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Abstract

Ultrasonic de-icing systems are energy-efficient solutions for ice protection.

The systems generate high levels of stress in the ice by inducing vibrations in

the substrate, resulting in bulk or adhesive ice failure and, ultimately, ice re-

moval. For this purpose, two types of resonant modes can be excited: flexural

and extensional modes. The extensional modes have the interesting ability to

de-ice substantial areas of the underlying surface as long as they are pure and

do not interfere with the flexural modes. However, the coupling between ex-

tensional and flexural modes occurs naturally for thin ice-covered substrates.

The inertial effect that explains this coupling is demonstrated in this paper

by means of the Euler-Lagrange approach. The Euler-Lagrange model also

shows how the inertial effect can be eliminated by carefully adjusting the

ratio of Young’s modulus to substrate density to be close to that of ice. Fi-
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nally, the paper details how multilayered or architectured materials can be

used to design piezoelectric plate-like structures to achieve pure extensional

modes for de-icing. The ultrasonic de-icing capabilities are demonstrated on

prototypes covered with freezer ice.

Keywords: Ultrasonic de-icing, extensional modes, ice fracture, inertial

coupling, architectured material
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Nomenclature

ϵ Piezoelectric relative dielectric constants

ν Poisson’s ratio

ω Angular frequency [ rad
s

]

ϕ Rotation angle [rad]

ρ Density [ kg
m3 ]

σ Stress [Pa]

ε Strain

Ep Potential energy [J]

Ki Key Performance Indicators

ky First moment of area [m3]

qc Charge [C]

A Beam area [m2]

c Piezoelectric stiffness coefficients [ N
m2 ]

e Piezoelectric stress coefficients [ N
Vm

]

I Second moment of area [m4]

K Stiffness [N
m

]
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L Lagrangian function [J]

M Mass [kg]

T Kinetic energy [J]

U(x,t) In-plane displacement [m]

V(x,t) Out-of-plane displacement [m]

a Crack length [m]

b Width [m]

E Young’s Modulus [Pa]

F Force [N]

f Frequency [Hz]

G Energy release rate [ J
m2 ]

h Thickness [m]

L Length [m]

M Mass [kg]

PFR Parasitic Flexural Ratio

PZT Lead zirconate titanate

S Ice-Substrate contact surface [m2]
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X In-plane displacement [m]

Z Out-of-plane displacement [m]
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1. Introduction

Icing is a significant problem for wind turbines [1], energy infrastructure

(e.g. power lines [2]), and aviation [3]. This phenomenon causes performance

losses and affects the reliability of these systems.

Among the negative effects caused by ice accretion on wind turbines, the

most relevant are the measurement errors in the wind assessment phase and

the power losses [4]. For what concerns aircraft, the accreted ice changes the

wing’s aerodynamic properties, leading to severe performance degradation

and safety hazards [5, 6]. In addition, ice build-up on air intake protection

grids leads to increased fuel consumption and power losses [7].

Ice protection systems are therefore necessary to ensure safe and efficient

operations. Thermal systems, which heat the exposed surfaces, are the most

commonly used solutions for wind turbines and aircraft. They may involve

blowing hot air onto the structure or incorporating electrical heating elements

to generate a liquid water film [4, 8] at the ice/substrate interface, resulting in

the ice shedding under aerodynamic forces. These systems can either prevent

ice formation or provide a solution when ice has already accumulated on the

structure. The main disadvantage of thermal systems is the high power

required to ensure ice protection. Thermal methods have also been adapted

and used for de-icing electrical power lines. An overview of the main thermal

techniques is given by Laforte et al. [2]. They involve either heating the
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conductors by the Joule Effect or indirect heating through resistive wires or

a ferromagnetic envelope. Again, these systems require high energy levels,

between 1 and 10 kW/m2 ([2]).

Mechanical de-icing systems are less energy-demanding solutions. They

create significant stresses in the ice, leading to its failure and eventual ice

shedding. Pneumatic systems are low-energy solutions used on regional and

smaller aircraft. When sufficient ice accumulates, pulses of compressed air

inflate and deflate the pneumatic boots. Unfortunately, they significantly

impact the aircraft’s aerodynamics and require regular maintenance due to

the limited durability of the boot material [9, 10]. Alternative mechanical

systems are studied to limit the required power supply. In recent years,

vibratory and ultrasonic de-icing systems have attracted increasing interest

due to their potential weight and energy savings. This type of system may be

particularly beneficial for certain aircraft configurations, such as commuter

and regional aircraft, where the available power is insufficient for thermal ice

protection systems.

1.1. Vibratory and ultrasonic de-icing

Vibratory de-icing is based on electromechanical systems that excite the

surface covered with ice with vibrations that generate high stresses in the

ice, leading to its fracture and ultimately to its removal [11, 12]. The most

studied electromechanical systems for vibratory de-icing are based on piezo-

electric actuators. In [12], the authors found that a low-energy piezoelectric
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actuated system can be used to de-ice a rotorcraft blade. De-icing was accom-

plished by exciting multiple resonant frequencies through a frequency sweep,

which caused the ice to crack and debond at multiple locations. Venna et

al. [13] attempted to achieve electromechanical de-icing of a leading edge

using a frequency range of approximately 1 kHz. They used finite element

analysis to calculate the magnitude of vibration required to exceed the shear

strength of the interface. The ice detachment was achieved after exciting the

structure for 60 to 120 seconds. This may be due to heating effects. In [14],

Villeneuve et al. triggered fracture and debonding in a large plate covered

with a narrow ice layer, representative of ice accumulation on a leading edge.

Numerical simulations were used to identify the resonant modes that could

cause cracking or delamination of the ice, and the results were validated

experimentally.

