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Energetically consistent Eddy-Diffusivity Mass-Flux
convective schemes. Part II: Implementation and
Evaluation in an oceanic context.

M. Perrot!*, F. Lemarié'

1Univ. Grenoble Alpes, Inria, CNRS, Grenoble INP, LJK, Grenoble, France

Key Points:

+ The assumptions underlying the derivation of Mass Flux (MF) schemes are eval-
uated in the oceanic context using scaling analysis and LES simulations

+ Based on LES results, a new closure for the turbulent transport of Turbulent Ki-
netic Energy (TKE) taking into account MF transport of TKE is proposed

¢ Guided by continuous energy budgets, an energy-conserving discretization is pro-
posed, and energy biases of inconsistent formulations are quantified

Corresponding author: Manolis Perrot, manolis.perrot@univ-grenoble-alpes.fr
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Abstract

A convective vertical mixing scheme rooted in the Eddy-Diffusivity Mass-Flux (EDMF)
approach is carefully derived from first principles in Part I. In addition, consistent en-
ergy budgets between resolved and subgrid scales when using an EDMF scheme are pre-
sented for seawater and dry atmosphere. In this second part, we focus on oceanic con-
vection with the following objectives in mind: (¢) justify in the oceanic context the as-
sumptions made in Part I for the derivation of an MF scheme and a new TKE turbu-
lent transport term (i) show how continuous energy budgets can guide an energetically-
consistent discretization (4ii) quantify energy biases of inconsistent formulations, includ-
ing double-counting errors due to inconsistent boundary conditions. The performance

of the proposed energetically consistent EDMF scheme is evaluated against Large Eddy
Simulations (LES) and observational data of oceanic convection. We systematically eval-
uate the sensitivity of numerical solutions to different aspects of the new formulation we
propose. Notably, when compared to LES data, energetic consistency is key to obtain-
ing accurate TKE and turbulent transport of TKE profiles. To further illustrate that

the MF concept is a credible alternative to the traditional approaches used in the oceanic
context (using an enhanced vertical diffusion or a counter gradient term) the proposed
scheme is validated in a single-column configuration against observational data of oceanic
convection from the LION buoy.

Plain Language Summary

In Earth system models, various important processes occur on scales that are too
fine to be resolved with usual grid resolutions. Parameterizations have to be used to ap-
proximate the average effect of such processes on the scales resolved by a numerical model.
The general objective of the proposed work is to approach the parameterization prob-
lem for boundary-layer turbulence and convective plumes in a “consistent” manner. Here
the notion of consistency integrates various aspects: global energetic consistency, con-
sistency with a particular averaging technique for the scale-separation, and the rigorous
reduction of a physical system to a scale-aware parametric representation based on well-
identified and justifiable approximations and hypotheses. An originality is to jointly con-
sider energy budgets including a subgrid energy reservoir on top of the resolved ener-
gies allowing the proper coupling between the parameterization and the resolved fluid
dynamics. In the first part of this work, we focused on theoretical aspects at the con-
tinuous level. In this second part, we look at the practical aspects of implementing the
proposed concepts in an oceanic numerical model. This research paves the way toward
an alternative methodology to parameterize oceanic convection across scales. Numer-
ical simulations demonstrate the adequacy of the proposed parameterization.

1 Introduction

Oceanic vertical mixing parameterizations based on the Eddy-Diffusivity Mass-Flux
(EDMF) concept have seen a growing interest in the past years (Giordani et al., 2020;
Garanaik et al., 2024; Ramadhan et al., 2020). In the companion paper Perrot et al. (2024)
(hereafter Part I), we provide a self-contained derivation from first principles of a con-
vective mixing EDMF scheme. This type of closure involves separating vertical turbu-
lent fluxes into two components: an eddy-diffusivity (ED) term that addresses local small-
scale mixing in a near isotropic environment, and a mass-flux (MF) transport term that
accounts for the non-local transport performed by vertically coherent plumes within the
environment. Using the multi-fluid averaging underlying the MF concept, we review con-
sistent energy budgets between resolved and subgrid scales for seawater and dry atmo-
sphere, in anelastic and Boussinesq settings. We show that when using an EDMF scheme,
closed energy budgets can be recovered if: (i) bulk production terms of turbulent kinetic
energy (TKE) by shear, buoyancy and transport include MF contributions; (#7) bound-



63

64

65

66

67

68

69

70

71

72

73

74

75

76

7

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

ary conditions are consistent with EDMF, to avoid spurious energy fluxes at the bound-
ary. Moreover we show that lateral mixing between plumes and environment (referred

as entrainment or detrainment) induces a net production of TKE via the shear term, and
such production is enhanced when horizontal drag increases. Throughout the theoret-
ical development of the scheme, we maintain transparency regarding underlying assump-
tions.

In this second part, we use Large Eddy Simulations of oceanic convection to: ()
evaluate the assumptions used in the derivation of the scheme using a conditional sam-
pling of convective plumes, (i) propose a new formulation for TKE transport and (%)
assess the sensitivity of the EDMF scheme to energetic consistency, transport of TKE,
horizontal momentum transport and small plume area assumption. Additionally, we com-
pare the scheme to the classical TKE+EVD mixing scheme used for oceanic deep-convection
(Turbulent Kinetic Energy and Enhanced Vertical Diffusivity, Madec et al., 2019). We
show how energy budgets derived in Part I can guide a consistent discretization of the
TKE equation; and we quantify energy biases of inconsistent formulations, including double-
counting errors due to inconsistent boundary conditions.

We consider a Single Column Model (SCM) of the ocean in Boussinesq approxi-
mation (e.g. Tailleux & Dubos, 2024),

atﬁh = 78211)/'1112
at? = _azwlal + Cp_gagz
8t§ = —8ZIU/S/

where u;, = (u, ) is the horizontal velocity vector,  is conservative temperature, S is
salinity, and w'u},, w'#’, w'S’ are the corresponding vertical turbulent fluxes. Moreover

€ is the viscous dissipation of turbulence, ¢, is the seawater specific heat capacity and

« is the thermal expansion coefficient. The notation (-) indicates that the model’s vari-
ables and fluxes are interpreted as horizontal averages over the numerical grid cell of their
continuous counterpart. Thus we have a simple and exact correspondence to compare

SCM and LES data. Although viscous heating is usually neglected in the ocean (McDougall,

2003), we kept this term to obtain a closed energy budget.

The EDMF parameterization relies on a decomposition of the horizontal grid area
into an isotropic environment where turbulence is assumed diffusive, and an averaged
plume. Then the flux of any variable X = wu,v,#,.5 is closed according to the decom-
position

WX = -Kx9,X +apyw,(X, — X) (1)
—_— —
ED MF

where Kx is an eddy-diffusivity coeflicient, a, is the fractional area of the plume, w,, is
the vertical velocity of the plume and X, is the plume-related X quantity. In the present
study, the eddy viscosity K, and diffusivities K, = Ky = Kg in turbulent vertical
fluxes are computed from a turbulence closure model based on a prognostic equation for
the turbulent kinetic energy (TKE) k = «’ - //2 and a diagnostic computation of ap-
propriate length scales (a.k.a. 1.5-order turbulence closure, see Appendix A).

Total energy of the fluid in a Boussinesq approximation can be split into kinetic
energy of the horizontal resolved flow Ex = (wy, - @wp,)/2 (usually referred as mean or
resolved kinetic energy), residual turbulent (or subgrid) kinetic energy k, and E;., =
cpf—2b+gz, the sum of averaged internal energy and potential energy, where b is the
buoyancy acceleration (see Tailleux and Dubos (2024) and Part I). We were able to de-
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Figure 1: Schematic representation of (a) plume tracer budget, aside with eddy-
diffusivity in the environment () energy budgets in EDMF.

rive closed energy budgets, including the TKE equation in Part T (see fig. 1(b))

O Ex, + 0.Tg, = —K,(0,un)? + apwy(up,p —up) - 0.,
Ok + 0, T} = —K¢8ZE + a,,wp(bp — B) + Ku(azﬁh)Q — apwp(uh,p — ﬁh) -0,up — €
OEisy +0:Ts,, =~ (~K,0.5+ ayw,(b, — ) +7
(2)
where
TEk = (—Kuazﬂh + apwp(uh,p — ﬂh)) S uUp (3)
Tg,,, = -—0. (cp (7K¢829 + apwp (0, — 9)) —z (7K¢8zb + apwp (b, — b))) (4)

Based on conditional sampling of convective plumes, we propose a new formulation for
the transport of TKE, T}, in section 2.

Finally plume-related equations can be derived using a two-fluid averaging proce-
dure of the original unaveraged equations. Standard EDMF formulations — followed in
this study — rely on two main assumptions (see e.g. Part I and Yano (2014)): (i) sta-
tionarity of the plume, i.e. 0;(apX,) <K 0:(apw,Xp); (4¢) small-area occupied by the
plume, i.e. considering a, < 1 while keeping order one contribution of mass-flux a,w,
and source terms. Thus the generic plume equation assumes a balance between verti-
cal plume advection, horizontal entrainment (E) of environment fluid into the plume or
detrainment (D) of plume fluid into the environment, and potential additional sources
(see fig. 1(a)),

0. (apwpX,) = EX - DX, + Sxp

The comprehensive plume model equations are given in Table 1. A description of the clo-
sures are exposed in Part 1.

