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A holographic uniqueness theorem for the two-dimensional
Helmholtz equation

A.V. Nair, R.G. Novikov

Abstract

We consider a plane wave, a radiation solution, and the sum of these
solutions (total solution) for the Helmholtz equation in an exterior
region in R%2. We consider a straight line in this region, such that the
direction of propagation of the plane wave is not parallel to this line.
We show that the radiation solution in the exterior region is uniquely
determined by the intensity of the total solution on an interval of
this line. In particular, this result solves one of the old mathematical
questions of holography in its two-dimensional setting. Our proofs also
contribute to the theory of the Karp expansion of radiation solutions
in two dimensions.
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1 Introduction
We consider the two-dimensional Helmholtz equation
AY(z) + K2p(x) =0, €U, k>0, (1)

where A is the Laplacian in z, and U is a region (open connected set) in R?
consisting of all points outside a closed bounded regular curve S (as in [8]). This
equation particularly arises in electrodynamics, acoustics, and quantum mechanics.
For equation (1) we consider solutions 1y and 17 such that:

Yo = e*® ke R? k| =&, (2)

1y is of class C? and satisfies the Sommerfeld’s radiation condition

\/m(ﬁaﬂ —ik)1(z) = 0 as |z| — +oo, (3)

uniformly in z/|z|. We say that 1) is the plane wave solution and v, is a radiation
solution.



Let
L:Lxmg:{l‘ERQZ r=ux(s) =x1+ 80, —oc0<s<+o0},
L+—L+9—{:1:€R2 r=ux(s) =x1+ 50, 0<s<+oo},
L™ = m29—{x€R2 r=2x(s) =x2— 50, 0<s<+o0}, (4)

where xg, 1,22 € R?, 0 € S' and 1,22 € L.
Thus, L = Ly, ¢ is the oriented straight line in R? that passes through xy and has
direction 0. LT = L;l g is the ray in R? that starts at 29 € R? and has direction

0,and L™ = L , a ray that lies on the extension of L* in the (—0) direction.

In the present work we show that, for a fixed plane wave solution g, any
complex-valued radiation solution ¢ on L™ U L~ is uniquely determined by the
intensity |1|? of the total solution 1) = 1o +11 on arbitrary intervals AT UA~of Lt
and L~ respectively, under the assumptions that L1 = LJr 0 C u, L= L;Qﬁ cu
and +6 # k/|k|. Here, U is the region in (1) and k is the Vector in (2). This result
is given as Theorem 1 in Section 2.

As a corollary, we also obtain that,
for any straight line L C U such that +0 # k/|k|, any complex-valued ; on L is
uniquely determined by the intensity [g +11|? on an arbitrary interval A of L, for
fixed 1)g; see Theorem 2 in Section 2,

Our studies are motivated by problems of holography and phaseless inverse scat-
tering. These research areas go back, in particular, to [5], [23], [24]. In connection
with recent or relatively recent mathematical results obtained in these directions,
see, for example, [6], [7], |9] - [21], 23], |24], and references therein.

The present work continues [17] where holography uniqueness results were
proved for the Helmholtz equation in the three-dimensional case.

Theorems 1, 2 mentioned above and presented in detail in Section 2 solve
one of the old mathematical questions arising in holography in its two-dimensional
setting.

In the present work we use the Karp expansion (7) (recalled in Section 3)
instead of the Atkinson-Wilcox expansion used in [17] for radiation solutions of the
Helmholtz equation. Although the Karp expansion can be considered as a two-
dimensional analogue of the three-dimensional Atkinson-Wilcox expansion used in
[17], its properties are somewhat different, more complicated, and less studied. In
this connection the present work also contributes to the theory of Karp expansion
of the radiation solutions v of the two-dimensional Helmholtz equation (1); see
Lemmas 2, 3, and Theorem 3 in Section 4, and proof of Lemma 1 in Section 7.

The main results of this work are presented in more detail and proved in Sec-
tions 2, 4, 5, 6, 7. In our proofs, we proceed from the results recalled in Section 3.