Ultrasonic de-icing is a type of vibratory de-icing that uses frequencies

in the kilohertz range. Its applicability on wind turbine blades, high volt-

age transmission lines, and aircraft is reviewed in detail in [15]. It was first

proposed by Ramanathan et al. [16], who used piezoelectric actuators in

a range of frequencies around 1 MHz for helicopter blade de-icing. When

high-energy ultrasonic waves pass through a plate-ice layered system, the

shear stresses at the interface are high enough to detach the ice layer from

the structure. In this paper, however, the de-icing was due to a combination

of heating and mechanical effects caused by ultrasonic vibrations. In [17],

ultrasonic de-icing was applied to composite wind turbine blades using fre-
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quencies around 360 kHz. In the experimental results, the required de-icing

time varied between 30 s and 300 s, depending on the ice thickness. However,

it is worth considering that the duration of the experiment may have resulted

in some thermal effects during the mechanical de-icing process. With more

success, Palacios et al. conducted a study on de-icing systems using ultra-

sonic frequencies of 28 to 32 kHz on both plates and leading edges, which

resulted in instantaneous de-icing [18, 19]. Under the influence of ultrasonic

excitation, rotor icing tests were performed by Overmeyer et al.[20], which

also led to immediate ice detachment. Li and Chen [21] conducted the study

on ultrasonic de-icing of vertical surfaces and observed that the accumulated

small samples of ice are also shed instantly.

In [22], two types of resonant modes that can be adopted for electrome-

chanical de-icing are evaluated: flexural modes, characterized by a significant

out-of-plane displacement, and extensional modes, which vibrate mainly in

the in-plane direction. The first should be chosen if low power consumption is

required, knowing that the area that can be protected is limited. Contrarily,

extensional modes require higher power [23], but they are more suitable for

completely de-icing the surfaces to be protected. Although the extensional

modes consume more power than the flexural ones, the power consumption

of resonant de-icing systems based on this kind of mode is still competitive

when compared to thermal de-icing systems. Power calculations for an A320

aircraft showed that an electromechanical de-icing system based on exten-

sional modes consumes 2.0 kVA/m2. In contrast, an electrothermal de-icing
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system consumes approximately 4 kVA/m2 and an electrothermal anti-icing

system requires approximately 20 kVA/m2 [24]. In addition, the study found

that the power consumption of electromechanical de-icing could be further

reduced by optimizing activation times, as conservative times were used for

the de-icing cycles. Therefore, although the extensional modes consume more

power than the flexural modes, the power consumption of resonant de-icing

systems based on extensional modes is still competitive compared with other

de-icing technologies.

However, it is not always possible to obtain pure extensional modes. For

example, in a multi-layered structure with heterogeneous material properties,

such as an iced structure, the pure extensional mode may be coupled to and

parasitized with a flexural mode. Exciting a coupled extensional mode that is

not pure would reduce the effectiveness of de-icing, as the undesired flexural

motion would trigger the corresponding ice failure mechanism, resulting in a

smaller protected area.

This work investigates the coupling between flexural and extensional

modes and establishes an effective decoupling methodology. Section 2 quan-

tifies the negative effects of the coupling between extensional and flexural

modes during de-icing based on extensional modes. In section 3, the cou-

pling is modeled using an analytical approach based on the Euler-Lagrange

equations. The final sections of the paper propose a method to decrease or

eliminate the coupling by modifying the substrate properties using multi-

layered materials.
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2. Effects of parasitic flexion on de-icing with an extensional mode

2.1. De-icing mechanisms

Electromechanical de-icing systems are designed to create stresses within

the ice to initiate and propagate fractures. According to the fracture mechan-

ics theory, two types of fractures can be considered: cohesive and adhesive

fractures. The former occurs in the ice bulk, while the latter appears at the

interface (see figure 1). Budinger et al. [25] studied the fracture propagation

following its initiation and presented two de-icing mechanisms: one induced

by tensile stress and the other by shear stress. In the first mechanism, the

cohesive fracture occurs within the ice thickness when the tensile stress in

the ice exceeds its tensile strength (1 to 3 MPa, depending on the type of

ice [26], [27]). After the cohesive crack is generated, the interface undergoes

delamination due to the exceeded critical energy release rate. The second

mechanism involves the initiation and propagation of the adhesive fracture,

which occurs when the shear stress at the interface exceeds its shear strength.

Villeneuve et al. [14, 28] later confirmed the stress-related fracture mecha-

nisms for both steel plates and helicopter blades. As shown in [29], for a

plate entirely covered with ice and vibrating in the first extensional mode,

cohesive cracks will appear first, followed by adhesive delamination, which

corresponds to the first mechanism.
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Substrate

Ice

Cohesive fracture

Adhesive fracture

Figure 1: Ice fracture mechanisms: cohesive and adhesive fractures.

2.2. Performance indicators for resonant de-icing systems

The efficiency of a de-icing system is usually determined by its ability to

propagate an adhesive fracture. As previously stated, a de-icing system is

considered efficient if it generates either sufficient energy release rate G or

stress σ levels to initiate and propagate the fracture throughout the entire

interface. It is important to note that the energy release rate G can be

defined as follows:

G = −1

b

dEp

da
(1)

where dEp is the differential decrease in potential energy, da is the differ-

ential increase in crack length, and b is the specimen width.

The energy release rate G depends on the vibratory amplitude X and the

potential energy U of the deformed structure. In [23], a set of Key Perfor-

mance Indicators (KPI) was proposed to make the analyses independent of

the vibratory amplitude. In equation 2, 3, two of these indicators are re-

ported. Kσ represents the system’s ability to propagate fractures for a given

stress level, while KU relates to the operating limits of the actuation system
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in terms of energy.