The paper is organized as follows. In section 2 we derive a new closure for the tur-
bulent transport of TKE. In section 3 we describe the two idealized LES test cases and
assess the validity of hypotheses used in the derivation of the MF scheme. In section 4
we derive a discretization that preserves the energetically consistent nature of EDMF
equations. In section 5 we evaluate the SCM against LES and realistic data, assess the
impact of different parameterization aspects, and quantify energy biases of inconsistent
formulations, including double-counting errors due to inconsistent boundary conditions.
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0.(apwp) =E—-D Plume area conservation equation
a,wy0,0, = E0—0,) Plume temperature equation
apw,0,S, = E(S—S,) Plume salinity equation
apwpup, = E(@, —upyp) + apw,Cy 0.1y, Plume horizontal momentum equation

apwp0,w, = —bEw,+ a, [aBp T hl(wp)Q} Plume vertical velocity equation

By = beos(0p, Sp) — beos(0,S) Buoyancy forcing term

E =a,Ccmax(0,0,wp) Lateral entrainment closure

D = —a,C5;min(0,0,w,) — apwpéoﬁ Lateral detrainment closure

Table 1: Summary of the plume equations in the small area limit under the steady plume
hypothesis. Cy,a,b,b’, 81, B2, 00 are dimensionless parameters. h is an estimate of the
mixed layer depth, computed as the depth at which w,(z = —h) = 0. "eos” stands for
”equation of state”.

2 A new closure for the transport of TKE

The redistribution terms of TKE are often little discussed in turbulence parame-
terization since they do not contribute directly to the vertically integrated energy bud-
gets. However, they are of great importance in convective conditions where non-local trans-
port dominates (Witek et al., 2011). For instance, TKE produced close to the surface
due to destabilizing buoyancy fluxes is then transported by coherent plumes into the mixed
layer. Taking into account MF transport of TKE is thus essential to achieve local en-
ergetic consistency, and model accurately TKE at any level z.

Turbulent fluxes of TKE arise from the contribution of a TKE transport term, a
pressure redistribution term and a viscous flux,

Ty = }w’u’ cul + iw’p’ —vo,k (5)
2 Po
For oceanic flows, the viscous flux is negligibly small and will be omitted. We will as-
sume that the pressure redistribution term can be incorporated into the transport term
of TKE assuming proportionality, as it is usually done in CBL schemes (e.g. Mellor, 1973).
In numerical models, TKE transport is usually parameterized via K-diffusion, namely

SISy R
2. (w/“ 2“ ) ~ —8,(K0.k) (6)

Alternatively, to derive a mass-flux based closure we can apply the plume/environment
decomposition of the horizontal average to get the exact relation

! !
u' -u 1——
! — oyl . ! A . . a7) . / !
w 5 = E a,2ui ulwl +a;(u; — @) - wiw, (7)
. —_— —
TR ) i — .
Y 1I;

1——— 1
—I—ai(wi —E)iu; 'Uvé —|—ai§||ui —HHQ(wi — @)

111, 1V,
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where the subscript e denotes variables of the environment, and the sudomain moments
are defined as

Wi = [ (= w)(u— ;) dody ®)
A

where A; (i = e,p) is the area occupied by the environment or the plume. Terms of (7)
are interpreted as follow: I; is an intra-subdomain turbulent TKE transport; II; is a trans-
port of Reynolds stress by the coherent velocities; I11; is a transport of subdomain TKE
by the coherent velocities (i.e. transport of TKE by mass-flux); IV; is a transport of con-
vective kinetic energy by coherent velocities. Based on LES simulations (see Sec. 3.3),

we found that: (¢) I, can be neglected, consistently with the small area limit; (i) II. and
II, are almost compensating, thus the sum II. + II, can be neglected. We can conve-
niently reformulate the remaining terms as (see Appendix B for details):

1 1
M + 110, + Ve + 1V, = agup —— (/cp + 5l —a)* — k) (9)
D

where sub-domain TKE are k; := 1/2u} - u} (i = e,p) and TKE can be decomposed
as the sum of domain-averaged TKEs and sub-domain TKEs:

1 1
k= iaellue —al® + acke + §apHup —al® + ayk, (10)

In EDMF closures, turbulence is assumed isotropic in the environment, thus we close %
with K-diffusion, similar to the standard practice for TKE-only schemes. Then assum-
ing —— ~1 (i.e. the small area limit) we have

7 7ol
Ue - U W,

l—a, —
Han & Bretherton 2019  Witek et al. 2011
Y —_——— ——
u -u a,W
3 — 12
w’ = _Kkazk + apwp(kp - k) + apwp + PP ||'U:h7p — Uh” (11)
2 N—— 2

ED
new EDMF

It is interesting to note that we can recover existing formulations from the proposed clo-
sure (11): if apw, = 0 it boils down to the classical eddy-diffusivity closure; if k, = k
and upp, = wy the term I/Qw:; proposed by Witek et al. (2011) is recovered; if TKE

is treated as a tracer transported by the plume then the formulation proposed by Han
and Bretherton (2019) is recovered. However, we should mention that these latter treat-
ment seems incorrect because w/u’ - u’/2 is not a second-order moment, but a third-order
moment which requires a proper treatment as seen in (7).

Finally, one still needs to provide a value for k,. Without any assumption, its prog-
nostic equation reads (Tan et al., 2018, eq. (11))

O(apkp) + 0:(apwyky) = —apwyuy, - Oxunp + apwpb),

1
+E (ke + §||ue - up||2> — Dk,

ul - u 1
-0, (apw]’g p2 a + ayuy, - p()(VpT)é)
—ap€p
Consistent with the neglect of subplume fluxes and temporal tendency in EDMF (see

Part T or Tan et al. (2018)), we propose as a first attempt to retain advection, entrain-
ment, detrainment and dissipation terms, which lead to the simplified form of the pre-
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vious equation:

1
0. (apwpk,) = FE (k;e + §Hue — up|2> — Dky, — ape,
ke Sllue—uyll®
1 a 1 1 1
= B k — P k - _ =12 - =112
1— ap 1— p( P + 2 Hup ’LLH )+ (1 o ap)z 2 HU’P ’LL”
—Dk, — apep

a 1 2
1+ T —pap] §||up7u|| ) — Dk, — apep

1-a,
where we have used the identity ||u. — u,||? = mﬂup — w|? and substituted k.
using (10). Using area conservation, we get the advective form
1 a |1 —
apwp0k, = El—ap k—Fk,+ |1+ T §||up—u|| — apép (12)

Finally assuming ﬁ ~ 1 and a? < a, (i.e. the small area limit) we have
1 —2
apwpOzkp = E(k—kp+ §||up —ul]* ) —apep (13)

where the closure for dissipation is taken as €, = ¢/l (k,)?/® (c. is a constant and [,

is a length scale, see Appendix A). As a summary, the proposed closure of TKE trans-

port is given by

W = — K0k + apwy (kp — k+ 3llu, —ul?) (14)
apwpl:ky = B (k—ky + 5llup —0l*) — apep

We will now use LES to evaluate EDMF assumptions and the new closure of TKE trans-
port.

3 Test cases description and validation of formulation

In this section we describe the reference idealized cases that will be further used
in the study; then we describe the LES model and the conditional sampling technique
used to identify convective plumes; finally we evaluate EDMF assumptions and the new
closure of TKE transport.