2 Main results
Our key result is as follows.

Theorem 1. Let vg = €** and 1)1 be solutions of equation (1) as in formulas (2)
and (3). Let L, L™ and L~ be as given in (4) such that LT = L:he C U and
L™=L_ ,CU 1,22 €L, 0F#k/|k|, and —0 # k/|k|, where U is the region in
(1). Then 11 on LY U L™ is uniquely determined by the intensity 1o + 11|* on
AT UA™, for fired k, where AT and A~ are arbitrary non-empty intervals of L™
and L™ respectively.

As a corollary, we also get the following result.

Theorem 2. Let 1)y = ¢ and 1 be solutions of equation (1) as in formulas (2)
and (8). Let L be a straight line in R? such that L C U as described in (4). If
0 # k/|k| and —0 # k/|k|, then 11 on L is uniquely determined by the intensity
[g + 1|2 on A, for fized k, where A is an arbitrary non-empty interval of L.

Theorem 1 is proved in Sections 4, 5, and 6. This proof uses techniques de-
veloped in [8] and [17]. Note that g, 11 are real-analytic on U, and, there-
fore, on L™, L™ in Theorem 1 and on L in Theorem 2. Therefore, the function
[Y12 = Yo + 12 = (Yo + 1) (g + ;) is real-analytic on LT, L™ in Theorem
1 and on L in Theorem 2. Given this analyticity, Theorem 1 reduces to the case
when AT = Lt A~ = L~ and Theorem 2 reduces to the case when A = L.

Theorem 2 is proved as follows (for example). We assume that A = L. Then
we simply consider L™ C L and L~ C L such that LT N L™ # (. Then we may
apply theorem 1.
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Corollary 1. Under the assumptions of Theorem 2, the intensily |vo+ 1| on L,

for fized k, uniquely determines 11 in the entire region U.

Corollary 1 follows from Theorem 2, formula (14), and analyticity of 11 in U.

For the three-dimensional Helmholtz equation, prototypes of Theorems 1,2 and
Corollary 1 were obtained in [17]. In the present work, we proceed from Karp’s
results on two-dimensional radiation solutions (in [8]) for equation (1) and the
approach of [17].

Note that the problem in two dimensions is more difficult than in three dimen-
sions. The reason is that the Karp expansion (7) for the radiation solution in two
dimensions is considerably more complicated than the Atkinson-Wilson expansion
(in [2], [22]) for the three-dimensional case.

In particular in Theorem 1 we need to consider two rays L' and L~ in place
of a single ray L™ as was in [17]. Both these rays need to have different directions
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than the propagation direction of the plane wave 19 = €***. In Theorem 2 as
well we need both the directions of the line L to be different from the propagation
direction of the plane wave 1y = e***.

In the present work, we strongly use the uniqueness of Karp’s expansion (7),
which is formulated as Lemma 1 in the next section. For completeness of presen-
tation, we prove this lemma, as we did not find a proof in the literature.

In the present work we also contribute to the theory of the Karp expansion
for radiation solutions of the two-dimensional Helmholtz equation (1) by Lemmas
2, 3, and Theorem 3 given in Section 4. In particular, in Lemma 2 we write
explicitly recursive relations for coefficients of Karp expansion, in Lemma 3 we
establish important symmetries of these coefficients and in Theorem 3, we present
a recursive method for finding all coefficients in Karp expansion from coefficients
arising in standard scattering theory.

Note also that Theorems 1, 2, and Corollary 1 admit straightforward applica-
tions to phaseless inverse scattering in two dimensions.

3 Preliminaries

Let (7, ¢) denote the polar coordinates of a point x and let 6 = ‘% be its direction.

So —6 will be the direction of —x whose polar coordinates will be (r, ¢ + ).
We use the Laplacian in polar coordinates:

0?2 0 0?2
A= L ¢ 7
or2 + ror + r20¢? (5)

Let
B,={z R | |t| <p}, p>0. (6)

Suppose that 91 is a radiation solution of equation (1), and R?\ B, C U.
Due to Theorems I, II of [8], we have that:

— G(9)

)7

1(x) = Ho(k|z|) Z
=0

j=0
for z € R?\ B,,

where Hy and H; are the Hankel functions of the first kind of order zero and one
respectively. The series converges absolutely and uniformly for || = p1 > p (for
any such pp).



Lemma 1. Suppose that:

Ho(T)Z%-i-Iﬁ Z& 0, (8)

rJ
=0 =0
forr>1r1 >0, A;, B; € C, and both the series converges absolutely and uniformly.
Then Aj = Bj =0,VieN.

