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Abstract A convective vertical mixing scheme rooted in the Eddy-Diffusivity Mass-Flux (EDMF)
approach is carefully derived from first principles in Part I. In addition, consistent energy budgets between
resolved and subgrid scales when using an EDMF scheme are presented for seawater and dry atmosphere. In this
second part, we focus on oceanic convection with the following objectives: (a) justify in the oceanic context the
assumptions made in Part I for the derivation of an EDMF scheme and a new Turbulent Kinetic Energy (TKE)
turbulent transport term (b) show how continuous energy budgets can guide an energetically consistent
discretization (c) quantify energy biases of inconsistent formulations, including double-counting errors due to
inconsistent boundary conditions. The performance of the proposed energetically consistent EDMF scheme is
evaluated against Large Eddy Simulations (LES) and observational data of oceanic convection. We
systematically evaluate the sensitivity of numerical solutions to different aspects of the new formulation:
energetic consistency, flux of TKE, flux of horizontal momentum and plume fractional area. Notably, when
compared to LES data, energetic consistency is key to obtaining accurate TKE and turbulent transport of TKE
profiles. To further illustrate that the EDMF concept is a credible alternative to the traditional approaches used
in the oceanic context (using an enhanced vertical diffusion or a counter gradient term) the proposed scheme is
validated in a single-column configuration against observational data of oceanic convection from the LION
buoy.

Plain Language Summary In Earth system models, various important processes occur on scales that
are too fine to be resolved with usual grid resolutions. Parameterizations have to be used to approximate the
average effect of such processes on the scales resolved by a numerical model. The general objective of the
proposed work is to approach the parameterization problem for boundary-layer turbulence in a “consistent”
manner. Here the notion of consistency integrates various aspects: global energetic consistency, consistency
with a particular averaging technique for the scale-separation, and the rigorous reduction of a physical system to
a scale-aware parametric representation based on well-identified and justifiable approximations and hypotheses.
In the first part of this work, we focused on theoretical aspects at the continuous level. We considered energy
budgets including subgrid and resolved energies allowing for the proper coupling between the parameterization
and the resolved dynamics. In this second part, we look at practical aspects of implementation as well as
sensitivity to various choices in the scheme. This includes numerical discretization preserving energetic
consistency, boundary conditions and their impact on energy conservation, plume area, turbulent kinetic energy
transport and momentum flux parameterization. This research paves the way toward an alternative methodology
to parameterize oceanic convection across scales.

1. Introduction
1.1. Context and Organization of the Paper

Oceanic vertical mixing parameterizations based on the Eddy-Diffusivity Mass-Flux (EDMF) concept have seen
a growing interest in the past years (Garanaik et al., 2024; Giordani et al., 2020; Ramadhan et al., 2020). In the
companion paper Perrot et al. (2025) (hereafter Part I), we provide a self-contained derivation from first principles
of a convective mixing EDMF scheme. This type of closure involves separating vertical turbulent fluxes into two
components: an eddy-diffusivity (ED) term that addresses local small-scale mixing in a near isotropic environ-
ment, and a mass-flux (MF) transport term that accounts for the non-local transport performed by vertically
coherent plumes surrounded by the environment. Using the multi-fluid averaging underlying the MF concept, we
review consistent energy budgets between resolved and subgrid scales for seawater and dry atmosphere, in
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anelastic and Boussinesq settings. We show that when using an EDMF scheme, closed energy budgets can be
recovered if: (a) bulk production terms of turbulent kinetic energy (TKE) by shear, buoyancy and transport
include MF contributions; (b) boundary conditions are consistent with EDMF, to avoid spurious energy fluxes at
the boundary. Moreover we show that lateral mixing between plumes and environment (referred as entrainment or
detrainment) induces a net production of TKE via the shear term, and such production is enhanced when the
horizontal drag coefficient is increased. Throughout the theoretical development of the scheme, we maintain
transparency regarding underlying assumptions.

In this second part, we use LES of oceanic convection to: (a) evaluate the assumptions used in the derivation of the
scheme using a conditional sampling of convective plumes, (b) propose a new formulation for TKE transport and
(c) assess the sensitivity of the EDMF scheme to energetic consistency, transport of TKE, horizontal momentum
transport and small plume area assumption. Additionally, we compare the scheme to the classical TKE + EVD
mixing scheme used for oceanic deep-convection (TKE and Enhanced Vertical Diffusivity, Madec et al., 2019).
We show how energy budgets derived in Part I can guide a consistent discretization of the TKE equation; and we
quantify energy biases of potentially inconsistent formulations, including double-counting errors due to incon-
sistent boundary conditions.

The paper is organized as follows. In Section 2 we derive a new closure for the turbulent transport of TKE. In
Section 3 we describe the two idealized LES test cases and assess the validity of hypotheses used in the derivation
of the MF scheme. In Section 4 we derive a discretization that preserves the energetically consistent nature of
EDMEF equations. In Section 5 we evaluate the SCM against LES and realistic data, assess the impact of different
parameterization aspects, and quantify energy biases of inconsistent formulations, including double-counting
errors due to inconsistent boundary conditions.

1.2. Recap of Equations and Assumptions of Part I

We consider a Single Column Model (SCM) of the ocean in Boussinesq approximation (e.g., Tailleux &
Dubos, 2024),

6,ﬁh = —0Zw/u§,
yal ! E
0,0=—-0w0 +—— (1
¢, —agz
9,S = —o.w'S’
where %, = (u,V) is the horizontal velocity vector, @ is conservative temperature, S is salinity, and w'u/,, w'é’,

w’S’ are the corresponding vertical turbulent fluxes, and we neglected the radiative heating term compared to Part
I. Moreover € is the viscous dissipation of TKE, ¢, is the seawater specific heat capacity and « is the thermal

expansion coefficient. The notation (-) indicates that the model's variables and fluxes are interpreted as horizontal
averages over the numerical grid cell of their continuous counterpart. Thus, we have a simple and exact corre-
spondence to compare SCM and LES data. Although viscous heating €/(c, — agz) is usually neglected in the
ocean (McDougall, 2003), we kept this term to work with properly closed energy budgets.

The EDMF parameterization relies on a decomposition of the horizontal grid area into an isotropic environment
where turbulent flux is assumed diffusive, and an averaged plume (note that EDMF schemes with multiple plumes
also exists, e.g. Han & Bretherton, 2019; Suselj et al., 2019). Then the flux of any variable X = u,v,0,S is closed
according to the decomposition

w'X' = —Kx0.X +a,w,(X, —X) )
ED MF

where Ky is an eddy-diffusivity coefficient, a, is the fractional area of the plume, w), is the vertical velocity of the
plume and X, is the plume-related X quantity. In the present study, the eddy viscosities K, = K, and diffusivities
Ky = Kg (that will be denoted K in the remainder of the paper) in turbulent vertical fluxes are computed from a
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Figure 1. Schematic representation of panel (a) plume tracer budget, aside with eddy-diffusivity in the environment
(b) energy budgets in Eddy-Diffusivity Mass Flux. For simplicity, plume sources terms Sy, have not been shown on
panel (a).

turbulence closure model based on a prognostic equation for the TKE k = u’ -u’/2 and a diagnostic computation
of appropriate length scales (a.k.a. 1.5-order turbulence closure, see Appendix A).

Equations for plume-related quantities can be derived using a two-fluid averaging procedure of the original
unaveraged equations. Standard EDMF formulations—followed in this study—rely on two main assumptions
(see e.g. Part I or Yano, 2014): (a) stationarity of the plume, that is 9,(a,X,) <9, (a,w,X,); (b) small-area
occupied by the plume, that is considering a, < 1 while keeping order one contribution of mass-flux a,w, and
source terms. Thus, the generic plume equation assumes a balance between vertical plume advection, horizontal
entrainment (E) of environment fluid into the plume or detrainment (D) of plume fluid into the environment, and
potential additional sources S , (see Figure 1a),

0, (a,w,X,) = EX — DX, + Sx 3)

The comprehensive plume model equations with and without the assumption a, <1 are given in Table 1. A
description of the closures are shown in Part 1.

Total energy of the fluid in a Boussinesq approximation can be split into kinetic energy of the horizontal resolved
flow E;, = (u, -u,)/2 (usually referred as mean or resolved kinetic energy), residual turbulent (or subgrid) ki-
netic energy k, and E;, , = cpa — zb + gz, the sum of averaged internal energy and potential energy, where b is
the buoyancy acceleration (see Tailleux & Dubos, 2024 and Part I). We were able to derive closed energy budgets,
including the TKE equation in Part I (see Figure 1b).

—\2 — —
0,E +0.Tg, = —K,(0.1,)" + a,w,(u;,, — w,) - 0.,

0k +0.T, —K40.b + ayw, (b, — b) + K,(0.54)" — a,w, (wy,, — @) - 0.1, — € )

0,Ei,+0.Tx —(—K0.b + a,w,(b, — b)) +€

i+p
where
TEk = (_Kuazﬁh + apWp (uh,p - ﬁh)) Uy (5)

T, =c, (—K¢6Z§ +a,w, (Hp - 5)) - Z(—Kd,ézz + a,w, (bp - E)) 6)

i+p
Based on conditional sampling of convective plumes, we propose a new formulation for the transport of TKE, T},
in Section 2. A summary of plume and TKE equations, with and without the assumption a, < 1 is also presented
in Table 1.
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Table 1
Summary of the Plume Equations Without the Small Plume Area Assumption, That is Without Assuming a, <1

1 Rescaling coefficient

6=1—r
=
_ 1 (y g . g _
X, = = (X — apo) Environmental variable, X = 6, S,u,,
W = oa,w, (9,7 _ 5) — K,0.6, Vertical turbulent flux of temperature

w'S! = oa,w, (S,, = S) — K408, Vertical turbulent flux of salinity

o = — Vertical turbulent momentum flux
w'uj, = oa,w, (up, — ) — K,0.1,,

d.(a,w,) =E = D Plume area conservation equation
w,0.0, = 6E(9 _ 9p) + Cpaifggz Plume temperature equation

a,w,0.8, = cE(S — S,) Plume salinity equation

a,w,0.u,, = cEW, — u,,) + a,w,C,0.u, Plume horizontal momentum equation

a,w,0,w, = —obEw, + a, [aBp e g%'(wp)z] Plume vertical velocity equation

B, = beos (0,,5,) — beos(6.5) Buoyancy forcing term

a,w,0.k, = aE((k — k) + %Hu,; — u||2) — aye, Plume related TKE

E = a,C,,max(0,0,w,) Lateral entrainment closure

D = —a[,Cdelmin(O, dzwp) - a[,wpﬁoi Lateral detrainment closure

ok — 0.(K,0.k) = Ku(azﬁh,e)2 — K40.b, ED related TKE production terms
—oaw,((wy, — u,)-0u, — (b, — b)) MF related TKE production terms
-0, (ca,w, [k, — k + Ylu, — u|l*]) MEF related TKE transport term
—€ TKE dissipation

Note. The small area limit is recovered if 6 — 1 and X, — X. Details on closures are given in Perrot et al. (2025).