Kσ =
G

σ2
(2)

KU =
G

U
(3)

The results obtained with the Kσ and KU indicators have shown that

adhesive fractures following the cohesive fractures will be greater in the case

of extensional modes when a plate-like structure is considered [23]. In par-

ticular, the KU indicator showed that the delamination performances of an

extensional mode are maintained over a much larger area than those of the

flexural mode, allowing a fracture length greater than 80%. Therefore, ex-

tensional modes seem to be the most suitable solution if the detachment of

large portions of ice is desired.

2.3. Effect of parasitic flexural modes

The indicators presented were determined for a homogeneous 1 mm-thick

titanium plate with a 2 mm-thick layer of ice on top. In this configuration,

the computations were performed assuming that the flexural and extensional

resonant modes were pure and uncoupled. However, the accumulated ice

may have different mechanical properties and geometries than the structure

it adheres to. This can result in parasitic flexion, even in simple structures

such as plates. Moreover, in the aeronautic field, the structures exposed

to ice have complex geometries, which leads to even more pollution of the

extensional modes by parasitic flexural ones.
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This study aims to investigate the impact of this parasitic flexion on the

effectiveness of de-icing through extensional resonant modes. To this end,

a structure covered with ice is studied. Only a quarter of the geometry is

studied to reduce the computing time. To generate parasitic flexion, a block

is added at the plate’s end (figure 2(a)). The greater its thickness (and

mass), the more the neutral line is displaced. As a result, the extensional

mode is disturbed by parasitic flexion. Table 1 presents, for blocks of differ-

ent thicknesses and masses, the parasitic flexural ratio defined as the ratio

between the maximum normal (out-of-plane) displacement Y and the maxi-

mum tangential (in-plane) displacement X. Computations were run for the

first extensional mode.

Table 1: Parasitic flexural ratio for different block thicknesses

Block Thickness [mm] 0 0.5 1 2.5 5 10

Parasitic flexural ratio 0.05 0.07 0.11 0.038 0.82 1.02

The KX indicator is introduced. It represents the system’s ability to prop-

agate fractures for a given in-plane displacement X, thus for an extensional

mode. It can be expressed as follows:

KX =
G

X2
(4)

The KX indicator is computed for the homogeneous 1 mm-thick titanium

plate with a 2 mm-thick layer of ice on top and for the first extensional mode

with the different ratios of parasitic flexion of Table 1. It is computed by
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integrating the energy stored in the ice relative to different areas. To this

end, the ice is divided into 20 sections of surface S, each representing 5% of

the interfacial length that may be subject to adhesive failure. Therefore, a

KXi
indicator for each ice segment i can be defined as follows:

KXi =
1

X2
.
Epi

S
(5)

where X is the maximum in-plane displacement of the structure, Epi the

energy stored in each block i and S the ice block-substrate contact surface.

This approach makes it possible to calculate and plot the evolution of KX

for each block according to its position along the length of the plate (Figure

2(b)).

Added thickness
0.5 mm

Added thickness
10 mm

(a) (b)

Figure 2: Parasitic flexural ratio effect: (a) titanium plate with ice accumulated on top
with a local mass added to generate parasitic flexion (b) KX indicator as a function of the
position along the plate.

The KX indicator of the structure with no added mass is represented by

the light blue curve. In this case, the extensional mode has minimal flexural

interference (as quantified by the ratio Y
X

= 0.05) and the curve exhibits

a smooth trend. However, as the deformation of the extensional mode is
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affected by flexion, the trend of the KX curve experiences peaks of increasing

amplitudes for higher parasitic flexural ratios. In figure 2(b), it is possible

to notice that the position of the peaks corresponds to the location of the

antinodes (points of maximum displacement) of the parasitic flexural mode.

These non-uniform trends of the KX indicator may induce propagation on

a restricted portion of the structure while producing an adverse impact in

some other areas (as depicted in figure 2(b), typically in the range from 0%

to 15% and from around 50% to 70% of the plate’s half-length). In these

areas, the propagation is expected to stop due to the sharp decrease in the

indicator. For this reason, a uniform trend of the pure extensional mode is

desired.

Therefore, to ensure complete adhesive detachment of the ice layer, this

study will focus on designing prototypes that maintain the ratio of parasitic

flexion Y
X

below a value of 0.4.

3. Analytical investigation of the coupling of flexural and exten-

sional resonant modes

This section aims to investigate the origin of the coupling between ex-

tensional and flexural modes. For this purpose, it is essential to study the

analytical wave equations of the system. Hereafter, the study is carried out

for an oscillating beam in free boundary conditions. The equations are ob-

tained from the Euler-Lagrange formulation of the problem.
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𝑣
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Figure 3: Undeformed and deformed beam.

3.1. Coupled wave equations from the Euler-Lagrange formulation

Consider a portion of the beam subject to both extension and flexion,

as seen in figure 3, x being the position along the beam and y the position

relative to the beam neutral axis. For a homogeneous beam, the neutral

axis lies on the centerline, but if a multi-material beam is considered the

neutral axis position is dependent on the material properties and the different

thicknesses.

The in-plane and out-of-plane displacements U(x, t) and V (x, t) are de-

fined as follows1 :

1To simplify the writing of equations, this paper will use the following notations for the

first and second derivatives: ∂f
∂x = fx and ∂2f

∂x∂y = fxy, and for the time derivative ∂f
∂t = ft
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U(x, t) = u(x, t) + yϕ(x, t) = u(x, t) − yvx (6)

V (x, t) = v(x, t) (7)

where u(x, t) and v(x, t) are respectively the in-plane and out-of-plane

displacement components of the neutral axis, and ϕ(x, t) is its rotation ex-

pressed as ϕ = − ∂v
∂x

= −vx and obtained from the assumption of shear stress

γxy = uy + vx = 0.

