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Long-time behaviour of a multidimensional age-dependent
branching process with a singular jump kernel

Jules OLayE™t

Milica TOMASEVIC*

Abstract

In this article, we investigate the ergodic behaviour of a multidimensional age-dependent
branching process with a singular jump kernel, motivated by studying the phenomenon of
telomere shortening in cell populations. Our model tracks individuals evolving within a
continuous-time framework indexed by a binary tree, characterised by age and a multidi-
mensional trait. Branching events occur with rates dependent on age, where offspring inherit
traits from their parent with random increase or decrease in some coordinates, while the
most of them are left unchanged. Exponential ergodicity is obtained at the cost of an expo-
nential normalisation, despite the fact that we have an unbounded age-dependent birth rate
that may depend on the multidimensional trait, and a non-compact transition kernel. These
two difficulties are respectively treated by stochastically comparing our model to Bellman-
Harris processes, and by using a weak form of a Harnack inequality. We conclude this study
by giving examples where the assumptions of our main result are verified.

Keywords— Branching processes, ergodicity, long-time behaviour, jump Markov processes, telomere
shortening
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1 Introduction

Informal definition of the model. In this work we consider a population of individuals evolving
in continuous time indexed by a binary tree and characterised by their label in the tree, and a trait
(z,a) € (R%F x Ry)U{(0,0)}, where z is the trait that motivates our study, a is the age of the individual,
and (0, 0) is a cemetery state. Here, 0 is an arbitrary element outside of both Ri’“ and R4, and we are
interested in cases where k € N* is large. The individuals branch with a rate depending on their age and
at branching events the two daughters inherit the mother’s trait  randomly perturbed as follows. We
choose a random number of coordinates of x that go through a random elongation procedure according
to a given distribution, and k coordinates of = that go to a shortening procedure according to another
distribution, while the rest of the coordinates remains unchanged. Between these jump events, the trait
remains also unchanged. The hack is that eventually, due to the shortening procedure, some coordinates
of the individual traits will hit zero. When this happens, the individual is moved to the cemetery

state (0, 0).

Brief motivations and main result. The goal of the paper is to study the long-time behaviour of
the population trait distribution and prove that the first moment semigroup derived from our population
model converges to a stationary profile at the cost of an exponential normalisation. Our main result is
this long time behaviour of a jump process in a non-compact and branching setting. In particular, we
extend the results of Velleret [54] to branching jump processes, with times between jumps depending
both on the age and of the position of the particle, and which require Lyapunov functions to obtain the
ergodic behaviour.

Furthermore, our careful and sometimes long computations when obtaining the long time behaviour
enable us to directly get a density representation of the stationary profile with respect to the Lebesgue
measure, without checking additional statements.

Finally, we present models for studying the biological phenomenon of telomere shortening (see the
biological motivation below) with a continuous state space and non-exponential division times. In par-
ticular, we exhibit conditions for the parameters of these models which imply a convergence towards a
stationary profile, and we compare them with the biological reality.

Difficulties. The main difficulty we face is that jumps occur in a continuous trait space, such that
the jump kernel is not absolutely continuous with respect to the Lebesgue measure, due to the fact that
certain coordinates of our trait stay fixed during jumps. This implies that the operator associated with
the infinitesimal generator of our model is not compact. Hence, it is impossible to use methods based
on Krein-Rutman theorem as for instance in Doumic [21] or Perthame [13], or even Bertoin [10]. In
addition, for methods based on non-conservative versions of Harris’ ergodic theorem as those presented
in Champagnat and Villemonais [13, 16, 15, 141] or in Bansaye et al. [5], and applied for example in
Tomasevié¢, Bansaye, and Véber [49], the control of the asymptotic comparison of survival is not trivial.
For more information, we refer to Section 4.4.

The second difficulty we face is the age structure of our model, and the fact that the birth rate
is not bounded from above in the age variable, nor is it bounded away from 0. Therefore, obtaining
fine exponential estimates for the growth of the total number of individuals or for the rate at which
individuals come back to compact sets is arduous. The usual strategies of dominating the jump times with
exponential random variables or of bounding the infinitesimal generator and then applying Gronwall’s
lemma fail. Moreover, even in the bounded rate case, these strategies do not give precise enough estimates
necessary for our purpose. To circumvent the latter, we stochastically compare the number of individuals
in our model by Bellman-Harris processes. This allows us to obtain very precise exponential estimates
by using results from the renewal theory, see Athreya and Ney [3, Chap. IV.4]. We believe that this
method can be applied in many other settings with an age structure. For more information, we refer to
Sections 4.3.4, 4.3.5 and 4.4.4.

Literature. Studying long time behaviour of Markov processes has received considerable attention

in the literature since the seminal work of Meyn and Tweedie [41]. Usually, the authors search for one
criteria to verify in a general setting in order to obtain the ergodic behaviour with exponential speed of
convergence in total variation norm, see e.g. [4, 5, 14, 15, 16, 19, 20, 23, 29, 30, 33, 40, 41, 52]. The



problem of the discontinuities with respect to the Lebesgue measure is very recent in the literature, and
few articles have tackled it, either on the probability or PDE side. On the probability side, the only
paper we have found dealing with this type of jump Markov process is [54]. This article is related to
other works that we mention here [37, 51, 52, 53]. In these works, the author proposes to use stopping
times to couple trajectories, with conditions on it allowing the control of the "rare events" that make the
coupling of trajectories fails. This result can be understood as a weak form of Harnack inequality. As in
the example presented in [54, Section 5], the rare events in our model are cases where the typical particle
representing our branching process has not jumped in all the coordinates. On the PDE side, the recent
and fine results obtained in Fonte Sanchez, Gabriel, and Mischler [24] also handle the issues we have
linked to the discontinuities of our jump kernel with respect to the Lebesgue measure. In particular,
we refer to [24, Section 12.2] where this type of model has been studied. In a forthcoming paper, an
alternative proof from the PDE side combining regularisation approach and some ideas of the present
work will be proposed.

Many studies about the ergodic behaviour of age-dependent models have been done in the recent
years, see for example [4, 0, 18, 25, 27, 28, 35]. In most cases where the model is structured by a second
trait, the birth/jump rate is bounded from above and/or below [9, 18, 25, 27, 35]. This condition, for
example, enables one to use the infinitesimal and prove with ease that a Foster-Lyapunov criterion is
satisfied when the Harris’s ergodic theorem for conservative semigroups is used [25, 35]. We can identify
at least two differences between our model and those of these studies. The first one is that as we use
a non-conservative version of the Harris’s ergodic theorem, we need to check additional assumptions
for verifying the Lyapunov criterion, see the condition between v and 75 in [16, Assump. (F»)]. These
additional assumptions correspond to the exponential estimates presented before. The second one is that
we work with an unbounded birth rate. It is therefore not possible to compare birth/jump times with
exponential random variables, and the computations with the infinitesimal generator are more difficult.
This also means that we need to study a distorted version of the process in the age variable. We mention
that in Bansaye, Cloez, and Gabriel [4, Section 3.3.2], a non-conservative version of the Harris’s ergodic
theorem is used to obtain the stationary profile of a model with an unbounded birth rate. However,
Lyapunov techniques were not required for their model as there is no other trait than the age and as
the speed of convergence does not depend on the initial condition. We also mention that in Gabriel
and Martin [28], a stationary profile for a model with an unbounded birth rate is also obtained using
operator theory and entropy methods. As entropy methods do not give information about the speed of
convergence, there was no need to obtain exponential estimates as precise as we require here. To the best
of our knowledge, our method based on stochastic comparisons by Bellman-Harris processes to obtain
such exponential estimates has not yet been studied.

We finally point out that Benetos et al. [8] study the long-time behaviour of a model with a similar
biological motivation to ours. The main difference from a mathematical point of view is that the model
is in a discrete state space and without age structure.

Proof strategy. The result in [54] is stated for absorbing Markov processes with one particle. More-
over, in our model, the speed of convergence towards the stationary profile depends on the initial trait. To
solve these issues, we first weight the first moment semigroup of our branching process with a Lyapunov
function, then normalise it, and finally create an auxiliary particle representing this weighted-normalised
semigroup. The creation of this auxiliary particle follows the ideas presented in [14]. Another way to
represent our semigroup with an auxiliary particle is the one presented in [5]. However, it seems less
adapted for a birth and death framework with jumps in a multidimensional space like ours. Once we
have our auxiliary process, we verify the assumptions presented in [54] to get the ergodic behaviour of
this auxiliary particle and then conclude by coming back to our population model.

During our proofs, we always juggle between the branching and the particle representation of our
model. To be more precise, we return to the branching representation to do our stochastic comparisons
to Bellman-Harris processes. For example, to obtain the accumulation of the mass of the semigroup on
a compact set, we first bound from above or from below the (weighted) branching process by Bellman-
Harris processes, and then we transmit the bounds we have obtained to the auxiliary process. This
procedure is also used to obtain the weak form of Harnack inequality, where we also need exponential
estimates. Going back and forth from the branching representation to the particle representation is an
interesting way to verify the assumptions presented in [52, 54], or in [13, 14, 15, 16, 5].



Biological motivation. Motivated by studying telomere shortening in a cell population, our model
aims to propose a mathematical framework for it, completing the different models of the phenomenon
developed in the recent years [2, 8, 9, 34, 47, 55]. A telomere is a highly repetitive, and a priori non-
coding, region of DNA situated at both ends of a chromosome. Its role is to protect the terminal regions
of chromosomal DNA from progressive shortening and ensure the integrity of chromosomes. During
DNA replication that precedes the cell division, enzymes essential for it fail to copy the last nucleotids
on one end of each chromosome in the cell. Thus, the presence of telomeres at the ends of chromosomes
prevents the rapid loss of genetic information crucial to the functioning of the cell. Instead of losing the
nucleotides linked to the genetic information, it is the telomeres that are "shortened".

When the telomeres of a cell are not long enough to protect against the loss of coding DNA, the
cell becomes senescent, which is characterised by an irreversible cell cycle arrest. It has been deduced
experimentally and with the help of simulations that the shortest telomere of all the chromosomes is
responsible for senescence onset in cell, see Abdallah et al. [1], Bourgeron et al. [11], Hemann et al. [31],
Martin et al. [38] and Xu et al. [56]. To avoid the state of senescence, certain cells such as budding
yeast cells have an enzyme, the telomerase, that regenerates telomere sequence by "lengthening". It acts
just before the cell division, and it is yet unclear whether its action concerns both daughter cells or only
one of them. Cells with sufficient telomerase activity are somehow considered immortal. On the level of
human cells, this ability seems to be attributed to cancer cells, see Robinson and Schiemann [45].

Organisation of the paper. In Section 2, we present the main notions we use in the article, we
give in detail the model under consideration, and we present the main result. In Section 3 we present
the auxiliary processes we use to apply the result of [54]. In Section 4, we prove the main result of the
article. Finally, in Section 5, we give conditions for which the assumptions necessary to use our theorem
are satisfied, and present two models where they are verified. The appendices A-C are devoted to the
proof of certain auxiliary statements given during this paper.

2 Notations, preliminaries and main result

Taking into account our biological motivation, from now on, the individuals in our population are
called cells. Each cell has k chromosomes, and each extremity of each chromosome corresponds to one
telomere, so the cell has 2k telomeres. The traits (x,a) € Rﬁ_k x Ry of the cells that are not in the
cemetery state are the lengths of their telomeres and their age. Branching events are called divisions,
and at each division, certain telomere lengths are updated ("shortened" or "lengthened") with jumps in
a continuous trait, while the others stay fixed. When the length of a telomere is below zero, we usually
say that the cell becomes senescent, meaning that the individual is moved to the cemetery state.

The aim of this section is to present the main result of the paper: the exponential convergence of the
first moment semigroup towards a stationary profile. To present this result, it is necessary to introduce
a certain number of notions. Hence, the first part of this section is devoted to the presentation of the
notations and the model that we use throughout the paper (Sections 2.1 and 2.2). We then present the
assumptions and the main result in Section 2.3.

2.1 Notations and first definitions

Here are the notations and mathematical notions we use throughout the paper. In all the statements
in this section, (X,Top(X)) denotes an arbitrary topological space.

i) We work on the probability space (£, .4, P).
ii) We denote by B(X) the o—algebra of the Borel sets of (X, Top(X)).

iii) For any random variable Z : (2, A4,P) — (X, B(X)), we denote Pz the probability measure such
that Pz =PoZ71.

iv) For all S C X, int(S) is the interior of S.

v) Let U = (J,cnAN® x {1,2}"}. As we use a branching process, this set allows us to denote the
individuals in the tree thanks to the classical Ulam-Harris-Neveu notation.



vi)

vii)

viii)

XV)

xvi)

xvii)

xviii)

xix)

XX)

xxi)

We consider X = R%f x R4, that we endow with the Euclidean topology. This space represents
the trait space for non-senescent individuals.

We consider 0 an arbitrary element outside of R? for all d € N*.

Let us denote for all n € N* the tuple (9), := (9, ...,0) where there is n times the term 9. Each
time it is used, (0), represents a cemetery for the cartesian product between n sets (A4;); <,
We use the set (A1 X ... x A,)U{(9),} instead of (A; x ... x A,) U {0} as it is meaningless to
consider a tuple (as,...,a,) € {9}.

We consider Xy = X U {(0)2}, such that (9)2 is an isolated point of X5. This space represents the
trait space of individuals, and (0)2 represents the trait of senescent individuals.

We use the convention that []; = 1 and inf()) = 400 in all the paper.
We denote by M (X) the set of positive measures on (X, B(X)).
We denote by M;(X) C M(X) the set of probability measures on (X, B(X)).

We denote by Mp (X) the set of all finite non-negative point measures on X. We endow it with
the topology of weak convergence.

For every Borel measurable function f on (X, Top(X)), every u € M (X), we write

u(f) = / S @udz).

We also write p(1) := [

zeX M(dx)

Let (P;)¢>0 a family of linear maps from the set of measurable function f : X — R to itself. Then
for all f : X — R measurable and p € M(X), we write

WP(f) = /  PUDGu2)

For any stochastic process (X;);>o defined on X, we write for all (z,a) € X, f : X — R measur-
able, t > 0

E(a:,a) [f(Xt)] = E(w,a) [f(Xt) | Zy = (xv a‘)] s
and for any p € M;(X)

E, [£(X))] = / E o0y [F(X0)] (e, da).

(z,a)€X

Let (X¢)¢>0 a stochastic process defined on X, t > 0, (x,a) € X. Then for any random variable W,
A a subset of the set where W takes its values, and f € M,(X), we denote

E(a:7a) [f(Xt)7 W e A] = E(w,a) [f(Xt)l{WGA}} .

We consider Yy a Mp (U x Xp)-valued random variable. This random variable represents the
initial distribution of the population. Its distribution will be specified when needed.

Let K € N*. We consider N(ds,du,dz,df) a Poisson point measure on Ry x U x Ry x [0,1]¥
with intensity measure ds x (Zueu O (du)) x dz x df. This random measure allows us to describe
the jumps that occur in our dynamics. K is the number of uniform random variables needed to
update telomere lengths, and can be taken for example as K = 6k + 2 (see the third point of the
discussion about (S1), p.16).

(Ft);>0 represents the canonical filtration generated by N(ds, du,dz,df) and Yp.

We denote by an’l (Xs) the space of bounded Borel functions f : (z,a) € X5 — R verifying the
following properties:



xxii)

xxiii)

XxXiv)

XXV)

xxVi)

xxvii)

xxviii)
XXix)
XXX)

xxxi)

xxxii)

xxxiii)

o f is measurable in the first variable,
e The restriction of f on X is continuously differentiable in the second variable, with bounded
derivative in the second variable.

For all S C X5 we denote by C;7m’m’1(R+ x U x S) the space of bounded Borel functions
f:(tu,z,a0) € Ry xU x S — R, verifying the following properties:

e f is continuously differentiable in the first variable, with bounded derivative in the first
variable.
e [ is measurable in the second and third variables.

e The restriction of f on Ry x U x & is continuously differentiable in the fourth variable, with
bounded derivative in the fourth variable.

We denote by M (X) the space of Borel functions f : X — R, by M, (X) the space of bounded Borel
functions f: X — R, and by Méoc (X) the space of locally bounded Borel functions f : X — R.

For any Borel function 1 : X — R, we denote by B(1)) the space of the Borel functions f : X — R
such that
@ L

¥(z)
We endow B(vp) with the norm || f||g(y) := sup,ex )%

sup
zeX

For any Borel function 9 : X — R such that inf,ex ¢ (z) > 0, we denote by 71, (1) the cone of
the positive measures that integrate ¢, and M (¢)) = M, (¢) — M (¢) the set containing all the
differences of measures in M (¢). It is a subset of the signed measures space. We endow 11(1))
with the norm |[.[|p(y), defined for all = py —p_ € M(y) as

el Iy = sup ()] = py () + p—(¥).
FEB), 1 flmeyp) <1

We denote by L'(X) the set of the functions f : X — R that are integrable with respect to the
Lebesgue measure. We also denote by Ll (X) the space of the functions f : X — R that are

loc
locally integrable with respect to the Lebesgue measure.

For any Borel function ¢ : R2* x R; — R, we denote

LY(y) = {f :R?* xRy — R| |f(z,a)y(x,a)|dxda < —i—oo} .

R3F xRy

We denote by L} 4 ¢ (X) the set of the measurable functions f : X — Ry such that [, f(z)dz = 1.

We denote by C°(int(X)) the space of C*° functions defined on int(X), taking values in R, and
with compact support.

For all d € N*, S C RY, we denote by Cy(S) the space of continuous functions from S to R that
vanish at infinity.

|-|l7vx is the total variation norm on M(X). For any p € M(X),

l[pllrvx = sup ln(f)] -

f:X—[—1,1], f mes.
For all (a,b) € Z2 such that a < b, we denote
[a,b] :={a,a+1,...,b—1,b}.

For any S C X, we denote S¢ = X\S.



XXXiV)
XXXV)

XXXVi)

xxxvii)

xxxviii)
XXXiX)

x1)

2.2

For any finite set S C X, we denote #(S) the cardinal of S.
For any set X, we denote by P(X) the power set of X i.e. the set containing all subsets of X.

For any finite set X, and for any [ € [0, #X], we denote P;(X) = {S € P(X)|#S = I} the set
containing all subsets of X of size .

Let n € N*. For all ¢ € [1,n], e; is the ¢ — th vector in the canonical basis of R™.

We consider for all f:Ry — R, g: Ry — R, n € N, the operation f (™ g = fx fx...x fxg,
where there is n times the function f. We use the convention that f () g = g.

For any measurable function f : R — R, we denote by L(f) its Laplace transform, defined such
that L(f)(p) = 0+O° e"Pf(t)dt for all p € C such that the integral converges.

For any probability density function F' : Ry — R, we denote by F its associated complementary
cumulative distribution function.

Presentation of the model

We work in continuous time, and we use an individual-based approach where each individual is a
cell. When a cell divides, it gives birth to two daughter cells A and B (the choice of which daughter
cell is A or B is arbitrary). The traits of each individual are the lengths of its telomeres and its age,
or (0)2 when it is a senescent cell. Each cell has 2k telomeres, one per chromosome end. We associate
each coordinate with the length of a telomere, such that for all ¢ € [1, k], the coordinates ¢ and i + k of a
vector in R?f represent the lengths of the two telomeres of the same chromosome. Let us now introduce
the following objects needed to construct our model.

A division rate b : (z,a) € Ri’“ x Ry —» Ry, and constants b > 0, d, € N*, by > 0, ag > 0. We
assume that the birth rate satisfies

V(z,a) € R%F xRyt |b(z,a)] <b(1+a®), V(z,a) € R x [ag, +oo[: blz,a) >by. (2.2.1)

A probability measure p(%) € M; (R2* x R2*) representing the distribution of telomere shortening
at each cell division. It is assumed independent of telomere lengths. When we draw a pair (U, U’)
distributed according to u'®), U corresponds to the shortening in the daughter cell A, and U’
the shortening in the daughter cell B. The complete expression of this measure is given later,
see (2.2.5).

For all (s1,s2) € R?* x R?! a probability measure Mgi)@) e M, (R%f X Ri’“) which represents
the distribution of telomere elongation by telomerase, when the two daughter cells A and B have

respective telomere lengths s1 and s after shortening. When we draw a pair (V, V') distributed ac-
(B)

(s1,82)”
in the daughter cell B. As for u(%), its complete expression is given later, see (2.2.7).

For every z € R%*, we define the measure II, such that VC € B((R%*)?)

cording to V corresponds to the lengthening in the daughter cell A, and V' the lengthening

I1(C) := / {/ lo(=y1 + 21, —y2 + 22)dMEmEzyl ey (71, 22) i (y1, o).
(y1,92)€(RFF)? [/ (21,22)€(RYF)? ’

(2.2.2)
This is the kernel used to represent the distribution of telomere lengths variation (shortening +

lengthening), when a cell with telomere lengths = € R?,_k divides.
For all z € R%*, we assume that we can define a measurable function R(z,.) : [0,1]% — (R%)2,
where K is defined in Notations xix), such that for all f : (R%)2 — R bounded measurable

[ rwoya— [ £ (w1, w2)dIL (un, w). (223)
[0,1]%

(w1,w2)€(R2k)?
The latter represents a procedure to simulate random variables distributed according to II, with
uniform random variables, see [36, p. 2655].



()

(81’82)) (s1,52)€(R2k)2’ The eXpression

We now give the complete expression for the measures ;%) and (/1
of these measures comes from biological modelling.

o We start with (%), At each cell division, for each chromosome i € [1, k], in view of [22, Fig.1] we
have:

— One of the daughter cells, which can be A or B, has the telomere represented by the coordinate
i shortened (corresponds to one end of the chromosome %), and the telomere represented by
the coordinate i + k not shortened (corresponds to the other end of the chromosome 7).

— The other daughter cell has the telomere represented by the coordinate 7 4+ k shortened, the
telomere represented by the coordinate i not shortened.

Then, to write an explicit expression for (%), we denote

Iy = {1 € Py ([1,2k]) | V(i,j) € I*:i #j = (imodk) # (jmodk)}. (2.2.4)

This corresponds to the set containing all the possible combinations of telomere coordinates that
can be shortened at each division in one of the daughter cell (we refer to Example 2.1 for an
expression of 7, when k is small). Indeed, the condition "V(i,j) € I? : i # j = (imodk) #
(jmod k)" corresponds to the fact that for each chromosome i € [[1, k], it is either the coordinate
1 or the coordinate ¢ + k that is shortened during a cell division, but not both.

We also denote g € L;d_f.(R+), that corresponds to the probability density function of the short-

ening size. Then, we use the following expression for ()

dp' ) (o, a9) = ﬁ > T 1o ((ar)i) dlan)ido(d(az)s)]

I€Ty i€l

< TI Lo dlas)od (dlan))] = ——— 3 duD(ar, a0).

ie[1,2k]\ I

Qualitatively, this expression means that at each division, we draw one set I € Zj, uniformly. This
set gives us which coordinates are shortened in the daughter cell A (terms g ((a1);)d(a1);), and
that are not shortened in the daughter cell B (terms dg(d(az);)). Considering now the set [1, 2k]\1,
we also have the coordinates that are shortened in the daughter cell B (terms g ((av2)s) d(az)i),
and not shortened in the daughter cell A (terms o (d(cv1)s))-

Example 2.1. When k = 2, we have

Iy = {{17 2}7 {174}7 {273}, {374}}

If at a cell division we have drawn the set {1,4} € Ty, then the coordinates where there is a
shortening in the daughter cell A are 1 and 4, and the coordinates where there is a shortening in
the daughter cell B are 2 and 3.

()

e Now, we deal with (,u(sl 5) We denote

)(sl,sz)e(R%)g.
Tic = {(J.2) € Py (11, 280) x Py ([1,241) | (1) € [1, 2412

This corresponds to the set containing all the possible combinations of telomere coordinates that
can be lengthened at each division. For any pair (J, M) € Jy, J corresponds to the coordinates that
are lengthened in the daughter cell A, and M corresponds to the coordinates that are lengthened
in the daughter cell B.

Short telomeres are more susceptible to be lengthened compared to large telomeres. Then, the
choice of which coordinates are lengthened in the two daughter cells depends on the values
of telomere lengths of the daughter cells after shortening. To take this into account, for any



(s1,82) € (R?)2, we introduce (P01 (51, 82)) (5 arye s, @ probability mass function on Jj that
corresponds to the distribution of the choice of which telomeres are lengthened at each division,
when telomere lengths of the daughter cells A and B are respectively s; and so after shortening.
As the choice of which daughter cell is the daughter cell A or the daughter cell B is arbitrary,
the distribution of elongation must be symmetric. Then, we assume that for all (J,M) € Jg,
(s1,52) € (R?*)? we have

PJ,Mm (81,82) =PM,J (82781). (226)

We finally introduce for all z € R the function h(z,.) € L} 4 (Ry). This function represents the
distribution of the lengthening value, when the telomere that is lengthened has a length z. We are

() Forall (s;,55) € (R%)2 (recall that [T, = 1),

now able to write the expression we use for sy s2)"

we have

due) BB = D pa(snsa) | R ((s0)5(B1);) d(B); [T doasn);)

(J,M)ETk jeJ j'€[1,2k]\J

X

( H h((52)m, (B2)m) d(ﬁQ)m) H 00(d(B2)m) (2.2.7)

meM m’e[1,2k]\M

=y pJ,M(81,SQ)duEi’i’gj)(ﬁl,@)-
(J,M)ETk

Qualitatively, this expression means that at each division, just after shortening, if the telomere
lengths of the daughter cells A and B are s; and so respectively, we first draw a pair (J, M) € J,
according to the distribution (p/ a(s1, 52))(J,,M,)€jk to know the coordinates that are lengthened
in these daughter cells. Then, for any j € J, the coordinate j of the daughter cell A is lengthened
according to a distribution given by the density h((s1);,.), and for any m € M, the coordinate m
of the daughter cell B is lengthened according to a distribution given by the density h((s2)m, ).

Example 2.2. We suppose that k = 1. If after the shortening we have drawn the pair of sets
({1,2},{2}) € T, then there is a lengthening in the coordinates 1 and 2 of the daughter cell A,
and a lengthening in the coordinate 2 of the daughter cell B.

Remark 2.3. After telomere shortening and before telomere lengthening, the length of one of the
telomeres in a daughter cell may be less than 0. This is because we have assumed that we determine
whether a cell is senescent or not only after telomere lengthening. Therefore, if a cell has a negative
telomere length after telomere shortening, it can still be saved by telomere lengthening. That is why
the measures (M(E))(51152)€(R2k)2 are defined for (s1,s2) € (R**)2, and not for (s1,s2) € (R%)%.

Remark 2.4. For all C € B(R% x R¥), we denote C = {(y1,y2) € R x R¥ | (y2,11) € C}.
Eq. (2.2.6) and the fact that {[1,2k]\I | I € T,} = Iy imply that for all (s1, s2) € (R?*)?
n2 (€)=l (C), and y(C) = i (C). (2.2.8)

Then, for all measurable function f: (R*)? — R and (s1, s2) € (R*)?2, it holds

/ F(B1, Bo)dp(E) (B, o) = / F(B2, B)duZ) (B, o),
(B1,82)€(R3F)? (B1,82)€(R3F)?

flag, az)du'™ (ay, az) = / flaz, a1)du® (a1, as),

(a1,o¢2)€(Rﬁ_"')2

/(ﬂl,ﬂ2>e<re1k>2

which implies by (2.2.2) that for all f : (R%)2 — R measurable and x € R?*

/ f(wl,wg)dﬂx(wl,wg) = / f(wg,wl)dﬂz(wl,wg). (229)
(w1,w2)€(R2K)2

(w1,wz)€(R?¥)?
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We now have everything we need to give the algorithm that builds our model. Recall that (9)s represents
the senescent state, and that the trait space is Xy = (R%* x Ry) U{(8)2}. Let (z,a) € Xy the trait of a
cell, and u € U its label.

1. At a rate b(z, a)l{(z,q)£(5,0)}, the cell divides.

2. At each division, we draw a pair of random variables (U,U’) € R?* x R2* following a distribution

given by p(%), and a pair of random variables (V,V’) € R%* x R2* following a distribution given

by uEflU7x_U/). The telomeres of the daughter cell A are shortened by U, lengthened by V. The

telomeres of the daughter cell B are shortened by U’, lengthened by V’. Thus, the telomeres and
the labels of the two daughter cells are updated as follows

LL‘—U‘F‘/’ Ztl,
Tr — u —
z—U +V',

Let 0 = (61,02, ...,0k) a tuple of K independent uniform random variables on [0, 1]. As by (2.2.3)

it holds R (z, 6) < (U +V,=U’"+ V'), we can rewrite the updating of the telomeres and the labels
as

o {x+<R<x,9>>

15 ul,
u—
x+ (R(z,0))a, {

u2.

3. After the lengthening, if min (z; + (R(x,0));, ¢ € [1,2k]) < 0 for one of the daughter cells, the
trait of this daughter cell at birth is (9)s. Otherwise, the trait of this daughter cell is (x —U +V,0)
or (x — U +V’,0). Thus, 0 acts as a threshold to determine if a cell is senescent or not. It is
also possible to use a rate to enter in senescence rather than a threshold. However, recent results
coming from parameter calibration of telomere shortening models seem to support the fact that a
deterministic threshold is a good approximation [14].

Assume that we start from Yy defined in Notation xviii), and denote by (Y;)¢>0 the Mp (U x Xy)-valued
random process representing the dynamics described above. For all t > 0, V; C U is the set that contains
the labels of the individuals at time ¢ with a trait different from (9)s. For all « € V;, we denote by a*
the telomere lengths of «, by Ty(«) the birth time of «, and by a} := t — T, («) the age of u at time t¢.
Then (Y;):>0 is a solution of the following equation for all f € Cg’m’m’l(R+ XU X Xg), t >0,

/ f(t,u,z,a)Y(du, dz, da)
UX X

t
= [ sowsaydednd+ [ [ 8 )+ 2 s e |Ya(au, do,dojas
UX Xy 0 Juxxy s a

2
+/ 1 ue Vg _ 1 2<b(z*,a" |:f (S,ZLL@,@))l “ " ) ;
[0,8] xU xRy x[0,1]% {ue Vo) Hasblatay )} L_Zl {aet(Ra,0)): R}

+ f(s,ui,z* + (R(z",0));,0) l{wu_,’_(R(wu)e))ieRik}] — f(s,u,z*, a%_) | N(ds,du,dz,d). (2.2.10)

The following theorem guarantees that the above model is well-posed, and that the number of individuals
does not explode in finite time.

Theorem 2.5 (Well-posedness and non-explosion). Assume that (2.2.1) and (2.2.3) hold, and let Yy
defined in Notation aviii) such that E[Yy(1)] < 4+o00. Then there exists a strongly unique (F;),~q-adapted
cadlag process (Yi)i>o taking values in Mp (U x Xy), with initial condition Yy, which is solution of
(2.2.10).

This type of result has been obtained as the starting point of many works in the literature, see for
example Bansaye and Meleard [6], Bansaye and Tran [7], Champagnat, Ferriere, and Méléard [12],
Fournier and Méléard [20], Marguet [36], Tran [50]. The proof has nowadays become standard and we
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do not detail it here. We just present briefly the main steps of the proof. First, we adjust the proof
of Marguet [36, Lemmas 2.1 and 2.3] to a setting where we need several uniform random variables to
update offspring traits. Then, in view of (2.2.1), we bound from above E [supte[O,T] (Y}(l))} forall T >0
by 2E[Yp(1)] times the mean number of individuals of a dynamics of individuals that branches at a
rate 5(1 +a) and gives birth to 2 offspring, as done in Bansaye, Cloez, and Gabriel [4, Corollary 3.10].
Finally, we use Athreya and Ney [3, Corollary 1, p.153] to justify that the latter is finite.