2. A New Closure for the Transport of TKE

The redistribution terms of TKE are often little discussed in turbulence parameterization since they do not
contribute directly to the vertically integrated energy budgets. However, they are of great importance in
convective conditions where non-local transport dominates (Witek et al., 2011). For instance, TKE produced
close to the surface due to destabilizing buoyancy fluxes is then transported by coherent plumes into the mixed
layer. Taking into account MF transport of TKE is thus essential to achieve local energetic consistency, and model
TKE accurately at any level z.

Turbulent fluxes of TKE arise from the contribution of a TKE transport term, a pressure redistribution term, and a
viscous flux (Mellor, 1973),

l— 11—
Ty =-w'u'-u' +—w'p’ — v k @)
2 Po

For oceanic flows, the viscous flux is negligibly small and will be omitted. We will assume that the pressure
redistribution term can be incorporated into the transport term of TKE assuming proportionality, as it is usually
done in convective boundary layer (CBL) schemes (e.g., Mellor, 1973). In numerical models, TKE transport is
usually parameterized via K-diffusion, namely

9. (w'“/;‘l) ~ —0,(K0.K) (8)

where K, is a diffusion coefficient associated to turbulent TKE transport. Alternatively, to derive a mass-flux
based closure we can apply the plume/environment decomposition of the horizontal average to get the exact
relation
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u' -u’

2

W/

l—— .
= E , 11:5”,- cuw; + a;(u; —w) - wwy
< —_
[0 S —,
Y e

©)

1= 1 _ _
+a;(w; — W) SHi Ui + aii””i — ] (w; — W)

1, v,

where the subscript e denotes variables of the environment, and the subdomain moments are defined as

7 7 1
wiu; =— | (w—w;)(u—u;)dedy (10)
AiJa,

where A; (i = e,p) is the area occupied by the environment or the plume. Terms of Equation 9 are interpreted as
follow: I; is an intra-subdomain turbulent TKE transport; II; can be interpreted as (horizontal and vertical)
transport of Reynolds stress by the (horizontal and vertical) coherent velocities; I1I; is transport of subdomain
TKE by the coherent velocities (i.e., transport of TKE by mass-flux); IV; is transport of convective kinetic energy
by coherent velocities. Based on LES simulations (see Section 3.3), we found that: (a) I, can be neglected,
consistently with the small area limit; (b) II, and II, are almost compensating, thus the sum II, + II, can be
neglected. We can conveniently reformulate the remaining terms, except I, as (see Appendix B for details):

1 1
I, + 1L, + IV, + 1V, = apwpm(kp + 5l — ul® — k) (11)
14

where subdomain TKEs are k;:=1/2u; -u; (i = e,p) and TKE can be decomposed as the sum of domain-
averaged TKEs and subdomain TKEs:

1 —12 1 —112
k=§ae||ue—u|| +aeke+§ap||up—u|| +a,k, (12)
In EDMF closures, turbulence is assumed isotropic in the environment, thus we close I, = %u; -u,w, with K-

diffusion, similar to the standard practice for TKE-only schemes. Then assuming ﬁ: 1 (i.e., the small area
'p

limit) we have

Witek et al. 2011
—F Han & Bretherton 2019 —_——
u-u " L5 apWp — 2
W/ = —Kkﬁzk + apr(]% - k) + Eapwp + ) ||uhp - u,,|| (]3)
—
ED new EDMF

It is interesting to note that we can recover existing formulations from the proposed closure (Equation 13): if
a,w, = 0 it boils down to the classical eddy-diffusivity closure; if k, = k and u,,, = u, the term 1/ 2w[3, pro-
posed by Witek et al. (2011) is recovered; if TKE is treated as a tracer transported by the plume, then the
formulation proposed by Han and Bretherton (2019) is recovered. However, we should mention that this latter
treatment seems incorrect because the flux w’u’ -u’/2 is not a second-order moment, but a third-order moment
which involves additional terms when applying the plume/environment decomposition (see Equation 9).

Finally, one still needs to provide a value for k,. Retaining vertical advection, entrainment, detrainment and
dissipation terms of the k, budget, and using the small area assumption, we have (see Appendix C for a detailed
derivation).

1 _
a,w,0.k, = E(k —k, + §||u,, - u||2> —aye, (14)
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Table 2

Idealized Cases Parameters

Case Qp (W m™) @) (m?s™2) N2 (57 t; (hr) Fr,

FC500 —500 0 1.962 x 1076 72 0

WO005_C500 —-500 0.05 1.962 x 10°° 72 0.56
where the closure for dissipation is taken as €, = ce/le(k,,)S/ 2 (¢, is a constant and [, is a length scale, see Ap-

pendix A). Note that this equation differs from the one proposed by Han and Bretherton (2019). First, we retained
dissipation. Second, the term E %”u,, — #||? naturally emerges in the derivation from first principles, and initially
represents a production of subplume TKE k,, via entrainment of environment/plume TKE difference, |[u, — u ,,||2
(see Appendix C). This energy transfer is absent in the closure proposed by Han and Bretherton (2019), since they
treat k as a passive tracer and ignore the rigorous TKE decomposition exposed in Equation 12. We will now use
LES to evaluate EDMF assumptions and the new closure of TKE transport.

3. Test Cases Description and Validation of Formulation

In this section we describe the reference idealized cases that will be further used in the study; then we describe the
LES model and the conditional sampling technique used to identify convective plumes; finally we evaluate
EDMF assumptions and the new closure of TKE transport.

3.1. Description of Idealized Cases

The two idealized cases considered are reminiscent of typical convective conditions in the ocean (e.g., Marshall &
Schott, 1999), where convection into an initially resting ocean of constant stratification A¢ =1 K/1,000 m (cor-
responding N(z) =1.962 x 107° 572, according to the equation of state exposed in Section 3.2) is triggered by a
surface cooling of O, =—500 W m™? (corresponding to a surface buoyancy loss of By = —2.456 X 107" m*s™).
In both cases, salinity is kept uniform at S = 32.6 psu. The first case (FC500) consists of free convection, where no
wind stress is applied. In the second idealized case (W005_C500) a uniform wind stress along the meridional
direction, of magnitude (u$ )2 =0.05 m? s>, is applied. A summary of the parameters for each case can be found in
table 2. To characterize wind-shear effects, we introduce the Froude number (Haghshenas & Mellado, 2019)
uO

Fr,=—* 15
N (s)

where the oceanic friction velocity u? is defined via p,,(u? ) = Pl )2 (p, and p, being respectively the oceanic
and atmospheric surface density), and the length scale L, = (BO/ Ng)l/2 can be interpreted as an Ozmidov scale

(e/ N3)l/2 (Garcia & Mellado, 2014) which is a measure of the smallest eddy size affected by a background
stratification N? in a turbulent field characterized by a viscous dissipation rate e. After t; =72 hr of simulation
leading to a mixed layer depth (MLD) /& (defined as the depth at which the buoyancy flux is minimum) of several
hundred meters, various non-dimensional numbers can be used to characterize the flow. Their values can be found
in Table 3. The ratio of the MLD to the Obukhov length (Obukhov, 1971 and Zheng et al., 2021 in the oceanic
context) i/ Ly, where

w)’
_BO

(16)

Loy =

Idealized Cases Non-Dimensional Parameters After 72 hr of Simulation

is an estimate of the depth at which the production of TKE by turbulent shear

Ri, Ri,

o7 is of the same order of magnitude as the production of TKE by buoyancy
® fluxes. Noting w, = (—Boh)]/ 3 the convective velocity scale (Dear-
310 97

dorft, 1970), the ratio can be reinterpreted as
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3
= () @

*

The Richardson number at the mixed layer base,

N
Ri, = —% (18)

measures the destabilization by surface shear stresses of a stably stratified water column. At ¢, = 72 hr, the case
WO005_C500 can be described by h/ Ly, ~5.7 and Ri;, ~ 310, which corresponds to a regime of strong deepening
of the MLD according to Legay et al. (2024). Finally, for free convection cases (no wind) a convective Richardson
number can be build as

N2 N2 h4/ 3 L 2/3
0 0 A (ﬁ) (19)

Ri. = ==
YT e By h

It can be interpreted as follows. The time evolution of the MLD can be accurately described by the scaling
(Turner, 1979; Van Roekel et al., 2018)

h o hepe (20)
where the encroachment depth is hg, () =, /2 %t‘ Then the ratio of the entrainment velocity w, = %h to the
0
convective velocity w, = (—Boh)l/ 3 reads
Ye & RiT! 2D
Wi

3.2. LES Model Description and Conditional Sampling

The LES data have been generated by the non-hydrostatic model Méso-NH (Lac et al., 2018), using the Ocean-
LES version developed by Jean-Luc Redelsperger. It is solving an anelastic Lipps-Hemler system adapted to the
ocean, along with the linearized equation of state

b = ga(0—6y) (22)
where g =9.81 m s™2 is gravitational acceleration, « =1.9 x 10™* K~ is the thermal expansion coefficient, and
the reference temperature is 6, =286.65 K. Reference density is set to p, =1,027 kg m™> and the specific heat
capacity of seawater is ¢, =3,985 J K™ kg™'. The model uses a second-order Runge-Kutta time stepping and
spatial discretization of advection operators is performed with a fourth-order centered scheme. Explicit subgrid
scale closures are computed via a 3-D turbulence scheme based on a prognostic equation of the subgrid TKE using
a mixing-length scale, computed from the volume of a grid cell (Cuxart et al., 2000). The domain size is 1,000 m
on the vertical and 7.5 km X 7.5 km on the horizontal, where doubly periodic conditions are applied. A resolution
of 10 m on the vertical and 15 m on the horizontal is used. Each configuration is run for 72 hr with a time-step of
10 s. To assess the quality of the simulations, we checked that the subgrid TKE was never exceeding 20% of the
TKE explicitly resolved by the LES (Pope, 2004). Via analysis of the total TKE budget, we checked that a quasi-
steady regime is reached after a few hours of simulation (e.g., Garcia & Mellado, 2014). Moreover, at the end of
the simulations, the typical size of coherent structures, which can be quantified by the horizontal integral length
scale in the bulk of the mixed layer, is of the order O(500 m) <« 7.5 km. This suggests that the horizontal domain is
large enough to provide a satisfactory statistical sampling of turbulent structures.

