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Abstract

We consider the evolution of a free quantum particle on the Grushin cylinder, under dif-
ferent type of quantizations. In particular we are interested to understand if the particle can
cross the singular set i.e., the set where the structure is not Riemannian. We consider intrinsic
and extrinsic quantizations where the last ones are obtained by embedding the Grushin struc-
ture isometrically in R? (with singularities). As a byproduct we provide formulas to embed
the Grushin cylinder in R? that could be useful for other purposes. Such formulas are not
global, but permit to study the embedding arbitrarily close to the singular set.

We extend these results to the case of a-Grushin cylinders.

1 Introduction

The Grushin plane is the almost-Riemannian structure on R? for which a global orthonormal
frame in the coordinates (x, y) is given by

Xl(xay):axa X2(x7y)=x8y

When the y direction is compactified on the circle S* we talk of the Grushin cylinder. In the
following, when we are talking both about the Grushin plane and the Grushin cylinder we will
refer to the Grushin manifold and we will indicate it with G.

The Grushin manifold has been extensively studied and has very interesting features. Let
us list some of them (See for instance [ABS08, [ABB20]).

e Let Z = {(z,y) € G| x = 0}. On G\ Z the structure is Riemannian and the Riemannian
metric (in the coordinates (z,y)) is
1 0
= . 1
e=(o 2 ) )
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Figure 1: Geodesics on the Grushin cylinder starting from the point (1/4,0). The end point of
geodesics for T' = 1.3 is also shown. Notice that geodesics cross smoothly the singular set (the
red circle). Moreover, notice the presence of conjugate points even if the Gaussian curvature is

always negative (where it is defined), cf. [ABS08,/ABB20].

Actually one could say that the Grushin manifold is the generalized Riemannian structure
for which the inverse of the metric is well defined but not invertible on Z,

L (1 0
& =\o 22 )

The element of area and the Gaussian curvature are given by

dA = idscdy, K = —3.
|z a?

Notice that they diverge while approaching the singular set.

¢ Although all Riemannian quantities diverge when x — 0, the geodesics are well defined,
can cross the singular set with no singularities (see Figure [1) and are easily computed
via the Pontryagin maximum Principle. It is interesting to notice that geodesics can have
conjugate points even if the curvature is always negative at each point where it is defined.

The Laplace-Beltrami operator on such structures is given by
1
A = divgagrad = 92 + 2°0, — ;&. (2)

Here the gradient is computed with respect to the Riemannian structure, which is not singular
since the inverse of the metric is well defined. The divergence is computed with respect to the
element of area dA. The singularity in dA produces the diverging first order term in (2).



One of the most interesting and counterintuitive features of the Grushin plane and of the
Grushin cylinder is given by the following proposition.

Proposition 1 ([BL13]). A with domain C§°(G \ Z) is essentially self-adjoint in L*(G, dA).

An equivalent statement is the following. Define
G ={zy) eglz>0}, G ={(z,y) g |z <0}

Proposition 2 ([BL13]). A with domain C§°(G™") is essentially self-adjoint in L?(G*,dA). The same
result holds for A on G~.

This type of results has been extensively studied (see for instance [PRS18|, (GMP19, [FPR20])
and they hold in a much general context [BL13| Bes23].

As a consequence of Proposition[T|or[2} the Cauchy problems for the heat and the Schroedinger
equations

¢(0,) = do(-) € L*(G,dA) $(0,-) = vo() € L*(G,dA)

do not permit any communication between G and G~ since they are are well defined on G+
(respectively G™). More precisely if ¢y and vy are supported in G (respectively G ™), then ¢(¢)
and ¢ (t) are supported in G (respectively G~) for any ¢ > 0.

Such result is rather counterintuitive since geodesics smoothly cross the singular set and the
intuition for the heat equation (respectively for the Schroedinger equation) that quick stochastic
particles (respectively a well confined wave packet) “follow” classical geodesics does not work.
For this reason it would be nice to have a more “dynamical” explanation of the absence of
communication between G and G~

For the heat equation an explanation in terms of a limit random walk is possible and is
related to the interpretation of (2) in terms of Bessel processes [BNT20]. For the Schroedinger
equation such results are more difficult to interpret.

The difficulty of the interpretation of the result for the Schroedinger equation is actually
complicated by the fact that “what is the Schroedinger equation describing the evolution of a
free quantum particle in a Riemannian manifold” has no a unambiguous answer, even without
the difficulties introduced by deep singularities present in the Grushin manifold.

As a matter of fact, there are several different approaches that make appearing curvature in
the operator describing the quantization of a free particle in a Riemannian manifold. We divide
these approaches in two categories: intrinsic and extrinsic.

