme). Contrary to the modified energy, we did not manage to prove that the BFF energy yields
an unconditionally stable method for 8 = 1. However, a larger value of 7y increases the stability since the constant becomes
(L+C(1+Ivh).

4.3 Stability of Newmark scheme

We state the conditional boundedness of the discrete energy for the Newmark scheme.

Proposition 4.7 (Boundedness of the modified energy for Newmark scheme). Suppose that L™ = 0,0 < n < N, Oy = 1,
(=28,C € (%, 1], and o large enough such that the following condition holds

(1-¢)* At 2 (1, 200
<
0<C—>— -2 o2t < <Cup CAtQ , (81)

with C' > 0 independent of , 7o, h and At. Then, the modified energy Eg}: remains bounded, i.e., for all 0 <n < N such that

n ’70At2 72At2 ,n
Byt < <1+0(1—g) i <1+ (;hg Eg". (82)

Proof. Using the definition of the modified energy Eg’g, we get

Egn+1 _ Ehn
N

_ (2 _ C) (a@N,"/N (uh,n+1 _ uh,n,uh,n+1 _ uh n + H’Y Pn—i—l] o [Pn]Ri)‘

)
%N P [P ) 5 (53)

2
Te

(P 1P ) -

T'e

1
< (2 _ C) (GGN,W (W gt gt ) + H,y ([P g — [P”}Rf)’

# =1 (1P e [Pl )

I'c

The last term can be bounded using the inequality , the boundedness of operator Pg, ~, (Lemma 2.6 and the scheme (42))
as follows

-1 (;V[P”“m Pl )

e
_ 2
< (1 H R (P - pr)
I'c
n n 2
scu—c o3 [Jut (84)
5 2
:C(l—g)%At a4 2 At. h"+AtC( Rt _ oy
2 2 0
’yoAt2 - hon||2 At? - hon |2 ( h,n i 2
<0 = Q22 ([l + S e + A it - a2 ).
Using Lemma [£.I] Lemma [{.2] and the triangular inequality, we get:
1
(€= 1) (1P e [P )
TN T'c
Yo At? hon|2 'ygAtz hon|]2
< e =912 (1615 + 205 "] (85)
174 Cz i At4 — n n n n 2
+C% p02h4 (1479 ) [Ju" ! —u ||H1(Q)+’YOH’YN ([P"e- — [P ]R*)‘FC :
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The evolution of the modified energy becomes then

hn+1 h,n
Eg," — Eg,

1 2
S <2 - C) <a®N,’YN (uh,n+1 - uh7n7uh’n+1 + H7 Pn+1} - [Pn]R*)‘ r )
C
oAt ol WAL a2 (86)
00 =02 ([|okat][] + 0
(1= Q¢ pAt! I . e
+C 4 p2h4 (1"_70 1)2||uh7 o HHl(Q)""YOH'YN P +1] —_[P ]R—)‘ re )

Using Lemma and the condition (81)) on v, we get:

Eh n+1 _ Eh n

On
<on (C01+ 70-52% = (e 3) @) et =t
7% (C(ljf)gzp%f; - (C ;> > [ (P e~ 1P| ic (87)
#0000 ([lpbitn ]+ Ba a2 )
<C(1- C)M;if (‘ pru” :2+ viff Huh’nHj{l(Q))

Finally, using the definition of the modified energy

n n At? 1oanll2 YEAE? 2
Eg™th < EYT+0(1— <)7‘;h2 (‘ pru ot (;T [[u" HHl(Q))
(88)
YA WAL hon
< <1+C(1 —Q) 2 <1+ o Eg,
and we conclude the proof using condition (4.7)). O

Contrary to the linear case, where we have the unconditional stability of the Newmark scheme for a range of parameters, we have
in the non-linear case only the unconditional stability for the following parameter O = 1,5 = 3 and ¢ = 1. This is proved in
the following Corollary and this case coincides with [30, Cor. 3.5].

Corollary 4.8. Assume that L™ =0, 0 < n < N, and v is large enough (to ensure well-posedness). Then, with 5 = %,C =1
and ©n =1, the solution of Problem s unconditionally stable in the sense of the modified energy, i.e.,

Egm —EgT <0, Wn > 0. (89)

Proof. This is a direct application of Proposition with v =1 and 8 = 3 since in this is case:
C4¢-2)(1-9) -2 %
1 1 —_ =1. 90
<+¢ &z oo (40)

Similarly to the modified energy (Lemma , we study the evolution of BFF energy during the simulation:

Lemma 4.9 (Evolution of the BFF energy of Newmark scheme). Assume that L™ = 0, Vn > 0 and that Problem 18
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well-posed. Then, the following property holds for all n > 0:
hn+1 h,n
Egrr — Egrp