3.1 Description of idealized cases

The two idealized cases considered are reminiscent of typical convective conditions
in the ocean (e.g. Marshall & Schott, 1999), where convection into a initially resting ocean
of constant stratification Af = 1K/1000m (corresponding NZ = 1.962 x 107%s72) is
triggered by a surface cooling of Qo = —500 W m~2 (corresponding to a surface buoy-
ancy loss of By = —2.456x10~7" m?s~3). In both cases, salinity is kept uniform at S =
32.6 psu. The first case (FC500) consists of free convection, where no wind stress is ap-
plied. In the second idealized case (W005_C500) a uniform wind stress along the merid-
ional direction, of magnitude (u%)? = 0.05m?s~2, is applied. A summary of the pa-
rameters for each case can be found in table 2. To characterize wind-shear effects, we
introduce the Froude number (Haghshenas & Mellado, 2019a)

o

u
Fr,=—— 15
r NOLO ( )
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Table 2: Idealized cases parameters

Case Qo (Wm2) (u)? (m?s?) N3 (s2) tr(h) Fr,
FC500 —500 0 1.962 x 106 72 0
WO005_C500 —500 0.05 1.962 x 106 72 0.56

where the length scale Ly = (By/Ng)'/? can be interpreted as an Ozmidov scale (e/N?)'/2
(Garcia & Mellado, 2014) which is a measure of the smallest eddy size affected by a back-
ground stratification N2 in a turbulent field characterized by a viscous dissipation rate

€. After t; = 72h of simulation leading to a mixed layer depth & (defined as the depth

at which the buoyancy flux is minimum) of several hundred meters, various non-dimensional
numbers can be used to characterize the flow. Their values can be found in Tab. 3. The
ratio of the mixed layer depth to the Obukhov length (Obukhov (1971) and Zheng et

al. (2021) in the oceanic context) h/Loyp, where

_ (w)?
=5

Loy

is an estimate of the depth at which the production of TKE by turbulent shear is of the
same order of magnitude as the production of TKE by buoyancy fluxes. Noting w, =
(—Boh)/3 the convective velocity scale (Deardorff, 1970), we get

h Wy 3
u%:<u) (16)
2

We also recall that the oceanic friction velocity u? satisfies p,(u2)? = pq(u?)?. The Richard-
son number at the mixed layer base,

measures the destabilization by surface shear stresses of a stably stratified water column.
At ty = 72h, the case W005-C500 can be described by h/Lop >~ 5.7 and Rij ~ 310,
which corresponds to a regime of strong deepening of the MLD according to Legay et

al. (2023). Finally, for free convection cases (no wind) a convective Richardson number
can be built as

RZ = Ng = N02h4/3 = Zh @ 2/3
T (wa/h)? (= Bo)/? h

It can be interpreted as follows. The time evolution of the mixed layer depth can be ac-
curately described by the scaling (Turner, 1979; Van Roekel et al., 2018)

h o hene (17)

where the encroachment depth is hepc(t) := 4 /2(_1\,7%0)15. Then the ratio of the entrain-
0

ment velocity w, = %h to the convective velocity w, = (—Byh)'/? reads

Ye Ri ! (18)

W



Table 3: Idealized cases non-dimensional parameters after 72 h of simulation

Case h/LOb Rih RZ*
FC500 % 00 97
W05_C500 5.7 310 97

217 3.2 LES model description and conditional sampling

218 The LES data have been generated by the non-hydrostatic model Méso-NH (Lac

219 et al., 2018), using the Ocean-LES version developed by Jean-Luc Redelsperger. It is solv-
220 ing an anelastic Lipps-Hemler system adapted to the ocean, along with a linearized equa-
221 tion of state. The model uses a second-order Runge-Kutta time stepping and spatial dis-
222 cretization of advection operators is performed with a fourth-order centered scheme. Ex-
223 plicit subgrid scale closures are computed via a 3-D turbulence scheme based on a prog-
24 nostic equation of the subgrid turbulent kinetic energy using a mixing-length scale, com-
225 puted from the volume of a grid cell (Cuxart et al., 2000). The domain size is 1000 m

226 on the vertical and 7.5kmx7.5km on the horizontal, where doubly periodic conditions

207 are applied. A resolution of 10m on the vertical and 15 m on the horizontal is used. Each
228 configuration is run for 72h with a time-step of 10s. To assess the quality of the sim-

229 ulations, we checked that the subgrid TKE was never exceeding 20% of the TKE explic-
230 itly resolved by the LES (Pope, 2004). Via analysis of the total TKE budget, we checked
231 that a quasi-steady regime is reached after a few hours of simulation (e.g. Garcia & Mel-
23 lado, 2014). Moreover, at the end of the simulations, the typical size of coherent struc-

233 tures, which can be quantified by the horizontal integral length scale in the bulk of the

23 mixed layer, is of the order O(500m) <« 7.5km. This suggests that the horizontal do-

235 main is large enough to provide a satisfactory statistical sampling of turbulent structures.

236 To identify plumes, we use a velocity-based conditional sampling adapted from Pergaud
237 et al. (2009), where the plume area is defined as

Ap(z,t) = {(z,y, z,t) such that w(z,t) — w(z,y, z,t) > m x max(\/ﬁ(z,t), Omin (2, t))} (19)

238 where the minimum standard deviation is chosen as omin(z,t) = 0.05/(—%) fZO Vw? (2, t) dz'.

239 We checked that the further conclusions were not sensitive to m, and fixed m = 1. We
240 do not use the tracer-based sampling of Couvreux et al. (2010) since it is valid only for
201 small variations of the mixed layer depth. We neither utilize the ”strong updraft” sam-
212 pling of (Siebesma et al., 2007) since it assumes that a, is a given constant. However,

243 we checked that similar conclusions could be drawn from such samplings (not shown).
244 3.3 Evaluation of the steady plume and small area hypotheses

25 In this section, we directly evaluate the validity of the main assumptions of EDMF
246 scheme, namely that plumes are stationary and that their area is negligible compared

247 to the total grid area.Figs. 2 and 3 show that the plume temporal tendency terms are
248 O(107'——1072) smaller than plume advective terms which is consistent with the scal-
249 ing in 1/(Npt) derived in Part I. This justifies the use of the steady plume hypothesis.
250 Figs. 4 and 5 show vertical profiles of temperature, vertical velocity, plume fractional
251 area, and temperature flux for the idealized cases FC500 and W005_C500. Values of a,(2)
252 range between 10% and 20% of the total area, as exposed in previous studies (e.g. Cou-
253 vreux et al., 2010). Thus the assumption of modeling a small plume area is not really

254 accurate. This justifies questioning the relevance of this assumption and considering the
255 system described in 5.3, in which a, is not considered small anymore. The convective
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Figure 2: Temporal evolution of the normalized plume tendency 0;(a,X,) and plume
advection 0,(ap,w,X,) terms (X = 6, w), for the case FC500. Colored lines indicate
thresholds to each power of ten.
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Figure 4: LES vertical profiles of (a) temperature, (b) vertical velocities, (c¢) plume frac-
tional area, (d) temperature flux and (e) TKE flux for the FC500 case after 72h of sim-
ulation. For each field, the black line represents a horizontal average over the whole grid
cell, the blue line represents an average over the plume area and the orange line represents
an average over the environment area. In panel (b) the blue dotted line represents a,w,,
and the gray dashed line represents the value of the free convective velocity scale w,. In
panel (d), total flux is in black, plume fluxes in blue (MF is dashed and subplume is dot-
ted), and environment fluxes in orange (same linestyles). In panel (e) are represented the
total flux (black) and the contributions from the combined terms I, + III, + III, + IV,
(blue), II, 4+ II, (dashed gray), I, (dash-dotted gray) and III, (dotted gray) (see 2 for
details).

velocity wy is found to be a good estimate of the plume vertical velocity w, (panel (b)).
The contribution of the mass-flux term a,w,(6,—0) (panel (d)) to the total tempera-
ture flux is increasing with depth, until reaching a quasi-perfect match in the entrain-
ment layer. The rough validity of the assumption apwy,(6,—0) > a,wl,0], acw,(0.—0)

is consistent with the rough validity of a, < 1. The plume/environment decomposi-

tion of the vertical transport of TKE 1/2w’u’ - u’ is presented in Figs. 4(e) and 5(e). The

dominant terms exposed in eq. (9) explain well the total flux.

Thanks to LES, we have assessed the validity of hypotheses used to derive the con-
tinuous formulation of our energetically consistent EDMF scheme. We now turn to the
discretization of such scheme.
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Figure 5: Same as figure 4 for the case W005_C500.
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266 4 Discretization of energetically consistent EDMF equations

267 In this section, we derive a discretization that satisfies the conservative energy ex-
268 change described in Part I (see also the introduction in section 1) at a discrete level when
260 using EDMF. This is achieved through discrete mean kinetic, turbulent kinetic, and po-
270 tential energy budgets. This type of approach has already been proposed by Burchard

211 (2002) in the ED case to derive an energy-conserving discretization method for the shear
272 and buoyancy production terms in the TKE. In what follows, we generalize this approach
273 to the EDMF case. This section is divided into 2 subsections, the first about the cou-

274 pling between ED and MF schemes within the time-stepping algorithm and the second

215 about an energy-conserving discretization of TKE production and destruction terms. For
276 readers interested in a practical implementation of the proposed EDMF scheme in a nu-

277 merical model, full details of a simple discretization of the MF equations are given in Ap-
218 pendix C including the way the mixed layer depth h is computed. The proposed discretiza-
279 tion guarantees that w), is strictly negative, that a, is bounded between 0 and 1, and that
280 the continuity and tracer equations are compatible, without the need for an iterative so-

281 lution procedure.