Intrinsic approaches
Most of coordinate invariant quantization procedures on a Riemannian manifold M modify the

quantum Hamiltonian —%A, where A is the Laplace-Beltrami operator, by a correction term
depending on the scalar curvature R. On a Riemannian manifold of dimension 2 the scalar
curvature is twice the Gaussian curvature K and the modified Schroedinger equation is of the

form
2

ihop(t,p) = —;—mAmz/J(t,p), p € M (of dimension 2)

where
Ain =A— CK(p)

and ¢ > 0 is a constant. Values given in the literature include:



* path integral quantization: ¢ = 1/3 and ¢ = 2/3 in [DMENS80], ¢ = 1/2 in [DeW92];

e covariant Weyl quantization: ¢ € [0,2/3] including conventional Weyl quantization (¢ = 0)
in [Ful99[;

e geometric quantization for a real polarization: ¢ = 1/3 in [Wo092];
e finite dimensional approximations to Wiener Measures: ¢ = 2/3 in [AD99].

We refer to [AD99) [Ful99] for interesting discussions on the subject.
In [BBP21) [Bes23] it has been proven that the only value of ¢ for which there is no communi-
cation between G and G~ is ¢ = 0.

Proposition 3. Let ¢ > 0. The operator A — cK (z,y) = (02 + 220, — éagg) + c% with domain
C§°(G \ Z) is essentially self-adjoint in L*(G, dA) if and only if ¢ = 0.

For ¢ # 0 there exists a self-adjoint extension of A — cK which permits a communication
between G and G~

As for Proposition[I} Proposition 3| has been proven in the more general context of 2-dimen-
sional, step 2 almost-Riemannian manifolds.

Extrinsic approaches
There are other approaches to the quantization process on Riemannian manifolds that provide
correction terms depending on the curvature. Let S, be a e-tubular neighborhood of an ori-
entable surface S in R?:

SE:{p+Tn(p) : pGS,TG [7535]}’ (3)

where n(p) is the normal vector to S ata point p € S. Consider the standard Euclidean Laplacian
with Dirichlet boundary conditions, then for ¢ — 0, after a suitable renormalization, one gets
an operator containing a correction term depending on the Gaussian curvature and the square
of the mean curvature, that is the quantum Hamiltonian,

h2
2m

where
A, =A—K(p)+ Hz(p).

More precisely the use of this quantum Hamiltonian is justified by the following result.

Theorem 1. Let S be an orientable surface in R3, K and H its Gaussian and mean curvature, and
A its Laplace-Beltrami operator. Consider the e-tubular neighbourhood S, of the surface. Let A%, be
the Laplacian of S, with Dirichlet boundary conditions on the two sides of the neighbourhood. Consider
A%, with domain

ey =d L cos (T v : o
D( DD){\/ECOS(25>\/W'¢GCC (S)} (4)
Then A%, has the following asymptotic behavior as € tends to zero:
5 _ 1 2 o 2
o =—(52) +A=K@p)+H(p)+0(). 5)
=:iAcr



Theorem [I|is an adaptation of a more general result presented in [KRT14]. See also [Krel4)
LTWTI]]. In these works the curvatures are assumed to be bounded. In our case, since we want
to apply the result to the Grushin manifold, we localized it on compacts. The term —K (p) +
H?(p) is usually called the effective potential.

Let us give a motivation for the formula (5) and the domain of D(A%, ). The Euclidean
volume w on S. (cf.[3) has the form

w = h(p, 7)dr A dA.

Then it is not difficult to see (see for instance [Gra04]) that 4 admits the development (which is
actually exact)
h(p,7) =1 —2H(p)T + K(p)7°.

This is positive for small ¢. Moreover the Euclidean Laplacian on S, can be written as

0-h
h

A° :(934- 8T+AS(T)7

where S(7), T € [—¢, €] is the surface diffeomorphic to S given by

S(r)={p+7n(p) : pe S}, 6)

and Ag(,) is the Laplace-Beltrami operator on S(7). Notice that A gy = A, the Laplace-Beltrami
operator on S.

Now, to work in a Hilbert space which does not depend on ¢, first we perform the unitary
transform:

U: L*(S.,dr NdA) — L*(S., hdr A dA),
given by
U:fs h™2F.
This gives us
(0:h)? — 2h O%h
4h? '

The next step is to rescale the 7 variable by taking 7 = se, expand the last expression in powers
of € and recover this way

UT'AU =92+ U ' AginyU +

UAU =202+ A+ H> — K +O(e). 7)

Thus if we ignore the higher order terms, we get an operator, where one can separate the vari-
ables. Hence let us apply U ' AU to

¢(pa 8) = X(SW(P)a (p75) €8x [_171] ~ 5.

