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Complex moments of class numbers with fundamental unit
restrictions

Jérémy Dousselin

ABSTRACT. We explore the distribution of class numbers h(d) of indefinite binary
quadratic forms, for discriminants d such that the corresponding fundamental unit 4 is
lower than d'/?*%, where 0 < o < 1/2. To do so we find an asymptotic formula for
Zt"-moments of such h(d)’s, over d < z, uniformly for a complex number z in a range of
the form |z| < (logz)'t°() R(2) > —1. This is achieved by constructing a probabilistic
random model for these values, which we will use to obtain estimates for the distribution
function of h(d) over our family. As another application, we give an asymptotic formula
for the number of d’s such that h(d) < H and g4 < d*/?*® where H is a large real number.

1 Introduction

Let D:={d € N:d=0,1 (mod 4), and d is not a square} be the set of positive discriminants.
For d € D, let h(d) be the number of equivalence classes of primitive binary indefinite quadratic
forms ax?®+bxy+cy? of discriminant d = b?—4ac. Ever since Gauss’ 200 years old Disquisitiones
Arithmeticae, the study of the class number h(d) is still active, and many questions remain
unanswered. While we know a lot about binary forms corresponding to negative discriminants,
little is known about its positive counterpart. For example, Heilbronn [6] proved in 1934 that
h(d) — oo when d — —o0, but it is still an open problem to know if h(d) = 1 for infinitely many
positive discriminants. The main difference between these cases is the presence of non-trivial
units, in the case d > 0, which affects the size of h(d). This is explained by Dirichlet’s Class
Number Formula, which states that

L(L Xd)\/a

VdeD, h(d) ==

Here and throughout y4 = (4) is Kronecker’s symbol, and L(s, x4) is the Dirichlet L-function
attached to it. The fundamental unit g4 will be defined by (¢t + Vdu)/2, if (t,u) € N x N*
is the smallest solution in ¢ of the Pell equation t* — du®? = 4. We also define, for A C R,
A(x) ={aec A:a <z}

Gauss already understood that the irregularities of h(d) are due to huge variations of the
regulator loge, (that may be as small as logd or as large as \/8) For instance, instead of
directly studying the mean of h(d) for d € D(x), he conjectured in 1801 that

2

18((3)"

3/2

> h(d)logey ~
)

deD(z

Siegel [11] proved this asymptotic formula in 1944, and we had to wait until 1984 for Hooley
[7, Conjecture 7| to give a conjecture -which is still an open problem to this day- concerning
the mean of h(d). Hooley’s conjecture states that

25
Z h(d) ~ 12W2x(loga:)2.

1<d<z:d#£0


http://arxiv.org/abs/2408.01401v1

Jérémy Dousselin 1 INTRODUCTION

Here the notation d # [ stands for the assertion "d is not a perfect square."

To achieve such a tour de force, Hooley considered a family of integers with small associated
fundamental unit. More precisely, for 0 < a < 1 he considered the family DHo°lev of d € N,
d # 0, such that e}/ < d'/?+*, Here £1/°' is the fundamental unit as defined by Hooley,
which slightly differs from our definition: we have £}/°*Y = ¢ ++/du, where (t,u) is the smallest
solution in ¢ of the Pell equation t>—du? = 1. We will detail some consequences of this difference
in Remark 1.5 and Section 2.

Hooley proved that uniformly in 0 < a < a < 1/2, where 0 < a < 1/2 is fixed:

4 2
Z IN—O; Vv log? z.
s

deDH o0tV ()

If 0 < a < 1/2is fixed, he also proved that

Z h(d) ~ 4(2c0 — log(1 + 2a))xlog:1:.

2
depgooley(m)
Since the fundamental unit &7 °”* used by Hooley is defined in a different way than ours, the
constant terms above will differ from ours.
In our case, it will be more suitable to define:

Dy :={d €D ey <d'/*}. (1.1)

Following Hooley’s idea and assuming GRH, Dahl [1| showed (with our definition of £4) that
for A > —1 and 0 < o < 1/2 fixed:

> @) ~ O )z log(x)*

deDa(x)

where C'(\, ) is an explicit constant. He also found a different formula in the case A = —1.
Combining ideas introduced by Lamzouri |9] and Dahl-Lamzouri [2], we are able to improve
upon this result, allowing A to be a complex function of x (uniformly in some range |\ <
(log z)*°M §(N) > —1), and removing the need for GRH. However in order to properly state
our results, we first need to construct a random model for L(1, x4) when d varies in D, (z).

1.1 Settings of the problem and main statement

Using techniques of Granville-Soundararajan [4] and Dahl-Lamzouri [2], we wish to compare
the distribution of L(1,x4) for d € D,(z) to that of a random Euler product L(1,X) :=
[1,(1—X(p)/p)~", where the X(p)’s are independent random variables taking the values 0, £1.
The idea is to think of X(p) as a random model for the value x4(p) when d € D,,. To do so, we
define

oy = B(R() = 1) i= g by = BOR() = 1) = P

¢ =PX(p) =0):=——.
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The reason behind these choices of probabilities, instead of the easier a, = b, = 1/2, is the
following. If d € D,, then d = dl?, with some ¢ € N* and d a fundamental discriminant. A
fundamental discriminant being divisible by a prime p with probability |pZ/p*Z—{0}|/|Z/p*Z—
{0}| = 1/(p+1), the multiplicativity of x.(p) implies that ¢, = 1/(p+1)+(1—1/(p+1))x1/p =
2/(p+1). Moreover, thanks to calculations carried out in the proof of Lemma 3.3 below, we
know that we should have
p—1
p(p+1)

Knowing that a, +b, =1—c¢,=1—2/(p+ 1), we find the values of a,, b, and ¢, above.

p bp = E(X(p)) = -

a

Remark 1.1: This probabilistic random model is to be compared with the one introduced
by Granville and Soundararajan in [4], where the probabilities that their random variables
were equal to 1 and -1 were both equal to p/(2(p + 1)). In our probabilistic random model
however, this is not the case and it appears that our random variables should be equal to -1
more often than they are equal to 1. It may also be interesting to note that our probabilities
are independent of a;, which was not expected at first sight.

Here is a plot comparing the probabilistic random model to the actual distribution of y,(p) for

d € Dy 4 (10%).
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The coloured curves are the plots of the functions that map a prime p to the proportion of
d € D1/4(10°) such that xqa(p) =1 (in green)/ xa(p) = —1 (in red)/ xa(p) = 0 (in blue). The
dotted curves represent the plots of the corresponding theoretical probabilities p — a,,p — b,

and p — c,.

We define X(n) by total multiplicativity, setting X(1) = 1 and X(p{"...p8") := X(py)?'..X(p,)"".
Here and throughout, we write log, for the k' -iterate of the natural logarithm function.
We may now state our main result.

Theorem 1.2: Let x be large and 0 < a < 1/2 be fized. Uniformly for every complex number
(1—2a)?
75

z satisfying |z| < log z/(log, x logs x) and R(z) > —1, we have that

z—1

Z_E(L(LX)Z) vt «) 10 2 z a)lo rr
dg;(x)h(d) %2 / log(1)? []“( )log?(t) + ¢(2) Lo(a) log(t) | dt + E
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Here,
a+1/2 1 a+1/2
Ii(a) = / u? <u — —) du, I o(a):= / u”? du,
1/2 2 1/2

2logp 1—1(1— 1 -
(p+1)? ( ( P) ) log2 4x2*+5 2¢'(2)
gb(z): § : —z - 9 12z+l(2)z+é B §(2) +2’%
>3 <(1 — XE,“) ) 6 2 \3 3

with v being the usual Euler-Mascheroni constant and

2%(Z)E(L(1 X)S‘E(z)) x(?R(z)H)/Z |Z‘2 ‘z|
E ’ loglog®z (1 4+ ———
s R(z)+1 (log x)%(2) <(%(z) +1)logx +loglogx ( + ))

if R(z) > —1 and, if R(z) = —1
Err < |z|(log® z) log log® .

Note that for some z -for example any zero of E((1 — X(p)/p)~*) for p a prime-, ¢(z) is not
properly defined, but the product E(L(1,X)?*)¢(2) is. This naturally gives a meaning to the
formula above for such z’s.

More explicitly we have the following corollary:

Corollary 1.3: Let x be a large real number, 0 < a < 1/2 be fized, and let z be a complex

number satisfying |z| < % log z/(log, x logy x). We also assume that R(z) is large and that
3(z) < R(z). Then we have that

z+1

> hd)y = ng—QIZ,l(oé) log(x)**? (E(L(LX)Z) +0 (w)) + Err,

Pl ((2)z+1 log, xlogs

where Err is defined in Theorem 1.2 above. In particular if z is a large real number such that

(1-2a)?  logz
z < 75 (logy )2’ then

1 E(L(1,X)* s s 1
I = gt e st (140 () )

To prove our main theorem, we have to study moments of L-functions associated with yg, for
d € Dy(z).

Theorem 1.4: Let x > 2 and 0 < o < 1/2 be fized. Then uniformly for 0 < a < o and

|Z‘ < (1—2a)? log x

75 logy xlogg 7 we have

2

> L) = %E(L(I,X)Z) (a? EL 1 0 (6(z) ~ 20) (log - 2))
deDg ()

+ O (Vz(loglog z)*E(L(1, X)mz))) :

Here ¢ was defined in Theorem 1.2.

4
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This result might be compared with the ones of [2, Theorem 1.4] and [4, Theorem 2|, where
the authors obtained similar estimates (over different families of discriminants).

Remark 1.5: Unlike the results of [2] and [4], we encountered a major technical difficulty in
the proof of Theorem 1.2. In order to use Theorem 1.4 to prove Theorem 1.2, we have to use
Stieltjes integration. This forces us to obtain our Theorem 1.4 uniformly in 0 < o < o/ < 1/2.
When proving this result, we observe that the behaviour of the studied sum is quite different
depending on the size of a compared to x. To understand why, let us recall some facts about
the fundamental unit. If e = (t + uv/d)/2 where t* — du® = 4, u > 1, we may deduce that
t > v/d and hence g4 > (1 + u)v/d/2. Therefore, when « is relatively small compared to z
(a = 1/ log x as we will show later), the condition g4 < d*/?* implies that u = 1. We will give
more precise details in Section 2, but until then we can outline the following heuristic:

1. If a is very small, then D, (x) is empty;

2. If «v is of intermediate size (so that we can only have u = 1), then the only discriminants

in D, (z) are of the form d = t* — 4;
3. If « is larger, then we may have v > 1, and this case is the only one contributing to the
main term of our theorem above.

The second case corresponds to discriminants that are almost like those in Chowla’s family,
studied in [2]. We will say that the discriminants from the third case are of Hooley’s type.
Hooley did not encounter such difficulties with the intermediate case, for his definition of the
fundamental unit £ = ¢ + \/du and > — du® = 1 implies that £/°'*Y > 21/d, and hence a
cannot be too small. In our case, we will deal with the very difficult transition from Hooley’s
discriminants to Chowla’s discriminants by stating our intermediary results according to the
size of o, and we will then show that the contribution of Chowla’s type discriminants goes in
the error term.