1 _1
— (2 _ <> a(uh,n+1 _ uh,n7uh,n+1 _ uh,n) + (2 + C®N> H,YN20_<uh,n+1 _ uh,n)

2

K]
+(5-¢) |het P - 1P|
+ (;VC[PHJFI]]Rv [P"]R+)Fc +(¢-1) <;V[P"H]R+, [pn]R)FC

R B A N ) IR ([pn]R, o3+~ o)
TN . . N
+ g(Qﬁ C)a@NﬁN( h,n+1 _ uh,n,uh,n-‘rl _ []hf”)

+ *(2ﬂ ¢) <7N([P”“] — = [P"r-), Poyyy (W — 1'1"’”)>F :

Proof. Let v € V. Firstly, from equations (42)-(i) and (i), we deduce

(p(uh,n+1 + uh,n)’ Vh)Q

2 n n . o (92)
= 27 (P —u), vR) o AKC = 28) (p(E" T = a), v
Then, we use (42)-(iii) (applied for time ¢" and t"*!) to have
(p(uh,n+1 + l'lh,’n)7 Vh)Q
2 n n n n
= E (p(uh’ HRE uh7 )’Vh)Q + At(C - 26) a@N;’YN (uh.' R uh7 7Vh) (93)
# (g = 28) (P e = [Ple). Po o (91))
YN T'c
Similarly, using ([2)-(ii) and (iii), we get
. n . n n 1 n
(pamt —alm) V") = Au¢-1) <aeN,w<uh’ v+ (—[P Ji- s Poy o (vh>) )
! " e (94)
1
- AxC (aeN,m @)+ (L Py () ) .
TN T'c
According to the definition of BFF energy and using (93] and , we have
Egpr' = Egrp
_ 1 ( h,n+1 n - h,n+1 . h,n 1 h,n+1 h,n h,n+1 h,n
== (p(a +u"™),u —u )Q+§a(u +u"" u —u"")
2 2 2 2
H,yNz[P +1 _EH’YN2[P ]R* +2H7N20-n+1 _EHVNZU" ( )
T'c I'c I'c Te

1 n n 1 n n
- <—[P “]Rﬂaﬁl) + (—[P ]R,,an>
TN T'c YN T'c
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and —_— .
n ,n
EBFF EBFF

] B R N G
YN e

] A N )

Te

1
— ¢ttt o (Lart et - o)
YN T'c

—c( P, Poy, w<uh’"“—uh’”>)
T'e

(96)
+ E(zﬁ C)G/@N ’yN( h,n+1 uh,7L7_l:lh,n+1 _ ﬁh,n)
Ty
#5020 0 (0P~ 1Pl ) Poyoy (07 = 7))
Tec
T2
+ la(uh,n+1 +uh,n7uh,n+1 _ uh,n) _ (L[Pn+1]R_,UZ+I) + (L[Pn]ﬂk—ao—:i)
2 YN T'c TN T'c
2 2 2 2
n 1 -1 n 1 —1 n _1
HW’N P+1] - *iH'YNQ[P Ir— +§H'7N20n+1 - H'7N2Un
[¥e] [N¥e] e [¥e]
Then, we rearrange and use the relation Pg, ~y (V") = Pi (V) 4+ (On — 1)o, (V") to get
h,n+1 h,n
EBF _EBF
_1 2
- Ca(uh,n+l _ uh,n7uh,n+l _ uh,n) + C@N H’YNQ (02-&-1 _ O_Z) .
C
1 n n n n
= ¢ (P = 1P Poy o (0 =) ) T4 T,
IN o
1 h,n+1 h,n h,n+1 h,n 1 n n+1 n
—|—*Cl(ll ’ —u’,uv —u” )+@N 70',”,(0'” _UTL)
2 YN T'c
1 n
- ([Pn]R—v‘P@NﬁN(uh7n+l - uh’ ))
TN o
H (P ’2 1 H “3(pn] - H -3 n+1’ ? H i .
_ — — _ — o — —
2’7N RFCQ’YN R 27Nnrc27NnFc
1 n 1 n n
() ([P )
TN Ic TN Tc
1 h,n+1 h hn+1 +1 2
=(z —Qa(u™"™ —u™", um" +¢O H ol — ol
(5 — Oal ) 4 cow [ .. o
- c( S N )
YN Te
1 mn n n n
Rl e N N )
TN To
T3
o (annt —am) - (P Pyt -t
YN o YN o
(O 1) ([P o - o))
YN Te
Ty
1 -2 2 1 1 2 1 -2 2 1y -1 2
Lt -3, + 3, - st
+2H7N [ ]R e 2 N [ ]]R FC+2 YN On re 9 YN On e

