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Generalised spherical minors and their relations

Luca Francone

July 31, 2024

Abstract

Let G be a spherical subgroup of minimal rank of the semisimple simply connected
complex algebraic group G. We define some functions on the homogeneous space G/ G
that we call generalised spherical minors. When G = G x G we recover Fomin-Zelevinsky
generalised minors. We prove that generalised spherical minors satisfy some integer coef-
ficients polynomial relations, that extend [FZ99][Theorem 1.17| and that have the shape
of exchange relations of LP-algebras.
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1 Introduction

Let G be a complex connected reductive algebraic group and G be a connected reductive
subgroup of G. Let Y be the complete flag variety of G. We assume that the pair (G, G) is
spherical of minimal rank. That is: there exists a point y € Y such that

1. The G-orbit G - y, of y, is open in Y



2. The stabiliser @y of y, in @, contains a maximal torus of G.

An important example is when G is diagonally embedded in G x G. More generally, the
classification of spherical pairs of minimal rank has been done in [Res10] and ultimately relies
on the following theorem.

Theorem 1.0.1. Assuming that G is simple and G is semisimple simply connected, the com-
plete list of spherical pairs of minimal rank is:

1. G=G;
.G is simple, simply connected and diagonally embedded in G = G x é;
SLon, Spy,,) with n > 2;

2
4. (Spiny,,, Sping,,_;) with n > 4;
5. (Spiny, G2);
-

6. (e, Fy).

Our present work on spherical pairs of minimal rank aims to generalise some results and ideas
of [FZ99) in the context of spherical pairs of minimal rank. In order to present our results, we
introduce some notation.

Assume from now on that G is semisimple and simply connected. Let B be a Borel
subgroup of G, T be a maximal torus of B and W be the Weyl group of G with respect to the
torus 7.

We define the sets

Z:={z€W : BzG is open in G} Zm ={z€ Z : {(z) is minimal},

where ¢ denotes the length of the Coxeter group W, with respect to the set of simple roots
determined by B. The sets Z and Z,,, are non-empty. Let z € Z,,, and set y = 2~ L.

We denote by X(T') (resp. X(T)*") the set of characters (resp. dominant characters) of
T. For A € X(T)*, the notation V(\) stands for the irreducible G-representation of highest

weight A. Let
Ag/@ ={\e XM : V(Y #£0} (1)

be the monoid of spherical weights. As a monoid, Ag e is freely generated by a unique set of

free generators, denoted by B. For the pairs of Theorem the set B is described in (8]
below.

For any w € W and X € Ag/@, we define a function A} (Definition [3.0.2) on the homoge-

neous spaces G/ G. Such a function is called generalised spherical minor. After proving some
general properties of generalised spherical minors, we focus on algebraic relations between
them. Before stating our main result, we make some observations.




Because of Lemma [3.1.1] any generalised spherical minor is actually a monomial in the
minors of the form A, with b € B and w € W. Thus, algebraic relations between minors can
be expressed in terms of the functions A% with b € B and w € W.

Moreover, the definition of the functions A} depends, in principle, on the choice of the element
z. By Lemma the set of generalised minors only depends on z up to some signs. Thus,
the choice of the element z € Z,,, doesn’t substantially impact the set of relations.

If G is not simple, by [Res10][Proposition 3.2| there exists two spherical pairs of minimal rank
(G1,G1) and (G, G2) such that (G, G) = (G1 x Gy, G1 x G3). Moreover, Lemmaunphes
that the generalised spherical minors of the pair (G, G) are the pullback of the generalised
spherical minors of the two smaller pairs, via the natural projections G/ G —G1/G;y and
G/G — G3/Go. Thus, algebraic relations between generalised spherical minors of the pair
(G, @) are determined by the relations between the minors of the two factors.

For the rest of this introduction, we assume that G is simple. In Section (4 I we associate to
the pair (G,G) an element z € Z,, and an mteger coefficients matrix A = (apy) € ZP*B.
Moreover, to any b € B, we attach an element w, € W and a set U, C W such that e € Uj,.
Then, we prove the following theorem.