As we can see in (7) the first term always diverges. Because of this, it makes sense to choose a
specific function x in order to be able to compensate for this divergent term. In particular, we
can choose Y to be the first eigenfunction of 92 on [—1, 1] with Dirichlet boundary conditions,

which is given by
s
x(s) = cos (;) .

Reverting the scaling and unitary transformation we arrive at the domain @) and asymp-
totics (5) meaning that if

(T, p) = cos (72%) G(p)h~ 2 (7, p),

5



we get
<<p7A8DDSD> _ _( m )2 + <1/)7Ae:rw> +O(E)

(0, ) 2 (¥, 9)

Here A® is called A7, since Dirichlet boundary conditions are already imposed. In this formula
the scalar product on the left hand side is computed in L?(S, hdr A dA) and the scalar product
on the right hand side is computed in L?(S, dA).

In the article [KRT14] the authors prove that A%, ,, + (7/2¢)? converges to A., in an appro-
priate norm-resolvent sense and derive consequences for the localization of spectrum as ¢ — 0.

Purpose of this paper is to apply the extrinsic approach for the Grushin cylinder trying to
isometrically embed it as a surface of revolution as close as possible to Z, to compute its mean
curvature H, and hence A.,. As expected from the divergence of the Gaussian curvature K
while approaching Z we are going to discover that the Grushin cylinder cannot be embedded
globally up to the singularity, but only in the interval x € [1, +o0o[. Actually the singularity of the
embedding reflects in an explosion of the mean curvature H for  — 1. We call this embedding
the Grushin trumpet bell (see Figure[2). We then study the self-adjointness of A., on z €]1, +o0|
and we prove that A, is not essentially self-adjoint in L?, with respect to the volume dA.

In order to go closer to the singular set Z we also study other type of embeddings in which
the surface is wrapped n? times around its axis of revolution and for which the embedding is
possible for z € [, +oo[ (Grushin n?-winded bell, see Figure .

Finally we generalize this study to the a-Grushin cylinder which is the generalized Rieman-
nian structure on R x S! for which a global orthonormal frame is given by

Xl(xvy):axa XQ(xvy):kE‘aaya aeR.

The a-Grushin cylinder has been studied with different objectives in several papers (see for
instance [BP16, BMM15) IGMP22,[L.S23] and references therein).

1.1 Historical remarks

The Grushin metric has been introduced by Baouendi [Bao67] and Grushin [Gru70] at the end
of sixties. At the time people were interested in degenerate elliptic operators, and in particular
in the following operator in R?

02 + 2°0;. )
Such operator contains the metric (1) in the sense that it can be written as Z? w1 9°%0;0, where

(¢7%) is the inverse of the metric (I). It is interesting to notice that the operator () it is not the
Laplace-Beltrami operator (i.e., the divergence w.r.t. the Riemannian volume of the gradient)
of the metric (I). Notice that, accidentally, the operator (8) is symmetric w.r.t. the Lebesgue
measure of the plane. However in general if { X7, X5} is a (generalized) orthonormal frame on
a 2D manifold, the operator sum of squares (X;)? + (X3)? is not symmetric w.r.t. any volume.

2 Embedding the Grushin half-cylinder in R® as a surface of
revolution

Consider the manifold R+ x S! with the Riemannian metric

g= ( (1) 9(2)2 ), (z,y) € RT x S*.



Under the condition ¢'(z) < 1, this Riemannian manifold can be realized isometrically as the

surface of revolution
z1 = g(x) cosy
zo = g(x)siny 9)

where h(z) = z30 + ffo /1 —¢'(s)? ds. At the points z such that g(z) = 0 the system of coordi-
nates (z,y) is singular (in a similar way in which polar coordinates on the plane are singular in
(0,0)).

Here ¢ and z39 are two constants (of which only one is independent) that fix how the surface
is placed on the z axis (z30 = h(z¢)). For this embedding we have the formula for the Gaussian

curvature I
k= g<(f>) (H(2)g" () = W"(2)g'(x)),

and the formula for the mean curvature

1 / / " " /
= 5507 (/@) — 9@ @)g" (@) = W' @)/ ())).

Notice that the sign of H depends on the choice of the unit normal. However, in the follow-
ing, nothing depends on this choice since only H? appears. For the Grushin half-cylinder we

have g(z) = 1/z. Hence ¢’ < 1 for z > 1 and the embedding takes the form (here x¢ and z3, are
fixed in such a way that z3(1) = 1),

H

21 = L cosy

2o = %siny (10)

z;;zl—l—ff«/l—ids.