1 1
- ([P"“}R,ozz“) n ([P”m,a:z) T4 T,
T'e v T'e
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Finally, we conclude that
Bt -

1 1 2
_ (5 _ C)a(uh,n-i-l _ uh,n7 thH‘l _ uh,n) + C@N H,_yNz (0,2-&-1 _ O_;L) .
C

(=0 |t e — 1P|

|Ne}
1
+ Pn+l R, Pn ) + -1 < Pn+1 , Pn _)
¢ (1P e [P e (e P ) (98)
1 2 1
1 R ARte] RRCNE S ZNCAEE)
2 e YN e
1 n+1 n+1 1 n n
- 7[P ]R_van + 7[P ]R‘?Un
N T'o N T'o
+ Ty + T + 15+ Ty
O
As previously, we study to which extend the BFF energy is bounded.
Proposition 4.10 (Boundedness of the BFF energy of Newmark scheme). Suppose that
1
LnZOa 0§7’l<N, ®N:17 C:2B7 C€(§71}7
and 7o large enough such that the following condition holds
(1 O > At —2 2 2ph?
< < 1
0<C"7 20— 1 p2ht =% Cip +§At2 ) (99)

with C' > 0 independent of , 7o, h and At. Then, the BFF energy Eg’;F remains bounded, i.e., for all 0 <n < N, there holds

i +3\ . Jeec-1i- 2~ 1 n
EZ’F#S<1+C<1+(2<C_21>%1+\/ % gz)( : (H M?)))Eg”' (100)

Proof. Using Lemma [1.9] and simplifying with assumptions on the parameters, we have:

h,n+1 h,n
EBFF - EBFF

= (30 (atatmt - | g

1 -1 2
#(5+¢) [t —on v (G e 1Plee )

1 1
+2<a:;7<az+1—a:;>) —([P"“]R,a::“) +( a)
N T'c N T'c T'c

1
< (-9 (a(uh’”“ b ) |l (P — [P )

Fc) (101)
1 *% n+1 n 2
=+ <2+<> HW/N (Un _U7z)

‘Fc

+ (€= 1) (1P e [Pl )

I'c

- (o P - [P”m-))rc — (P — [P o3 - "”)pc

YN YN
11 12
1 1
- <<[P"}R ~om), (o0 —am) " (o (o —a:n) .
P)/N Fc ’YN 1—‘C’
I3 Iy
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The terms I, I5, I3 and I, are treated in the same way that in Prop. [1.6] so we get
h,n+1 h,
EB;F — Egprp

< (5 _ C) (a(uh,nJrl _ uh,n uh,n+1 _ uh,n))

)

1 1 1 (1- C'ygAt4 ‘ +1 ‘ 2
- — _ 4 — ([P - — [P"]p-
G-+ 201 * 30, HO— p2h4 ‘ [P"]-) e
3 n+1 n 2 ( B C)C 70(1 + ’YO ) At hn+1 h,n (102)
+(§+C+* H Yy (ot = o) FC+C B o2ht H " ||H1(Q)
N IYOAtQ ’ 3 hn 1 -3 n . n 2
+o =R [ohatn| 4 5 bt (P — o]

3 A +4
Y At 1 C n||2
#(c0-0T5 4 G Do) I,

with C; > 0 and Cs > 0. The following part of this proof is similar to Prop. Tacking ﬁ = 2é2 = i({ — %) and using the
first discrete trace inequality , the coercivity of a(-,-) and the condition (99]), the first three lines are negative:

1
(5 _ C) (a(uh,n+1 o uh,n’uh,n—ﬁ—l o uh,n))

+(3-0+ 50 + 30+ CEEE R [t e - 1P|
+(%+C+%)H%§%(02+1 ) ic+0(1 _4C)< %(1+Zh4) Ar a7 = a4 g
< <(; _ a0, + (% ot %)0”%—1 +C(1 —4()(2 Yo(1 +p’2y(;::)2At4)) ||ubntt uh,n||i{1(9) (103)
+<; C+ﬁ+2%*2+0( _4<)C27§2ii4) H 2 ([P R —*[P"]R—)‘ ic
~ (C(l — CZS +75')? p%:; —(¢c— %> (Cwo — 0, (1 " W))) ||l _uh’nHzl(Q)
+ <C(ljf)<2pA2f; - %(C—1 ) Hv ([P - — [PH]R—)‘ ic <0.