282 4.1 Coupling ED and MF schemes

283 In the EDMF approach, the usual vertical diffusion/viscous subgrid terms are com-
284 pleted by an advective term so that the following equation must be advanced in time (with

285 XZU,’U,Q,S):

0% = 0, (Kx0.X) — 0. (ayuwp(X, - X)) (20)
286 This amounts to couple a boundary layer scheme which provides Kx and a convection
287 scheme which provides a,w, and X,,. The numerical treatment of such coupling can be
288 approached in 2 ways: either by integrating the 2 schemes sequentially or in parallel. For
289 the numerical experiments discussed in Sec. 5 we chose a boundary layer-then-convection
200 strategy corresponding to the following temporal integration for the single-column model
201 (leaving aside the Coriolis and solar penetration terms, and for ¢ = 6, .5)

ED step
¢n+1,* _ (bn + At@z (K¢>(/‘” Z)r:)az¢n+l,*)
up T = g A, (K (500 )
bn+1,* — beos(¢n+1,*)
MF step
[ap, Wy, Gpy Wi p, Kp, Bp] = MF (¢, b"“’*,u;i“’*)
¢n+1 _ d)n—i-l,* _ At@z (apwp(¢p _ ¢n+1,*))
u;”‘l = uzﬂ’* — A0, (apwp(uhwp — uZH’*))
TKE update
E" = k" 4+ A0, (Ki (K" 0")0k™ ) + Fr (0" upt ult, ap, wp, un p, kp, By)

202 where the MF(.) function represents the computation of mass-flux quantities as described
203 in Appendix C and Fj, contains the TKE transport and forcing terms whose discrete ex-
204 pression will be given in next subsection. In oceanic models, the "ED step” is classically
205 computed using an Euler backward scheme. With the proposed approach, the convec-

206 tion scheme takes as input a state already updated by the boundary layer scheme (and

207 by the solar penetration and non-solar surface heat flux which are applied during the "ED
208 step”) The convection scheme therefore uses a state whose static stability is represen-

299 tative of the current time-step and external forcing. Ultimately, with the proposed ap-
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proach, the various stages can be expressed directly as follows

B = 6" + A, (KD 6™ — ayuy (9, — 67H))
[ap, wp, ¢p] = MF(‘ZSHH’*)

which reflects the fact that the ED part and the MF part are properly synchronized in
time, as they consider the same mean fields. In the case where stratification is stable through-

out the column, the mass flux scheme returns a zero fraction a, and we simply obtain
¢TL+1 — ¢n+17*.

On the other hand, the approach of simultaneously considering the ED and MF
parts in a single tridiagonal problem (a.k.a. the boundary layer-and-convection strategy,
e.g. Giordani et al. (2020)) would lead to

"t =" + At (K¢82¢”+1 — apwy(pp — ¢n+1))
[ap7 wpa ¢P] = MF((b")

In this case, the mass flux variables are computed using mean fields at time n. Indeed

¢p has been computed using ¢" while it is applied at time n+ 1. However, this strat-

egy has the advantage of being unconditionally stable while the boundary layer-then-convection
strategy is conditionally stable!. Based on the sequential integration of ED and MF com-
ponents, we now turn to the spatial discretization of an energetically coherent EDMF

scheme.

4.2 Energy consistent discretization of TKE dissipation and production
terms

We consider the standard grid arrangement used in oceanic models which are usu-
ally discretized on a Lorenz grid in the vertical (density is located in the center of the
cells on the vertical). We consider N grid cells in the vertical with thickness Az; = z;1/5—
zj—1/2 (2172 = —H and zy41/2 = 0 the surface) such that Zjvzl Az; = —H. Tradi-
tionally, turbulent quantities like turbulent kinetic energy k and eddy diffusivities K x
are naturally located on the interfaces at z;,,,2 to avoid interpolations when comput-
ing the vertical gradients of the turbulent fluxes. For the discrete values, not to inter-
fere with the grid indices, the subscript p for the plume quantities is now a superscript
such that plume quantities are now noted Xf+1/2 = Xp(2 = 2j41/2). In the follow-
ing, we consider that the plume quantities and k are discretized at cell interfaces and the
mean quantities are discretized at cell centers.

The turbulent flux w’' X’ (for X = u,b,0) are discretized at cell interfaces as

(5ZX)H+117; n *
ET g2 (@PwP) ;412 (Xfﬂ/2 — XL )

_ 77X _ X
(WX") 412 = Ty = =K Az

with (8 X711 = X — X0 and [o?,wr, XP] = MP(XH1),

4.2.1 Discrete mean kinetic energy equation
Multiplying the discrete equation for u; by u;l+1/2 = (u}“|r1 + u?) /2 we obtain

+1y2 n\2 n+1/2
A DA {j?‘ — g }
24t Azy V0412 vim1/2

(u

A / KAt
I The stability constraint is given by —apw, < 2TAZt <1 +4/1+ 8A2> which is obtained through
z

standard Von Neumann stability analysis.
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After some simple algebra? the mean kinetic energy equation can be expressed as

M 1 (n+1/2 u n+1/2 7u ) 1 {(6 )’I’L+1/2
j—1/2

2At Az, W12y = o T 27z

Wji1/s Tiaye + (0:u)

(21)

where the terms in curly brackets on the right-hand side contribute to the discrete ex-
pressions of the ED and MF TKE production terms by shear while the flux divergence

term corresponds to the 0,7, term in (2). The vertically integrated discrete budget reads

A (n+1) (U?V n+1/2 sy n+1/2 ”
Z % Z—At Funi o INr12 = Uy Ti)

N-1

1 n+1/2 u n+1/2 u n+1/2
9 ((5ZU)N+1/2jN+1/2 (6- U)1/2 j1/2) + Z d-u) j+1/2 g+1/2

Jj=1

Boundary condition for the momentum flux are such that the numerical flur equals the
physical fluzx, i.e. jﬁ+1/2 = —7,/po and jlu/Q = 0, where 7, is the surface momentum
stress. For conciseness we assumed a no stress condition at the bottom, and vanishing
gradients of momentum at the surface and the boundary as in (Burchard, 2002) (but they
could have been kept without additional complications). The vertically integrated dis-

crete budget is thus simplified into

( n+1) (u L )2 V2T N-1 1172
J n T n
ZAZJ IAL - “N+1/2% = Z (5Zu)j+1/2 ju+1/2

=1

(22)

The term on the right-hand side corresponds to a transfer between the mean and tur-

bulent kinetic energies.

4.2.2 Discrete mean internal and potential energy equation

We consider the energy cpg — zb which satisfies the discrete evolution equation

(cpf — 2b)" T — (c,0 — zb)7 p
: At - = . [‘7J+1/2 ~7j—1/2} {%4—1/2 ‘7jb—1/2]

After some simple algebra?, the discrete energy equation can be expressed as

(cpf — zb)}""1 — (cpf — 20)7

+ €5

n+1/2
j=1/2

At +A1Zj [(Cp.,7j9+1/2 - Zj+1/2L7jb+1/2> — (cp\7j971/2 — Zj—1/2u7jb,1/2)}

1

= _7.{ ZJ+1/2j+1/2+AZJ 1/2~7 1/2}+€] (23)

2Az;

where the terms in curly brackets on the right-hand side contribute to the discrete ex-
pressions of the ED and MF TKE buoyancy production/destruction terms while the flux

divergence term corresponds to the 0.7, , term in (2).

Assuming boundary conditions such that no buoyancy/heat flux through the bot-

tom we get
n+1/2 1 n+1/2 n+1/2 n+1/2 1
2 We multlplyJJrl/2 Y U 2 _ —5(6 u)]+1//2 + ]+1//2 and VA by u; / 2(5Zu)
n+1/2
Ui_1)2

1 1
3 We multiply H? J41/2 by z; = 75Azj+1/2 + zj41/2 and 7-[271/2 by z; = 5Az]-_1/2 +zi_1/2
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362
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364

365

366

N n+1 n

(cp — 2b)T" — (cpf — 2b)7 1
ZAZJ( P J A7 b J +ij]€[+1/2+§AZN+1/2JJZ<I+1/2
=1

N—-1 N
== Z Azjp12T 1y + Z Azje; (24)
j=1

Jj=1

where we prescribe that the numerical flux equals the ”physical” surface flux, i.e. ¢,J, ﬁ, +1/2F
1 b W7 AiNt1/2 (g :
§AZN+1/QJN+1/2 = w0y + 95 (aw'dy — Buw'S’y). Note however that in-

consistent boundary condition can lead to additional unphysical energy fluxes (see 5.1.2).