The expression for z3 can be computed explicitly in terms of special functions, but this is not
relevant here. This embedding is actually global for # > 1 (see Figure2). In the following we
call this embedding the Grushin trumpet bell.

For the Grushin trumpet bell we have that

x*—3

- 20vrt — 1’

and the Gaussian curvature (which does not depend on the embedding) is

H

2

x2

K=—

It follows that the extrinsic Laplacian is

Dee = A=K+ H? =32 40%0, 0, — (— ) + (e

4 12
24 a20,— g+ T+

P oy ()



Figure 2: The Grushin trumpet bell, i.e., an embedding of the Grushin cylinder on R3. In the
figure the axis of revolution (z3) is horizontal to render the figure more comparable with Figure
The bell reaches its largest sectional diameter at the singularity of the embedding (z = 1).

2.1 Study of the self-adjointness of the extrinsic Laplacian

The next Proposition states that A, is not essentially self-adjoint (1, c0) namely up to the sin-
gularity of the embedding. Actually this is due to the fact that the effective potential

4 2
+1) 1
K+ H?= (x = 1 f 1
+ TLrEion) awoy T fore—

and the operator —j—; - ﬁ is in the limit circle case at = 1.

Proposition 4. A., with domain C§°((1,00) x S') is not essentially self-adjoint in L?((1,00) x
St dA).

Proof. By making the operator A, acting on function of the form \/z ¢(z, y) one immediately
obtain that the operator A, on L?((1,00) x S1,dA) is unitarily equivalent to the operator
2
31 (z*+1)
Ley=02+2%0y —~— + ———F—
et PO T 422 (24 - 1)’

on L%((1,00) x S1, dz dy). By making Fourier transform in the y variable, the self-adjointness of
L. is equivalent to the self-adjointness of the operators
4 2
i g 3L @D
e 472 422 (2t -1)’

for every k € N. Now

2
31 (z*+1) 1
S = 1), f 1.
Coiwtnagion amoy oW, forzo



As a consequence, —L¥ can be seen as a one-dimensional Schroedinger operator _ddw% +V(x)
with potential function V decreasing as © — 17, which implies that it is in the limit circle case
atz = 1 (see e.g. [RS75, Theorem X.7 & Problem 7]). Hence for every k € Z, we have that L%, is
not essentially self-adjoint. The result follows.

O

Remark 1. From the proof of Proposition |4} we can moreover deduce the lack of self-adjointness of every
fiber operator L% |k € Z. In other words, A, has infinite deficiency indices.

ex’

2.2 Other possible embedding

The embedding presented above is global for « € [1,00). The singularity at 2 = 1 is due to the
fact that while approaching the singular set at + = 0 the area is growing too much to be realized
as a surface of revolution. Actually the tangent space to the Grushin trumpet bell for z — 17
becomes parallel to the (21, 22) plane. This is encoded in the divergence of the mean curvature
.

Other local embeddings are actually possible. To be able to get closer to the singular set
{z = 0} one needs to make the area growing more than the previous embedding, for instance,
by embedding only a part of the Grushin cylinder or by winding it several times around the z3
axis.

Let us exploit this idea. Let n € N*. For z € [1/n,00) and y € (0,27 /n?), the Grushin
cylinder is locally isometric to the surface (here z and z3( are fixed in such a way that z3(1/n) =

1/n),

1
2= —— cos(n?y)
’I’Ll.’IJ
29 = —&— bln(’n y) (12)

=

In the following we call this embedding the Grushin n?-winded bell, because if y € S, instead of
y € (0,27 /n?), then the surface is winded n? times around the axis of revolution.
For the Grushin n2-winded bell the mean curvature is

n*z* —3

H, = ——.
" opvnizt — 1

It follows that the extrinsic Laplacian is

Agm:AfK+H3:a§+x2ayf%af(f

(n4x4 + 1)2

2 29 _ 1+ B
=0+, 8 4x2 (nizt —1)

(13)
Since for the effective potential is given by

(n4x4 + 1)2 B n

-K+H, = =
i 42 (ntat = 1) 4(z— 1)

1
+0(1), forx— e

as in the case n = 1 we have the analogous result.



Figure 3: Grushin n?-winded bells. These are embeddings of the Grushin cylinder for (z,y) €
[1/n,00) x (0,27 /n?). Asin FigureIthhe axis of revolution z3 is horizontal. The bells reach their
largest diameter at the singularity of the embedding (z = 1/n). If we take y € S! then each bell
is winded n? times.