The last two lines are always bounded as follows using the coercivty of ag, ~y and the defintion of Eg; P

2 2
%~h,n

c(1-9)

voAt ‘

1 —3 n n
L5 | e o

I'c

3 4
v5 At 1 C )
+ (C(l - C) /())2]15 + (5 : )Ctr’Y > ||uh7 ||H1(Q) (104)

C % -1 )0At2 )3At2 h,n
< 1+ Yo + (11— 1+ Eor .
¢ < (2{ -1 0 ( <) ph? ph3 BFI

Hence, we have:

Byt - Epe < 0 (10 (558) o5+ -0 2n (14 2800 ) g, (105)

So, ,
ERpit < (1 +C (1 + (2<<+_31> %+ (1= g)%pif (1 + Viﬁf)» Efip. (106)
We conclude using condition . O

5 Numerical results

This section presents the numerical simulations of an unidimensional elastic Signorini problem. Both #-scheme and Newmark
scheme are used for the benchmark with the symmetric Nitsche variant (@ = 1). An initial acceleration field is needed and

21



computed from the initial displacement and velocity fields, using the relation ii® = M~}(L° — By (u)). We consider the test-case
proposed in [35, Sec. 5], which is described by the following dynamic problem:

Seek u(z,t) : [0,1] x (0,T) — R s.t.
P Pu_
o2 Oz ’
u(1l,t) =0, (107)
u(0,t) >0, %(O,t) <0, u(O,t)@(O,t) =0,
Ox Ox
u(, 0) = % -2, %(3@,0) ~0.

The problem admits a unique periodic analytical solution.

5.1 0#-scheme

For the 6-scheme, we present in Fig. 2| the simulations with different mesh sizes and a fixed ratio % = 1, with Nitsche’s parameter
On =1,7 = 15,and 6 € {0.51,0.7,1}. We observe important oscillations for § = 0.51, particularly with the coarse mesh (h = 0.1,
as shown in Fig. and , due to its lower dissipative properties compared to the other variants. We note that using 79 = 5
can improve the performance and reduce oscillations for § = 0.51 (see purple line in Fig. [3)). The case § = 1 gives smoother
results, but the energy loss is important. The numerical results confirm that the different energies (mechanical, modified, BFF)
are strictly dissipative. The case § = 0.7 corresponds to a balance between dissipation and oscillations.

Prop. shows that the scheme with 6 = 0.51 is stable, but the boundedness of the discrete energy is highly dependent on the
value of the parameter vy (for % =1 fixed). We illustrate the influence of vy with A = At = 0.025 in Fig. [3] It can be observed
that for 8 = 0.51, a larger value of 7y introduces more oscillations during impacts, so moderate value of 7 is needed to prevent
them and decreasing energy (y9 must be sufficiently large to ensure well-posedness), however for § = 0.7 or § = 1 there is almost
no dependency to ~y.

Simulations using a fixed mesh size of h = 0.05, 79 = 50, and different time-steps are plotted in Fig.[dl For the case 8 = 1, we note
that smaller time-steps give a better accuracy by reducing energy loss without introducing additional oscillations as expected. A
zoom on the first impact in Fig. [5] illustrates the evolution of the BFF, modified, and mechanical energies. It confirms that the
modified energy remains non-increasing, contrary to the mechanical and BFF energy. Moreover the differences between the three
different energies are of small magnitude.

5.2 Newmark scheme

Next, we present the simulations of the Newmark scheme in Fig. |§| for different mesh sizes and a fixed ratio % =1. v =50
is used for the highly dissipative scheme (5 = %,C = 1) and vy = 5 for the other two schemes: the Crank-Nicolson scheme and
the scheme § = 0.3, = 0.6. Even if the schemes are well-posed, energy can be amplified between two time-steps by a factor
proportional to 43, resulting in increased parasitic oscillations with larger 7o, as discussed in Prop. and The case of
B = 0.3, = 0.6 produces smoother results than the Crank-Nicolson scheme as the parameters § and ( help dissipate a part of
the high-frequency oscillations. This represents a potential compromise between reducing parasitic oscillations and minimizing
energy loss. The case of 8 = %,C = 1 ensures unconditional stability, similar to the #-scheme with # = 1, but it dissipates less
energy than the #-scheme.

We also show the influence of the parameter 7y for the Newmark scheme in Fig. [7] with » = At = 0.025. Notably, the Crank-
Nicolson scheme is conservative for linear elastodynamics, but with the presence of Signorini’s conditions, its numerical stability
is not ensured: from Fig. [7a] and [TD] we can observe important oscillations during the simulation, especially after several impacts.
Using a dissipative scheme improves accuracy and gives smoother results (see Fig. |[7| middle and bottom). We also note that
compared to the f-scheme, the Newmark scheme with { =28 and ¢ € (%, 1] preserves more kinetic energy, see Fig. |3 and E
Similarly to the #-scheme, we examine the dissipative Newmark scheme (5 = %,g = 1) with a fixed mesh size of h = 0.05 and a
variable time-steps (7o = 50), as shown in Fig. |8l As with the f-scheme, smaller time-steps result in better accuracy. Additionally,
Fig. [0] demonstrates that the modified energy does not increase, while there is an observable increase for the BFF energy at the
first impact. As previously, the difference between the mechanical energy, the modified energy and the BFF energy are of small
magnitude.
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Figure 2: #-scheme with 79 = 15 and (top) h = At = 0.1; (middle) h = At = 0.05; (bottom) h = At = 0.025. Left: displacement,
velocity and contact stress. Right: energies (mechanical, modified, BFF).
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Presence of increasing BFF energy Evolution of the modified energy
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Figure 9: The energy evolution at the beginning of the first impact for Newmark scheme with 5 = %7( = 1. (a) BFF energy; (b)
Modified energy; (c) mechanical energy.
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Conclusion