Theorem 1.0.2. Let b€ B and w € W. If the conditions

1 1 1 1

Uy~ twuy) = Ly~ wy) + Ly ay)  and Uy wuidyy) =y~ wy) + Ly~ uiyy)

are satisfied for any v € Uy, then the following identity holds:

, —ay
ALAL G = Z (—1)t ) =T AL WAL F e H <A§;> , (2)

ueUp\{e} veB\(b)

for some €, € {£1}, which only depends on b.

The matrix A, the elements w;, and the sets U, are defined case by case, accordingly to the
list of pairs of Theorem A pair independent description of the previous data would be
of great interest, but it is still missing . The only exception concerns the matrix A. Indeed, it
agrees with the Cartan matrix of the small root system of the pair (G, @) Still, we have no
conceptual explanation of this fact. Moreover, we have the following conjecture.

Conjecture 1.0.3. In the notation of Theorem we have that e, = (—1)IVl.

When G = G x @, by Lemma , generalised spherical minors recover Fomin-Zelevinsky
generalised minors. The relations described in Theorem specialize to [EZ99]|Theorem
1.17]. The relations provided by [FZ99]|Theorem 1.17] stand at the very base of all the
known cluster structures related to algebraic groups, such as the one considered in [BEZ05]
[GLSO08], [GLS11], |[GY21], [GLSB23|, |[Fei21], [Fra23|. Moreover, together with the companion
relations provided by [FZ99|[Theorem 1.16|, they allow to unravel deep links between double
Bruhat cells, total positivity, the combinatorial properties of the Luszting canonical basis and
the Lusztig zones. These deep connections ultimately led to the construction of a class of
polyhedral models for tensor product multiplicities known as i-trails models. See [BZ01] and
[Zel02]. We observe that the relations described in Theorem always have the shape of
exchange relations of LP-algebras in the sense of [LP16]. Nevertheless, they are manifestly



written in the form of exchange relations of cluster and generalised cluster algebras only when
G =GxG. Indeed, in any other case, the right hand side of consists of at least 3 monomials
in some generalised spherical minors. We hope that our result could be used to construct LP-
algebras structures, in the context of spherical pairs of minimal ranks, generalising some of
the well known cluster algebras structures previously mentioned. We also hope that Theorem
could shed a light on some interpretation of the combinatorial properties of the Lusztig
zones, as defined in [Lus22].

2 Complements on spherical subgroups of minimal rank

2.1 Root systems and Weyl groups

Most of the contents of this section is adapted from [Res10] and [FR23]. We worn the reader
that the present notation exchanges the role of G and G with respect to the one used in [FR23].

We fix respectively a maximal torus and Borel subgroup T ‘and B of G. We make the
assumption that T'N G =T and BN G = B. This implies that T < B. Let U and U denote
the unipotent radicals of B and B respectively. The notation X (7' ) stands for the character
group of T. Moreover, denote by ® (resp. <I>) the root system of G (resp. G) We denote by
(resp. ®1) the set of positive roots determined by B (resp. B). Moreover we set &~ := —&+
and = = — .

Let p: X(T) —s X (T) the restriction map. By [Res10][Lemma 4.2, we have that p maps
d to P. Therefore, we can define p: ® — ® as the restriction of p. Let

L= {Bed:p B =1} :={Becd:[p'(B) =2

By |Res10][Lemma 4.4], we have that ® = 3! U P2 Hence ® = ®! U P2, where ®! = p~1(d?)
and ®2 = p~1(®2). Moreover, by [Resl0][Lemma 4.6] we have that p 1(A) A. We use the
notation

A= NA and Al=dNA fori=1,2.

Observe that, in cases 3 to 6 of Theorem we have that ®! = ®! and ®2 = @iwhere P!
(resp. ®°) denotes the set of long (resp. short) roots. Finally, if B € <I>2, then p~1(3) consists
of two strongly orthogonal roots.

Let W be the Weyl group of G with respect to T. By [Bri99|[Lemma 2.3|, we have that
Tis a regular torus of G. Hence Wisa subgroup of W. As a consequence of [Res10][Lemma
4.1, Lemma 4.3] we have the following lemma.