To identify plumes, we use a velocity-based conditional sampling adapted from Pergaud et al. (2009), where the
plume area is defined as
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Figure 2. Temporal evolution of the normalized plume tendency 9, (a,X,) and plume advection 9, (q,

. : : Ly 105
20 40 60
time(h) time(h) time(h)

,w,X,) terms (X = 6,w), for the case FC500: (a) normalized

temperature tendency, (b) normalized temperature advection, (c) normalized vertical velocity tendency, (d) normalized vertical velocity advection. Colored lines

indicate thresholds to each power of ten.

A,(z.1) = {(x, v,z,t) such that w(z, 1) — w(x,y,z,1)>m X max< w2’ (z,1), omin(z, t))} (23)

where the minimum standard deviation is chosen as 6,,;,(z,1) = 0.05/(~z) £0 W(z’, 1) dz’. We do not use the
tracer-based sampling of Couvreux et al. (2010) since it is valid only for small variations of the MLD. We neither
utilize the “strong updraft” sampling of Siebesma et al. (2007) since it assumes that a,, is a given constant.
However, we checked that similar conclusions could be drawn from such samplings. We used m = 1 similar to a
number of previous studies (Couvreux et al., 2010; Greenhut & Khalsa, 1982; Park et al., 2016; Pergaud
etal., 2009; Zhou et al., 2018). However, fractional area a, exhibits a sensitivity for both velocity-based and tracer
based samplings (e.g., Figure B2 of Zhou et al., 2018).

3.3. Evaluation of the Steady Plume and Small Area Hypotheses

In this section, we directly assess the validity of the primary assumptions underlying the EDMF scheme, namely
that plumes are stationary and that their fractional area is negligible compared to the total grid area. Figures 2
and 3 demonstrate that the temporal tendency terms of the plume are approximately 0(1()‘1 - 10‘2) smaller
than the advective terms, in agreement with the scaling 1/Nyt) derived in Part I. This supports the use of the
steady plume hypothesis. Figures 4 and 5 present vertical profiles of temperature, vertical velocity, plume
fractional area, and temperature flux for the idealized cases FC500 and W005_C500. The fractional area of the
plume, a,, ranges between 10% and 20% of the total grid area, consistent with previous studies (e.g., Couvreux
etal., 2010). While these values may be sensitive to the choice of the threshold m in the conditional sampling, they
call into question the validity of the assumption that a, is negligible. This motivates the analysis in Section 5.4,

|0k(ay0,)/ (6o No) |0 (apwy0y)|/ (00 No) |at(apwp)|/(L0N02) |az(apwi)|/(L0Ng) n
: U_ V5 | [ | ¥ () E—
- -1
—100+ b 10
— 1072
£ 2001
A 1073
—3007 10-4
Je &
—400 T o T T 10—5
20 40 60
time(h)
Figure 3. Same as Figure 2 for the case W005_C500.
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Figure 4. Large Eddy Simulations vertical profiles of panel (a) potential temperature, (b) vertical velocity, (c) plume
fractional area, (d) temperature flux and (e) Turbulent Kinetic Energy flux for the FC500 case after 72 hr of simulation. For
each field, the black line represents a horizontal average over the whole grid cell, the blue line represents an average over the
plume area and the orange line represents an average over the environment area. In panel (b) the blue dotted line represents
a,w,, and the gray dashed line represents the value of the free convective velocity scale w,. In panel (d), total flux is in black,
plume fluxes in blue (MF is dashed and subplume is dotted), and environment fluxes in orange (same line styles). In panel (e) are
represented the total flux (black) and the contributions from the combined terms I, + III, + III, + IV, (blue), 1T, + II,
(dashed gray), I, (dash-dotted gray) and III,, (dotted gray) (see Section 2 for details).

where the constraint of a small a,, is relaxed. The convective velocity scale w, is found to be a good predictor of

the plume vertical velocity w, magnitude (panel (b)). The contribution of the mass-flux term, a,w, (6, — 0)
(panel (d)), to the total temperature flux increases with depth, eventually reaching near-complete dominance in

the entrainment layer. The approximate validity of the assumption a,w, (Hp - ?) > a,w,0,,a,w, (08 - 9) aligns

with the smallness of a,. However, we observe that a,w, 6, and a,w,0, are of comparable magnitude. This

contrasts with conventional approaches, which typically assume that residual fluxes are primarily driven by
turbulence in the environment alone (Perrot et al., 2025; Siebesma et al., 2007; Tan et al., 2018). As highlighted by
Zhou et al. (2018), this finding suggests that further investigation is needed to evaluate the suitability of
K-diffusion as a parameterization for these residual terms.

The plume/environment decomposition of the vertical transport of TKE 1/2w’u’ -u’ is presented in Figures 4e
and 5e. The dominant terms exposed in Equation 11 explain well the total flux.

The idealized LES have allowed us to examine the validity of hypotheses used to derive the continuous formulation
of our energetically consistent EDMF scheme. Now we turn to numerical discretization of such scheme.
4. Discretization of Energetically Consistent EDMF Equations

In this section, we derive a discretization that satisfies the conservative energy exchange described in Part I (see
also the introduction in Section 1) at a discrete level when using EDMF. This is achieved through discrete mean
kinetic, turbulent kinetic, and potential energy budgets. This type of approach has already been proposed by
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Figure 5. Same as Figure 4 for the case W005_C500 except for Panel (f): decomposition of the w’u’ flux, total flux is in black,
plume fluxes in blue (MF is dashed and subplume is dotted), and environment fluxes in orange (same line styles).

Burchard (2002) in the ED case to derive an energy-conserving discretization method for the shear and buoyancy
production terms in TKE equation. In what follows, we generalize this approach to the EDMF case. This section is
divided into 2 subsections, the first about the coupling between ED and MF schemes within the time-stepping
algorithm and the second about an energy-conserving discretization of TKE production and destruction terms.
For readers interested in a practical implementation of the proposed EDMF scheme in a numerical model, full
details of a simple discretization of the MF equations are given in Appendix D including the way the MLD # is
computed. The proposed discretization guarantees that w, is strictly negative, that a, is bounded between 0 and 1,
and that the continuity and tracer equations are compatible, without the need for an iterative solution procedure.

4.1. Coupling ED and MF Schemes

In the EDMF approach, the following equation must be advanced in time (with X = u,v,6,5):
0,X = 0,(Kx0.X) — 0, (a,w,(X, — X)) (24)

This amounts to coupling an ED scheme which provides Ky and a MF scheme which provides a,w, and X,,. The
numerical treatment of such coupling can be approached in 2 ways: either by integrating the 2 schemes
sequentially or simultaneously. For the numerical experiments discussed in Section 5 we chose a ED-then-MF
strategy corresponding to the following temporal integration for the single-column model (leaving aside the
Coriolis and solar penetration terms, and for ¢ = 6,5).

ED step
(25)

—n+1,%

& = "+ A (K,,,(k",b")aﬁ"“’*)
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ﬁZ+1,a~ _ ﬂZ + Ale(Ku (kn,b")azﬁZH’*) (26)
Zn+l,* _ beos <$n+l,*) (27)
ME step
3 § (28)
[apsWps sty s B,]| = MF(¢ g +1,*’ﬁ2+1,*)

$n+l _ $n+l,* — A9, (apwp ((/,p _ g’m,*)) (29)
ﬁZH _ EZH’* _ At&z(apwp("h,p - ﬁZH,*)) (30)

TKE update
1 . —n+1,% +1,% (31)

P = g AtaZ(Kk(k”,b")azk” ’*) + 7‘;((]9 ’ 7ﬁ2 ’ 7ﬁZvavapauh,psBl’) —€

k,, _ MF(:’C"H’*ﬁZH’*,uh,psaﬁ) (32)
K = kL Ao, (apr (kp _ k"+1’*)) (33)

where the MF(.) function represents the computation of mass-flux quantities as described in Appendix D and 7, in
Equation 31 contains the TKE forcing terms (production/destruction by shear and buoyancy) as well as the
vertical divergence of the last two terms of the TKE turbulent flux (13). As we will see later in this section, the
energetically consistent discretization of the TKE production term by shear involves both EZ"L L% and uy, (see

Equation 53), which explains their presence in %;. The viscous dissipation we consider for numerical experiments
is parameterized as € = ‘,'—:ky 2 (see Appendix A) where the k¥? term is discretized as k”“’*\/ﬁ. In oceanic
models, the “ED step” is classically computed using an Euler backward (implicit) scheme. With the proposed
approach, the MF scheme takes as input a state already updated by the ED scheme (and by the solar penetration
and non-solar surface heat flux which are applied during the “ED step”), via a forward (explicit) scheme. The
convection scheme therefore uses a state whose static stability is representative of the current time-step and
external forcing. Ultimately, with the proposed approach, the various stages can be expressed directly as follows

—n+1,%

¢n+l 7+ At()z(K,ﬁ()Zgb —a,w, <¢p — $”+1,*>> 34)

[, ., = MF($"+1’*) (35)

which reflects the fact that the ED part and the MF part are properly synchronized in time, as they consider the

same mean fields. In the case where stratification is stable throughout the column, the mass flux scheme returns a

. . . —n+1 —n+1,%
zero fraction a,, and we simply obtain ¢ =¢ .