4.2.3 Constraints for discrete energetic consistency

In the same spirit as Burchard (2002), the discrete energy budgets (21) and (23)
can be used to derive an energy-conserving discretization of the shear and buoyancy pro-
duction terms for turbulent kinetic energy. As stated above the TKE variable is natu-
rally located at cell interfaces. A discrete expression for its evolution equation is given
by : it

kilie = ki 1

At B AZj+1/2
The turbulent transport of TKE consistent with (14) is

[Gjv1 — Gj] +Shjti/2 + B2 — €412

kn+1

, — gl
+1/
G =K}~

2 —1/2 n
J / +(apwp)j+1/2(k?+1/27kj_1/2)+

(anP)j+1/2 (( D
AZj

2
2 Wiiaye)” (W =

Using (22) and (24), the constraints for energetic consistency between the mean and tur-
bulent energies at the discrete level lead to

N-1 N-1
n+1/2 -4
> AzipapaShyrye = = D (Ew)j i1/ T2
i=1 j=1
N-1 N-1
AzjpapBisiye = D Dzjrapp T}y
i=1 j=1
N-1
Azjrijs€inye = ) Azje
Jj=1 j=1

Such constraints are satisfied for the following choice of discretizations

Shjii2 = % ( j+1/2% — (apwp)jt1/2 (up - UMI’*)
Azji1y2 Azjiiy2 ez
Bj+1/2 = _KJI?+1/2 (NQ);LJJ:;/’; + (Gpwp)jJrl/z (beos(¢§+1/2) - beos(¢?+17*)) (25)
. _ Bzjpaye€iriye + Az_1yo€j-1y2
J AZj
further assuming that €; /o = eny41/2 = 0. Considering the discretizations (25), the

total energy budget of the water column reads

N (e = b+ w2 = (epf — b+ w2 Kt e = Ko
2 A% A T2 A
j=1 j=1

BIAzZN 1172 —ra7
2

n - agAz
_on+1/2 T +< gAZN+1/2 WS —Ox+ G (26)

— v 97, —
UN+1/2P0 5 +cp)w 0

We check in the following section that this budget is indeed recovered in our SCM code.
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5 SCM evaluation and parameterization impacts

In this section, we test on the two idealized cases the sensitivity of the scheme to
the formulation of TKE transport, energetic consistency, boundary conditions, mass-flux
transport of horizontal momentum, and small plume area assumption. We also quan-
tify energy biases of inconsistent formulations, including double-counting errors due to
inconsistent boundary conditions. The constants ¢,,, ¢, ¢x used in the ED terms are the
same as the constants used in the TKE equation of the LES model. The parameters used
for the plume equations closures have been chosen as 51 = 0.99, 5, = 1.99,a =1.,b =
1,0/ =0.75,C, = 0.5,a2 = 0.2,8p = 1.125. A careful tuning and uncertainty quan-
tification of the parameters, using for instance statistical method (e.g. Souza et al., 2020;
Couvreux et al., 2021), is left for future studies. Sensitivity to time step and number of
levels is presented in Appendix D.

5.1 Impact of the energetic consistency and comparison to EVD
5.1.1 Bulk production

In this section, we evaluate three different configurations of the SCM against LES
data. First, an EDMF scheme in which an ED parameterization of the TKE equation
is used (referred to as "EDMPF-inconsistent” ), namely

Ok + 8Z(7Kk6zk) = 7K¢6z5 + Ku(ﬁzﬁh)z — € (27)

This configuration is not energetically consistent since the contributions of MF to the
buoyancy and shear production of TKE are missing (Part I). It would be the result of

an independent coupling of TKE and MF schemes. The second configuration consists

of the previously detailed EDMF scheme in which the TKE equation consistently includes
the contribution of MF terms to energy transfers (referred to as "EDMF-Energy”) as
detailed in (2). Finally, an ED closure based on a TKE-scheme, along with enhanced ver-
tical diffusivity to 10m?s~! at depths where N2 < 0 is tested and implemented for ref-
erence. This is the standard option in NEMO (Madec et al., 2019), and we will refer to

it as "ED+EVD”. The comparison of the three aforementioned configurations are plot-
ted for the two LES cases on figures 6 and 7. ED4+EVD necessarily produce unstable
(near-neutral) temperature profiles (fig. 6(a) and 7(a)) when the associated temperature
flux is positive, since by design ED4+EVD can only allow down-gradient fluxes. More-
over ED+EVD fails to reproduce the correct magnitude of the so-called vertical entrain-
ment zone (e.g. Garcia & Mellado, 2014), in which penetrative convection generates neg-
ative temperature flux and sharpens the temperature gradients at the base of the mixed
layer. The lack of penetrative convection is known to reduce the deepening rate (e.g. chap.
6, Garratt, 1994), thus producing an important bias of a hundred meters regarding the
mixed layer depth compared to LES. However in this region the negative flux of tem-
perature could have been represented by an ED-only closure, since positive gradient of
temperature are expected (e.g. (Bretherton & Park, 2009)) ; the observed bias of the en-
trainment flux is not due to the usage of an ED closure, but to the detailed formulation
of such a downgradient scheme. On the other hand, EDMF-inconsistent and EDMF-energy
equally perform in representing these profiles. The absence of a noticeable effect of the
energetic consistency on the temperature mean and flux profiles is a consequence of the
small value of the eddy-diffusivity fluxes (dashed lines) in the mixed layer. When con-
sidering the TKE profile (fig. 6(c) and 7(c)), ED+EVD can model the correct order of
magnitude, however, the TKE does not penetrate enough. EDMF-inconsistent fails to
reproduce TKE due to energetic inconsistency. Indeed, looking at temperature and ve-
locity fluxes allows us to infer that the losses of resolved energy due to buoyancy and shear
are dominated by the MF contributions. However, such contributions are not included

as sources of TKE for the EDMF-inconsistent scheme, leading to the very low levels of
TKE observed in the simulation. EDMF-energy can reproduce accurate profiles of TKE.
The main discrepancies arise close to the surface and at the base of the mixed layer. How-
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Figure 6: Mean and turbulent profiles for the case FC500 case after 72h of simulation.
LES data (black dots), ED+EVD scheme (gray line), EDMF-inconsistent (red line),
EDMF-energy (green line), EDMF-energy-bc_P09=consistent (green dashed) and
EDMF-energy-bc_PO9=inconsistent (green dotted) are represented, along with the
ED contribution to the temperature fluxes for EDMF-inconsistent (dashed-dotted red)
and EDMF-energy (dash-dotted green).

ever energetic consistency ensures that these discrepancies are only due to modelling choices
(such as TKE boundary conditions) and cannot be the result of inconsistent energetics.
Regarding the vertical transport of TKE (fig. 6(d) and 7(f)), EDMF-inconsistent is not
able to reproduce the LES profile. ED+EVD displays the correct shape, however, the
magnitude is approximately ten times less than the reference profile. EDMF-energy ac-
curately reproduces the profile, with a shift downwards of a few percent of the mixed layer
depth h.

In Fig. 8, we represent the vertically integrated energy budget of the SCM for the
case W005_C500 (FC500 is similar), namely the quantity

z=0

0
/ O (B +k+ Biyp) dz+ [To, + T +Tr,., | ", (28)
—H

where the different energy reservoirs and fluxes are presented on equations (2)-(4). As
expected, EDMF-energy conserves energy up to round-off errors (£10712m3s~3) whereas
EDMF-inconsistent exhibit an energy loss of about 10~°m3s~2 corresponding to

0
/ (—apwp(by — b) + apwy(uny — wp) - O.up) dz (29)
-H

which scales with Bgh.

5.1.2 Boundary conditions

In Part I we showed that inconsistent choices of boundary conditions for plume and
mean temperature can lead to energy biases. Here we numerically evaluate the impact
of three different plume/mean choices. The default choice for our scheme is

0p|0 B = g|0
K00, = w0,

(bc_PO9=false) { (30)
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Figure 8: Time series of the vertically integrated energy budget (28) for the case
WO005_C500 (see text for details).
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which result in the physical energy flux Tg, |, = c,w’0’|,. The boundary condition
proposed in (Pergaud et al., 2009), adapted from (Soares et al., 2004),

//|
wOO

9p|0 = §|0 + Brog ﬁk‘
0]
—K,40.0|, = w0,

(bc_PO9=inconsistent) (31)

where 8 = 0.3 is a numerical constant. These boundary conditions is equivalent to pre-

G‘P|0w17|06p09
0

scribe the unphysical energy flux Ty, |, = c,w’0'|; + c,w'0| where the

second term of the r.h.s. is a spurious source of energy. This bias is due to an inconsis-
tent partitioning of the physical boundary flux c,w’#’|, into ED and MF fluxes. Such
bias can be corrected by modifying the ED flux,

w’0’|

0p|0 - §|0 + /BPOQ \/WO
(bc_PO9=consistent) B ’ B |
— K3 y0:01g = w'0'|y — aplowplo(Opl — 0lo) = (1 B (W\/TO6PW> w''ly
k 0

(32)
leading to the physical energy flux Tg, |, = c,w’6’|,.

On figures 6 and 7 we expose the result of these different boundary conditions on
mean and turbulent quantities after 72h of simulation. For the EDMF-energy scheme,
solutions computed using bc_P09=false and bc_P09=consistent coincide, whereas bc_PO9=inconsistent
exhibit a cool bias of ~ 0.01°C on temperature profiles (fig. 6(a) and 7(a)) due to the
spurious flux imposed at the surface. Since buoyancy in the mixed layer scales with N2h
(Garratt, 1994) this bias is expected to increase with the mixed layer depth. Finally it
induces bias of a few percents on the TKE and TKE flux profiles. On figure 8 vertically
integrated total energy budgets are represented against time for these different bound-
ary conditions for the case W005_C500. "bc_P09=false” and "bc_P09=consistent” equally

performs at conserving energy up to round-off errors (£10~2m?s~3), whereas "bc_PO9=inconsistent”
exhibits an important bias of 10~ m3s~3.