In this study, we investigated the stability and performance of the #-scheme and Newmark’s scheme using symmetric Nitsche’s
method. Moreover, we have realized a serie of numerical simulations providing insights into the behavior of these schemes under
different parameter values which confirms theoretical results. Our main findings can be summarized as follows:

The backward Euler scheme (f-scheme with § = 1) and Newmark’s scheme with 3 = 1 and ¢ = 1 demonstrate unconditional

stability. This means that the modified energy Eg}? is non-increasing, ensuring that these schemes are both dissipative and
non-amplifying.

For both modified energy and BFF energy, the 6-scheme with 6 € (%, 1) and the Newmark scheme with { =23, ( € (%, 1)
satisfy a property analogous to the discrete Gronwall lemma.

For highly dissipative schemes, i.e, # ~ 1 or { ~ 1, using a larger value of vy increase stability.

For low dissipative schemes, a moderate value of vy helps to reduce parasitic oscillations and improve stability. However, g
must be large enough to ensure well-posedness.

Smaller time-steps generally improve numerical accuracy and reduce energy loss without increasing oscillations (this confirms
particularly the results of [30] and [33]).

In conclusion, the #-scheme and Newmark’s schemes are effective for stable and accurate simulations of elastodynamic Signorini

prob

lems discretized with finite elements and Nitsche’s method with carefully chosen parameters.

References

[1]

2]

3]

14]

[5]

[6]

7]

18]

19]

[10]

[11]

[12]

[13]

M. ABBAS, G. DROUET, AND P. HILD, The local average contact (LAC) method, Computer Methods in Applied Mechanics
and Engineering, 339 (2018), pp. 488-513.

V. ACARY, Energy conservation and dissipation properties of time-integration methods for nonsmooth elastodynamics with
contact, ZAMM. Zeitschrift fiir Angewandte Mathematik und Mechanik, 96 (2016), pp. 585-603.

V. Acary AND B. BROGLIATO, Numerical methods for nonsmooth dynamical systems. Applications in mechanics and elec-
tronics, vol. 35 of Lecture Notes in Applied and Computational Mechanics, Berlin: Springer, 2008.

A. Amvi, G. D1 CreEDICO, AND H. GIMPERLEIN, Space-time boundary elements for frictional contact in elastodynamics,
Computer Methods in Applied Mechanics and Engineering, 427 (2024), p. 25. Id/No 117066.

P. ALART AND A. CURNIER, A mized formulation for frictional contact problems prone to Newton like solution methods,
Computer Methods in Applied Mechanics and Engineering, 92 (1991), pp. 353-375.

F. ALDAKHEEL, B. HUDOBIVNIK, E. ARTIOLI, L. BEIRAO DA VEIGA, AND P. WRIGGERS, Curvilinear virtual elements for
contact mechanics, Computer Methods in Applied Mechanics and Engineering, 372 (2020), p. 19. 1d/No 113394.

F. ARMERO AND E. PETGOCZ, Formulation and analysis of conserving algorithms for frictionless dynamic contact/impact
problems, Computer Methods in Applied Mechanics and Engineering, 158 (1998), pp. 269-300.

L. Banz, H. GIMPERLEIN, A. IssAoul, AND E. P. STEPHAN, Stabilized mized hp-BEM for frictional contact problems in
linear elasticity, Numerische Mathematik, 135 (2017), pp. 217-263.

L. BANZ AND E. P. STEPHAN, On hp-adaptive BEM for frictional contact problems in linear elasticity, Computers &
Mathematics with Applications, 69 (2015), pp. 559-581.

H. J. C. BArBosa AND T. J. R. HUGHES, Boundary Lagrange multipliers in finite element methods: error analysis in
natural norms, Numerische Mathematik, 62 (1992), pp. 1-15.

——, Circumventing the Babuska-Brezzi condition in mixed finite element approzimations of elliptic variational inequalities,
Computer Methods in Applied Mechanics and Engineering, 97 (1992), pp. 193-210.