On the other hand, the approach of simultaneously considering the ED and MF parts in a single tridiagonal
problem (a.k.a. the ED-and-MF strategy, e.g. Giordani et al. (2020)) would lead to

o ="+ An. (K¢aza”+‘ —aw, (¢p - 5”“)) (36)
[ap’wp"ﬁp] = MF(En) 37

In this case, the mass flux variables are computed using mean fields at time n. Indeed, ¢, has been computed using

¢" while it is applied at time n + 1.
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To assess the numerical stability of the two strategies in the sense of Von Neumann analysis, the relevant
dimensionless parameters are 6y = EAt, 6y = —a,w,At/Az,and o, = K At/ Az%. The ED-and-MF strategy is
stable under the constraint 6y <2 jointly with 0 < C,, < 1. The same stability constraints apply to the ED-then-MF
strategy, which has an additional constrainton ¢, (1 — C,) 61 <(1 — 65 + /1 + 85, )/2) due to the explicit-
in-time treatment of the MF term in the mean flow equations. In the following, we focus on the sequential ED-
then-MF strategy and now turn our attention to the spatial discretization of an energetically consistent EDMF
scheme.

4.2. Energy Consistent Discretization of TKE Dissipation and Production Terms

We consider the standard grid arrangement used in oceanic models which are usually discretized on a Lorenz grid
in the vertical (density is located at the center of the cells on the vertical). We consider N grid cells in the vertical
with thickness Az; = zj,10 — zj—1/2 (212 = —H and zy,,/, = 0 the surface) such that E;V:]Azj = —H.
Traditionally, turbulent quantities like turbulent kinetic energy k and eddy diffusivities Ky are naturally located on
the interfaces at z;,/, to avoid interpolations when computing the vertical gradients of the turbulent fluxes. For
the discrete values, not to interfere with the grid indices, the subscript p for the plume quantities is now a su-
perscript such that plume quantities are now noted Xf 12 = X,(z = Zj41/2)- In the following, we consider that

the plume quantities and k are discretized at cell interfaces and the mean quantities are discretized at cell centers.

The turbulent flux w’X’ (for X = u,v,b,0) is discretized at cell interfaces using a standard second-order scheme
for the ED component and a first-order upwind scheme for the MF component. The discrete form Jj)-ﬂr 1/ of

turbulent fluxes considered is therefore (1 <j<N — 1):

( < \n+1,%

! _ X _ X <j+12 pop P w1,

WX )10 =Tjnrp = K @WK — X (38)
j+1/2

. S\, S+, o+l Skl
with (5ZX);++1/2* = Xj:l * - X]’-'Jr *, [a?,wP,XP] = MF(X"Jr *) and Az, = zj41 — - Because of the

1,

upwind discretization of the MF term, the mean value at level j, Y;H * . is used on the second term of the right-

hand side. Boundary conditions for the fluxes are given by,

J‘lg/z =0, Jf/z =0, Jlf/z =0 (39)

0 _ Tl S T I
Ty =wo Typip =w'S, JK/+1/2—_p_O (40)

that is that total ED + MF numerical fluxes equal the physical fluxes. Remark that boundary conditions are more
commonly imposed for ED and MF schemes separately. In such case, one should carefully check that the
combination of boundary conditions on ED and MF terms results in a physical flux, to avoid double-counting
errors (see Section 5.1; see also Section 2.4 of Perrot et al. (2025)).

4.2.1. Discrete Mean Kinetic Energy Equation

For simplicity, we consider for the rest of this section only the % velocity component; it is straightforward to perform

the same derivation including v. Multiplying the discrete equation for #; by ﬁ;‘“/ 2= (ﬁ}’“ + )/ 2 we obtain

—n+1\2 —n\2 —n+1/2
@) =) w5 al
AL = TTAz [(Tis12 = T2l (41)
7
After some simple algebra (i.e. multiplication of J%, ,,, by ﬁj’_‘+l/2 = —%(5Zﬁ ;’:11//22 + ﬁ]"_:’ll//g and of
Ji1/2 by E;‘Jrl/ z = %(@ﬁ);ljll//; + ﬁ;’f]l//zz) the mean kinetic energy equation can be expressed as
PERROT AND LEMARIE 12 of 34
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() - @)

—n+1/2 ,,+1/2 n+1/2 n+1/2
N +_( Uit12 j+1/2 W12 Jju 1/2) {(5 );+1/2 j+1/2 +(5 i1 ;—1/2} (42)

where the terms in curly brackets on the right-hand side contribute to the discrete expressions of the ED and MF
TKE production terms by shear while the flux divergence term corresponds to the d, Ty, term in Equation 4. In

n+1/2
j+1/2°

—n+1/2 _ —n+1/2

Uir1/2 3 Uirt
integrated discrete budget reads

Equation 42, we considered & "“/ %) and a similar definition for (.%)’ The vertically

surf. & bot. fluxes

(ﬁnJrl) (—n) -
Z Az (7 1@111//22 Jbziv+1/2 ”1/21 ZJMI/Z

_ 43)

1, . - . Nolo . (

= 5((5#):/:]1//22 Invint (5z”)'11/+zl/2 1/2) + ZI: (5”);:11//22 j+1/2
=

mechanical prod. of TKE

The second term on the left-hand side corresponds to the surface and bottom energy fluxes. Since % is defined at

/% and w!})/? in order to compute surface a bottom

energy fluxes. For numerical applications, we will use the simple assumption ﬁx,ill//zz = uy 2, ﬁ'l‘;rzl/ 2 = ﬁ'l‘“/ 2

cell centers, choices have to be made for the values of

as in Burchard (2002). The second term on the right-hand side will correspond to (minus) the summed mechanical
production of TKE. One might be tempted to also interpret the first term on the right-hand side as a transfer of KE
to TKE by shear. However, since TKE is discretized on cell interfaces, this term cannot be included in the discrete
TKE budget. In order to recover an analog of continuous energy budgets, we necessarily have to set

(6.u "Nill//zz = (5ZE)Y;21/2 = 0 as in Burchard (2002) (for models using TKE defined at cell centers, this term

would have to be retained). Using the momentum flux boundary conditions (39), the vertically integrated discrete
budget is thus simplified into

Yoo (@ =@\ v
Z AZJ’( ! N, ! 7\/4;11//22 z (5 ,:11//22 j+1/2 (44)
J=1

4.2.2. Discrete Mean Internal and Potential Energy Equation

We consider the energy cpg — zb which satisfies the discrete evolution equation

(c,0—2b)"™"" = (c,0—2B)"
- ’ A7 - - = [ Ten =T ] + [Jj+1/2 Tl +e (45)

where J? T = O’J,+1/2 ﬁJjSH/Z, and f is the haline contraction coefficient. After some simple algebra (i.e.,
multiplication of J?,,,, by z; = —3Azj41/2 + Zj41/2 and of J7_ ;0 by z; = $Az;_1/5 + Zj_1/2), the discrete
energy equation can be expressed as

(c,0— b)) = (c,0-2b);
. ! At 7[( +1/2 — 3j+1/2 ‘7_?+1/2) - (c,, J‘e—l/z — Zj-172 ‘7_?—1/2)]

(46)
1
285,

b b
AZ]‘+1/2 Jj+1/2 + AZj—l/2 Jj—l/Z} + €

where the terms in curly brackets on the right-hand side contribute to the discrete expressions of the ED and MF
TKE buoyancy production/destruction terms while the flux divergence term corresponds to the 0,7, term in

Equation 4.
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Summing over vertical levels and using the no-flux bottom boundary condition (Equation 39), the vertically
integrated discrete budget reads

. (c,0— b)) = (c,0-2b)!
jz:; 4 At

47

. (47)

N
— b
== 2 Mg Tl + ), Age
=i =i

1
0 b
t¢p JN+1/2 + EAZNH/Z JN+1/2

4.2.3. Constraints for Discrete Energetic Consistency

In the same spirit as Burchard (2002), the discrete energy budgets (42) and (46) can be used to derive an a priori
energy-conserving discretization of the shear (Sh) and buoyancy () production terms for turbulent kinetic
energy. The TKE variable is naturally located at cell interfaces in most ocean models. A discrete expression for its
evolution equation is given by:

KL, -k 1

pe) 12

= s = [G+1 = Gl +Shjy 10 + Biri o — €112 (48)
At AZj+]/2

The turbulent transport of TKE consistent with Equation 13 is

n+1

K — ky‘l+1l/2
Y &
G= —Kjl‘(# + (apr)+1/2( 12 — K 0) +

(@"w ),+1/2<

—n+1, 2
( j+1/2) +( J+1/2 uj+ *)) (49)

where a first-order upwind scheme is used to discretize the different components at cell centers. In Equation 49,
K;‘ is obtained from K]’-‘+1 /,, and K]’f_l /» using a harmonic mean. No if-statement is necessary to determine the
upwinding direction as we know a priori that the vertical velocity w” associated with the plumes is negative. Using
Equations 44 and 47, the constraints for energetic consistency between the mean and turbulent energies at the
discrete level lead to

N-1 N-1
_\n+1/2
Z Azjy1pShyyyp = Z (5z“)j+1/z fRys (50)
= =
N-1
Z Aziy1 0By = Z Azjyi J,H/z (51)
j=1
N-1
Z AZj1/2€412 = Z Az (52)
j=1 Jj=1

Such constraints are satisfied by making the following choice of discretizations

( )n+1/2 ( )n+1 ok
j+1/2 j+1/2 —n+1,%
Shiy, = A2 (Kj+l/2 Az, —(a, p),+1/2( [i+1/2 “_/"l )) (53)
2\+1,% n+1,%
Bj+1/2 = _K;ﬁﬂ/z(N )+1/2 + (a,, P j+1/2(b60% (¢;+1/2) beos <¢ )) (54)
Az p€ivin + Azimip€j1 2
;= J+1/ H/ZAZ J=1/2%j-1/ (55)
j

further assuming that €;,, = €y, 12 = 0. Considering the discretizations Equations 53, 54, and 55, the total
energy budget of the water column reads

PERROT AND LEMARIE

14 of 34

5UB0 1T SUOWILIOD) BAIRERID 3|qedl(dde ay) Ag pausenob afe sajonte YO ‘3N JO S3|NJ 104 AfeiqiauluQ A8|1AA UO (SUOIIPUOD-PUR-SWLIBYWOY" A3 | 1M AReiq 1 BU{UO//SANY) SUOIPUOD pue SWIS | 8y} 89S *[G202/20/.T] uo ARiqiaulup 48| ‘oueId aueIy0D AQ 9T9Y00S NYZ02/620T OT/I0p/od A 1M Ar.d 1 puluosgndnbe//sdny wouy papeoumod */ ‘G202 ‘99v 226t



M\I Journal of Advances in Modeling Earth Systems 10.1029/2024MS004616

— - _ n+1 — — _ n
N A (c,0—z2b+ 142/2)1.+ —(c,0—2b+ u2/2)j N-1 A k}fll/z -k
2545 I + 2 A RS

= =l (56)

agA — A —
—n+1/2 Tx (Cp _ 8 22N+1/2) W/el() _ ﬂg 12N+1/2W1S/0 _ g[\/ + gl

= U —_—
N+1/2
Po

ensuring that total energy is conserved up to boundary forcings. We check in the following section that this budget
is indeed recovered in our SCM code.