We end this subsection by presenting a deterministic representation of the model. We introduce
(nt(dz, da))i>0 a family of measures such that for all ¢ > 0, f € C"™! (Xp)

n(f) =E | / S a)Yildu do.da)

This measure is called the mean measure of (Y;)¢>o. For all C' € B (Rik), T € Ri’“, we also introduce the
following measure, that is frequently used in this paper

H(O)a) = |

1c ((l‘—le))l T de(wl,wg)
(wl,wg)g(Rik)Q { + 1€Ri’f}

+/ le ((z4+we)l ) dI, (wr, we) 2.2.11
(wl,wz)e(Ri’“)z ( {x-‘rszRi’%}) ( )

:2/ e ((+wi)) g, A dTL, (wy, wg).
(w1,w2)€(R2¥)? {etw erzr} e

The last equality is a consequence of (2.2.9). This measure represents the transition probability for
telomere lengths of the daughter cells of a cell with telomere lengths = that divides. The following
theorem gives a deterministic representation of (2.2.10). Again, we do not detail the proof of this result
as it has become standard, see [, 26, 19, 50].

Theorem 2.6 (Deterministic representation). Let us assume that the assumptions of Theorem 2.5 hold.
Then the measure (n(dx,da))i>0 is a weak solution of the following equation

on(t, dx, da) + 0 n(t,dz, da) = —b(x,a) n(t, dz, da), (r,a) e X, t>0,
n(t,dz,a=0) = [, cr K(dz,y)bly, s)n(t, dy,ds), reR* >0, (2.2.12)
Den(t, (9)2) = [}, (2 — K(L)()bly. $)n(t, dy, ds), £>0.
In particular, we have the following infinitesimal generator for our model. For all f € C™'(Xj)
0

1e(F)lemo = 2 f(z,a) + bz, @) (K(f (. 0)(x) — 1).

ot da

2.3 Assumptions and main result

Let us remind the reader that from now on, k is fixed. The main result of this article is the
convergence of the first moment semigroup of a solution of (2.2.10) towards a stationary profile. To
write the assumptions that we need to verify to obtain this convergence, we introduce the following
notations related to the measures (g{(')(y))yeRi’C'

e Forall z € Ri’“, n € N*, for all measurable function f : R%f — R, we denote

K (f)(x) = (Ko... 0 K)(f)(x).

n times
We use the convention that K°(f)(x) = 1.
o For all z € R%*, C C R% a measurable set, and f : R?* — R a measurable function, we denote
Ko (@) =K (flc)(@). (2.3.1)

We now write the assumptions on our model that imply the main result of this paper. They will be
discussed at the end of the section. We distinguish three sets of assumptions. The first set corresponds
to lower /upper bounds and regularity assumptions on the different functions used to defined the model.

12



(S1) : Lower /upper bounds and regularity.
(S1.1) : The following four statements hold.

i) There exists § > 0 such that

supp(g) := {z € Ry, g(x) # 0} = [0,4].
1) There exists gmin > 0 such that for all = € [0, d]

g(x) Z 9min -
i13) There exist A > 0, such that for all € R, there exists A, € [0, A] such that
supp(h(z,.)) :={y € Ry, h(z,y) # 0} = [0, A,].

Moreover, the function z — A, is bounded from below on compact sets.
iv) There exists hpyin > 0 such that for all x € R, y € [0, A,]

h(fﬂ, y) Z hmin-

(S1.2) : There exists mg € N\{0, 1} a sequence of pairs (I", 3", M" ), c[1,m,] taking values in Zy x Jj
verifying

mo
Ur=1[2k,  Vielt,m]:1'cJ,
i=1

such that for all A > 0, there exists pyi, > 0 verifying:

inf i mi(51,92)) > Pmin-
ie[mol, (pJ M ( 1 2)) Z Pmin
(s1,52)€[—8,A+moA]?

(S1.3) : There exist g > 0 such that

Ve e Ry :g(x) <7
Moreover, the function h is bounded from above on compact sets.

(S1.4) : The function b and the functions (psar)(s,am)ez, are continuous. Moreover, for all zg € R,
the set {y € [0,A]|z — h(z,y) is not continuous in zg} is negligible with respect to the
Lebesgue measure.

Now, we need assumptions that allow us to justify the existence of a Lyapunov function.

(S2) : Existence of a Lyapunov function.

(S2.1) : There exist D € N*, €9 > 0, Bax > 0, and a set Kyenew C [0, Bmax)?F non-negligible with
respect to the Lebesgue measure, such that for all x € Kienew

(Kio,Bmg)” (Lieaneny) (&) = (14 0).

(S2.2) : There exist Lyotum € N*, ¢ : sz — (R4+)* a continuous function, and £; > 0 such that
with Bpax defined above:

i) For all z € R?
K (10, Bonas Leerura]?F)e (V) (@) < (14 €1)V(2).

ii) For all v € R%*, I € T,
/ pim (T — o,z —ag) {/ V(r — a1 + 1)
(J,M)ET, (a1,a2)€(RZ¥)? (B1,82)€(RFF)?
M
XL oyt erz e ) (Br B2)] A D (a1, a0) < (14 61)0(@),
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i) ¥ is bounded from above on compact sets and there exists Vi, > 0 such that for all
z € (R)™ it holds ¥(z) > Ui
iv) There exists Cyy > 0 such that

sup ( sup U(y)) < Cy.

mERik yeRik s.t. ||ly—z||co <max(4,A) V(ZL’)

Finally, we need assumptions to handle the age structure of our model.

(S3) : From the generational level to the temporal level.

(S31): There exist b: Ry —» Ry and b: Ry —» Ry, such that for all (z,a) € (Ry)** x R,

b(a) < b(z,a) < b(a),

and such that fo b(a)da = +oo.

(S3.2) : We denote for all a, s > 0 F,(s) :=b(a+ s) exp f ) and its associated cumu-
lated distribution function F,(s) := exp( f ot b (u) u) Then there exists a > 0 such
that

L(F)(a) = L, and sup inf </o e_asga(s)ds> > 0.

(1 —I—EO)% t>0 >0

(S33): We denote for all a,s > 0 J,(s) := b(a + s) exp (f faﬂg (u) du), and its associated cumu-

lative distribution function §,(s) := exp (— faa+55(u) du). Then, there exists 8 € (0, @)
such that

1

£(90)(B) = 13—

In Section 5, we give criteria allowing to check (S3.2) and (S3), and present two models where all the
above assumptions are verified. We now give the main result of the paper.

Main result. We consider the following semigroup, for all (z,a) € X, f € M (X) nonnegative, t > 0

M (f)(z,a) =E

Z f LC at ‘Yb = 5(l,m,a)‘| € [0,—'—00] (232)
ueVy

We easily see that (M;);>o is similar to a solution of (2.2.12) starting from a Dirac measure, and without
the individuals in the cemetery. Under Assumption (Ss2), we also consider the following space (¥ is
defined in Assumption (S3.2))

U={ye Mo (X) |3dy €N, dy > dp s.t. V(z,a) € X : (x,a) = (1 —I—ad“’)V(x)} . (2.3.3)

This space contains all the functions used to distort the space when we obtain our convergence result. We
use several functions to distort the space to be able to obtain the convergence of the semigroup defined
on a large space of functions. In Lemma 3.3, we prove that we can extend the definition of (M;);>o to
functions in UyecyB(1). We also denote B(¥) = NyerB(Y) and L (¥) = Nyew L (v). We are ready to
give the main result.

Theorem 2.7 (Main result). Let us assume that (2.2.1) and Assumptions (S1) — (S3) hold. Then, there
exists a unique (N, ¢, \) € L (V) x B(¥) x [a, +o0[ satisfying N >0, ¢ > 0 and

/ N(z,a)dzda = / N(z,a)¢(x,a)dxda =1,
(z,a)ex

(z,a)eX
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such that for all ¢ € ¥, there exist C,w > 0 such that for all t > 0, p € M(Y)

sup wt

< Cllullmye”
FEBW) |1 fllncw) <1 ®)

M) (@) [ fle,a)N (e, a)doda

(z,a)eX

Moreover, there exists No € L*(R%*) nonnegative such that for all (z,a) € X it holds

N(z,a) = Ny(x) exp (f /O“ b(x, s)ds — )\a) .

To prove this theorem, we first weight the space by ¢ and study the weighted-normalised semigroup

Mt(w)(f)(l‘,a) — e—Awtw

W) 0 r=0Vfe My(X), ¥(z,a) € X, (2.3.4)

where Ay > 0 is chosen in Lemma 3.4 such that for all (z,a) € X, t > 0 we have e’*wt% <1

z,a)

This new semigroup satisfies the same equation as the first moment semigroup (th)tzo of a jump Markov
process with an absorbing state. As this equation has a unique solution (Lemma 3.5), we can study the

ergodic behaviour of (P})y>¢ to obtain the one of (Mt(w))tzo. This kind of method has been presented
in [14]. We then apply [54, Theorem 2.8] to obtain the convergence of (Mt(w)>t>0 towards a stationary

profile through (th)t20~ We conclude by the fact that the convergence of (Mt(w))tzo to a stationary
profile on M(X) implies the convergence of (My);>o on 171(1)). The delicate/most interesting points are
the following.

We need to handle the fact the age structure of our model. To do so, we stochastically com-
pare our process with Bellman-Harris processes, which allows us to use results from the renewal
theory [3, Chap. IV.4] to obtain exponential estimates where we need them (Sections 4.3.4, 4.3.5
and 4.4.4).

As the birth rate depends on the multidimensional trait, we do not have independent identically
distributed times between jumps, which is one of the main characteristics of Bellman-Harris pro-
cesses. To retrieve independent identically distributed jumps, we use the fact that the jump rate
is bounded (from above or from below) by another jump rate, independent of the multidimen-
sional trait. Then, we control the times these jumps occur using the inverse transform sampling
to simulate jumps (Section 4.3.3).

We need to prove that when a renewal of the number of individuals in a set occurs in several
generations, then we have exponential growth of the number of individuals, see Assumption (S2.1).
To do so, we prove that it is not the number of individuals with telomere lengths in the set K enew
that grows exponentially, but the number of individuals with telomere lengths in the set [0, Buax|?",
by connecting [0, Buax|?* and Kienew using the Doeblin condition (Section 4.3.4).

During the proof that a renewal in several generations implies an exponential growth, we also need
to handle the fact that not only telomere lengths can renew, but also the age. This implies that we
need to restrict ourselves to truncated versions of the distribution of jump times, such that jump
times of this truncated version do not exceed a certain value. We prove that even for a truncated
version of the distribution of jump times, we can still make a stochastic comparison of our process
with a Bellman-Harris process by considering an alternative birth rate (Section 4.3.4).

The irregularities of the jump kernel with respect to the Lebesgue measure make difficult the
control of the asymptotic comparisons of survival needed to obtain the stationary profile of the
auxiliary particle representing our branching process. To handle this, we use a weak form of a
Harnack inequality (Section 4.4).

We finish this section with a discussion about the consequences of our assumptions, and why we made

them.
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Discussion about the assumptions.
Discussion about (S5;):

(S1) : All the assumptions of this set are easy to verify, as they only correspond to lower/upper
bounds and regularity assumptions.

(S1.1) : 1) This assumption implies that the cumulative distribution functions of g and (h(x,)),cr2x
are bijective on their support. Then, we can simulate shortening and lengthening values with the
inverse transform sampling method, and then obtain that Eq. (2.2.3) is verified (the expression of
the procedure R(.,.) is a bit complicated, so we do not make it explicit here). From the latter, we
get that Theorem 2.5 holds, so that the model is well-posed and that the number of individuals
does not explode in finite time.

(S1.1) : 2) The lower bounds for g and h are useful to prove the Doeblin condition. This assumption
is relatively strong, but any other hypothesis would imply more complicated calculations, which
are not the main focus of this work. We prefer to focus on the intrinsic difficulties of the model.

(S1.1) : 3) The constant A > 0 corresponds to the upper bound of the maximum value that can
have the support of a function h(z,.), where x € R. Having this upper bound simplifies the
computations when we obtain the weak form of the Harnack inequality.

(S1.1) : 4) The fact that  — A, is bounded from below on compact sets, and the fact that g and
h are bounded from below on their support simplify the computations when we obtain the Doeblin
condition.

(S1.2) : 1) This assumption means that the probability that every coordinate has been shortened
and lengthened after mg cell divisions is bounded from below on every compact set. It is useful to
obtain the Doeblin condition.

(S12) : 2) The assumption that for all i € [1,mg] it holds I C J* means that when a telomere is
shortened at a cell division, it is also lengthened. This allows us to simplify a lot computations. For
more complex models where this assumption is not verified, by slightly changing the assumption,
the computations made in this paper can be adapted to obtain the existence of a stationary profile.
However, it will be much more laborious.

(S1.3) : This assumption is useful to obtain the weak form of the Harnack inequality.

(S1.4) : This assumption is necessary to prove that the sample space we work with is of path type
(see Sharpe [16, Def. (23.10)]). We refer to Section 4.1 to see what it is important to have such a
sample space.

Discussion about (S3):

(S2.1) : This assumption means that there is a renewal of the number of individuals, with telomere
lengths that stay in [0, Buax)?, after D generations. In particular, if we study the dynamics at
generations that are multiples of D, and starting from an initial condition in K;epew, the population
grows exponentially. As we are in a multidimensional setting, there are cases where this is easier
in practice to verify that a renewal occurs in several generations rather than in one generation.
The simplest examples are cases where the procedure of lengthening acts on too many coordinates.
In Section 5.2, this type of model is studied.

(S2.2) : i) The first statement of this assumption means that for the space distortion defined with ¢/,
a cell does not give birth to too many offspring with telomere lengths out of [0, Bmamemm]%.

(S9.2) : 41) This assumption means that the space distortion does not change too much the mean
of the reproduction law of the branching process, uniformly in I € Zy. In particular, this implies
that for all 2 € R%* we have
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1,P2

<2(1+¢). (2.3.5)

It is important to have this condition uniformly in I € 7 to be able to apply the weak form of
the Harnack inequality.

Discussion about (S3):

e (S3.2) : 1) The first condition means that the frequency at which events of division occur implies
an exponential growth of the number of individuals. This can be obtained for example by using
the intermediate values theorem.

o (S3.2) : i) If there exists aj, by > 0 such that b(a) > b; when a > aq, then the second condition is
verified, see Section 5.1.1.

e (S3.3) : This assumption means that the frequency at which events of division occur allows to
observe the impact of the space distortion. This can be obtained for example by using the inter-
mediate values theorem. When b = b = b, the condition 8 < a is equivalent to 1 +¢; < (1+ so)%,
see Section 5.1.1.

3 Space distortion and auxiliary pure jump Markov processes

This section focuses on the introduction of the weighted-normalised semigroup (Mt(w))tzo, and on its
associated auxiliary process (th))tzm for all ¢b € W. First, in Section 3.1, we study the well-posedness of

(M) >0 for functions in Uyew®B(1)). Then, we introduce the weighted-normalised semigroup (Mt(¢)>t>0’

and prove that the equation satisfied by the latter has a unique solution in Section 3.2. Finally, we

construct the auxiliary process (Zt(w))tzo thanks to the equation of (Mt(w)>t>0 for all ¢ € ¥ in Section 3.3.

Throughout this section, Assumptions (57.1) and (S2.2) hold. We also assume for the rest of the paper
that (2.2.1) holds. Until Lemma 3.3 is stated, the semigroup (M, );>o introduced in (2.3.2) is only defined
for nonnegative measurable functions. Except Lemmas 3.10 and 3.11, all the statements given in this
section are proved in Appendix A.

3.1 Well-posedness of weighted-normalised semigroups

To obtain the ergodic behaviour of our semigroup (M;);>¢, & naive approach is to construct an absorb-

ing Markov process with first moment semigroup (Mte"\t)tzo where A > 0, then apply [54, Theorem 2.8]

to this process, and finally conclude by multiplying by e*. However, two problems occur with this ap-
proach.

o Let A > 0. A necessary condition for the existence of an absorbing Markov process with first
moment semigroup (e~ M;);>0, is that for all + > 0 and (x,a) € X it holds e MM, (1)(z,a) < 1.
Indeed, the latter means that the number of individuals is in average lower than 1 for any time.
When the birth rate is unbounded, this last property is not verified. In fact, if we assume that
Mi(1)(z,a) < e, then we have that lim,_,q 1 + (M(1)(z,0) — 1) < A, so that 4 (My(1)(w,a)) at
t = 0 is bounded. However, in view of Theorem 2.6, the derlvatlve in time of Mt( )(z,a) at t =0
when K (1)(x) = 2 is b(=, a), which is not bounded (we recall that M;(1) is in fact nt(lx) starting
from a Dirac measure). Then, we have a contradiction, implying that there is no absorbing Markov

process allowing to represent (e_)‘tMt)tzo for an unbounded birth rate.
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o The speed of convergence of the semigroup (M;);>o towards a stationary profile depends on the
initial condition. Indeed, it will take more time for dynamics starting from a cell with very large
telomere lengths to converge towards a stationary distribution compared to starting from cells
with smaller telomere lengths. Hence, we have an issue because [54, Theorem 2.8] only handle
models with a speed of convergence independent of the initial condition.

In view of these issues, we weight the semigroup (M;);>0 by a function ¢ € ¥, which gives us the
semigroup (Mt(w))t>0. Studying (Mt(w)>t>0
explained above for the following reasons (we recall that ¥ (z,a) = (1 + a®¥)V(x) with dy € N*):

rather than (M;);>o allows us to manage the problems

o In view of the definition of (Mt(w))tzo (see (2.3.4)) and Theorem 2.6 (one need to extend the
definition of (n;);>0 to unbounded function as done below), the derivative of Mt(w)(l) at t =0is
9 iy’
2aV(@@) | b(z,a) (W — 1). As the latter is bounded, see Lemma 3.4, the first problem

¥(z,a)
presented above is solved.

o In view of Assumptions (S2)—(S3), weighting the space by {/ implies that the time before returning
to a cell with telomere lengths in [0, Bmaeretum]%, even starting from telomere lengths far from
this set, is accelerated (for a typical particle conditioned to non-extinction). Therefore, we do not
have issues linked to the speed of convergence with this weighting. In Theorem 2.7, the impact of
the speed of convergence is seen by the term |||y

In order to use (Mt(w))tzo to obtain the ergodic behaviour of (M;):>0, we first must be sure that (M;):>0
is well-posed for functions in UyceB(¢). For that purpose, let us give the following statement that is
proved in Section A.1.

Lemma 3.1 (Well-posedness of (M;)i>0). Assume that (S1.1) and (S2.2) hold. Let us consider

Ye(x,a) = eV (x) with V defined in (Sa.2). Then there exists ¢ > 0 such that for all T >0, (z,a) € X,

Mr(e)(x,a) < Ye(x,a)exp (cT').

Thanks to the above statement, we are now able to extend the definition of (M;);>o to functions in B(¢)).
Before extending the definition of (M;);>0, let us introduce some notations. First, we denote the set

QO =T, x P ([1,2k]).

Then, for all (I,.J) € Qy, we introduce the measure 7/ defined for all C' € B (R?*) as

1
Tl (C) = / pim (T — a1, T — ag)
h # (Zk) Z (a1,02)€(R3¥)? /

MeP([1,2k])

(3.1.1)
X {/ le(z — a1 + 51)dﬂéflﬁjl\2_a2)(ﬂl,ﬂ2) dupS D (ay, as),
(B1,B2) € (R2)2

(E,J,M)

where the measures p(3?) and (lJ’(sl o) >( Jeran BT defined in (2.2.5) and (2.2.7). This measure
? 51,52

represents the kernel for updating telomere lengths of the daughter cell A, when during the cell division,
the indices of the coordinates that are shortened in this daughter cell are those in I, and the indices of
the coordinates that are lengthened are those in J. All the measures introduced above are helpful to

construct a particle (Zt(w))tzo, for which it is sufficient to only have information of what happens to the
daughter cell A, and not to both daughter cells.

Remark 3.2. Under (S1.1), for all z € R%, C € B(R?)
2 Z / l{x-‘rueC}dﬂiJ - 2/ 1{x+w1€C}dHI(wl7w2) - 5{(0)
(1,7)eQy / ueER” (w1, w2)€(R2E)

We extend the definition of (M;):>0 given in (2.3.2) to functions in Uycg®B(1)) with the following lemma
that is proved in Section A.2.
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Lemma 3.3 (Extension of the definition of (M;);>0). Let us assume that (S1.1) and (S2.2) hold. Then

1. For any nonnegative f € UyewBW), (z,a) € X, t > 0, My f(x,a) is finite. In particular, if we
consider for all f € UyewB): fy+ its positive part and f_ its negative part, we can extend the
definition of M to UyewB(Y) as follows

Mi(f)(;a) := My(f1) (2, a) — My(f-)(2,a).

2. (My)i>0 defined above is a positive semigroup which satisfies the following equation for every
f € UpecuB(¥) and (x,a) € X:

a+t

t
/ b(z,a+ s)
(1,J)€eQk 0 (312)

a-+s
X exp (—/a b(w,v)dv) {/UER% M of(x+ U,O)l{l‘JrueRik}d’]Ti’J(u) ds.

Mi(f)(z,a) = f(z,a+t)exp (—/ b(:as)ds) +2

We are now able to study the long time behaviour of (My)¢>o on 171(1)). We first choose the value of Ay,
allowing to construct an auxiliary process and then apply [54, Theorem 2.8].

3.2 Choice of normalisations and equations of auxiliary semigroups

To be able to represent our weighted-renormalised semigroup (Mt(w)) with a Markov process, we

>0
must choose Ay > 0 such that for all (z,a) € X and ¢ > 0 it holds Mt(w)(l)(x,a) < 1. The following
lemma allows us to do so, and is proved in Section A.3.

Lemma 3.4 (Inequalities related to ). Let us assume that (S1.1) and (Sa.2) hold. Then, for all ) € ¥,
there exist Ay >0 and v > 1 such that for all (z,a) € X

N Ru(a X,
0y B (e, ) K@ g q) < Ay,

i; %"Z’ z,a b(z,a
“) 611’(93(711)) + 21/1((1:.,a)) - b(x7 a) < Aw;

Y(z,5+a)

i) Sup,sg | LIS < (1 4 at),

where K is defined by (2.2.11).

This lemma implies that the probabilities given later in Eq. (3.3.3) take indeed values in [0, 1], which
gt My () (@.0)
(z,a)

P(z,a

implies indirectly that e < 1. In the rest of the paper, Ay and 1 refers to the bounds of

this lemma. In particular, for all, ) € ¥, the semigroup (Mt(w))t>0 is defined with this Ay. We now give

preliminaries to obtain a representation of this semigroup through a process with a particle (Zt(w))tzo.

In the rest of this section, we have fixed ¥ € ¥. By (3.1.2), (Mt(w))tzo satisfies for all t > 0, f € M(X),
and (z,a) € X (dnl’ has been defined in (3.1.1))
/t b(xz,a+ s)
0 w($7 (l)

a-+s
X exp (/ b(z,v)dv — )\ws> {/ MY () (@ + u,0)V(x + u)l{m+u€Rz+k}d7r£’J(u)} ds. (3.2.1)
a ueR?k

X, a att
MP(f)(.0) = fla,a+ t)W exp < / b, s)ds — Awt) +2

(1,J)€Qk

We can prove that this equation has a unique solution, and thus justify that we can use an auxiliary

process (Zt(w)) to study (Mt(w)>t>0. This gives us the following statement that is proved in Section A.4.
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Lemma 3.5 (Uniqueness and Feller property). Let us assume that (S1.1) and (Sa2.2) hold. We consider
T > 0, and denote X = X x N x Q. For all f € My(X), we also introduce the operator I's from
My([0,T] x X) to itself, defined for all F € My([0,T] x X), and z = (t,x,a,n,I,J) € [0,T] x X as:

/t b(x,a+ s)

0 ¢(xaa)
a+s

X exp <—/ b(x,v)dv — )\ws> {/ - F(t-s,z+u0,n+1,1,J)0(x+ U)l{a:_,’_ueRik}dﬂ'i’J(u)} ds.
a ue

(3.2.2)
Then, there exists a unique f € My([0,T] x X) that is solution to T;(f) = f. In addition, if f € Co (X),

then we have f € C° ([07T]7C0(;V\)), where C° ([O,T],Co(;\’\)) is the space of the continuous functions
G :]0,T] x X >R verifying

T, a att
I't(F)(2) = f(z,a+t,n,1, j)WeXp (—/ b(a:,s)ds—)\wt> +2

(I,J)eQk

lim ( sup |G(t,z,a,n, 1, J)|> =0. (3.2.3)
[I(z,a,m)[[cc =400 \ (¢,1,.,u)€[0,T]x Q) x[—5,A]2k

Remark 3.6. Our result is stronger than what we need for the uniqueness of (3.2.1), as we have a

—~

result for Uy defined with f € My(X) instead of f € My(X). This is is because we need the result on the
reqularity of f to prove that our sample space is of path type (see [/0, Def. (23.10)]) later in Section 4.1.
By Lemma 3.5, if we construct an auxiliary process such that its first moment semigroup satisfies (3.2.1),
then the first moment semigroup of this auxiliary process and (M£¢)>t>0 have the same values. Obtaining
the ergodic behaviour of this auxiliary process is then equivalent to obtaining the ergodic behaviour
of (Mt(w)>t>0. Before doing the construction of our auxiliary process, we give a more suitable expression

for (3.2.1). We denote for all (I,.J) € Q) and (z,a) € X the following

2d57 (x)b(x,a)

dbI () = / V(z+ u)l{w+ueRik}d7r£’J(u), and q{b"](x, a) = V(@) T (3.2.4)
uer” Ay +b(z,a) — lel(x ;1)

Then, (3.2.1) can be rewritten as follows

a+t a+tt 9P
M ) = s+ e (= [ otaonis—aur [T B )

t % (g a+s) ot R (G0
54 (T, da \"
[ (o= BER Yo (- [ soiaerens [T S0 )

1
( Z qé)’J(w’ a+s) {dl"](l‘) /GR% Mt(i/)z(f)(x +u,0)V(z + u)l{m+u€Rik}d’]T£7J(u):| )ds.
(I,J)EQs e

(3.2.5)
This means that we can see (3.2.1) as the Duhamel’s formula of a jump Markov process with an absorbing
state such that:

o The process jumps at a rate Ay, + b(z,a) — %ﬁﬁ‘)’),

e At each jump, if we denote (x,a) is the trait of the particle at the jump, then:
— For any (I,J) € Qy, with probability qzll;‘](x, a), the trait of the particle is updated such that
(z,a) — (x +U,0),
where U is distributed according the probability measure d,%(m)V(m +u)1{z+u€Ri’°}dﬂ—£J(u)'

— With probability 1 — Z(I J)E0s q"7(x,a), the jump Markov process jumps to a cemetery.

We now construct an auxiliary process that follows these dynamics.
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3.3 Algorithmic construction of auxiliary processes associated to weighted-
normalised semigroups

Let v € U. We keep the same v in all this subsection. Even if all the objects introduced in this
subsection depends of v, we will drop the index to mark the dependence in 9 to simplify notations,
except for (fo‘”))tzo. Our aim in this subsection is to construct an absorbing Markov process such that
its first moment semigroup satisfies (3.2.5).

To construct our particle (Zt(w))tzo,

e Forally e Rik, r,s > 0 we define the following functions, that are the complementary cumulative
distribution function and the probability density functions for times between jumps

s+r s+r 0¢
Hs(y,r) = exp (—/ b(y,u) du—AwﬂL/ MdU> ; (3.3.1)

o
auWstr) . (y, 7). (3.3.2)

#elo.r) = Pﬂﬁb(y’sﬁa)_ Yy, s +)

« For all (y,s) € X, we introduce (75, (y, 5)),,cn an ii.d. sequence of random variables taking values
in Ry and distributed according to #5(y, .). This sequence of random variables is used to describe
jump times of the auxiliary process.

o For (y,s) € Xy, we introduce ((fj, jj) (y, s))j>1 an i.i.d. sequence of random variables taking val-
ues in the set (Qy, U {(0)2}). For all (j,y, s) € N* x (Xp), the pair of random variables (I, J;) (y, s)

is independent of (T, (2’,a’)) yex- Moreover, recalling that qi}"] is defined in (3.2.4):

neN,(z’,a’
Vs)e X P(LJ)) (ns) = (1,J)] = {qi’J’ . if (1,J) € s,
e 1_2(17‘])6919 qqp’ (yvs)v if (Iv J) = (878)7
o B o, if (I,.J) € O,
P15, 5) 0,0) = (1,])] = {1, if (I,J)=(d,0)

(3.3.3)
These random variables are used to describe the coordinates where there is a jump (shortening
and/or lengthening), or if the particle jumps in the cemetery. Assume the trait of the particle at
the j-th jump is (y, s). If (fj, jj) (y,5) # (0),, then the coordinates where there is a shortening at
the j—th jump are indexed by I ;(y, ), and the coordinates where there is a lengthening are indexed
by jj (y,s). Otherwise, we have (fj, jj) (y,s) = (0), and the particle jumps to the cemetery at
the j — th jump.

o For all (I,J,y) € Q x R%*, we introduce (Uj’]}J<y)){j>1} an ii.d. sequence of random vari-

ables taking values in Rik. For all j € N*, the random variable ﬁj’ 1,7(y) is independent of
(Tn(2",a)) pen (27 ,aryexr and ((Ix, Jr) (x’,a’))k217(z,7a,)exa, and is distributed according to the
probability measure

1
dpﬁj,I.J(y) (u) = dlf(y) V(y + u)l{y+ueRik}d7T£’J(U)« (3.3.4)
These random variables are used to give the jump value at each jump of the auxiliary process.

« We consider the process (X, Ay, In, Jn, Tn, Un),en taking values on (X x Qi x Ry x R*F)U{(0)¢}
(X and Qy are considered as the cartesian product between two sets), with initial condition
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(Xo, Ao, Io, Jo,0,0), and such that for all n € N:

(In+17 Jn+1) = (jn+1a jn+1) (Xna T, (anAn)) )

U _ Un+1,fn+1,fn+1 (Xn) ’ if (In+1a Jn+1) 7& (a’ a)a
n+1l — .
0, otherwise,

3.3.5
(Ko 4 Unprs 0)s 1 (Tnsr, Jusn) £ 0, (3.35)

Xn 7An =
Knt1, An+) { (0,0), otherwise,

TIn + 1Ty (XmAn)a if (In-i-len-H) 7é (8,8),
grnJrl = .
0, otherwise.

In the above, Xg, Ao, Iy, Jo are random variables, for which the distribution is given when needed
(for example when we define semigroups). We also consider the random variables Ny and 75
defined as

7./\/5—1“‘7"1'7, (XN@—laA./\/'@—l)y lfN@ Z 17
0, otherwise,

Ny :=inf{l €N, (I, J;) = (8,0)}, Ty 1= {

and the process (IVi),, defined for all ¢ > 0 as

N, e sup{m € [0,Ny — 1] | T, < t}, ift < 7o,
b Na, otherwise.

The random variables Ay and 75 describe the number of jumps and the time before extinction of
the dynamics, respectively. For all ¢ > 0, Ny describes the number of jumps that have occurred up
to time t. For all n < Ny, X,, describes the values of telomere lengths after n jumps, and A,, is the
age of the particle right after the n-th jump has occurred. For all n € N*, I, is the random variable
that describes where the coordinates of telomeres of the process (X,,)men that are shortened at
the n—th jump. Similarly, J,, describes the coordinates of the telomeres of (X,,)men that are
lengthened at the n—th jump. U, describes the value of the jump that the process (X,,)men make
at the n—th jump.
In order to apply Lemma 3.5 later in the proof, see Section 4.1, we need to have a version of the
process (INy);>o with an initial condition that can vary, and a cemetery state. Then, we finally
introduce a variant to (Ny)so named (Ny);>0, that is a process with initial condition Ny € N, and
such that for all £ > 0

- [ No+ DNy, ift<my,

L 0, otherwise.