—, Circumventing the Babuska-Brezzi condition in mized finite element approzimations of elliptic variational inequalities,
Computer Methods in Applied Mechanics and Engineering, 97 (1992), pp. 193-210.

L. BEAUDE, F. CHOULY, M. LAAZIRI, AND R. MASSON, Mized and Nitsche’s discretizations of Coulomb frictional contact-

mechanics for mized dimensional poromechanical models, Computer Methods in Applied Mechanics and Engineering, 413
(2023), p. 116124.

31



[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

F. BEN BELGACEM, P. HILD, AND P. LABORDE, Extension of the mortar finite element method to a variational inequality
modeling unilateral contact, Mathematical Models and Methods in Applied Sciences, 9 (1999), pp. 287-303.

S.-C. BRENNER AND L.-R. ScoTT, The mathematical theory of finite element methods, vol. 15 of Texts in Applied Mathe-
matics, Springer-Verlag, New York, 2007.

E. BRETIN AND Y. RENARD, Stable IMEX schemes for a Nitsche-based approzimation of elastodynamic contact problems.
Selective mass scaling interpretation, The SMAI Journal of Computational Mathematics, 6 (2020), pp. 159-185.

E. BurMAN, M. A. FERNANDEZ, AND S. FREI, A Nitsche-based formulation for fluid-structure interactions with contact,
ESAIM: Mathematical Modelling and Numerical Analysis, 54 (2020), pp. 531-564.

E. BURMAN, P. HANSBO, AND M. G. LARSON, The penalty-free Nitsche method and nonconforming finite elements for the
Signorini problem, SIAM Journal on Numerical Analysis, 55 (2017), pp. 2523-2539.

——, Augmented Lagrangian finite element methods for contact problems, ESAIM: Mathematical Modelling and Numerical
Analysis, 53 (2019), pp. 173-195.

—, The augmented Lagrangian method as a framework for stabilised methods in computational mechanics, Archives of
Computational Methods in Engineering, (2023), pp. 1-26.

J. CaMPBELL, R. VIGNJEVIC, AND L. LIBERSKY, A contact algorithm for smoothed particle hydrodynamics, Computer
Methods in Applied Mechanics and Engineering, 184 (2000), pp. 49-65.

K. L. CascaviTa, F. CHOULY, AND A. ERN, Hybrid high-order discretizations combined with Nitsche’s method for Dirichlet
and Signorini boundary conditions, IMA Journal of Numerical Analysis, 40 (2020), pp. 2189-2226.

F. CHOUuLY, A review on some discrete variational techniques for the approximation of essential boundary conditions, Vietnam
Journal of Mathematics, 54 (2026), pp. 73-115.

F. CHouLy, A. ERN, AND N. PIGNET, A hybrid high-order discretization combined with Nitsche’s method for contact and
Tresca friction in small strain elasticity, SIAM Journal on Scientific Computing, 42 (2020), pp. A2300-A2324.

F. Cuoury, M. FaBRE, P. HitD, R. MLIKA, J. POUSIN, AND Y. RENARD, An overview of recent results on Nitsche’s
method for contact problems, Geometrically Unfitted Finite Element Methods and Applications, (2017), pp. 93—141.

F. CHouLy AND P. HILD, A Nitsche-based method for unilateral contact problems: numerical analysis, SIAM Journal on
Numerical Analysis, 51 (2013), pp. 1295-1307.

——, On convergence of the penalty method for unilateral contact problems, Applied Numerical Mathematics, 65 (2013),
pp. 27-40.

F. CrouLry, P. HiLD, V. LLERAS, AND Y. RENARD, Nitsche method for contact with Coulomb friction: existence results
for the static and dynamic finite element formulations, Journal of Computational and Applied Mathematics, 416 (2022),
p. 114557.

F. Cuoury, P. HIiLD, AND Y. RENARD, A Nitsche finite element method for dynamic contact: 1. Space semi-discretization
and time-marching schemes, ESAIM: Mathematical Modelling and Numerical Analysis, 49 (2015), pp. 481-502.

——, A Nitsche finite element method for dynamic contact: 2. Stability of the schemes and numerical experiments, ESAIM:
Mathematical Modelling and Numerical Analysis, 49 (2015), pp. 503-528.

——, Symmetric and non-symmetric variants of Nitsche’s method for contact problems in elasticity: theory and numerical
experiments, Mathematics of Computation, 84 (2015), pp. 1089-1112.

——, Finite element approximation of contact and friction in elasticity, vol. 48 of Adv. Mech. Math., Cham: Birkh&user,
2023.