As previously mentioned, the goal is to obtain the wave equations using

the Euler-Lagrange formulation based on the Lagrangian function defined

by:

L(x, t) = T − Ep (8)

where T is the system kinetic energy and Ep is its potential energy. They

are defined as:

T =

∫
1

2
(U2

t + V 2
t )dm =

∫∫
1

2
ρ(U2

t + V 2
t )dSdx (9)

Ep =

∫
1

2
Eε2dV =

∫∫
1

2
Eε2dSdx (10)

By substituting U2
t +V 2

t into the kinetic energy expression 9, the following

equation is obtained:
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T =

∫ [1

2
(ρA)eq(u

2
t + v2t ) − (ρky)equtvxt +

1

2
(ρI)eqv

2
xt

]
dx (11)

with (ρA)eq =
∫
ρ(y)dS, (ρky)eq =

∫
ρ(y)ydS, (ρI)eq =

∫
ρ(y)y2dS. In

the case of a structure covered with ice, the density ρ and Young’s modu-

lus E depend on the position relative to the neutral axis y. This possible

distribution explains the notation ρ(y) and E(y). Also, the notation ()eq

is used to express the equivalent contributions that can be obtained for a

multi-material system.

In the case of a slender beam, the kinetic energy of rotation can be ne-

glected, thus giving the final expression:

T =

∫ [1

2
(ρA)eq(u

2
t + v2t ) − (ρky)equtvxt

]
dx (12)

Knowing that ε = ux − yϕx, the potential energy can be expressed as

follows:

Ep =

∫∫∫ [1

2
E(y)(ux−yϕx)2

]
dSdx =

∫ [1

2
(EA)equ

2
x−(Eky)equxvxx+

1

2
(EI)eqv

2
xx

]
dx

(13)

with (EA)eq =
∫
E(y)dS, (Eky)eq =

∫
E(y)ydS, (EI)eq =

∫
E(y)y2dS.

The term (Eky)eq =
∫
E(y)ydS = 0 by definition of the neutral axis.
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Equation 8 can be now written as:

L(x, t) = T−Ep =

∫
Lxdx =

∫ [1

2
(ρA)eq(u

2
t+v2t )−(ρky)equtvxt−

1

2
(EA)equ

2
x−

1

2
(EI)eqv

2
xx

]
dx

(14)

By minimizing the Lagrangian (equation 8), it is possible to obtain the

following system of equations:

d

dx

∂Lx

∂ux

+
d

dt

∂Lx

∂ut

= 0 (15a)

d2

dx2

∂Lx

∂vxx
− d

dt

∂Lx

∂vt
+

d2

dxdt

∂Lx

∂vxt
= 0 (15b)

Substituting Lx in the system of equations 15 leads to the following set

of equations:

(ρA)eq
∂2u

∂t2
− (ρky)eq

∂3v

∂x∂t2
− (EA)eq

∂2u

∂x2
= 0 (16a)

(ρA)eq
∂2v

∂t2
+ (ρky)eq

∂3u

∂x∂t2
+ (EI)eq

∂4v

∂x4
= 0 (16b)

It is possible to notice that the two equations are not independent. They

are coupled by the term (ρky)eq =
∫
ρ(y)ydS, which provides information on

the inertial coupling of the system. In the case of a homogeneous beam, this

term is equal to zero since y is the position relative to the neutral axis. The

two equations become the equations of free motion for a beam in extension

and a bending beam.
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For a multi-material beam, the two equations are coupled, thus leading

to the presence of parasitic flexion when an extensional mode is excited. If

the ratio E(y)
ρ(y)

does not vary from one layer to the other, the inertial coupling

term is equal to zero by definition of the neutral axis (
∫
E(y)ydS = 0).

The results of the analytical model are verified by means of numerical

analyses. Two 2D numerical analyses are performed on a beam with a 2.5

mm layer of ice accreted on top. The ice properties are those of glaze (or

freezer) ice (E = 9 GPa, ρ = 900 kg/m3). In the first case, the beam is

made of a titanium alloy (TA6V), while in the second case, the beam is

made of a fictitious material having a ratio E
ρ

equal to the one of ice. It is

possible to notice in figure 4 that when an extensional mode is excited, the

titanium beam oscillates with a coupled extensional/flexural mode, whereas

the fictitious beam presents a pure extensional mode.

(a)

Total displacement [m]

(b)

Total displacement [m]

Figure 4: 2D extensional mode for two different beams with 2.5 mm of ice accreted on
top: (a) the beam is constituted by a titanium alloy, having an E

ρ ratio different from that

of ice (b) the beam is constituted by a fictitious material having E
ρ equal to that of ice.
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3.2. Coupling analysis with a Rayleigh-Ritz based approach

The Rayleigh quotient and the Ritz approach [30] can be used here to ap-

proximate the angular frequency ω and analyze the coupling between flexion

and extension. The beam is assumed to be subject to pinned-pinned bound-

ary conditions at the edges. The in-plane and out-of-plane displacements can

be written as:

U(x, t) = U0sin(π
x

L
)sin(ωt) (17)

V (x, t) = V0sin(π
nx

L
)sin(ωt) (18)

where U0 and V0 are the maximum amplitudes of the extensional and flex-

ural modes. The expressions 12 and 13 of the maximum elastic and kinetic

energies can then be written as:

Ep =
L

4

[
EA(

π

L
)2U2

0 + EI(
nπ

L
)4V 2

0

]
(19)

T = ω2
0

[1

4
ρAL(U2

0 + V 2
0 ) − ρkyCnU0V0

]
(20)

with:

Cn = ((−1)n+1 − 1)
[ n

(n2 − 1)

]
(21)