In this article N denotes natural numbers including 0.
We did not find a proof for this result in the available literature. Therefore for
completeness of presentation this lemma is proved in Section 7. Lemma 1 implies
uniqueness of the Karp expansion (7) for a radiation solution.
In addition to expansion (7), we also have the following asymptotic expansion:

¢1(x)~,/mm etlrlzl= Z m reR?, |z| = occ. (9)

However, the series in (9) diverges in general and in particular for ¢ (z) = Hy(k|z|)
(see [8] for more details).
Theorem IIT in [8] gives us the following relations:

l\D\H

Fo(6) = 51o(6) + folo+m],  ~iGo(d) = 51/o(@) — fo(é+m)], (10

where Fy, G, and fy are the leading coefficients in (7) and (9) respectively.
In the present work we also use the following properties of Hy and Hi:

2 . ) = C
H,(r) ~ 1/;ez(r_%””_z) >
j=0

I qs |z| — oo, (11)

(2 =), T +ji+3)

CV’ = : )
I FIT (v + 3)(26)7
1
H(') = —Hj, H(/)' = —Hy, — Hy, (12)
T
H{ _2H6/ " 1 /
—_— = H{ = —(-H; — Hy)', 13
, , 1 (r 1 0) (13)

where ’ denotes derivative with respect to r.
Recall that,

i) =2 [ 20y gty aew, (14

Vy

G*(x, k) = JHo(xlal), =R,



where 9 is a radiation solution of equation (1), L and V7, are line and open half-
plane in U, where L is the boundary of Vi, v is the outward normal to L relative
to V; see, for example, formula 5.84 in [3].

4 Determining F, and G, from f;

In this section, we give a method to determine F,(¢) and G,(¢) in (7), from
J0(@),fo(Pp+ 7)o fr (@), fr(d + 7) values in (9), for ¢ and (¢ + ).

4.1 Recursion relations for F,, G,
Lemma 2. The coefficients F,, = F,,(¢), Gp = Gp(¢) in (7) satisfy the following

recursive relations:
—((n+1)*Gn + Gr)
2k(n+1) ’

n’F, + F)|

DPinTin N 1
. €N 1)

Fn+1 = Gn+1 -

where F)! G denote double derivates with respect to ¢.

The fact that F),, G,, can be obtained recursively in terms of Fy, Go was already
mentioned in [8], where formula (15) was given for n = 0.

The derivation of relations (15) is as follows.

We substitute expansion (7) into the Helmholtz equation (1) (using (8)) for
|| > p and express the derivatives of Hy and H; with respect to r using the
formulas (12) and (13).

As a result, we have:

(A + &%) () =
- 1
!
Ho(kr) Z;)(Fn —26(n + 1)Gpi1 +n(n + 1) F, — nF,) — (16)
> 1
1 —
+ Hy (k) Z_%(G" +26(n + 1) Fog1 +n(n + 1)Gy + (n+1)Gy) =0,
for r > p.

Due to [8], both series in (16) converge absolutely and uniformly for » = p; > p.
Therefore, on applying Lemma 1, we get the relations in (15).



4.2 Symmetries for F),, G,

Lemma 3. The coefficients F,,, Gy, in (7) have the following important symmetries:

Fn(¢) = (_1)nFn(¢+7T)7 Gn(¢) = (_1)n+1Gn(¢+ﬂ-)) (17)
for neN.

The proof of Lemma 3 is as follows.
Due to formulas (10), symmetries (17) are true for n = 0. In addition, using
relations (15) one can see that if symmetries (17) hold for n then they are true for
(n +1). Hence, by induction (17) is true Vn € N.

Remark 1. Suppose ¢ satisfies (1) and (3). Let L, L™, L~ be asin (4), LT,L~ C
U and 0 C L. Then from analyticity of 11 in U, symmetries (17) and expansion
(7) it follows that 11 on LT uniquely determines 1y on L™ .

4.3 Comparison of expansions (7) and (9)

Now we equate asymptotically the series (9) with the convergent series (7) as
r — 00.
The coeflicients of 7~" must be equal for these asymptotic expansions ¥n € N.