1.2 Study of the distribution of h(d) over d € D,(z)

Corollary 1.3 might be used to study the distribution function of h(d)’s over our family of
discriminants. We will prove the following:

Theorem 1.6: Let x be large. For some positive constant B, uniformly in the range B < 7 <

log, © — 2logy « + 21og(1 — 2av) — log(75), the proportion of d € D,(x) such that

hd) > 200 Y2
log x

(5 110 (1)

! tanh(t * tanh(t) — 1
Co ::/ %()dH/ %dmoslg.
0 1

Here is an illustration of this fast decreasing proportion.

equals

where
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The graph of the function that maps t to the proportion of d € D1/10(10°%) such that

103
h(d) = 2€" g0 15t

Although their probabilistic random models differ from ours, the random variable L(1, Xcpowia)
introduced by Dahl and Lamzouri [2] to "mimic" L(1, x4) when d < z is in Chowla’s family, as
well as the random variable L(1, X) introduced by Granville and Soundararajan [4] to approx-
imate L(1,xq) when d is a fundamental discriminant such that |d| < z both satisfy a similar
estimate to that of Theorem 1.7 below (see respectively their Theorem 1.3 and Proposition 1).
More precisely, the tails of the probability distribution of these values share a common "double
exponential decay," as properly stated in the theorem below, in the case of our probabilistic
random model.

Theorem 1.7: We define ®x(7) := P(L(1,X) > €'1) and ¥x(7) := P (L(l,X) < @) For

By (1) = exp <—6TTC° <1 +0 G))) |

The same estimate holds for Wx. Moreover, if 0 < X\ < e™7, then we have

large T, we have

Py (1) = Ox(7)(1 + O(\eT)), and Ux(e 1) = Ux(7)(14+ O(Xe")).

The proof is the same to that of [2, Theorem 1.3], since our probabilities satisty a,,b, =
1/2+ O(1/p) and a, — by, c, < 1/p.

1.3 Counting the number of Hooley’s quadratic fields with bounded
class numbers

Another application of our main theorem is given in Section 8, where we aim to find an asymp-
totic formula in H for ), _;; Fo(h), the number of d’s in D, such that h(d) < H. Here F,(h)
is defined as the number of d € D, such that h(d) = h. The method we use was designed by
Soundararajan [12], and he used it to find an asymptotic formula for the average value of the
number of imaginary quadratic fields with class number h. Heuristically, we know that L(1, x4)
is constant on average, thanks to Theorem 1.4. Thus the main contribution to the average we
want to estimate comes from d < H?(log H)?, by the Class Number Formula. Since there are

6
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around H log® H such discriminants by Proposition 4.1, we may expect the average of F, to be
around H log® H. This is indeed the case.

Theorem 1.8: We fix 0 < a < 1/2. Let H be a positive integer and € > 0 be small. Then, as
H — o0, we have that

3 ) =] (1 25 Y anw {1+ 0. (s ) )

h<H P p

Remark 1.9: If we had uniformity in the parameter o and choose a < 1/log H, the sum above
should roughly be the number of Chowla’s discriminants with class number < H. Our Theorem
would show that this quantity should be < H log H, which is precisely the result obtained by
Dahl and Lamzouri [2]: if Fe,(h) is the number of discriminants d, squarefree, of the form
d = 4m? + 1 for some m > 1, and with class number A, then

1 (logy H)?*logs H
chh(h)_zGﬂlogH(HO( og 71 :

h<H

where G = L(2, x_4) is Catalan’s constant, and y_4 is the non-principal character modulo 4.

One can also compare this with the same result in the context of imaginary quadratic fields,
proved by Soundararajan [12]: if F(h) is the number of imaginary quadratic fields with class
number h, then, as H — oo,

—m 2 o —1/2+¢
thH]:<h)_ <<3>H (1+ O ((log H) ).

Due to weaker error terms than theirs in our formula for complex moments of class numbers,
our proof will be slightly more technical than theirs.

Acknowledgement: [ would like to thank my PhD advisor Youness Lamzouri for his time,
guidance, and several useful suggestions through the preparation of this paper.

2  On the differences of context between Hooley’s paper and ours

In his paper, Hooley [7] considers the number h(d) of properly primitive classes of indefinite
forms az? + 2bxy + cy®. However as mentioned by Davenport at the beginning of the section 6
of [3], Lagrange and now most modern writers would instead use the notation az? + bxy + cy?
for a quadratic form (see [10] for instance).

Hooley then defines the discriminant of his quadratic form to be d = b? — ac, while ours is
defined by d = b? — 4ac. In other words, while we define the set of positive discriminants by

D={deN:d=0(mod 4) or d = 1(mod 4); d# 0},

Hooley only studies d/4 when d € D and d = 0(mod 4). By doing so Hooley avoids the technical
difficulties arising from the case d = 1(mod 4), described in Remark 1.5 above.

We shall now start to give some lemmas, and we will highlight how Hooley’s definition
would change some of them. First, we start by parametrizing our family D, (x) defined in (1.1),
x >0 large and 0 < o < 1/2. For t > 0, u > 1, we define

2 —4
u?

d(t,u) =
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As shown by Hooley, we have the following lemma:

Lemma 2.1: Let x be large, 0 < a < 1/2, and put X, = z* —x7 7% Let Y} := Y;(u, a) be the
unique positive solution to uw = Y& — Y17, Yy = (Yiu? + 4)V2 and Y = (xu® + 4)V/2. Then
each d € D,(x) may be uniquely written as a d(t,u), where

1<u<X,, Yo<t<Ys  d(t,u)eD.

Proof: Since the only unit lower that d is the fundamental unit, we can write that d € D,(x)
if, and only if,

t d
?—du? =4, e4= %‘f“ < dV*e u>1, d<ua. (2.1)
-1
Observe that the first condition ensures that d # [J. Furthermore, knowing that u = %,

we may replace the second and fourth conditions above by
U S de — d—l—oz S P _x—l—a — Xom

since d* —d~'~% is an increasing function of d. Now this inequality between u and d implies that
d > Y;. Furthermore the first condition of (2.1) may be replaced by the following inequality
for each w:

Y, = (VM + )7 <t < (au’ +4)' 2 =Y
This concludes the proof. O

With his definition, Hooley gets a slightly different parametrization, and in particular X7ooley —
%X «- It is now time to give a more quantitative version of Remark 1.5 above, where the technical
difficulty mentioned is related to the size of X,,. We shall define ay to be such that X,, =1,
and «a; to be such that X,, = 2. Observe that D,(z) is empty if o < «, since we would have
X, < 1. Also note that

a; < 1/log. (2.2)

By definition, the family studied by Hooley is empty as soon as X, < 2, which is the case
whenever a < .

For several reasons detailed later, we will have to study > _;cp,_ ) Xa(m), for a fixed m > 1.
We may use this Lemma 2.1 to write that

S oum-y ¥ ()-y y oy (M),

d€Dq () u=1 Zl/%gt)SYB u=1 2<a<4u2+2 Z’%St)ﬁya
t,u)eED t,u)eD
t=a (mod 4u?)

22
Covan e Z (16u 02 + 8al + d(a,u))

m
0<l<m

We define

and p(u) as the number of 2 < a < 4u® + 2 such that d(a,u) € D. If t = a (mod 4u?)
then d(t,u) = 16u(* + 8al + d(a,u), for some ¢ € Z, and hence d(a,u) and d(t,u) are equal

8
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modulo 8'. Therefore if £ = a (mod 4u?) and t > Y3, we have that d(t,u) € D if, and only if,
d(a,u) € D. Thus

3 Xd<m):§ 3 3 (d(a+;l:2n,u))

deDq () u=1 2§(a§4)u2;2 (Ya—a)/4u?<n<(Y3—a)/4u?
a,u)e

—Z Z Z ( a+4u€u)) Z ]

u=1 2<a<4u?+2 0<l<m (Yo—a)/4u?<n<(Y3—a)/4u?
d(a,u)eD n={¢ (mod m)

Xa
=3 Y Cuaa (% + 0(1))

u=1 2<a<4u?+2

d(a,u)eD
X
\/E — VY Cm,a,u -
Z Z T+O mZp(u) : (2.3)
2<a<4u?+2 u=1
d(a,u)eD

since |Chy 0| < m. We shall require the following lemma, due to Lamzouri.

Lemma 2.2 (Lemma 3.3 of [9]): Let a,u be positive integers such that d(a,u) € D. Let m be
a positive integer and write m = 2°'p5* - - - p§r, where e; > 0 and e; > 1 for 2 < j < r. Also
let mo be the squarefree part of m/2. Then if (mg,u) > 1 we have C, 4. = 0. Moreover, if
(u,mg) = 1 then we have

Crna (—1)wlmo) 2 1
0 2<j<r p; p;

: pjlu
Ej 18 even Ej 18 even

where w(myg) is the number of prime factors of my, and by, (m) = 1 if m is odd, and if m is
even then

0 if d(a,u) = 0(mod 4),
bau(m) = 1 if d(a,u) = 1(mod 8),
(=) ifd(a,u) = 5(mod 8).

At this point, there is would be no significant difference if we were to prove the same lemma in
the context of Hooley’s work (we would have to change = 0(mod 4) by = 0(mod 2), = 1(mod 8)
by = +1(mod 8), and = 5(mod 8) by = £5(mod 8) in the expression above). A fundamental
difference between Hooley’s definition and ours lies in the following lemma.

Lemma 2.3: We keep the notations of the lemma above and we put By, (u) := D 3<4<an2i2 bau(m),
d(a,u)eD
and let n(u) be the number of odd prime factors of u. Let ry be the 2-adic valuati(on)ofu. Then
Zf €1 = 0
4x 21 fr =0 orl,
Bp(u) = ¢ 8x 21w jfp =2,
16 x 27 4fry > 3.

!The fact that we are computing modulo 8 is actually a natural thing to do due to the definition of Kronecker’s
character.
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If e > 1, we have
2(—1)e127w if ry =0,
Bp(u) = 4(1+ (=1))27™)  jfp; >3,
0 otherwise.

Proof: It is an immediate consequence of Lemma 3.4 of [9], as detailed in the proof of Theorem
3.1 of the said paper. O

The mentioned Lemma 3.4 of [9] is an estimate of incongruent solutions of some equations
modulo 4 and 8. These equations are, for the sake of an example, of the form

d(a,u) = 0(mod 4),

to be solved in a. By the Chinese remainder Theorem, we have to solve a* —4 = 0(mod 22+2),
and in Hooley’s case we would rather have to solve a®* — 1 = 0(mod 2272"), which does not
have the same number of incongruent solutions if r; > 2. If we were to define BZ°9¥(y) in a
similar way to that of B,,(u), then we would have, if e; = 0:

4 x 21 if =0,
BHodle(y) = & 8 x 21 if py =1,
16 x 21 if | > 2.

If e; > 1, we would have

(14 (=1)e)27™) if r) =0,
BHooley () = 0 if ) =1,
4(1 4 (=1)e)2m) if pp > 2,

We keep the notations of the two lemmas above. Again, we leave the technical details for
later, but to estimate the main term of (2.3) we will rely on Perron’s formula, and hence we
shall compute the Dirichlet series (for R(s) > 1):

2 B’Zi@ [] <1+Pj1—2)'

u>1 pjlu
(u,mp)=1 e; is even

In order to get a multiplicative function of u inside the sum, we should normalize B,,(u) as
follows.

