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WELL-POSEDNESS OF THE GROWTH-COAGULATION EQUATION WITH
SINGULAR KERNELS

ANKIK KUMAR GIRI »*, PHILIPPE LAURENCOT 2, AND SAROJ SI !

ABSTRACT. The well-posedness of the growth-coagulation equation is established for coagulation
kernels having singularity near the origin and growing atmost linearly at infinity. The existence of
weak solutions is shown by means of the method of the characteristics and a weak Li-compactness
argument. For the existence result, we also show our gratitude to Banach fixed point theorem and
a refined version of the Arzela-Ascoli theorem. In addition, the continuous dependence of solutions
upon the initial data is shown with the help of the DiPerna-Lions theory, Gronwall’s inequality and
moment estimates. Moreover, the uniqueness of solution follows from the continuous dependence.
The results presented in this article extend the contributions made in earlier literature.

1. INTRODUCTION

Coagulation is the process of aggregation where two or more smaller particles or clusters combine
to form a larger particle or cluster. In nature, this process is found in phytoplankton aggregation [2],
polymer formation [33], powder formation in industry [32], droplet formation in clouds [15] and
formation of planets in astrophysics [24,27]. These physical processes are modelled mathematically
by partial integro-differential equations which can be read as

dic(t,v) = Q(c)(t,v) for (t,v) € (0,00)?, (1.1)
c(0,v) = co(v) >0, (1.2)

where

Qc)(v) = %/Ovl K (v — vg,v9)c(vy — vg)c(vg)dvsg
— /OOO K (v1,v9)c(vy)c(ve)dvs.

Here, K (v1,v9) denotes the coagulation kernel which gives the rate at which particles of sizes v; and
v9 merge to form larger particles of size v; + vy and is a non-negative symmetric function on (0, 00)?.
The function c(t,v;) represents the density of particles with size v; > 0 at time ¢ > 0. The first
integral in the definition of Q(c) describes the formation of particles of size v; due to the interaction
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2 WELL-POSEDNESS OF THE GROWTH-COAGULATION EQUATION WITH SINGULAR KERNELS

between the particles of sizes v; — vy and ve. On the other hand, the second integral in the definition
of Q(c) accounts for the loss of particles of size v; due to their merging with particles of arbitrary
size. A great amount of progress in this direction has been made over the last hundred years, see for
example [4] and the references therein. There is one more kinetic process which can be associated
with coagulation, termed as growth process. The growth associated with coagulation is governed by
the following mathematical equation

die(t,v) + 0,(ge)(t,v) = Q(c)(t,v) for (t,v) € (0,00)?, (1.3)
c(0,v) = ¢o(v) > 0, (1.4)

where g(t,v) > 0 represents the rate at which external matter is sticking to the surface of the particles
of size v, see [1,4,6,17,18,23,25] and the references therein, so that the second term on the left-
hand side of (1.3) represents the growth of the particles of size v;. In contrast to the Smoluchowski
coagulation equation (1.1), the initial value problem (1.3)—(1.4) has received less attention in the
mathematical literature. As far as the existence of a solution to (1.3)—(1.4) is concerned, the initial
investigation is conducted by Gajewski and Zacharias [18], where existence is demonstrated in the
Hilbert space L? for g € W**°(0, 00) and the class of coagulation kernels satisfying

0 < K(v1,05) = K(vg,v1) < Co (14 (v102) ™), (v1,02) € (0, 00)?, (1.5)
for some By > 0 and Cy > 0 and

-4 (1 + %) K(Ul,’l}g) < 8U1K(v1,v2) <0, (1)1,’02) € (0, OO)Q,
1

for some Cy > 0. In a subsequent study [17], Gajewski extends the existence result obtained in [18]
to the class of coagulation kernels which satisfies only (1.5) using a semigroup theory approach in the
Hilbert space L? and also includes an additional source term. However, the contributions in [17,18]
do not cover the physically relevant weighted L!-space and coagulation kernels which are unbounded
for large sizes. Global existence of solutions to (1.3)—(1.4) and uniqueness are studied in [1, 3] for
bounded coagulation kernels and in [16] for the class of unbounded coagulation kernels having the
following growth condition,

K('Ulan) S 0'(1)1 + 1)2)7 (vla'UQ) S []-7 00)27

where ¢ is a sublinear function at infinity; that is, o(v)/v — 0 as v — oo. Related models involving
growth and multidimensional coagulation have been studied in [10,19].

The primary focus of this article is to investigate the existence and uniqueness to (1.3)-(1.4) in
the weighted L! space for the class of coagulation kernels that exhibit singularities for small sizes
while being unbounded for large ones and is mainly motivated by [1,8,16,17,21], with the aim of
including a broader class of coagulation kernels in the forthcoming analysis.

The structure of the paper unfolds as follows: In Section 2, we outline the assumptions on coagu-
lation kernels K, growth rate g, and initial data cq. This section also introduces the solution concept
and highlights the main theorems of the paper. Moving on to Section 3, we delve into characteristics
and the mild formulation of our problem (1.3)—(1.4). Dedicated to demonstrating the existence of
global weak solutions for (1.3)—(1.4), Section 4 takes center stage. Firstly, we define the truncated
problem (4.1)—(4.2). Subsequently, we establish the existence of a unique global mild solution to
(4.1)—(4.2) using the Banach fixed-point theorem, following the methodology in [8]. This section
also encompasses the derivation of moment estimates for the mild solution, building on the insights
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from [21] and relying on the method of weak L;-compactness introduced in [29]. Finally, in the last
section, we turn our attention to demonstrating the uniqueness and continuous dependence on the
initial data of solutions to (1.3)—(1.4).

2. ASSUMPTION AND MAIN RESULT

Assumption 2.1. Throughout this paper, we impose the following assumptions.

(i) K is a non-negative measurable symmetric function on (0,00)%. There are 3 > 0 and k, k; > 0
such that

k(,UIIUQ)iBu (Ulu U2) € <O7 1)27
K(v1,v5) = K(vg,v1) << kvavy ) (v1,02) € (0,1) x (1, 00), (2.1)
E(vi+v2), (v1,v2) € (1,00)7,

(ii) g is a mon-negative continuous function on [0,00)? and twice differentiable with respect to vy
with

g(t,0)=0 forall t>0, [0,9] <A, 10;g|<B, (2.2)

where A and B are positive real numbers.
(11i) The initial condition cq satisfies the following condition

0<¢ € Ll_%’l(O, 00) == L' (0, 00; (v + v~ *)dv). (2.3)
For further use we set L, (0,00) := L'(0,00; (v™ + v")dv) for (m,r) € R* and L} (0,00) :=
L, m(0,00), and define the moment of order m by

M, (u) == /OOO v™u(v) dv, u € L (0,00).

. We also denote the positive cone of L;, .(0,00) by L, . . (0,00).
Now, let us discuss a class of physically relevant unbounded coagulation kernels that satisfy (2.1).
This class includes Smoluchowski’s coagulation kernel K [28], the Granulation kernel K, [20], and

stochastic stirred froths K [7]. These kernels take the following forms

Ki(vy,v9) = (vlé +02%) (vf% + vy~ ) ,

s nglandQQZO,

ol

(v1 + v2)"
(v102)%
Ks(v1,v2) = (viv2) ™", 0> 0,

for (vi,ve) € (0,00)% and satisfy (2.1) with 3 = %, B =6y, and 8 = 0, respectively.
Before presenting our main results, we provide the definition of a weak solution to (1.3)—(1.4) that
we will use in the subsequent sections.

Ky (vy,v9) =

Definition 2.2. Let K and g be two functions satisfying (2.1)—(2.2) and ¢y be an initial condition
satisfying (2.3). For T > 0, a weak solution to (1.3)—(1.4) on [0,T] is a non-negative function

ce C([0,T);w— L ;,(0,00)) (2.4)
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satisfying, for each t € [0, T| and ¢ € WhH> (O, oo),

/0 " eftv)o(v)d = / Sy / / S 0a(s.0)e(s.0)dods
/ / / G(v1, v2) K (v1, v2) (s, v2) (s, v1 )dvrdvads,

G(v1,v2) 1= p(v1 +v2) — B(v1) — B(v2).
We shall say that a weak solution to (1.3)—(1.4) is global if it is a weak solution to (1.3)—(1.4) on
[0,T] for all T > 0.