F. CHOULY AND Y. RENARD, Ezxplicit Verlet time-integration for a Nitsche-based approzimation of elastodynamic contact
problems, Advanced Modeling and Simulation in Engineering Sciences, 5 (2018), pp. 1-38.

M. CiHAN, B. HUDOBIVNIK, J. KORELC, AND P. WRIGGERS, A virtual element method for 3D contact problems with
non-conforming meshes, Computer Methods in Applied Mechanics and Engineering, 402 (2022), p. 18. 1d/No 115385.

F. DABAGHI, A. PETROV, J. POUSIN, AND Y. RENARD, A robust finite element redistribution approach for elastodynamic
contact problems, Applied Numerical Mathematics, 103 (2016), pp. 48-71.

32



[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

L. DE Lorenzis, P. WRIGGERS, AND T. J. R. HUGHES, Isogeometric contact: a review, GAMM-Mitteilungen, 37 (2014),
pp. 85-123.

I. DIONE, Optimal convergence analysis of the unilateral contact problem with and without Tresca friction conditions by the
penalty method, Journal of Mathematical Analysis and Applications, 472 (2019), pp. 266-284.

D. DoYeN, A. ERN, AND S. PIPERNO, Time-integration schemes for the finite element dynamic Signorini problem, STAM
Journal on Scientific Computing, 33 (2011), pp. 223-249.

J. DroN1OU, A. HAIDAR, AND R. MASSON, Analysis of a VEM-fully discrete polytopal scheme with bubble stabilisation
for contact mechanics with Tresca friction, European Series in Applied and Industrial Mathematics (ESAIM): Mathematical
Modelling and Numerical Analysis, 59 (2025), pp. 1043-1074.

A. EpraLLE, I. RAMIERE, G. LATU, AND F. LEBON, Parallel simulation and adaptive mesh refinement for 3D elastostatic
contact mechanics problems between deformable bodies, Advances in Applied Mechanics, 61 (2025), pp. 287-345.

A. ERN AND J.-L.. GUERMOND, Theory and practice of finite elements, vol. 159 of Applied Mathematical Sciences, Springer-
Verlag, New York, 2004.

A. ERN AND J.-L. GUERMOND, Abstract nonconforming error estimates and application to boundary penalty methods for
diffusion equations and time-harmonic Mazwell’s equations, Computational Methods in Applied Mathematics, 18 (2018),
pp. 451-475.

H. GIMPERLEIN, F. MEYER, C. OzDEMIR, AND E. P. STEPHAN, Time domain boundary elements for dynamic contact
problems, Computer Methods in Applied Mechanics and Engineering, 333 (2018), pp. 147-175.

T. Gupi, K. POrRwAL, AND T. WADHAWAN, Higher order discontinuous Galerkin finite element methods for the contact
problems, Advances in Applied Mechanics, 60 (2025), pp. 1-55.

T. GUSTAFSSON AND R. STENBERG, Finite element methods for elastic contact: penalty and Nitsche, Rakenteiden Mekaniikka
(Journal of Structural Mechanics), 58 (2025), pp. 46-58.

T. GUSTAFSSON, R. STENBERG, AND J. VIDEMAN, On Nitsche’s method for elastic contact problems, STAM Journal on
Scientific Computing, 42 (2020), pp. B425-B446.

W. HaN, F. FENG, F. WANG, AND J. HUANG, Numerical analysis of variational-hemivariational inequalities with applica-
tions in contact mechanics, Advances in Applied Mechanics, 60 (2025), pp. 113-178.

P. HAURET AND P. LE TALLEC, Energy-controlling time integration methods for nonlinear elastodynamics and low-velocity
impact, Computer Methods in Applied Mechanics and Engineering, 195 (2006), pp. 4890-4916.

P. HiLD AND Y. RENARD, A stabilized Lagrange multiplier method for the finite element approzimation of contact problems
in elastostatics, Numerische Mathematik, 115 (2010), pp. 101-129.

Q. Hu, F. CHouLy, P. Hu, G. CHENG, AND S. P. A. BORDAS, Skew-symmetric Nitsche’s formulation in isogeometric
analysis: Dirichlet and symmetry conditions, patch coupling and frictionless contact, Computer Methods in Applied Mechanics
and Engineering, 341 (2018), pp. 188-220.

H. Huang, N. PigNET, G. DROUET, AND F. CHOULY, HHT-ao and TR-BDF2 schemes for dynamic contact problems,
Computational Mechanics, 73 (2024), pp. 1165-1186.

H. B. KHENOUS, P. LABORDE, AND Y. RENARD, Mass redistribution method for finite element contact problems in elasto-
dynamics, European Journal of Mechanics-A /Solids, 27 (2008), pp. 918-932.