As a result, we get the following relations:

Jal®) = Fu(6) — iGu( +Z (CojFucj(9) —iC1;Cnj(d)),  (18)

Fal@p+7) = Fu(¢+7) —iGn(d+m)+ Y (CojFn—j(¢+m) —iCrjGpj(d+m)). (19)

J=1

Proceeding from formulas (17), (18), (19) we obtain the following result.

Theorem 3. The coefficients Fy,, Gy in (7) and f, in (9) are related by the for-

mulas:
n

F(¢) = iGn(9) = fnl(¢) = > _(CojFn—j(¢) — iC1;Gn;(9)), (20)

j=1

Fo(9) +iGn(9) = (=1)"(fald +7) — Z D (CojFnej(9) +iC1;Gnj(9))).

(21)
By these formulas, the coefficients fo,..., fn uniquely determine the coefficients
Iy, Go, ..., Fr, Gy in a recursive way.



Theorem 3 for n = 0 reduces to formulas (10).

In particular, we consider relations (20), (21) as a linear system for finding
Fn(¢)a Gn(¢) from fn(¢)7 fn(¢ + 7T) and F0(¢)7 GO(QS)v ) anl(gb), Gn*l(@)a that
are found from fo(®), ..., fn—1(@).

5 Determining f;

Recall that already work [16] gives formulas for finding all f; in (9) from [¢|? =
|40 + 1] on LZ{H' However, these formulas in [16] are not very simple. Therefore,
in a similar way to [17] (where three-dimensional case is considered) we give a very
simple proof that || on Lt C L('{ o defined as in (4) where 0 denotes the origin in
R?, uniquely determines f;(¢) in (9) Vj € N, under the assumption that  # k/|k|,
where ¢ = 1bg + 11, P and 1 are solutions of equation (1) as in (2) and (3).

Let
a(z, k) = V|z[(|¢())* = 1), = eU, (22)

where ¢ = 19 + 11, ¥ and 9 are solutions of equation (1) as in (2) and (3), k is
the wave vector in (2). Then as |z| — +oo (see [14], [16]):

a(z, k) = i(ei(“'m'_kx_%)fo(cb) + e lel=ke =) £(8)) + O (

TR

1
m) )

uniformly in § = z/|z|;

fold) = i\{;?(ei(ky—dy-i-Z)a(x’ k) — ei(kx—fﬁ\xH%)a(y’ k:)) +0 (\/1‘?') . (24)

D = 2sin(t(k6 — r)), 0S8, 7>0,
xz,y € LT r1=0, y=xz+ 176,

r1,0°

for D # 0 for fixed 6 and 7, where L;ﬁ is defined in (4).

Remark 2. If an arbitrary function a on Larﬂ satisfies (23), for fived € S!,
k € R% k= |k| > 0, then formula (24) holds.

The determination of fy follows from (24).

Suppose that fy,...,fn are determined, then the determination of f,11 is as
follows.

Let




an(z,k) = V/]z|(|e™ + Pra(@)? - 1), (26)
bn(z, k) = "T‘nJrl(a(x?k) - an(x7k))v (27)

where z is as in (24), a(z, k) is defined by (22).
We have that:

2 i - fn (QZ)) —n—2-1
i(k|lz|—2) Jntl n—2
7T/€|:1;"€ 4 |$‘n+1 +O(’1" 2))

a(w, k) = V]z|((* + (@) +

(28)
2 ixlal-5) fot1(9)

r| 7] [t

i(slz)— ) fnt1(9) 4 omilelal— %) frt1()

x (e~ 4 Py (@) + +O(jz| " 22)) — 1)

= an(x, k) + i(e

TR

) + O] " 12)

bl k) = | = (= E ) £ () e E R ) 10 (

1
< 77)
(29)
as |x| — 400, uniformly in 6 = x/|x|, where a is defined by (22).
Due to (29) and Remark 2, as |z| — 400 we get:

Fr1(6) = VT (e Cv = D (g, ) — el Dy k) 4O ( 1 > :

TR
2
D V|

D =2sin(1(k0 — k)), LyEL"'gL[J{Q, y=x+710, 0S', >0,

(30)

assuming that D # 0 for fixed 0 and 7 (where the parameter 7 can be always fixed
in such a way that D # 0, under our assumption that 6 # k/|k|).