(2.5)

where

Let us mention at this point that, if ¢ € W1°°(0, 00), then
¢ (v1)g(t, v1)] < gt v)l|Bllwre(o,00) < All@llwrioo(0,00) V1
B(v1,v2) K (v1, 1) < 3]0 1 (0.00) (vl + U;B) (UQ + v;ﬁ) |

for t € [0,T) and (v, v9) € (0,00)% by (2.1) and (2.2), so that, thanks to (2.4), all the integrals in
(2.5) are well-defined.

Let us now state the main results of this article.

Theorem 2.3. Suppose that K, g, and cy satisfy (2.1), (2.2) and (2.3), respectively. Then there
exists at least one global weak solution ¢ to (1.3)—(1.4) in the sense of Definition 2.2 satisfying also

ce L>(0,T; Ll_zﬁ’l(O, 00)) forall T >0.

The proof of Theorem 2.3 utilizes a method of characteristics introduced in [8] and subsequently em-
ploys a weak compactness approach within the space L', 5.1(0,00), a methodology initially introduced
in [29] for the coagulation-fragmentation equation and later adapted in [21] for coagulation kernels
K growing at most linearly for large sizes; that is, there is C' > 0 such that K (vy,vs) < C(14+v;1+vs9)
for (vy,v2) € (0,00)2.

In addition to establishing the existence of weak solutions, a result on uniqueness is proved for a
limited class of initial data cg.

Theorem 2.4. Suppose that K and g satisfy (2.1) and (2.2), and consider co € L',5, (0, 00).
Then there exists a unique global weak solution ¢ to (1.3)~(1.4) in the sense of Definition 2.2 such
that

ce L>(0,T; Ll_zﬁ’Z(O, 00)) forall T >0. (2.6)

To establish uniqueness, akin to [14,30], we demonstrate a more generalized continuous dependence
result in Proposition 5.1. The complexity of the proof stems from the low regularity of weak solutions
and the task of identifying an appropriate weight function, and in this instance, it is represented by
wv) :==v % +v,v>0.

Remark 2.5. When g =0, ¢g € L!,3,(0,00) and K satisfies (2.1), we recover from Theorem 2.4
the well-posedness of the continuous coagulation equation (1.1)—(1.2) already established in [5,11,12].
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3. CHARACTERISTIC CURVE AND MILD SOLUTION

3.1. Characteristic curves. In this section, first we define the characteristics, and using the char-
acteristic curves, we define the mild solution to (1.3)—(1.4).

To begin with, let us observe that (2.2) implies that
0<g(tv) <Av for (t,v) € [0,00)?, (3.1)
lg(t,v1) — g(t,v9)| < Alvy — vy for (t,v1,v3) € [0, 00)%. (3.2)

Property (3.2) ensures that, for (¢,v) € [0,00)?, the following characteristics equation is well-posed
and has a unique solution Y'(+;¢,v) defined for s € [0, 00)

{8SY(S; t,v) = g(s,Y(s;t,v)),

Y (t;t,v) = . (3:3)

Let us now turn to the following fundamental properties of the characteristic curves, which are
taken from [8,9].

Lemma 3.1. For (s,t,v) € [0,00)3, the characteristics curves Y satisfy

Y(t;s,Y(s;t,v)) =wv, (3.4)

J(s:t,0) = 8,Y (s:4,0) = exp </:b(o—,Y(o—;t, v))da) ,

t
Y (5:4,0) = —g(t,v) exp </ b(o,Y (01, v))da) ,
Y(t;5,0) =0,
Y(t;s,v) > 0 forv > 0.

where b := —0,9.

The proof of this lemma can be seen in [9, Appendix A]. We next discuss some essential properties
of solutions to (3.3) which are frequently used in this paper.

Lemma 3.2. For (t,v) € [0,00) x (0,00) then the characteristic curve Y (+;t,v) solving (3.3) satisfies
the following properties:

for sg < sy <t, 0 < Y(sy;t,v) <Y(sq;t,v)etl27s0), (3.5)
UILHJO Y (0;t,v) = o0,

for s >t, Y (s;t,v) < et (3.6)
Y (t0,v) < vel,

fors>0, l9(s, Y (t;0,0))| < Ave?, (3.7)

fors>t, Y (s;t,0) > . (3.8)

Proof. The detailed justification of the properties (3.5)-(3.7) can be found in [9, Lemma 1]. Inequal-
ity (3.8) follows from (3.3) and the non-negativity of g on [0, 00)%. O
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3.2. Mild solution. Now, by using the characteristic curves, we define the notion of mild solution
to (1.3)—(1.4).

Definition 3.3. Let K and g be two functions satisfying (2.1)—(2.2) and ¢y be an initial condition
satisfying (2.3). For T > 0, a mild solution to (1.3)—(1.4) on [0,T) is a non-negative function
c € C([0,T); L'(0,00)) with Q(c) € L*((0,T) x (0,00)) which satisfies the mild formulation to (1.3)-
(1.4)

c(t,v) = co(Y(0;t,v))J(0;¢,v) + /Ot Qc)(s, Y (s;t,v))J(s;t,v)ds,

for allt € [0,T] and v € (0, 00).
We shall say that a mild solution to (1.3)—~(1.4) is global if it is a mild solution to (1.3)—(1.4) on
[0,T] for all T > 0.

In order to prove Theorem 2.3, it is necessary to recover the notion of weak solution from that
of mild solution. In this connection, we report a relation between mild and weak solutions, see [9,
Proposition 1] and [19, Lemma 2.3].

Proposition 3.4. Let T > 0 and assume that (2.1)—(2.3) hold true. The following statements are
equivalent:

(i) c € C([0,T]; L*((0,00))) is a weak solution in the sense of Definition 2.2.
(ii) ¢ is a mild solution in the sense of Definition 3.3.

4. GLOBAL EXISTENCE OF WEAK SOLUTIONS
Let K, g and ¢ satisfy (2.1)—(2.3) and consider the following truncated problem
Oicn + 0y(gen) = Qn(cy)  for (t,v) € (0,00)?, (4.1)
cn(0,v) = ¢ (v) > 0, (4.2)

where, for (vi,vs) € (0,00)2,

Qn(c)(vq) :== %/Ovl K, (v1 — v, v9)c(vy — vg)c(vg)dug

—/ K, (v, v2)c(vy)c(t, vy)dvs,
0

and

Ky (v1,v2) 1= K (v1,02)X(1/nm) (V1) X (1/nm) (V2), ¢ (v1) := co(v1)X(0,n)(v1)-
Here, xr denotes the characteristic function of the set E; that is, xg(v) =1 if v € F and yg(v) =0
if v ¢ E. Observe that the definition of K, and (2.1) guarantee that K,, € L>((0,00)?) and put

= max K, (v1,v9).
6 (v1,v2)€(0,00)2 ( ! 2)

Before proving the existence of a mild solution to (4.1)—(4.2), we collect some properties of the
coagulation operator Q,,. For ¢; € L'(0,00) and ¢, € L*(0,00), we have

3
1@n(e)llr0.00) < 5Bnller 20,00, (4.3)

”Qn(cl) - Qn(Cz)HLl(O,oo) < 3511 (HCIHLI(O,OO) + HC2”L1(O,00)) ”01 - C2”L1(0,oo)- (4-4)



WELL-POSEDNESS OF THE GROWTH-COAGULATION EQUATION WITH SINGULAR KERNELS 7

Clearly, (4.3) confirms that, for ¢; € L% (0, 00), Qn(c1) € L'(0, 00) with

/OOO Qn(cr)(v)dv <0. (4.5)
Additionally, if ¢; € L1(0,00) then

/OOO vQn(c1)(v)dv = 0. (4.6)

Theorem 4.1. Let ¢y be a non-negative function in L£25’1(O, o0). Then the initial value prob-
lem (4.1)—~(4.2) has a unique global mild solution in the sense of Definition 3.3. Moreover, it satisfies

Og/ cn(t,v)dv §/ co(v)du,

0 0

0 S/ vep(t,v)do < eAt/ veo(v)dv,
0 0

/000 vep(t, v)do = /000 veg (v)dv + /Ot /000 g(s,v)en(s, v)dvds, (4.8)

for allt € [0,00). In addition, ¢, is also a global weak solution to (4.1)—(4.2) and thus satisfies

[ ettostrto= [ awotwo+ [ [ st ents vnduds

/ / / gb v1, V) K (01, v2) (8, v2)cn (S, v1)dvrdueds. (4.9)

for all t € [0,00) and ¢ € W>°(0, c0).