Lemma 2.4: We keep the notations of Lemma 2.2. We put a(m) = 4 if m is odd and a(m) =
2(—1)°* otherwise. Then for R(s) > 1:

Sm) = 3 2 T (1 L) — 6

pj—2

u>1 pjlu
(u,mp)=1 ej is even

where
. 2(p;—1)
Hfﬁg;’,‘z (1 - (pj*2§(p;71)> 1
Gm(s) == k(m,s)—

. (1 + pf_1> ¢(2s)

10
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and (A+(=1)°1)
1 4 204D TN
K(m, s) = 1+ 5 v o (2.5)
I+ + 45+ e otherwise,
Proof: The proof of Theorem 3.1 of |9] shows that
2(p; — 1) 2
Y(m, s) = k(m, s) (1 + Vo ) (1 + ) :
299 (pj —2)(p; — 1) pgn p—1
ej even
The lemma follows by noticing that for p > 2 an integer,
1
1 + 2 _ 1 - p2s .
SRN)
pS
O

Now, because of Lemma 2.2 and (2.3) we see that it should be interesting to define the
function

_1)w(mo)
Ho(s) = % 211 (1 _ p%) a(m)Gon(s). (2.6)

In Hooley’s case, this function H,, would be almost the same, but we would have

. 1+ 2(?3‘*1)

—1)wlmo) 2 Hesjsr ( ®-2@-D) 1
i) = S TT (1 ) s = oy @
mo pj prm (1 + ) S

J

where

L) ifa=0

Hooley —
REH(m, 5) { L+ (=0 (14 5pt ) e > 1.

In our proof of Proposition 4.1, we will establish that for a fixed 0 < o« < 1/2 and fixed m > 1,

> xalm) ~ MagﬁlogZx,

2
deDq(z)
and hence our probabilistic random model must satisfy

E(X(m) = lim 2242e@ X Hnll) )
oo ZdeDa(x) 1 Hy(1)
One would find a similar equivalent with Hooley’s definition, as one can observe when we
see the expression for H{ °'“(s) which appears between (16) and (17) of [7]. Therefore, we
can compute what would be a good probabilistic random model for his definition. If we were
to define random independent variables (X#°?¢¥(p)) taking values in {4-1,0}, to "mimic" the
behaviour of x4(p) for d € D0l (x)! then we a good way to define them should be

]P)(XHooley(p) _ 1) = ay, P(xHooley(p) — _]_) — bp ]P)(XHooley(p) — 0) = Cp,

IRecall that DHoolev () = {d £ O, d < x, 01V < g1/2+e),

11
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for any odd prime p, and
P(XHOOley(Q) _ 1) _ 3/16, P(XHooley(Q) — _1) —_ 3/16, ]P)(XHOOley(z) — 0) — 5/8

Similarly to our X’s, we would then put X°?'¢(1) = 1 and for n > 2, XHo°lev () .= [Lejn XHooley(p)e,

This is very coherent with the following heuristic: Hooley studies integers d such that
4d € D. Therefore, the probability that d is divided by an odd prime p is be the same as
the probability of p dividing 4d. However, in the case p = 2, we are looking at discriminants
divisible by 8, knowing that they are already divisible by 4. Using Bayes’ Theorem, we should

have
Hooley __ ]P)(8|d’ de D)

2 T PAld;de D)

Recall that a discriminant d can be uniquely written as d = d¢? with d a fundamental dis-
criminant and ¢ > 1 and integer. Also recall that the fundamental discriminant d must satisfy
d = 1(mod 4) or d = 8,12(mod 16). Therefore to have 8|d¢?, we have to be in one of the three
cases:
1. S\d which happens for 1 of the 6 available classes modulo 16 for d;
2. 4|d and 8 t d, which happens for only 1 class modulo 16, and in this case 8|df? <= 2|¢
(the latter happens with probability 1/2);
3. 41 d, which happens for 4 classes modulo 16, and in this case 8|df> <= 4|¢ (the latter
happens with probability 1/4).
By doing similar computations for the case 4|d, we find that the probability of a Hooley dis-
criminant being divisible by 2 is given by

1/6+1/6 x 1/2+4/6 x 1/4

—5/8 = Hooley
276+ 4/6 x 1/2 /8=c

as expected.

We can go even further, but we will avoid technicalities and only outline a very informal
proof. In 6 of 7], Hooley writes the class number formula as h(d) = 2v/dLq(1)/ log(eX "),

where L4(1) is a Dirichlet’s L-function satisfying Lq(1) = > .44 <m> Therefore, by removing
the contribution of the powers of 2 in the Euler product for Ly(1), we should have

E(L(1 XHooley 4
E Lg(1) ~ (L1, ))71 E 1~ —a’Vrlog® .
de,DHooley( ) E ((1 _ XHOOZ‘%/(Q)) ) de’DHOOley( ) T
a x B o x

Then, a partial summation leads to

2vVdLg4(1 TVt 4a®log?(t 40
Z 7\/_ d<)~2 Vi x 2 Og<)dt~ Oéxlog:zc.
log d o logt 7w 24/t 72

de,Délooley (l‘)

Finally, we would get by the class number formula and Stieltjes integration:

2v/dLy(1) logd o . Su
Z h(d) = Z d< ) Hooley A (1/2 + U) ! X F$ logxdu

log d
dEDgOOley ($) dEDgOOZEy (1,‘) Og log 8
42a0 — log(2 1
_A2a ogQ( o+ )JxlogL
m

as Hooley found.

12



Complex moments of class numbers with fundamental unit restrictions

3 Lemmata and definitions

Lemma 3.1: Uniformly in 0 < a < 1/2, we have for all u > 2

Vi = a4 0 (i) .

U2
Proof: We have that
Y'la —u }/1—1—04 — u (u + Y'l—l—oz)(—l—oz)/a — -+ O(u(—l—a)/a).

Since u~'/(% /o is uniformly bounded for 0 < a < 1/2, we deduce that

1 1
T =90 o (Lt 1+ 0002 ) =00 (140 (Lirt?))
2c0 «
= 4 1 O(u VD72 /) = M) L O(u?).
O

We shall now introduce several notations. First, we define another sequence of independent
random variables, (X;(p)),, for s > 1/2 and where p runs over the set of primes. They are
defined by the following probabilities, for p an odd prime number,

p—3 2 1 p—1
=P(Xs(p)=1) := + -, by(s) .= P(Xs(p) = —1) := —,
)= BEp) = 1) = L2 =2 y(s) = PR ) = 1) = 2
=PX =0)=1—-(p—2 3.1
o) = B8 = 0) =1 L (p=2+ -2 (3.)
In the case p = 2, we have
1 18 —4° 42
=PX,2)=1) = ———— b =PX;2)=-1) = =—————,

2571(45 + 25 + 2)

g2 +2
We then extend the definition of these variables to integers by putting X,(n) = [, Xs(p)°
and X4(1) = 1. Note that by definition X(m) has the same law as X;(m). In addition, we
define (X (m))m to be the random variables defined by

C2<S) = ]P)(Xs<2) = O) =

ap(00) i= P(Kelp) = 1) = L2, y(00) = PEanlp) = =1 1= L,
2
cp(00)  =P(X(p) =0) := .
for p an odd prime and
az(o0) :=P(X(2) =1) :=0, ba(0) = P(X(2) = —1) := %,

13



Jérémy Dousselin 3 LEMMATA AND DEFINITIONS

We also put Xo(n) :=[] .11, Xeo(p)?, and X (1) = 1.

pe||n 7200
To isolate the multiplicative part of H,,(s) defined in (2.6), we write it in the form

. _2 2=l
Ho(s) 842942 1 {(—1)W<mo> Hffgv%; (1 pj) (1 + (pj—zﬂ(p;—n) o )}
m(s) = . . Kk(m, s

8 +4 ((25)] mg I, (1+,ﬁ)

8 +2°+2 1
' s s m(8>’
814 ((2s)

(3.2)

2 542512 45(25-1)
is implicitly defined by the last equality above. By definition, h,,(s) is multiplicative for any
fixed real s > 1/2. It also happens to be the expectation of X (m) (which is the reason for its
definition).

with #(m,s) = 1 if m is odd and equals "L 844" (1 + M) otherwise, and h,,(s)

Remark 3.2: These quantities may seem to be artificial at first sight. The case s = 1 is the case
corresponding to our random model. The case s = oo is actually a better random model when
« is very small compared to z (o < 1/(2logx), say), as future computations will show. Finally,
the other cases are indeed artificial in the sense that the aim for their introduction is not to
model any behaviour, but rather to use the expectation formalism to greatly simplify several
computations to come. In a few words it will allow us to express a multiplicative function
as the expectation of a totally multiplicative random variable, which will come in handy for
factorizing some series as Euler products.

Lemma 3.3: Let m = 2°'p3*...p<" be the prime factorization of m (e; > 0,e; > 1ifj=2,...,r).
Let mg be the squarefree part of m/2°. Then for any real s > 1/2:

E(Xs(m)) = hm(s).

Furthermore,

e (B

2<j<r Pi 1

(ij even
Proof: By the independence of the X,(p)’s, we know that E(X,(-)) is a multiplicative function.
Therefore, h.(s) being multiplicative as well, we may check the equality only for integers p*, p
prime and k > 1. If p is odd, then if k is odd,

E(X. (")) = ay(s) — by(s) = » ( 2 1) e

p ps+1_

If £ is even,

BOLOR) = )+ 0,5 = & (=24 =20 ) = ()

Now if p = 2 and k is odd, then

1 45 -8°
k\y _ _ _* _
E(Xs(2%)) = as(s) — ba(s) 5% 127 12 hor(s).
Finally, if k is even,
18 —4°+4
k = = - =
E(X(2%)) = as(s) + ba(s) = YT T hox ().

14



Complex moments of class numbers with fundamental unit restrictions

By continuity, we find the result for X, by letting s — oo, since £(m,s) — a(m)/4. O

5—00

Lemma 3.4: Let m > 1 and let my be the squarefree part of m. We have
Tn (1), 1, (1), By, (1) < log?(m + 1) /mo.
If we fix 1/2 < 0 < 1, then we also have the more general estimate

SUP [P (5)] < mOO/ 1o8@m2)
R(s)>c
Proof: First, it is clear that £(m, 1) < 1, and this holds true for the first and second derivatives
of i(m, s) at s = 1. We start by studying the product []2<j<r (1 — p%) (1 + %_(2)7(1))), and
€5 even

we denote the factors of this product by w,, (s). We have

up, (1) =1, w, (1) <log(p;)/pj,  up,(1) < (logp;)?/p;.

Thus ,
I w,(s) <<Z\u )| < log(1 + m).
2<j<r s=1
Ej even
Similarly,
" 2
IT (s < Dl + D up(1)] < log*(1 +m).
2<j<r s=1 plm plm
Ej even

—1
Now we turn to the product Hp‘m (1 + 1%) , which is < 1 if s = 1, and as done above, its

first derivative at s = 1 is < log(1 4 m) and its second derivative at s = 1 is < log®(m + 1).
This shows that h,,(s) < log(m + 1)*/my if s = 1, and this holds true for its first and second
derivatives at s = 1, which concludes the first part of the proof.