This variant is only introduced to be more rigorous, and is not useful in practice.

Remark 3.7. One can easily see by (3.3.5) that if a € Ry is the initial condition of (Ap)nen,
then for all n € N it holds A, = alp,—oyl{nany) + 0lin>an)-

Remark 3.8. In view of (3.3.5), one can easily see that the values of the initial conditions I
and Jo do not influence the values of (X, An, In, Jn, Tny Un) ,en- However, as for (Nt)tzo, we do
not fix an initial condition for these two random variables to be able to define rigorously the first
moment semigroup of a process that will be introduced later in Section 4.1, see (4.1.1).

Now, we define (Zt(w))tzo a process taking values in Xj, such that for all ¢ > 0

28 = (Xno Ane+ (= Tv) 4y sy ) - (3.3.6)

One can observe that (X, Ag) is the initial condition of (Zt(w))tzo. We also consider the following
notations, that are very useful for the proof of the main theorem.
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Notation 3.9. For all Borel set A C X, we denote in the rest of the paper
ra=inf {t >0|2") € A}, and T =inf {t>0|2{" ¢ A} .
We finally introduce the semigroup (Pt(w))tzo such that for all f € My(X),t >0, (x,a) € X

P (f)(@,a) = E [£(Z1") jiaryy | (X0, Ao) = (2,0)] . (3.3.7)

If we condition the expectation with respect to the first jump time, we obtain that this semigroup
satisfies (3.2.5). Then, as (3.2.1) is equivalent to (3.2.5), Lemma 3.5 implies that for all f € My(X),
t>0,(z,a) € X
B (f)(a.a) = M (f) (z,a). (3:3.8)
We now give statements that facilitate the computation of the distribution of the auxiliary process
during the proof of Theorem 2.7. First, we introduce the following function that is essential to simplify
notations during the proof of the main theorem. For all (z,a,t) € X x Ry

5 o b(za+t) att att %w(x, )
Golz,t) = QW exp (—/a b(z,u)du— Ayt + /a Wdu

_ b(z,a+t) o att B )
_271/)(%&) ep( /a b(z,u)du— Ayt ] .

Then, we have the following equality, that we easily prove.

(3.3.9)

Lemma 3.10 (Distribution at one jump). Let us assume that (S1.1) and (Sa.2) hold. We considert > 0,
B e B(R2¥), (i,j) € Qkx and C € B([0,1]). Then for any f € M,(X) nonnegative, (z,a) € X, we have

Ewa) [F(Z"): X1 € B, Ny =1, (I1, 1) = (i.5), T — o € C]

= / / N f@+u,t —8)lpruenlisecyV (@ +u)Galz, 8)Ho(x +u,t — s)dsdﬂ;’j(u).
seRy JueR

Proof. We denote & = Eyq) [f(Z,")); X1 € B, Ny =1, (I1, 1) = (i,5), 51 — Jo € C| in this proof.
First, by Eq. (3.3.5) and Eq. (3.3.6), we have on the event {N; = 1,([1,J1) = (i,5)} that it
holds Zt(w) = (x+ Uit —To(x,a)). Second, we know by the construction of the particle that
To(z,a) =T — Ty is the time before the first jump occurs and is distributed according to the den-
sity #,(x,.). Finally, on the event {N; = 1}, the second jump has not yet occurred at time ¢, implying
that 55 — 1 =11 (x + ULI“IUO) >t — Tp(z,a). From these three points, it comes

&= P(m,a)[(flvjl)(xva—’_s) = (Za])] L/ f(x—’_uvt_s)]-{m-‘ruEB}
SER+ u€ER2k (3.3.10)

X 1gsectP[Ti(z +u,0) > t — s]dPy ) (u)] #Ha(, 5)ds.

In addition, one can easily develop the expression of the following mathematical objects, using (3.3.2),
(3.3.3) combined with (3.2.4), and (3.3.4), to obtain

Ho(, s)P(z’a)[(fl, J)(z,a+s) = (i,j)]dPgm)j(y)(u) = V(x4 u)Ga(x, s)l{w+ueRik}d7r;’j(u).

Plugging the latter in (3.3.10), and using the fact that P[T}(x + u,0) >t — s] = #o(z + u,t — s) allows
us to conclude that the lemma is true. O

This statement can be extended to the event {N; = n}, where n € N\{0, 1}, by iterating what we have
done to obtain Lemma 3.10:

23



Lemma 3.11 (Distribution at n jumps). Let us assume that (S1.1) and (S2.2) hold. Lett > 0
and n € N\{0,1}. We consider (By,...,B,) € (BRZ*)", ((i1,51),...,(in,Jn)) € (Qx)" and
(Cy,...,Cn) € (B([0,¢])". Then for any f € My(X) nonnegative, (z,a) € X, we have

Ew.a) [F(Z7); Ne=n,9p € [Lin] : X, € By, (I, Jp) = (ips ) s Ty = Tpo1 € G

flxe+ > wut si | V(z+u).
Lleot] Lzeot 81 /S.,L [Ot Z:L:ll Si} AIGRQk \/’LLV,LERQk Z Z
><V<x—|—2ul> o (2, 81)Go(x + ug, $2) . (m—i—Zu sn> #o <x+2u“ —Zsl>
i=1

X 1{\1,,6[[1,”}];HZj:luzeBp,specp} (ds1dssy ... dsy) (dﬂ';lyjl(’ljﬂ) ...drm zli "( )) )

4 Long time behaviour: Proof of the main theorem

To obtain the ergodic behaviour of our model, we apply [54, Theorem 2.8] to the auxiliary processes
constructed in Section 3.3. For the reader’s convenience, we give it below slightly rewritten to fit our
framework and notations.

Theorem 4.1 (Theorem 2.8 in [51]). Let 2 be of path type (see [0, Def. (23.10)]), X a Polish space,
0 an element outside of X, and (Z;)i>0 a strong Markov process for a complete and right-continuous
filtration (Fy),.,, taking values in XU{8} and absorbed at 8. Let us assume that there exist (D;)ien+ a
sequence of closed subsets of X, a probability measure v on X, a closed measurable set E C Uj>1D; and
a constant p > 0 such that

o (A4y): For anyl e N*, D; C int(Di41).
o (A1) : For anyl € N*, there exist L > 1, ¢,t > 0 such that for all z € D,
P.[Z; € d2', t < min (19,Tp,)] > cv(dz'),

where Ty is the extinction time of (Z;)i>0 and Tp, the first time it exits Dy

o (Ag): It holds

p > sup {’y € R| supinf P, [t < min (75, Tp,)] = O} =: ps,
L>11t>0
and

sup [E. [exp (pmin (75, 75))]] < +oc.
zeX

o (A3)p : For all e € (0,1), there exist tp, ¢’ > 0 such that for any z € E there exist two stopping
times Ug and V' such that

P.[Zy, €dz; Uy <15 <P, [Zy € d'; V < 719], (4.0.1)

and
{min(Ta,tF) < UH} = {UH = OO}, (4.0.2)
P, Uy =00, tr < 19 <cexp(—ptp). (4.0.3)
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Then, there exist a unique (¥ .0,
X

) € M1(X) x My(X) x Ry, and C,w > 0, such that for all t > 0, and
for all i € M(X) with ||i||7v, 1

N €
<

X AP — i(@)Flrvx < Ce™,
where [iP(dy) = Py (Z; € dy, t < 19).

Now, we prove Theorem 2.7. Let us start with preliminaries where we first give the framework we
use (Polish space, process, filtration), then prove that we have a sample space of path type and (4,),
and finally present the plan of the rest of the proof.

4.1 Preliminaries

Space, process and filtration. We work with X = X endowed with the Euclidean topology.
It is well-known that this is a Polish space. Let ¢ € ¥ and (Zt(w)tzo its associated auxiliary pro-
cess constructed in Section 3.3. From now on, to simplify the notations, we drop the index % in
(Zt(w))tzo. We keep in mind that 1 is fixed up to Section 4.6. (Z;);>0 is the process we are inter-
ested in. We work with the filtration (G¢),~, defined as the augmented filtration generated by the
>0 = (ZtaNt;IN“JNt)t>Oa see [16, Def. (6.1) - (44)]. This filtration is complete by con-
struction, and right-continuous by [ A p.62]. Tt is essential to use this filtration because it is on it that
hitting times are stopping times [16, Section 10]. It is also essential to consider a filtration induced by
(Zt) 5, instead of only (Z;),, because we use information coming from the others random variables in

process (7t)

the proof. We point out that the random variables (7,),<, <y, are induced by (Ni)¢>0 because they
are hitting times for the process (N¢);>o. We also point out that the random variables (Uy,)1<n<n, are
induced by the process (X, ),~, as for all n € N* it holds U,, = (X, — X},—1),,cn On the event {N; = n}
(we do not have information for Uy, but we do not need it).

Sample space of path type. Having a sample space Q of path type is necessary to prove
that the stopping time Upy presented in Theorem 4.1 is regular with respect to the Markov property,
see [54, Prop. 2.2]. In [54, Sect. A.3], it is suggested to use [32, Prop. 8.8] to justify this. The problem
is that this criteria does not apply when we work with the augmented filtration. Let us present an
alternative way to justify that we work on a sample space of path type.

~Werecall that X' = &'xNx Qy, and denote Xy = XU{(8)5} the Alexandroff one-point compactification
of X. This compactification means that the neighborhoods of (9)5 are the complement of all the compact

sets, see [17, p.48]. We also denote by W (R+, 2’?3) the space of the right-continuous functions from R

to /'/\f\a. As the process (7,5) is right-continuous and takes its values on /'/Y\a, without loss of generality,

>0
we assume that we work with the canonical sample space 2 =W (R+, /'/V\a) The latter is defined as the
sample space such that for all w = (w),~ € 2 and ¢t > 0, we have (Z)(w) = w;. We now prove that this
sample space verifies [16, Def. (23.10)]. First, [16, Def. (23.10) - (i7), (vi), (vii)] are directly satisfied for
a sample space corresponding to right-continuous maps. In addition, [16, Def. (23.10) - (4i7), (v)] are
also almost direct to check in view of [16, p.45, p.63, p.110]. To verify the last statement, namely [40,
Def. (23.10) - (i)], we need to prove that the process (Z;);>0 is right-continuous in the Ray topology,

and have left-limits in a Ray compactification of X'. We refer to [46, p. 91] where these two notions are
presented in detail. In view of [17, Theorems 8.30 and 8.32], the latter is true for a Feller process. Let
us thus prove that (Zt)t>0 is a Feller process to obtain that 2 is of path type.

We denote (P;);>0 the semigroup defined for all t > 0, f € Mb(/'?a), and (z,a,n,I,J) € 2/6\3 as

Py(f)(x,a,n,1,J) =E[Z|(Xo, Ao, No, Lo, Jo) = (z,a,n,1,J)]. (4.1.1)
In view of [17, p.49], we need to prove that for all f € Cy ()/(\a) we have:

Vt>0: Py(f) €Co(Xy)  and  Vze Xy: lim P (f)() = f(2)- (4.1.2)
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We denote for all f € Mb(/'?a), (t,z) € Ry x X, the function Py(t,z) = Pi(f)(z), and write Py this
function for f = 1. We also recall that we have introduced in (3.2.2) the operator I'y, and denote by T'y
this operator for f = 1. By conditioning with respect to the first jump of (Z);>¢, and then applying the

strong Markov property, one can easily obtain that for all t > 0, f € Mb()/(\ )and z € /'/V\a it holds

— T (Pf)(t, 1-T1(P1) (¢, 0)s), if 0)s),

F((9)s), otherwise.
Moreover, as for all f € C (Xd) it holds lim,_,((9),) f(2) = 0 (function that vanishes at infinity + one
point-compactification), we have by continuity that f ((9)5) = 0. Combining these two results, we obtain
that for all (t,2) € Ry x X, f € Co (Xa), it holds P¢(t,z) = I'¢(Py)(t,z). Then, by Lemma 3.5, for all
T > 0, the restriction of Py on [0, T] x X is in C° ([0, T, CO(Q?)>. By continuity of P on this restriction,
and the second line of (4.1.3), the right-hand side of (4.1.2) is verified. By (3.2.3) and the fact that the

neighborhood of (9)5 is the complement of all compact of X, the left-hand side of (4.1.2) is also verified.
Then, (Zt)t>0 is a Feller process, which implies that 2 is of path type.

Assumption (A4;). As this is short, we now give the sequence (D;);>1 we use and verify (4,). To
simplify the future computations, we need that the marginal over telomere lengths in D; is a subset
of [O,Bmaxl]z"“7 defined in (S22). For the same reason, we also need to be able to compare the age
variable to ag, defined above (2.2.1). That is why we take for all [ > 1

Dy = [0, Bmaxl])?* x [0,a0l],  D; = [0, Buaxl]**. (4.1.4)

The set D; corresponds to the marginal of D; over telomere lengths, and is frequently used in this paper.
It is trivial to see that this is a sequence of closed subsets such that for all I > 1: D; C int(Dj41).
Thus, (A,) is verified for this choice of (D;);>1.

Plan of the proof. We now verify Assumptions (A1) — (A2) — (As)p, which require more compu-
tations, in Sections 4.2, 4.3, and 4.4 respectively. Then, in Section 4.5 we prove that the latter implies
the existence of a stationary profile for (M;);>o on 11(¢). In Section 4.6, we prove that this stationary
profile is the same for all the functions in W. Finally, in Section 4.7, we obtain a representation of the
stationary profile by a function.

4.2 Assumption (A;) : Doeblin condition on the event {t < Tp, }

Assumption (A;) corresponds to a Doeblin condition on the event {t < Tp, }. Our aim is to show
that such a condition is verified, for any initial condition supported on one of the sets (D;);>1. The
following proposition implies (A;) with v defined by

2k
v(dz,da) := G ! (H(azl)m°> 1p, (z,a)dzda,

renorm i—1

where Cronorm = f(u v)eD (kal(ul)m") dudv and mg has been introduced in (57 2).

Proposition 4.2 (Doeblin condition). Assume that (S1.1), (S1.2) and (S2.2) hold. Then for alll > 1
there exist L > 1+ 2, and t,cp > 0, such that for all (xz,a) € D;

2k
P(w,a) [Z¢ € da'da’; t <min (19, Tp, )| > cp <H(x;)m°> 1p,(z',a")dz'dd’.

i=1

The above statement is stronger than what we need to have (A;), as we have 1p, instead of 1p, in the
right-hand side term. This is because we need it later when we prove (As)r, see Section 4.4. Our aim
in the current section is to prove Proposition 4.2.
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Let us denote for all x € Ri’“, r >0,
B(x,r) = {u € Ri"' e — 2|0 < 7“} )

Let us define the notions of (r, 1, L, t, ¢)- and (r, [, L)-local Doeblin conditions. We remind that D;, defined
in (4.1.4), corresponds to the marginal of D; over telomere lengths.

Definition 4.3 (Local Doeblin condition). Letl, L > 1, r > 0.

o Forallt > 0, ¢ > 0, we say that a (r,l, L,t,c)-local Doeblin condition holds from x; € Dy to
xp € Dy when for all (z,a) € [B(zr,r) NDy] x [0,apl] we have

2k
P(m,a) [Zt € dydsa t< min(TéhTDL)] >c (H(yz)mo) 1{(y,s)€B(mF,r)ﬁDlX[O,aol]}dyds'

i=1

o We say that a (r,1, L)-local Doeblin condition holds from x; € D; to xp € Dy, if there exists t > 0,
¢ > 0, such that a (r,l, L, t,c)-local Doeblin condition holds from x; to xp.

As Dy is a compact set, for all 7 > 0 we can find N € N* and (z;)ei,n] € (D)) such that
Dy = Ujepi,ny [B(wj,7) N Dy]. Then, obtaining (r,[, L)-local Doeblin conditions from x; to x; for all
(7,7") € ([1, N])? implies Proposition 4.2.

Bmax ‘ mingep, (Az)—4|
2 0 10

in the definition of r have been introduced in (S71) and (S3.1). We also introduce for all [ > 1, x € Dy,
L > 1, ¢ > 0 the following set, that allows us to know where there are (r,1, L, t, ¢)-local Doeblin conditions

We fix r = min ) for the radius of the balls we use to recover D;. The constants

Tr(c) = {(t,y) € Ry x R |a (r,1,L,t,c)-local Doeblin condition holds from x to y}.

We now give the steps of the proof.

Steps of the proof. To obtain Proposition 4.2, we follow [54, Section 4]. The detail of the proof is
given in Appendix B. Here are the steps of the proof.

1. We prove that if two points are contained in a same ball or radius r, then a (r,l, L)-local Doe-
blin condition holds between them. This gives us at the end Lemma B.1, stated and proved in
Appendix B.1.

2. We use Lemma B.1 to prove that if a (r,l, L)-local Doeblin condition holds from x; € D; to
xp € Dy, then for all y € (B(xp,r)NDy), a (1,1, L)-local Doeblin condition also holds from z;
to y, with a smaller Doeblin coefficient. This give us at the end Lemma B.2, stated and proved in
Appendix B.2.

3. From the latter, we prove that a (r,[, L)-local Doeblin condition holds for each pair of points of
the set D;, even if the points are far apart. Then, as D; can be covered by a finite union of balls
of radius r, the proposition is proved. This step corresponds to the proof of Proposition 4.2, and
is detailed in Appendix B.3.

4.3 Assumption (A4;) : Concentration of the mass of the semigroup condi-
tioned to the non-extinction on one of the D,

As the set X is not compact, we need to prove that the mass of the semigroup accumulates on a
compact set. The latter can be proved by obtaining exponential estimates that we present in Section 4.3.1.
The usual ways to obtain these estimates is to bound from below/above stopping times involved in the
dynamics by exponential variables, as done in [52, 54, 16, 39], or to bound the infinitesimal generator
and then apply Gronwall’s lemma, as presented in [5]. However, as mentioned in the introduction, these
strategies fail for our model. This is due to the fact that the birth rate is neither bounded from above nor
bounded away from 0, and due to the fact that the renewal of individuals in a compact set may occur in
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several generations (when (S2.1) holds with D > 1). Moreover, even when the birth rate is bounded and
D =1, the estimates obtained with these methods are not precise enough to verify the condition pg < p
in (As). Indeed, checking this condition comes down to imposing a restriction on gy and €1 (1 and g¢
are introduced in (S2.1)). This restriction is not optimal due to the loss of information that occurs when
the birth rate, which depends on the age, is compared with age-independent rates.

We present here a method to handle these issues based on Bellman-Harris processes, which are the
most classical age-dependent branching processes [3, Chap. IV]. In our method, the birth rate only needs
to be bounded from below/above by other age-dependent rates (see (S3.1)). The restriction on €g and ¢ is
also better optimised, as information on the evolution of the birth rate with age is used (see (S3.2)-(S3.3)).
We are therefore able to manage more cases than when the strategies above are used.

First, we present a simplification of Assumption (As) and the notion of Bellman-Harris process in
Section 4.3.1. The simplification of the assumption corresponds to a condition that we give to verify (As)
that is easy to prove in this context. Then, we present auxiliary statements that allow to verify our
simplified version of (As) and check (As) in Section 4.3.2. Finally, we prove all these auxiliary statements
in Sections 4.3.3, 4.3.4 and 4.3.5.

4.3.1 Simplification of the assumption and Bellman-Harris processes

Qualitatively, Assumption (As) combined with Assumption (A;) implies that there exists [, € N*
such that the mass of the semigroup (conditioned to the non-extinction) is concentrated on D;, after a
certain time [52, Theorem 5.1]. A condition that seems to imply this is when there exists L; € N*, such
that the rate at which the particle leaves (Dy, )¢ is greater than the rate the particle renews in Dy, .
Rigorously, this occurs for example when there exist o/, 8/ € R such that o/ > ', t1,t2 > 0, a set
A C D non negligible with respect to v, and L; € N* such that

V(z,a) € A: Plz,a) [Xt, € A,min(ry, Tp, ) > t1] > et (4.3.1)
V(z,a) € (D), Vt >ty Py o [min(rp, ,m9) > t] <. (4.3.2)

Indeed, as A C Dy C Dy, , the rate at which the particle leaves in (D, )¢ is strictly greater that the rate
at which the particle renews in the set Dy, . Let us prove that (4.3.1) and (4.3.2) imply Assumption (As).

Proposition 4.4 (Simplification of (As)). We suppose that there exist o', 8’ € R such that o' > (',
t1,t2 > 0, a set A C Dy non negligible with respect to v, and L1 € N* such that (4.3.1) and (4.3.2) are
satisfied. Then, (As) is verified with E = Dy, and for any p € (—o/, —3"). Moreover, we have ps < —a/.

Proof. First, in view of (4.3.1) and [52, Lemma 3.0.2], we have

Now, changing the order of integration we have for all p € (—o/, —p"), (z,a) € (Dr,)"

+o00 +oo u
E(z.a) [exp (pmin (7o, 7))] = / P AP win (g 7s) (1) = / { / pexp (ps)ds + 1| dPuin(ry,7z) (1)
0 0 0
+oo
= p/ P (z,q) [min (7, 7) > s|exp (ps) ds + 1.
0

This implies in particular using (4.3.2) that for all p € (—o/,—f'), (z,a) € (Dr,)°

to —+oo
E(z,0) [exp (pmin (75, 7r))] < p/ exp (ps) ds + p/ e85 ds 41 < +00.
0

ta

Finally, for all (z,a) € Dr, we have 7p, = 0 a.s., implying that E(, ,) [exp (pmin (7, 7g))] = 1.
The latter and the above equation imply that Assumption (As) is verified with F = Dy, and for
any p € (—o/, =) O
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We underline the fact that (4.3.1) and (4.3.2) correspond more or less to [14, Assump. (G2)] in continuous
time, and with ¢ = 1, ¢ = 1k,_... Our aim is to obtain (4.3.1) and (4.3.2), and then apply
Proposition 4.4 to verify (As).

To obtain (4.3.1) and (4.3.2), we use Bellman-Harris processes [3, Chap. IV]. These correspond to
branching processes defined as follows.

o Lifetimes of individuals are independent and identically distributed.

e At the end of its life, an individual gives birth to a certain number of new individuals. The number
of new individuals is distributed according to a reproduction law (pg)ren-

The property we exploit to get (4.3.1) and (4.3.2) is that the average number of such a process grows ex-
ponentially. Indeed, let us consider an arbitrary Bellman-Harris process. We denote by f the probability
density function of individual lifetimes, by f its associated complementary cumulative distribution func-
tion, and by v = >, kpr the mean of its reproduction law. We also denote by m(t) the mean number

of individuals of this Bellman-Harris process at time ¢ > 0. If there exists o/ > 0 such that £(f)(a/) = %

37
then by and [3, Eq. (12), p.143] and [3, Theorem 3.A, p.152], there exists n; > 0 such that
= n (n) F ~ a't
m(t) =Y v [f * f] (t), . me™t (4.3.3)

n>0

where the operation (™ is defined in Notation xxxviii).

Let us explain how we get (4.3.1) and (4.3.2) from (4.3.3). We recall that (M;);>0, defined in (2.3.2),
is the first moment semigroup of the branching process introduced in Section 2.2. From now on, we call
"distorted branching process" the branching process that has for first moment semigroup W, for
allt > 0, f € My(X), (x,a) € X. By (2.3.4) and (3.3.8), the semigroup of the particle (Z;);>¢ is the
same as the one of the distorted branching process multiplied by e~*#*. Thus, below is the intuition of
what we need to do to obtain (4.3.1) and (4.3.2).

e We consider a Bellman-Harris process with individual lifetimes distributed according to the den-
sity Fo *P=1) 5 and a reproduction law with mean 1 + 9. We also recall that the Laplace
transform of the convolution of two functions is the product of their Laplace transforms. Then,
in view of (4.3.3) and (Ss.2), we need to bound from below the average number of individuals of
the distorted branching process that renews in Dy, using the mean of this Bellman-Harris pro-
cess. Indeed, if we transmit the bound obtained for the distorted branching process to (Z;)¢>o by
multiplying by e *¢?, then we will have (4.3.1).

e We consider a Bellman-Harris process with individual lifetimes distributed according to the den-
sity o, and a reproduction law with mean 1 + ;. Then, in view of (4.3.3) and (S3.3), we need
to bound from above the average number of individuals of the distorted branching process that
stays in (D, )¢ using the mean of this Bellman-Harris process. Again, if we transmit the bound
obtained for the distorted branching process to (Z;):>o by multiplying by e~ Mt then we will
have (4.3.2).

We are going to put this intuition into practice. For the first case, we need to handle the fact that the
age of the particle stays in a compact set during renewal. Thus, we do not use exactly the Bellman-
Harris presented above to obtain our lower bound. We rather use all the Bellman-Harris processes such
that lifetimes are distributed according to F *(P~1 F, and such that the reproduction law has a mean
in (1,1 + &9), see Section 4.3.4. We now present statements that imply (4.3.1) and (4.3.2), and use them
to verify (As).

4.3.2 Auxiliary statements and proof that (A;) is verified

We first present the following statement, essential for obtaining (4.3.1) and (4.3.2). The proof of this
statement is given in Section 4.3.3.
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Lemma 4.5 (Transfer of means). Let m € N*, (¢(z,dwy, ..., dwm))zeRik a family of probability measures
on (Rik)m, (A1, Ag) € [0,4+00)? such that A1 > As, and two functions by : Ri’“ x [0,A41) — Ry and
by : R?* x [0, As) — Ry such that

¥(z,a) € R%" x [0, As) : bi(z,a) < by(x,a),
¢
Vi € {1,2}, V(z,a) € Ri”“ x [0, A;) : lim bi(z, s)ds = 4o0.

t—)Ai a

We denote for all i € {1,2}, (z,a,t) € R% x [0,4;) x Ry
a-+t
Fi(z,a,t) = b;i(z,a) exp (—/ bi(x, u)du) Lec(0,4,—a)s

a+t
Fi(z,a,t) = exp (/ bi(xvu)du) Licfo,4;—a)

and for all ¢ > 1

Ei(z,a,t,c) = Fi(x,a,t) + c”/ / / /
v v Z [0,t] {07t7 :L:W;-%—T—l Si] (R?Fk)m (Rik)m

(n,r)ENX[0,m—1]

(n,r)#(0,0)
. nm-+nr (434)
X [Fi(l', a, sl)Fi(wl, 0, 82) e Fi(wnqu«,h 0, Snerr)] Fz Wnm+ry O, t— Z Sj
j=1
X (dsy...dSpmtr) (q(x7 dwy, ..., dwy) ... q(Wnm, dWpmy1, ..y dw(nH)m)) .

Then for all (z,a,t,c) € Ri’“ x [0, A2) x Ry x]1,+oo[, we have

El(x,a,t,c) S E2(1:,a,t,c).

Remark 4.6. When for i € {1,2}, b;(x,a) = b;(a) i.e. does not depend on x, we can integrate all the
measures q in (4.3.4) to obtain, using Notation zxxviii),

Ei(z,a,t,¢) = Fi(a,t) + > " (Fy(a,.)) * (F(0,.) «"™ =D F3(0,.)) (#).
(n,r)ENX[0,m—1]
(n,r)#(0,0)

In the above, for all i € {1,2} and (x,a,t,¢) € R%rk x [0, A2) X Ry x]1,400|, F;(x,a,t,c) represents the
mean number of individuals of a branching process structured by a trait in Ri’“ x [0, A;) at time ¢t. This
branching process starts from an individual with trait (z,a) € R%* x [0, 4;). The age of each individual
grows with a transport term. Each individual branches at a rate b;(z’,a’), where (2/,a’) € Ry x [0, 4;)
is the trait of the individual. At each generation that is a multiple of m, lengths of the offspring of the
m next generations are updated thanks to the kernel ¢(z’, dws, ..., dw,,), where 2’ is the trait in space
of the individual that branches. In addition, for all n € N and r € [0,m — 1], the mean number of
individuals at the (nm + r)-th generation is ¢".

Qualitatively, this lemma states that when by > b; and ¢ > 1, the branching process presented above
with branching rate b has on average more individuals that the one with branching rate b;. We use
this property to transfer bounds that we have obtained for a branching process with branching rate b(a)
or b(a) to a branching process with branching rate b(x,a), using Assumption (S5.1). In particular, this
allows us to handle the fact that the branching rate may depend on z in our case.

In view of the above statement, we obtain (4.3.1) as a direct consequence of the following proposition,
whose proof is given in Section 4.3.4.

Proposition 4.7 (Renewal). Assume that (S1.1), (S1.2), (S2) and (S3) hold. Then for all n > 0, there
exist 1 > 1, L' > 1+2mg and t; > 0 such that for all L > max (t1/ag, L), (x,a) € [0, Byax)?* x [0, a0(l+
1)], we have

Pie.a) | Zey € [0, Bmax)® % [0,a0(l + 1)); min(ro, Tp, ) > t1| > e@re=mh, (4.3.5)
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As explained in the paragraph about Bellman-Harris processes, the proof of this proposition is based on
the fact that in view of (S3.1) and (S5.1), we can bound from below the left-hand side term of (4.3.5) by
the expectations of Bellman-Harris processes (multiplied by e~*#*). We use Lemma 4.5 to obtain these
lower bounds.

Similarly, (4.3.2) is obtained as a consequence of the following proposition which is proved in Sec-
tion 4.3.5.

Proposition 4.8 (Return in a compact set). Assume that (S1.1) and (S2) — (S3) hold. Then for all
Ly > Lyeturn, 1 > 0, there exists to > 0, such that for allt > tq, (x,a) € X

P(:L’,a) [I’Illl’l (TDLlaTB) > t] < e(ﬁ—M,-ﬁ-T])t. (436)

We prove this proposition by bounding from above P(, ) [min (7, 75) > t] by the mean of a Bellman-
Harris process (translated by e~*#?), using Lemma 4.5 to obtain the upper bound.

In view of Propositions 4.7 and 4.8, we now use Proposition 4.4 to obtain that there exists L; € N*
such that (Asg) is verified with £ = Dy, and for any p € (Ay —a, Ay — 3) (7 > 0 of Propositions 4.7
and 4.8 can be taken as small as possible). In particular, we also have by Proposition 4.4 that

ps < Ay — . (4.3.7)

In the rest of the proof, we take arbitrarily p = Ay — 0‘2& € (Ay —a, Ay — ). We now prove all the
statements presented above.

4.3.3 Proof of Lemma 4.5

Before starting to prove this lemma, we need to introduce random variables. The random variables
introduced here are only useful for this proof. Let (z,a) € R%* x [0, A>). We consider (W);en a stochastic
process taking values in Ri’“, such that:

e The initial term is Wy = x.

e For all n € N, the distribution of (an+17 e W(nﬂ)m), knowing W, is given by the measure
AW, dwy, .« o, W)

Let (Vi,)nen a sequence of independent uniform random variables on [0, 1]. We also define for ¢ € {1,2}
the sequence of random variables (TTE’)) N’ such that Téz) =0 a.s. and:
n

e Forallwe Q: TV (w) = (1- Fi)_l (z,a, Vo(w)), where for all (2/,a’,u) € R?* x [0, 4;) x (0,1)

(1 7Fi)71(x/7a/7u) = inf {y € [OaAZ - al) ‘ 1 7Fi(x/7a/7y) > ’LL} .

The function (1 — F;)(z,a,.) can be seen as the cumulative distribution function linked to the
probability density function Fj;(x,a,.). Thus, in view of the inverse transform sampling, the
distribution of T’ 1(2) is given by the probability density function F;(x,a,.).

o Forallm € N*, w € T,(Ql(w) = T(Li)(w) + (1 —Fi)_l (Wn(w),0,Vy(w)). Thus, in view of the

inverse transform sampling, the distribution of Tffll — T,,(Li), knowing W, is given by the probability
density function F;(W,,0,.).