Proof. For n > 2, we set

(4.7)

and

1
tn = 5 [/{n T GﬁnMO(CO)]’ Ry = ﬁnM(](Co), (410)

and define the set
P, = {u € C([0,t,); LL(0,00)) : tes[zlg) | {Mo(u(t))} < Mo(co), My(u(t)) < Ml(CQ)eAt} ’

recalling that A is the Lipschitz constant of g, see (2.2), and the moments M,, are defined right after
the statement of Assumption 2.1. Clearly, P, is a complete metric space for the distance

dp, (u1,us) := sup {||(u1 — Uz)(t)HLl(o,oo)}, (uy,us) € Ps.

te[0,tn]

induced by the norm of C([0,,]; L'(0, 00)).
Now, for u € P,, we define the map 7, (u) by

7;1('&) (t, U) =C (Y(O, t, U))J(O, t, v)e—nnt

+/0 (Qn(u)(s,Y(s;t,v)) + kpu(s, Y (s;t,v))) J(s; t’v)e—mn(t—s)ds
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for (t,v) € [0,t,] x (0,00) and aim at showing the existence of a fixed point of 7, in P,. Since 7, (u)
is a mild solution to

WU + 0y, (gU) + kU = Qu(u) + kpu  for (¢, v) € (0,t,) x (0,00),

U(0,v) = c§(v),
a fixed point of 7, is clearly a mild solution to (4.1)—(4.2) on [0, ,].

Let us now check that 7, is a strict contraction on P,. Let u € P, and t € [0,t,]. We first note
that, since u(t) > 0 and My(u(t)) < My(co), we deduce from (4.10) that

Qn(u)(t,v) + kpu(t,v) > Kuu(t,v) — /OOO K, (v, v1)u(t, v)u(t,v)dvy

> [BnMo(co) — BnMo(u(t))] u(t, v) > 0. (4.11)
Combining this lower bound with the non-negativity of ¢jj and J gives
To(u) >0 foru e P,. (4.12)

Then we compute the norm of 7, (u)(t) in L*(0,00) for all t € [0,,].

/0 Tt )y = e /0 " o)y
+ /Ot /0 T (Qulw)(5,0) + rguls, v)) ) duds.

By using (4.5), we end up with

1— —Knt
MO (ﬁ(u)(t)) S G_KntMQ(CQ) + /{nMQ(CQ) ( : ) = Mo(Co)
when £, > 0 and M (7,(u)(t)) < Moy(co) when r,, = 0. Therefore, we have established
Mo(Tn(u)(t)) < Mo(co)- (4.13)

We next compute the first moment of 7,(u) for u € P, and find, for t € [0, ,],
/ VT (u)(t, v)dv = e_“"t/ Y (t,0,v)cq(v)dv
0
/ / Y (t;8,0) (Qn(u)(s,v) + Kpu(s,v)) e_“"(t_s)} dvds.
Owing to (3.6), (4.6), and (4.11), we deduce that
e“”t/ Y (t,0,v)ct(v)dv < M (o)At
0

and

/OOO [V (t;5,0) (Qu(u)(s,v) + Kau(s,v)) e )] dv

S/ [U (Qn(u)(s,v) + Kpu(s,v))e (A—kn)(t— s}dv
0
= HnM1<U<8))e(Afnn)(tfs) < FLHMl(CO)eAt—Hn(t,S).
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Consequently,
o0 t
/ v (w)(t,v)dv < My (co)eAr )t 4 /@an(co)/ et t=8) ds = M, (co)e™. (4.14)
0 0

Therefore, (4.12), (4.13), and (4.14) imply that P, is an invariant set for the map 7.
Now we prove that 7, is a contraction on P, with respect to the distance dp,. Consider (uy,us) €
P? and t € [0,t,]. From (4.4), we obtain

| (Ta(ur) = Taluz)) (6] 220,00
< /0 [11(Qn (1) — Qulu2)) (8) | 210,00y + Kl (w1 — u2)(8) || 1(0,00] € dls,

t
< [ 1380 (M (5) + Mofua(s)) + ) s d, (1, )
0
S tn (Kln + GBnMO(CO)) dPn (ula uz)'
Hence, the choice (4.10) of t,, leads us to

1
dp, (To(ur), To(ug)) < édPn(u17u2>7

which holds for all (u1,us) € P2 Therefore, T, is a strict contraction on P,. Hence, by Banach
contraction theorem, there is a unique fixed point ¢, € P, of 7, and ¢, is the sought-for mild solution
to (4.1)—(4.2) on [0,¢,], as already pointed out. Moreover, from the definition of P,, we have

0 < My(cn(t)) < Mo(co), Mi(cn(t)) < Ml(co)eAt, (4.15)

for 0 <t <t,.

Now, since My(c,(tn)) < Mo(co) by (4.15), we can repeat the same procedure as above with ¢, (,)
as initial condition and thereby extend ¢, uniquely on the time interval [0, 2¢,], showing as well that
the extension of ¢, to [t,,2t,] also satisfies (4.15) for [t,, 2t,]. Iterating this argument provides the
existence and uniqueness of a global mild solution ¢, to (4.1)-(4.2) in the sense of Definition 3.3,
which satisfies (4.15) for all ¢ > 0. In particular, ¢, satisfies (4.7) and we are left with checking (4.8).

Let t > 0 and ng € C! ((0,00)) with

nr(v) =v for 0<v <R, ngr(v)=0 for v>2R

and

Inserting ng in (4.9), we obtain

[ entcomtas = [t [ [ gt ventssomtorduas
+/0t /Ow /0°° Nr(v1, 02) Ky (01, v2)n (8, 1) Cn (s, v2)dvadu ds.

Since ¢, (t) and ¢} belong to L}(0,00) and
%(,017@2) = 07 (%1 + V2 S <O7 R)7 ‘%(vlu U2)‘ S 4(U1 + U2)7 (Ulu U2) S <O7 00)27
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it follows from the boundedness of K, and (2.2) that we may take the limit R — oo and deduce
from Lebesgue’s dominated convergence theorem that

/ vcn(t,v)dv:/ veg (v dv+/ / (s,v)cn(s,v)dvds,
0

hence (4.8). Finally, ¢, is also a global weak solution to (4.1)—(4.2) by Proposition 3.4 and the proof
of Theorem 4.1 is complete. 0J

Next, we investigate the behavior of the mild solution ¢, to (4.1)-(4.2) for small sizes in the
upcoming Lemma 4.2.

Lemma 4.2. The mild solution c, to (4.1)~(4.2) belongs to L>(0,00; L!,4(0,00)) and satisfies

M_95(cn(t)) = /OOO v e, (t,v)dv < M _gp(c), t>0. (4.16)

Proof. Let us define
dc(v) := (v+€) P for (e,v) € (0,1) x (0, 0).

Then, it is clear that ¢. € W1*°(0,00). By Theorem 4.1, we know that the mild solution is also a
weak solution. Hence, applying ¢, in the weak formulation (4.9), we have

/Ooocn(t,v)¢e(v)dv:/0 A (W)pe(v dv—i—// 6 (0)g (5, v)en(s, v)dvds

1 .
+§/ / be(V1, v2) Ky (V1, 2) (8, 01)Cn (S, v2)duadu ds, (4.17)
0 Jo
where

Oe(v1,v2) = (1 +va+ ) — (11 + €)% — (n+e) ¥ <0. (4.18)

Let us first compute the first term in the right-hand side of (4.17)
/ g (V)pe(v)dv = / (v+e)Pcli(v)dv < / v ey(v)dv. (4.19)

0 0 0

Then, we consider the second term in the right-hand side of (4.17)

/ / 8.(0)9(s, v)nls, v)dvds

=— 26/ / (v + €)g(s,v)cn(s, v)duds.
0o Jo
The non-negativity of g and ¢,, implies that
/ / L (v)g(s,v)cn(s,v)dvds < 0. (4.20)

Finally, we evaluate the last term in the right-hand side of (4.17) and infer from (4.18) and the
non-negativity of K, that

1 t 0o
5/ / Ge(v1,v9) Ky (v1, v2)Cn (8, v1)Cn (s, v9)dveduids < 0. (4.21)
o Jo
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Now, using (4.19), (4.20), and (4.21) in (4.17), we have

/ (v+e) e, (t,v)dv < / v cy(v)dv.
0 0
Taking the limit € — 0 and using Fatou’s lemma, we obtain the desired result (4.16). U

The following results are an immediate consequence of Theorem 4.1 and Lemma 4.2.