Let 1/2 < 0 < 1. Observe that for any s with real part > o, we have

1 1 1 1
ho(s)| € — <1+(9<—))<<—exp o —
o)l < 7 11 =) < 25

The inner sum is, if P is the w(m)-th prime number:

1
<Y — <P <log(l+m) ",
p<P

which comes from P < w(m)log(w(m)) by the prime number theorem, and using w(m) <
log(m + 1). This proves that

‘hm(S)‘ < ml/ 10g(1+m)a/2)/7no7

15



Jérémy Dousselin 3 LEMMATA AND DEFINITIONS

which completes the proof. O

Now we recall standard bounds (also found in [2]) for d, the multiplicative function defined
on prime powers by d.(p”) = I'(z +v)/(I'(2)v!). Observe that |d.(n)| < d|.(n) < di(n), for any
k > |z|, and di(mn) < dx(m)di(n) for any positive integers k, m,n. Also note that for k € N
and y > 3, we have that

ai...ap=n

Therefore,

= n 2 ey '
> Ao < <e”y2 , ) < (log(3y))" (3.3)

Lemma 3.5: Let y > 3. Then for 1 < k <log(y)/3:
> di(m)e ™ < y(log(3y)) .

Proof: We split the sum > .°°_ dy(m)e~™" into two sums: the sum ¥; over m < ylog®y, and
the sum Y5 over m > ylog®y. By (3.3), we find that

log?
D<oy I Edm)e Y < yllog(3y)

Again as in (3.3), the second sum is bounded by

. k
5, < eXp< log ?/) de 7m/(2y < eXp< log” y) ( Ze m/(2y>

This proves the result. H

Lemma 3.6: Let = be large, (a,,) be a complex sequence such that a,, < m©(/10s(+m)"+1/108:2) /1)
where myg is the squarefree part of m and 0 < k < 1/2 is a real number. Then for B >0, z € C
such that |z| < Blogx/(log, x logs x):

S dﬁ”) i <€ OXP ((23 4 o(1))208% ) |

log,

m=1

Proof- We split the above sum into two sums: one over m < e(°818®"" and the other one
over m > 188" We let m = mgm? and put k = [|z[]. Since dy(m) < di(mg)dy(m2) <
di(mg)dy(my)?, the ﬁrst sum is

- i dp(m) exp ((’) (logl/“ ! a:))

< exp ((9 (logl/” ! a:)) i di(m)

— mom o Mom
< exp ((’) <1Og1/m 1 )) i dkr(nﬂgo) i dk(mTfl%1)2 . (O (logé/ﬁ_lx» (2)F i dkr(nﬁ;)%
mo=1 mi=1 m=1

16



Complex moments of class numbers with fundamental unit restrictions

Lemma 3.3 of [8] reveals that this expression is

< exp (O (logy™ " &) ) ¢(2)* exp((2 + o(1) K logy(k -+ 3)) < exp <<23 * 0<1>>11<;)gg;;) ’

Similarly the other sum is

d, (m)mO 1/ les(1+m) +1/log, z) m©(1/ loglog )

dj(m
mimyg < Z

>

m>e(log log ac)l/'i

o

dx(mo) dy (1)
< Z 2 O(1/loglogz) mQ—O(l/loglogm) ’
1

mo= 1 mi1=1

Once again, Lemma 3.3 of [8] shows that this expression above is < exp ((QB + 0(1))1130523;),

which concludes the proof. O

Lemma 3.7: Let © be large, B > 0 be a constant and z € C be such that |z| < Blogx/(log, x logs x),
let s be a complex with real part > 1/2. Then

and both of these terms are analytic in the variable s in this region.

Proof: This equality is true for any real number s > 1/2, since in this case Lemma 3.3 ensures
that

S E ) = 30 B g ) = (LX),

which concludes (in the case of real numbers), thanks to the Euler product expression for
L(1,X,). To prove that the equality holds for complex numbers, we shall rely on the analytic
continuation principle. For any 1/2 < ¢ < 1 and any s such that R(s) > o, Lemma 3.4 and
Lemma 3.6 ensure that

Z sup d=(m) P, mOW/ log(4m) ) 1.
m—1 S:R(s)>0 m me1

This proves that >~ dzy(nm) hm($) is a series of analytic functions that converges uniformly in
any compact of the half-plane $(s) > 1/2, and hence is analytic in this region. Furthermore in

17



Jérémy Dousselin 3 LEMMATA AND DEFINITIONS

this region, we have a,(s),b,(s) = 1/2+ O(1/p), which leads to'

11 <ap<s> (1 - ;) T by(5) (1 . %) " cp<s>>
g e R (I
L(0G) FroG) LG 56l
:g<1+oz (%))

+ by(s)

which is analytic in R(s) > 1/2. The factor corresponding to p = 2 is also analytic in this
region. This concludes the proof. O

Remark 3.8: We may sometimes write E(L(1,X;)?) even when s is a complex number. This
should not be defined, since (X;(n)) are not defined if s ¢ R. However, thanks to the result

above, we can extend the definitions and denote the Euler product of Lemma 3.7 above by
E(L(1,X,)?).

Lemma 3.9: Let z € C. Then

m ¢(2)

m=1

and

—d.(m) ., . E(L(1,X)?)
mZZI = H (1) = T@(Z) —27),

with ¢ being defined in Theorem 1.2.

Proof: Let s > 1/2 be a real number and put ¥(s) := % for commodity. By (3.2) and by
Lemma 3.3:

o d:(m) _P(s) N de(m) _
mzl m Hm(S) - C(QS) mzl m hm(S) -

m ((25)

m=1

U(s) o [ da(m) _ Y .
C(2S)E (Z Xs(m)> = E(L(1,X,)%).

At s = 1, we simply find the expected E(L(1,X)?)/((2). Furthermore,

L ¢(2) (2 o) X))
_E(L(LX)) [ log2 20(2)  FECLOLX)I)|
a ¢(2) {_ 2 ¢(2) + E(L(1,X)?) } (3.4)

'Recall that cy(s) =1 — a,(s) — by(s).

18
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Recalling the definitions (3.1) of a,(s), b,(s) and that c,(s) = 1 —a,(s) —b,(s), we may use
the Euler product expression for E(L(1,X,)?) to find that

SEL(, X)), _ ilogE(L(l,Xs)z)

E(L(1,X)?) ds =1
/ S .
B ap(1) { 1-3) ] log2 =132 1+ 9 (2) + 1
- —z —z 1o, 1 (2\% 4
o) (1-1) +u0) (1+1) T+ 7 e (3) +3
o [1 - (1 - l)z} 13 9 (2%
_ (p+1) p log 2 T? +3 (g) +1 (3.5)
X0\ 0 1=l (2)y 41 '
>3 E{(l-— = 6 2 \3 3
In (3.4), this proves that
 d:(m) E(L(1, X)?)
(1) = BELX 40y o)
3 ) = S e 2
which is the expected result. O

Lemma 3.10: Let z € C, R(z) > —1. Then for any s with real part > 2/3:
E(L(1,X,)7) < E(L(1,X)").
This also holds for X..
Furthermore, this estimate above holds if the left-hand side is replaced by LE(L(1,X,)?)

s=1

or LE(L(1,X,)?)

ds?

s=1

Proof: We put o := R(z). First, we assume that —1 < ¢ < 8. In this case for p > 3,

ay(s) (1 - l)z + by(s) (1 + %)Z + ¢p(s)

p

1 3 1\ 7 1 1 1\N7 2
<|lz-5+0 —5/3“1——) +{———] <1+—) +Z4+0p
a0 (1-0) +[5-5] (143) + 200

g {6 ) bl () e

=14+ 0",

which is obtained by Taylor expanding the factors (1+£1/p)~7. Taking the product over primes
> 3 and using the fact that the factor corresponding to p = 2 is O(1), we find that

E(L(1,X,)7) < [[(1+0(p~?) < 1 < E(L(1,X)7),

p

which is the expected result.

19
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If o > 8, notice that for any p > 2:

a,(1) (1 - 1) ) (1 + %) o)

p

> a0 (1- 1)_8 -0 (14 ;) — (1)

p
>1>0, (3.6)

and hence the following computations are licit!:

a,(s) {(1 . Il)>_z . 1} +b,(1) {(1 n %) g 1} + 1‘
a,(1) {(1 _ %)% - 1} + by (1) {(1 + %)ﬁ - 1} + 1’

@) - a) [ (1-3) 1]

E(L(LX,)) Ll
BILLXD)

=1+ — - . (3.7)
23| ay(1) [(1 -4 - 1] +by(1) {(1 +1) - 1] +1
By definition, since R(s) > 2/3:
ap(s) — ap(1) < 1/p°°. (3.8)

If (1 - %>_ > e!% then we see that

e (B (R

and if (1 — %)_ < €'% then we may use (3.6) to show that the denominator in (3.7) is > 1
and (3.8) to show that the numerator is < p~®/3. Either way,

Since E(L(1,X)?) < E(L(1,X)7), this implies that for any value of o > —1, we have
E(L(1,X,)%) < E(L(1,X)").

1

+b,(1) +1 ZE

By the analyticity proved in Lemma 3.7 above, we may let s — oo, which concludes the first
part of the proof.

We now turn to the other two estimates. We first bound LE(L(1, X,)?)

s=1
above, we know that
d = [1_ (1_%>} log2 =227+ 2 (3)" +1
og 9 =13 9 (2
TE(L(LX))] L, = B X)) | Y ot e T
iy p>3 E((l—%)) §2+3(3) +3
(3.9)

1Observe that b,(s) = b,(1).
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Observe that, for a given prime p and —1 < o < 8, we have Hq#pE <(1 — ¥>_ ) <

E(L(1,X)7), since the missing factor E((1 — X(p)/p)~7) is > 1. Thus following the same

reasoning as above, if —1 < ¢ < 8 we have
1 —0
+ <1 — —) + (9(1))
p

—c -0

Otherwise if o > 8, then by considering the cases (1 — 1—1)> > ¢1? and (1 — 1—1)> < el% we

d . " 2logp
TELLX))] L, < E(L(1,X)7) (; p+ 1)

< E(L(1,X)7).

deduce that the term inside parenthesis in (3.9) is < 1. Therefore, for all ¢ > —1, we have

%EU—J(L XS)Z) ‘s:l < E<L<1’ X>U).

We now turn to the quantity 5—;E(L(1,Xs)z) For convenience, we put E,,(s) :=

s=1

E ((1 - XT@)) so that E(L(1,X,)?) = [T, E-( ; We have

=>"E,0> |I] E--(1) 1)+ B ()] Eag(1). (3.10)

q#p Lr#pg 7P

d2

SE(L(L X))

Now and for the rest of the proof, observe that we have for p > 3:

E/ (1) = 2<p(_p£2(i())§p) ((1 - ]%) - 1) , (3.11)

and recall that in (3.9) we showed that
1 —Zz
1—(1—- . 3.12
( p) ] 512

Once again, we do the exact same reasoning: if —1 < ¢ < 8, then we can introduce the missing
factors in the products of (3.10) (respectively E,,(1) x E, (1) and E,,(1), which are > 1),

; (1) = 2logp
” (p+1)?

and hence
[T B (). ][ B-ot) < ] B-0(1) = E(L(1, X)%).
T#D,q q#p P
Therefore
& ’
dszE(L(LXS)Z) _ < E(L (Z \E;p ) + ; \E;’m(l)\ < E(L(1,X)7).