The coupling term is nonzero only if n is an even number. The equality
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of the two energy contributions enables the approximation of the angular

frequency:

ω2
0 =

L
4

[
EA( π

L
)2U2

0 + EI(nπ
L

)4V 2
0

]
1
4
ρAL(U2

0 + V 2
0 ) − ρkyCnU0V0

(22)

Equation 22 can be written as a function of the parasitic flexural ratio

α = V0

U0
:

ω2
0 =

aα2 + b

cα2 + dα + e
(23)

with:

a = L
4
EI(nπ

L
)4

b = L
4
EA( π

L
)2

c = e = L
4
ρA

d = −ρkyCn

(24)

The mode shape is determined by minimizing the angular frequency

(equation 22) [30], thus by computing:

∂ω2
0

∂α
= 0, (25)

which leads to:

ad α2 + (2ac− 2bc) α− bd = 0 (26)

Solving equation 26 allows the computation of the parasitic flexural ratio

corresponding to the mode ω0. Note that this equation shows that there
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is no flexural/extensional coupling (α = 0) if d = 0, which corresponds to

ρky = 0, consistent with the previous section’s result.

3.3. Application: a plate-like structure covered with ice

Let us consider a titanium plate with an accumulated ice layer of variable

thickness. Table 2 presents the geometrical and material properties of the

assembly.

Table 2: Geometry and materials properties

Description symbol Substrate Ice

Length L[mm] 130 130

Thickness h[mm] 1.5 [1;5]

Young’s modulus E[GPa] 110 9

Poisson’s Ratio ν 0.3 0.3

Density ρ[kg/m3] 4370 900

This example aims to identify the configurations that cause excessive

parasitic flexion. To this end, the analytical Rayleigh-Ritz approach is used

and a FEM analysis is performed to plot the mode shapes and validate the

results provided by the analytical method.

Figure 5(a) presents the obtained parasitic flexural ratios versus the ice

block thickness using the Rayleigh-Ritz approach for different values of n. It

can be seen that two peaks of parasitic flexion occur for n = 8 and n = 6,

respectively, and for ice thicknesses hice= 2.1 mm and 3.7 mm. The modal

shapes of the coupled extensional modes, which are obtained using FEM

numerical analyses, are displayed in figure 5(b). The analytical and numerical

methods differ on the value of ice thickness at which the two peaks occur (hice
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= 2.6 mm and 5.1 mm compared to hice= 2.1 mm and 3.71 mm), but they

are coherent in both the number of antinodes of the parasitic flexural mode

and in the obtained parasitic flexural ratio. Indeed, for n = 8, the analytical

parasitic flexural ratio is 0.58, while the numerical one is PFR=0.56. For n =

6, the analytical value is 0.96, while the numerical PFR is 1.04. Therefore,

the analytical method provides a good first approximation to identify the

configuration of ice thickness that leads to parasitic bending and to provide

a quick estimate of the parasitic bending ratio.

(a)

n = 8

n = 6

Total displacement [m]

Total displacement [m]

(b)

Figure 5: (a) Analytical analysis of parasitic flexion using Rayleigh-Ritz approach. The
peaks in parasitic flexion correspond to the superimposition of the flexural mode charac-
terized by n antinodes, which leads to an increase in the parasitic flexural ratio. (b) FEM
extensional modes for the first peak (n = 8) and the second peak (n = 6).

25



4. Proposal of material and multi-material architectured substrates

for instantaneous de-icing

4.1. Selection of materials for multi-material substrates

Since all structures covered by ice behave as non-homogeneous structures,

one first option to decouple extensional modes from parasitic flexion is to

select the substrates properly.

A map of the materials of interest for selecting a substrate that limits

the parasitic flexion by presenting an interesting E
ρ

ratio is shown in figure

6. It is possible to notice that a few materials (such as glass fiber reinforced

composite, lead, and copper) have E
ρ

ratios that closely match that of glaze

ice. The figure shows a curve corresponding to the E
ρ

ratios of the ice in

different states. These ratios are calculated using the results obtained by

Palanque et al. [31]. In their article, they determined the values of Young’s

modulus and density of ice in both a cold chamber and an icing wind tunnel

by varying parameters such as temperature, liquid water content, median

volume diameter, and wind speed. The rest of the study is conducted on

high-density freezer ice to make an initial assessment of the phenomenon.

An evaluation of the relative E/ρ ratio ((E/ρ)substrate/(E/ρ)ice) was per-

formed for freezer ice to understand how the choice of the adopted materials

would influence the parasitic flexural ratio. Figure 7 presents the parasitic

flexural ratio when varying the relative E/ρ ratio for different ice thicknesses.

It is possible to define in the graph a non-optimal zone, in which the parasitic

flexural ratio reaches high values for some ice thicknesses. An optimal zone
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Figure 6: Ratios E
ρ of different materials compared to those of ice.

of the graph can also be defined, where the parasitic flexural ratio remains

low regardless of the value of the ice thickness. In this part of the plot, the

PFR is limited to a maximum of 0.45. Hence, choosing a material with a

relative E/ρ ratio between 1 and 1.45 is beneficial for maintaining a low value

of the PFR for any ice thickness and, therefore, for de-icing structures with

extensional modes.

Getting a relative E/ρ ratio between 1 and 1.45 is not possible with any

type of substrate material. It should be noticed that the relative ratio of

E/ρ of titanium and ice is around 2.1. In this case, one option is to create

architectured materials to adjust the material properties and get ratios E
ρ

equivalent to that of ice. Theoretically, the relative E/rho ratio that ensures

parasitic flexural ratios below 0.45 could be less than 1. However, the study

was not performed for these values as they are too far from the application

case.
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Optimal 
zone

Non-optimal 
zone

PFR

Figure 7: Parasitic flexural ratio function of substrate material properties.