Proposition 4.3. Let n > 1. There is a unique mild solution ¢, to (4.1)—(4.2) (which is also a weak
solution according to Proposition 3.4) that satisfies, fort >0,

/ cn(t,v)dvg/ co(v)dv,
0 0
o0 [e8) t o0
/ vcn(t,v)dv:/ vcg(v)var// g(t,v)e,(t, v)duds,
0 0 0 Jo

/ v, (t,v)dv < / v eo(v)dv.
0 0
Moreover, for all T > 0, there is a constant C(T') > 0 such that
/ vep(t,v)dv < C(T) for t€10,T).
0

We now focus on estimating superlinear moments, exploiting the condition (2.1) that the growth
of K is at most linear for large volumes.
Lemma 4.4. Let T'[cy] be the set of non-negative conver functions j € C* ([0,00)) such that j' is a
concave function on [0, 00) with 7(0) =0, j/(0) > 0 and
N(j,co) ::/ Jj(v)co(v)dv < oo. (4.22)
0

Let ¢, be the global mild solution to (4.1)~(4.2) and T € (0,00). Then there is a constant C(T)
depending only on A, k, ¢y, j, and T such that

/Oooj(v)cn(t,v)dv < C(T) for t € (0,T). (4.23)

Proof. We set C(T') as any positive constant which depends only on A, K, j, and T' throughout
the proof. For R > 1, set jr(v) := min(j(v),j(R)), v € (0,00). Clearly, jrg € WH*(0,00) and,
from [21, Lemmas A.1-A.2], we have, for (vy,v2) € (0,00)?,

(01 + va) (jr(v1 +v2) = jr(v1) — jr(v2)) < 2 (vajr(vi) + vijr(v2)), (4.24)
0 < vjgp(vr) < 2jr(v1).
Let t € [0,T]. We infer from (4.9) with ¢ = jg that

/000 Jr()cp(t,v)dv = /OoojR(v)cg(v)dv + /Ot /OOO e (0)g(5, v)en(s, v)duds

Lot e
+ 5/ / / Tr(v1,v2) Ky (01, v2)cn (5, v1)en (8, v2)dvgdu ds,
0 0 0
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where jp(v10) == jr(v1 4+ v2) — jr(v1) — jr(va) for (v1,v5) € (0,00)2. Using (4.22), we obtain
[ee] t 00
| ntoenttondo < NG+ [ [ a(wg(s,v)ets,v)duds
0 0o Jo
1 t 00 oo
+ 5/ / / Jr(v1, v2) Ky (v1,v9)c, (8, v1)en (s, va)dvaduy ds. (4.26)
0

Using (3.1) and (4.25) in the second term of the right-hand side of (4.26), we get

/ / Jr(v)g(s,v)en(s, v)dvds < A / / i (0)ven(s, v)dvds
<24 /0 /0 J(v)en(s, v)duds. (4.27)

Let us now estimate the last term in the right-hand side of (4.26). For that purpose, we divide the
above integral in the following manner:

o o 4
/ / Jr(v1, v2) Ky (v1,v9)cn (8, v1)cn (S, vo)duidug = Z Z;, (4.28)
o Jo i=1
where

1 1
Zy = / / Jr(v1, v2) Ky (v1, v2) (s, v1)en (s, va)dvrdog,
o Jo
1 oo
Ly = / / Jr(v1, v2) Ky (v1, v2) ¢ (8, v1)cn (8, va)dvr dug,
0o Ji
[e’s) 1 _
L3 = / / Jr(v1, v2) Ky (v1, v2)cn (s, v1)en (s, vo)dvrdvy = Zs,
1 Jo

Zy 2=/ / ]}(Ul,UQ)Kn(Ul,UQ)Cn(SaUl)cn(saw)dvldW-
1 Ji

Applying (2.1), (4.24) and using the definition of K, and Proposition 4.3, the term Z; can be
evaluated as

7, < 2/ / <v2‘7R Ui +U1]R(U2)) K, (v1,v3)c,(8,v1)cn (s, vo)dvidoy
V1 + U2

< 2/<;/0 /o (Jr(v1) + jr(ve)) (vlvg)’ﬁcn(s, v1)Cn (8, v2)dvdug

1 1
< 4kj(1)/ / vfﬁvgﬁcn(s,vl)cn(s,vg)dvldvg
o Jo
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Analogously, one can estimate

V1 + U2

Lpoo vlvé_ﬁ v%v;ﬁ
Ly =13 < 2k/ / jR(Ul) + jR('UQ) Cn(S, Ul)cn(sa'UQ)dvld'UQ
0 1 V1 + Vg

1 0
< Zk/ / (v%fBjR(vl) + vlvgﬁj(1)> cn(8,01)cn (s, v9)dviduy
o J1

< 2k [M25(co)/ Jr(v1)en(s,v1)dvy + (1) M _o5(co) My (co)e™ |
0
and

Zy < 2k/ / (vigr(v2) + v2ir(v1)) Ca(s, v1)cn (s, v2)dvidvy
1 1

§4kM1(co)eAT/ Jr(v1)en(s,v1)dv; < C(T)/ Jr(v1)cn(s,v1)dvy.
0 0

Gathering the estimates on 7, Z5, Z3 and Z4 and inserting them in (4.28), we obtain

5/ / Jr(v1, v2) Ky (v1, v2)c0 (s, v1)c (s, v2)dvrduy
o Jo

< C(T)+C(T) /OOO Jr(v1)cn(s,v)dvy. (4.29)

Now, using (4.27) and (4.29) in (4.26), we obtain

/O°° Jjr(v)e,(t,v)dv < C(T) + C(T) /Ot /Ooo jr(v)en(s, v)duds.

Hence, by Gronwall’s inequality, we have

/ Jr(v)en(t,v)dv < C(T),
0
and (4.23) follows from the above inequality by Fatou’s Lemma after letting R — oo. O

Corollary 4.5. Suppose that ¢y belongs to L(0,00). Then, for every T > 0, there exists a positive
constant Cy,,(T) such that

My(co(t)) < Con(T), t€[0,T], n>1.

Proof. The function J; : v — v? is convex on [0, 00) with concave derivative, and satisfies Jo(0) =
J5(0) = 0. Hence, Jo € T'[co] and Corollary 4.5 straightforwardly follows from Lemma 4.4 with
j=Ja. U

We are left with the tail behavior of ¢,, which we analyze in the next lemma.
Lemma 4.6. ForT > 0,

lim sup sup / vep(t,v)dv = 0. (4.30)

R—00 n>1¢ej0,1] JR
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Proof. A refined form of the de la Vallée-Poussin theorem, originally derived in [22, Proposition 1.1.1]
and also reported in [4, Theorem 7.1.6], establishes the existence of a function jo € I'[co] satisfying

also

lim j(0) = lim 220 _ o (4.31)

V—00 v—>o0 U

For R > 1, we have

sup sup/ ve(t, v)dvo

n>1tel0,7] J R
v
< sup sup sup ( )
n>1 te[0,T] ve[R,00) Jo(v)
Since jo € I'[cg], we can utilize Lemma 4.4 to obtain
sup sup / vep(t,v)dv < C(T) sup <‘v )
n>1t€[0,T] J R vE[R,00) ]o(v)
This inequality implies (4.30) by (4.31). O

/ o (0)en(t ).

R

We now examine the behavior of ¢, on small measurable subsets of (0, c0). Accordingly, we present
two lemmas; detailed proofs can be found in [21, Lemmas 4.3-4.4].

Lemma 4.7. Let Z € M with |Z| < co and m be a positive integer. Then there exist 2™ subsets
(Z)) € M such that

|Zi| < |Z|, l e {1,...2"},
2m
M7 ={2Mv,v e Z} C U Z,
=1
where M is the set of all measurable subsets of (0,00) and |Z| denotes the Lebesque measure of Z.

Lemma 4.8. Let T > 0 and Z € M with |Z| < co. Then there exists an integer mo depending only
on A and T such that
Y(s;t, Z)] <2™1Z], (s;t) € [0, )"
Having completed this preparation, we are poised to articulate the main result of this section.

Proposition 4.9. Given T' > 0 and € > 0, there exists 6. > 0 such that for alln > 1 and t € [0,T]
/ v P, (t,v)dv < € whenever |Z] < 0.
z

Proof. We take C), = 2™ where my is given in Lemma 4.8 .
Let t € [0,T],n > 1, § € (0,1) and define

Ens(t) :=sup {/ xz(W)v e, (t,v)dv, Z € M with | Z| < 5} .
0
Consider Z € M having |Z| < §. According to Lemma 4.7 and Lemma 4.8, for each ¢ € [0,7] and
s € [0,t], we have C, subsets (Z;") € M such that |Z"| < § and
Cy

Y(sit,Z) |z (4.32)

=1
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Next, since ¢, is a mild solution to (4.1)—(4.2), we obtain
¢
/ v e, (t, v)dv :/ 072 Qn(n) (s, Y (s5t,01))J (53¢, v1)dvyds
z 0 Jz
+/ v Peo(Y (051, v))J(0; L, v)dv, (4.33)
z

Now let
t
him [ ] o7 Quen) s, Y (st o)) (st o)donds.