Now if ¢ > 8 then |E, ,(1)| > 1 by (3.6) and hence it is licit to deduce from (3.10) that

< E(L(1,X)7) (Z

p

d2
ds?

B (1) E" (1)
TS E(L(L X,)7)

) x|l

s=1
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As shown earlier when bounding the term inside the parenthesis in (3.9), by considering the

cases (1 — %)70 > e!% and (1 — %) - < e!? and using (3.12) we show that the first sum above
is < 1 (the case p = 2 is dealt with separately). Now we turn to the second sum and once
again considering the cases (1 - i) S e and (1 - 1—1)>_U < e!? and using (3.11), this second
sum is < 1, and hence for all ¢ > —1,

L B X))

g < E(L(1,X)7).

s=1

U
Observe that, as in (3.4), if f(m) is a linear combination of H,,(1), H, (1) and H/ (1), then
2

e L pra,x))

2
s=1 ds s=1

i dz7<nm>f(m) = AE(L(1,X)*) + B%E(L(LXS)Z)

m=1

for some constants A, B, and C. Therefore, our Lemma 3.10 implies the following corollary:

Corollary 3.11: Let f(m) be a linear combination of H,,(1), H,(1) and H/ (1). Let z be a
complex number with real part > —1. Then

d.
> L fm) < B %))
m=1
Remark 3.12: In particular, thanks to Lemma 3.9 combined to the corollary above, we know
that

E(L(1,X)*)¢(z) < E(L(1, X)%).

4 The sum ) ,.p ) xa(m)

We recall that X, := 2% — 27179 aq is such that X,, = 1 and «; is such that X,, = 2, as
defined above (2.2).

Proposition 4.1: Let m be a positive integer, x be a large real number. We recall that Y; s
defined in Lemma 2.1. Then uniformly in oy < o < 1/2, we have

E(X E(X
5 vatm) = V7 (o220 o+ a1, (1) + (21— 20020 5 togr - 2) 4 3t )
€D () 2¢(2) €(2)
o log*(m + 1)
+ (1 —/Yi(1,0))E(Xx(m)) + Z(xz,m, ) + O | ma*logz + —
0
where (1)
0y 1= 0o(m) := ==+ 27vH}, (1) + (v° = 271) Hin(1)
with ~1 being the first Stieltjes constant, and
1/(2a) —1/loglog z+ico
I(x,m,a) := Xo : / Hm(1+s)C2(1+s)MX;ds
2mi —1/loglog x—ioco S(S + 1/(20&))
ml/ log(1+4m)1/4
< r————(loglog x)*.

mo
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Complex moments of class numbers with fundamental unit restrictions

Uniformly in oy < a < aq, we have

Z —vYi(1, ) )+ O (mlogx).

deDq(z)
Remark 4.2: This proves that for any fixed 0 < a < 1/2:
o2 ( (m))
> Xalm) = PVr— 20 ) log? & + O (Varlog ),
deDq ()

and hence

#Da(x) ~

Therefore, for any fixed m and fixed 0 < a < 1/ 2,

1
m Z Xa(m) ~ #Dq(z),

deDa(x)

log x. (4.1)

which is the very reason for the definition of X(m)’s law. However we chose not to present our
proposition in this way, for the error terms we would get would not be sharp enough for what
the next section requires.

Proof (of Proposition 4.1): We recall the equality proved in (2.3) and the definition of B,,(u)
in Lemma 2.3, so that using Lemma 2.2 leads to

Z Z\/E_\/Vl Z C’;;’l“’“jt(’)(mzap(u))

deDq () 2§(a§4)u2;)r2
a,u)c
- \/Y 1)« (mo) 2 1
Z \/— 1 (—1) H <1 — _) H <1 + 2) By (u)
mo 2<j<r Dj pjlu Dj —
€; 1s even e; is even
+ O(ma“log ), (4.2)

since p(u) < d(u), with d(u) being the usual divisor function, by the Chinese remainder
Theorem.
Now if

(—1)w(mo) 2 1
Sm(u) = —— 1—— 1+ B (u),
o H )11 ,
€; 1s even ej is even

Lemma 2.4 reveals that for (s) > 1:

U —1)w(mo) a(m
L, (s) = Z Sm (1) = (=1) H (1 — 3) <4 ) X X(m, s)

= W Mo hljen P;
(u,mp)=1 e; is even
(_1)w(m0) < 2 ) a(m) 2 2
= 1—— X Gm S S) = Hm S S
o T (1) 57 Gul)C(s) = Huls)C (o)

2<j<r
ej is even
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Jérémy Dousselin 4 THE SUM >_,p () Xa(m)

where H,,(s) was defined in (2.6). Observe that H,,(s) is analytic in the region R(s) > 1/2,
since G, () is. From now on, we assume that o > a4, from which we deduce that o > 1/logx
and hence

X1/(20) =\ fr(1 — 71720 120) = e (0 (i)) —VT+0 (123, (43)

ax

Therefore, using Lemma 3.1, (4.3) and the fact that §,,(u) < log(1 + u)/mp, we may deduce
that

3 (Vi - Vi)t

u<Xq
— Z (XL/(20) _ /(20 3m<“ n Z _ XY/ Sm + Z 1/ (20) Yl(u’a))sm(u)
uSXa u<Xa u<Xa u
_ 1/(20) _ . 1/(2q) Fm(u) . L
= 30 (e e I (1 T Q)X (m) + O (- ). (4.4)
0
u<Xq

The expectation appears since E(X,(m)) = §,,(1) by Lemma 3.3, because’ B,,(1) = a(m) by
Lemma 2.3.

We now apply a weighted version of Perron’s formula -which has the advantage of being
absolutely convergent-, as a direct consequence of Theorem 2.1 of part I1.2 of [14]. We fix
k> 0, and

Xé/(2a) K+ico 1/(2
Z (X;/(Qa) _ ul/(Za))STfL(u) _ . / Lon(1+ 5)&){2 ds. (4.5)
U< Xa Uu 2mi K—100 S(S + 1/(20&))

Moving the integration segment to the left?, say to R(s) = —1/loglog z, we can apply the
residue theorem to the only pole of the integrand: a third order pole at s = 0. The said residue
is equal to

1 d® (Hu(1+s)3(1+s)s? H,(1) . ,
- T2 X, = ——log” X, + A log X, + As.
fes 2!(2a)) ds? ( s+ 1/(2a) ) ls=0 9 8 o T A108 o+ By
where " : o W
1 Hm 1+s C 1+s)s
Ap =777 k=1,2
"7 kdst 205 + 1 50’ ’
If we let
O = ld—kH (14 5)C*(1 + s)s? k=1,2
k= gk a0’ =12
then,
/ H!'(1) , )
01 = H,(1) +27Hn(1), 0y = =20 +2yH;, (1) + (7" = 231) Hn (1), (4.6)
and

Al = 61 - QOsz(l), AQ = 62 - 20(61 + (2&)2Hm(1)

'Recall that a(m) = 4 if m is odd, and equals 2(—1)¢* otherwise.
2This can be done since the integrand is of finite order.
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Complex moments of class numbers with fundamental unit restrictions

Therefore,

Res — HmQ(I) log? X+ { (1) + 2y — 20] (1) } (log X, — 20) + s

Consequently, using (4.5) in (4.4) leads to

5 (v = VI - XY Res 1 (1 AL B () + Zlome) + O (o)

u mo

Z(z,m, ) = Hm(1+3)C2(1+5)S

WX; ds. (4.7)

X2 /l/loglog:eriOO 1/(2a)
271 _

1/ log log x—ico

Inserting this estimate in (4.2), we get

Z Xa(m) = Z Vo= \/if_ﬁsm(u) + O (mazlog x)

d€Da (z) u<Xa
= XYCYRes + (1 — VY1(1, 0))E(Xo(m)) + Z(z, m, 0) + O (mxo‘ logz + mi) .
(18)
Naturally we wish to use that X, =~ z® to simplify the above expression. Since X, =
x® — x717% we may write that
log X, = log(z®) 4+ log(1 — 27 172%) = alogx + O(1/xz), (4.9)
and

log® X, = a*log® z + O(log z/x).

Also recall the estimate (4.3). Therefore changing these expressions in Res by the main term
of the above estimates introduces an error

H,,(1)+ H (1) + H" (1 ho (1) + R (1) + B (1 log? 1
< )+ HL, () + H (1) o (1) 58, (1) + B, (1) Jog*(m + 1)
rl/3 rl/3 m0x1/3

by Lemma 3.4. Thus (4.8) becomes

S xalm) = vz (aHme log? @ + a{ H,(1) + (27 — 20) Hu(1)}logz — 2) + 62)

deDa ()

log?(m + 1)
mo .

+ (1= vYi(1,0)E(Xx(m)) + Z(z,m,a) + O (mxo‘ log x +
This concludes the first part of the proof, since H,,(1) = E(X(m))/{(2).

To prove the bound on Z(x, m, ), we will rely on estimates for ((s) in the critical strip and
more precisely the fact that for each positive constant ¢ and ¢ > 2 such that ¢ > 1 — ¢/ logt:

((o+it) < logt (4.10)
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Jérémy Dousselin 5 MEAN VALUE OF L(1, xa)*

(see Theorem I1.3.9 of [14] for a proof). Furthermore let p(o) be the infinimum of all real
numbers a such that ((o +i7) = O(r%), |7| > 1, 0 < ¢ < 1. It is well known that pu is
convex, thanks to the Phragmén-Lindel6f theorem. It is also known that p(1/2) < 1/6. Many
improvements of this bound have been given since, but would not bring significantly better
results here. These facts may be found through the section I1.3.4 of [14]. Since p(o) < 3(1—0)
for any o € [1/2,1], we find that

1
1-— < 4.11
a < loglog:v) =5 (4.11)

for any small and fixed ¢ > 0. Consequently, since Lemma 3.4 reveals that H,,(1 + s) <
o (14 5) < m/1080+mY /1y Con the line R(s) = —1/ loglog 2 and since ¢(1+5s) < 1/|s| when
s — 0, we find that

st < |¢(1—1/logl )2
ﬂmma%<¢#1———__1%b§x+/ (1 —1/loglogz +it)* |
o 2 tv/(20t)2 + 1

The contribution to integral above when ¢ > (logz)? is relatively small. Indeed in this range,
we have vta > v/ta; > /t/logx > 1, and hence (ta)? > t. With (4.11), this implies that

[eS) 1-1/1 1 it 2 o0 tl/lO
[ KOsty
( ¢

dt < 1.
og )2 t (20&t)2 +1 2 t1+1/2 <

og x)
For the remaining 2 < ¢t < (logz)?, we instead use (4.10) to prove that

/ (log z)? 1C(1—1/loglogz + Zt)| o< /(logm)2 (log t)2
t
2 2

dt < (loglog z)3.
ty/(2at)?2 + 1 (loglog z)

Collecting the inequalities above, we find the expected

ml/log(1+m)1/4
I(z,m,a) < yr—-———(loglog z)*. (4.12)
mo

Now if ap < v < oy < 1/logz, then 1 < X, < 2. We can then use (4.2) to deduce that

W(m()) D)
Z —vYi(1, ) H (1 — —) alm) + O (ma®log x)
deDa () Mo 2<5< pj 4
all SIsT
(iJ even
—vYi(1, ) )+ O (mlogx).
The second equality relies on Lemma 3.3. This proves the last part of our proposition. O

5 Mean value of L(1,xq)*

We need a good approximation for L(1, x4)?, and the one given by Dahl-Lamzouri appears to
be perfectly suitable.