5.2 Impact of TKE transport

In fig. 10 and 9 we compare the new TKE transport parameterization exposed in
sec. 2 to a standard ED+EVD formulation, and to the MF closures proposed by (Witek
et al., 2011) and by (Han & Bretherton, 2019).

Han & Bretherton 2019  Witek et al. 2011
~ =

- ’ y 3 apWp = 12
w—— = —K0.k+ apwy(k, —k) + apw, += lwnp — sl (33)
b new EDMF

Moreover, note that we use a different plume TKE equation than the one used in Han
and Bretherton (2019),

Han & Bretherton 2019
——— 1 9
apwy0zky = E(k—kp) +E 5”“}7 —all” ) — apep (34)

new EDMF

The choice of TKE transport seems to have a negligible impact on temperature, tem-
perature fluxes, velocity and momentum fluxes. When looking at TKE fluxes (fig. 9(d)
and 10(f)), all parameterizations reproduce the bell-shape but exhibit a consistent shift
downwards of approximately 0.1h. Haghshenas and Mellado (2019b) mention that the
local maximum at the base of the mixed layer is caused by shear production of TKE and
corresponds to a upwards transport from the mixed layer base into the mixed layer in-
terior. None of the parameterizations are able to capture this effect. Regarding the min-
imum of the flux, ED+EVD and Han & Bretherton parameterizations result in biases
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Figure 9: Vertical profiles of (a) temperature, (b) temperature flux, (¢) turbulent kinetic
energy and (d) turbulent transport of TKE for the FC500 case after 72h of simulation.
LES data (black dots) are ED+EVD scheme (gray line) represented, as well as three
energetically consistent EDMF scheme differing only by their parameterization of TKE
transport: Witel et al. 2011 (blue line), Han & Bretherton 2019 (orange line) and the new
formulation (green line).

of 90% and 80% biases compared to LES, whereas Witek et al. has the correct value and
the new parameterization present a 10% overestimate of the maximum. We will see that
this overestimation can be corrected if the assumption of small a,, is relaxed, see sec. 5.3.
Transport of TKE has a direct effect on the profile of TKE (fig. 9(c) and 10(c)). The
surface production of TKE seems not enough redistributed on the vertical for ED+EVD
and Han & Bretherton schemes, leading to insufficient penetration of TKE inside the lower
half of the mixed layer. The more realistic TKE transports of Witek et al. and of the
new scheme lead to a better penetration of the TKE inside the mixed layer. The sur-
face TKE bias, also present in the free convective case on fig. 6 may be related to bound-
ary condition choices that should be further investigated. Our implementation of Han

& Bretherton reproduces well the shape of TKE plotted on their figure 4; but their im-
plementation exhibits a clear lack of production of TKE.

5.3 Impact of horizontal momentum transport and small plume area

In section 3.3, analysis of LES revealed that the assumption a, < 1 was not fully
satisfied. This small-area assumption can be relaxed with no additional complexity if the
subplume fluxes wy,¢;, are still neglected. A summary of the EDMF-Energy parameter-
ization in such a regime is presented in Tab. 4. Moreover we examine the impact of the

mass-flux on horizontal momentum transport by comparing simulations in which w’u},
0 (a choice made in several studies, e.g Tan et al. (2018); Cohen et al. (2020); Giordani
et al. (2020)) to simulations where the horizontal velocity plume model exposed in tab.

1 leads to w'uj, # 0. The cross-comparison of small-area impact and MF horizon-
tal momentum impact leads to four EDMF configurations, presented on fig. 11 for the
case W005_C500.

Relaxing the small area assumption mainly affects the minimum of the TKE trans-
port, reducing by 10% which roughly corresponds to the rescaling coefficient o = 1/(1—
ap). As a consequence TKE is less redistributed on the vertical, leading to slightly higher
TKE close to the surface and reduced TKE in the interior. Other mean fields and fluxes
do not seem affected. However, the influence of the small plume area would be more clearly
seen in the gray zone of convection, i.e. when the horizontal size of convective structures
approach the horizontal size of the LES domain (Honnert, 2022). For 3D implementa-
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Figure 10: Same as figure 10 for the case W005_C500.
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Figure 11: Mean and turbulent profiles for the W005_C500 case after 72h of simulation.

Different configurations of EDMF-energy are used: small plume area assumption (trans-
parent lines) or not (solid lines); MF on momentum flux (orange lines) or not (blue lines).

tions of the parameterization at resolution lying within the gray zone, the dependency
of parameters to resolution should be assessed.

The main effect of MF on horizontal velocities is to increase the momentum flux,
which in turn produces more mixing of the zonal velocity compared to the velocities com-
puted with ED-only momentum flux. According to the reference LES the well-mixed pro-
file is more realistic. Configurations with MF momentum flux exhibit more negative min-
ima of TKE flux, which in turn produces higher levels of TKE. However this impact is
less important than that of the small-area assumption. This can be explained by the fact

that W005_C500 depicts a convection-dominated regime; thus TKE is mainly produced

by buoyancy, and the flux of TKE is dominated by the wg term.

5.4 Realistic case: Hymex/ASICS-MED campaign

We now move to more realistic situations corresponding to a sequence of strong con-
vective events which were documented in the Northwestern Mediterranean during the

winter 2013 of the HyMeX/ASICS-MED experiment at the LION buoy. These events
corresponds to localized oceanic deep convection (Marshall & Schott, 1999) for which the

water column is typically mixed over thousands meters, sometime down to the seafloor.

—23—



Rescaling coefficient

1—a,
w0 = ocaywy(8, —0) — Ks0.0 Vertical turbulent flux of temperature
w'S" = caywy(Sy, — S) — Ky0,S Vertical turbulent flux of salt
w'uy, = capwy(uny — ) — Ky 0.0, Vertical turbulent momentum flux
0.(apwp) =E—-D Plume area conservation equation
apwy0.0, =cE(0—0,) Plume temperature equation
apwp0,S, =cE(S—S)) Plume salinity equation

apWp0, Up p
apWp0, Wy
By,

apwp0;ky

E
D

= (TE(ﬁh = uh,p) + apwp(]uazﬁh

/

= —obBw, + a, {aBp + (Ib(wp)ﬂ

= beoswpﬂsp) -
5 1

7B (6= )+ (L a20)3lhuy — wlP) =

h
beos (aa g)

Ap€p

= a,C. max(0, d,w,)

= —a,Cs min(0, 0,wp) — apwpdo—

1
h

Plume horizontal momentum equation
Plume vertical velocity equation

Buoyancy forcing term

Plume related TKE

Lateral entrainment closure

Lateral detrainment closure

Bk — 8., (Kyd.k)

= K (0,up)? — K40,b

—0apWy ((uh’p — ﬂh) -0,y — (bp — B))

1
0. ey, [k, — k+ 3y - wl?) )

—€

ED related TKE production terms
MF related TKE production terms

MF related TKE transport term

TKE dissipation

Table 4: Summary of the plume equations without the small plume area assumption, i.e.

without assuming a, < 1. Small-area assumption is recovered by imposing o =

o=0.
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These winter events are common in the Mediterranean sea as well as in the Labrador and
Greenland seas, and are of great importance for deep water formation and their over-

all influence on basin scale dynamics. The ASICS-MED experiment was also used in Giordani
et al. (2020) and we use a similar setup here (similar vertical grid as well as similar ini-
tial and surface boundary conditions). The experiments are performed with a SCM sim-
ilar to (1) but including additional Coriolis and solar penetration (using a standard Jerlov
law) terms. We use a nonlinear equation of state. We also include penalization terms

in the SCM nudging w, to zero at the ocean floor to account for the effect of the bot-
tom (which is at a depth of 2400 m at the LION buoy). Thanks to the penalization term
a no-slip boundary condition is imposed at the bottom and a no-gradient condition is
imposed for tracers. The vertical grid resolution ranges from 1 m near the surface to

150 m near the bottom located at z = —2400 m. Parameters of the TKE scheme are

set to the standard NEMO values, ¢ = (¢, ¢, cx) = (0.1, ?,0.1).