N. KikucH1 AND J. T. ODEN, Contact problems in elasticity: a study of variational inequalities and finite element methods,
vol. 8 of SIAM Studies in Applied Mathematics, Society for Industrial and Applied Mathematics (SIAM), Philadelphia, PA,
1988.

N. KikucHI AND Y. J. SONG, Penalty-finite-element approzimation of a class of unilateral problems in linear elasticity,
Quarterly Applied Mathematics, 39 (1981), pp. 1-22.

V. A. KOVTUNENKO, A. PETROV, AND Y. RENARD, Space-time FEM solution of dynamic contact problem with discontinuous
velocity for multiple impact of deformed bar using PDAS method, Mathematical Methods in the Applied Sciences, (2025).
Available online. https://doi.org/10.1002/mma.70370.

M. LAAZIRI AND R. MASSON, VEM-nitsche fully discrete polytopal scheme for frictionless contact-mechanics, STAM Journal
on Numerical Analysis, 63 (2025), pp. 81-102.

33


https://doi.org/10.1002/mma.70370

[57]

[58]
[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

(73]

T. LAURSEN AND V. CHAWLA, Design of energy conserving algorithms for frictionless dynamic contact problems, Interna-
tional Journal for Numerical Methods in Engineering, 40 (1997), pp. 863-886.

T. A. LAURSEN, Computational contact and impact mechanics, Springer-Verlag, Berlin, 2002.

S. MENG, L. TADDEI, M. AL-KHALIL, AND S. ROTH, SPH-based simulation of micro-impacts in human-tissue surrogate:
A preliminary study on multilayered structure, Mechanics of Advanced Materials and Structures, 29 (2022), pp. 5059-5068.

J. J. MOREAU, Unilateral contact and dry friction in finite freedom dynamics. Nonsmooth mechanics and applications, CISM
Courses Lect. 302, 1-82 (1988)., 1988.

N. M. NEWMARK, A method of computation for structural dynamics, Journal of the Engineering Mechanics Division, 85
(1959), pp. 67-94.

J. NITSCHE, Uber ein variationsprinzip zur losung von dirichlet-problemen bei verwendung von teilréumen, die keinen randbe-
dingungen unterworfen sind, in Abhandlungen aus dem mathematischen Seminar der Universitéit Hamburg, vol. 36, Springer,

1971, pp. 9-15.

J. T. OpEN AND N. KIKUcCHI, Finite element methods for constrained problems in elasticity, International Journal for
Numerical Methods in Engineering, 18 (1982), pp. 701-725.

K. PorwAL AND T. WADHAWAN, Unified analysis of discontinuous Galerkin methods for frictional contact problem with
normal compliance, Journal of Computational and Applied Mathematics, 434 (2023), p. 25. Id/No 115350.

—, Quadratic discontinuous Galerkin finite element methods for the unilateral contact problem, Computational Methods
in Applied Mathematics, 25 (2024), pp. 189-213.

Y. RENARD, Generalized Newton’s methods for the approximation and resolution of frictional contact problems in elasticity,
Computer Methods in Applied Mechanics and Engineering, 256 (2013), pp. 38-55.

R. STENBERG, On some techniques for approzimating boundary conditions in the finite element method, Journal of Compu-
tational and Applied Mathematics, 63 (1995), pp. 139-148.

V. THOMEE, Galerkin finite element methods for parabolic problems, vol. 25 of Springer Series in Computational Mathematics,
Springer-Verlag, Berlin, 1997.

B. I. WoHLMUTH, Variationally consistent discretization schemes and numerical algorithms for contact problems, Acta
Numerica, 20 (2011), pp. 569-734.

P. WricGERs, W. T. RusT, AND B. D. REDDY, A wirtual element method for contact, Computational Mechanics, 58
(2016), pp. 1039-1050.

B. Wu, F. WANG, AND W. HAN, The virtual element method for a contact problem with wear and unilateral constraint,
Applied Numerical Mathematics, 206 (2024), pp. 29-47.

W. X1A0 AND M. LING, Virtual element method for a history-dependent variational-hemivariational inequality in contact
problems, Journal of Scientific Computing, 96 (2023), p. 21. Id/No 82.

B.-B. Xu, F. PENG, AND P. WRIGGERS, Stabilization-free virtual element method for 8D hyperelastic problems, Computa-
tional Mechanics, 75 (2025), pp. 1687-1701.

34



	Introduction
	Nitsche-based finite element method for elasto-dynamic unilateral contact problems
	Space discretization and enforcement of contact conditions
	Preliminary results
	Discrete energy notations

	Time discretization
	Theta-scheme
	Newmark scheme

	Energy estimates and stability
	Properties of discrete acceleration
	Stability of theta-scheme
	Stability of Newmark scheme

	Numerical results
	-scheme
	Newmark scheme

	Conclusion