4.2. Architectured materials

Architectured (or hybrid) materials can be defined as a combination of

two or more materials and space [32]. They enable a combination of prop-

erties not offered by a monolithic material [33]. Examples of architectured

materials are particulate and fiber composites, foams, sandwich structures,

lattice structures, etc. As mentioned in [33], the choice of the components and

their volume fractions are important parameters to consider when designing

architectured materials. Choosing their shape and how they are placed and

connected is also necessary. The length scale of the structural unit is also a

variable of the architectured design.

Architectured materials comprise microstructures (patterns) smaller than

the overall component size. These patterns should be homogeneous in their

spatial distribution [34]. Architectured materials can be modeled using a

homogenization technique that replaces the architectured material with an

equivalent material whose properties are homogenized according to the ge-
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ometry of each component that makes up the architectured material. In this

study, this strategy is used to propose a new fictitious material having E
ρ

equal to that of the ice.

4.3. Application: Titanium plate with piezoelectric elements

Different architectures of the substrate can be studied to evaluate the

effect of its topology on the E/ρ ratio. In this study, a titanium substrate

is considered. As mentioned before, the approach is to couple the titanium

sample with a material that has a lower E/ρ ratio. Given the map of ma-

terial characteristics presented in figure 6, the titanium can be coupled with

piezoelectric transducers that are glued to the primary surface, thus creating

an additional thickness. Piezoelectric transducers are selected since they can

also be used as actuators for de-icing purposes. For the first study, the sub-

strate is defined as a multilayered material with the piezoelectric transducer

covering the entire length of the plate LPZT = LPlt = L (Figure 8(a)). This

configuration can be seen as a continuous pattern, and it allows the study

of the thickness of the piezoelectric transducer required to limit parasitic

flexion. Subsequently, it is possible to evaluate a partially multilayered con-

figuration, in which the thickness of the transducer is fixed, while its width

is variable (Figure 8(b)).
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Figure 8: Multilayered material geometry.

4.3.1. First configuration: multilayered material

The multilayered configuration allows analytical calculations. This study

aims to determine the transducer thickness for this plate geometry that min-

imizes the parasitic flexural ratio, regardless of the ice thickness.

Analytical approach. It is possible to calculate the E/ρ ratio from the stiffness

K and the mass M of a beam portion.

M = ρAL (27)

K =
EA

L
(28)

where A is the area of the section, L is the length of the beam, E is the

Young’s modulus and ρ is the density of the material. Hence, the ratio

between Young’s modulus and density can be expressed as:

E

ρ
=

KL2

M
(29)
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Generally, it is possible to adopt this formula to compute the equivalent

properties of any architecture. The equivalent stiffness and mass of the model

can be retrieved numerically, and the E/ρ ratio can be obtained.

In the multilayered case, since LPZT = LPlt = L, the homogenization can

be determined analytically. Using equation 29, the equivalent ratio between

Young’s modulus and density can be expressed as:

(E
ρ

)
eq

=
KeqL

2

Meq

(30)

with :

Keq = KPlt + KPZT (31)

Meq = MPlt + MPZT (32)

In this configuration, the ratio between the thickness of the substrate

(hPlt) and that of the piezoelectric transducer (hPZT ) can be obtained:

hPlt

hPZT

=
EPZT −

(
E
ρ

)
eq
ρPZT(

E
ρ

)
eq
ρPlt − EPlt

(33)

From this equation, it is possible to compute the required thickness of

the piezoelectric transducer hPZT to obtain a given
(

E
ρ

)
eq

(Table 4).

Numerical approach. The numerical analysis is performed on a titanium plate

(130×70×1 mm3) covered with ice on one side, and a piezoceramic transducer
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that covers the entire plate is attached to its other side. Three piezoelectric

materials (PIC 151, PIC 181, and PIC 255) are evaluated, and their proper-

ties are reported in table 3. The plate is tested in free boundary conditions.

Table 3: Material parameters of the studied piezoceramic transducers

Material parameters PIC181 PIC151 PIC255

ρ(kg/m3) 7850 7800 7800

ϵS11 740 1110 930

ϵS33 624 852 887

e31(N/Vm) -4.5 -9.6 -7.15

e33(N/Vm) 14.7 15.1 13.7

e15(N/Vm) 11 12 11.9

cE11(N/m2) 152.3E9 107.6E9 123E9

cE12(N/m2) 89.09E9 63.12E9 76.7E9

cE13(N/m2) 85.47E9 63.85E9 70.25E9

cE33(N/m2) 134.1E9 100.4E9 97.11E9

cE44(N/m2) 28.3E9 19.62E9 22.26E9

cE55(N/m2) 28.3E9 19.62E9 22.26E9

cE66(N/m2) 31.61E9 22.4E9 23.15E9

Figure 9 shows the parasitic flexural ratio for different piezoelectric ma-

terials and ice thicknesses. Note that the zone highlighted in lighter blue on

the plots indicates the optimal range, where the parasitic flexural ratio is

minimized for any ice thickness ranging from 2 to 5 mm. The plots can then

be used to determine the optimal piezoelectric thickness for the chosen sub-

strate geometry. Table 4 summarizes the optimal thickness ranges obtained

from FEM computations for the three piezoelectric materials. This table

also provides, for comparison, the thicknesses calculated using the analytical

equation 33. The Young’s modulus of the piezoelectric materials used for

this calculation was approximated by assuming negligible stress in the third

direction and a Poisson’s ratio between axis 1 and axis 2 similar to that of the
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titanium substrate to finally have Etot = C11 − C2
13

C33
− νC12. The calculation

interval is obtained by using E/ρ ratios of ice between 1 and 1.5 to consider

different kinds of ice (from glaze to rime). The range of thicknesses obtained

analytically provides preliminary knowledge on the necessary piezoelectric

thickness. However, for higher accuracy, numerical analysis is required.