5. SCM Evaluation and Parameterization Impacts

In this section, we test on the two idealized cases the sensitivity of the scheme to the formulation of TKE
transport, energetic consistency, boundary conditions, mass-flux transport of horizontal momentum, and small
plume area assumption. We also quantify energy biases of inconsistent formulations, including double-counting
errors due to inconsistent boundary conditions. The constants c,,, ¢, c; used in the ED terms are the same as the
constants used in the TKE equation of the LES model. We performed a preliminary calibration of the pa-
rameters using a MCMC Bayesian estimation algorithm (close to Souza et al., 2020) conditioned on our LES
data. The Maximum A Posteriori estimate, similar to optimal parameters that could be obtained from an
optimization algorithm, is Cy = 0.94,Cyy = 1.4,a = 0.51,b = 0.85,b' = 0.98,C, = 0.16,a2 =0.22,6) =
1.68,w2 = —73 x 1078 ms™!. A more detailed tuning and uncertainty quantification of the parameters, using
statistical method (e.g., Couvreux et al., 2021; Dunbar et al., 2021; Souza et al., 2020) is left for future studies.
Sensitivity to time step and number of vertical levels is presented in Appendix E.

5.1. Impact of the Energetic Consistency and Comparison to EVD

In Part I, we exposed that energy biases could arise from two sources: either from inconsistent TKE equation in
which MF related sources of energy were missing, or from boundary conditions inconsistent with the ED + MF
decomposition, leading to spurious energy fluxes at the surface. To quantify these biases, four different con-
figurations of EDMF against LES data are tested, and we also compare to the Enhanced Vertical Diffusion (EVD)
scheme for reference. The different configurations are detailed below.

EDMF-Energy: this is the default configuration. It consists of the previously detailed EDMF scheme in which the
TKE equation consistently includes the contribution of MF terms to energy transfers as detailed in Equation 4.
Moreover, simple consistent boundary conditions, leading to a zero MF temperature flux, are chosen (see Part I
for details)

6p|0 = é'O (57)
—K,0.0], =w'¢'|,

EDMF-TKE-inconsistent: In this configuration we use the following TKE equation instead of Equation 4,
Ok + 0.(=K40.k) = —K,0.b + K, (3.7,)" — € (58)

This setup would result from a coupling between ED and MF, treated as if they were independent schemes. It is
not energetically consistent, since the contributions of MF to the buoyancy and shear production of TKE are
missing (Part I). Boundary conditions are the same as for EDMF-Energy.

EDMF-boundary-inconsistent: this configuration uses the consistent TKE Equation 4, along with the type of
boundary conditions used for example in Pergaud et al. (2009), adapted from Soares et al. (2004),

— w'o'|
0,1 = 0o + Prog——"
§2 |0 |O :BPO9 k|0 (59)

—K¢OZ§|0 = W/9/|0
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where fpyy = 0.3 is a numerical constant. These boundary conditions are not consistent with the physical flux
imposed in Equation 39 when w,|, is not zero, and are equivalent to prescribing the unphysical heat flux

— — ay|ow
TE,+,)|0 = CpW’9/|o + CpW/9/|07p|0 [l;||0ﬂpog (60)
0

where the second term of the r.h.s. is a spurious source of energy. This bias is due to an inconsistent partitioning of

the physical boundary flux ¢,w’6’| into ED and MF fluxes.

The objective of using this configuration is not to show whether Pergaud et al. (2009) parameterization is
inconsistent or not. It is to point out that such type of boundary conditions, used at z = 0, can lead to inconsistent
energetics. Finally, imposing w,|, = O to fix this inconsistency is not satisfactory, since it leads to a mathe-

matically inconsistent boundary condition (see Section 2.4.2 of Perrot et al., 2025).

EDMF-boundary-consistent: this configuration uses the consistent TKE Equation 4. We use boundary conditions
where the bias in EDMF-boundary-inconsistent is corrected via a modification of the ED flux to avoid double-
counting of energy at the boundary:

— w'e’|
Olo =6y + Prog——
ko

(61)

S — _ Bl \ oy
— K900, = w'o']y — aﬂ|0W17|0(9p|0 - 9|0) = (1 = Proo— 0k|p 0 ) w'o'|,
0

TKE + EVD: This last configuration is the standard “TKE and Enhanced Vertical Diffusivity (EVD)” scheme
used routinely in the Nucleus for European Modeling of the Ocean (NEMO, Madec et al., 2019). It relies on an
ED-only closure based on the prognostic TKE Equation 58. Moreover, at depths where N < 0, the eddy-diffu-
sivity coefficient is enhanced to the arbitrary value K, =10 m?s~". The eddy-viscosities K, = K are unaffected,
and still computed via the prognostic TKE equation (see Appendix A).

5.1.1. Instantaneous Turbulent Profiles

The comparison of the five aforementioned configurations are plotted for the cases FC500 and WO005_C500 on
Figures 6 and 7.

TKE + EVD exhibits a noticeable different surface temperature compared to all the other EDMF schemes. The
cooling flux imposed at the surface leads to a destabilization of the surface temperature profile and an activation
of EVD. The high value of eddy-diffusivity imposes a too high mixing of surface temperature, responsible for the
bias. For EDMF models the ED flux dominates near the surface (dashed-dotted lines on panels 6(b) and 7(d)).
However, this ED flux is computed via a TKE scheme, leading to much smaller eddy-diffusivity values than
EVD, and consequently more negative gradients of temperature at the surface. These strongly unstable profiles at
the surface appear more realistic when compared to LES.

TKE + EVD necessarily produces unstable (near-neutral) temperature profiles (Figures 6a and 7a) collocated at
depth where the temperature flux is positive, since by design TKE 4+ EVD can only allow down-gradient fluxes.
As a contrary, LES profiles exhibit stable profiles of temperature from z/h ~ — 0.4 towards the base of the
mixed layer, a robust feature of convective boundary layers (Zhou et al., 2018). Moreover, TKE + EVD fails to
reproduce accurately the vertical entrainment zone at the base of the mixed layer (e.g., Garcia & Mellado, 2014),
in which penetrative convection, caused by plumes overshooting their neutral level, generates negative tem-
perature flux and sharpens the temperature gradients. The lack of penetrative convection is known to reduce the
deepening rate (e.g., chap. 6, Garratt, 1994), and results in a ~20% underestimation of the MLD by TKE + EVD
compared to LES. The underestimation of vertical entrainment fluxes (and hence penetrative convection) in ED-
only models is sometimes mistakenly attributed to the absence of non-gradient or counter-gradient terms (e.g.,
Giordani et al., 2020). However, in the vertical entrainment zone where penetrative convection occurs, negative
temperature fluxes align with positive temperature gradients, which can indeed be accurately represented by
eddy-diffusivity models if specific formulations for the entrainment zone are applied (e.g., Bretherton &
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Figure 6. Mean and turbulent profiles for the case FC500 case after 72h of simulation: (a) temperature, (b) temperature flux,
(c) turbulent kinetic energy (TKE), (d) TKE flux. Large Eddy Simulations data (black dots), TKE + EVD scheme (gray line),
EDMF-TKE-inconsistent (red line), EDMF-Energy (green line), EDMF-boundary-consistent (green dashed) and EDMF-
boundary-inconsistent (green dotted) are represented, along with the ED contribution to the temperature fluxes (panel b) for
EDMF-TKE-inconsistent (dashed-dotted red) and EDMF-Energy (dash-dotted green). In all panels, the plain green and
dashed green lines are overlapping.

Park, 2009). Conversely, both EDMF-TKE-inconsistent and EDMF-Energy models perform similarly in
capturing temperature profiles and fluxes. The absence of a noticeable effect of the TKE energetic consistency on
these profiles is a consequence of the small value of the eddy-diffusivity fluxes (dashed-dotted thin lines) in the
mixed layer. Associated eddy-diffusivity reaches at most 0.1 m? s~'. Solutions computed using EDMF-Energy
and EDMF-boundary-consistent coincide, whereas EDMF-boundary-inconsistent exhibits a cool bias of
~(0.01° C on temperature profiles (Figures 6a and 7a) due to the spurious flux imposed at the surface. Since
buoyancy in the mixed layer scales with N?A (Garratt, 1994) this bias is expected to increase with the MLD.
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Figure 7. Same as Figure 6 for the case W005_C500 except for Panel (b): mean zonal velocity, and Panel (e): zonal velocity
flux (plain lines represent the full Eddy-Diffusivity Mass Flux flux, and dashed-dotted lines the ED contribution to this flux).
In all panels, the plain green and dashed green lines are overlapping.

When considering the TKE profile (Figures 6¢ and 7c), TKE + EVD captures the correct order of magnitude
compared to LES. However, its vertical distribution is not deep enough. EDMF-TKE-inconsistent fails to
reproduce TKE due to energetic inconsistency. Indeed, looking at temperature and velocity fluxes (Figures 6b and
7d,e) allows to infer that the losses of resolved energy due to buoyancy and shear are dominated by the MF
contributions. However, such contributions are not included as sources of TKE for the EDMF-TKE-inconsistent
scheme, leading to the very low levels of TKE observed in the simulation. The three models including a consistent
TKE equation (EDMF-Energy, EDMF-boundary-consistent, EDMF-boundary-inconsistent) can reproduce ac-
curate profiles of TKE. The main discrepancies between these configurations and LES arise close to the surface
and at the base of the mixed layer, and could be due to TKE boundary condition modeling.

Regarding the vertical transport of TKE (Figures 6d and 7f), EDMF-TKE-inconsistent is not able to reproduce the
LES profile. TKE + EVD displays the correct shape, however, the magnitude is approximately 10 times less than
the reference profile. EDMF-Energy, EDMF-boundary-consistent and EDMF-boundary-inconsistent are able to
reproduce the profile, with a shift downwards of a few percent of the MLD A.