Proposition 5. A”, with domain C§°((L,00) x S1) is not essentially self-adjoint in L*((%,00) x
1, dA).

Unfortunately it seems hard to say anything about the self-adjointness of A?, in the limit
n — oo.
3 The a-Grushin cylinder

A natural generalization of the Grushin cylinder is the a-Grushin cylinder R x S endowed
with the generalized Riemannian metric

g:<}) 0 ) acR. (14)

‘ T ‘ 2a
Notice that the corresponding Riemannian area is

!
|z

dA“ dzxdy.

This class includes as a special case the Grushin cylinder (o = 1), the standard Euclidean
cylinder (o = 0), a punctured plane (o« = —1) and a quadratic cusp (o = —2). For o € N the
a-Grushin cylinder is an almost-Riemannian manifold in the sense of [ABB20].

Similarly to the previous section, we can find embedding in R? as surfaces of revolution.
For o # —1, let us define

so(@) = |a|T=,

As a function of « the graph of s is pictured in Figure[d]

10
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Figure 4: The function sy(«) representing the value of x at which the embedding fails.

For & > —1 and a # 0 the embedding is possible for > sy(a) (which is the interval for
which the square root in the next formula is real) and we have,

z1 =2~ %cos(y)

zo =z “sin(y) (15)

Here the constants are chosen in such a way that z3(so(«)) = so(a).
For o < —1 the embedding is possible for z € (0, so()] and it is given by

z1=x ¢ cos(y)
zo =2~ “sin(y

73 = / \/ 82(1+a)

Here the constants are chosen in such a way that z3(0) =
For o = 0 the obtain the standard embedding of the cyhnder which is possible for every
value of r € R,

z1 = cos(y)
29 = sin(y)
23 = X.
For o = —1 we obtain the embedding of a punctured plane in polar coordinates (here we

have z > 0),
z1 = x cos(y)
z9 = x sin(y)
z3 = 0.
Some of these embeddings are pictured in Figures 5} [6} [7}
For every value of «, the Gaussian curvature is given by

Ko a1l g oz).
T
For @ # —1, the mean curvature is given by

22049 — (14 2a)
9pv/xp2(d+a) — g2

11



and for a = —1 it is given by the limit of this expression, which is zero.
For the effective potential we find

(1.2(1-&-@) +Oé)2 14+a e
- K+ H*= = . — +0(1), forz— |a|T¥a. 16
422 (22(1+a) — o2) 8|a| == (z — |a| =) (1) o (16)

Hence, once again we find the same lack of self-adjointness.

Proposition 6. Consider the generalized Riemannian metric on R x S'. Let A be its Laplace-
Beltrami operator and A%, = A — K + H? its extrinsic Laplacian corresponding to the embeddings
described above. We have the following:

e fora > —1, A%, with domain C§°((so(a), 00) x S1) is not essentially self-adjoint in L ((so(cr), 00) x
S, dA);

o fora < —1, A%, with domain C§°((0, so(c)) x St) is not essentially self-adjoint in L*((0, so(cx)) x
S1,dA®),

Remark 2. Due to the asymptotic (L6), boundary conditions are always necessary at x = so(a) to
give a meaning to the Cauchy problem. In the case o < —1 the embeddings are defined in the interval
(0, so(c)]. Actually the non-selfadjointness comes from both extremities of this interval (meaning that
boundary conditions are necessary at x = 0 as well).

To see this let us make a unitary transform U f (z,y) = x~/2 f (z,y). This gives the operator

1 2(1+a) 2
a (1 n g) (z + )

2 2/ 22

_ 1 A2 20092
Lo, =UA,LU " = aa: +x a’q 72 4$2($2(1+a) _ 042) ’

Tnking the Fourier transform in the y-variable gives us a family of operators

1 2(14a) 2
%(1+%)—+ (@ +a) keZ.

Sk a2 12 20
Lew - ax ko T2 4%2($2(1+a) _ a2>7

For a < —1 we get
- 1
L =02+ (4 — k2> 2 4+ o(x*¥), forx — 0"

hence LY, is in the limit circle case at = = 0 as well.
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a=-3 a=—2

Figure 5: Embeddings of the a-Grushin cylinder, for & < —1. The cusp corresponds the point
x = 0.

a=-—1 a=-1/2

Figure 6: Embeddings of the a-Grushin cylinder, for a € [-1,0).
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a=0 a=1/2

Figure 7: Embeddings of the a-Grushin cylinder, for o € [0, 1).

—

Figure 8: Embeddings of the a-Grushin cylinder, for o > 1.
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