Lemma 2.1.1. Let 3 € ® and B = p(B). Let s3 € W (resp. 55 € W} be the reflection
associated B (resp. B) The following holds.

1. If B € ®', then 58 = g
2. If B € % and p~(B) = {B, B}, then s5= 355 = spss.

3. The reflection sg belongs to W if and only if f € ®L.



Recall that a collection i = (im,...,71) (resp. i= (im---,11)), of elements of A (resp.
A), is a reduced expression for w € W (resp. w € W) if s;,, -+~ si;, = w (resp. s; -+ 57 =)
and m is minimal.

Lemma 2.1.2. Let @ € W and i = (?m, . ,?1) be a reduced expression for W, considered as

an element of the Coxeter group W. Leti be the expression obtained by replacing Tk with any
ordering of the simple roots in p~'(ix), for any k € [m]. Then, i is a reduced expression for
w, considered as an element of the Coxeter group W.

Proof. Letv € W and @ € A. Since pis ﬁ/\—equivariant, va € &~ if and only if up (@) C .
Using that p~!(@) cosists of either one root, or of two strongly orthogonal roots, the proof
follows by an easy induction on m. O

2.2 Compatible pinnings

By |[FR23||Lemma 3], assigning to an element w € W the orbit BwG/G gives a bijection
between the quotient W/ W and the set of B-orbits in G / G. Therefore, the sets Z and Z,,, of
the introduction are non-empty. Let z € Z,,, and define

y:zfl.

We refer to [FR23|[Section 4] for examples of elements of Z,,. (In [FR23|[Section 4], an element
belonging to Z,, is denoted denoted by 7).

By [FR23|[Lemma 5|, we have that for any 3 € ® N ®2 there exists exactly one root in
ﬁ_l(g) which is sent to @~ by the action of z. Therefore, we adopt the following notation for
labelling roots.

- If Be ' nd*, then p~1(B) = {B}.
~ It B e d2N @, then 5 1(3) = {Bp, Bu} where z - B, € D~

We stress that this notation depends on the choice of the element z € Z,, and it is therefore
only used when such an element is fixed or sufficiently clear from the context.

Let g be the Lie algebra of G. If 3 € ®, we denote by gg the corresponding root space.
Moreover, a triple (Xg, Hg, X_3) consisting of elements X3 € g4 such that (X5, X_g|] = Hp
and [Hg, Xg] = 2Xj is said to be an sly-triple for 3. A similar notation, topped by a hat
symbol, is used relatively to G.

Definition 2.2.1. Let 3 € &+ and (XB’ HE’ Xﬁg) be an sly-triple for E
- If B\ € </I;1, an sly-triple (Xg, Hg, X_g) for 3 is compatible if

Xs=X; Hy=H; X g=X_5

- If B € @, two sly triples (Xpgn, Hp,, X _p,) and (Xg,, Hg,, X_g,) for By and fp respec-
tively are said to be compatible if

Xpn + X, =X Hp, + Hgy =Hz Xp, +Xp, =X 3



By [FR23|[Lemma 9|, for any B € </I;+, any slo-triple for E admits compatible sls-triples,
which are obviously unique.

From now on, for any simple root & € A, we fix an sly-triple (Xg, Hgz, X_5) for @ and the
corresponding compatible slo-triples in g, for which we use the notation of Definition [2.2.1
We refer to the previous data as a choice of a compatible pinning for the pair (G, @)

We use the notation

Tig(t) = exp(tXig), Tia(t) :=exp(tXiq) (@A, acA, teC).

Moreover, we denote by oY : C*—T (resp. a’ : C* —>f) the one parameter subgroup
corresponding to the root o € A (resp. a € A).
Note that, if t € C* and @ € A, then

ralt) = zalt) @)= a¥(t) o alt) = v_alt). 3)
Moreover, if t € C* and a € 32, then

25(t) = Tan (t)Ta, (t) @7 (1) = an(t)og(t) 2-a(t) = 70, (t)T—a, (). (4)

because of [FR23|[Lemma 9|. We conclude this section with a useful lemma and an example.
Lemma 2.2.2. If G is semisimple (resp. semisimple and simply connected), so is G.