5.1.2. Vertically Integrated Energy Budgets

In Figure 8, we show the vertically integrated energy budget of the SCM for the case W005_C500 (FC500 is
similar), namely the quantity
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Figure 8. Time series of the vertically integrated energy budget (62) for the case W005_C500 (see text for details).
0
/ 0,(Ex + k+Ep,) dz+ [Ty, + Ty + T, ];jﬁ (62)
-H
where the different energy reservoirs and fluxes are introduced in Equations 4-6, and the boundary operator is
defined as [X];:O_H = X(z = 0) — X(z = —H). As expected, EDMF-Energy conserves energy up to round-off
errors (107" m? s™) whereas EDMF-TKE-inconsistent exhibits an energy loss of about 10~ m® s corre-
sponding to
0 —
/ (—a,w, (b, — b) + ayw, (uy,, — ) - 0.1) dz (63)
-H
which scales with Byh/2 in this buoyancy-dominated convection experiment. EDMF-boundary-inconsistent
exhibits an important bias of 10~'m® s~ due to a spurious internal energy flux at the boundary (see Equa-
tion 60 and Section 4.5 of Perrot et al. (2025)). As expected, the modification of the boundary condition in EDMF-
boundary-consistent allows to recover an energy-conserving scheme.
5.2. Impact of TKE Transport
In Figure 9, we compare the new TKE transport parameterization introduced in Section 2 to the closures proposed
by Witek et al. (2011) and by Han and Bretherton (2019):
Witek et al. 2011
—F Han & Bretherton 2019 ,_1/H
u' -u — a,w, _
w' 5= Kok + aw,(k, —k)  + Eapwf, + ”2 2wy, — | (64)
ED new EDMF
Moreover, we use a different plume TKE equation than the one used in Han and Bretherton (2019),
Han & Bretherton 2019
—— 1 _n
ayw,ok, = E(k—k) +E §||up —ul|” | - aye, (65)
new EDMF
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Figure 9. Instantaneous turbulent moments for the case the W005_C500 after 72h of simulation: (a) temperature, (b) zonal
velocity, (c) turbulent kinetic energy (TKE), (d) temperature flux, (¢) zonal velocity flux, (f) TKE flux. Large Eddy
Simulations data (black dots) is represented, as well as three energetically consistent Eddy-Diffusivity Mass Flux scheme
differing only by their parameterization of TKE transport: Witek et al. (2011) (blue line), Han and Bretherton (2019) (orange
line) and the new formulation (green line). On panel (g), the TKE flux of the configuration EDMF-Energy is decomposed
based on the contribution of the parameterization exposed in Equation 64. On panel (a), blue, green and orange lines are
overlapping. On panels (b), (d) and (e), the blue and green lines are overlapping.

The choice of TKE transport seems to have a negligible impact on temperature, temperature fluxes, velocity and
momentum fluxes. When looking at TKE fluxes (Figure 9f), all parameterizations reproduce the bell-shape but
exhibit a consistent shift downwards of approximately 0.1 4. Concerning the minimum of the TKE flux (Figure 9f),
Han and Bretherton (2019) parameterization exhibits a bias of 80% compared to LES. In contrast, Witek
etal. (2011) underestimate (in absolute value) the minimum of about 10%. In Figure 9g, we show the different terms
of TKE flux (64) for EDMF-Energy. 90% of the flux is explained by l/Za,,wf,, about 10% by a,w, (k, — k). The

remaining terms are small, which could be expected since W005_C500 is in a convection-dominated regime.

Transport of TKE has a direct effect on the profile of TKE (Figure 9c¢). The surface production of TKE appears to
be insufficiently redistributed for Han and Bretherton (2019) schemes, resulting in insufficient levels of TKE
within the lower half of the mixed layer. The more realistic TKE transports of Witek et al. (2011) and of the new
scheme lead to a better distribution of the TKE inside the mixed layer. The surface TKE bias, may be related to
boundary condition choices that should be further investigated. Our implementation of Han and Bretherton (2019)
reproduces well the shape of TKE plotted in Figure 4 of their paper; but their implementation exhibits a clear lack
of production of TKE contrary to the results we show in Figure 9. This could suggest missing TKE production
terms in their implementation.

We show in Figure 10 different plume variables conditionally sampled from LES (see Section 3.3 for details).
They are compared with plume variables computed from different EDMF configurations. We advocate that this
comparison can be used for qualitative understanding rather than quantitative evaluation of the schemes, since
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Figure 10. Vertical profiles of plume variables after 72 hr of simulation for the case W005_C500, computed from different
configurations: EDMF-TKE-inconsistent (red), EDMF-Energy (green), EDMF-Energy with Han and Bretherton (2019)
parameterization of Turbulent Kinetic Energy transport (orange), EDMF-Energy with no MF momentum flux, thatis u, = u
(purple). The black dotted line represents plumes identified in Large Eddy Simulations, using the conditional averaging
presented in Section 3.3.

SCM plume profiles are sensitive to the model's free parameters, and LES plume profiles are sensitive to the
conditional sampling parameters. All the SCM models produce similar plume temperature, vertical velocity, and
fractional area. Compared to EDMF-Energy, the EDMF model imposing u, = u (described in next section)
exhibits higher plume TKE levels (panel 10-(¢)) due to the vanishing term E|u, — ﬁ|2 in the k, budget (65) (since
w,, <0, this term is a net sink of k,, for increasing z). Han and Bretherton (2019) did not include dissipation in their
model, leading to even higher levels of k,.

5.3. Impact of Horizontal Momentum Transport

In Figure 11, we examine the impact of the mass-flux on horizontal momentum transport by comparing a
——MF

simulation in which w'uj, = 0 or equivalently u;, = u, (a choice made in several studies, e.g. Cohen

etal., 2020; Giordani et al., 2020; Tan et al., 2018) to a simulation where the horizontal velocity plume model u;, ,

——MF
is explicitly parameterized according to Table 1, and leads to w'uj, #0.

The main effect of MF on horizontal velocities is to increase the momentum flux, which in turn produces more
mixing of the zonal velocity compared to the velocities computed with ED-only momentum flux. According to
the reference LES the well-mixed profile of %, resulting from non-zero MF momentum flux, is more realistic.

Momentum transport does not seem to have an important impact on TKE in this case. This can be explained by the
fact that W0O05_C500 depicts a convection-dominated regime; thus TKE is mainly produced by buoyancy, and the
flux of TKE is dominated by the w; term.
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Figure 11. Mean and turbulent profiles for the W005_C500 case after 72h of simulation: (a) temperature, (b) zonal velocity,
(c) turbulent kinetic energy (TKE), (d) temperature flux, (e) velocity flux, (f) TKE flux. In green: EDMF-Energy
configuration. In purple: EDMF-Energy where we imposed u;,, = u,, leading a zero MF contribution to momentum

——MF
transport (w/u;, = O). Zonal velocity flux (panel ) has been divided into ED (green dash-dotted) and MF (green dashed)

contributions for the EDMF-Energy parameterization. On panels (a) and (d), the green and purple lines are overlapping.

When u, = u, turbulent transport of TKE (panel 11-(f)) is negatively increased because k, is increased (see

Figure 10). Indeed, in such case the energy loss due to E(||u;,, — #,]|>/2) vanishes, in the k, budget (65), leading
to higher values of k,.

5.4. Impact of Small Area Assumption

In Section 3.3, analysis of LES revealed that the assumption a, <1 was not fully satisfied. This small-area
assumption can be relaxed with no additional complexity if the subplume fluxes W (¢p = 6,S,u,v) are still
neglected (Tan et al., 2018). A summary of the EDMF-Energy parameterization in such a regime is presented in
Table 1. On Figure 12 we compare instantaneous profiles from EDMF-Energy to EDMF-Energy where a,, is not
assumed small.

Relaxing the small area assumption mainly affects the minimum of the TKE transport (Figure 12-f), reducing by
10% which roughly corresponds to the rescaling coefficient ¢ = 1/(1 — a,). As a consequence TKE is less
redistributed on the vertical, leading to slightly higher TKE close to the surface and reduced TKE in the interior.
Other mean fields and fluxes do not seem affected. However, the influence of the small plume area would be more
clearly seen in the gray zone of convection, that is when the horizontal size of convective structures approach the
horizontal size of the LES domain (Honnert, 2022). For 3D implementations of the parameterization at resolution
lying within the gray zone, the dependency of parameters to resolution should be assessed.
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Figure 12. Mean and turbulent profiles for the W005_C500 case after 72h of simulation: (a) temperature, (b) zonal velocity,
(c) turbulent kinetic energy (TKE), (d) temperature flux, (e) zonal velocity flux, (f) TKE flux. Solid green line: EDMF-
Energy (with small area assumption). Light green line: EDMF-Energy where a,, is not assumed small.

5.5. Realistic Case: Hymex/ASICS-MED Campaign

We now move to more realistic situations corresponding to a sequence of strong convective events which were
documented in the Northwestern Mediterranean during the winter 2013 of the HyMeX/ASICS-MED experiment
at the LION buoy. These events correspond to localized oceanic deep convection (Marshall & Schott, 1999) for
which the water column is typically mixed over thousands meters, sometime down to the seafloor. These winter
events are common in the Mediterranean Sea as well as in the Labrador and Greenland Seas, and are of great
importance for deep water formation and their overall influence on basin scale dynamics. The ASICS-MED
experiment was also used in Giordani et al. (2020), and we use a similar setup here (similar vertical grid,
similar initial conditions, similar corrected surface fluxes from Caniaux et al. (2017)). We also use the same
reference observational data, which advantageously combine LION mooring data and measurements originating
from an array of gliders, Argo floats and CTD casts deployed around the mooring during ASICS-MED survey.
The numerical experiments are performed with a SCM similar to Equation 1 but including additional Coriolis and
solar penetration (using a standard Jerlov law) terms, and we use a nonlinear equation of state. We also include
penalization terms in the SCM to enforce w;, = 0 at the ocean floor to account for the effect of the bottom (which
is at a depth of 2400 m at the LION buoy). Thanks to the penalization term a no-slip boundary condition is
imposed at the bottom and a no-gradient condition is imposed for tracers. The vertical grid resolution ranges from
1 m near the surface to 150 m near the bottom located at z = —2400 m. Parameters of the TKE scheme are set to
the standard values used in NEMO (Nucleus for European Modeling of the Ocean, Madec

etal, 2019), ¢ = (c,,Concy) = (0.1,@,0.1).
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Figure 13. Time series of the friction velocity u, (m s~!, top panel) and surface buoyancy flux B, (m? s—3, middle panel)
computed from atmospheric forcings. Time series of mixed layer depth A, (m, bottom panel) obtained from observations
around the LION buoy (black line) and from single-column numerical experiments using TKE + EVD (solid gray line) and
EDMF-Energy (solid green line).