Proposition 5.1 (Proposition 3.3 of [2]): Let d € D be large and let 0 < € < 1/2 be fized. Let
y be a real number such that logd/log, d < logy < logd. Assume that L(s,xq) has no zeros

26



Complex moments of class numbers with fundamental unit restrictions

inside the rectangle {s € C: 1 —¢ < R(s) < 1,|3(s)| < 2(logd)?¢}. Then for any complex z
such that |z| <logy/(4log, dlogs d) we have that

L(1, va)* = i d=xat) upy | (exp (— log y )) .

n 2log, d

n=1
Here, we recall that d,(n) are defined to be the coefficients of the Dirichlet series of C*.

We will use this estimate to prove our Theorem 1.4. First we shall mention the following
standard bound (see Lemma 2.2 of [8]): if y is a non-exceptional and non-principal Dirichlet
character modulo ¢, then for all t € R

log L(1 +it, x) < logy(q(|t| 4+ 2)). (5.1)

Proof (of Theorem 1.4): Fix 4;31? < 0, < 1,say o, :=5/6+ «/3. Let M be the number of

positive fundamental discriminants d < x such that L(s, x4) has a zero in the rectangle

R(z) = {s € C: 0, < R(s) < 1,|3(s)| < 2(logz)¥ 1)},

Then, we use Heath-Brown’s zero-density estimate (see [5]), which states that for any ¢ > 0
and 1/2 < 0 < 1, we have that

ZbN (0, T, xa) < (2T) 212/ @=) 3-20)/(2~0)

d<a

where N(o, T, x4) is the number of zeros p of L(s, xq) with R(p) > o and [S(p)| < T, and 3’
indicates that the sum is over fundamental discriminants. Thus, for any small ¢ > 0 we have
that

M < x3(170’a)/(270’a)+€. (52)

Now we have to link this number M to the number N of d € D,(z) for which L(s, x4) has
a zero in R(z). We let dy,...,dp be the positive fundamental discriminants lower than z for
which L(s, x4) has a zero in R(z). We recall that for every d € D, there is a unique positive
fundamental discriminant d and some ¢ € N such that d = d¢2. In this case, it is easy to see
that L(s, xq) and L(s, x;) have the same zeros in the region R(s) > 0.

Consequently, if we fix d € D,(z) such that L(s,x4) has a zero in R(z), we may write
that for some 1 < u < X,, Y, <t <VY; 5 € {l,.,M}, ¢ € N, we have t2u§4 = d;?, i.e.
t* — (u*d;)0* = 4. Therefore, by the theory of Pell’s equation there exists n € N such that

Thus, for any fixed 1 < u < X, the fact that 5gju2 <t <Y; <z yields
{{t,0) Yo <t < Y3l eN:#* —4=u*d;}| <|{ne€N: €2 <z} < logw.
By (5.2) it follows that

N < M(log )X, < a?170e)/(2-oe)Fate (5.3)
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5 MEAN VALUE OF L(1, xq)*

for any small € > 0. Note that

We define 6, :=

Let D, (x) be the set

(1—2a)?
14 — 4o

1— o0, 1

3 +a=

5 (5.4)

2—o0,

(1 — 2a)?/15 so that (5.3) and (5.4) imply that

N << xl/Q—(Sa )

of d € D,(z) such that d > /x and L(s, x4) has no zeros in R(x),

then the last inequality yields

Da(@)| — [Da(z)] < 2270, (5.5)
Thus, using (5.1), we may write
Z L(1,xq)" — Z L(1, xq)? < 22 % exp(O(|2|log, x)) < x'/?7%/2,
deDa(x) d€Dq (1)
Let y := 2% and k := [|z|], so that Proposition 5.1 and (4.1) imply that
Y L= >, L(l,xa) + 0"/
d€Dq () deﬁa(x)
e~y - 641
-y >4 O (1Daa) exp (G20 ) ) + O(a275/2)
2log, x
deDq (z) M=1
e /Y 641
= ¥ Z v O (Vrexp [ Z22%8T) ) (5.6)
3log, =
deDq (z) M=1

We now extend the main term to a sum over all d € D, (x). We may do so, for (3.3) and (5.5)

imply that

ZZ

d€Dq(z )\Da(

Combining this with (5.6), we get that

Z L(LXd)z

deDq(z)

= di(m)e=™/v
e < (|Do()| = [Dalx)]) Y ———— Kl < gt/¥0/2,
m=1
d.(m)e™/v —0q logx

d€Dqu ()

We first assume that a; < a < o/. We may use Proposition 4.1, denoting its main term by

28
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Complex moments of class numbers with fundamental unit restrictions

to write that

> )e /Y 2. d,(m)e ™Y
I L ORCGED S
m=1 deDa(z) m=1
f(1-yTa >>ijE<X ( >>+o< “loga 3 dy(m) -m/y>
14, @ m ol x~ logx - im)e
*m/y og?(m
+ Z [I(:L’,m, a)+ O <71 & (mo+ 1))] ) (5.8)

The aim is now to get rid of the weigh e™™/¥ in the main term. By Lemma 3.3 and
Lemma 3.4, we know that removing the said weigh introduces an error bounded by

)(1 — e ™) log?(m + 1)
mom

vV log? SL’Z

We know that 1 — e‘t < tlforallt > 0and 0 < B < 1, and we choose 3 = 1/log,z. By

Lemma 3.6, if |2| < 2 o %, we deduce that this error is bounded by
g, *logg «

> d A log? 1 1
\/EyfﬁlongZ k(m)m 0g (m+ )<<\/Ex75a/longeXp (5_04 ng)

mom 2 log, x

m=1

< Vzexp (—5—“ log @ ) . (5.9)

2 log, x

1/ logo (2+m)

Similarly since Z(x, m, o) < /x™ (log log )3 by Proposition 4.1 and since E(X,(m)) <
1/mg by Lemma 3.3 the error 1ntroduced by removing the exponential weight in the second
and fourth sums of (5.8) above is

|
< VEexp <—5—a o8 ) . (5.10)

2 log,

Now that the exponential weight is removed, Lemma 3.6 shows that the contribution of the

log(1 4+ m)?/mg term in (5.8) is
1
< exp ((9( ogx)) : (5.11)
log,

Since Y;(1, @) < x and by Lemma 3.10, the contribution of the E(X,,(m)) term in (5.8) is

(1= V/Yi(1,0)E(L(1, X&)?) < VaE(L(1, X)),
Finally, Lemma 3.5 ensures that the contribution of the error term of the third sum in (5.8) is
< *(log 2)y(log(3y))F+? <« ot P « g1/270/2, (5.12)
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Jérémy Dousselin 5 MEAN VALUE OF L(1, xa)*

Collecting all these estimates and using (5.7), we find that

Z L(1,xq)* = i %MT(TTZ) + i %I(w,m, «)
d€Da (x) m=1 m=1
+ (1= VWi(L a)E(L(1L, X0)?) + O (exp (_ ‘ga ll(j’gg;)) (5.13)

Z(z,m,a) + O (VZE(L(1, X)"3)) . (5.14)

Using Lemma 3.9, we find that the sum of MT(m) is equal to

o0

d,(m)MT(m
Z:l ()m (m)

= E(L(1, X)Z)g(\/g) <a2 log_ + a(¢(z) — 2a) (logx — 2))

¢(2)

The last equality relies on Corollary 3.11, and on the definition (4.6) of 5.

It only remains to estimate the contribution of Z(x, m, ). Observe that, for s = o+ir € C,
3/2 < o < 2: 1/|¢(s)] < ¢(0)/¢(20) <« 1, and hence on the line R(s) = —1/loglogz,
we have m < 1. Furthermore, as seen through the proof of Lemma 3.9, we have

> %Hm(s) = %E(L(l,xs)z), where ¢(s) < 1 on the line R(s) = 1 — 1/loglogx.

By Lemma 3.10 and using the same computations that lead to (4.12), we deduce that

00 dz(m) Xé/(Qa) —1/loglog x+ico ?/J(l + S)E(L(l,X1+5)z)C2(1 + 5)
T =
2 =y Hama) L evere -2 Tl 1)

m 2m
< VrE(L(1,X)%#) (loglog z)3. (5.16)
Using the estimate above and (5.15) in (5.14), we have proved that if oy < o < ¢/, then

1 2
ﬁ(oﬂogx

_R(L(1, X)) L <a2 8% | o (6(2) — 20) (log z — 2)) + 0 (VAR(L(1,X)™) . (5.15)

X, ds

m=1

> Ll xa)* = E(L(1, X)) +a((z) - 2a) (logz — 2))

+ O (Vz(loglog )’ E(L(1,X)")) . (5.17)
Now we assume that ap < a < a3. Then we can go back to (5.7) and use Proposition 4.1
to find that
ad d.(m _m/y —04 log
Z (1, xa) :Z Z Xd(m)+(’)(\/fexp (m))
d€Dq () m=1 deDq ()
Yi(1, «) (m))+ O < di(m)e ™Y logx)
m=1 m=1
—0q 1
+0 (ﬁexp <&)) (5.18)
3log,

= O(VZE(L(1, X)"®)),
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by Lemma 3.10. The exponential weight of the first term of the second line was removed as in

(5.9). The contribution of the first error term of the second line was bounded as in (5.12).
Combining the two results above, our Remark 3.12 and the fact that oy < 1/logz show

that (5.17) holds if 0 < o < ay, which concludes the proof. O

6 Proof of Theorem 1.2

We can now prove Theorem 1.2, simply by using partial summation and Stieltjes integration.
The fact that we want uniformity in the moments makes this step of the proof much more
subtle compared to that of Hooley’s paper [7] (see (63) page 123). We will work with a fixed
0 < a < 1/2 and a large real number z. We recall that X, = 2% — 2717 and that «y
(resp. aq) is such that X,, = 1 (resp. X,, = 2). We fix a complex number z such that

o:=R(z) > —1and |z| < (=20 __logz _ anq we define f() == (v/t/logt)*. Observe that

75  logyxlogzx’

o—1
since |f'(t)] < |7| ( Vi ) L we may deduce that if o > —1:

logt Vitlogt’
x x \/Z)o'—l ‘z| x,(a-i—l)/Z
tf'(t)dt ( dt ) 6.1
/2 \/_f() <<|Z|/2 (logt)® <<0'+1(10g:1:)" (6.1)
If c = —1, then
/ Vif(t) dt < |z|log?® . (6.2)
2