Therefore, by (3.4), and the non-negativity of ¢, and K, we have

v1
/ / (t; s,vl)/ K, (v — v9,v2)cu (8, v1 — v2)cy (8, va)dvadurds.
Y(stZ 0

Owing to (3.8), we have

1 t U1
< —/ / vl_ﬁ/ K, (v1 — vg, v9)cn (8, v1 — v2)cn (S, v2)dvaduyds.
2 )y Jy(sitz) 0

Hence, by Fubini’s theorem,

/ / / (Ve + 1) P Xy (sit,2) (V2 + 01) K (01, 02) 0 (8, 1) €0 (8, v ) dvr dvads = ZWZ,

=1

where

t ool
Wy ::/ / /(/Ul+U2)_ﬁxy(s;t7z)(’vl+’U2)Kn<'U1,'U2)Cn<8,Ul)cn(87v2)dv2dvld5,

t 1 [e'e)
Wy = / / / (vy + U2)75XY(s;t,Z)<U1 + 09) Ky (01, v2)Cn (8, 01)Cn (8, v2)dvgduy ds,
0o Jo

t 00 1
W3 = / / / ('Ul + 02)_ﬁXY(s;t,Z) ('Ul + v?)Kn(vla 'UQ)CH(Sv Ul)Cn(S, 'Uz)dUdelds = W27
0 0
and

t 00 00
Wy = / / / (Ul + 'UZ)_BXY(S;t,Z) (1)1 + 'UZ)Kn('Ulv UQ)Cn(Sa ’Ul)Cn(S, Ug)d’l}zdvld&
0 1

By the definition of K,, and (2.1),
t 1 pl
Wy < k;/ / / vfﬁxy(s;tvz)(vl + w)vfﬁv;ﬁcn(s,vl)cn(s,w)dvgdvlds
o Jo

t ol 1
< k:/ / vl_w/ X—v14Y (sit,2) (02) 3 P e (5, 01)Cn (s, Vo )dvaduyds.
0 Jo 0
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Next, Proposition 4.3, (4.32) and the translation invariance of Lebesgue measure give

1
W, < k / / vl (s, (/ XUl+le,t(vg)v25cn(s,vg)dv2) dvids
0

<kZ/ Ens(s / vy P en(s,v1)dvds < C(T) /Oté’n,g(s)ds

Similarly,
t 1 o)
Wy =Ws3 < k/ / / Xy (sit,z) (V1 + w)vfﬁvgcn(s,vl)cn(s,w)dvgdvlds
o Jo J1
t o] 1
Sk// UQCn(SaUQ)/ vl_BX—vz-l—Y(s;t,Z)(Ul)cn(savl)dvldUst
0o J1 0
t
< C(T)/ Ens(s)ds
0
and

Wy <k /Ot /100 /100 (U1 + vz)kBXY(s;t,Z)(?ﬁ + v2)¢n (8, v1)en(s, v2)dvadvids
<k /Ot /100 /100 (vlv;ﬁ + U;ﬁvQ)XY(S;t7Z)(U1 + v2)en (8, v1)cn (8, Vo) dvaduy ds
<2k /Ot /100 V16 (S, V1) /100 U;ﬁx_yl+y(5;t’z)(Ug)cn(s,'Ul)dUQd'UldS
< C(T) /t Ens(s)ds.

0

From the estimates of Wy, Wy, W3, and Wy, we infer that

t
I, < C’(T)/ Ens(s)ds
0
Next, by (3.4) and (3.8),

/vBCO(Y(O;t,v))J(O;t,v)dv:/ Y B(t;0,v)co(v)dv

Y (0t,2)

< / ’U_ﬁCo(’U)d’U,
Y (0;¢,2)

and it follows from (4.32) that

/Z Beo(Y(0;,0))J (05, v) U<Z/ v)dv < CpE5(0),

where

Es(0) := sup {/ xz(W)v Pey(v)dv, Z € M with |Z| < 5} )
0

(4.34)

(4.35)
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Using (4.34) and (4.35) in (4.33), we get
/Zvﬁc"(t, v)dv < C,&5(0) + C(T) /Ot Ens(s)ds.
Taking the supremum on both sides over the set Z € M with |Z| < 4, we have
&Mﬂg@&@+0@»[&ﬂ@@,teﬂﬂ.

By Gronwall’s inequality, we get
E.5(t) < C(T)E(0), t€0,T]. (4.36)

Now, by the absolute continuity of the Lebesgue integral, for a given € > 0, we can find . > 0 such

that
€

E5.(0) < . 4.37
From (4.36) and (4.37), we get
Ens(t) <e te]0,T],
for all n > 1, and thus complete the proof of Proposition 4.9. O
From Proposition 4.9, Lemma 4.6, and the Dunford-Pettis theorem, we infer that
(cn(t))n>1 is weakly compact in (4.38)
LY(0,00) for each t € [0,T]. '

We now proceed to prove that (c,),>; is weakly equicontinuous with respect to ¢ in L'(0, c0).

Lemma 4.10. For every T > 0 and ¢ € L*>(0,00), the following result is true.

lim sup sup
h=0tcl0,7—h] n>1

/Ooo(cn(t + h,v) — cp(t,v))p(v)dv| = 0. (4.39)

Proof. Let T > 0, ¢ € C}(0,00),n > 1, h € (0,T), and t € (0,7 — h). By (4.9), we have

Aw@@+hmyﬂmu@w@mv

t+h 00
< 16/l s (00 / / ot 0)en(s, v)duds
t 0

1 t+h o 00

sk

2. )y o Jo

with ¢(v1,v2) = ¢(v1 + v2) — B(v1) — B(v2).
First, by (3.1) and Proposition 4.3, we get

qg(vb Vo) | K (v1,v9)cy (8, v1)en (s, va)dvydugds, (4.40)

t+h poo
/t /0 g(s,v)cn(s,v)dvds < C(T)h. (4.41)
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Let us now estimate the second term on the right-hand side of (4.40):

1 t+h 00 0o |
5 / / / ‘gb(vl, ’Ug)) K, (v1,v2)c, (s, v1)cn(s, va)dvydugds
¢ o Jo

3 t+h 00 o)
< —H(bHLoo(Om)/ /0 /o K, (v1,v9)c, (8, v1)cn (s, v2)dvydugds. (4.42)
t

In order to further estimate the inequality (4.42), let us consider

o0 o 4
/ / K, (v1,v3)c,(8, v1)cn (s, vo)dvydueds = Z Wi,
o Jo i—1

where
S|
Wl ::/ / Kn<U1,’lJ2)Cn<S,Ul)cn(57v2)dvldv27
o Jo
- 1 0
Wy ;:/ / K, (v, v9)c,(8,v1)cn(s, ve)dvidus,
0o J1
- o) 1 o~
Wy = / / K, (v1,v2)¢n(8,v1)cn (8, v2)dvrdug = W,
1 Jo
and

W4 ::/ / K, (v1,v2)c, (s, v1)cn (s, v)dvy dus.
1 J1

With the help of definition of K, (2.1) and Proposition 4.3, W, can be estimated as

1,1
W, < k/ / vfﬁv;ﬁcn(s,vl)cn(s,vg)dvldw
o Jo

<k </ 01260n<5,7}1)dvl) (/ U22ﬁcn<5,1}2)dv2> < kME25<CO).
0 0
Similarly

WQ = Wg <k </ U2260n(S,U2)dU2) (/ vlcn(s,vl)dvl> < keATM_QB(CO)Ml(CO),
0 0
and

W4 :/ / Kn(vlyUZ)Cn(SaUl)cn(‘S?vQ)dvlva
1 1

< 2k </OOO V1Cn (s, vl)dvl) (/Ooo cn(s, vg)dvg) < 2ke T My (co) My (co).