Proof. If G is semisimple, then G/(Z(G) n @) is semisimple because of [ResI0][Proposition
3.2]. Hence G is semisimple since Z(G) N G is finite.

Next suppose that G is semisimple and simply connected. Let 5 € A and a € A If G is
simply connected, then wg € X (7T'). By Formulas and we have that

(p(wp),@") = b,(8).a-

Hence p(wp) = w@,g). Since p : A—sA s surjective, we deduce that for any a € A,
ws € X(T). This implies that G is simply connected. O

Corollary 2.2.3 (of the proof). For any a € A, we have p(wa) = @p(q)-

Example 2.2.4. We start discussing the running example of the pair(SLg,, Sps,,). Fix n > 2.
Let V be a 2n-dimensional vector space with fixed basis B = (e1, ..., ea,) and G be the special
linear group of V. Let T' (resp B) be the maximal torus (resp. Borel subgroup) of G consisting
in diagonal (resp. upper triangular) matrices with respect to this basis. For i € [1,2n], let
€; be the character of T' corresponding to the diagonal entry in position 7. We have that
X(T) = @2, Ze;/(e1 + - - - + €2,) and, with little abuse of notation:

(I)+:{6Z‘—6j c1<i<j<2n}
A={oi=ei—gp :1<i<2n—1}
X(T)F={X2" Ngi - M >--> X, =0}

Consider the following matrices

1
. ) B 0 Ju
JIn = : ; and w—<_Jn 0)- (5)



of size n x n and 2n x 2n respectively. We consider w as a symplectic bilinear form of V. Let
G be the associated symplectic group. Set T = {diag(ty, ... tn, t; ', .. tl_l) t; € C*}. Let
B be the Borel subgroup of G consisting of upper trlangular matrlces of G. For i € [1,n], let
g; denote the character of T' that maps diag(t1, ..., tn,t, .., t] ) to t;; then X (T ) = ®;ZF;.
Here

Ot ={5+5 :1<i<j<n}uU{25 :1<i<n}

A i{@l =& —E2, Qg =E2 —E3,..., Qp—1 = En—1 — En, Qp = 28, }, and
XM= {1 N =20, 20}

For i € [1;2n], set i = 2n + 1 — i. The restriction of characters is characterised by
ple;) =€ for 1 <i<n and p(g) = —¢ forn <i<2n.
Notice that IR
I NdT ={25 : 1<i<n}.
The Weyl group W of Gis a subgroup of the Weyl group W = Sy, of G = SL(V'). More
precisely .
W ={w € Sy, : w(i) =w(i) Vie [1;2n]}.
An element w € W is written as a word [w(1)w(2) ...w(2n)]. We set
z=[13...(2n—1)(2n) ...42] and y=z'=[1122...].

With this choice of z, if & = & —&; for some 1 <i < j < n, then ap =¢; —¢j and an = €5 &
If @ = &; +&j, then ap = ¢; — &5 and an = ¢; — &;. The Lie algebra g of G consists of square
matrices of size 2n with zero trace. We can easily compute that

0= {(é g) : JAJ =-D", JCJ =C", JBJ =B", Tr(A) + Tr(D) = 0}-

In the previous formula, A, B, C, D are square matrices of size n. Note that, the matrix JAT J
is obtained by flipping A along the principal atidiagonal. Given 1 < 4,j < 2n, we denote by
E;; the canonical basis element, of the space of square matrices of size 2n, with a coefficient
one in row ¢ and column j. R
Consider the root § = &; + €;, for some 1 < i < j < n. Then, a possible sly triple for 3, in g,
consists of

ngEi3+Eﬁ ng i+ Ejj — E55 — By X_BZEEJ'"’"EEZ"

The corresponding compatible sl triple, in g, are

Xp, = E;5 Hp,=E; —E;; X_pg, =Ej5

Xp, = E;; Hp, =Ejj — E;; X_p, = E.
Similarly, let B — &j. Then, a possible sly triple for B , in g, consists of
X El] —E;g HB\:Eii+Ejj—Ejj—E§{ X_BZEji_E{j-



The corresponding compatible sly triple, in g, are (note the presence of some signs with respect
to the previous case)

Xﬁp:Ei‘ ng:Eii—Ej‘ X—Bp:Eji
Xﬁn = —Eﬁ Hﬁn = Ej; — B3 X_gn = —Egj.