Let ¢ > 1. We finally define for all ¢t > 0, i € {1,2}, w €

m—1
(7) _ n ; i
S; (w) - Z Z ¢ l{T(l) -(W)§t<Tr,(L:2L+J‘+1(“)}.

">0 i=0 nm4j

One can notice that for all t > 0 we have E;(x,a,t,c) =E [St(i)]. Thus, if we prove that almost surely it

holds St(l) < 552), then the lemma is proved. As ¢ > 1, the sequence (¢"),en increases. Then, we only
have to prove that Tl(l) > Tl(z) a.s. for all [ € N, to obtain that St(l) < St(z) a.s..
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Let us prove that Tl(l) > TI(Q) a.s. for all I € N by induction. The base case is trivial. We detail the
induction step. We suppose that the assertion is true for I € N. Let w € Q. As by(2/,a’) < ba(a’,a’) for
all (2/,d’) € Rf_k x [0, Ag), we have for all s € [0, A3)

(1—F1) (Wi(w),0,s) =1 —exp (— /OS by (Wi(w),u) du>
<1-exp (- /0 by (W), wy ) = (1= ) (W), 0,5).
This implies that

— -1 — -1
(1-F1)  (W(w),0,Vi(w)) > (1 =F3)  (Wi(w),0,Vi(w)).
The induction assumption and the latter imply that when [ > 1
— -1
Th@) = V@) + (1= )

> W)+ (1-F

(Wi(w),0,Vi(w))

2) " (Wiw),0,Vi(w)) = T2 ().

(W) > T(2)

j+1(w). Hence, we obtain that Tl(l) > Tl(2)

By the same reasoning, when [ = 0, we also have Tl(i)l
almost surely, so that the lemma is proved.

4.3.4 Proof of Proposition 4.7

The objects we use in this proof are mostly introduced in (S2), (S3.1), and (S3.2). We first notice
that, if for all & € (0, «) Eq. (4.3.5) is true with & instead of « in the equation, then the proposition will
be true because & can be taken as close as possible to «. Thus, we need to prove that for all @ € (0, «),
Eq. (4.3.5) is true, replacing « by & in the latter.

Let & € (0,c). The function £ (%) (z) = O+°° e 7 Fy(s)ds strictly decreases on [0, «], with
L(FH)0) = 1 and L(F) (o) = G 1); in view of (S32). In addition, by (S31), we have
+¢€0) D
Tll)I—‘yl:lOO exp (— foz b(s)ds) = 0. Then, there exists &y € (0,£9) and [ € N* such that
1 ao(I+1) 142 \D
L(F)(a) = ——, 1—exp —/ b(s)ds | > ( +50) . (4.3.8)
(1420)7 0 1+¢o

The proof that (4.3.5) is true with & instead of « is done in three steps. In Step 1, we prove that there
exists C' > 0 such that for all t > 0, (x,a) € Kienew X [0,a0l], L > t/ag + [, we have

Pz0) [Zt € [0, Buax)®* x [0,a0(l~+ 1)]; min(7y, Tp, ) > t]
>Ce ™t N (L4 20) (Fax T #IPTTIF) (1), (4.3.9)
(4,r)eENX[0,D—1]
(4,m)#(0,0)
Then, we prove in Step 2 that for all ' > 0, there exists ¢,, > 0 such that for all ¢ > ¢,
D_l -/ . — ~
F(t)=3" 3" [+l [(Fo) P+ T () > e, (4.3.10)
0

§'20r=

Finally, using (4.3.9) and (4.3.10), we conclude the proof of the proposition in Step 3.

Step 1: To shorten the number of lines of our equations, we denote in this proof for all ¢ > 0,
(r,a) € X, and (I, L) € (N*)?

Ip = [0, Bmax]** and Pg(t,z,a,1,L) = Py | Zs € Ip x [0,a0(l + 1)]; min(ro,Tp, ) > t|.
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Recall from Section 3.3 that NV, is the number of jumps of the particle up to time ¢, and that on the event
{N; = n,t <19}, we have Z; = (X,, al{—o}+t—7), where a > 0 is the initial age of the particle. Recall

also that #,(x,s) = %f(;t:)é) exp (—)\ws — f:+s b(u)du) is the complementary cumulative distribution

function for the time of the first jump when the initial condition is (z,a). Using these notations, we have
for all t > 0, (x,a) € Krenew X [0,a0l], L > t/ag + 1

PB(t,:v,a,ﬂL) (x,t) +ZP(EQ X, t—F,) € Ip x[0,a0(l + 1)], t < 79, Ny = n,
w1 (4.3.11)

Vi € [[l,nﬂ . ¢ EDL}.

Now, we develop the right-hand side term of (4.3.11) in order to exhibit a lower bound. Recall that for all
z € R%, a,s > 0, we have introduced the function G, (z,s) = ngf(’;;)s) exp (— faa+s b(z,u)du — )\d,s),
and that for all w € R%* and f € My(X) we write Kp, (f)(w) = K(flp,)(w). In view of Lem-
mas 3.10 and 3.11, Remark 3.2 we have

- — 1
Pg(t,z,a,l, L) = #,(x,t) + —/ / /
7; 2" Jio,6)xR2k J[0,t—s1]xR2* 0,6=3""" " si] xRk

X V(wy) ... V(wn)Cal, 51)Co(wr, 82) - .. Go (Wn_1, sn) Ho <wn,t — Zsz> (4.3.12)

i=1

X 1{w71613}1{t72::1 SiSao([+1)} (dslg{DL (.T, dwl)) e (dSng{DL (wn_l, dwn)) .

To continue our development, we need to introduce new functions, and obtain intermediate equalities
and inequalities. We denote for all z € R%*, a,5 >0

a+s a+s
Yoz, 8) = b(x,a + s) exp (—/ b (z,u) du) , Ya(s) = exp <—/ b(x,u) du) . (4.3.13)

These correspond respectively to the probability density function and the complementary cumulative
distribution function for times between events that occur at a rate b(z, a) (for example, the division time
of a cell in the branching process introduced in Section 2.2). We also introduce the truncated versions
on the interval [0, ag(l + 1)) of the functions introduced above

[ Yalz,s
Ys(x,s) = T, ( (l j_ e )lse[O,ao(l:Fl)fa)?
@Z(x 5) = ( s) — Y, (x,a0(l+ 1) — a)

1- ya(l', CLo(l +1)—a) s€l0,a0(l+1)—a)"

We now obtain the intermediate equalities and inequalities needed to develop (4.3.12). First, in the upper
term of the equation below, the terms exp(—As;) in Gu(wo, $1) and Go(w;, si+1) (i € [1,n — 1]) can be
multiplied with the term exp (—\y (t — >, i) in #o (wy,,t — > iy 8;) to give a term exp (—Ayt). In
addition, for any ¢ € [1,n — 1], the term 1/¢(w;,0) = 1/¥(w;) in ("O(wz, .) can be simplified with the
term ¢ (w;). Hence, it comes for all n € N*, t € Ry, a > 0, w = (wo, ..., wy,) € (RZ)"H1 f e My(RTH)

/ / / 1 (t 31,...,sn)g’a(wo,sl)go(wth)...QO (wn,l,sn)
[0,t] J[0,t— 31] t=y "

i=1

x V(wy) ... V(w,)#Ho (wn,t ZS’> dsy...ds,
)

2w Ayt 4.3.14
- ()weffp S ]--/{ o 08U ). a1y
’ [0,:4] /[0,t—s1 0.t-3" s
dy
x Yo (wn—lvsn)yo (wmt - Z&) 1+ t- ZSJ' dsy...ds,.
i=1 j=1
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Moreover, we easily have by restricting the integration on the interval [aoi, ao(l~ + 1)], and then apply-
ing (2.2.1), that for all (z,a,s) € R% x [0,a0l] x Ry

ao(l+1) - .
Yolz,s) > (1 — exp <—/ b(m,s)ds)) Yz, s) > (1 — e 2m) Yl(z, s). (4.3.15)

One can also obtain by similar computations, (S5.1) and (4.3.8) that

Yolz,s) > (1 iiz)ﬁ yg(x, s) and Yy(z,s) > (1 12)5 U(;(x’ s). (4.3.16)
Finally, we have as ¢(z,a) = V(x)(1 + a)
Holx,s) = W exp ()\ws - /GH b(x,u)du) > e MY (2,8). (4.3.17)

We are now able to develop (4.3.12). First, we apply Eq. (4.3.14) and (4.3.17), to transform functions
Gas Go, # o and # into functions Yy, Yo, Y, and Y. Then, we use (4.3.15) and (4.3.16) to display the

truncated versions of Yo, Ya, Y, and Y,,. Thereafter, we use the fact that 1+(t — Y1, yi)dw > 1 and the
fact that ¥ (wy) > Vnin by the third statement of (S3.2). Finally, we group indices in the sum according

to their remainder for the Euclidean division by D. It comes for all t > 0, (z,a) € Kienew X [0, aol],
L> t/ao +1

iD+r
i 7 Umine” ! 14+5)\?
Polt sl ) > T4 (1ot D 5T (L)
¥(z,0) (j,r)ENX[0,D—1] 1+
(4,r)#(0,0)
] ] ]

X ‘ Y. (z,51)Yo(wi,s2) ... Yy (WiD4r—1,8D4r) (4.3.18)

\/[O)t]XRZk /{O’tZZDfTI Si} «R2F 0 0 \%j J

s jD+r
X Yo WjiD+r,t — Z 5j 1{ij+7~€IB} (dslg{DL (Iv dwl)) s (dst-H”g{DL (ij+T’—1v dij-i-T)) .

j=1

We denote the family of probability measures (¢(y, dwy, . .., dU)D))yeRik on (Rik)D, defined for all y € Rgrk
in the following way

q(y,dwl,...,dwp) = 1{gD€KrCHCW} G(IB(y,dwl)g(IB(wl,dwg)...G(IB(wD_l,de).
(Kr1p) " (L Keenen}) (W)
Our aim now is to bound from below the measures (Kp, (wi—1,dw;));cq1 jpirs1p in (4.3.18), using the
measure introduced above. To do so, we first need an auxiliary inequality. Let i € [1,D —1] and y € Ip.
As at each generation, we have at most 2 offspring, it comes (K, )"~ (1 Keonew}) (y) < 2P~ < 2P, Then,
one can easily obtain from this inequality, (S2.1), and the fact that ﬁ < 1, that for all f € M, (R})
nonnegative

/ / f(wla'"7wi)q(y7dw1u"'7de)
’leRik ’u)DERik

(4.3.19)
< QD/ o / o flwy, . wi) K (wi, dws) ... Ky (w1, dw).
w1 €RY wi €RY

We are now able to bound from below the measures (Kp, (wi—1,dw;));cp1 jpiry1) 10 (4.3.18). For all
(4,7) € N x [0, D — 1] such that (j,7) # (0,0):

o When r # 0, in view of (4.3.19) and the fact that I C Dr, we bound from below the measure
Kp, (wjp,dwijps1) X ... X Kp, (Wjpyr—1,dwjpyr) in (4.3.18) by the measure

1
5D q(ij7dij+1,...,dwj(D+1)).
wjp4ri+2€lB wip+D-1€IB JW(j+1)D EKrenew
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o Then, in view of Assumption (S3.1), we bound from below all the measures of the form
g{’DL (w(ifl)Dadw(ifl)DﬁJ) X ... X g(DL (w(i,l)DJrD,hdwiD) in (4318), where ¢ € [[1,_]]], by the
measure
(1+e0)q(wii—1)p, dwi—1yp1;- - -, dw;ip).

1
o In view of the fact that < ) < 1, we bound from below the term {( 1+58> Y n (4.3.18)

14+€o
D—1 ]

148\ D (1+&
by the term (1+60) (1+60) .

w‘@i'&) < w‘/(g‘”i) < 1, we bound from

e Finally, i

. D=1 Capt—i
below the term e”‘wtﬂi(aﬂ, s) in (4.3.18) by the term (ﬁig) 7 (1 — ehom) %y;(x, s).

At the end, we obtain that for all t > 0, (z,a) € Kienew X [0, aoﬂ, L>t/ag +1

D—1
g 1 S = Umin _)\wt 1 ]
Py(t,x,a,0,L) > ( +E°) (1 — eboao) e(y;(x,t) + 3 (142

D
t+e 2%y(@,a) (4,r)ENX[0,D—1]
(4,)#(0,0)
Uala, s)Yp(wr, s2) - U (wyp4r-1.: 850+41)
/[Ot /Ot S s /R%) /(Rﬁ_’”‘)D 0 o !
g jD+r
xUYo | Wip4r,t— Z sj | (dsi...dsjpyr) <C](l’,dw1,~~-,de)---Q(ijadij+1;---adw(j-‘rl)D)))'
j=1

i > s . .
The functions Y¢ and Y|, correspond to the probability density function and the complementary cumu-
lative distribution function of times between events that occur at a rate by : R?'_k X [O,ao(l + 1)) — Ry,
defined such that for all (z,a) € R3* x [0,a0(l + 1))

- b(z,a)ex I3 b(x, s)ds
by(x, a) = _% (ln (yé(x’a)>) - eXp( fo x,8) ds)p (eXpO(— an(l—&-z) b(x7s)d8).

We have b; > b on R3* x [0, ao(l + 1)) by (S5.1). Hence, we can apply Lemma 4.5 with by (x,a) = b(a),
bo(z,a) = bj(x,a), and the probability measures (q(y,wl,...,wp))yeRgf (see Remark 4.6 for the

simplification when the birth rate does not depend on telomere lengths), to obtain for all ¢ > 0,
(z,a) € Krenew X [0,a0l], L > t/ag + [ the following

N 14 & > T T Vpine Mt <7 4

Py(t,z,a,l, L >( 1—e %) —— | F,(t 1 J

s(t,r,a,l,L) > T, (1—e )2D¢(x,a) (t) + | E (14 o)
(3,7)ENX[0,D—1]

(4,7)#(0,0)

< ((9) * (90) 97470 (F)) (1)),

Now, in the above equation, we use the fact that 7, (t) > 0. Then, we use the fact that in view of (Sz.2),
1]

0.
it holds for all (x,a) € (Krenew X [O,aol}) (Dl x [0, ag )
1 1 1

Y(x,a)  V(x)(1+ adv) 2 s€11£ (V(y)) (1 + (aol)dw) ’

It comes that (4.3.9) is true.
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Step 2: We first prove by induction that for all n € N*, ¢ > 0

n—1

7 o= Fo] () = /;OO (%0« F) (s)ds. (4.3.20)

r’'=0

The base case is trivial with the convention that (f *(?) ¢)(t) = g(t) (see Notation xxxviii)), and the fact
that ft+oo Fo(s)ds = Fo(t). For the induction step, we first observe by developing the convolution that

/t+<>0 (50 () 50) (s)ds = /t+<>0 {/Ot (9’0 (1) 50) (r)Fo(s — r)dr} ds

+0o0
+/
t

Then, we switch f;roo and fg in the first term, and f;roo and [ in the second term, and use the fact
that fjoo Fo(s —r)ds = Fo(t —r) and fjoo Fo(s — r)ds = 1, to obtain

/ltS (ffo x(n=1) 9"0) (r)Fo(s — r)dr} ds.

+oo _ +oo
/t (95 (™) gfo) (s)ds = (9’0 () 9’0) (t) +/t (95 % (n=1) 9’0) (r)dr.

Finally, we apply the induction hypothesis on the above equation. It comes that the induction step is
done, and thus that (4.3.20) holds.

Now, we denote for all ¢ > 0 the function Fy p(t) = (Fo x(D=1) o) (t), that can be seen as as a prob-
ability density function with complementary cumulative function Fo p(t) = [, (F +P~D F) (s)ds.
Using (4.3.20), the function F' defined in (4.3.10) becomes

F(t)=Y" (1+20) (Fop+") Fop)(t).
J'20

In particular, F' is the mean of a Bellman-Harris process with lifetimes distributed according to Fy p
and a reproduction law with mean 1+ g, see [3, Eq. (12), p.143]. In addition, as the Laplace transform
of the convolution of two functions is the product of their Laplace transform, for all z € R such that
the Laplace transform of F is defined, we have £ (F.p) (x) = (L (H) (x))D. Then, in view of the first
equality in (4.3.8) and (4.3.3), there exists n; > 0 such that F(t) ~ nie® when t — +oo. We easily
deduce Eq. (4.3.10) from the latter.

Step 3: Let ' > 0 and ¢,/ such that (4.3.10) holds for " previously fixed. A consequence of the
second condition in (S3.2) and the fact that & < « is that there exists t., ¢ > 0 such that for all ¢ > ¢,
a > 0, we have

¢
/ e F,(s)ds > c. (4.3.21)
0

We use this inequality and (4.3.9) to bound from below Pg(t,z,a, l, L) by an exponential term. First,
in view of Tonelli’s theorem, we put the convolution by #, in (4.3.9) outside the sum. Then, we bound
from below what remains in the sum by F' defined in (4.3.10). The bound appears when we change the
indices in the sum, and take v’ = r — 1, and 5/ = j + 1 when ' = —1. Finally, we plug the inequality
given in (4.3.10) and (4.3.21) in the lower bound we have obtained. This gives us that for all ¢t > ¢, + ¢,
(x,a) € Krenew X [O,aoi], L>t/ag +1

" F(t — 8)F,(s)ds > c.C.e@ w1t

(4.3.22)
Using now the Markov property, Proposition 4.2, and finally (4.3.22), we can find ¢} > 0, ¢ > 0,
L' > (I+1)+2my, such that for all t > t,/ +t,, (x,a) € [0, Bunax) 2 x [0, a0(I+1)], L > max (t/ao + I, L)

t t—t
Pg(t,x,a,l, L) > Ce_’\wt/ F(t—8)%(s)ds > Ce_’\wt/
0 0

Pp(t+t),z,a,l,L) 201/ Pg(t,x',d,l, L)dx'da’
(2',0") € Krenew X[0,a0l] (4.3.23)

> cl.Leb(KmneW).(aOZN).c.C’.(a(é‘_)‘“’_"/)t7
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where Leb is the Lebesgue measure on Rik.

Let 17 > 1. The ratio between the right-hand side term of (4.3.23) and t — e(@= =M (+11) tends to
infinity when ¢ — 4o00. Therefore, as 7’ can be taken as small as possible, we easily obtain that (4.3.5)
is true replacing « by @, for any & € (0,a). As stated at the beginning of the proof, this yields that the
proposition is true. ]

4.3.5 Proof of Proposition 4.8

Let Ly > Lyeturn- By the definition of 7p, , for all (z,a) € Dr,, we have

P(x,a) [min (TDLl,Ta) > t] =0.

Thus, we just need to prove (4.3.6) for all (z,a) € (Dr,)¢. The proof that (4.3.6) holds for all (x,a) €
(Dr,)¢ is done in two steps. First, in Step 1, we prove that for all t > 0, (x,a) ¢ Dy,

Py [0 (7, 70) > 1] < B+ 1% )e 2 { Got) + 30+ e0)" (Gax Go =" Go) (1) |, (4.3.22)

n>1

where ) is defined by Lemma 3.4, dy, in (2.3.3), and ¢, in (S3.3). The conclusion is then given in Step 2.

Step 1: Let (z,a) € (Dg,)% t > 0. Recall from Section 3.3 that J; is the waiting time for the first
jump of (Z;);>0, IVy is the total number of jumps (Z;);>0 has made up to time ¢ > 0, and (X, )nen is
the evolution of telomere lengths of (Z;);>¢ jump by jump. In view of the latter, we have

P(LG) [mln (TDLNTB) > ﬂ = P(%a) [31 > t] =+ Z P(a:,a) [\V/Z € [[lan]] : X’i € (DLl)Ca Nt =n, 7o > t} .

n>1
(4.3.25)
9% (.
First, we bound from above the first term on the right-hand side. Using the equality f;+t j"(fu’;) du =
In (%‘13)) and the third statement of Lemma 3.4, we obtain
- a+t a+t @(m u)
Pz,a) [T1 > t] = Ho(x,t) = exp (—/ b(x,u)du— Ayt —|—/ %du)
a a T, U

(4.3.26)

a-+t
< (1 + %) exp (— / b(z,u)du— )\¢t) .

Now, we bound from above the second term in (4.3.25). Let n € N*. Recall (2.3.1) for the definition
of K(p,)e. In view of Lemmas 3.10 and 3.11, Remark 3.2, and Eq. (4.3.14), we have

6_>\1/)t
P ] 1 ¢ D1 )¢, Ny = = —
(z,a) [V’L S [[ anﬂ i€ ( L1) , Ny =n, 79 > t] f(/}(;y,a) /[07t]><Rik /[07t_51]><Rik /{Ovt—ZLf Si]XRik
d

"
n n

X ya1(x’51)y0(w1752)"'y0 (wn—hsn)% wnvt_zsj 1+ t—ZSj U(wn) (4327)

j=1 j=1
X (d515'{(DL1)c(96, dwl)) (dsng{(DLl)c(wn_l, dwn)> .
Let us introduce a family of probability measure (¢(w, dw’ ))weRik such that for all w € X

V(w)Kpy,,ye(w, dw')
Kpryye(V)(w)

q(w, dw’) =

Our aim is to bound from above the measures (W(DLl)c(wi,l, dwl)> in (4.3.27) (convention that

i€[1,n]
wop = x), using the measures introduced above. To do so, we use the first statement of (Ss.2) to bound
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from above the measure V(wy,)K(p,, )e(Wn—1,dwn) by (1 + 1)V (wn-1)q(wy—1,dwy). Then, iterate this
procedure n — 1 times, such that at the end we bound from above (1 + 51)"_1U(w1)5{(DL1)c(x, dwy) by
(1+e1)"V(z)g(x,dwy). This gives us an upper bound for (4.3.27). We plug in (4.3.25) the upper bound
obtained and (4.3.26), and bound from above the term 1 + (¢t — Z?zl s;)% in (4.3.25) by 1+ td». We
obtain after these steps

, _ — V(z) n/ /
Pra L ] < e ML+ t9) |0 YLt § 1 -
(z, )[mll’l (TD 1 7—3) > ] e ( + ) ’IZ} y ( ) + w(x’ a) nzl( + 61) [O,t]xRi’“ |:O)t ZSL:| XRik-

X Yolx,51)Yo(wi, 82) ... Yo (Wn_1,82) Yo | wn,t — Z sj | (dsig(z, dw1)) ... (dsng(wn—1, dwn))] .

As ¢ > 1, we bound from above the term wb((f()l) = (1+:;l("f))(}(z) by %. Then, recalling that

9a(s) = b(a + s)exp (— faa+‘95(u) du), we obtain (4.3.24) by applying Lemma 4.5 with by = b, by = b
and the probability measures (¢(w,dw’))yex (we have by < by by (S3.1) and see Remark 4.6 for the
simplification of the notations when one of the birth rate does not depend on telomere lengths).

Step 2: Let us denote for all ¢ > 0

m(t) =D (1L+e)" [Jo =™ G| (1).

n>0

This function is the mean of a Bellman-Harris process with lifetimes distributed according to §y, and a
reproduction law with mean 1+¢1, see [3, Eq. (12), p.143]. To have a reproduction law with mean 1+¢1,
we take for reproduction law (p;);en~ such that p; +rp. = 1+ ¢; and p; + p, = 1, where r € N\{0,1}
is taken sufficiently large. By (4.3.3) and (S3.3), there exists ny > 0 such that m(¢) Y n1eft. Then,

—+o00
for all ' > 0, there exists t5 > 0 such that for all ¢ > ¢,

m(t) < ePFL, (4.3.28)

In addition, as pg = 0, the number of individuals of such a Bellman-Harris increases with time. Then,
m is an increasing function.

Let us fix n > 0. Using the bound in (4.3.28), the fact that m is increasing and that fooo 9o (s")ds' =1,
Eq. (4.3.24) becomes for all t > t}

Pa.ay [min (7p,,, 70) > ] <P+ 1) (G, (1) + (1+e1)(Ga + m)(t))

- , (4.3.29)
< D1+ t)e o (14 (14 eg)elPH)

For any n > 7, the ratio between the right-hand-side term of (4.3.29) and e(P=Autmt goes to 0 when
t goes to infinity. The latter and the fact that ' can be taken as small as possible imply that the
proposition is proved. O

4.4 Assumption (A3)r : Asymptotic comparison of survival with a weak form
of a Harnack inequality

To verify (A3)r, we need to construct a stopping time Uy such that (4.0.1), (4.0.2) and (4.0.3) are
true. For the stopping time that we present in this section, the fact that (4.0.2) is true is trivial by
its definition. To check (4.0.1), the only difficulty is that the calculations are cumbersome. That is
why, we postpone a large part of the proof of them in Appendix C, and only sketch why this is true in
Section 4.4.6. The most interesting part, that we detail in this section, is the proof of (4.0.3). Again, we
need to handle the fact that we have an age-dependent process, with a birth rate that depends both on
the age and on telomere lengths of the particle. Hence, a stochastic comparison of the distorted branching

38



process by a Bellman-Harris process is done to verify (4.0.3). We believe that the proof presented here
allows to handle more general cases than the one presented in [54], in particular models where the age
is involved.

Let us proceed as follows. First, we explain the assumption, and construct the stopping time Ug
in Section 4.4.1. Then, we give the auxiliary statements that allow us to get (4.0.3) in Section 4.4.2,
and prove these statements in Sections 4.4.3, 4.4.4 and 4.4.5. Finally, we obtain (4.0.1) and (4.0.3) in
Section 4.4.6. The latter allows us to conclude that (As)p is verified.

4.4.1 Context and construction of the stopping time Ug

Context. It is well-known since [13] that a Doeblin condition, combined with the fact that the prob-
ability of non-extinction starting from v is not too small compared to the probability of non-extinction
starting from elsewhere, implies the existence of a stationary profile. In the setting of [52], this last
criteria is called "asymptotic comparison of survival" and is stated as

P, [t <7
lim sup sup Po [t < 7o) < 400. (4.4.1)

t—+oco z€E P, [t < TB]

One of the methods to compare the probability of non-extinction starting from v, and starting from
elsewhere, is to use a Harnack inequality. The latter corresponds to the fact that there exist tg, t; > 0
and C' > 0 such that for all z € F

P.[Z, €d2', t <79 <CP,[Zy, €d, t <7p)]. (4.4.2)

By Proposition 4.2, we know that the right-hand side term of (4.4.2) is bounded from below, up to a
constant, by the Lebesgue measure restricted on intervals of the form [, A]?*, where > 0, A > 0.
Thus, if we prove that the left-hand side term of (4.4.2) is bounded from above, up to a constant, by the
restriction of the Lebesgue measure on one of these intervals, then we will have (4.4.2). However, the
particle (Z;):>0 has a jump kernel that is discontinuous with respect to the Lebesgue measure: there are
Dirac measures in the coordinates where the particle does not jump. In addition, for all ¢ > 0, n > 0,
A > 0, the probability that the particle has telomere lengths out of [n, A]?* at time ¢ is strictly larger
than 0. Hence, the above tactics does not work.

Assumption (As)r allows us to handle these problems by considering events where a Harnack in-
equality holds, and events where it fails. The latter are called "rare events". When the probability to
have a rare event is "sufficiently" small, then we have (4.4.1), see [54, Theorem 2.3]. This can be seen as
a "weak form of a Harnack inequality".

Construction of the stopping time. The first thing we do is to construct the stopping time Uy
involved in this assumption. The above rare events are the following:

e The particle has not jumped in all the coordinates,
e The number of jumps is too large,

e The particle has a telomere with a length too close to 0.

To write them rigorously, we need to introduce some notions. We recall from Section 3.3 that for all
! > 1, the random variables I; and J; correspond respectively to the sets of "shortened coordinates',
and of "lengthened coordinates", at the I-th jump. We also recall that Ny is the random variable that
describes the number of jumps of the particle before extinction. For all j € [1,2k], we introduce N the
number of jumps before the first jump in the j — th coordinate, defined as

N :=inf{l e [1,N3], j e L UJ}.
We also introduce T,y the time before the particle (Z;);>0 has jumped in all coordinates, defined as

Tall = Imax <7N
jelL2k] 7
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Let € € (0,1). In view of the above list of "rare events", our aim is to find ¢ty > 0, ny € N* and 19 > 0
such that the statements of (A3)p are satisfied for € and Uy of the form

4.4.3
+o00, otherwise. ( )

U {tp, iftp <79 and Ty <tp and N, < ny and XNtF € M0, Buax L1 + nyA),
H =

Eq. (4.0.2) is trivially verified. Thus, we focus on proving that there exists tz > 0, ny; € N* and 1y > 0
such that (4.0.1) and (4.0.3) are verified. In particular, we now present auxiliary statements that allows
us to obtain (4.0.3).

4.4.2 Statements useful to obtain (4.0.3)

To obtain (4.0.3), we need to control the probability that Uy = 0o on {tr < 79}. From the definition
of Uy, the three cases that correspond to this situation are cases where T, is too large, cases where
Ny is too large, and cases where Xy, =~ € ([770,+oo]2k)c. The third case is directly handled by the
statement allowing to obtain (4.0.1), see Section 4.4.6. For the two other cases, we introduce for each
one statements allowing to control their probability and briefly explain how they are obtained. Then, in
Sections 4.4.3, 4.4.4 and 4.4.5 we give all the proofs.

Statements to control the probability that 7T,; is too large. Inspired by what we have
done in Section 4.3, we propose to use Bellman-Harris processes to control this probability. To be more
precise, we need to stochastically compare the distorted branching process presented in Section 4.3.1,
by the Bellman-Harris process used to prove Proposition 4.8. This will give us that the probability that
min(Tyy, 75) > t tends to 0 faster than e(B—2w+mt for all 5 > 0.

To do so, we first obtain an upper bound for the probability that a coordinate is not shortened at
one event of division. As the choice of which telomeres are shortened is uniform, we only have to control
for all ¢ € [1,2k] the cardinal of {I € Z |i ¢ I} (we recall that Zj, is defined in (2.2.4), and is the set
that contains all the possible combinations of indices of telomeres that can be shortened). The following
lemma, which is proved in Section 4.4.3, deals with the latter.

Lemma 4.9 (Number of combinations for the shortening). Let us consider i € [1,2k]. Then, the
functions f1:{0,1}* — Ty and fo : {0, 1}t — {I € I}, i ¢ I} defined such that

fi@) = {1t kay, o bt ko, fol@) = {{j+kxjj€ [1,k],7 #i} U{i—k}, otherwise,

o , . _ IE€Ty, ig]
are bijective. In particular, #{I € Ty, i ¢ 1} = 28=1, #(Z) = 2* and % =1

From here, we use a Bellman-Harris process to bound from above the probability that min(T,;, 7o) > ¢.
This gives us the following lemma, which is proved in Section 4.4.4.

Lemma 4.10 (Control of the discontinuities). Assume that (S1.1), (S2) and (S3) hold. Then, for all
e >0, we can find tg > 0 such that for all t > t,

sup (P(ac,a) [min(Tou, 70) > t]) <
(z,a)€EE

exp (—pt), (4.4.4)

Wl M

where p = Ay — O‘Qﬂ is defined in Section 4.3.2, under (4.3.7).

Statement to control the probability that V;, is too large. To control the probability
that NV;, is too large, we only use the following statement, that we prove in Section 4.4.5. Briefly, we
obtain this using the fact that (P[Np > n]), -, decreases exponentially fast.
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Lemma 4.11 (Control of the number of jumps). Assume that (S1.1), (S2) and (Ss) hold. Then for all
€ > 0, there exists an increasing function n : Ry — N* such that for allt >0

sup (P(:c,a) [Ny > n(t),t < 7'3]) <
(z,a)€EE

exp (—pt), (4.4.5)

w| ™

where p = Ay — aTH? is defined in Section 4.5.2, under (4.3.7).