Figure 9: Numerical calculation of the parasitic flexural ratios as a function of piezoelectric
(PZT) transducer and ice thicknesses using (a) PIC181, (b) PIC151, (c) PIC255.
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Table 4: Optimal piezoelectric transducer thickness

PIC181 PIC151 PIC255

FEM optimal thickness (mm) [0.85; 1.05] [0.45; 0.7] [0.5; 0.7]

Analytical optimal thickness (mm) [0.46; 3.36] [0.33; 1.37] [0.33; 1.38]

Equivalent Young’s modulus (GPa) 65.7 44.3 44.6

4.3.2. Second configuration: partially multilayered plates

Another potential design approach is establishing a fixed thickness for the

piezoelectric transducer and evaluating its width to investigate its impact on

the parasitic flexural ratio.

The parasitic flexural ratio is evaluated numerically as the width bPZT of

the piezoelectric transducer is varied. A soft piezoelectric transducer having

a thickness of hPZT = 0.5 mm is adopted. As illustrated in figure 10, the

transducer must cover at least 68% of the titanium surface area to obtain a

parasitic flexural ratio less than 0.4. Below this value, the extensional mode

of the structure may be polluted by parasitic flexion.
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Figure 10: Numerical calculation of the parasitic flexural ratio as a function of the PZT/ti-
tanium surface ratio.

5. Prototypes and experimental validations

5.1. Prototypes

To validate the proposed approach, the experimental verification of the

previously mentioned designs is proposed. Two titanium prototypes (TA6V)

of dimensions 130x70x1 mm3 were manufactured: a reference plate with two

central piezoelectric transducers and a partially multilayered plate. Both

plates were equipped with the same 0.5 mm thick soft piezoceramics (PIC

255), available at the time of the tests.

The design of the reference plate is computed considering a pure ex-

tensional mode and no parasitic flexion. This results in two piezoelectric

transducers located at the center of the plate (see figure 11(a)) to obtain a
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good coupling between the actuators and the substrate.

The design of the partially multilayered plate is based on the findings pre-

sented in 4.3. It results in eight piezoelectric transducers distributed along

the plate (see figure 11(b)). While this is an increase in the number of trans-

ducers compared to the reference case, the purpose of this investigation is not

to optimize the piezoelectric transducers, but to improve the effectiveness of

de-icing using extensional modes. Furthermore, to have a direct comparison

with the reference plate, only the two central transducers of the partially

multilayered configuration will be used for the de-icing tests.

Hereafter, the modal characteristics, parasitic flexural ratios, and de-icing

performances of the two prototypes are shown and discussed.
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Figure 11: Bottom view of the two titanium prototypes (130x70x1 mm3): (a) Reference
substrate (b) Partially multilayered substrate.

The considered mode for de-icing is the first mode of extension of the

structure, characterized by a frequency ranging from 16 to 17 kHz depending

on the ice thickness. The modal shapes of the reference substrate with ice

layers of thickness 2, 2.5, 3, 3.5, 4 and 4.5 mm respectively are shown in figure
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12. For ice thicknesses of 3 mm, 4 mm and 4.5 mm, the parasitic flexural

ratio equals 0.3, 0.15 and 0.13 respectively, which is low enough to get an

efficient de-icing with the criterion given in Section 2. However, the parasitic

flexural ratio highlights a greater coupling between flexion and extension for

2 mm, 2.5 mm and 3.5 mm of ice, for which the indicator equals 1.26, 1.04

and 0.62 respectively. This means that, for these thicknesses, the de-icing

capability using the extensional mode is reduced by the presence of flexion.

(a) (b) (c)

(d) (e) (f)

Total displacement [m] Total displacement [m] Total displacement [m]

Total displacement [m] Total displacement [m] Total displacement [m]

Figure 12: Modal shapes of the extensional mode for the reference substrate with (a) 2
mm of ice (17.7 kHz, PFR = 1.26), (b) 2.5 mm of ice (17.6 kHz, PFR = 1.04), c) 3 mm
of ice (17 kHz, PFR = 0.3), (d) 3.5 mm of ice (16.9 kHz, PFR = 0.62), (e) 4 mm of ice
and (16.6 kHz, PFR = 0.15), (f) 4.5 mm of ice (16.5 kHz, PFR = 0.13).

Figure 13 shows the modal shapes of the partially multilayered substrate

for the same ice thicknesses studied for the reference prototype. The first

mode of extension is found at a frequency of around 15 kHz. It is possible
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to notice that the parasitic flexural ratios are generally lower than those of

the reference plate. For 2 mm the value equals 0.57, while for 2.5 mm, 3

mm, 3.5 mm, 4 and 4.5 mm, the parasitic flexural ratio equals 0.33, 0.34,

0.15, 0.11 and 0.15 respectively, thus less than 0.4. Table 5 summarizes the

values of the parasitic flexural ratios for both the reference and multilayered

plates. From a numerical standpoint, the effect of the partially multilayered

configuration is therefore beneficial to the reduction of parasitic flexion.

(a) (b) (c)

(d) (e) (f)

Total displacement [m] Total displacement [m] Total displacement [m]

Total displacement [m] Total displacement [m] Total displacement [m]

Figure 13: Modal shapes of the extensional mode for the partially multilayered substrate
with (a) 2 mm of ice (15.7 kHz, PFR = 0.57), (b) 2.5 mm of ice (15.5 kHz, PFR = 0.33),
(c) 3 mm of ice (15.4 kHz, PFR = 0.34), (d) 3.5 mm of ice (15.3 kHz, PFR = 0.15), (e) 4
mm of ice and (15.2 kHz, PFR = 0.11), (f) 4.5 mm of ice (15.1 kHz, PFR = 0.15).