A series of 25-day numerical simulations were carried out starting from 15 January 2013. The surface boundary
conditions are shown in Figure 13. In particular, very strong cooling events occurred during the period of interest.
Two simulations were made systematically with an eddy-diffusivity term activated. A first simulation was done
with Enhanced Vertical Diffusion (referred to as TKE + EVD) which is the standard practice for climate sim-
ulations using NEMO, a second one using a mass flux scheme on tracers, horizontal momentum, and with the
additional terms for energetic consistency in the TKE equation (referred to as EDMF-Energy). To get a more
concrete idea of the improvements brought about by the mass flux scheme over the usual practice for NEMO
applications (TKE + EVD), we show in Figure 13 (bottom panel) the temporal evolution of the MLD #h,y
computed from observational data and single-column numerical simulations. A, is defined as the depth where
the following criterion is met

/ C0.0dz =50 (66)
h,

mxl

with z.; = —300m and 60 = 0.05 K. This choice of reference level is consistent with the one used in Houpert
et al. (2016) also with LION observational data. Moreover, the mixed layer depths obtained by applying (66) on
the data (see black curve in Figure 13) are directly comparable with the ones shown in Waldman et al. (2017) (see
their Figure 4). Panel (c) in Figure 13 illustrates the fact that the MLD is significantly better represented by the
EDMF-Energy scheme than by the TKE + EVD approach. Moreover, a direct comparison with temperature (resp.
salinity) from observational data is shown in Figure 14 (resp. Figure 15) over the period from January 15 to 9
February 2013. In particular, several phases can be identified during the experiment (e.g., Coppola et al., 2017;
Waldman et al., 2017): (a) in the period January 15 to 25, 2013, winter convection starts to deepen the mixed layer
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Figure 14. Potential temperature (°C) time series as a function of depth for single-column numerical experiments using an
eddy-diffusivity closure with enhanced vertical diffusion (TKE + EVD, top panel) or using an energetically consistent Eddy-
Diffusivity Mass Flux (EDMF-Energy, middle panel) and for observational data (bottom panel).

down to around —800 m to the point of eroding the Levantine intermediate waters (Estournel et al., 2016) (b) in
the period January 26 to 29, 2013, the mixed layer keeps thickening to the depth of the western Mediterranean
deep water (~ —1250 m) (c) in the period February 4 to 9, 2013, a new intense convective event associated with a
strong Mistral wind event contributes to deepen the mixed layer down to the bottom (reached on February 9). This
is followed by a restratification phase involving horizontal processes that cannot be represented in our SCM
formalism which explains why we do not analyze solutions beyond February 9. Similarly, the delay between
observations and EDMF-Energy regarding the restratification peak visible on February 5 could be due to hori-
zontal advection caused by the intense wind forcing.

In general, as illustrated by the temperature profiles in Figure 14 and the temporal evolution of the MLD in
Figure 13, the EDMF-Energy simulation correctly represents these three phases, notably with a very pronounced
erosion of the intermediate Levantine waters on 25 January 2013, and a destratification of the entire water column
on 9 February 2013. This good agreement with observational data is also noticeable when looking at salinity
(Figure 15). Conversely, in the TKE + EVD simulations, the timescales for the erosion of stratification are
significantly slower than in the observations.
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Figure 15. Same as Figure 14 but for salinity ( psu).

6. Discussion and Conclusion

In this work, we used idealized LES of oceanic convection to analyze hypotheses and outputs of a novel Eddy-
Diffusivity Mass-Flux parameterization in a Single-Column Model configuration, derived in Part I (Perrot
etal., 2025). This energetically consistent parameterization is rather simple to implement, whether in a code with an
existing “non-energetically consistent” EDMF scheme or, more generally, in any code relying on a prognostic TKE
equation. The MF terms are obtained by solving a straightforward system of ODEs and take the form of vertical
advection terms in the mean equations (see Appendix D for practical details). The proposed approach can also be
applied in the case where the ED closure does not use TKE. In this case, it would require to add a prognostic or
diagnostic TKE equation (even if it does not interact with the ED term) to enforce energetic consistency.

Using vertical-velocity based conditional sampling of LES, we found that stationarity of the mean convective
plume is well satisfied. However, even if plume typical radius is small compared to the size of the horizontal
domain, plumes typically cover 15% to 20% of the horizontal domain. Consequently, the assumption of small
plume area can be criticized, and we provided and implemented a set of equations without such an assumption. This
new set of equations do not exhibit additional computational complexity compared to the standard approaches.
Thus we recommend its usage since it is valid whenever plume fraction is or is not small. Based on LES we also
proposed a new EDMF closure for the turbulent transport of TKE which generalizes two existing approaches. We
expose the subtleties of numerical implementation of the SCM, including fully consistent discrete energy budgets
based on their continuous counterparts. This study highlights how energy considerations can unambiguously guide
discretizations. Finally, we performed a series of sensitivity experiment to different modeling aspects regarding
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energetic consistency, boundary conditions, transport of TKE, transport of horizontal momentum by MF and small
plume area assumption. Temperature and flux of temperature profiles do not appear to significantly be affected by
such choices, and the SCM reproduces LES profiles compared to TKE + EVD. Applying the EDMF concept to
momentum fluxes seems necessary to generate realistic mixing of horizontal velocities and properly represent their
fluxes (Section 5.3). The usage of an energetically consistent TKE equation and along with the new formulation of
TKE transport is key to obtaining realistic TKE and turbulent transport of TKE profiles. We also quantify the
energy loss of inconsistent formulations, due to either inconsistent TKE equation or inconsistent boundary con-
ditions. Surprisingly, removing the assumption of small plume area (without modifying plume closures) seems to
only affect the transport of TKE in the test cases presented. All these findings are based on idealized cases, where in
particular ED fluxes are small explaining the apparently small impact of energetic consistency and TKE on the
solutions. Thus, a further assessment of global 3D simulations is a necessary next step to understand the impli-
cations of energetic consistency. To further illustrate that the EDMF concept is a credible alternative to the
traditional approaches used in the oceanic context (using e.g. an enhanced vertical diffusion) the proposed scheme
is validated in a single-column configuration against observational data of oceanic convection from the LION buoy.

To implement and then assess the impact of this energetically consistent parameterization on realistic 3D oceanic
simulations a calibration of the remaining “free” parameters must be achieved (Couvreux et al., 2021; Hourdin
et al., 2017). It should be performed on parameters whose universality can sometimes be statistically assessed
(Souza et al., 2020), and should be mathematically and physically constrained as much as possible.

Appendix A: Mixing Length and Dissipation Computations

For the oceanic applications detailed in this article, we have chosen a formulation of eddy-diffusivity and vis-
cosity close to that used in the NEMO ocean model (Madec et al., 2019). The eddy-viscosity and diffusivity are
classically assumed to be related to TKE by

Ku = Kk = lem\/z (Al)

K, =K,(Pr)™" (A2)

with /,, a mixing length scale, Pr, the non-dimensional turbulent Prandtl number, and c,, a constant (c,, = 0.1 in
NEMO). The mixing length /,, is calculated in two steps by considering separately the length scales I, and /gy,
associated respectively to upward and downward movements: (a) [, and [y, are initialized assuming
Lp = lgwn = \[2kz,4 with 74 a characteristic time equal to 1/N* = (015)7] (b) a physical limitation is used to
ensure that [, and [y, do not exceed the distance to the top and the bottom of the mixed layer, this limitation
amounts to controlling the vertical gradients of /, and /4, such that they are not larger than the variations of depth
(e.g., Madec et al., 2019). Once [, and /4, are computed the mixing length is taken as I, = min(ly,, lgyn)- The
turbulent Prandtl number is modeled by Pr, = min(Pr"™, max(Ri/Ri,, 1)) with Ri = N%/||0.u, ||, Pr™> = 10
and Ri, = 0.2.

The viscous dissipation is parameterized as € = ‘,%ky 2, where ¢, = \/5/ 2 is a numerical constant and the
dissipation length is I, = 4/lplawn (e-g., Gaspar et al., 1990).

Appendix B: Third Order Moment Computations

By definition we have

; ;
ack, apk;,

1 _ 1 _
k=l —alP +ak + 500, — @l + 4k, ®1)

1
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thus
1 2 1 0
oI, + 1L, + IV, + IV, = a,w, | k, + 5””17 —u||” | + a.w, | k. + §||ue —ul| (B3)
1 —2 1 —2
= apWp kp+§||"p_"|| _ke_§||“e_"|| (B4)
= 4HWp (kfu - ké) (B5)
a
=1 _I’apwp (k; — k) (B6)
=Y (k) + N, -l -k (B7)
- 1— a, p\"p T HlI"p
Appendix C: Derivation of Plume TKE Equation 14
Applying the plume averaging to TKE, and assuming entrainment/detrainment closure for horizontal advection
terms, k, budget can be derived as (see Equation 11 of Tan et al. (2018))
0,(ayk,) + 0, (a,w,k,) = —a,w,uy, , - 0uy, +a,w,b,
1 2
+E<ke+§||ue—up|| )—ka 1
’ u;’ ) u,l,7 ’ 1 AY
-0, (appr +a,u, -p—O(Vp )P — ay€,
Consistent with the neglect of subplume fluxes and temporal tendency in EDMF (see Part I or Tan et al. (2018)),
we propose as a first attempt to retain advection, entrainment, detrainment and dissipation terms, which lead to the
simplified form of the previous equation:
1 2
0. (aywyk,) = E( k, + E||ue —uy||° | — Dk, — aye,
Our goal is now to express k, + %Hue —u p||2 in terms of plume variables only. We apply the plume/environment
decomposition to TKE starting from (B1), leading to
1 1 1 —2 1 _n
ke = ok 2B 3l =) = Sl ()
1 1 1 2 1,1 9
where the last equality is obtained using the identity u, — ¥ = —a,/a,(u, — ). Then we use the identity
u, —u, = 1/a,(u, — ) to obtain
1 , 1 1 1 —in 1,1 _n2 o 11 —i2
b 3l = = k= (b4l 1) = 5, =+ S, )
1 1 11 1 1 ©4)
= —k — —ayk, + — =||ju, — @|]*(—a, — —a* + —
d, aeap r * de 2||up u” < aﬁ aeap * ae)
1 1 11 —a,(1—a,)—a*+1
= —k — —ayk, + — ~|ju, —a|*—~ P » C5
a, aea” » T a, 2||up | a, ©
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1 11
= —k— —ayk, +— |ju, —u|*
k= Lk, + o S, =l

— % (C6)

and thus the plume TKE budgets rewrites as

1 1 _
2, (a,wyk,) = Em(k — ayky, + S, - u||2> — Dk, — a,e, (cn
P

Using area conservation d,(a,w,) = E — D, we get the advective form

1 1 _
a,w,0:k, = Eﬁ(k -k, + 5||up - u||2> — a,€, (C8)
p

1

l—a,

Finally assuming ~1 (i.e., the small area limit) we have the desired expression (Equation 14).