Proof (of Theorem 1.2): First, we want to estimate

de€Dy(z)
uniformly in op < u < a. We first let ag < u < o and 2 < ¢t < z. Going back to (5.18), we let
MT(t,u, 2) = (Vt — Yi(1,u))E(L(1,X)?)
so that, proceeding as in (5.12) to bound the error term, we have

S L(Lxa)f = MTi(t,u,2) + Erri(t,u, 2)
deDy(t)

with Erri(t,u, z) < v/texp(—dlogt/logy(t+ 1)) for some 6 > 0. We also put MT;(y,u,2) =0
if0<y<2.
By partial summation and Lemma 3.10, this leads to

xT

Q(z,u,z) = /; f(t)%MTl (t,u,z)dt + Err(x,u, 2) f(x) — / Erry(t,u, 2) f'(t)dt

9—

Tf(t
:E(L(I,XOO)Z)/ %dt+Eer71(x,u, 2). (6.3)
2
By (6.1) if 0 > —1:
E 2l ) 6.4
TT‘QJ(ZL‘,U,Z)<<(O_+1+ )W, ( )
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Jérémy Dousselin 6 PROOF OF 77

and by (6.2), if o = —1:
Errgi(z,u, z) < |z]|. (6.5)

Now we let o < u < aand 2 <t < 2. We can not use Theorem 1.4 directly, and we
instead need to go back to (5.13) and use (5.15) to find that

S L1 xa)® = E(L(1, X)Z)T\/; <u21°§ L w(6(2) — 2u) (log t — 2)) VLY dz;m) 3y (m)
deDy (t)

m=1

+ (1= VY1 u)E(L(1, X)) + Y %I@, m, u)

o logt
+0 (E(L(l, X))Vt exp ( 5log2<t " 1))) : (6.6)
for some 6 > 0 and where 05(m) and Z(¢,m,u) were defined in Proposition 4.1. The reason for
which we need this lengthier expression instead of the easier Theorem 1.4 is that the error term
above is much more precise than the one in Theorem 1.4. By keeping in the main term some
expressions rather than putting them in the error term (as we did in Theorem 1.4), we will
be able to handle them with a lot more precision in the following partial summations, leading
to a better final error term in Theorem 1.2. However we can already show that some of the
contribution of the term > ~_, %I(t, m,u) goes in the error term of (6.6).
First, observe that

e {(1 RAUDECESIEDS d{m) 62<m>} 0, (6.7

m

and we denote the term between curly brackets by C(¢,u, z). As proved at the very beginning
of Lemma 3.9, we know that >~ | dzfnm) H,.(s) = ZZ’((;’S))E(L(LXS)Z), where 9(s) < 1 if R(s) is
close to 1. Therefore,

 d=(m) _ (e (A4 )ELA, X))+ 8) 1
Z m Zt,m,u) = 270 C(2(s+1))s(2us + 1) (7 =) ds.

m=1 (70)
for any small enough ¢ > 0, where (—c) means that the integration path is the line £(s) = —c,
and we choose ¢ = 1/loglogx. For commodity, we put ¥,(s) := %&;ﬁs)z), and hence on

the line R(s) = —c
U,(1+ ) < E(L(1,X)?) (6.8)
by Lemma 3.10 and since 1/{(2(s + 1)) < 1, as shown earlier, above (5.16).

Since a; < u < a, we may use (4.3) and bound the integral as we did in (5.16) to write
that

Z dz;m)z(t, m,u) =Vt - %@(Hs)(ﬂ—tl“f ds+0O (E(L(1,X)7)t*loglog® z) .

m=1

We fix € > 0. Since u > 1/logx, we have by (6.8) and the Phragmén-Lindel6f theorem (4.11)

te E(L(1,X)°
—dt < \/EM
2u log x

o0

\/Z/ o 7§;iiii)>g2(l+s)(t“—tl”)Sds < \/EE(L(l,X)")/ngx

|S(s)|>log?
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Complex moments of class numbers with fundamental unit restrictions

By (4.9), for s € C with R(s) = —c and |3(s)| < log® x, we have (t* —t~17%)s = %5 + O(1/+/1).
Thus by using (6.8), the fact that ((1 — ¢+ iw) < logw if 2 < w < logz® by (4.10) and the
fact that ((1 —c+it) < 1/cif |t| < 2

—d T,(1 2(1
z(m)z<t’m’u):\/i ( +$)C ( +S)tusd8
m (=) s(2us + 1)
m=1 S(s)] <log? @
1 log? t
+o | E(L(1,X)) | = + 08w g V1
c3 (—o) w log =
2<[3(s)|<log® x
V(14 5)¢3(1 + ) 5 Vi
= t*d E(L(1,X)%) |logl — .
Vi (o) s(2us + 1) s+ O | B(L{L,X)7) |log log"a + log

19(s)|<log? =

Thus, going back to (6.6), we may define

MTs(t,u, z) :=E(L(I, X)Z)% (uzloi ! +u (¢(2) — 2u) (logt — 2)) + C(t,u, 2)

_'_\/g \IIZ(1+$)C2(1+S)tust

(=¢) s(2us +1
\%(s)\ﬁlogg T ( )

and Erry(t,u, z) by
Z L(1,xq)® = MT5(t,u, z) + Errs(t,u, 2),

deDy ()

so that the crude bound v/ exp(—dlogt/loglog(t + 1)) < t/logt leads to

t
Erry(t,u, z) < E(L(1,X)7) (% + log log? x) :

Doing the partial summation as we did in (6.3), we find that

Q(z,u, 2)
CE(L(1,X)%) [* w2t oy (¢(2) — 2u) (logt —2)  w?logt + u ((z) — 2u)
=g “)< 2i * Vi ) “

+/;f(t)% (t,u, z)dt+/2 2\/_/ o) (1+8)C2<1+S>t“3d3+ETTQQ(J:,u,z)

_ E(L(L,X)) [ 0 { e

—log®t + ¢()logt}dt+/ f(t) 815 C(t,u, z)dt

¢(2) vt L4
1+ 5)¢(1 +5)
. t**ds + Errga(x,u, z), (6.9)
/ 2\/_ / (s(\<lz>g x iy

so that by (6.1)

E ) 2 e x)e 6.10
TTQ,2($,U,Z)<<(U+1+)W((> )%) (6.10)
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if o > —1, and if 0 = —1 (6.2) implies that

Errgo(z,u, z) < |z|logx (6.11)

We define MTy (x,u,z) == Q(z,u,2) —
0 < v < «p, for convenience.

Thanks to Dirichlet’s Class Number Formula, we may write that

VAL(1, xq) " logd\?
h Y
Sle,a,2) Z Z ( logd (1og5d)
deDa(x) deD(x)
Ed§d1/2+a

= /Oa (1/2 +u) *dQ(x,u, 2).

ETT’QJ(ZL”’U’Z), 1= 1727 and MTQJ(SU,’U,Z) =0 if

We first study the integral over (0, aq). By integrating by parts and using (6.3) together with
(6.4) and (6.5), we find that

/0011 (1/24u)*dQ(x,u, z) = (MTQJ(.T, ay, z) + Errga(x, o, z)) (1/24+ ay)~?
/ Qa:uz (1/2+u) “du

= / (1/24u)"" 88u MTg1(z,u,z)du+ Errg,(x, a, 2)
0

= Errg1(z, a, 2), (6.12)

where

Errgi(x,a,z) = Errga(x,a1,2) (1/2+ o) " —/ 1 Errgi(z,u 2)88 (1/24+u) " du
0

o (L2l P et
< 2° —
(a +1 + ) (log x)o+!

ifo>—1,andif o = —1

Errsi(v, a,2) < |z]*

Now we deal with the integral over [y, ). By similar computations and using (6.7), (6.9)

/i (1/2+u) 7 dQ(z,u, z) = [Q(:c u,2)(1/2 4 u) Z a / Qx,u 2)88 (1/24+u) " du

= / (1/24u)"* %MTQ(:U, u, z)du + Errgs(z, a, 2)

(631

_ E<L(1 Xy) /2 (12;;2;)/2 { (/: w(1/2 )" du) log? ¢ + (/j (1/2 4+ u)~* du) () log t} dt

t)logt : -
/ f Og = \Ifz(1+s)C2(1+8)/ (1/2+w) 71" duds + Errgs(z, a, 2),
|S(s)|<log? “
(6.13)
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where
e @ 0 .
Errgs(x,a,z) = [Errga(z,u, 2) (1/2 4 u) ]a+ — Errga(x,u, 2)8— (1/2+u) " du.
1 0 u

By (6.10), if 0 > —1:

El )2 plo+1)/2
(

Errgs(x, o, 2) < 27E(L(1,X)7) (g ) 710g 7)o

and by (6.11), if o = —1:
Errsa(r, a,2) < |2]*logz.

Now we want to extend the inner integrals to the whole interval (0, «), and we may do so
for Remark 3.12 together with the fact that ay < 1/logx imply that

z—1

E<L2<(1(’2§)§)Z) /; (lig2t)z { (/Om w(1/2 4 u)~* du) log?t + </0a1 (1/2+u)~* du) ¢(z)log t} dt

< 20E<L<1 X)U) /l‘ tlo=1)/2 QUE(L(I, X)o’) pe+1)/2
, o (logt) c+1  (logz)

(6.14)

if o > —1, and if 0 = —1 the quantity above is
< (logz)?.

Observe that for 2 <t < x and R(s) = —c¢, |3(s)| < log® =, a summation by parts leads to:

/:(1/2+u)‘zt“3du = {

1

(1/2 + u)~=tus]
slogt slogt

< 27 |+ |2
|s| log ¢ o+2)

Thus, once again using (4.10), (6.8) and the fact that ((1+ s) < 1/|s| when s — 0:

/ (1/2 4 u) > " du

(631

«

T f(t)logt , L
/227\/%/ Lo Ll+3)C (1+3)/ (1/2 +u) " t* duds dt

S(s)|<log? = o

< 2°E(L(1,X)%) <1+ 2 )/2 \/Ea_l/ . ICA+ gt

logt)e S
(log) 1S(s)|<log? x N

: : ERY RGN ISR
<<2E(L(1,X))<1+0_+2) (/2 <1Ogt)odt> Cg+/ o ] | ds|

2<[S(s)|<log? &
2°E(L(1,X)%) 2ot/ 2] 3
: 1 log1
< o+1 (log ) +<7+2 0808 T

if 0 > —1, while if 0 = —1 this quantity is
< |z|(log® z) log log® z.
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We use the definition of I, ;(«), j = 0,1, given in Theorem 1.2 so that using the result
above together with (6.12), (6.13) and (6.14), we find that

E(L(1,X)?) [* t=
S(z,a,z) = (LX) )/2 (lf)gt)z [1'271(04) log?t + I o(a)¢(z) logt] dt + Err

where, if 0 > —1:

2
B
(o+1)/2 (J— + 1) log log®
Err < 2°E(L(1, X))~ o 0808 T (1 E )

(log ) log x o+1

glo+1)/2 | 2|2 loglog® x |2|
2°E(L(1, X)° 1
<R (i o (703)

and if 0 = —1:
Err < |z|(log® z) log log® z.