Table 5: Parasitic flexural ratios for different ice thicknesses

hice 2 mm 2.5 mm 3 mm 3.5 mm 4 mm 4.5 mm

PFR (Reference) 1.26 1.04 0.3 0.62 0.15 0.13

PFR (Partially multilayered) 0.57 0.33 0.34 0.15 0.12 0.15
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The configuration with 3.5 mm, 4 mm and 4.5 mm of ice were evaluated

experimentally. Tests with thinner layers of ice were not possible because

the voltage required for de-icing was greater than what the piezoelectric

transducers could tolerate. However, the chosen thicknesses allow showing

two cases:

• the configurations with 4 mm and 4.5 mm of ice exhibit a minor cou-

pling between extensional and flexural modes. The de-icing should be

successful for both prototypes.

• the configuration with 3.5 mm of ice presents an extensional mode

strongly coupled with parasitic flexion in the case of the reference pro-

totype (PFR = 0.62). However, coupling is minimal in the case of the

partially multilayered substrate. The de-icing should be successful with

the partially multilayered substrate, but not with the reference one.

5.2. De-icing tests

The ice is formed in a freezer by spraying demineralized water on the

plates. The substrate is pre-cooled at the freezer temperature of -20 °C.

An electronic caliper (Mitutoyo Absolute AOS Digimatic) is used to verify

that the desired ice thickness is reached. For both prototypes, a preliminary

20Vpk sweep is done to detect the extensional resonant frequency. Then,

the de-icing tests are performed at 260Vpk for a total time of 8 s using both

central piezoelectric transducers as actuators.
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Complete de-icing is achieved for the multilayered plate (figure 14(b))

with 3.5 mm of ice accumulated on the top of the plate. Cohesive cracks

form first, followed by adhesive propagation, resulting in a clean surface

at the end of de-icing. The de-icing process was completed in 4 s. The

reference plate (figure 14(a)) experienced cohesive cracks as well as adhesive

propagation for the same ice thickness, but the latter was not sufficient to

shed the ice layer, which was still bonded at the end of the test. Similar

results were also found for lower voltages (200Vpk) 2. For ice thicknesses of

4 mm and 4.5 mm, the de-icing is effective for both prototypes (see figures

15, 16). The results are in good agreement with the numerical analyses. The

partially multilayered plate can effectively de-ice all tested ice thicknesses,

while the reference plate experiences some configurations where the de-icing

is unsuccessful due to parasitic flexion.

2All videos are available in the supplementary contents
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t = 0 s t = 2 s t = 4 s t = 6 s t = 8 s

(a)

(b)

t = 0 s t = 2 s t = 4 s t = 6 s t = 8 s

Figure 14: 260Vpk extensional de-icing of a 3.5 mm thick ice layer: a) Reference substrate
(b) Partially multilayered substrate.

t = 0 s t = 2 s t = 4 s t = 6 s t = 8 s

(a)

(b)

t = 0 s t = 2 s t = 4 s t = 6 s t = 8 s

Figure 15: 260Vpk extensional de-icing of a 4 mm thick ice layer: a) Reference substrate
(b) Partially multilayered substrate.
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t = 0 s t = 2 s t = 4 s t = 6 s t = 8 s

(a)

(b)

t = 0 s t = 2 s t = 4 s t = 6 s t = 8 s

Figure 16: 260Vpk extensional de-icing of a 4.5 mm thick ice layer: a) Reference substrate
(b) Partially multilayered substrate.

6. Conclusion

This paper proposes design guidelines for an effective ultrasonic de-icing

system based on piezoelectric transducers and using an extensional resonant

mode. The preliminary numerical study shows that strong coupling of the

extensional mode with flexion can negatively impact the resonant mode’s

ability to shed ice. Therefore, selecting extensional modes with low parasitic

flexion is a criterion to achieve effective de-icing. The analytical demon-

stration of the coupled wave equations has shown that the E/ρ ratio of the

substrate should be as close as possible to that of the ice to ensure a pure

extensional mode. However, this is not possible using conventional, single-

layered substrates. Hence, a methodology based on multilayered materials is
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proposed, which consists of creating a new fictitious material by combining

two or more constitutive materials.

A reference prototype and a partially multilayered prototype of a titanium

plate were studied numerically. The parasitic flexural ratio, which quantifies

the amount of flexion in the studied extensional mode, was computed for

different ice thicknesses. It was found that the partially multilayered archi-

tecture ensured lower ratios for all ice thicknesses, while the reference plate

exhibited high values of parasitic flexion for certain ice thicknesses.

Finally, the partially multilayered architectured substrate was tested and

compared to the non-optimized reference for three different ice thicknesses.

The results showed that, for a 3.5 mm thick ice layer, the de-icing was suc-

cessful when the first extensional mode of the partially multilayered plate

was excited, while the ice remained attached to the non-optimized plate due

to the significant parasitic flexural effects. For the other tested ice thick-

nesses (4 mm and 4.5 mm), de-icing was successful on both prototypes. All

the experimental results were in agreement with the corresponding numer-

ical analyses, allowing the correlation of the value of the parasitic flexural

ratio with the de-icing effectiveness. Therefore, the proposed methodology

for the design of multilayered materials successfully reduces the effects of

parasitic flexion on extensional modes and allows full instantaneous de-icing

using extensional modes.

This theoretical work focused on simple structures to enable analytical

calculations and understanding of the origin and effects of parasitic flexion
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when using extensional modes for de-icing. Future developments will involve

applying the acquired knowledge to optimize the design of a leading edge

equipped with piezoelectric transducers.
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