A series of 30-days numerical simulations were carried out starting from January
15, 2013. The surface boundary conditions are shown in Fig. 12. In particular, very strong
cooling events occurred during the period of interest. Two simulations were made sys-
tematically with an eddy-diffusivity term activated. A first simulation was done with En-
hanced Vertical Diffusion (referred to as ED+EVD) which is the standard practice for
climate simulations using NEMO, a second one using a mass flux scheme on tracers, dy-
namics, and with the additional terms for energetic consistency in the TKE equation (re-
ferred to as EDMF-energy). To get a more concrete idea of the improvements brought
about by the mass flux scheme over the usual practice for NEMO applications (ED+EVD),
we show in Fig. 12 (bottom panel) the temporal evolution of the mixed layer depth hy,x
computed from mooring data and single-column numerical simulations. Ay is defined
as the depth where the following criterion is met
Zref
boos (0, S = 38.5 psu) dz = L p. (35)
hmx1 Po
with z.er = 300 m and p. = 0.01 kg m~3. This choice of reference level is consistent
with the one used in Houpert et al. (2016) also with LION buoy observational data. More-
over, the mixed layer depths obtained by applying (35) on the data (see red curve in Fig.
12) are directly comparable with the ones shown in Waldman et al. (2017) (see their Fig.
4). We had to consider a constant salinity in the buoyancy calculation because the salin-
ity data from the LION buoy are noisy in the vertical and did not allow for a robust di-
agnostic.The bottom panel in Fig. 12 illustrates the fact that the mixed layer depth is
significantly better represented by the EDMF-Energy scheme than by the ED4+EVD ap-
proach. Moreover, a direct comparison with temperature and salinity from mooring data
is shown in Fig. 13 at different times. In particular several phases can be identified dur-
ing the experiment (e.g. Coppola et al., 2017; Waldman et al., 2017): (i) in the period
15-25 January 2013 winter convection starts to deepen the mixed layer down to around
—800 m to the point of eroding the Levantine intermediate waters (Estournel et al., 2016)
(it) in the period 26-29 January 2013 the mixed layer keeps thickening to the depth of
the western Mediterranean deep water (= —1250 m) (%) in the period 4-9 February
2013 a new intense convective event associated with a strong Mistral event contributes
to deepen the mixed layer down to the bottom (reached in 9 February). This is followed
by a restratification phase involving horizontal processes that cannot be represented in
our SCM formalism which explains why we do not analyze solutions beyond February
9.

6 Discussion and conclusion

In this work, we used idealized Large Eddy Simulations of oceanic convection to
analyze hypotheses and outputs of a novel Eddy-Diffusivity Mass-Flux parameterization
in a Single-Column Model configuration, derived in Part I (Perrot et al., 2024). This en-
ergetically consistent parameterization is rather simple to implement, whether in a code

—25—



1.0 1

0.5

0.0

X107 By [m? 577

2.5 1

0.0 Y | T ﬂuﬂwﬂwﬂ‘_ nun g
Ay

—5.0 T

hmxl [Hl]

- N

~1000 - R w7 N .

= mooring data
—— ED+EVD
—2000 | — EDMF-Energy

22 Jan 24 Jan 26 Jan 28 Jan 30 Jan 01 Feb 03 Feb 05 Feb 07 Feb 09 Feb

Figure 12: Time series of the friction velocity u, (m s~!, top panel) and surface buoyancy
flux By (m? s~3, middle panel) computed from atmospheric forcings. Time series of mixed
layer depth Ay (m, bottom panel) obtained from observations at the LION buoy (black
line) and from single column numerical experiments using ED+EVD (solid gray line) and
EDMF-Energy (solid green line). The vertical blue lines correspond to the dates at which
the vertical temperature and salinity profiles derived from observations and numerical
simulations are compared in Fig. 13.

—26—



Temperature on 25-jan-2013 Salinity on 25-jan-2013

. J
—500 1 1
—1000 1 b
)
—1500 A 1
—2000 A 1
_2500 T T T T T T T T T
12.9 13.0 13.1 13.2  38.46 38.48 38.50 38.52 38.54
Temperature on 04-feb-2013 Salinity on 04-feb-2013
hd
«™"
—500 - N
—1000 A 1
~150014 %~ -
—2000 A 1
—2500 T T T T T T T T T
12.9 13.0 13.1 13.2  38.46 38.48 38.50 38.52 38.54
Temperature on 09-feb-2013 Salinity on 09-feb-2013
-
—500 1 - b
»
)
—1000 1 b
»
q
~1500 A 1 ’
)
Y
—2000 1 »
/
/
)
_2500 T T T T T T T T T
12.9 13.0 13.1 13.2  38.46 38.48 38.50 38.52 38.54

= ED+EVD === EDMF-Energy ---- mooring data

Figure 13: Temperature (°C, left panels) and salinity (psu, right panels) profiles ob-
tained from single column experiments at the location of the LION buoy using an eddy-
diffusivity closure with enhanced vertical diffusion (ED+EVD, solid gray lines) and
energetically-consistent EDMF (EDMF-Energy, solid green lines). Results from numer-
ical experiments are compared to observations from the LION buoy (dashed black lines)
for 4 dates represented on the Fig. 12 by vertical blue lines.
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with an existing ”non-energetically consistent” EDMF scheme or, more generally, in any
code relying on a prognostic TKE equation. The MF terms are obtained by solving a
straightforward system of ODEs and take the form of vertical advection terms in the mean
equations (see Appendix C for practical details). The proposed approach can also be ap-
plied in the case where the ED closure does not use TKE. In this case, it would require

to add a prognostic or diagnostic TKE equation (even if it does not interact with the

ED term) to enforce energetic consistency.

Using vertical-velocity based conditional sampling of LES, we found that station-
arity of the mean convective plume is well satisfied. However even if plume typical ra-
dius is small compared to the size of the horizontal domain, plumes typically cover 15
% to 20% of the horizontal domain. Consequently, the assumption of small plume area
can be criticized, and we provided and implemented a set of equations without such an
hypothesis. Based on LES we also proposed a new EDMF closure for the turbulent trans-
port of TKE which generalizes two existing approaches. We expose the subtleties of nu-
merical implementation of the SCM, including fully consistent discrete energy budgets
based on their continuous counterparts. This study highlights how energy considerations
can unambiguously guide discretizations. Finally we performed a series of sensitivity ex-
periment to different modelling aspects regarding energetic consistency, boundary con-
ditions, transport of TKE, transport of horizontal momentum by MF and small plume
area assumption. Temperature and flux of temperature profiles do not appear to signif-
icantly be affected by such choices, and the SCM reproduces LES profiles compared to
EVD. Modelling plume horizontal velocities distinct from the mean seems necessary to
properly reproduce horizontal velocities and its fluxes. The usage of an energetically con-
sistent TKE equation and along with the new formulation of TKE transport is key to
obtaining realistic TKE and turbulent transport of TKE profiles. We also quantify the
energy loss of inconsistent formulations, due to either inconsistent TKE equation or in-
consistent boundary conditions. Surprisingly, removing the assumption of small plume
area only affects the transport of TKE. All these findings are based on idealized cases,
where in particular ED fluxes are small explaining the negligible retroaction of energetic
consistency and TKE on the solutions. Thus a further assessment of global 3D simula-
tions is a necessary next step to understand the implications of energetic consistency.

To further illustrate that the MF concept is a credible alternative to the traditional ap-
proaches used in the oceanic context (using e.g. an enhanced vertical diffusion) the pro-
posed scheme is validated in a single-column configuration against observational data
of oceanic convection from the LION buoy.

To implement and then assess the impact of this energetically consistent param-
eterization on realistic 3D oceanic simulations a calibration of the remaining ”free” pa-
rameters must be achieved (Hourdin et al., 2017; Couvreux et al., 2021). It should be
performed on parameters whose universality can sometimes be statistically assessed (Souza
et al., 2020), and should be mathematically and physically constrained as much as pos-
sible. We believe that designing energetically consistent parameterization is a way to achieve
more realistic models before their tuning.

Appendix A Mixing length and dissipation computations

For the oceanic applications detailed in this article, we have chosen a formulation
of eddy-diffusivity and viscosity close to that used in the NEMO ocean model (Madec
et al., 2019). The eddy-viscosity and diffusivity are classically assumed to be related to
TKE by

K, = enlnVk

Ky = K,(Pr)™*
with [,,, a mixing length scale, Pr; the non-dimensional turbulent Prandtl number, and
¢m is a constant (¢, = 0.1 in NEMO). The mixing length I,,, is calculated in two steps
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612 by considering separately the length scales Iy, and lgwn associated respectively to up-

613 ward and downward movements : (1) Iy, and lqwn are initialized assuming lyp, = lgwn =
o14 V2kToq With Teq a characteristic time equal to 1/N = (9,b)~! (2) a physical limitation
615 is used to guarantee that l,, and lgwn do not exceed the distance to the top and the bot-
616 tom, this limitation amounts to controlling the vertical gradients of I, and lgwn such

617 that they are not larger that the variations of depth (e.g. Madec et al., 2019). Once Iy,
618 and lqwn are computed the mixing length is taken as l,, = min (lyp, lawn). The turbu-

610 lent Prandtl number is modelled by Pr; = min (Prj***, max (Ri/Ri., 1)) with Ri = N?/||0,a]?,
620 Pr;nax =10 and Ric =0.2.
621 The viscous dissipation is parameterized as € = f—fk?’/ 2 where ¢, = v/2/2 is a numeri-

€

622 cal constant and the dissipation length is [ = y/luplawn (€.g. Gaspar et al., 1990).