Let us prove now all the statements given above, and then obtain (4.0.1) and (4.0.3).

4.4.3 Proof of Lemma 4.9

The injectivity of each of these functions is trivial. We prove the surjectivity for f; (this is very
similar for fy). Let I € Zp,. As T C {1,2,...,2k}, for alli € [ we have i — 1 € {0,1,...,2k — 1}. Then,
for all ¢ € I there exists (g;,r;) € {0,1} x [0,k — 1] such that i — 1 = ¢;k + r;.

By the definition of Zy, for all (4,5) € I? such that i # j we have that r; # r;. In addition, we know
that #(I) = k. Combining these two statements yields that the set {r;,i € I'} is a set with k different
elements. Then, necessarily

{Ti,iEI}:{O,...,kI—l}.

We can now define o : I — [1,k] as (i) = r; + 1 for all i € I. We obtain a new expression for I using o

I:{qik+ri+1|i€f}:{q0—1(j)k+j|j€[1,kﬂ}.

Thus, if we take x = (qo-—l(l), Qo-1(2)5 - - ,qa—l(k)) we have f1(x) = I. This implies that f; is surjective.
O

4.4.4 Proof of Lemma 4.10

Let (z,a) € E be the initial condition of the process (Z;);>o. Recall that Nj is the random variable
that describes the number of jumps before extinction, and for all j € [1,2k], NV is the random variable
used to describe the number of jumps before having a jump in the j—th coordinate. For every j € [1,2k]
we also define

N, :=inf{l € [1,N5], j € I},

the number of jumps before having a shortening in the j — th coordinate. We easily see that Ty, is a
random variable that describes the time of the first jump in the j — th coordinate, and Jy; is a random
variable that describes the time of the first shortening in the j — th coordinate. As Ny = [ is equivalent
to 41 >t > J and Ty = max 3]\/9., we have for allt > 0

j€[1,2K]
P(xya) [min(Tyy, 7o) > t] = Z P(m,a) [min (T, 79) > t, Ny =]
1>0
< Z Z Pas) [min(Ty,, 70, Ti41) >t > Ty .
1>0 je[1,2k]

Recall that in (4.3.26), we bounded from above the tail of the time of the first event. Then, rewriting
the previous equation with the latter implies

a+t
P (z,a) min(Tar, 79) > t] < 2kp(1 + tdw) exp (—/ b(z,u)du — /\wt>

T Z Z P(s,0) [min(Ty;, 79, T141) >t > T

1>1 je[1,2k]

=: 2k (1 + t%) exp (- /a+t b(z,u)du— )\wt> + Z Z L(j,1).

1>1 je[1,2k]

(4.4.6)
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We now bound from above L(j,1). Notice first that for all ¢ € [1, 2k] it holds Iy, > Ty, a.s.. In addition,
on the event {min(fTNj s To, Ji41) >t > le}, we know that there has been exactly [ jumps without visiting 0
and that the coordinate j has not been shortened yet. This yields the following

L(]al) S P(z,a) [%-i—l >t Z '%a Vi € [[Llﬂ : (Iia Jl) 7é (876) a‘ndj ¢ Iz] . (447)

We consider for all C € B (Rf_k )

1O =2 Y [ accidnl? W) (448)
(I,7)EQ, u€eR2k
J¢l

where 717 is the measure given in (3.1.1). We use Lemmas 3.10 and 3.11 in (4.4.7), then (4.3.14)
d

and (4.4.8), and finally the fact that [1 + (t - E?:1 yj> w] < 1+ t%. We obtain (recalling the nota-

tion (4.3.13))

L(y,1 <eXp( (1+t%) o(, I
0= (=, i /0 ] X R3F /[Ot s1]xR2F ‘/[Ot Zml ]XRQk Ya(z, 51)Yo(w, 52)
l

x Yo (wi—1, 81) wy, t — Z ) (ds1Kj(z, dwy)) ... (dsiK; (w1, duwy)) . (4.4.9)

Now that L(j,1) is upper-bounded, we need a last auxiliary inequality in order to bound from above
P(2,a) [min(Tou, 7o) > t]. First, use the definition of 71/ given in (3.1.1) and the second statement
of (S2.2) to bound from above K;(V)(x). Then, use Lemma 4.9 to write the bound obtained in a more
convenient way. It comes

K; (V) (z) < Y (I+en)V(z) = (1+ea)V(x) (4.4.10)

1€y, j¢1

# (Zi)

We now bound from above P, 4 [min(Tq, 79) > t]. Using (4.4.9) and (4.4.10), we proceed exactly
as we did to obtain (4.3.24) from the first statement of (Ss.2). First, we introduce a family of probability
measures (q(w,dw’))weRik defined such that for all w € R%

V(w")K;(w, dw")
Ki(W)(w)

q(w, dw’) =

Then, we iterate (4.4.10) to successively bound from above the measures of the form ¥ (w; )X (w;—1, dw;)
n (4.4.9), where i € [1,1], by the measure (1 4 1)V (w;_1)q(w;—1, dw;). Thereafter, we plug the upper
bound we have obtained for (4.4.9) in (4.4.6). Finally, in view of (S31), we use Lemma 4.5 for by = b,
by = b and the kernel (¢(w,dw’))wex. We get (recalling that ¢ > 1)

Pa,a) [min(Tou, 70) > 1] < 2kP(1+ t4)e ™! [ G (4) + > (1 +e1)" (ga s Jo %71 go) ()

n>1

We finally do exactly what we did to obtain (4.3.29) from (4.3.24) to conclude the proof of the lemma
from the above equation. O

4.4.5 Proof of Lemma 4.11

Let € > 0, n > 1, and let (x,a) € E be the initial condition of the process (Z;)¢>o. Recall that Ny
is the random variable that describes the number of jumps before extinction. We have for all ¢ > 0,

P(w,a) [Nt >n,t < 7-3} < P(I,a) [Na > TL] = P(w,a) [VZ € [[la n]] : (Ilv Jl) 7é (83 a)} . (4411)
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Our aim is to bound from above P, ,) [Ns > n]. Lemma 3.11 can be slightly readapted, so that the time

is no longer taken into account (we do not have a term #y, as we do not have a condition for 55 — T).
Readapting this lemma, and using Remark 3.2, we develop the right-hand side term of (4.4.11) to obtain

2'"/
X Go (Wn—1,8,) (ds1dK (x,dwy)) ... (dspdK (wp—_1, dw,)) .

1
P(w,a) [Na >n] = 7/ / V(wl)...V(wn)ga($,51)go(w1782)...
Ry xR2¥ Ry xR2¥ (4.4.12)

For all (a’,2',s") € [0,a0L1] x R?* xRy, it is easy to notice from Eq. (2.2.1) and the expression 1(z',a’) =
V(2")(1 4 (a')%) that

b(x’ a + S/) a'+s’ 6(1 + (aoL1 + S/)db)
o (4! ') =9 ) o ’ - AP _ n.
Cur (2, 8") o) exp ( /a’ b(z',u)du— Ays' | < D) exp (—Ays’)

In addition, as (z,a) € E' = Dy, we know that a < agL;. The latter, combined with (4.4.12), the above
equation, and the fact that % < 2™(1 4 e1)™ by iterating (2.3.5), yields

Pe.a) WNo >n] < (25(1 + 51)/R (1 + (agLy + s)®)exp (—Ays) ds) =: (ex,)"™

One can notice that if n > hll((%)_’))t and cy,, < 1, then it holds (cx, )" < § exp (—pt). Thus, if A, is large
n C)\ﬂ’

enough to satisfy cy, < 1, then the function

will verify the statements of Lemma 4.11.
Now, recall that Ay, was chosen to verify the first two statements of Lemma 3.4. If the chosen value
is not large enough to verify c(Ay) < 1, then we choose another Ay > Ay. O

4.4.6 Proof of (4.0.1) and (4.0.3)

Proof of (4.0.1). We consider tp > 0, ny = n(tp) € N* and 19 > 0, and a stopping time Uy defined
as in (4.4.3) with these constants. Let us prove that (4.0.1) holds for this stopping time. We consider
Ly € N* such that Ly > Ly, LoBmax > L1Bmax + nsA and agLo > tp. With this choice, one can see
that Dy, C Dy, and ([, L1 Bmax +nsA)%* x [0,tF]) C Dr,. We also fix V = t(Lg), where t(Lg) > 0 is
a time such that there exists Cr, > 0 satisfying

V(z,a) € E=Dpr, :  Plya) [Zyry) € da'da’s t(La) < o] > CLyliy BunLa]2s (0,00 Lo) (25 @' )da'da’.
Such a time exists by Proposition 4.2. In view of the above, the fact that on the event {Ug < 79} it
holds Xy, = € [0, BmaxL1 + nyAJ?F (see (4.4.3)), and the fact that (Xy, );>0 is the marginal of (Z;)i>0

over telomere lengths, if the following statement is true, then we will have that (4.0.1) is true with Uy
defined above and V' = t(Ls).

Proposition 4.12 (UBper bound on non-rare events). Assume (S1.1), (S1.3), and (Sa2.2) hold. Then for
allt > 0, there exists C(t) > 0 such that for every (z,a) € E = D,
Pia)lZ: € dx'da’; Ty <t <715, N <n(t)] < 6(t>'1[O,BmaxL1+n(t)A]2kX[O,t] (', a)dz'da’. (4.4.13)

Moreover, C(t) increases with t.
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We point out here that the increasing character of C(t) is only useful to obtain the density representation
of the stationary profile in Section 4.7, and is not used here.

The proof of Proposition 4.12 is long, computational and requires a lot of notations to be introduced.
However, there is no real interesting technical point in it, so we leave the detailed proof of the proposition
in Appendix C. Below are given briefly the main arguments of this proof.

e In view of (S7.1), the probability density function g representing the distribution of shortening
values is bounded on R, and the probability density function h representing the distribution of
lengthening values is bounded on the set [—d, BmaxL1 + n(t)A] x [0, A].

o Proposition 4.12 concerns initial conditions (z,a) € Dy,. Hence, the initial age is bounded by
apL1, and before the time ¢, the age of the particle is bounded by [0,aoL; + ¢]. This implies
by (2.2.1) that the rate at which a jump occurs stays bounded.

o All coordinates have been mixed at least once by the Lebesgue measure, and the number of mixing
is bounded by n(t).

Since "everything is bounded" and since each coordinate has been mixed at least one time by the Lebesgue
measure, the left-hand side term of (4.4.13) is bounded by the Lebesgue measure multiplied by a con-
stant C(t). The function C increases because n increases by Lemma 4.11. For telomere lengths, the
Lebesgue measure is restricted on the set [0, BpaxLi + n(t)A]?* for the following reason: the initial
condition is x € [0, BpmaxL1]?*, we have at most n(t) jumps, and the maximum lengthening value is A.
For the age, we have a restriction of the Lebesgue measure on [0, ¢] because on the event {T,; < t}, at
least one jump occurs before time t. At this jump the age is reset to 0, so we necessarily have that the
age of the particle is at most ¢ at time ¢.

From these points, Proposition 4.12 is true, which implies that Eq. (4.0.1) is verified for Uy defined
as above.

Proof of (4.0.3). Now, we prove that for all € > 0, there exists t > 0, and 79 > 0 such that (4.0.3)
is verified for Uy defined with tp, ny = n(tr) and ng. Before proving (4.0.3), we need to control the
probability that the particle has a telomere with a length too close to 0. Let us fix e > 0, and tp > 0
and ny = n(tp) € N* such that (4.4.4) and (4.4.5) are satisfied. In view of the fact that (Xx,),~,
is the marginal of (Z;),., over telomere lengths, first apply Proposition 4.12 to bound from above

Pz,a) [XNtF € ([77,—|—nJA]2k)C; Ton <tp <719, Ny < nJ]. Then, use the fact that

2k
[0, Bax L1 + n(tr) AR\ ([, BmaxL1 + n(tF)A]Qk) C U {z € [0, BmaxL1 + n(tp)A]PF | z; < n}
i=1

to bound from above the marginal of the Lebesgue measure over telomere lengths in the bound we have
obtained (the measure of the set on the right is bounded from above by 2kn (BpaxL1 + n_]A)%*l). It
comes that for all n > 0, (z,a) € E

P(z,a) [XNtF € ([777 +n.]A}2k>C; Tall S tF < Ty, th S nJ] S a(tF)an (BmaxLl + nJA)zkil tF'
The latter implies that there exists 779 > 0 such that

c g
P(La) [XNtF S ([770,+TLJA}2I€) T <tp < Ty, th < TLJ} < g exp (—ptp) . (4.4.14)

Now, let us consider Uy defined as in (4.4.3) with tr, n; and 79 of the previous paragraph. Com-
bining (4.4.4), (4.4.5) and (4.4.14) yields that for all (x,a) € E,

Pz,a) [Un = 00, tp < Tg| = Py o) (min(Tuu, 79) > tr] + Pga) [Nip > 1y, Tau < tp, tp < 7o)
+Plaa) [ X, € (In0,+nsA1%)"; Toy < tp < 70, Nypp < 1y
<ceexp(—ptp).

Then, (4.0.3) is satisfied, which ends the proof of Assumption (Aj3)p.
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4.5 Existence of the stationary profile

We recall here Notations xxiv)-xxv), and refer to (2.3.2), (2.3.4) and (3.3.7) for the definitions of the
semigroups (My)i>o, (Mt(w))tzo and (Pt(w))tzo used in this section. We also recall that the index v was
dropped in the process (Zt(w))tzo. We now prove that there exists a stationary profile for the semigroup
(My)>0 using what we did in the previous sections.

First, as (A1), (A2) and (A3)r are verified for the process (Zt(w))tzo, by (3.3.8) and Theorem 4.1
there exists a triplet of eigenelements (7, ¢, A) € My (X) x My (X) x Ry s.t. 7(¢) = 1, and two constants
C,w > 0, such that for all t > 0, i € My(X)

sup

FEMy(X),|1f]lee<1 TV,X

SOrtg (Mtg/)f) (.)> —a(d) ﬁ(f)’ _ Hextﬂptw — i (9) 7“ < Ce™™'. (4.5.1)

From [54, Prop. 2.10], we also have ¢ > 0.
Second, recalling Notations xxiv)-xxv), the following equalities hold:

(F st e My, |[flleo <1} = {F € BW) st |1 fllace) < 1}, (15.2)
{wem.w)|3me M@ s ) =i ()} = o€ M)l = 13- (45.3)
Finally, we consider ¢ = 7(1).¢y € B(v) and ~(.) = et (3) € M) N My (X)]. As 5(6) =1,

we easily see that v(¢) = 1. We also introduce A = Ay, — A, that belongs to [, +00] by Proposition 4.4
and the fact that pg = A (see [74, Theorem 2.8]).

We can use these three results to conclude on the convergence towards a stationary profile, starting
from measures in 171, (¢) s.t. ||p|[my) = 1. First, we replace the terms 7, ¢ and X\ — \y in (4.5.1) by
the terms v, ¢ and X respectively, using the definitions of the latter. Then, we use (4.5.2) to change
functions fv in (4.5.1) into functions f € B(v)). Finally, we use (4.5.3) to change measures fi (5) into
measures p € 171(1p). We obtain that for all u € 1M1, (1)) such that ||u[[m ) =1

Vi€ My (¥) st [|pllme) =1 sup e M uMy(f) — ()Y (f)] < Ce ™. (4.5.4)
FEBW), [ fllay) <1

Now, we extend the result above to measures in 11(¢)). Let us consider p € 1M(v). By definition
of M(y) (Notation xxv)), there exists a couple (pu4,pu—) € My (¢) x My () such that p = py — p_.

. P Bt py B :
First, we take for initial measures el = (D) (or e Timeo ). Then, we apply (4.5.4) and multiply

by p+(¥) (or p—(v)). Finally in view of the equality p = py — p—, we use the triangular inequality. We
obtain at the end the desired result.

4.6 Uniqueness of the stationary profile

We recall that the set W, that contains all the functions used to distort the space, was defined
in (2.3.3). The function ¢ € ¥ that we have fixed at the beginning of the proof is no more fixed from
this subsection. By Section 4.5, we have that for all ©» € ¥, the first moment semigroup converges
towards a stationary profile in 771(+)) endowed with ||.|/ (). We now prove that this stationary profile
is the same whatever the function ¢ € W.

Let (11,12) € W2, For all i € {1,2}, we denote by (v, ¢, Ai) € M(¢;) x B(1;) x R% the triplet of
eigenelements of (M;);>o obtained by a distortion of the space by ;. These eigenelements also verify
the following properties: v; € M1(X), ¢; > 0 and ~;(¢;) = 1. We suppose without loss of generality
that dy, < dy, (see (2.3.3)). Before proving that (1,91, A1) = (72, 2, A2), let us do some preliminaries.
First, as for all i € {1,2}: ¢;(z,a) = V(z)(1 +ai), as 1 + a1 <2 when a < 1, and as dy, < dy,, one
can easily check that for all f € B(¢1) and (z,a) € R?* x R} we have

Ifa €0,1] : Y1(x,a) < 20(x) < 2¢9(x, a),
Ifaell,+0): 1(z,a) < a(x,a).
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Thus, it comes

1
{f € B(Y1) [ 11 fllzep,) < 5} C {f € BW2) || fllmws) <1} and M(2) C M(¢hy). (4.6.1)
In addition, for ¢ € {1,2}, there exists C;,w; > 0 such that for all ¢ > 0 and u € M (;)

sup e MM (f) — (@) ()| < Callillmpo e (46.2)
FEB:), | fllzeyp;) <1

Then, combining (4.6.1) and (4.6.2) yields for all p € M () and t > 0

sup e My (f) — M(¢2)72(f)‘ < 200 |y 2" (4.6.3)
FEB(1), I fllz(yy) <1

Now, we prove that Ay = A. We suppose by contradiction that Ay > Ag. Let zg € X. Eq. (4.6.2)
and (4.6.3) for 4 = d,, and f = 1y imply that for all ¢ > 0, ¢ € {1,2}

Jim e My (1) (20) = 6i(20)7i()- (4.6.4)
As v € M1(X) and ¥1 > Vpin (see the third statement of (S2.2)), we also have ¢1(z0)v1(¢1) > 0. Then,
taking the ratio between (4.6.4) for ¢ = 2 and (4.6.4) for i = 1 yields

lim oAt _ ¢2(Zo)72(¢1).
t=+oo ¢1(20)71 (1)
This is in contradiction with A\; > Ay. By exactly the same reasoning, we also obtain a contradiction
when Aoy > Aq.
Let us prove now that ¢ = ¢o. In view of (4.6.2), (4.6.3), we have that for all z € X, ¢1(z) and
$2(z) are respectively limit of e™**M;(1)(z) and e *2!M;(1)(z) (we take p = J, and f = W to
1
obtain this). As Ay = Ao, this implies by uniqueness of the limit that ¢ = ¢s.
Finally, we prove that v; = v2. We fix zg € X. In view of (4.6.2), (4.6.3), and the fact that A\; = Ao,
by the triangular inequality we have for all ¢ > 0

sup |p2(20)72(f) — ¢1(20) 71 (f)] < Crep1(20)e™ " + 2C2tha(20)e "
FEBW1), 11 fllp,) <1

As ¢1(20) = #2(20) > 0, letting ¢ goes to infinity yields ||v2 —v1|[m(y,) = 0. Then, as ||.||;mn(y,) is a norm,
we obtain that v; = vs.

4.7 Density representation of the stationary profile

Now that we know that there exists a stationary profile which is the same for all ¢ € ¥, we prove
that the latter can be represented by a function. In particular, we emphasize the fact that the density
representation of the stationary profile can be obtained as a consequence of the statements and the
arguments given to prove Assumption (As)r. We believe that this proof can be adapted to many other
models for which the discontinuities with respect to the Lebesgue of the model can be controlled over
the time, as for example the models given in [53, 54].

First, we prove in Section 4.7.1 that the stationary profile admits a density with respect to the
Lebesgue measure thanks to the results obtained in Section 4.4. Then, we prove in Section 4.7.2 that
the function representing our stationary profile can be seen as the product of two functions, one linked
to telomere lengths, and the other linked to the age.

4.7.1 Absolute continuity of the stationary profile with respect to the Lebesgue
measure

Let v € ¥. In view of Section 4.5, we have the equivalence between obtaining the absolute continuity
of the stationary profile of (M;),~, with respect to ¢ (z, a)dzda, and obtaining the absolute continuity of
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the stationary profile of (Pt(w))po with respect to drzda. We will hence prove that the stationary profile

of (th))tzoy denoted 4, has a density with respect to the Lebesgue measure.
Let A € R, the absorbing rate of (Pt(w))t>0

we easily obtain by [52, Eq. (2.3)] that for all £ > 0, A € B(X),

. As 4 is a quasi-stationary distribution for (Pt(w))»o’

F(A) = M / P (14)(x, a)(d, da). (4.7.1)
(z,a)ex
We use this equality to get the abolute continuity of the stationary profile. Two difficulties arise:

e Asexplained in Section 4.4, (Pt(w))tzo has a part absolutely continuous with respect to the Lebesgue
measure, and another part discontinuous with respect to the Lebesgue measure. We need to handle
the discontinuous part. For that, we use the results obtained in Section 4.4.

o The results we have obtained in Section 4.4 are only true for measures starting from £ = Dy,
where L; € N* is large and has been fixed in the last paragraph of Section 4.3.2. In (4.7.1), the
relation between 7 and (Pt(w))tzo involves initial conditions in the set E°. Thus, we need to handle
such initial conditions.

Let us first control the time we need to return to E. As p = Ay — # and 8 < «, Proposition 4.8
(L is chosen sufficiently large to have Ly > Lg) implies the following statement.

Lemma 4.13 (Control of the time to return to E). Assume that (S1.1), (S2) and (S3) hold. Then there
exists t1 > 0 such that for all t > 4

sup  (P(q.0) [min (7, 70) > t]) < < exp (—pt).

(z,a)eX

w| ™

Now that we have Lemma 4.13, using the constant ¢( introduced in Lemma 4.10, we control Pt(w) starting
from the restriction of 4 on E° for ¢ > to + ¢;. This implies the following statement, that is proved at
the end of the subsection.

Lemma 4.14 (Control of the discontinuities starting from E€). Assume that (S1.1), (S2) and (S3) hold.
Let tg,t1 > 0 the two constants introduced in Lemmas 4.10 and 4.13. Then for allt > to+1t1, A € B(X),
the following holds

— 2
| BP0 o) < COLA) + 5 ep.e 4 Serim), (4.72)
(z,a)EE"

where e 1= SUP(; a)cx [E(2,a) [exp (pmin (19, 7p))]] (finite by (A2)), and C(t) is the constant introduced
in Proposition 4.12.

For the restriction of 4 on E, a similar upper bound can be obtained with the same arguments. The
only slight difference is that we do not need to handle the fact that we need to return to E. Here is
the statement that corresponds to this upper bound. As the proof of this statement consists of applying
exactly the same arguments as those used to obtain (4.7.2) without handling the return to E, we do not
detail it.

Lemma 4.15 (Control of the discontinuities starting from E). Assume that (S1.1), (S2) and (S3) hold.
Let tg > 0 the constant introduced in Lemma 4.10. Then for all t > tg, A € B(X), the following holds

/ PO (14)(x, a)3(de, da) < C(#) Leb(A) + ==
(z,a)€EE i

e~ Pt

: (4.7.3)

where C(t) is the constant introduced in Proposition 4.12.
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Now, we obtain that 4 can be represented by a function. Plugging (4.7.2) and (4.7.3) in (4.7.1), we
get for all t > tg + t1

F(A) < QeXté(t)Leb(A) + 2§€.ezT.<e_”t+5"E + %e‘p(t_t")"';\t + %e‘pt"’:\t.

Asp=Ay— agﬁ > X (by (4.3.7) and the fact that X\ = pg, see [74, Theorem 2.8]), there exists to > to+1t;

such that etz 2 < min (1, L e*ptf’). Then, take t =, in the above equation to obtain

;7
- Nt 5e
F(A) < 2e™2C(t2)Leb(A) + 3
From the above and [12, Prop. 15.5.b], 4 is absolutely continuous with respect to the Lebesgue measure.
We now denote ~ the stationary profile of (M;);>o that is equal to v(.) = ﬁ’y (E) by Section 4.5.
= b

We prove that it can be represented by a function in L'(¥). As 7 is absolutely continuous with respect
to the Lebesgue measure, the relation between v and 4 implies that there exists N € Lzl)'d.f_(/'\’) N LY ()
(see Notation xxviii)) such that for all A € B(X)

W(A):/AN(:E,a)dacda. (4.7.4)

Thus, as ¥ € ¥ was chosen arbitrarily, and as the stationary profile is the same whatever the function
¥ € ¥, we have N € (\,cy L' () = L' (¥). It remains to prove Lemma 4.14.

Proof of Lemma 4.14. Let us consider t > tg + t1, and A € B(X). We have
/ P (14)(x, a)y(dx, da) = / Plow |2 € As 75 <t —to,t < 75] y(dz, da)
(z,a)eE* (z,a)eE°

+/ P(z.a) [Zt(w) cEA;TE>1t—ty,t< 7'3} ~v(dz,da).
(z,a)EE"

One can easily see that if 75 > t — tg and 75 > ¢, then min(7g,79) > t — to > t1. The latter combined
with Lemma 4.13 yields

\/( e Pt(w)(lA)(x’a)’}/(dl’,dCL) § / P(%a) |:Zt(w) c A7TE S t — to,t < Ta] 7(d$,dd)+§€7ﬂ(t7t0)-
x,a)eb°

(z,a)EE"
(4.7.5)
We now obtain an upper bound for the first term on the right-hand side term of (4.7.5). With the strong
Markov property (and an abuse of notations), we have for all (z,a) € E€

Plaa [2" € A;mp <t —to,t <75] =Eua) [Pzij;) [Z%), e At — 15 < 7o), T <t—to,7p < ra} ,
(4.7.6)
where (Zt(w))»o is an independent copy of (Zt(w)>t20 that has the same distribution and 7y is the

equivalent of 75 for (Zt(w)po. One can decompose the probability in the right-hand side term as follows

Py (2], € At =75 < 7o) =Pz, [2,), € ATun <t —75 <7, N—r,, < nlt —75)]

+ PZ,(_UE’) [ZTS%?UE € A7 Tall <t—171g <7y, Ntf‘rE > n(t — TE)]

t—TE

+ PZ(“’) [Z(w) IS A,Tau >t—T1p,t—Tp < 7:3] ,
E
where Ty, and N, are the equivalents of T,;; and N; for (Zt(w))po.

for the first term, Lemma 4.11 for the second term, and Lemma 4.10 for the last term, it holds on the
event {7g <t —to, g < 7o}

Then, in view of Proposition 4.12
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. . — 2e
PZS,’; [Z(w) eEAt—TE < Ta] < C(t — Tg)Leb(A) + 3 eXP (—p(t—TR)).

t—TE

Plugging this in (4.7.6), then using the fact that C increases (see Prop. 4.12), and finally noticing that
T = min(7g, 79) on the event {7p < 79} yields (et is defined in the statement of the lemma)

’ = 2
Pla [ZY) € Ay i <t —to,t < 5] < O(t)Leb(A) + g'efpt.eT'

Then, plugging the latter in (4.7.5) implies that the lemma is proved. O

4.7.2 Separation of the space and age

Here, we prove that there exists Ny € Ll(Rﬁ_k) nonnegative, such that for all (z,a) € X

N(z,a) = No(x)exp (—/\a — /oa b(x, s)ds) . (4.7.7)

Let g € C°(int(X)) and s > 0. First, we use (4.5.4) with p = v and f = M;(g) (one can f normalise to
have || fl|y) < 1) to obtain that . li? e MyMyys(g) = v(Ms(g)). Then, we apply again (4.5.4) with
—+oo

u = and f = g to obtain that , li_~n_t1 e MyM;(g) = v(g). It comes from these two equalities and (4.7.4)
—+00
that

e)‘s/ g(x,a)N(m,a)dwdaz/ My(g)(xz,a)N(z,a)dzda.
(z,a)€int (X) (z,a)€int (X)

Now, we take the derivative of the two terms of this equality in s = 0, using Theorem 2.6 for the second
term. This yields (noticing that g(z,0) = 0 as g € CZ°(int(X)))

)\/ g(x,a)N(x,a)dxda:/ @(x,a)N(x,a)dxda
(z,a)E€int(X) (z,a)E€int(X) da

— / g(z,a)b(z,a)N(z,a)dzda.
(z,a)€E€int(X)
In particular, N is the solution of the following equation (in the weak sense)

0

%N(x, a)+ (A+b(z,a))N(z,a) =0.

From this equation, we have that the weak derivative of N(x,a) = exp (Aa+ [ b(z, s)ds) N(z,a) in the
variable a is zero. Then, there exists Ny € Ll (R%) such that N(z,a) = No(z) exp (—Xa — [ b(, s)ds)
for all (x,a) € int(X). As N is nonnegative, we have that Ny is nonnegative. By (2.2.1), we also have

a
(/ No(x)dx> (/ exp <—)\a - B/ (1+ sdb)ds) da) < / N(z,a)dzda < +o0,
zeRik a€R4 0 (z,a)eX

which implies that Ny € L'(R?¥). Thus, (4.7.7) holds and we have obtained that the stationary profile
is the product of two functions, one linked to the variable x, the other linked to the variable a.

5 Sufficient criteria for Lyapunov functions and two toy models

Now that we have proved Theorem 2.7, we give conditions and models for which Assumptions (S7) —
(S3) are verified. First, we present in Section 5.1 conditions implying Assumptions (S2.2) and (S3).
Then, we present in Sections 5.2 and 5.3 two models where all the assumptions are verified. The first
one is a model for which all coordinates are lengthened at each division. The second one is a model
for which for each telomere, its probability to be lengthened is independent of the other telomeres. For
each of these models, we devote a large part of their study to check (S2.1), which is the most difficult
assumption to verify.
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5.1 The Lyapunov function

We first present in Section 5.1.1 the key statement of this subsection that allows us to check (S2.2).
We also discuss about the relation between €1 and €y that must occur to check (Ss) from this statement.
Then, in Section 5.1.2, we give two criteria useful in practice to prove that (S2.2) and (S3) hold. Finally,
in Section 5.1.3, we prove the key statement.

5.1.1 Statement implying (S22) and its link with (S3)

The function ¢ that we need to find to verify (S2.2) corresponds to a Lyapunov function. Qualita-
tively, this is a function that measures the impact of the initial condition of the semigroup on the speed
of convergence towards the stationary profile. We thus need to think about how the speed of convergence
varies when telomere lengths vary to obtain our Lyapunov function. In our case, the speed of conver-
gence increases exponentially when telomere lengths increase. Hence, the Lyapunov function must have
an exponential form. Until the next proposition is stated, we assume that( 1{( h)as an exponential form.

KV (x

By the first statement of (S2.2), our aim is to bound from above o0y When maxX;eq o (x;) is

"arge". To do so, under (S7.1) and (Ss.1), we first introduce for all z € R?*, I € N* the following set
Er(x) :={i € [1,2k] | z; > BmaxL — 2A —6}.

This set is used to represent the coordinates of x which are considered to be "large". We also consider
the following function, for all A > 0, L € N*

AN L) :=  sup > paulrs) T ckesNEN ), (5.1.1)

(r,5)€(R2k)2 (J,M)ET, i€JNEL ()

where for all y > 0, £(h(y,.)) denotes the Laplace transform of h(y,.). As ¥ has an exponential form,
the Laplace transform term gives information about the integral of the marginals of 1 with respect to
the measures (h(z;,y)dy),;c £1(z)" Then, as h is the probability density function for lengthening values,

the function A allows us to bound from above how the lengthening impacts the value of KW)z)

V(x)
%’ we use the function 1+ L(g),

where L(g) is the Laplace transform of the shortening density g. To be more precise, it is possible to
bound from above 7{((/%33()1) when max;ei 257 () is large by the product between A and 14 £(g). This

gives us the following key statement, that allows us to verify (S3.2), and that is proved in Section 5.1.3.