—

From the estimates on {VVZ} , we infer that
1<i<4

/000 /000 Ko (v1,v9)cn(s,v1)en(s, vo)dvidvy < C(T), s €1[0,T]. (4.43)
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Inserting (4.43) into (4.42), we obtain
1 t+h 0o 0o |
5/ /i/‘M%wmem@%@mm@mem@gcgwwwm@h (4.44)
¢ o Jo
Gathering (4.40), (4.41) and (4.44), we end up with

/0 T (ealt 4+ 1) — ealts 0))$0)dv| < CT)@llws oy

for all h € (0,T),t € [0,T — h], and n > 1. Therefore, (4.39) is true for every ¢ € C!(0,00). We
next use a density argument as in the proof of [21, Lemma 4.5] to extend the validity of (4.39) to
arbitrary functions in L*(0, co). O

Thus, from Lemma 4.10, we infer that

4.45
for each ¢ €10,7], (4.45)

{ (Cn)n>1 is weakly equicontinuous in L*(0, c0)
see [31, Definition 1.3.1]. Due to (4.38) and (4.45), we may apply a variant of the Arzeld-Ascoli
theorem [31, Theorem 1.3.2] to deduce that the sequence (¢, ) is relatively compact in C([0,T]; w —
L'(0,00)) for any T" > 0. Therefore, by a diagonal argument, we conclude that there exists a
subsequence (c,) (not relabeled) which converges to some limit function ¢ in C ([0, 00); w — L*(0, 00))
in the following sense:

lim sup

Awwgam—mgm»w@m;:o (4.46)

for each T' € (0,00) and ¢ € L*(0,00).

We shall improve this convergence in the next lemma but first combine Proposition 4.3 and the
convergence (4.46) to derive additional properties on c. First, ¢ is clearly non-negative due to (4.46)
and the non-negativity of ¢, for all n > 1. Next, for m € [—20,1], we infer from Proposition 4.3
and (4.46) that, for T'> 0, ¢ € [0,7], and R > 1,

R R
/ v™c(t,v)dv = lim v"e(t,v)dv < C(T).

n—oo 1

R

We let R — oo and use Fatou’s lemma to conclude that

sup M, (c(t) < C(T),  me[-2B,1]. (4.47)

te[0,7

Similarly, we infer from Lemma 4.6 and (4.46) that

lim sup/ ve(t,v)dv = 0. (4.48)

R—o0 te [07T} R

Lemma 4.11. For =28 <m <1 and T > 0, (¢y)n>1 converges to ¢ in C([0,T];w — L, (0,00)).
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Proof. Let T > 0,t € [0,T], and ¢ € L*>(0,00). For R > 1, let us consider the following term

/000 V" P(v) (e (t,v) — e(t,v)) dv

< / "6 )] (et 0) + el v) d

+

A oG (0) (et v) — et v)) dv

R

—i—/ v|p(v)|(en(t,v) + c(t,v))dv.
R
By Proposition 4.3 and (4.47), we have

/0 T 0(w) (enltv) — et v)) du

<

R
A V" p(v) (cn(t,v) — c(t,v)) dv

R

1 m~+243
ro@ () Mol

[ ettt s s [ venttoa] 6l

R n21 JR

Taking the supremum with respect to ¢ on both sides over [0, T, we get

sup / V"o (v) (en(t,v) — c(t,v)) dv
t€[0,T] |J0o
R 1 m+25
< swp | [ 000 (@(t) — b do] +00) () Bl
te[0,T] |/ %
+ sup/ ve(t, v)dv + sup sup/ Ve (t,v)dv | || @ oo (0,00)-
te[0,T] J R n>11t€(0,7] JR

Now taking the limit n — oo and applying (4.46) yield

/OO V" P(v) (e (t,v) — c(t,v)) dv

0

limsup sup
n—oo  t€[0,7T)

1 m~+24
<o () Iollimom

_|_

sup/ ve(t, v)dv + sup sup/ vcn(t,v)dv] [Pl o0 (0,00) -

tel0,T]|J R n>1¢€[0,T] J R

Next, letting R — oo and using Lemma 4.6 and (4.48), we obtain

/000 V" d(v) (cn(t,v) — c(t,v)) dv

lim sup
N0 10,7

=0,

and thus complete the proof.
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At this stage, we are prepared to conclude the proof of Theorem 2.3.

Proof of Theorem 2.3. Let T > 0. We have already shown in (4.47) that ¢ € L>(0,T; L} (0,0))
for all m € [—28, 1], while Lemma 4.11 ensures that ¢ € C([0,T7]; L. (0,00)) for all m € (=28, 1].
Finally, the assumptions (2.1) and (2.2), along with the convergences stated in Lemma 4.11, allows
us to use classical arguments, see [4,29] for instance, to pass to the limit as n — oo in (4.9) and
obtain that ¢ satisfies (2.5). O

Corollary 4.12. If all the assumptions made in Theorem 2.4 are satisfied, then there exists at least
one global weak solution ¢ to (1.3)—(1.4) in the sense of Definition 2.2 such that (2.6) holds true.

Proof. Existence of at least one weak solution ¢ satisfying (2.6) follows directly from Theorem 2.3
and Corollary 4.5. U

5. UNIQUENESS

This section is devoted to the proof of Theorem 2.4. Since the existence of at least one weak
solution to (1.3)—(1.4) as stated in Theorem 2.4 follows from Corollary 4.12, we are left with the
uniqueness issue. In the subsequent study, we use solution to (1.3)—(1.4) to mean the solution in
the sense of Theorem 2.4. We now focus on the key element of the uniqueness result, as presented
in Theorem 2.4. The uniqueness result of Theorem 2.4 is a consequence of the following continuous
dependence result.

Proposition 5.1. Assume that K and g satisfy (2.1) and (2.2). Let ¢19 and ¢y be two non-negative
functions in L' ,5,(0,00). If T >0 and ¢, and ¢ are two weak solutions to (1.3)~(1.4) on [0, T] with
respective initial conditions ¢, and cao such that

¢; € L=(0,T; LY ,5,(0,00)), i=1,2, (5.1)

then there exists C(T) > 0 depending only on k, A, and the L>(0,T; L' 55 ,(0, 00))-norms of ¢, and
¢y such that
ler(t) = 2Ol 0,000 < C(D)llero = e20llrr, 000), € [0, T].

We split the proof of Proposition 5.1 into several steps and first establish a differential inequality
for a weight L!'-norm of ¢; — ¢, in Lemma 5.2. More precisely, introducing

E = C1 — Co, E(] = E(O, ) = C1,0 — C2,0,
S = Qc)) - Qcy) and v(t) = / w(©)| E(t,v)|dv,
0
for (t,v) € [0,T] x (0,v), along with the weight
w(v) =v P +v, ve(0,00),
we shall establish the following inequality.
Lemma 5.2. There is Ly > 0 depending only on A such that

v(t) <v(0)+ LO/O v(s)ds +/0 /Ooow(v)S(s,v) sign(E(s,v))dvds, t€[0,T]. (5.2)

Observe that the integrability properties of ¢; and ¢, ensure that v(t) is well-defined for all ¢t € [0, T,
while the finiteness of the last term on the right-hand side of (5.2) is provided by the next result.
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Lemma 5.3. E € L>(0,T; L% ,;,(0,00)) and S € L>(0,T; L! 5,(0,00)).

Proof. The stated integrability properties of E readily follow from (5.1).
Next, let ¢ € {1,2} and ¢ € [0,T]. It follows from (2.1) and Fubini’s theorem that

/000 w(v)|Q(c)(t,v)|dv < %/000 /000 w(vy 4 v2) K (v1, v2)e;(t, v1)ci(t, va)dvadv,

+ / / w(v) K (v1,v9)ci(t, v1)c;(t, vy)dvaduy
o Jo

<2 /Ooo /Ooo[w(vl) + w(va)| K (v1, v9)c;i(t, v1) e (L, va)dvaduy

1 1
< 4k/ / (vfﬁ + vgﬁ) (vlvg)’ﬁcl-(t,vl)ci(t, vg)dvaduy
0o Jo

1 00
" 8]{:/ / (vl_ﬁ + ’Uz) ,Ul_ﬁUQCi (ta Ul)Ci(t, 'UZ)d'UQdUl
0 1

-+ 4]{3/ / ('Ul + UQ)2 C; (t, Ul)Ci(t, ’Ug)d’l}gdvl
1 1

< 8kM_s5(c;i(t)) M_p(c;i(t)) + 8kM_o5(ci(t)) Mi(ci(1))
+ 8K M-_5(cs(£)) Ma(es(t)) + 16k My(cs(£)) Mo(ci(t)),

and we infer from the integrability properties (5.1) of ¢; that the right-hand side of the above in-
equality belongs to L>(0,T). Therefore, Q(¢;) belongs to L>(0,T; Lt 5,(0,00)) for i € {1,2}, and

so does S = Q(c1) — Q(c2).