Now, fix n = 2. We chose sl triples for elements of 32, in g, as above. Moreover, for
Qo = 285, we set

Xa, = Eos Hz, = Eyp — E33 X 5, = Eso.
Then, for ¢t € C* we have that

1 ¢ 00 1000 100 0
0100 01 ¢ 0 010 0

Tl =19 g 1 of TO=g 01 0] *=O=|o 01 ]|
0001 0001 000 1

where, with usual notation, we denote o; :=&; — €;11.

3 Generalised spherical minors

We introduce some notation. We denote by wg € W the longest element of the Weyl group
W. For A € X(T), we set A* := —wpA. If V is a representation of G, then the dual space V*
of V is considered as a G-module as follows:

(g-0)v)i=p(g7v) geG, peV*, veV.

With this notation, the representation V(A)* is isomorphic to V(A*) for any dominant char-
acter A € X(T)*.

Recall the definition of the monoid of spherical weights Ag & given in the introduction. Note

/

that, since G is reductive, then
AF = {Ae X(T)" : VA £ 0} (6)
G/G
Moreover, as a consequence of [FR23|[Theorem 1], we have that
+ _ + . _
ALa=(Ae X" < ply) = 0}, (7)
Formula gives an explicit way to compute the monoid Ag .. Recall that B denotes the

/G
unique set of free generators of the monoid Az; e Again Formula allows to deduce that,

for the fundamental pairs of Theorem the set B is given as follows.



1. G=G B=10.

2. G=GxG Bz{(wa,wg):@eﬁ}.

3. (SLan, Spyy,) B={wy : 1 <k<2n}. ®)
4. (Spiny,,Spiny, ;) B = {wi}.

5. (Ee, Fy) B = {w,ws}.

6. (Bg,GQ) B = {ws}.

Remark 3.0.1. In [BG23| the monoid of spherical weights is explicitly described for more
general spherical subgroups than the ones considered here. The expressions given in can

also be found in [BG23|.

For any spherical weight A, the space V()\)a is one dimensional, G being spherical in G.
Let vy be a generator of V(A\)“. As a consequence of the well known Peter-Weyl theorem, we
have an isomorphism of G-modules

Drer: VOV — CIG/E
(Waa > (g >, ¥alguy)).
_., let ) € V(M\)* be the unique (yUy~!)-invariant vector of V' (A\)* satisfying

9)

+
For any A € AG/G

©a(vy) = 1. The fact that @D is an isomorphism and yBy_la is open in G guarantee the
existence and unicity of py. Note that o) is a weight vector. Its weight is yA* = —ywgA.

Following [EZ99] (see [EZ99]|Section 1.4, Eq. (1.8)]), for a € A we define
Sa = Ta(—1)x_o(1)za(—1). (10)

Since the family {s, : @ € A} satisfies the braid relations, if i = (i;,...,%;) is a reduced
expression for some w € W, then the element

w:=S8j...5;
is well defined.

Definition 3.0.2 (Generalised spherical minors). Let w € W and A € AT .. The generalised

GG
spherical minor A} € (C[G] is the function defined by
AL =pa(@)tgn),  (9€6)
where
O=7 yTwy -y (11)

The following characterisation of the generalised spherical minors is obvious.

Lemma 3.0.3. For any w € W and \ € AJGF/G, the function A) is the only element of C[G]
satisfying the following properties.