To bound from above how the shortening impacts the value of

Proposition 5.1 (Existence of a Lyapunov function). Let us assume that (S1.1), (S1.3) and (S2.1) hold
with Buax > A+ 0. Then for all \g > 0, L € N*, Assumption (S2.2) is verified with Lyepyrn, = L and the
following function ¥V and constant €1 :

2k
Vo €RY: U(z) =exp [Ao. Y max (z; — BmaxL + A +6,0)|, e1= (14 L(g)(Xo)) A(do, L) — 1.
=1

(5.1.2)

However, the main difficulty is not to verify (S3.2), but to verify both (S2.2) and (S3). Indeed, the values
of the constants a and 8 in (S3) depend on the value of €9 and £; and we must have 8 < a. Thus, we
need to have a suitable relation between €; and €y to verify these assumptions. When the birth rate
does not depend on z, this relation is 1 +¢; < (1 + 50)%. We illustrate this by proving the following
statement.

Corollary 5.2. Let us assume that the assumptions of Proposition 5.1 hold. Assume also that the birth
rate b is independent of x, and that there exists \g > 0, L € N* such that

(14 L(9)(M) Ao, L) < (1 +20)P. (5.1.3)
Then, Assumptions (S2.2) and (S3) are verified.
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Proof. One can easily apply Proposition 5.1 to verify (S2.2) with 1 = (1 + £(g)(Xo)) A(Xo, L) — 1, and
then verify (S31) with b = b = b. We then focus on verifying (S3.2) and (S3.3). We define for all z > 0
the function f(z) = f0+°° b(s) exp (— [, b(u)du) e=**ds. We observe by (2.2.1) that for all z > 0

flz) < B/J+m(1 + s%)e "5 ds.

Thus, it holds lim, ,;~ f(x) = 0. We also have by classic computations that f(0) = 1 and that
f is a continuous decreasing function. Then, by the intermediate values theorem and the fact that

14+e < (14 Eo)%, there exist 0 < § < « such that f(«) = ﬁj and f(B) = 1+151' These correspond
go) D

to the equalities we need to verify (S32) and (S5.3). Thus, it only remains to prove the second condition
of (S3.2) and the corollary will be proved.

We notice that for all a, s > 0, we have that F,(s) = b(a + s)exp (— f;“ b(u)du) and
Fals) = exp (— fore b(u)du). Let us bound from below [ F,(s)e~**ds for all (a,t) € Ry X [ag, +00).
First, after an integration by parts, use the fact that Fa(s) < 1 for a, s > 0, and the fact that
Fal(s) <exp(—bo(s —ap)) when s > ag by (2.2.1). Then, integrate in s. It comes for all ¢t > ag, a >0

a
o+ by

—Qagn

¢ ¢
/ Fa(s)e™¥ds = [fﬁa(s)e*as]g - a/ e F o(s)ds > e — et e
0 0

We easily deduce that the second condition of (S3) is verified from the above equation by taking ¢
sufficiently large. 0

When the birth rate depends on z, a stronger inequality needs to be verified to check (S3). This
inequalities depends on the gap between b and b. For example, when the birth rate is bounded from
above and from below by a positive constant, the inequality is the following.

Corollary 5.3. Let us assume that the assumptions of Proposition 5.1 hold. Assume also that there

exists by, ba > 0 such that for all (x,a) € X it holds by < b(x,a) < by, and \g > 0, L € N* such that

(14 L(g)(20)) Aldo, L) < Z—; (+e0)® —1) +1. (5.1.4)

Then, Assumptions (S2.2) and (S3) are verified.

Remark 5.4. This result shows that more the birth rate varies with respect to telomere lengths, more it
is difficult to ensure the existence of a stationary profile.

Proof. One can easily apply Proposition 5.1 to verify (S2.2) with 1 = (1 + £(g)(Xo)) A(Xo, L) — 1, and
then verify (S3.1) with b = b; and b = by. We then focus on verifying (S3.2) and (S3.3). First, we have
by easy computations that for all y € Ry

+oo —+oo bl
/ e V" Fo(s)ds = by / e~ WHbsgg — .
0 0 Y+ by

From the above, the equality on the left in (S3.3) is verified for a = by ((1 + 50)% — 1). The inequality
on the right is then trivially verified because with similar computations as the above, we have for all
t>0,a>0: fot e, (s)ds = -1 (1 —e~°t).

a—+b
To verify (S5.3), we first observe that for all y > 0: f0+°° e Y5 gy (s)ds = yf’:’bz. Then, for 8 = byeq,
the equality stated in (S3.3) holds. The fact that 5 < « easily comes from (5.1.4). O

In practice, verifying formally inequalities as the one presented in (5.1.3) or (5.1.4) is quite difficult
(but it can be easily done numerically). In addition, this requires conditions quite restrictive on the birth
rate, see assumptions of Corollaries 5.2 and 5.3. To solve these issues, we now present two conditions on
the lengthening densities (h(z, .))zer or the probability mass functions (pj,a(r, 5))(J’M)€Jk7(r’s)€R2, that
allow to check (S2.2) and (S3) in practice.
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5.1.2 Practical criteria to verify (52) and (S3)

In view of Proposition 5.1, we need to control the value of (1 + £(g))A. Indeed, if the latter can
be taken as small as we want, then by the intermediate values theorem it will always be possible to
find e > 0 and a > 8 > 0 such that (S22) and (S3) are verified. In fact, £(g) can be taken as small
as we want. Thus, if for all A > 0 we can control the value of A(},.), then we will be able to verify the
assumptions. We illustrate this by proving the following statement.

Proposition 5.5 (Criterion to check (S2.2) and (S3)). Let us assume that (S1.1), (S1.3), (S2.1) and (Ss.1)
hold with Bpax > A + 0, and that

YA>0,e>0,30 €N st ANL) <1+e, (5.1.5)
Jb1 > 0, dy € N s.t. ¥(2,a) € R% x [a1,+00) : b(z,a) < by (1 +ah), (5.1.6)
Jby > 0, az > 0 s.t. V(z,a) € R¥ x [ag, +00) : b(x,a) > bo. (5.1.7)

Then, (S2.2) and (Ss) are verified.

Proof. First, proceeding as in the proof of Corollary 5.2, one can easily obtain from the intermediate
values theorem, (5.1.6) and (5.1.7) that there exists a > 0 such that (S3.2) is verified. Then, we focus
on proving (Sz.2) and (S3.3).

Let 5 € (0,a) and ¢; = W — 1. First, by (S1.1), it holds for all z € R%: £L(g)(z) < Z. The
latter, the fact that £(g)(0) = 1 and e; < 1, and the continuity of £(g), imply that there exists A\g > 0
such that

L(g)(No) < (1+&1)% — 1. (5.1.8)
Second, in view of (5.1.5), there exists L > 0 such that

Ao, L) < (14e1)7.

Combining (5.1.8) and the above equation yields that (14 L(g)(Xo)) A(Xo, L) < 1+ e1. In view of
Proposition 5.1 and the fact that ¢ = m — 1, we then obtain that Assumption (S2.2) and (S3.3)
are verified. O

The most difficult assumption of Proposition 5.5 to check is (5.1.5). Let us fix A > 0. The quantities
that can be large in the expression of A(},.) are the Laplace transforms of the functions (h(z,.))zcr-
Here are two ways to control them.

e By finding conditions implying that these Laplace transforms are very small for large coordinates.

« By finding L € N* such that for all (r, s) € R?*, the probabilities (pJ,a(r, 3))(JM)e:7k JNEL ()40 BTe
very small. Indeed, according to (5.1.1), if these probabilities are small, then they will compensate
for the Laplace transforms of the functions (h(z,.))zer.

Let us now give two statements, each corresponding one of the above points, implying (5.1.5). We begin
with the following statement, providing a condition allowing to directly control the values of the Laplace
transforms. Its qualitative interpretation is that the longer a telomere is, the smaller its lengthening
value becomes.

Proposition 5.6 (Control of the Laplace transforms). Let us assume that (S1.1) and (S2.1) hold with
Brax > A+ 06, and that
lim A, =0. (5.1.9)

r—+00

Then, Eq. (5.1.5) holds.

Proof. Let A > 0. First, as the functions (h(z,.)).ecr are probability density functions, one has for all
x € R that

Ag
1 < L(h(z,))(—A) = /0 exp (Au) h(z,u)du < exp (AA;) . (5.1.10)
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Then, by (5.1.9) we have lim,_, o L(h(x,.))(=A) = 1, implying that for all € > 0, there exists Ce > 0
such that for all z > C.

1< L(h(z,.)(=A) < (1+¢e)%*. (5.1.11)
We now use the latter to prove the proposition. Let ¢ > 0, and L € N* such that L > %. First,
we use (5.1.11) to bound from above the term [];c ;rg, () L(R(rs,.))(=A) by (1 +¢). Then, we use the
fact that for all (r,s) € (R?*)2, the sum of the probabilities (psar(r,s))(s ez, is 1. It comes that
A(N\, L) <1+ ¢, which ends the proof of the proposition. O

Now, we provide a condition allowing to control the values of the probabilities (pjas(r,s)) for

(J,M)eTy’
all (r,s) € R?*. Its qualitative interpretation is that the longer a telomere is, the smaller its probability

to be lengthened becomes.

Proposition 5.7 (Control of the lengthening probabilities). Let us assume that (S1.1), (S1.3) and (Sa2.1)
hold with Bmax > A+ 0, and that for all (J,M) € Jy

lim < sup (pJ’M(x,y))> =0. (5.1.12)

r]p:;((mj)—H-oo yER2k
Then, Eq. (5.1.5) holds.

Remark 5.8. In view of (2.2.6), Proposition (5.7) is still true if we replace in FEq. (5.1.12) the terms
sup,crer and maxjej(x;) — +00 by sup,crer and max;,en (Ym) — +00 respectively.

Proof. Let A > 0. By (5.1.12) and the fact that #(Jx) < +o0, for all € > 0 there exists C: > 0 such
that for all (z,y) € (R?*)? and (J, M) € Jj verifying max;c(z;) > C, we have

1 €
sup,cr (L(h(r, ))(~ro))?* #(Tk)

The fact that sup,cr (L(h(z,.))(—Xo)) < 400 is a consequence of (5.1.10) and the fact that A, < A for
all z € R, see (S1.1).

Let us now use (5.1.13) to get (5.1.5). We fix ¢ > 0 and L € N* such that L > CEB"‘iW. First,
in (5.1.1), we use (5.1.13) to bound from above pjar(r,s) when JNEL(r) # 0 by po. Then, for all
(r,5) € R?* x R?* we bound from above the sum of the probabilities (p (7, s))

pam(z,y) < =: po. (5.1.13)

(J,M)eTy s.t. JNEL(r)=0
by 1. Finally, using the definition of py (see (5.1.13)), we bound from above the other sum by &, and
sum this bound with the bound obtained for the first sum. It comes that A(A, L) < 1+ &, which ends
the proof of the proposition. O

We present in Sections 5.2 and 5.3 models where the criteria given in this section are used. We now
conclude this subsection by proving Proposition 5.1.

5.1.3 Proof of Proposition 5.1
Let A\p > 0 and L € N*. We first define for all y € R
v(y) = exp [Ao. max (y — BmaxL + A +6,0)].
We also define for all « € R%*, (I, J, M) € T), x Jj,

Az, I,J, M) ::/ pim (T — a1,z —asz) V(x —ar + f1)

(a1,02)€([0,8]2F)2

‘/(ﬂ17ﬂ2)€([07A]2k)2
BE,J,.M
X 1{$—a1+ﬂ1€Rik}dMEx—a1,1)*—052)(51a52)] d/”'(s’l)(al’OQ)'

This represents the kernel for telomere lengths updating for the branching process when the sets that
index which telomeres are shortened and lengthened in the daughter cell A are respectively I and J, and
in the daughter cell B are respectively I and M. We finally notice that for all x € Ri’“ we have
2
V(x) = H v(z;), and K(V)(z)= T Z Az, I,J,M). (5.1.14)
ie[1,2k] R (1,0, M)ETy x T
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In this proof, we extend the definition of ¥ to (Ri’“)c7 by writing for all y € (Rik)c: V)= TI v(w).
i€[1,2k]
The proof of Proposition 5.1 is done in three steps. In Step 1, we prove the following auxiliary

inequality. For all 2 € R% and (a1, a2) € ([0,5]%)2

> poulay) / V(= a1+ B)dpi T (81, B2) < V(= a1)A(Xo, L). (5.1.15)
(JM)ETy (B1,82)€([0,A]2F)?

Then, we prove in Step 2 a second auxiliary inequality. For all z € Ri’“ , I €Ty

/ V(x — al)d,u(s’l)(al,ag)
(a,02) €([0.317%)? (5.1.16)

< (1{we[ sit. 2:<BmaxL—A} T L£(9)(Mo) 1qziper sit. zi0>BmaxL7A}) V().

Finally, in Step 3 we verify (S2.2) using the previous inequalities.

Step 1: Let z € R%*, (a1, a0) € ([0,5]%)2, (B1,B2) € [0, A1) and (J, M) € J. For all i € (E(x)),
we have by definition of £ (x) that x; — (a1); + (61); < BmaxL — A — . This implies

'U(xi - (al)i + (51)2) =1= ’U(l‘i - (Oq)i). (5.1.17)

(E,J,M)

(1ot z—az) is a Dirac measure in 0 for the coordinates that are

In addition, by (2.2.7), the measure

not in J, and is the measure h(z; — (a1);, u)du for the coordinates ¢ € J. By the equality on the left
in (5.1.14), Eq. (5.1.17) and the latter, we thus have

V(a? —aq + ﬁl)d/AEE’J’M) (ﬁla 62)

T—oy,T—02)

/(,31,52)6([07A]2’°)2

(5.1.18)
= H v(z; — (a1)s) H (/ v(z; — (a1); +u)h(x; — (oq)i,u)du>
ic[1,2k] ic[l,2k] \7Uu€l0,A]
i¢EL () or i¢J i€JNE(x)

We now obtain Eq. (5.1.15) from the above equality. First, notice that for all u € [0, A] we have
v(z; — (a1); +u) <wv(z; — (a1);) exp (Aou), and apply this inequality to the right-hand side term
of (5.1.18). Then, integrate in u to obtain for all ¢ € J N E(x) the Laplace transform of h(x; — (aq);,.)
in —Ag and group all the (v(z; — (@1)i))ieq,2x] into one product to get V(x — ap). Finally, multiply
both sides of the inequality by pja(x,y), sum with respect to the indices (J,M) € Ji, and take the
supremum for the right-hand side term. This gives (5.1.15).

Step 2: Let z € Ri’“ and I € 7. Assume first that for all i € I: z; < BpaxL — A. Notice that the
function v increases. Then, by the form of ¢ given in (5.1.14) we have for all a1 € R?*: V(z—ay) < V().
Plugging this in the left-hand side term of (5.1.16) and then using the fact that w1 is a probability
measure yields that (5.1.16) is true when for all i € It z; < BpaxL — A.

Now, assume that there exists ig € I such that x;, > BnaxL — A. Recall that v increases. Then, by
the form of ¢ given in (5.1.14) and the fact that z;, > BpaxL — A, we have for all a; € [0, ]?*

V(e —oa1) <v(wiy — (01)ig) H v(x;) = exp (—Ao(an)s,) V(). (5.1.19)
i€[1,2k]
iio
In addition, for all I € Zj, the measure ;(57) is the measure g(u)du for the coordinates in I, and is
a probability measure for the other coordinates (see (2.2.5)). Then, we obtain that (5.1.16) is true by
integrating both sides of (5.1.19) with respect to p(51).
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Step 3:  We now verify (S2.2). The third statement is easy to verify. We begin with the first statement.
Let x € [0, BmaxL — AJ?*. As the maximum lengthening value is A, we have that the offspring of a
cell that has telomere length z necessarily have telomere length in [0, BuaxL]?* after one division.
Then it holds K(jo, g, rj26)c(V)(z) = 0 and the first statement is verified for z € [0, BnaxL — AJ?F.
Now, let € ([0, BmaxL — A]?*)® and ip € [1,2k] satisfying @, > DBmaxL — A. As it holds
K10, Buax 1128y (V) () < K(V)(x), we prove the inequality for K (V)(x) instead of K g, )2k)= (V) ().
First, develop K(V)(x) as in (5.1.14) and bound from above for all (I,J,M) € I, x J the
term A(z,I,J, M) by applying (5.1.15). Then, split the new sum in two sums, grouping the sets
(I,J,M) € I, x Jr such that iyp € I in one sum, and the other sets in a second sum. Finally, ap-
ply (5.1.16) to bound from above the terms that are summed in the first sum by £(g)(Ag)V(z), and the
terms that are summed in the second sum by ¢/(x). We mention that by the fact that £(g)(Ao) < 1, we
can bound from above all the terms such that ig ¢ I by ¥(x), even when there exists i; € I such that
Zi; > BmaxL — A. It comes

H(V)(w) < #(Ik I; Ao, L)L(9)(Mo)V( zk 1; Ao, L
o€l 0@l

Now, we use Lemma 4.9 above to get that ﬁ D oreTivel = ﬁ >oretyiogr = 1- We obtain that
the first statement of (Ss2) is verified.

To verify the second statement of (S5 2), first notice that as v is increasing and as A(A\g, L) < 1+¢q,
it holds ¥ (x — a1)A(Ag, L) < V(x)(1 + £1). Then, plug this in the right-hand side term of (5.1.15), and
integrate both sides of the new inequality with respect to the measure u(51). As this is a probability
measure, the right-hand side term stays equal to V(z)(1 + €1). It comes that the second statement
of (S2.2) is verified.

We finally prove the fourth statement of (S22). We consider (z,y) € (R2*)? verifying the inequality
[ly — x||oo < max(d,A). As v is an increasing function we have from the last inequality

2k
V(y) < exp | Ao. Z max (z; + max(d, A) — BpaxL + A +6,0) | < V(x)exp (2kAg max(d, A)).

i=1

Then, the fourth statement of (S3.2) comes from the above inequality by taking the ratio between the
left and right-hand side terms. O

5.2 A model where all telomeres are lengthened

We now present toy models for telomere shortening for which all the assumptions of Theorem 2.7 are
verified. The first model is a model for which at each cell division, every telomere is lengthened. This
is a concrete example of model for which this is easier to verify (S21) with D > 1. Let two constants
A > § > 0 verifying

= > (5.2.1)

This condition means that § must be sufficiently small in comparison to A. Our model is the branching
process introduced in Section 2.2 defined in the following way:

<A_5)2k2+4k‘ 1

o Forall (z,a) € R¥* x Ry: b(z,a) = a.
« ForallyeRy: g(y) = 510, ()
o For all (z,y) € R X Ry: h(z,y) =

]( )1{m<0}+ 1[0’ A

z+1

<1p0 ](y)1{$20}~
o For all (s1,s9) € (R?%)2, (J,M) € T,

M) =({1,...,2k}, {1,...,2k}),

pJM S1 82
’ 0therw1se

As pyar(s1,s2) does not depend on s; and so, we drop (s1,s2) in the notation. We also denote
(Jo, Mo) = ({1,...,2k}, {1,...,2k}).
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We easily see that Assumption (S;) is verified for this model. We also easily verify (Ss.;1) with b= b = b.
Therefore, by Propositions 5.5 and 5.6, if (So.1) is satisfied, then all the other assumptions are verified.
We thus focus on verifying (S3.1). We first explain why we do not verify (S21) with D =1 and then we
verify it with D = 2.

Problem for D = 1. A natural candidate for the set is a set of the form [0, L]?*, where L > 0.
The reason is that these sets have a very simple form, and thus computations are easier. However, we
cannot verify (S2.1) with Kiepew of this form and D = 1 as all the telomeres of a cell are lengthened at
each division. Let us formalise it. We fix L > 0, and then consider x = Zfil Le;, where (e;)ie[1,2¢] are
the vectors of the canonical basis. We study a cell with telomere lengths x that divides. By Eq. (2.2.5),
each of its daughter cells has at least k telomeres that stay unchanged after shortening. In addition,
as all telomeres are lengthened in this model (because the probability to draw (Jy, Mp) is 1), the k
telomeres that stayed unchanged during the shortening are lengthened. We then necessarily have at
least k telomeres with a length strictly larger than L after lengthening. In particular, daughter cells
of the cell that divides necessarily have telomere lengths out of [0, L]?*. As K(.)(x) is the transition
probability for telomere lengths of the daughter cells, the latter yields that

g((l[gJ]Zk)("E) =0.

Thus, the inequality presented in (S3.1) fails for = Zfil Le; and it is impossible to have a renewal in
one generation for a set of the form [0, L]?*, where L > 0. We thus have two options to verify (Ss.1):
either we should consider a set for the renewal with a more complex form, or we should verify (Ss 1)
with D > 1. The problem with the first option is that due to the multidimensional trait space and the
fact that the expression of the jump kernel is complicated, exhibiting the good set is not trivial. We then
choose the second option. Let us begin with some preliminaries.

Preliminaries. In view of (5.2.1), we first introduce v € (0,1) such that

A o 6)2k2+4k¢ 1
PPN Bl -
(1—7) ( = > 1 (5.2.2)

We use 7 in order to write the quantity vd, which is a minimum shortening value for the cells we are
interested in later in the proof. The above condition implies that v must be sufficiently small so that
we can control the number of non-senescent offspring of a cell for which telomeres are shortened by at
least 9.
We now obtain auxiliary results useful to choose the value L > 0 of the set Kienew = [0, L]?*. Let
us consider for all x > 0: f(z) = =z — v0 + xA_H + m. We first easily have that it holds
lim f(z) — (z — 30) = —36 < 0, so that f is smaller than the function Id — 14 after a certain
—+o0

value Loy > 0. In addition, we have that f is differentiable on (J, +00) and lir_{l f'(z) = 1, which implies
r—r+00

that there exists Ly > 0 such that f strictly increases on [Lq,400). As lir_~r_1 f(z) = 400, we finally
xr—r+00

have that there exists Ly > 0 such that for all 2 > Lo: f(z) > maxyepo,r,] f(y). These three results
respectively imply that

Va > max(Lg, L1, Lo) : flx) Sx—%,
Vo € [Ll,max(LO, Ly, Lg)} : f(l') < f(max(Lo, Ly, Lz)), (523)
Va € [0, L] : flz) < ,hax ]f(y) < f(max(Lo, L1, L2)).

By combining the first inequality in (5.2.3) with the second one, and then the first with the third one,
we obtain that for all 2 € [0, max(Lo, L1, L2)]: f(x) < max(Lo, L1, L2) — 3. From the latter and the first
inequality in (5.2.3), it comes the following, which is the auxiliary inequality we need:

VL > max (Lo, L1, L), Vz € [0, L] : flz) < L-—

o2

(5.2.4)
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We now introduce the set and constants for which we verify (S1). We first fix an arbitrary
L > max (A, Lo, L1, L) verifying

kA ~
< = 2.
L—g5+1—25’ (5:25)

2
We also consider gy = 4(1 — v)?* (%)Qk Tk 1, D=k +2, Bpax = L+ DA, and K,enew = [0, L],
To verify (S2.1), we proceed in two steps. We first prove in Step 1 that for all z € [0, L — 4] 2k we have

(H)® (1K e ) () = 2F (%) : (5.2.6)

Then, we conclude in Step 2. We start with the following remark:

Remark 5.9. As we start from x € Krenew = [O,L]zk, as the mazximum lengthening value is A, and
as Bumax = L+ DA, the offspring of x from the first to the D-th generations stays in [0, Bumax)2*.
Therefore, if the inequality presented in (S2.1) is obtained for K, then it will be also obtained for
K10, Buar)2s (€€ (2.3.1) for the definition of Ko g, 2+). Hence, in the rest of the subsection, we omit
the term [0, Buax)?* in K10, Bax)2+ and rather study K.

k
Step 1: Let us fix z € [0,L — /] ¥ We also consider yE€ [0, L— and the set

A
L—36+1

A
I, = L2 |w; < = AL
Y {we[O, ] |w_max(y +L—%5+1’ >}

We first bound from below K (1y,)(y). To do so, we use the following inequalities, that easily come from

the expression of h and the fact that the maximum of j(z) = x + T—H on [0,L—26] isinaz =0or
r=L- 76
A
ST A-9§
Vs € L—fé / 1 h(s,u)du=12> ,
|: :| 0 {s+u€ {0,max<s+#§+l,A)}} A
1[4 A—§
_5.0): > = ==_2 2.
Vsel-5,0): 1 / foruelomm(vs o )]} (uydu> 5 [ =23 (5.2.7)

First, develop K (1y,)(y) and only keep the pair of sets (Jo, Mp) in the sum of the elements over Ji (as

the other probabilities are 0). Then, noticing that for all (s;,ss) € (R%)2 the marginal of the mea-

(E,Jo,Mo)

sure p "0 over each coordinate is the Lebesgue measure weighted by the function A (see (2.2.7)),

use Eq. (5.2.7) to bound from below the integral with respect to dugf’ﬁl’]\ﬁo)az) b (%)Qk

integrate with respect to the probability measure p(31), and simplify T by > ez, - 1t comes

. Finally,

2

K(1r,)(y) = 2(Ty)

/ , {/ . Ha—ai+pielo,r2r}
1e1, Y (an,a2)€(RY)?F | J(B1,82)€(RY)?H (5.2.8)

A—90
x dﬂgf:]o?iffll)az)(ﬂlvﬂQ)}du(S’I) (1, 0) > 2 (T)

Now, let us consider (w),...,w®) € (R?*)¥ such that w») € I, and such that for all i € [1,k — 1]:
wtY € I, . First, iterate the condition in the definition of the sets (Iy)yeRiI«. Then, use Eq. (5.2.5),
the fact that = € [0, L — 36]**, and the fact that L > A. We obtain that for all i € [1,2k]

A kA
k) < (k—1) - <...< - < L.
(w )i_max<<w >i+Lg5+17A>_ _max<m+Lg5+17A>_L
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In particular, we have w(®) € Kienew. Using the latter and (5.2.8), we get the following inequality, which
ends the first step:

A5\ 2R\ "
@) o))z [ ] Kz, dwV) ... K(w*D, dw®) > (2 (552 ) .
wel, w(k)elw(k.)

Step 2: Now, we fix 2 € Kyenew = [0, L]**. Our aim is to bound from below (K)? (1[0,L_%5]2k) (z).
Let (a1,af) € ([0, 5]2’“)2 and (B4, 1) € ([0, A}Qk)Z Assume that for all i € [[1,2k] either (ay); > 76 and

()i =0, 0r (a1); =0 and («}); > 8. Assume also that
o If x; — (a1); <0, then 6 < (B1); <
o Ifz; — (a1); >0, then 0 < (B1); < xA-i-l
o Ifa; — (1) +(B)i — (af); <0, then § < (B1): <A

o If 2y — (1) + (B)i — (a)); = 0, then 0 < (B7); < mi_(al)’ﬁ(ﬁ)i_(a&)#l. This implies by the
conditions on «aj, of and B that (81); < ﬁ when x; > 4, so that (8]); < m
whatever the value of z; (as (8]); < A).

The above statements correspond to the conditions we have on aq, o}, 81 and S} in the integrals used to
develop (K)? (1[07L_%6]2k) (x), see (5.2.8) for the development of K. In view of the above, and Eq. (5.2.4)
combined with the fact that L > max(Lg, L1, La), we have for all i € [1, 2k] that

A

A
0 <a;— (1) + (B)i — (a))i + (B1)i < ai — ’75+x‘+1+max(x._5+1 1)§L*

2o [2

Then, it holds  —a; + 8 — o) + ] € [0,L — %5]% when the above conditions are verified. Now, we
use the latter to bound from below (%K) (1[07[/,%5}21@) (x). First, we develop the measure K two times,

using the expression in the first line of (5.2.8), and only keep the pair of sets (Jy, Mp) in the sum of the
elements over Ji. This gives us a sum of elements over (I,1’) € (Z;)?. Then, we only keep the indices
(I,1¢) where I € 7}, in this sum. Finally, we add indicators to restrict the domain of integration, such
that the conditions implying that @ — oy + 8 — o} + 81 € [0, L — 26]** hold. We get

) 2
@ (o) @ 2 (55) X [ / { /
(to2-3) # (Zk) 2 (a1,02)€([0,6]26)2 J (81,82)€([0,a12)2 |/ (ol ,a4)€([0,5]2+)2

I€Ty,
: /(B’ BL)€([0,A]2F)2 L{vier(anizaovieres(aq), 208} LVED 2K st wim(an) it (9)i=(a))i<0: (57):26} (5:2.9)
1°F2
e E,Jo,M E,Jo,M
% dM(S,I )(all’O/z)du((xfiﬁr;i7o/1,zfa1+ﬁlfo/z)(517ﬂé)} du(S’I) (al’az)dungf;hwof)az)(ﬂl’ﬂﬁ'
Now, as the measure ugi"i‘;’)Mo) over each coordinate is the Lebesgue measure weighted by the

function h (see (2.2.7)), use Eq. (5.2.7) to bound from below the integrals with respect to the mea-

(E,Jo,Mo) S,I)

k
sures (u(sl 52 n (5.2.9) by (H)Q . Then, integrate with respect to the measures p!

i
)(sl,sz)ERi"' A

and p(51°) . Each integral is equal to (1 — 4)". It comes in view of Lemma 4.9

()% (10,2 3o ) () 2 (# (Q:IZIC))2 2 <(1 i <AA_6)%>2 =g - (AA_&)M

IE€Ty,

The latter implies in view of (5.2.6) that
()P (L) @) > (F0 (1 1 (VI (L)) ()

A — 5\ 2K 1k
>4(1—7)* (Td) =1+eo.

Thus, (S2.1) is verified and the model admits a stationary profile.
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5.3 A model with mutually independent lengthening probabilities

We now present a second toy model for telomere shortening. Contrary to previous model, the
maximum lengthening values (A;), g are all equal in this model, while the lengthening probabilities
(ps, M)( JM)ET: depend on telomere lengths of the two daughter cells after shortening. Let us consider

two constants A > ¢ > 0 satisfying

A - 5)% 1
—_— —. 3.1
( A T3 (5:3.1)
We also introduce a continuous function ¢ : R — (0, 1] such that Eglrl q(z) = 0and
1
A—§ 2k 1 8k
29 + =
inf q(z) > ()7%2 : (5.3.2)
oel-60 2 (25

Our model in this section is the branching process constructed in Section 2.2, with:
. For all (z,a) € X: b(z,a) = a,
+ Forally € Ry: g(y) = 510,01 (1),
. For all (z,y) € Rx Ry: h(z,y) = x1p0.4)(1),

. For all (z,y) € (R%)?, (J, M) € T,

poa(a,y) = | I alz)) < 11 q(ym)> [T -at=)) ( IT a- Q(ym))> :

JjE€J meM j¢J m¢M

Qualitatively, this choice for the function pj s means that at each division, for each telomere of each
daughter cell, if its length after shortening is y € R (see Remark 2.3), then the probability that it is
lengthened is ¢(y). Conversely, the probability that it is not lengthened is 1 — ¢(y). In other words, the
lengthening of each telomere is independent from the other telomeres. This way to model lengthening is
used for example in [3].

The condition stated in (5.3.1) implies a significant difference between the maximum lengthening and
shortening values. It has been experimentally deduced that this is the case see [48], which is encouraging.
For example, in the case of budding yeast cells, the maximum shortening value can be set as 6 = 10 and

we have k = 16 chromosomes. Thus, according to (5.3.1), we require A > 10/(1 — (1)??) ~ 466.68 to be
sure to observe a convergence towards a stationary profile. This a little too much, but not totally absurd
as telomeres can be lengthened by more than 100 nucleotides at a cell division, see [418]. To compare, in

the model presented in Section 5.2, for the same k and ¢ we must have A > 10/(1 — (i) 5%6) ~ 4159.96,
which is much less realistic.