O

Formally, Lemma 5.2 follows from the multiplication of the equation solved by E (derived from (1.3)
for ¢; and ¢y) by wsign(F) and integration with respect to both volume and time. However, since
¢ — co need not be differentiable, a suitable regularization in the spirit of DiPerna & Lions theory
for transport equations [13] is used, see also [26, Appendix 6.1 & 6.2]. Specifically, we first extend
E, S, and g to [0,T] x R by zero and define their extensions E, S, and g as follows: for t € [0,T],

B(tv) = {E(t,v) for

0 for

5 S(t,v)  for
t,v) ==

S(t ) {0 for

v € (0,00), ~ ) E(0,v)
v e (—o0,0), W)= {0
v € (0,00), N _Ja(tv)
v e (—o0,0), IBY)= {0

for v € (0, 00),
for v e (—o0,0),

for v € (0,00),
for v € (—00,0).

It readily follows from (2.2) that g is weakly differentiable with respect to v on R and, for ¢ € [0, T,

0,0(t) is given by

e

for v € (—00,0),
for v € (0, 00).

0
i {&g(t,v)
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In particular, g(¢,.) € W'*°(I) for any bounded interval I C R for every ¢ € [0, T]. This implies that
g(t,.) is absolutely continuous on I for every ¢ € [0, 7] and satisfies

g(t,vy) — g(t,vy) / 0pg(t,v)d (v1,v) € R2.

Moreover, from (2.2), we obtain
0ug(t,v)| < A and |g(t,v)| < Afv], (t,v) €[0,T] x R. (5.3)
Next, given a regularizing sequence of mollifiers ps(v) := $p(%), v € R, with § € (0,1), p € D(R),
supp(p) C (=1,1), p > 0 and ||p||z: = 1, we put
E° = E~*p5, E~06 = Eo*p5 and S°:= S*p(g.
For further use, we report the following properties of the convolution in weighted L!-spaces.

Lemma 5.4. Let m > 0 and ¢ € L*(R, (1 + |[v|™)dv). For every § € (0,1), the C*°-smooth function
ps * @ belongs to LY (R, (1 + |v|™)dv) with

/ (s ) @)|(1 + o™ dv < 2+ / o(0)](1+ [o™)dv
R
Moreover,

tim [ (s %= D)1+ [o]")do = .

Lemma 5.4 is a classical property of the convolution in R for m = 0 and the proof for m > 0 relies
on the splitting of the contribution of the interval (—R, R) on which the classical result for m = 0 can
be applied and a control of the tails on (—oo, R) U (R, co) which is due to the integrability properties
of ¢ and the elementary inequality (|vi] + |va])™ < 2™ (|vg|™ + |ve|™) for (vi,ve) € R% We omit the
proof.

We next report an immediate consequence of Lemma 5.3 and Lemma 5.4.

Corollary 5.5. For each § € (0,1), E° € L>®(0,T; L (R, (1 + v*)dv)) and S° € L>(0,T; L'(R, (1 +
[v])dv)).

Next, according to the definition of E, S, and g, it readily follows from Definition 2.2 that, for
t €10, and ¢ € WH=(R),

E dv, = [ F, )d dvyd
/]R (t, v1)¢(v1)dvy / o(v1)e(v1) Ul—l-//(b v1)§(s,v1)E(s,vy)dvyds

//aﬁvl (5,v1)0(v1)dv,ds.

For (t,v) € [0,T] xR, we take ¢(v1) = ps(v — ;) in the above identity to deduce that E? is a smooth
solution to

0B +0. (psx (9B)) =&, (1v) € (0.T) xR
Equivalently,
O,E° + 8, <gE5> =D+ 8% (tw) e (0,T) xR, (5.4)



24 WELL-POSEDNESS OF THE GROWTH-COAGULATION EQUATION WITH SINGULAR KERNELS

where

D’ =0, (f]EN‘S — ps* (gE)) )

Next, for € € (0,1), we define
2

Ye(z2) = , z€R.
=) V22 +e

Clearly, for every ¢ € (0,1), X, is a continuously differentiable function satisfying the following
properties:
2€

Ee(z) = |2l| = min{Ve 2]}, [Eil(z) —sign(2)] < 5
250(2) — Se(2)| < min{v/e, |z[}, z€R. (5.6)

<2 and |¥(z)|<2, zeR. (5.5)

Using the chain rule, we obtain the following equation from (5.4)
OSE?) + 0, (§2(E%)) = SUE D" + SUE)S - 0, | EPS(E%) - S(BD)| - (5.7)
for (t,v) € (0,T) x R. Now, setting w,(v) := V02 + € + (v? 4+ ¢)~%/2 for v € R, we note that
0 < we(v) < o[ +Ve+ o] P < (T+Ve)w(lv]), veR\{0}, (5.8)

and

we(v1) — we(v2)| <

v v v
[ 7= P
< (14 B G2 Juy (5.9)
for (vy,ve) € R2. In addition,
we(v) < 26 P2(1 + |v]), veR. (5.10)
Before going on, let us check that all terms in (5.7) belong to the appropriate space.
Lemma 5.6. There is C(T) > 0 depending on K, g, ¢1 and ¢y such that, fort € [0,T],

/R(H [v]) 0 (g(t,v)Ee(E‘s(t,v))) dv < @ (5.11a)

/R(1+ o)) | (B (¢, 0)) DOt )| dv < @ (5.11b)

/Ru 1ol |5 (B (1, 0)) 35 (¢, 0)| v < (1), (5.11¢)

/]R (1 + |0]) |8,5(t,v) [Eézg@ﬁ) - ze(Eé)} (t,0)| dv < C(T), (5.11d)
/R(1 + [v]) |02 (B2 (t, v)) | dv < @. (5.11e)

Proof. We begin with the proof of (5.11a) and (5.11b). Since

0y ((B)) = S B0, + GZUE) (o  E)
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and

D = j(phy» E) + E°9,5 — py = (3E), (5.12)
it suffices to study the integrability of each term separately. First, owing to (5.3), (5.5), and
Lemma 5.4 (with m = 1), we obtain

Ja+mn
< SA/R(l +1ol) [B)
We next infer from (5.3), (5.5), and Fubini’s theorem that
[+ 1D [a)mU B ) i+ BYw)] v <2 [ (15 1D [ato) 54+ B) 0
<24 [ [ Pl oDlegon) 1w - v)ldvado
<% [ s sl 2l @0l o) o
<2l [ @+ blPIE@

164, 00
<l [0+ E@

ZE(E‘S(U))&@(U)‘ dv < 2/R(1 + o)) }Eé(v)avg(v)} dv < 2A/R(1 + o)) ‘Eé(v)‘ dv

dv = SA/OOO(I +v)|E(v)|dv.

dv

and

[+t @B @)

dv< A / / v — wnl (1 + o)l (oD)l | (v — v)|dendu
R JR

A ~
< g//(lJrIv+5v1|)|v||p’(v1)||E(v)|dv1dv
R JR

8A =
< Lluw [ 0+ PIBE)

Collecting the above estimates and recalling (5.1) give (5.11a) and (5.11b).

Next, the estimate (5.11c) readily follows from Lemma 5.3 and Lemma 5.4 while (5.11d) is a
straightforward consequence of (5.1), (5.3), (5.6), and Lemma 5.4. Finally, we deduce (5.11e)
from (5.7), (5.11a), (5.11b), (5.11c), and (5.11d). 0

Proof of Lemma 5.2. We multiply both sides of the above equation by w, and integrate with respect
to v on R to obtain

W (EY)dv + /

R

7l wed, (gz@%) dv

_ / we (SUE)D? + SUENS + 0,5 [Su(B) — BASU(E?)] ) dv,

observing that all the terms appearing in the above equation are well-defined according to Lemma 5.6
and (5.10). Now, applying the integration by parts formula to the second term of the left-hand side
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of the above equation and observing that the boundary terms vanish by (5.3) and Corollary 5.5, we
obtain

d

— weZE(Eé)dv—/wégZe(E‘s)dv
i )y

R

- /R we (SUET)D® + S(ED)S + 0,5 |S(BF) — EPXU(E7)] ) dv.