1 _
a,w,0:k, = E(k —k, + §||u,, - u||2> —aye, (C9)

Appendix D: Discretization of Mass-Flux Equations

We start from the standard grid arrangement used in oceanic models which are usually discretized on a Lorenz
grid in the vertical (density is located in the center of the cells on the vertical). We consider N grid cells in the
vertical with thickness Az = zj.1/0 — zj—1/2 (212 = —H and zy4y, =0 the surface) such that
ZJILIAZJ- = —H. For the discrete values, not to interfere with the grid indices, the subscript p for the plume
quantities is now a superscript such that plume quantities are now noted X}' 12 = X,(2 = zj41/2). In the
following, we consider that the plume quantities and k are discretized at cell interfaces and the mean quantities X
are discretized at cell centers and are interpreted in a finite-volume sense (i.e., X ;= A%] J:yz 2X(z) dz). We start
from the mass-flux equations given in Table 1 with b’ = b’/h but in conservative form (except for the vertical
velocity and TKE plume equations) and assuming that a,, is small:

d.(a,w,)=E—-D (D1)
0,(a,w,,) = Ep — D, + a,S,, (D2)
0.(a,w,U,) = EU - DU, (D3)

w,0,w, = —(E/a,) (bw,) + aB, + [;/le, (D4)
|
a,w,0:k, = E| k — k, + E(up —u)" | —aye, (D5)

where the equation for horizontal momentum has been manipulated to have the same form as the ¢, equation by
taking U, = u,;, — C,u;, and U = (1 - C,uy, and S p 1s a source term. The advective form is used for the w,
equation to make the computation of w,, independent of a, (with the closure hypothesis given in Table 1 for
E, E/a, is independent of a,); the motivations for this will become clearer later. The mass-flux equations
correspond to a first-order nonlinear set of ODEs. There are a lot of methods for solving such initial value
problems. We present here a simple method combining explicit (Euler) and semi-implicit (Crank-Nicolson) steps
as the use of more advanced methods did not produce significantly different results (we tested a spline-based high-
order finite-volume method as well as a non-standard finite difference method, the latter being particularly well-
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suited for solving nonlinear ODEs). In the following, we describe the different steps for the resolution starting

from known initial values X7

‘w+1,2 at the surface and advancing downward.

D1. Surface Boundary Conditions

The discrete form of the boundary conditions given in Equation 57 are obtained by a linear extrapolation of ¢y
and (u},) toward the surface, as plume variables are defined on cell interfaces while mean variables are defined at
the center of the cell (by doing this extrapolation, we implicitly assume that there is no entrainment in the top most
half cell).

va+1/2 = Wpo (D6)
(QAzy + Azy_)py — Az,
= D7
¢§’V+1/2 AZN + QZNfl ( )

(2Azy + Azy_1) (Wy)y — Azy(@p)y—

D8
Azy + Azy_ %)

Uﬁ/+1/2 =(1-C)

where wj, is a fixed minimum value for w),. Since the TKE k is already discretized at cell interfaces the boundary
condition for k, does not require an extrapolation. In particular the condition on ¢, leads to the following value of
the B, term in the topmost grid cell:

EN - EN—I

B = Az (7
N N Azy + Azy_

A
) = %(NZ)N—I/Z (D9)

meaning that using the condition (Equation D7) allows to triggering convection as soon as the Brunt-Viisilda
frequency (N?),_, , is negative. Indeed, a negative value of By, in the RHS of the w,-Equation D4 leads to a

positive value of (0pr)N and thus larger negative values of w, when going downward.

D2. w,-Equation and Mixed Layer Depth

The w,-Equation D4 using the entrainment E given in Table 1 can be formulated as
O.W> + bCep min(0,w”,0) =2aB, + 2b'w” (D10)
which can be discretized in a straightforward way as

ﬁ[(Wp)‘erl/z - (Wp)‘z—l/z] = 2aAz;B] + (B/Azj) [(Wp)j2+l/2 + (Wp)jz_l/z]

! (D11)
B = b1~ (@)

where f = 1 + bC,y if aB; + b'(wP )j2+] /, is negative and # = 1 otherwise. Knowing W10 it is easily found

that

p- E'Azj) ()12 = 20858

— D12
f+ b Ay (1)

(wp)jz—l/Z =

P

. ), the plume is considered evanescent. In the oceanic

Once this quantity falls below a certain threshold (w,

context we consider w;’_ 2 = T /(wl’)jz_1 /» Tor the rest of the calculations to guarantee that wjp_1 /2 is strictly

negative. The upwinding used to compute B, in Equation D11 in addition to the fact that the w,-equation does not
depend on a, avoid the need for an iterative process to solve the mass-flux equations.
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P

The MLD & we considered to scale the parameter b’ is the depth at which the discrete value of w” equals w?. . In

P

practice, as soon as (WP )12_ 1/2 given by Equation D12 is smaller than (wmin)2 we use (Equation D12) to compute

the distance Azj* below z,1,, where the plume vertical velocity exactly equals wh; :

WP, — (WP )
AZJ-* - 5 ( ~,)j+1/2 5 ( mm) . (D13)
2aB] + b (W1 + Wiin)")
leadingto h = zj,1/, — Azj*. To compute Azj* we assume that # = 1 because the bottom of the plume is reached

only if we are in the detrainment zone.

D3. Continuity and Tracer Equations

The entrainment E; and detrainment D; rates given in Table 1 (taken from Rio et al. (2010)) discretized on a grid
cell j correspond to

1
AZE; = 5(“f+1/2 +a,) Cent(5zwp)j+ (D14)

1 _  0oAz;
AyD; = 5(“5')+1/2 + aj')—l/2) _Cdel(ézwp)j Y j(WjP.;.l/z + Wj"_l/z) (D15)

where (5sz)j+ = max(w},,, — W}_,/,,0) and (5sz)J-_ =min(w},,,, — w/_,,,0). Integrating from z_,/, to

Zj+1/2 the continuity equation and ¢, equations we obtain
(@W)iy10 — (@W)i_y1p = Az (E; — D)) (D16)

(apwpﬁbp)jﬂ/z - (apwpfﬁp)j—l/z = AZjEj%‘ - (AZij/Z)(‘IS;;]/z + ¢5‘)—1/2) + (Sz)j (D17)

which can also be extended to the horizontal momentum equation formulated using U,. Since at this stage wj’ 12

and wf_ 1/2 are known, the continuity equation is used to compute af_l , through
po_ 2W¢+1/2 —EmD;
Y12 = G220+ EmD,

e ’ (D18)

) _ . [60Az;
ConB07),* + Can(5.07), ™ + mln{Thj(wa/z ), zwfmn}

Note that a, is subject to a boundedness requirement as 0 < a, < 1. Assuming 0 < aj’ w12 S 1, sufficient conditions
to guarantee that a}’_ y2<1lare Cop <1 and Cy > 1 and a sufficient condition to guarantee that aj.’_l 520 1is
Cye < 2. Moreover, a constraint is added on the background detrainment §, in Equation D18 to guarantee that
aj.’_ 1> = 0as soon as wf 2 = wj.’_ 12 = Wayi, which occurs once outside the plume.

min
Once af_l /2 is known, it is possible to compute qﬁf_l /» (as well as U_f_l ,2)- The proposed discretization ensures that

the compatibility between the continuity and the tracer equations is maintained at the discrete level (i.e., we

recover the continuity equation for ¢7,, , = ¢/_,,, = 1 and ¢ =1).

The same reasoning can be applied to solve the k, equation, which presents no additional difficulties as all

i p p
necessary quantities Wfil/Z’ iy, and u

iv1/ are known.

In summary, the proposed discretization guarantees that w), is strictly negative, that a,, is bounded between 0 and
1, and that the continuity and tracer equations are compatible, without the need for an iterative solution procedure.
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Appendix E: Time Step and Vertical Resolution Sensitivity

On Figure E1 we expose mixed layer depth (MLD) sensitivity to time step and vertical resolution for the case
WO005_C500. The vertical resolution dz = 40 m may seem unusually large for mixed layer simulations. However,
when using a stretched grid, deep convection can reach depth at which local grid spacing on the order of 40 m,
thus justifying the relevance of testing the scheme with a constant grid spacing of dz = 40 m.

Data Availability Statement

Idealized LES data and ASICS-MED data are available at the Zenodo archive (Lemarié & Perrot, 2025). LES data
have been produced using the MESO-NH model (see next section). ASICS-MED data contain initial and
boundary conditions for the SCM simulations, as well as observations of temperature and salinity profiles
combined from the Hymex/ASICS-MED campaign and the Lion mooring. They were downloaded from the ftp
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Figure E1. Mixed layer depth (MLD) computed as the minimum of temperature flux for different time steps (dt) and vertical
resolutions (dz), Large Eddy Simulations data and analytical expression.

server given in Giordani et al. (2020) on 1 March 2025. Software Availability Statement All the LES and SCM
codes used in this study have been made available and can be found at the Zenodo archive (Lemarié¢ & Per-
rot, 2025). The LES code consists of the 5.5.1 version of the Méso-NH model (Lac et al., 2018). The SCM model
consists of low-level code written in Fortran interfaced with Python using F2PY (Peterson, 2009). The single-
column simulations analyzed in this study can be executed from a high-level Python driver code without any
intervention on the Fortran code. The high-level Python driver code and scripts to reproduce the figures are
available in the Zenodo archive.
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