The condition stated in (5.3.2) means that the probability that small telomeres are lengthened must
be sufficiently large. When we have a large number of chromosomes, the condition implies that the
probability must be very close to 1. Again, the condition is not optimal, and can be refined by being
more meticulous in our computations, or by choosing other distributions than uniform distributions for g
and h.

Assumption (S;) and (S31) are trivially verified for this model (we take b = b = b for (S31)).
Assumption (S2.1) is also verified, and the proof is given in the paragraph below. Using finally Proposi-
tions 5.5 and 5.7, we conclude that all the assumptions of Theorem 2.7 are verified, so that there exists
a stationary profile for this model.

Proof that (S2;) is verified. We begin with a preliminary result. As lim ¢(y) = 0, and

y——+o0
A8k 1
as 1> % by (5.3.1), there exists Bpax > 2A such that
(7*5)2]C 4+ 1 s
VY > Buax — A 1—qy) > [ ~2—2] . (5.3.3)
2(55°)
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Our aim is to prove that (S 1) is verified with Kyepew = [0, Bmax]%. To do so, we first obtain an auxiliary
inequality. For all (z,y) € ([0, Bmax]%)2, we consider A(z,y) C Jx such that

Alz,y) = {(J,M) e Tl {i €1,2k] |z; € [-6,0)} C J and {i € [1,2k] |y; € [-9,0)} C M,

(i € [1,2K] |25 € (Bmax — A, Buax]} 1 J = 0 and {i € [1,2] |4i € (Bmax — A, Buax]} N M = @}.
(5.3.4)

When k = 1, if we denote (z*,y*) = ((—g, %) , (Bmax — £ Brax — %)), then we have

A(.%‘*,y*) = {({172}’0)7 <{1}’®)}

In particular, from the definition of p; s, the following holds:

> pra(w”,y") = q(@7)q(x3) (1 — q(y7))(1 — q(y3)) + q(@7) (1 — q(23))(1 — q(y7))(1 — q(v3))
(JM)EA(* y*)

= q(e1) (1 = q(y1)(1 = q(y2))-

In other terms, Z(JM)GA(x* v psm(2*,y*) can be seen as a product of functions ¢ for the coordinates
in [—4,0), and functions 1 — ¢ for the coordinates in (Bpax — A, Bmax)- In fact, this equality can be

generalised for all k € N* and (z,y) € ([0, Bmax]%)2. The reason is that in view of the conditions given
in (5.3.4), for all (J, M) € A(x,y), the following holds:

o For all i € [1,2k] such that z; € [0, Bpax — 4], if ¢ € J, then (J\{i}, M) € A(z,y). Conversely, if
i ¢ J, then (JU{i}, M) € A(z,y).

o For all i € [1,2k] such that y; € [0, Bpax — Al, if ¢ € M, then (J, M\{i}) € A(zx,y). Conversely,
ifi ¢ M, then (J, M U{i}) € A(x,y).

Hence, if we sum all the (J, M) € A(z,y), then we will always have a term ¢ and 1 — ¢ that will sum to
give 1 for the coordinates in [0, Bymax — A]. The latter, combined with the inequalities given in (5.3.2)

and (5.3.3) yields for all (z,y) € ([, Bmax]m‘r)2 that

> pamlay) = T a@) 11 (1 —q(z;))

(J,M)EA(z,y) ie[1,2k] i€[1,2k]
z; €[—6,0) 2; €(Bmax — A, Bmax) (5 3 5)
(;5)2k + 1
< TI aw) 11 (1—q(y) | =2
i€[1,2k] i€[1,2k] 2 (T)
yie[_670) yiE(Bmax_A7Bmax]

Now, we are able to verify (S5.1). We denote (z,y) € ([—5, Br,ﬂam]”‘f)2 the telomere lengths, after short-
ening but before lengthening, of two daughter cells of a cell that divides. If the two following hold:

o The coordinates where there is a lengthening are indexed by a pair of sets (J, M) € A(x,y),
o The coordinates i € [1,2k] such that z; < 0 or y; < 0, are lengthened by a value greater than 4,

we easily have that the telomere lengths of the daughter cells stay in [0, Buax|?* = Krenew after length-
ening. In view of the two points above, in (5.3.6), we do the following steps:

1. We bound from below the sum of the pairs (J, M) over Ji by a sum of (J, M) over A(x—aq,y—aq),
and apply (5.3.5).

2. We restrict the integrals for the measures h((81);)d(51); or h((B2)i)d(52):; (see (2.2.7)) on the
interval [0, A] for the coordinates where there is a shortening. The function 1{,_q, 48, ek, ) is
equal to 1 on this domain of integration by the two points presented above.
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3. We integrate in 3. As there are 2k coordinates in the two daughter cells that are shortened at
each division, see (2.2.4) and (2.2.5), and as h is the uniform distribution, the integral is bounded

from below by (%)%.

4. We integrate in «, using the fact that the measures (M(S’I)) ez, are probability measures, and

simplify m by D rer,-

Iy

It comes

K (1K o) (2) = %Ik) > > / pim (T — o1, — o)

1€T;, (J,M)eg, * (1,02)€(REF)?

E,J,M
/(ﬂ B2)E(R2*)2 1{m_a1+ﬁleKreneW}duémal,il)?OLZ)(Bl’ﬂQ):| d:u’(s’l) (al,aQ) (536)
1,P2)€(RY

Then, as (H)Qk +1 > 1 by (5.3.1), we obtain that (Ss.1) is verified with D = 1 and g9 = (H)%

N

Some biological perspectives. Our study has provided theoretical guarantees for the existence of
a stationary profile. Thus, it helps to improve the rigour of the previous study of this phenomenon [56],
which developed a simplified model and carried out numerical simulations to obtain the stationary profile
without proving its existence in more general cases. This is all the more important that this stationary
profile is used as a preliminary step for the models of senescence further developed in [11, 38, 44]. To
continue this study, a new question can be raised: Under which conditions the marginals of the station-
ary profile of our model over each coordinate are, at least approximately, independent and identically
distributed ? In other words, recalling the function Ny € L'(¥) in the expression of the stationary
profile, see Theorem 2.7, under which condition we have the existence of ng € L'(Ry), such that for
all x € Ri’“

2k
NQ(QJ) ~ H ’I’Lo(l‘i).

This approximation was made in the previous studies of this phenomenon, so obtaining theoretical
guarantees for it will further improve the rigour behind these studies. However, it should be noted that
telomeres on the same chromosome (at coordinates ¢ and i + k) are not independent during shortening:
both telomeres cannot be shortened simultaneously. Consequently, it seems not trivial to justify that
such an approximation is possible, and further numerical /mathematical studies must be done to obtain
a good justification. This question is the subject of a future work

Acknowledgement. This work was partially funded by the Fondation Mathématique Jacques
Hadamard. We warmly thank Marie Doumic for discussions and proofreadings linked to this work.
We also thank Aurélien Velleret for discussions and clarifications about Assumption (A3)r, and Denis
Villemonais for discussions that allowed us to relax conditions for the existence of a Lyapunov function.

References

[1] P. Abdallah, P. Luciano, K. W. Runge, M. Lisby, V. Géli, E. Gilson, and M. T. Teixeira. “A two step model
for senescence triggered by a single critically short telomere”. Nature cell biology 11.8 (2009), pp. 988-993.
DOI: 10.1038/ncb1911.

[2] O. Arino, M. Kimmel, and G. F. Webb. “Mathematical modeling of the loss of telomere sequences”. Journal
of Theoretical Biology 177.1 (1995), pp. 45-57. DOI: 10.1006/jtbi.1995.0223.

[3] K. B. Athreya and P. E. Ney. Branching Processes. 1st ed. Vol. 196. Grundlehren der mathematischen
Wissenschaften. 1972. DOI: 10.1007/978-3-642-65371-1.

61


https://doi.org/10.1038/ncb1911
https://doi.org/10.1006/jtbi.1995.0223
https://doi.org/10.1007/978-3-642-65371-1

[4]

[5]
(6]

[7]

8]

9]
[10]
[11]

(12]

(13]

(14]

(15]

(16]
(17]

18]
(19]

(20]

(21]
(22]

23]

24]

(25]

[26]

27]

(28]

V. Bansaye, B. Cloez, and P. Gabriel. “Ergodic Behavior of Non-conservative Semigroups via Generalized
Doeblin’s Conditions”. Acta Applicandae Mathematicae 166.1 (2020), pp. 29-72. DOIL: 10.1007 /510440~
019-00253-5.

V. Bansaye, B. Cloez, P. Gabriel, and A. Marguet. “A non-conservative Harris ergodic theorem”. Journal
of the London Mathematical Society 106.3 (2022), pp. 2459-2510. DOI: 10.1112/j1lms.12639.

V. Bansaye and S. Meleard. Stochastic Models for Structured Populations. Mathematical Biosciences Insti-
tute Lecture Series 1. 2015. DOI: 10.1007/978-3-319-21711-6.

V. Bansaye and V. C. Tran. “Branching Feller diffusion for cell division with parasite infection”. ALFEA :
Latin American Journal of Probability and Mathematical Statistics 8.1 (2010), p. 95. DOL: 10.1007/978~
3-319-21711-6_8.

A. Benetos, C. Fritsch, E. Horton, L. Lenotre, S. Toupance, and D. Villemonais. Stochastic branching
models for the telomeres dynamics in a model including telomerase activity. arXiv. 2024.

A. Benetos, O. Coudray, A. Gégout-Petit, L. Lendtre, S. Toupance, and D. Villemonais. A branching model
for intergenerational telomere length dynamics. arXiv. 2023.

J. Bertoin. “On a Feynman-Kac approach to growth-fragmentation semigroups and their asymptotic be-
haviors”. Journal of Functional Analysis 277.11 (2019). po1: 10.1016/j.jfa.2019.06.012.

T. Bourgeron, Z. Xu, M. Doumic, and M. T. Teixeira. “The asymmetry of telomere replication contributes
to replicative senescence heterogeneity”. Scientific Reports 5.1 (2015). DOI: 10.1038/srep15326.

N. Champagnat, R. Ferriere, and S. Méléard. “Unifying evolutionary dynamics: from individual stochastic
processes to macroscopic models”. Theoretical Population Biology 69.3 (2006), pp. 297-321. DOL: 10.1016/
j.tpb.2005.10.004.

N. Champagnat and D. Villemonais. “Exponential convergence to quasi-stationary distribution and Q-
process”. Probability Theory and Related Fields 164.1 (2016), pp. 243-283. DOI: 10.1007/s00440- 014~
0611-7.

N. Champagnat and D. Villemonais. “Practical criteria for R-positive recurrence of unbounded semigroups”.
Electronic Communications in Probability 25 (2020). DOL: 10.1214/20-ECP288.

N. Champagnat and D. Villemonais. “Lyapunov criteria for uniform convergence of conditional distributions
of absorbed Markov processes”. Stochastic Processes and their Applications 135 (2021), pp. 51-74. DOL:
10.1016/j.spa.2020.12.005.

N. Champagnat and D. Villemonais. “General criteria for the study of quasi-stationarity”. Electronic Jour-
nal of Probability 28 (2023), pp. 1-84. DOL: 10.1214/22-EJP880.

K. L. Chung and J. B. Walsh. Markov Processes, Brownian Motion, and Time Symmetry. Vol. 249.
Grundlehren der mathematischen Wissenschaften. 2005. DO1: 10.1007/0-387-28696-09.

Q. Cormier. Renewal theorems in a periodic environment. arXiv. 2024. DOI: 10.48550/arXiv.2403.07439.
P. Del Moral, M. Ledoux, and L. Miclo. “On contraction properties of Markov kernels”. Probability Theory
and Related Fields 126.3 (2003), pp. 395-420. DOI: 10.1007/s00440-003-0270-6.

R. Douc, E. Moulines, and J. S. Rosenthal. “Quantitative bounds on convergence of time-inhomogeneous
Markov chains”. The Annals of Applied Probability 14.4 (2004), pp. 1643-1665. por: 10 . 1214 /
105051604000000620.

M. Doumic. “Analysis of a Population Model Structured by the Cells Molecular Content”. Mathematical
Modelling of Natural Phenomena 2.3 (2007), pp. 121-152. DOI: 10.1051/mmnp:2007006.

S. Eugene, T. Bourgeron, and Z. Xu. “Effects of initial telomere length distribution on senescence onset and
heterogeneity”. Journal of Theoretical Biology 413 (2017), pp. 58—65. DOI: 10.1016/j.jtbi.2016.11.010.
G. Ferré, M. Rousset, and G. Stoltz. “More on the long time stability of Feynman-Kac semigroups”.
Stochastics and Partial Differential Equations: Analysis and Computations 9.3 (2021), pp. 630-673. DOL:
10.1007/s40072-020-00178-3.

C. Fonte Sanchez, P. Gabriel, and S. Mischler. On the Krein-Rutman theorem and beyond. arXiv. 2023.
DOI: 10.48550/arXiv.2305.06652.

C. Fonte Sanchez and V. Schmutz. “Long Time Behavior of an Age- and Leaky Memory-Structured Neu-
ronal Population Equation”. SIAM Journal on Mathematical Analysis 54.4 (2022), pp. 4721-4756. DOI:
10.1137/21M1428571.

N. Fournier and S. Méléard. “A microscopic probabilistic description of a locally regulated population
and macroscopic approximations”. The Annals of Applied Probability 14.4 (2004), pp. 1880-1919. poI:
10.1214/105051604000000882.

P. Gabriel. “Measure Solutions To The Conservative Renewal Equation”. ESAIM: Proceedings and Surveys
62 (2018), pp. 68-78. DOI: 10.1051/proc/201862186206.

P. Gabriel and H. Martin. “Steady distribution of the incremental model for bacteria proliferation”. Net-
works & Heterogeneous Media 14.1 (2019), pp. 149-171. DOL: 10.3934/nhm.2019008.

62


https://doi.org/10.1007/s10440-019-00253-5
https://doi.org/10.1007/s10440-019-00253-5
https://doi.org/10.1112/jlms.12639
https://doi.org/10.1007/978-3-319-21711-6
https://doi.org/10.1007/978-3-319-21711-6_8
https://doi.org/10.1007/978-3-319-21711-6_8
https://doi.org/10.1016/j.jfa.2019.06.012
https://doi.org/10.1038/srep15326
https://doi.org/10.1016/j.tpb.2005.10.004
https://doi.org/10.1016/j.tpb.2005.10.004
https://doi.org/10.1007/s00440-014-0611-7
https://doi.org/10.1007/s00440-014-0611-7
https://doi.org/10.1214/20-ECP288
https://doi.org/10.1016/j.spa.2020.12.005
https://doi.org/10.1214/22-EJP880
https://doi.org/10.1007/0-387-28696-9
https://doi.org/10.48550/arXiv.2403.07439
https://doi.org/10.1007/s00440-003-0270-6
https://doi.org/10.1214/105051604000000620
https://doi.org/10.1214/105051604000000620
https://doi.org/10.1051/mmnp:2007006
https://doi.org/10.1016/j.jtbi.2016.11.010
https://doi.org/10.1007/s40072-020-00178-3
https://doi.org/10.48550/arXiv.2305.06652
https://doi.org/10.1137/21M1428571
https://doi.org/10.1214/105051604000000882
https://doi.org/10.1051/proc/201862186206
https://doi.org/10.3934/nhm.2019008

29]

(30]

(31]

32]

(33]

(34]

(35]
(36]
(37]

(38]

(39]

(40]
(41]
(42]
(43]
(44]
(45]
[46]
(47]
(48]

(49]

[50]
[51]
[52]

(53]

M. Hairer, J. C. Mattingly, and M. Scheutzow. “ Asymptotic coupling and a general form of Harris’ theorem
with applications to stochastic delay equations”. Probability Theory and Related Fields 149.1-2 (2011),
pp- 223-259. DOI: 10.1007/s00440-009-0250-6.

M. Hairer and J. C. Mattingly. “Yet Another Look at Harris’ Ergodic Theorem for Markov Chains”.
Seminar on Stochastic Analysis, Random Fields and Applications VI. Vol. 63. 2011, pp. 109-117. DOI:
10.1007/978-3-0348-0021-1_7.

M. T. Hemann, M. A. Strong, L.-Y. Hao, and C. W. Greider. “The shortest telomere, not average telomere
length, is critical for cell viability and chromosome stability”. Cell 107.1 (2001), pp. 67-77. DOI: 10.1016/
s0092-8674(01)00504-9.

O. Kallenberg. Foundations of Modern Probability. Vol. 99. Probability Theory and Stochastic Modelling.
Cham: Springer International Publishing, 2021. DOI: 10.1007/978-3-030-61871-1.

I. Kontoyiannis and S. Meyn. “Large Deviations Asymptotics and the Spectral Theory of Multiplicatively
Regular Markov Processes”. Electronic Journal of Probability 10 (2005), pp. 61-123. po1: 10.1214/EJP.
v10-231.

K. H. Lee and M. Kimmel. “Stationary Distribution of Telomere Lengths in Cells with Telomere Length
Maintenance and its Parametric Inference”. Bulletin of Mathematical Biology 82.12 (2020), p. 150. DOL:
10.1007/s11538-020-00811-1.

I. Madrid. “Exponential Ergodicity of a Degenerate Age-Size Piecewise Deterministic Process”. Acta Ap-
plicandae Mathematicae 187 (2023). DOIL: 10.1007/s10440-023-00597~z.

A. Marguet. “Uniform sampling in a structured branching population”. Bernoulli 25.4A (2019), pp. 2649—
2695. DOI: 10.3150/18-BEJ1066.

M. Mariani, E. Pardoux, and A. Velleret. Metastability between the clicks of the Muller ratchet. arXiv.
2022. por: 10.48550/arXiv.2007.14715.

H. Martin, M. Doumic, M. T. Teixeira, and Z. Xu. “Telomere shortening causes distinct cell division
regimes during replicative senescence in Saccharomyces cerevisiae”. Cell & Bioscience 11 (2021). DpOIL:
10.1186/s13578-021-00693-3.

S. Martinez, J. S. Martin, and D. Villemonais. “Existence and Uniqueness of a Quasistationary Distribution
for Markov Processes with Fast Return from Infinity”. Journal of Applied Probability 51.3 (2014), pp. 756—
768. DOI: 10.1239/jap/1409932672.

S. Méléard and D. Villemonais. “Quasi-stationary distributions and population processes”. Probability
Surveys 9 (2012), pp. 340-410. po1: 10.1214/11-PS191.

S. P. Meyn and R. L. Tweedie. Markov Chains and Stochastic Stability. Communications and Control
Engineering. 1993. DOI: 10.1007/978-1-4471-3267-7.

O. A. Nielsen. An Introduction to Integration and Measure Theory. Vol. 17. Wiley-Interscience and Cana-
dian Mathematics Series of Monographs and Texts. 1997.

B. Perthame. Transport Equations in Biology. Frontiers in Mathematics 1. 2007. DOI: 10.1007/978-3-
7643-7842-4.

A. Rat, M. Doumic, M. T. Teixeira, and Z. Xu. “Individual cell fate and population dynamics revealed by
a mathematical model linking telomere length and replicative senescence”. 2023.

N. J. Robinson and W. P. Schiemann. “Telomerase in Cancer: Function, Regulation, and Clinical Transla-
tion”. Cancers 14.3 (2022). DOIL: 10.3390/cancers14030808.

M. Sharpe. General theory of Markov processes. Academic Press, 1988.

A. M. Spoljari¢, I. Rubelj, and M. Huzak. “Mathematical model and computer simulations of telomere
loss”. Journal of Theoretical Biology 465 (2019), pp. 78-89. DOI: https://doi.org/10.1016/j . jtbi.
2019.01.007.

M. T. Teixeira, M. Arneric, P. Sperisen, and J. Lingner. “Telomere Length Homeostasis Is Achieved via a
Switch between Telomerase- Extendible and -Nonextendible States”. Cell 117.3 (2004), pp. 323-335. ISSN:
0092-8674, 1097-4172. DOI: 10.1016/50092-8674(04)00334-4.,

M. Tomasevi¢, V. Bansaye, and A. Véber. “Ergodic Behaviour of a Multi-Type Growth-Fragmentation
Process Modelling the Mycelial Network of a Filamentous Fungus”. ESAIM: Probability and Statistics 26
(2022), pp. 397-435. DOL: 10.1051/ps/2022013.

V. C. Tran. “Modeles particulaires stochastiques pour des problemes d’évolution adaptative et pour
I'approximation de solutions statistiques”. PhD thesis. Université de Nanterre - Paris X, 2006.

A. Velleret. “Mesures quasi-stationnaires et applications a la modélisation de ’évolution biologique”. PhD
thesis. Aix-Marseille, 2020.

A. Velleret. “Unique quasi-stationary distribution, with a possibly stabilizing extinction”. Stochastic Pro-
cesses and their Applications 148 (2022), pp. 98-138. DOI: 10.1016/j.spa.2022.02.004.

A. Velleret. “Adaptation of a population to a changing environment in the light of quasi-stationarity”.
Advances in Applied Probability (2023). DOI: 10.1017/apr.2023.28.

63


https://doi.org/10.1007/s00440-009-0250-6
https://doi.org/10.1007/978-3-0348-0021-1_7
https://doi.org/10.1016/s0092-8674(01)00504-9
https://doi.org/10.1016/s0092-8674(01)00504-9
https://doi.org/10.1007/978-3-030-61871-1
https://doi.org/10.1214/EJP.v10-231
https://doi.org/10.1214/EJP.v10-231
https://doi.org/10.1007/s11538-020-00811-1
https://doi.org/10.1007/s10440-023-00597-z
https://doi.org/10.3150/18-BEJ1066
https://doi.org/10.48550/arXiv.2007.14715
https://doi.org/10.1186/s13578-021-00693-3
https://doi.org/10.1239/jap/1409932672
https://doi.org/10.1214/11-PS191
https://doi.org/10.1007/978-1-4471-3267-7
https://doi.org/10.1007/978-3-7643-7842-4
https://doi.org/10.1007/978-3-7643-7842-4
https://doi.org/10.3390/cancers14030808
https://doi.org/https://doi.org/10.1016/j.jtbi.2019.01.007
https://doi.org/https://doi.org/10.1016/j.jtbi.2019.01.007
https://doi.org/10.1016/S0092-8674(04)00334-4
https://doi.org/10.1051/ps/2022013
https://doi.org/10.1016/j.spa.2022.02.004
https://doi.org/10.1017/apr.2023.28

[64] A. Velleret. “Exponential quasi-ergodicity for processes with discontinuous trajectories”. ESAIM: Proba-
bility and Statistics 27 (2023), pp. 867-912. pOI: 10.1051/ps/2023016.

[65] J. A. D. Wattis, Q. Qi, and H. M. Byrne. “Mathematical modelling of telomere length dynamics”. Journal
of Mathematical Biology 80.4 (2020), pp. 1039-1076. DOI: 10.1007/s00285-019-01448~7y.

[66] Z. Xu, K. D. Duc, D. Holeman, and M. T. Teixeira. “The Length of the Shortest Telomere as the Major
Determinant of the Onset of Replicative Senescence”. Genetics 194.4 (2013), pp. 847-857. DOI: 10.1534/
genetics.113.152322.

A Proof of the statements given in Section 3

A.1 Proof of Lemma 3.1

Let T > 0, and (z,a) € &. We suppose that Yy = 0(1,54). For all p € N* we consider h, €
Cy™ ™ (Ry x U x X) such that for all (s,u,z,a) € Ry x U x X

hy(s,u,z,a) = [V(x)l{we[o,ppk} + Vminl{zg[o,p]%}]

a 2sin (£(a — p) 2eP
X {6 Waepoa)y + (6p s 25 p) - )) Hae@pruy + (6p + 7) 1azp+1} :

It is easy to check that h, and % are bounded by ., and that (h,),>0 is an increasing sequence of
functions which converges pointwise to e®{). First, we apply (2.2.10), (2.2.3), (2.2.11), and (2.3.5) to

obtain

e [Z h<m>] <vlea)+E| [ 3 Tt at)as)

u€ Vp s€[0,T] 4y,
+2(1 +61)E[/ > b(atal) V(Jﬁ")ds]
s€[0,T] HEVa_

Then, we use inequality ‘ %}Z’

E [ > hp(s,u,:caaz)] < thu(x,0) +/E[O L [Z oo, af)

we Vr S ue Vs

< 1., Eq. (2.2.1), and Tonelli’s theorem to have

ds

+2(1+51)5/E[0T}E S 0@t (1+ (@ )™) | ds.

ue Vs

Finally, we use the fact that there exists Cy, > 0 such that 1 + a% < Cy,e?, and we let p go to infinity
by using the monotone convergence theorem to get

Mr(te)(z,a) < ez, a) + (1+2b(1 + 61)Cdb)/ M (¢pe(x,a))ds.

s€[0,T]

Apply Gronwall’s lemma to conclude the proof. O

A.2 Proof of Lemma 3.3

1. This statement is immediate thanks to Lemma 3.1 and the fact that for every function
f € UpecuB(¥), there exists Cy > 0 such that for all (z,a) € X it holds |f(z,a)] < CyV(x)e”.

2. The semigroup property is a direct consequence of the branching Markov property. The positivity
of this semigroup is trivial. To obtain the equation of the semigroup, first condition with respect to
the first event of division in Eq. (2.2.10) and use the strong Markov property. Then, apply (2.2.3)
and (2.2.9). It comes for all t > 0, (z,a) € X and f € UycuB(¢¥)
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a+t t a+s
Mif(x,a) = f(z,a+t)exp (—/ b(x,u)du) + 2/0 b(x,a+ s)exp (—/ b(a:,u)du)

X {/ Mo f (x + wr, 0)1{Z+w1€RiIc}de(7ﬂ1, wz)} ds.
(w1,w2)€(RF)

In view of Remark 3.2, it follows directly that the lemma is proved from the above equation.

A.3 Proof of Lemma 3.4

Let ¢ € U. We prove each inequality one by one.
i) First, as for all (x,a) € X: ¢(x,a) = V(z)(1 + d¥), we easily have that

24(x,a) K (¥(.,0)) (z) dyats ! K (V) (z)
o) b a) et OO [Ty

It is well-known that there exists a constant Cy, > 0 such that for all @ € R it holds w-t - Cm § Cy.
Then, using the latter, (2.3.5) and (2.2.1), we obtain

B ¥(@,a) H (4(.,0)) () . | 4 g
%(TG) W—b(x,a) < Cy +20(1 + 1)y

As dy > dp (see (2.3.3)), there exists Cj, such that for all @ > 0 it holds Liah < Cy- Thus, the
N 14+a“
first inequality of the lemma is proved for Ay > Cy + 2b(1 +£1)Cy,.

+ b(x,a) —b(z,a) =

+b(z,a)

i1) The proof of the second statement is very similar to the proof of the first one. Let (z,a) € X.
-1
7~ < Cy and Eq. (2.2.1). Then, use the inequality 111;1::2 <Cy Tt

First, use the inequality dy
comes

V() |, o) i+at) o AC
Y(z,a) " T(w,a) D@ it+a) =T Ta)

Using the third statement of (S2.2), we now conclude that the first and second statements of this

lemma are true for A\, > max (C’¢ + 20C" (1 +¢€1),Cyp + 201201/))

min

—b(z,a) < Cy +

i4i) For all (r,a) € X, s>0

Y(x,s+a) 14 (a+s)d (a+ s)% — st 1+Z<dw> stv=d

= =1
¥(z,s) 1+ st * 1+ st 1+ st "

As s +— +S;i is bounded when j € [1,dy], we easily obtain from this inequality that the third
statement of the lemma is true, which concludes the proof of the lemma.

O

A.4 Proof of Lemma 3.5

~

The proof is based on a fixed point argument. Let T > 0. We endow M,([0,T] x X) with the
T

supremum norm. By Remark 3.2 and (2.3.5), we have that for all z = (t,x,a,n,I,.J) € [0,T] x X, and

(91.92) € (M, ([0,7] x X))’

"oz a+s ats
IT¢(91 — 92)(2)] < 2(14e1)||g1—92]|0c V() {/o Wexp <—/ b(x, u)du — >\w8> ds} . (A4.0)
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In addition, by (2.2.1), the fact that dy, > dj and then the third statement of Lemma 3.4, there exists

. z,a+s b a+s))%w bCy st .
Cy > 0 such that for all (z,a,s) € X x Ry it holds bs,/;(’m,t)) < bc&%’:ﬁzd% < bcwlfj((lg ), Plugging

this inequality in (A.4.1) yields
o T
IT5(91) = Tp(92)lloe < 26Cyp(1 +£1)llg1 — g2lloo / (1+ s)ds.
0

. = T d 1 .
Choosing T such that fo (1+ st)ds < BOTATE’ by the Banach fixed point theorem we have that

there exists a unique solution f to the equation T f(f) = f. Then, as usual, iterating this procedure on
[T, 277, [2T, 3T etc... yields that for all T > 0, we have a unique solution to T'(f) = f in M([0,T] x X).
To obtain that this solution is in S := C® <[O,T],CO(X)) when f € Cp (X), we only have to do the

—~

same steps as above with I'y defined on S instead of M ([0,T] x X') and conclude by uniqueness. To do
these steps, we need to verify that for all F' € S and f € Cy <X> it holds I'¢(F') € S. Let us do it. We fix

fel (.//Y\) and F € S. We first sketch that the I'y(F) is continuous. Let (f,%,a,7) € [0,T] x X x N.
We denote for all € R the set A(r) = {y € [0, A]|x — h(z,y) is continuous in r}. Let (I,J, M) €
Ti X Jiy 5 € R\ {11}, (a1, a2) € ([0,6]%)% and By € [0, A]%* verifying that

#{’L S [[1,2]&']] |i‘i — (al)i + (61)1' =0or (Z € J and (51)1 ¢ A(i‘l — (Ozl)l))} =0,

when (I, J) # (0,0), and verifying that an = $1 = 0 when (I, J) = (0,0). By (S1.4) and the fact that F
is continuous, we have that the function defined for all (¢,z,a,n) € X x Ry x N as

a+s

gs,a.8(z,a,t,n) =b(x,a+ s)exp (—/ b(x,v)dv) Ft—s,z—a+51,0,n+1,1,.J)

X V(x — o1+ B1)prm(x — a1,z — as) (H 9((a1)i)> [ 2z = (@), (B1);) Lis<tylia—ay+61eR2}

i€l jeJ
is continuous in (£, #,a, 7). Therefore, by the condition on h given in (S;4), the set

{(s, 01,2, 1) | gs.a1,a0,8, i discontinuous at (Z,#,a,n)}

is negligible with respect to the measure dsdu>" (a1, az) (HjeJ d(ﬁl)j) (HjéJ o (d(ﬁl)j)). In addition,
in view of (S71.3) and (S2.2), the function gs a,,a,,5, is bounded from above on every compact set. Then,
by a domination argument and by summing over (I, J, M) € Zj, X Ji, we have that the second term of
I';(F') is continuous. One can also obtain by the continuity of f, ¢ and b that the first term of T'f(F) is
continuous. Then, the function I';(F') is continuous.