Integrating with respect to time over (0,t) for ¢ € [0, 7] gives

/R W (E°(t))dv = /R w(E°(0))dv + /O t /R w' §¥.(E%)dvds

+ / t /R we (SUE)D 4+ SUE)S + 0,5 [S.(B%) — BPSL(E)| ) duds .
At this point, we note that, by (5.3) and (5.5),
i | [ el E )| < 24 [ oulw)]| £ do
<24(1+5) [ wi(o) |B°)| v
Since
/we )Eé dv<//w€ W)ps(o0) |Ew — 1) dordo
//we (v + Su0)p(v1) | B ()| durdo
< [ Twoy+ (14 572 6] [ B o (5.14)
by (5.9), we conclude that
I, < 24(1+ ) / [ue(w) + (14 8 #172) 8] | B(w) | dv. (5.15)

Next, recalling (5.12), we infer from (5.3) and (5.5) that

<2 [ w0 [0) (o * B) ) = = (35) )] v 24 [ wifo) | E°G0)| o

R
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Now, thanks to (5.3) and (5.9),
[ w0 [0) s+ B) (0) = i » @B 0)] o
< [w@ | [ [0 B0~ 0) = o)t — ) B = o) do
< [ [ w15 =50 = ool ool [Eto = o)
gA/R/Rwe@)Wg(m)\ )E(U—vl) dvldv:A//Rwe(v—i—évlﬂvlp'(vlﬂ |B)| durds
< AL(p) [ o) + (1 6107 8] | B o

/ v (v)|dv.

Combining the above two estimates with (5.14) leads us to

dv

dvidv

with

I < (2+I(,0))A/R [ue(w) + (14 8 #072) 8] | B(w)| a (5.16)
We next use once more (5.3) and (5.14), along with (5.6), to obtain
. / wi(0)0,5(0) [S(B(v) — B ()£ (v)] do
< A/ng(v) 2 (0)| do
SA/R[ w(v) + (1+ B #072) 6] | B(v)| v, (5.17)

Collecting (5.15), (5.16), and (5.17) and using again (5.14), we infer from (5.13) that there is Ly > 0
depending only on A and I(p) such that

/R wE (B (1)) dv < /R [we + (1 + BeP+/2) 4] )Eo‘var /0 t /R w8 (s)S (B (5))dvds

+ Lo /ot/R [we + (14 Be_(ﬁﬂw) 5] ‘E(s)’ dvds.

In order to pass the limit 6 — 0 on both sides of (5.18), we consider each term separately.
Using (5.5), let us first consider the following term as

/R we(v) [26@5@, V) — SJE(L, v))] v

It readily follows from (5.10), Lemma 5.4, and Lebesgue’s dominated convergence theorem that we
can let 9 — 0 in the above inequality and find

lim wE(v)ZE(E‘S(t,v))dv:/we(v)ZE(E(t,v))dv:/Ooowg(v)Ze(E(t,v))dv. (5.19)

6—0 R R

(5.18)

< Q/Rwe(v) )E‘S(t,v) — E(t,v)| dv.
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Similarly,

[l z’ (E%(5,0))S%(s, v) — SL(E(s,v)) (s, )] dvds

/ /we Y (E°(s,v) H55 (s,v) — S(s,v)| dvds
/ / wo(v )| [S1E (5, 0) — (B, )| o, (5.20)
On the one hand, by (5.5),
//wE EIE(;SUHS(SSU S(s,v) dvds<2//wE ’S‘Ssv ,0)| dvds,

and we use again (5.10), Lemma 5.4, and Lebesgue’s dominated convergence theorem, together with
Lemma 5.3 , to conclude that

t
b [ [

On the other hand, w.S belongs to L*((0,T) x R) thanks to Lemma 5.3 and (5.8), while Lemma 5.4,
the Lipschitz continuity of ¥/, and (5.5) ensure that, at least for a subsequence (not relabeled),

59 (s,v) — S(s, v)‘ dvds = 0. (5.21)

SU(E(s,v))

lim | X/ (E(s,v)) — Z;(E(s,v))‘ =0 forae. (s,z)€(0,t)xR

§—0

with

SH(ES (s, v)) — Z’E(E(s,v))‘ <4 forae. (s,x)€(0,t) xR.

We are then in a position to apply Lebesgue’s dominated convergence theorem and obtain

i [ [ |306.0)

Gathering (5.20), (5.21), and (5.22), we end up with

lim/ /w6 )X (B2 (s,0))S5%(s, v dvds—/ /w6 )2 (E(s,v))S(s,v)dvds

SH(E(s,v)) — XL(E(s,v))| = 0. (5.22)

6—0

_ / / we(v)SL(E(s,v))S(s, v)dvds. (5.23)

Owing to (5.19) and (5.23), we can pass to the limit § — 0 in (5.18) and end up with

/Ooow62e(E(t))dv§/ w6|E0\dv+// w.S(5)(E(s))dvds
+L0// w. |E(s)] dvds.

We now perform the limit € — 0 in (5.24). First, since

(5.24)

limw.(v) =w) =v+v?, ©ve(0,00),
e—0
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and E € L>(0,T; L 55,(0,00)) by Lemma 5.3, we readily infer from (5.5) and Lebesgue’s dominated
convergence theorem that

lim Owwe(v)Ze(E(t,v))dv: /0 " W) E(t0)|do,
iny [ (o) S Ba()de = [ w)lEofo)lar

lim/ / we(v (s,v dvds-// v)|E(s,v)|dvds.
e—0

Next, we recall that

lim we(v)S(s,v)EL(E(s,v)) = ww)S(s,v)sign(E(s,v)) forae. (s,z)€ (0,t) x (0,00),

with
|we(v)S(s,0)ZU(E(s,0))] < (v+ Ve +v7")[S(s,0)] < 2w(v)[S(s,v)],

due to (5.5) and (5.8). A further application of Lebesgue’s dominated convergence theorem gives

lim /0 t /0 " 0.8 ()5 (B (s))duds = /0 t /0 " wS(s) sien(E(s))dvds.

We may then let ¢ — 0 in (5.24) to obtain Lemma 5.2. O

Owing to Lemma 5.2, we are left with estimating the contribution of the coagulation term to
complete the proof of the continuous dependence, a computation which is by now classical, see [4,
Section 8.2.5] for instance, but which we sketch below for the sake of completeness.

Proof of Proposition 5.1. Let us consider the last term on the right-hand side of (5.2):
/ / v) sign(E(s,v))S(s,v)dvds
= 5/ / / K(vy,v2)W (s, v1,v2)(c1 + c2) (s, v1) E(s, v2)dvadurds,
o Jo Jo

where
W (s, vy,v9) = w(vy + vy)sign(E(s, vy + va)) — w(vy) sign (E(s,v1)) — w(ve) sign(E (s, vs)).
Using the properties of the sign function, we get
W (s,v1,02)E(s,05) < (v1 + v2 + (v1 4+ v2)7) |E(s,00)| + <v1 + vl_ﬁ> |E(s,v9)
— <v2 +v;5> |E(s,v9)|

< (22}1 +vf6) |E(s,v9)].
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Consequently,

t 00 o)
/ / / K<U17U2>W(S,U17U2)(Cl _'_02)<87U1)E<37U2)dv2d1}1d3
0 0 0
t 00 fe%S)
= / / / K(vy,v2) (2U1 + Ufﬁ) (c1 4 c2)(s,v1)|E(s, v2)|dvadvrds
0 0 0
t 1 1
<k [ ] ) (20007 (e )50 B, ) dadds
0 0 0
t 1 poo
* 2k/ / / v;ﬁvz (21}1 + viﬁ) (c1 + c2)(s,v1)|E(s, v2)|dvaduds
0 0 1
t 00 00
+ k;/ / / (v1 + vg) (2v1 + v;5> (1 + ¢2)(5,01)| B(5, v3)|dvaduvr ds
0 1 1

< 6k/0 [M_35((c1 + c2)(5)) + Ma((c1 + c2)(9))] /000 w(v)|E(t,v)|dvds.

Combining the above inequality with (5.2) leads us to the following differential inequality for v:

v(t) <wv(0)+ (6k + LO)/O [1+ M_op((c1 + c2)(s)) + Ma((c1 + c2)(s))] v(s)ds, te€[0,T].

Recalling (5.1) and applying Gronwall’s lemma gives the stated result. O

Proof of Theorem 2.4. Let ¢; and ¢o be two weak solutions to (1.3)—(1.4) in the sense of Theorem 2.4
corresponding to the initial data ¢; ¢ and cg 0, respectively. Assume that ¢, g = ca9 a.e. in (0,00). It
readily follows from Proposition 5.1 that

/ (v 4 v) |ei(t,v) — ea(t, v)|dv = 0,
0
which implies that ¢;(t) = co(t) for all ¢ in [0, 7. This completes the proof of Theorem 2.4. O
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