Formulas (22), (25)-(27) and (30) determine f,+1, give the step of induction
for finding all f;.

6 Proof of Theorem 1

+ + - -
6.1 Case L* C L, L C L,
First, we give the proof for the case when L™ C L{,, L™ C L ,, where LT, L,
L™, Ly, are defined in (4) and 0 denotes the origin in R?.
In this case, |1|? on LT and L~ uniquely determines f;(¢) and f;(¢+n) respectively
in (9), V5 € N via formulas (29), (30), where 1 = ¢y + 11; see Section 5.



In turn, using Theorem 3, in Section 4 we uniquely determine F;(¢), F;(¢+7) and
G(6),Gj(6+), Vj EN.

Finally, the convergence of the series in (7) and analyticity of ¥ and || on LT
and L~ gives us ¢y on LT U L™.

6.2 General case

In fact, in a similar way with [17], the general case reduces to the case of Subsection
6.1 by the change of variables

¥ =x—¢q (31)
for some fixed ¢ € R? such that LT C L;e, L™ C L;Q.

In the new variables 2/, we have that:

wo — €ikq€ikx/, (32)
Y1 satisfies (3) and admits presentation (7) (33)
with 2 in place of z, with some new 7/, FJ{, G; and fJ’.7
[0 = e+ kg )], (31)
where 2’ € U' =U — q, and 7' is such that R? \ B, C U';
LYCLiy=L{, L CLjy=Lg, (35)
In addition,
. ) s
e~y (2') = el =) for o' € R*\ By, (36)
K| | —
where f}' = e*"kqu/-.
We also have
oo o0
i Fi(d) |
k no_ / J
€ ‘ qT/fl(w) - HO(’K&"T |)j§0 |$/‘j ‘IL‘ ‘ Z:; /|] (37)

where F; = e‘iquj( and G; = e‘iqu’;, and the series converges absolutely and
uniformly in |x| > r’.
The coefficients Fj, G; and f; are mentioned in (33).

In view of (34)-(37), similarly to the case of Subsection 6.1, it is sufficient to
prove that [¢|2 on LT and L~ uniquely determines F;(¢), G;(¢) (subsequently for
(¢ +m)) in (37) Vj € N. This determination of Fj, G; is completely similar to the
determination of F; and G; in Subsection 6.1.

This completes the proof of Theorem 1.
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7 Proof of Lemma 1

First, we recall some properties of Hy and H;.

Both Hy and H; admit holomorphic continuation from Ry to C_ = {z € C| Im(z2)
< 0}; see [1].

In view of (12) we also have that:

dHo(2)
dz

= —Hl(z)7 zeC_. (38)

In addition, Hy has infinitely many zeroes z; € C_ such that |z;| — oo, as j — oo;
see [1] and [4].
Using formula (38) we get:

. Hy(z)
lim
Z—}Z]' Hl (Z)

=0, VjeN. (39)

Next, we consider:

Eo(r)zzr—;, El(r)zzr—j, "> (40)
j=0 j=0

Due to the assumptions of Lemma 1, the functions ¥o(r) and 3;(r) admit holo-
morphic continuation from the interval [r,+00) to the domain D,, where,

D,={z€C| 2| > p} U {0} (41)

The rest of the proof of Lemma 1 is as follows.
Suppose that ¥; is not identically 0. Then we consider the smallest j such that
Bj # 0, and in particular:

21%1(2) = Bj as z — oo. (42)

Using formula (42) we get that there exists a neighbourhood of co in D,, where oo
is the only zero of ¥;.
Then proceeding from (8) we get:

Ho(2)X0(z) = —Hi(2)21(2) in C_ND,,. (43)

Using also (39) we get that:

. Ho(2)%0(2) . .
— Zlg];lj ) = Zlgrzlj Y1(2) =0, VjeN, suchthat z;j € C_ND,,. (44)

11



However, formula (44) is in contradiction with the aforementioned conclusion that
oo is the only zero of ¥; in D,,.
Hence,

Bj:() Vj e N, ¥ =0, (45)

under the assumptions of Lemma 1.
Using (8), (40), and (45) we get, A; =0 Vj € N.
This completes the proof of Lemma 1.
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