623 Appendix B Third Order Moment computations

624 By definition we have
aekz apk;)
1 2 1 —9
o= Saclue — P+ acke + sapuy — @R+ ak (B1)
1
t t t
= k,— k. = 1_ap(kpfk) (B2)
625 thus
1 —n2 1 —1|2
Il +III, + IV, + 1V, = apwy | kp + §||up —al]® ) + acwe | ke + §Hue —@l|* |(B3)
1 =2 1 =2
— apwy (ko gllup — T~ ke 5l — (B4)
= apwp (k; kz) (B5)
ap t
= k; —k B6
1— ap wP( P ) ( )
626 Appendix C Discretization of mass-flux equations
627 We start from the standard grid arrangement used in oceanic models which are usu-
628 ally discretized on a Lorenz grid in the vertical (density is located in the center of the
620 cells on the vertical). We consider N grid cells in the vertical with thickness Az; = z;,/5—
630 zj—1/2 (212 = —H and zy41/2 = 0 the surface) such that Zjvzl Az; = —H. For the
631 discrete values, not to interfere with the grid indices, the subscript p for the plume quan-
632 tities is now a superscript such that plume quantities are now noted X f t1j2 = X,(z =
633 Zj+1 /2). In the following, we consider that the plume quantities and k are discretized at
634 cell interfaces and the mean quantities X are discrzetized at cell centers and are inter-
_ 1 i+1/2
635 preted in a finite-volume sense (i.e. X; = N X(z) dz). We start from the
Zj Zj—1/2
636 mass-flux equations given in Tab. 1 with ¥’ = ¥'/h but in conservative form (except for
637 the vertical velocity and TKE plume equations) :

0, (apwy) = E— D (C1)
9:(apwpdp) = E¢ — Do, (C2)
9,(apw,U,) = EU — DU, (C3)

wp0,w, = —(E/a,)(bwy) + aB, —|—g’w12, (C4)
(C5)

1
apwpd:ky = E (k —kp + 5(@0 - U)Q) —ap(€v)p
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where the equation for horizontal momentum has been manipulated to have the same
form as the ¢, equation by taking U, = uy, — C,up and U = (1 — C,,)uy,. The ad-
vective form is used for the w, equation to make the computation of w, independent of
a, (with the closure hypothesis given in Tab. 4 for E, E/a, is independent of a,); the
motivations for this will become clearer later. The mass-flux equations correspond to a
first-order nonlinear set of ODEs. There are a whole lot of methods for solving such ini-
tial value problems. We present here a simple method combining explicit (Euler) and
semi-implicit (Crank-Nicolson) steps as the use of more advanced methods did not pro-
duce significantly different results. In the following, we describe the different steps for
the resolution starting from known initial values X at the surface and advancing

p
N+1/2
downward.

C1 Initial conditions

The discrete form of the boundary conditions given in eq. (30) are obtained by a
linear extrapolation of ¢ and (up)y toward the surface.

w?v+1/2 = —whiy
» _ (2Azy + AZNfl)aN — AZN$N71 (C6)
N+1/2 7 Azny + Azy_1
(2Azn + Azy—_1)(Un) v — Azn(Wn)N—1
14 =(1—

Since the TKE £ is already discretized at cell interfaces the boundary condition for &,
does not require an extrapolation. In particular the condition on ¢, leads to the follow-
ing value of the B, term in the topmost grid cell :

by —bn_1 ) _ Azy (V)

N—1/2

Bt =A
N N (AZN+AZN_1 2

meaning that using the condition (C6) allows to trigger convection as soon as the Brunt-
Viisild frequency is negative. Indeed a negative value of BY; in the RHS of the wy-equation
(C4) leads to a positive value of (0, w,)n and thus larger negative values of w, when go-
ing downward.

C2 wp-equation and mixed layer depth

The wp-equation (C4) using the entrainment F given in Tab. 4 can be formulated
as
d.w? 4 by min(d,w}, 0) = 2aB, + 2b'w;,

which can be discretized in a straightforward way as

B [(wp)§+1/2 - (wp)?q/z = 2aAz; B} + (b'Az)) [(wp)?+1/2 + (wp)?q/z}
Bg) = beos( ?_}'_1/2) - beos (5]) (07)

where 8 = 1 + bB; if aBY + o (wP)
wﬁ.’ 12 it is easily found that

i /2 15 negative and B = 1 otherwise. Knowing

(B=VAz) (W),
5—|—E/AZ]'

— 2aAz; B?

(C8)

(wp)?— 1/2 =

p
min

Once this quantity falls below a certain threshold (w? . )2, the plume is considered evanes-

cent. In the oceanic context we consider w§—1/2 =—, /(wp)?_l/2 for the rest of the cal-

culations to guarantee that w? is strictly negative. The upwinding used to compute

—1/2
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B, in (C7) in addition to the fact that the wy-equation does not depend on a, avoid the
need for an iterative process to solve the mass-flux equations.

The mixed layer depth i we consider to scale the parameter b’ is the depth at which
the discrete value of w? equals w? . . In practice, as soon as (uﬂ’)?fl/2 given by (C8) is
smaller than (w?; )? we use (C8) to compute the distance Az} below z;11/2 where the
plume vertical velocity exactly equals w” . :

2 2
At (wp)j+1/2 — (Whin)

i T ~
20BY +¥ ()2, + (wh,)?)

leading to h = z;,1/2—Az}. To compute Az} we assume that B = 1 because the bot-
tom of the plume is reached only if we are in the detrainment zone.

C3 Continuity and tracer equations

The entrainment E; and detrainment D; rates given in Tab. 4 (taken from Rio et
al. (2010)) discretized on a grid cell j correspond to

1
AzEj = B} <a§+1/2 + a§—1/2> A (5pr)j-

1 _ 50AZ
Az;D;j = 3 (a§+1/2 + a§_1/2> |:_ﬁ2(5zwp)j Ty ! (w§+1/2 + w?—l/Q):|

where (§zwp)j' = max <w§+1/2 - w§—1/27 0) and (6,wP); = min (w?+1/2 - w§—1/27 O).
Integrating from z;_ /5 to zj41/2 the continuity equation and ¢, equations we obtain

(a'pwp)j+1/2 - (apwp)j71/2 = AZj(Ej — Dj)
(@PwP@")j 1172 = (aPwP")j 172 = Az Ejé; — (A2 D;/2) (¢§+1/2 + ¢§—1/2)

which can also be extended to the horizontal momentum equation formulated using U,.
Since at this stage wf +1/2 and wé.LI /2 are known, the continuity equation is used to com-
pute a’_, , through

J—1/2

P )
o _ 2wj+1/2 —EmD;
]_1/2 ]+1/2 2wf71/2+EmDJ

_ . [ oAz,
Eij =0 (5Zu)p);r + ﬁg(ézwp)j + min {()23(w§+1/2 + wffl/z), —2(w§1in)} (Cg)

Note that a, is subject to a boundedness requirement as 0 < a, < 1. Assuming 0 <
a§+1/2 < 1, sufficient conditions to guarantee that a?—1/2 < lare 8y < 1land By >
1 and a sufficient condition to guarantee that a?_l 5 > 0is 32 < 2. Moreover a con-
straint is added on the background detrainment g in (C9) to guarantee that af_
0 as soon as w —w” . which occurs once outside the plume.

o p 1/2
172 = Wi—12 T

Once a§—1/2 is known, it is possible to compute ¢§_1/2 (as well as UJP—1/2)' The
proposed discretization ensures that the compatibility between the continuity and the
tracer equations is maintained at the discrete level (i.e. we recover the continuity equa-

tion for ¢§+1/2 = ¢§71/2 =1 and aj =1).

The same reasoning can be applied to solve the k, equation, which presents no ad-

o, . . . . o, . p p p
ditional difficulties as all necessary quantities Wiy 90 Ggy o and Ujyq )y ATE known.

In summary, the proposed discretization guarantees that w, is strictly negative, that
ap is bounded between 0 and 1, and that the continuity and tracer equations are com-
patible, without the need for an iterative solution procedure.
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Figure D1: Mixed layer depth (MLD) computed as the minimum of temperature flux for
different time steps (dt) and number of levels (nz), LES data and analytical expression.

Appendix D Time step and vertical resolution sensitivity

On figure D1 we expose mixed layer depth (MLD) sensitivity to time step and ver-
tical resolution for the case W005_C500. During deep convection, the mixed layer can
reach depths at which vertical grid spacing is important, justifying the relevance of large
vertical resolution such as dz = 40m.
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with Eddy-Diffusivity Mass-Flux turbulent closure developed from scratch. The latter
consists of low-level code written in Fortran interfaced with Python using F2PY (Peterson,
2009). The single-column simulations analyzed in this study can be executed from a high-
level Python driver code without any intervention on the Fortran code. The high-level
Python driver code and scripts to reproduce the figures are available in the Zenodo archive.
The Fortran code contains inline documentation following the FORD (Fortran Documenter)
format.
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