Now, it remains to prove that Eq. (3.2.3) is true for G = I'f(F'). Let us prove it by bounding from
above I'f(F'). We fix z = (t,z,a,n, I,J) €0,T] x X. First, by Lemma 3.4, we bound from above the
first term of T's(F)(2) by |f(z,a +t,n,1I,J)| (1+t%). Then, in view of the fact that the maximum
shortening and lengthening values are respectively ¢ and A, we use the fourth statement of (S22) to
bound from above the ratio ¥/(x + u)i(x,a) in the second term of I'y(F)(z) by 143)”’1#' Finally, we
take the supremum in the first variable of F' in the second term of I';(F)(z), and use the fact that

fg b(z,a+ s)exp (— ff+3 b(z, u)du> ds < 1. Tt comes

s (F) ()| < | f(z,a+tn, 1, T)[ (1+1%)

2Cy o
+ 72 Z / sup (F(r,z+u,0,n+1,4,7)) 1{x+u€R2k}d'/T£’J(U).
LHat  Deq, Juersr rea Giien ’

We recall that as F' € S, Eq. (3.2.3) is true with G = F. We also recall that as ¢ is the maximum
shortening value, for all (I,.J) € Qy it holds 71/ ({u € R%* | 3i € [1,2k] s.t. u; < —6}) = 0. Combining

66



these two results, we obtain that the second term of the above vanishes when ||(z,n)||cc — +00. As F'
is bounded, as (7*/); jeo, are probability measures, and as 1 + a® goes to infinity when a — 400,
the second term also vanishes when a — +o00. Then, we have that the second term vanishes when
[|(z,a,m)||oc = +00. The latter and the fact that f € Co (X x Qy) yields that T'f(F) verifies (3.2.3).
Then, we have that I'y(F) € S which concludes the proof of the lemma. O

B Proof of Proposition 4.2

This section is devoted to the of the proof of the Doeblin conditon presented in Section 4.2. First,
in Sections B.1 and B.2, we prove the two following statements. They correspond to the first two steps
of the proof of (4;), see Section 4.2. Then, we prove Proposition 4.2 in Section B.3.

Lemma B.1 (Local Doeblin conditions in balls of radius r). Assume that (S1.1), (S1.2), and (S2.2) hold.
Let us fixrl > 1. Then, there exists L > l+2my, such that for allt € [(I 4+ 2(mo — 1) + 1)ag, (I + 2mo)ao],
there exists C(t) > 0 such that for all x; € Dy and 2’ € B(xy,7)NDy, a (r,1, L, t,C(t))-Doeblin condition
holds from xj to x'.

Lemma B.2 (Transfer of local Doeblin conditions). Assume that (S1.1), (S1.2) and (S2.2) hold. Let us
fir 1 > 1. Then, there exist L > |+ 2mq and t,, ¢, > 0, such that for all (z7,2r) € (D)%, t > 0, if
(t,zr) € R} (c), then

{t +ta} x (B(zp,m)NDy) C Ry} (c.ca).

B.1 Proof of Lemma B.1

In this proof, we mostly use the objects introduced in Assumption (S7). We use the convention that
for all sequence (uy,)nen and (n1,n2) € N? such that ny < ny, we have ZZT u, = 0. We also use the
convention that [0,d]° = {0} and that for all n € N*, C' € B(R") and f : [0,6]° x R® — R measurable:

/ae[o,a]o /gec f(@, 0)dids = /ﬁec f(@, v)do.

To simplify notations, we finally denote £ = ming,ep,(A;), and notice that with this notation we

Buax min(d,x)
) .

have r = min ( ,

Let I > 1 and L > [ 4 2mg such that By L > Bpaxl +mgA. We begin with some preliminaries. We
first consider ppi, > 0 that verifies the statement of (S7.2) with A = BpaxL, and the following constants,
for all t > 0:

|: 20 Vinin } ™Mo
(supyep, V(y)) (1 + (aoL)™)

~ | Pmin (gmin)k (hmin)Zk mo
- { # (Zy) .

These constants are useful to obtain lower bounds. In view of (S;.2), we then define for all j € [1,2k]
vi=#{ne[l,me]|jel"}, wj:=#{ne[l,me]|jeI"}.

They correspond respectively to the number of times the telomere associated to the coordinate j is short-

ened and the number of times it is lengthened on the event {(Il, ‘]l)le[[l,mg]] = (Il, Jl)le[[l mo]]}. By (S1.2),

it holds w; > 7; > 1. We finally define for all j € [1,2k], (y,s) € Ry x R, (u,v) € [0,0]% 1 x [0, K]*i
the following;:

Cy(t) = exp (—(mo 4+ 1)(Ay + b(1 + (aoL)d”))t) , Vt >0,

(B.1.1)

. =1
95,1(y, 8, u,v) {se {76+Z:£1(vi7ui)+zzw vi,z:ilfl(vﬁuiﬂzzwj vi}}’
9i.2(y, 8,u,v) = <1{v1€[1,y]-71]]:y+2{71(vi7ui)20}1{’ﬁ22} + 1{71:1}) 1{%372% vzl (B.1.2)
i= iZWj =

Fj(y,S) = / N / gj,l(yv&aa{})gj@(yasaaa ﬂ)dﬂd{}
@€[0,0]73 7" Joel0,k]“I
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The function Fj(y,.) is a lower bound for the density of telomere length variation in the j-th
coordinate of the particle (Z;);>9 on the event {Nt = my, (I, Jl)le[[l,mg]] = (Il’Jl)le[[l,mO]]} when
the initial length of the telomere is y. Let us explain why. First, we notice that the inte-
gral fae[076]wj—1 fﬁe[o,n]“a‘ 9i1(y, s,0,0)dadd corresponds to the convolution between w; times the
function 1y ,(s) and v; times the function 1 s5)(—s). Second, we have by (S;.2) that the probability
density functions for the shortening and lengthening values, namely g and (h(z,.)).cr, are bounded
from below on [0,4] and [0, x] respectively. Finally, we recall that the probability density function of
the sum of random variables is given by the convolution of their densities. By these three results, we
obtain that fﬂe[oﬁ]”_l fﬁe[o,n]“j 9i1(y, s, 0, 0)dadd is, up to a constant, a lower bound for the probability
density function of the sum of v; random variables of shortening and w; random variables of lengthening.

However, there is another constraint that we need to take into account: during the first mg jumps,
the length of this telomere must remain nonnegative (otherwise there is extinction of the particle). The
conditions for the variables y, v and v in the indicators of the function g; 2 allow to handle this. Indeed,
they mean that the length of the telomere must remain nonnegative when one of the «y; events where there
is a shortening occurs (there is also a lengthening at these events as for all i € [1,mg] it holds I° C J%).
We do not need any condition for the other events because the length of the telomere cannot become
negative when they occur (as there is no shortening). The latter, the above paragraph, and the fact that
F; is the integral of g; 19,2 yield that F}(y,.) corresponds to the lower bound stated above.

Now, let t € [(I +2(mg — 1) + 1)ag, (I + 2mo)ao], 1 € Dy, (z, ') € (B(zr,7) ﬂDl)Q, a € 10, apl], and
f a bounded measurable function such that f > 0. We know that it holds L > I+ 2myg, t < (I 4+ 2myg)ao,
BiaxL > Bpaxl+moA, and that A is the maximum lengthening value. Thus, if m¢ jumps have occurred
during the interval of time [0, ¢], if the time before the first jumps is smaller than 2ag, and if the particle
has not jumped to the cemetery, then the particle (Z;);>¢ stays in Dy, during all the interval of time [0, ¢].
In particular, the following holds

E(a:,a) [f(Zt), t < min(Ta,TDL)] > E(z,a) f(XmO,t — 57‘1710); Nt = my, Vi € ﬂl,mo]] : (Ii, Jl) = (|1,Jl)

Vi € [[1,m0 — 1ﬂ T, =T € [a0,2a0], meO — ymo—l S [ao,t — %]:|
(B.1.3)
Now, we use Lemma 3.11 to develop the right-hand side term of the above equation and obtain

E(r.a) [f(Z1); t <min(rp,Tp, )] > / / / 3
[a0,2a0] x R2F [a0,2a0] x R2k [ao,tfz:lol Si} XRik

m mo—1 m
x f (erZOu“ ZSZ> Go(x,81)Go(x + u1,82)...Go <z+ OZ sm> Ho erZuJ, 720
=1 =1 Jj=1

191 m
1{Vj€[11,m0]]:z+ztl quDL} <U(:E + ul)dsldw”l” 7 (U1)> o ( (m " Z uz) dsm()dﬂ—l +02Jm2 ' (um0>> .

i=1 i=1
(B.1.4)
By (2.2.1), Assumption (S2.2) and the definition of ¢ € ¥ given in (2.3.3), we know that for all (w, s) € Dy,

b(w,s) < b(1+ (agL)™), ¥(w,s) < s€ug) (V(y) (1+ (aOL)d“/’) , and ¥ (w) > Vin-

Thus, in view of the expression of ¢, and Gy given in (3.3.9), the expression of # given in (3.3.1), and
the definition of the constant C1(¢) introduced in (B.1.1), one can bound from below (B.1.4) to get

E v [F(Z0)s < min(ra. Tp,)] = C1(0) | i / 1
[ao,an]XRz’C [a0,2a0]><R2k [ao,tfzziol_ Si]XRik

20 20 1 1 1m0 Jmo
X f <x+zlutzls> Lvjelimoliat Y wend) (dsldﬂi J (u1)> (dsmodw 3o 1(um0)>.
(B.1.5)
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We recall that the definition of (wé’J)yeRik’(l’J)egk is given in (3.1.1), and that the measures used

to define it are given in (2.2.5) and (2.2.7). We continue to bound from below the left-hand side

term of (B.1.5). First, we use (S7.1) (without loss of generality, we can assume that Apmp, < 1)

and the second statement of (S72), and do the change of variables v = kal u; to bound from be-

low the measures (Wli‘gpl (up) in the right-hand side term of (B.1.5) by the measure
v i=1 p€E[1,mo]

Cy. H?L F;(v;)dv; (see (B.1.1) and (B.1.2)). Then, we do the change of variables w = v+ —2’. Finally,

we restrict the domain of integration on [—r,7]?*. It comes

E(m,a) [f(Zt), t < min(Ta,TDL )] > Cl(t)CQ/ / .. / / .
we[—r,r]2*k Jlag,2a0] lao,2a0] [ao,t—zznzol 57}

mo
x f <ar’ +w,t— Z si> 1{x/+weR2+k}F1 (x1, (w+ 2" —2)1) ... For (zog, (W + 2’ — x)2) dwds.

=1

(B.1.6)

To continue our computations, we now obtain lower bounds for the functions (F});eq,2xp- Let

us consider j € [1,2k], y € [0, Bmaxl], s € [max(—3r, —y),3r], u €[0,6]"~ and v € [0,x]*. Assume
i—1 min m min j min

that Y7 (v; — w;) € [0, 12(65’”)], that vy, € [3 1%5 x) 6 11(5 ”)} and that Z%H v; < #.
Then, one can easily obtain that the lower bound of the interval in the indicator function used to
define g; 1 (see (B.1.2)) is bounded from above by —d + mm(6 k) 4 Gm‘fé‘s ) 4 m”‘g(g ) < M
With similar computations, we also have that the upper bound of this interval is bounded from below
by ?’m%é&”). Then, as |s| < 3r < m%é‘m), we get that g;1(y, s,u,v) = 1. Combining this with the fact
that y > 0 (to bound from below the first indicator in g;2), we obtain

; > ; -
Fi(y,s) = [Je[o,wrl /ﬁe[o,n]w (l{vze[um—l]]:zi1(ﬁi—ﬂi)€[0,"“"z((35"‘)]}1{”>2} + 1{%-71})
dudp.

1. min(s,5) 6min(s,x) 1] 1 .
% {U’UG[ST()&)VGli((f’)H {Z:’EW‘JAﬁigmin(ers,imm;g’”))}
-

Now, first observe that

/ue[O,é]Wj1 /ve[O,mml <1{Vl€f[1m’—1ﬂ: Zi:l@—ﬂi)e[Ov%ém}}lhjzz} + 1{W":1}>dﬂd@ >0

because it is the integral of a nonnegative function, positive on a non negligible set. Thereafter,

notice that f {v ['Smin(é,n) Gmin(zi,x)}}d'ﬁ»w > 0 for the same reason. Finally, notice that if
Vi 10 » 10 .
—y;>1 and for all i € [v; + 1,w,] we have 9; < wim min (y—|— s, %), then it holds that
- - J J
Z:J:j%_ 41 0i < min (y + s, %{f’“)) We get from these two results that there exists ¢;; > 0, independent

of y and s, such that

1 . ( + rn]n(é,m)) Wi —Yj
Ty min(y+s, T
Fj(y, S) > Cj </ du) l{wj—wzl} + 1{Wj—'yj:0} . (B17)
0

In addition, as y + s € [0, Bpax! + 37], we have that min(y + s, %) > (y + s) min (1, %).
We also have by classic computations that as w; — v; < mg, there exists c¢;2 > 0 such that for
all © € [0, Bmax! + 3r] it holds 2%i=% > ¢; o2™°. Combining these two results with (B.1.7), we finally
obtain that there exists c¢;3 > 0 such that for all y € [0, Bnaxl] and s € [max(—3r,y),3r] we
have F;(y, s) > ¢;3(y + s)™°

We now conclude. Let us denote C(t) = C1(t)Cy (Hl 1 C]73) (ap)™ L. First, we bound from below
the functions (F});eq1,2x) in (B.1.6) by the bounds obtained above. Then, we do the changes of variables
w' =a'+wand s’ =¢— Y " s;. Finally, we use the fact that ¢ — 2(mg — 1)ag — ag > lag. The following
comes to end the proof:
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2k
E( ) f(Zt);t < min(Ta,TD )] > Cl(t)CQ Cj.3 / / .. / /
o [ ‘ Jl;Il ’ w’€B(x’,r) J[ao,2a0] lao,2a0] [O,tfz::n:o;l sifao}

2k
x f(w',s) 1_‘[(111;)7”0 dw'dsy . ..dsm,—1ds’
j=1
lag 2k
> C(t)/ f@' ) | JJw)me | dw'ds’.
w’'€B(x’,r) JO j=1

B.2 Proof of Lemma B.2

Let I > 1, t, = (I+2(mp—1)+ 1) ag, and C(t,) its associated constant obtained by Lemma B.1
(also associated to a certain L > 1). We consider the constant

2k
/UGB(%T)QD[ (H(ul) ”) du] . (B.2.1)

i=1
Let 21 € Dy, ¢ > 0, (t,xr) € R} x Dy such that (¢,zr) € R} (c). By the Markov property and the
definition of R’} (c), we have for all (z,a) € (B(zr,7) N Dy) x [0, aol]

cq = ag.l.C(tg) yléllgl

a(]l
E.a) [f(Zt4t,); t +ta <min(79,Tp, )] > c/ /
uGB(:EF,r)ﬂ’DL 0

2k
X {/ f(2)Plus) (21, € dz;tq < min(Ta,TDL)}} (H(Uz)m°> duds.
zEX =1
Now, first apply Lemma B.1 with z; = v and 2’ = xr. Then, integrate in du and ds. Finally, take the
infimum. It comes

Ew,a) [f (Zige,); t+ta <min(rs,Tp, )] > c.ca/
weB

agl 2k
(zp,m)ND /o fw,$) (H(wi) °> dwdsS.

i=1

It remains to prove that ¢, > 0 to end the proof. Let y € D;. For all ¢ € [1,2k], we consider u; € [0, 7].
When y; < %l, as 1 < %, we have

max

Yi <Y +u < 5

l +7r <1Bpnax.

Conversely, when 3; > %l, asr < %, we have

B
yi—uiZyi—TZ%l—rzo.

Hence, as D; = [0, Bmax!]?*, one can easily obtain
2k Yitr Y
/ [Tw)™ )du> ] {/ (ui)modui} 11 {/ (uj)moduj}
ue€B(y,r)NDr \;=1 i€[[1,2k], yi jel1,2k], vi=r
yi€[0, Prgex] v € (Pl
r 2%k pmo \ 2k
([ o) - ()
0 mo
o \ 2k

Then, in view of (B.2.1), we have that ¢, > aoglC(t,) (’;ﬂ;) > 0, which concludes the proof of this

lemma. O
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B.3 Proof of Proposition 4.2

Let I € N* and L > [ sufficiently large to apply Lemma B.2. We begin with two preliminary results.
First, by compactness, there exist J € N* and (27)1<;<; € (D;)” such that

U [B(l‘j,’l“)f\lpl} =7D.
Jjelt,J]

Second, by Lemma B.1, there exists (t7,¢y) € (Rjr)2 such that for all j € [1, J] it holds (¢;,27) € Rfl(c;).

Now, we fix (4,7') € [1,J]? such that j # j'. As (t;,27) € Rfj:(c[), we need to successively apply
Lemma B.2 to obtain that there exist ¢z, ¢cp > 0 such that (tp,27") € RfJL(cF). Let N € N* satisfying
[EE

N > max

G e - , and (uk)kefo,n] @ sequence defined as
7,3 )E[LJ ’

UO:J}j,
Uk+1 = Uk + %(xj, —a7), vke[o,N —1].

One can easily see that as (uk)kefo,n] is an arithmetic sequence: uy = x;.
For all k € [[O,N‘ — 1], we successively apply Lemma B.2 with z; = uk and 2 = uky1. At each
iteration, as ux € Rf]L (cl(ca)k) and uk41 € (B(uk, ) ND;), we have

(to + (K + Vta, uks1) € BRI (er(ca)<) .

As uy = 27", we finally obtain that (to + Nta,xj') € RfJL (cr(ca)™). Hence, there exist two positive
constants tp =ty + Nt, and cp = ¢;(c,)Y such that for all (4,5') € [1, J]? it holds (tp,xj/> € Rfj:(cF).
In particular, for all (j,;') € [1,J]? and (z,a) € (B(2?,7) N'Dy) x [0, agl], we have

2k

Pw,a) [Ztp € da'da’; min (19, Tp, )] > cp <H(mi)m°> 1{B(xj/7r)m)lX[(),aol]}(x’?a’)dw’da'.
i=1

As U [B(xj/,r) ﬂDl} = Dy, summing in j' in the above equation yields that Proposition 4.2 is
jrelt,J]
proved. O

C Proof of Proposition 4.12

We consider in this section (H,),,~, the filtration that corresponds to the augmented filtration
generated by the process (X, An, T, Iy, J’ﬂ)nEN' It contains all the information we have at the n-th
generation. Each time we condition with respect to this filtration in this section, we work on an event
of the form {7, < t}, where [ € N and ¢ > 0, that belongs to G;. Then, this conditioning does not pose
any issues with the fact that we work with the filtration (G;):>o.

The proof of Proposition 4.12 requires auxiliary statements to be introduced. In Section C.1, we
present these auxiliary statements and prove the proposition. Then, we prove all the auxiliary statements
in Section C.2.

C.1 Auxiliary statements and proof of Proposition 4.12

C.1.1 Auxiliary statements

1. Decomposition of the measure
To obtain Proposition 4.12, we first use the following statement, that allows us to decompose the
measure on the left-hand side term of (4.4.13). We prove this statement in Section C.2.1.
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Lemma C.1 (Decomposition of the measure). Assume that (S1.1) and (S1.3) hold. Then the following
statement holds for all nonnegative function f € My(X), t >0, (z,a) € E

n(t)
Ea) [f (Z0): Tan <t <70, Ny < n(t)] <3 3 B £ (X0t = 1)
I=1 (i1,i2,...,i2k ) €[1,I]%F
X; € [0, Bmax L1 + 1Ak, 77 < t, (C.1.1)

vp € [[171]] : (Ipa‘]p) # (aa a)v
vje[1,2k]):j €L, U],

We now give statements allowing to bound from above the right-hand side term of (C.1.1).

2. Bound from above jump by jump

Let t > 0. Bounding from above the right-hand side term of (C.1.1) can be done by successively
conditioning with respect to H,_1, for all n € [1,n(t)]. This reduces the problem to obtaining an upper
bound jump by jump. Let I € [1,n(¢)] and i = (iy,. .., i) € [1,{]?* that we keep fixed until the end of
the subsection. We introduce:

o The following set for all m € [1,!]

Cm,i :={j €[1,2k], i; = m}.
This set gives information about which coordinates are modified at the m-th jump.

o Forall (I,J,p) € Qk x [1,2k], the measure vy, ;,, defined for all A € B(R) as

do(A), iftpg IUJ,
fue[,(; Al 14(u)du, otherwise.

V]yJ’p(A) = {

This measure partially composes the measure we use to bound from above the right-hand side
term of (C.1.1).

« For all m € [1,1], the measures p},, ;, i%, and fi, ;, defined such that for all A € B(R3¥)

fi i (A) = > /A I dw IT dvrspw) ||,

(I,J)Eglm pECWL,i Pécm,i
VpECom,i : pEIUJT (012)

TACIESED DI A | (R 2!
(I1,7)eQx ’ pe[1,2k]

and
() e [ o) i 0,
Hm i : /'L?n (A), otherwise.

These measures are used to bound from above the right-hand side term of (C.1.1).

The following two lemmas are useful to show how we obtain an upper bound at one jump. The proof of
Lemma C.2 is given in Section C.2.2. The proof of Lemma C.3 is not given as it follows the same lines
of proof.

Lemma C.2 (Upper bound when C,,; # 0). Assume that (S1.1) and (S1.3) hold. Then for all l € N*,
there exists C1(l) > 0 such that for all t >0, (m,i) € [1,1] x [1,1]%* verifying Cpni # 0, v € (61, Al
and f € My(X) nonnegative
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E(z,a) |:f (Xm +u,t— ‘Tm) ; Xm+v € [07 BaxL1 + IA]kaym <t,

(I’mv Jm) 7& (87 8) ) Cm,i C (Im U Jm) | Hm—l

gcia)/ / Xy Futv,t— s — Tony)
u€[—8,A12* Js€[0,t—Tm—1]

X (X 1 uA 00, B Ly +14]28 } Afi, 1 (0)ds.

Lemma C.3 (Upper bound when C,, ; = 0). Assume that (S1.1) and (S1.3) hold. Then for all I € N*,

there exists Ca(l) > 0 such that for all t >0, (m,i) € [1,1] x [1,1]?* verifying Cpni =0, v € (=61, Al

and f € My(X) nonnegative

E|f (Xon + 0,8 = To) s Xon 0 € 0, B Lt + 1A, Ty <, (Ins Jon) # (9,0) | Hyn |

s@(w/ / f Xy 0, — 5 — Top )
u€[—8,A)12k Js€[0,t—Tpm—1]

X L{X s +uv€[0, B Ly +1]2¢ } iy, (1) ds.

We now have all the auxiliary statements required to prove Proposition 4.12.

C.1.2 Proof of Proposition 4.12

Let t > 0,1 € [1,n(t)], i = (i1,---,i2x) € [1,1]?*. To obtain an upper bound for the right-hand side
term of (C.1.1), we successively condition with respect to H,—1 (n € [1,1]). At each conditioning, we
apply Lemma C.2 or Lemma C.3. When C,,; # 0, we apply Lemma C.2, and when C,,; = (), we apply
Lemma C.3. For example, if we suppose that C;; # ), then applying Lemma C.2 and using Tonelli’s
theorem yields

E(r,a) |:f (Xl7t - ?l) ) Xl € [07BmaxL1 + IA]2k7 le < t, Vi e [[17”] : (I'm JZ) 7é (87 6)7
Vil jen,ul) <G [
(u,s)E[—6,A]2F xRy

X E(z,a) [f (Xi—1 +ut =8 = T1-1) Lix,_, 4u€(0, Buax L 4182} § 8 + T1—1 < 8,

i € [[l,l - 1]] : (Ii, Jl) 7é (8, 8), Vi e [[1,21{3]] s.t. ij <l-1:j5€ Iij @] sz}d,uiz(u)ds (ClS)

We continue to iterate this for X;_1, X;_o --- We obtain at the end an upper bound for the left-hand
side term of (C.1.3). We plug this upper bound in (C.1.1). We get

n(t)
E(z,a) [f (Z4); Tau <t <79, Nty < n(t)] < Z Z < max @(l)mlﬁg(l)m2>

=1 e meelbll

l l
« | o [ BN FE S ot
uy €[—8,A]2k u €[—8,A)2% Js1€[0,1] sle[t—ZT:1 4] —1 —1
X 1{$+Z:=1 uTE[O,BmaerHA]%}dﬂl’i(ul) . duu(ul)dsl N dSl.
For each coordinate, we have, up to a constant, the convolution of Dirac measures and Lebesgue measures
with at least one Lebesgue measure. A convolution of this type has a bounded density with respect to

the Lebesgue measure. The number of possible combinations we have for these convolutions is finite.
Therefore, we take the maximum among all the bounds of these convolutions with respect to the Lebesgue
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measure. We obtain that there exists C'(n(t)) > 0 such that

n(t)
Ew,a)lf (Zi) i Tau <t <719, Ny <n(t)] < C(n(t)) Z Z ( max a(l)mla(l)m"’)

=1 sefrapee m2Elb

x/ / / (C.1.4)
ve[—n(t)d,n(t)A12k Js1€[0,t] sie[t—> """ s

l
x f <a: +v,t— Z 8r> Liatve(0, Buax L1 +1A]2+} VS,
r=1

The value of C(n(t)) increases with the value of n(t), as the cardinal of the set of all the possible cases
increases when n(t) increases. We now first denote

Cln(1)) = Cn) ) ( max  max T Ty ).

le[ln(®)] m1,mae[1,]

that increases when n(t) increases, and bound from above the constants and sums before the integrals
in (C.1.4) by Z?:(tl) C(n(t)). Then, we do the changes of variables w =z +v and s’ =t — Zi:l s, (for
the variable s;), and extend every domain of integration of the integral with respect to the variables
(8i)ieqi,i—1] to [0,t]. Finally, we compute the integrals with respect to the measures (ds;);c1,1—17- It

comes, denoting the constant C(t) = C(n(t)) ( 7:(? tl_l),
E(w,a) [f (Ze);Tan < t < 79, Ny < n(t)] < C(t)/ [ (w,s") dwds’.
[0,BmaxLi+n(t)A]2F J[0,t]

From the above, the proposition is proved because C(t) increases when ¢ increases (classic result combined
with Lemma 4.11). O

C.2 Proof of the auxiliary statements

C.2.1 Proof of Lemma C.1

Let t > 0, (xz,a) € E = Dy, the initial condition of our process and let f a nonnegative measurable
function. In the left-hand side term of (C.1.1), first use the representation of Z; presented in (3.3.6).
Then use the fact that

t<T9g<=Vpe[l,N]:(Ip,Jp) #(9,0).
Finally develop all the values that N; can take (necessarily, Ny > 1 on the event {T,; < ¢}). It comes

n(t)
E(a;,a) [f (Zt) s Tau <t <79, Ny < Tl(t):| - z E(m,a) [f (let - ‘71) s Tau < t, Ny =1,
=1

wemﬂ;@J@¢wﬁﬁ

On the event {T;; < t}, we introduce for every j € [1,2k] the random variable W, ; that represents the
last event where a jump has occured in the coordinate j during the first Ny jumps. Formally, we define
it as

Wy =max{p€[1,N], je€I,UJ,}.

By decomposing all the possible values that (W; ;) e[,2x] can take, we have

n(t)
Ewa) [f(Ze); Tan <t <79, Ny < N(t)} => Ewoa) [f (X1t =T1)5 Tan < t, Ny =1,

1=1 (i1,i2,...,02x ) €[1,I]%*

Vp e [LI]: (I, J,) # (8,0),Vj € [L,2k] : Wy, =1, |. (C.2.1)
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We need to prove the following inclusion for all I € [1,n(t)], (i1,42,...,i0) € [1,1]**:

{Tan < t, Ny =1,p € [L1] : (I, ],) # (0.0), Vj € [1.2K] : Wy; =1i,}
C {Xl € [0, BpaxL1 + ZA}Q’“, T <t,¥p e [LI]: (I, Jp) #(0,0), V5 € [1,2k] : j € (I;; U Jy;) }

Indeed, the latter allows us to easily bound from above the second term in (C.2.1) to obtain (C.1.1).
Let us say why the inclusion is true. First, as the initial condition for telomere length is x €
[0, Buax L1]?* and as the maximum lengthening value is A, we have X; € [0, BpaxL1 + IA]?*. Second,
as Ny = [, we easily have that J; < ¢. Finally, as W; ; corresponds to the last jump in the j — th
coordinate, we necessarily have a jump in the j — th coordinate on the event {W, ; = i;} (or formally,
Wi =i = j € (I;; U Jy;)). From these three points, it comes that the inclusion is true, and the
lemma is proved. O

C.2.2 Proof of Lemma C.2

Let m <1 € N*, i = (iy, ia,..., iox) € [1,2k]" such that C,,;, = {j € [1,2k], i; = m} is not empty.
Throughout the proof, f is a nonnegative measurable function. We consider (Zt)tzo a process with the
same distribution as (Z;)¢>0, and independent of it. We also introduce the random variables X1, F; and
(I1,Jy), that are the equivalents of X1, 7; and (I, J;) for the process (Zt)tzo- We finally define for all
(z,w) € R?* x Ry

hcond(x, w) = E(3371m,:1a) [f (Xl +v,t—w— (?1) ;Xl +ve [0, BraxLi + ZA]2/<:7
w+ Ty <t, (I, 1) # (8,8), Cni € (I U )] .

Thanks to the Markov property we have

Ewa) [f (Xm + 0.t —T) 5 Xy +0 € [0, Buax L1 + 1A, Ty < t, (I, Jin) # (0,0),

: , _ (C.2.2)
Vje [1,2k] st. iy =m ¢ j € L Udp | Him—1] = heond (Xm—1, Tm—1) -

Thus, our goal is to obtain an upper bound for heonq. By summing the different events that can occur,
we first have

hcond(xaw) = Z E(w,1m=1a) [f (Xl + vt —w— -71) ;

(I,J)EQk,
VpECm,i : pelUJ

Xl +v e [07BmaxL1 —|—lA]2k, w +j1 <t, (jlajl) = (I, J)] .
Now, we develop the expectation by slightly reajusting Lemma 3.10 (we do not have a term Ho, as we

do not have a condition for 75 — J7). Then, we use the second statement of Lemma 3.4 to bound from
above G, by #,. It comes

hcond(xaw) < Z /HGRM /se[o i f(ﬂc—l—u-i—v,t —w — 8)

(I,7)€Qk,
VpECm,i : peIUJ

X 1 tutoe (0, Bunn L1 +1a)26) V(@ + w)dnl? (u)#y,,_, o2, s)ds.

9% (p —_1a+s
In view of (3.3.2), (2.2.1), the fact that % > 0, the fact that a < agLq, the fact that

t 2 (zlpmrats) ; (@, 1meratt)
Ji B lotneiatn g (U dneiat)

i e D) ) and the third statement of Lemma 3.4 we have

H1,_ya(@,5) < [Ap +b(1+ (agLy + 5)™)] [D(1+ 5%)] exp (—Ays) .
Thus, there exists a constant C' > 0 such that #1,_,.(z,s) < C and

heond(z,w) < C Z /UER% /SE[Ot_w] flx+u+uv,t—w-—s)

(1,J)€Qk,

VPECm i : pEIUS (C.2.3)

X Ut utve [0, Bunae L +1A12 V(@ + w)dml? (u)ds.
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First, we bound from above the term (2 4+ u) in (C.2.3) using the third statement of (S2.2). Second,
we use the fact that by the definition of 71/ given in (3.1.1) and Assumption (S;.3), we have in each
coordinate of the measure %/ either the Dirac measure or, up to a constant, the Lebesgue measure.
Finally, we use the fact that for all p € Cy, 4, (I, J) € Qy, such that p € TUJ, we are sure that we have a
jump in the coordinate p, so we are sure that the measure w2/ in the coordinate p is, up to a constant,
the Lebesgue measure. Hence, in view of the definition of ,u}w given in (C.1.2), there exists C’ > 0 such
that

hcond(‘raw) < c’ Z f(x+u+vat_w_3)1{z+u+v€[0,BmaxL1+lA]2k}dﬂ}n,i(u)d‘s'
uw€ER?F Jse€[0,t—w]

I,J)eQk,
VpECm,i : peIUJ

Plugging the above equation in (C.2.2) ends the proof. O
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