O

Proof (of Corollary 1.3): We fix z a complex number with a large real part R(z) = o, and we
fix 0 < @ < 1/2. By Remark 3.12, we know that

E(L(1,X)*)¢(2) < E(L(1,X)"). (6.15)

Furthermore, if we assume that J(z) < o and ¢ — oo, then:

Lola) 2 _ 2

() lpleto g g(2a+1+m+f)7%ﬁ4) -1
B 2
=l 2a41-20+0(20+1)79)) -1
= — 2 < 0 < logz/(logy xlogs x).

+O((2a+1)77)

z—2
Using Theorem 1.2 with (6.15), this proves the first part of the Corollary:

z+1

S h(d) = ﬁ;’; -1 (a) log(w) =+ (E(L(l’ X)) +0 <%)) e
deDa () 2 3

Now if z is large and real and satisfies z < (177250‘)2 (ggfi)% we have that I, ;(a) ~ 27/(42?) which

implies that

.1 E(L(L,X)?) 241 242 1
de; )h(d) ONETS) I1(a)z™2 log(x) 1+0 log, 7 1oz, 7 + Err

1 E(L(1,X)%) 241 o 1 22 3
=D i1 I i(a)x 2 log(x) 1+0 log, 710z, +0 1OgQI(logloga:) )

which proves the result. O
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7 Distribution of class numbers over D, (z).

To prove Theorem 1.6, we will require an estimate of E(L(1,X)") when r is a large real number.

Proposition 7.1 (Proposition 4.2 of [2]): For any real number r > 4, we have that

log E(L(1,X)") =7 <log2r +v+ Co—1 + 0O <#>) :

log r (logr)?

Once again, the proof found in [2] remains true for our random model, since a,,, b, = 1/2+0O(1/p)
and a, — b,, ¢, < 1/p. We are now ready to prove Theorem 1.6.

Proof (of Theorem 1.6): For brevity, let N, (7) be the proportion of d € D,(z) for which
h(d) > 2% Then, for any k > 1, we have that

logx
) 1 e~ 7h(d)logz/(2+/T)
k / tFING o () dt = / kthtdt
0 ’ |Da()| 2 0

d€Da (z)
NN AN .
() e, Xt

Therefore, for large k < (17725&)2 log #/(logy )2, combining the fact that Iy ;(«) ~ 27/(4k?), our

Corollary 1.3, and (4.1), one finds that

k1 _ k i — L
[ - vmsren (- +0(20)

Thus, the proof of Theorem 1.5 of [9] shows that uniformly in the range B < 7 < log, z —
2logy x + 2log(1 — 2a)) — log(75) for some constant B > 0:

N a(7) = exp (—GTTCO (1 +0 (%))) .

8 The number of Hooley’s quadratic fields with a bounded class
number

Recall that F,(h) is the number of discriminants in D, with class number h. The first step
to study >, .y Fa(h), for a large integer H, is to show that we can restrict our attention to
"small" discriminants. More precisely, we will show that the main contribution to this sum
comes from discriminants d < X := H?(log H)?*(log log H)*.

Thanks to Tatuzawa refinement of Siegel’s inequality [13], we know that L(1, x4) > 1/(log d)
with at most one exception. Therefore for d € D,, the class number formula implies that
h(d) > v/d/(logd)?, with at most one exception. Thus for d € D,, we have that if h(d) < H
then d < H3, with at most one exception. This yields

Y Fau)y= > 1+0(). (8.1)
h<H deDq (H?)
h(d)<H
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Now that we only have to study discriminants < H?3, we want to refine our lower bound on
L(1, xq), discarding a negligible set of discriminants. We will use Granville and Soundararajan’s
[4] result on L(1,x), which they proved using zero-density estimates together with the large
sieve.

Proposition 8.1 (Proposition 2.2 of [4]): Let A > 2 be fized. Then, for all but at most Q*/4+°()
primitive characters x(mod q) with ¢ < Q) we have

= I () (o)

p<(log Q)4

We choose A = 7, so that Proposition 8.1 yields that for all but at most H discriminants
d < H?, we have

L= ] (1—“—@) 1 to) > —C

< (3log HY? D ~ loglog H’

for some C' > 0. The Class Number Formula implies that for all but at most H discriminants
d € Do (H?), h(d) > Cv/d/(log, Hlogd). Therefore for all but at most H discriminants d €
D,(H?), h(d) < H implies that d < X. This yields, putting this back in (8.1):

Y Fuh)= > 1+0(H) (8.2)

h<H deDq (X)
h(d)<H

We are now ready to prove our theorem, following Dahl-Lamzouri’s [2| and Soundararajan’s
[12] papers.

Proof (of Theorem 1.8): We introduce the smoothing function

1 efioo e — 1\ ds
Iean(y) = 5= y° < ) —,

2710 J oo As S

where ¢ = 1/log H, N is a positive integer, and 0 < A < 1 is a real number. By Perron’s
formula, we know that (see (4.19) of [2])

1 ify>1,
1] ife ™M <y<1, (8.3)

Ian(y) =14 €10,
=0 if0<y<eV

According to (8.2) and (8.3), we have that

Z]: - 27?2 /cc - Z hlzl;s (6 8)\; 1) %"‘O(H) < Z Fal(h). (8.4)

h<H —I%0 4eDy (X) h<eANH

Thanks to Theorem 1.2 we know that uniformly in |s| < T := (log X)/37¢, & > 0 small,

Z h(d)™* =T, + T + O(V X (loglog X )>T),

d€Da(X)
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where

J1=70.(s) = ! /2 lotg(z)_sE(L(l,X)_S)I_S,l(a)logQ(t)dt,

and

Ty = D(s) = — / lotg(f)_sz(LX)3>¢<—s>f_s,o<a>log<t>dt.

Since h(d) > 1, |e** — 1| < 3 for large H and |Do(X)| < VX log? X by (4.1), the contribu-
tion of s such that R(s) = c and |s| > T in the integral of (8.4) is

3\ Y | ds| X2log? X [ 3\V
Do(X)| 2 S
<Pl (A> [ﬁ'?T TS TN AT

For large H we also have that |(e** —1)/(\s)| < 4, which is easily seen by separating the cases
|As| > 1 and |As| < 1. Thus, the integral term of (8.4) is equal to

1 et — 1 Nds
— H? (3, +737 — 4+ R 8.5
Lhoren(GE e e

where

R«

X'2log® X (3
N AT

N
4NT?
) + ——X2(loglog X)3.
c

Let A = 3e'/¢/T and N = |elog, H], so that
R <. H(log H)*?.

Note that on the line R(s) = ¢, I_s1(a), I_so(a), E(L(1,X)7%), E(L(1,X)"*)p(—s) < 1
Remark 3.12). Therefore we may extend the segment of integration to the whole line R(s)
n (8.5), the introduced error being

—1 | ds| Xl/zlong 3\ N 53
< ) />T/ tz lOg tdt |N+1 N ﬁ <. H(lOgH) .

Thus, the middle term of (8.4) is equal to

(

1
211 R(s)=c

As
d
H*(J; + J) (e - ) _S+(9( H(log H)%3).

Now we split the integral in two, and study each term separately. By switching the integrals,
one shows that

1 s 1\ Vg 1 [Y2Ha X t Hulogt
270 J(s)=c As s C(2) Jie 2 2\/_ L(1,X)V/t 2
(8.6)
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Put Y := H/L(1,X) and note that f : ¢t — % is strictly increasing (thus invertible) on

(10, 00): we denote its inverse by g. With these notations, if 1/2 < u < a + 1/2, we may use
(8.3) to find that

=1 ifuY > f(t)
Hul ’
x ( Hulogt ) _ ! —0 ifuveN < ),
VEL(1,X) € [0,1] otherwise.

Thus, if we let §(t) = vVt ((logt)? + O(logt)) be a primitive of t — (logt)?/(2v/t), we get that

* log” t Hulogt .
/2 2—\/%]@)\,1\/ <m) dt = min(F(X), F(g(uY))) (8.7)
+ 0 (F(g(uYe)) —F(g(u)) +1).

Note that g(t) = 4t>(logt 4+ O(loglogt))?, for t large enough, so that F(g(t)) = Stlog’(t) +
O(tlog?(t)logy(t)). Furthermore for 1/2 < u < 1, if g(uY) > X, then uY > v/X/log X and
hence L(1,X) < (log H)™2. By Theorem 1.7, this happens with probability < exp(—H). Thus
the Cauchy-Schwarz inequality yields

E[min(F(g(uY)), §(X))] = ES(9(uY))) + E[F(X) — Fg(u¥ ) 1x<gquy)]
= E(S(9(uY))) + OE[S(g(uY))1x<our)])
= E(S(9(uY))) + O
(

Moreover
E [S(g(uYe/\N)) — g(g(uY))} < (e —1)Hlog® H + Hlog® Hlog, H
<. H(log H)*3+%,

Putting these back in (8.7) and (8.6), we get that

1 s 1\ Vg
S 73, (6 ) ds
271 R(s)=c S

8 —1
:@E@(LX) )/1/2

Now we need to show that the contribution of J; goes into the error term. By definition,
X * 1\’ 1\’
21,306 = L ITE (1= 22) | (1-1) 4 (143) +at].

for some coefficients ¢;(p) < logp/p*. We introduce the random variables Y,(q), p, ¢ primes,
defined by the following law: Y,(¢) and X(g) have the same law if p # ¢ and P(Y,(p) =0) = 1.
We then put, for n > 2: Y,(n) :==[[ ¢, Yp(¢)¢ and Y, (1) = 1. With this formalism, we have

S
a+1/2

1
u <u — 5) du x Hlog® H + O.(H(log H)®3t%).  (8.8)

q¢|ln P
X)) .
EE <1 . ) E(L(1,Y,)"*).
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Then,

1 s\ N d
1 3, (e ) ds
271 R(s)=c S

o ), B[ s (e (- 5) o]

/24 X logt Hulogt 1
tes(p) / E / logt, (& (1+ _)) dt} du
1/2 L2 2v1 L(LYP)\/E p

Ve X logt Hulogt
+03(17)/ E / =82 Iy N <7u o8 )dt] du ;.
1/2 L2 2v1 L(LYP)\/E
We now deal with each of these integrals in a similar way to that of the contribution of J;.
We only have to consider §(t) = v/*(logt + O(1)), a primitive of ¢ — logt/(2v/t), instead of

$. As a result, we find that each of the three integrals in u between curly brackets above is
< Hlog? H, and hence

S

1 » o 1\"d
— H*7J, (e ) ©« (c1(p) + ca(p) + es(p))H log® H < Hlog® H
271 R(s)=c AS

S
since ¢;(p) < logp/p?.
All in one, putting this with (8.8) in (8.5), we find that the middle term of (8.4) is equal to

8 Oé+1/2

B R /

1/2

1
u (u — 5) du x Hlog® H + O.(H(log H)3/37%).

Since E(L(1,X)~") =11, (1 + z%) the previous expression becomes

2(4 3 2p — 1
o t3) IT(1-2 Hlog® H + O.(H (log H)¥3+%),.
3 . p*
This concludes the proof, changing e’ H by H in the right hand side of (8.4). U
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