1. A) is G right invariant.

2. A) is (wyUy ™ w™Y) left invariant.

8. For anyt € T and g € G, we have A (tg) = (—wy\*)(t)A)(g).
4. A)(w) = 1.

The generalised spherical minors are naturally well behaved with respect to the set of
simple roots yA. To properly formalise this fact, we introduce some notation. For o € A, we
consider the sly-triple (Zya, Hya, Z—ya) for the simple root yo defined by

Zyo =7 Xa, Hyo: =7 -Hy, Z_yo:=7 X_,. (12)

Then, we denote

Zaya(t) = exp(tZiya) = @xia(t)yfl. (13)
Note that
Sya = Zya(—1)2—ya(1)zya(—1).

Moreover, if v,w € W and £(y~tvwy) = £(y~tvy) + £(y~twy), then vw = w and therefore
AN =T A

Note also that ¢(y~lvy) is the length of the Weyl group element v with respect to the set of
simple reflections sg, with § € yA.

If 0 € yA and t € C*, then the following identities hold. See for example [FZ99][Eq.
(2.13)].

25(t) - 85 = 25(t™") - V(1) - z5(—t7")
(55) 7" z5(t) = z5(=t7") - 6V(1) - 25 (7).

Example 3.0.4. We continue Example For a positive integer k and a set S, we denote
by P (S ) the set of subsets of S of cardinality k. Fix an integer k satisfying 1 < k < n. Then

(14)

2k
V(wa) = \ V.
If I € Py ([n]), we use the convention that
I:{il <19 < -"<ik}, 7:{E< <E<E} and er =¢e; N Nejg, .
Then
V(wa)? = <c< > e el>, (15)
1ePi (n))

where [n] denotes the set {1,2,...,n}. Given two subsets R,C of the set [2n] of the same
cardinality, we denote by Dg ¢ € C[G] the determinant of the submatrix whose rows (resp.
columns) are indexed by R (resp. C). If

Rp={n—k+1n—k+2,....n,7m,....n—k+2n—k+ 1},

10



using , we easily compute that
AF* = > Dp o1 (16)
1ePy([n))

Hence, the generalised spherical minor AZ2* is the sum of the determinants of the submatrices
of size 2k whose rows are the 2k central ones and whose columns are invariant under the
application ¢ — 4. Similarly, if w € W = Sy,,, then

AR =+ 3" Dypour (17)
1ePi ()

The sign in depends on w.

Assume now that n = 2. Moreover, let k =1 and

Ti1 T12 T13 T4
T21 T22 T23 L24
T31 T32 X33 T34
T4l T42 T43 T44

Then the following expression holds.
AZ2(g) = Dyagy1,43(9) + Dia3y 12,31 (9)
= (wo1234 — @w24w31) + (T22%33 — T23%32).

In this case, we can compute that

0 -1 0 O 1 0 0 O 10 0 O
1 0 0 0 00 —1 0 01 0 O
=l 0 1 0] "Tlo1 0o of T loo 0o 1
0 0 01 00 0 1 00 —1 0
Moreover, since y = S48, and £(y) = 2, we deduce that
1 0 0 0 1 0 0 O
_ 10 0 -1 0 1 _10 0 0 -1
Zlo o o 1] Y Tlo -1 0 o
0O -1 0 O 0 0 1 0
Now, for i € {1,2,3}, let §; = ya;. By direct computation, we have that
0 0 01 1 0 00 10 0 O
o 100} — oo o1} — oo -10
=10 o1 o] Tlo 0o 10| *T|o1 0 0
-1 0 0 0 0O -1 0 O 0 0 0 1

11



3.1 Basic properties of generalised spherical minors

Recall that, G being semisimple and simply connected, G is too because of Lemma [2 -
Then, by [PV94][Theorem 3.17| we have that C[G/G] = [G]G is a factorial algebra of finite

type.

Lemma 3.1.1. Let A\, € AJCF:/@ and w € W. The following holds.

1 AT = A)AL.
2. If X\ € B, then A} is irreducible.
8. If \, i € B and \ # p, the ideals generated by A and Ay, in (C[G]a, are different.

Proof. The first statement obviously follows from Lemma [3.0.3] For the second assertion,
it is sufficient to assume w = e. Let C[Ag / @} be the monoid-algebra of A+ s Because of

@ and the first statement of Lemma [3.1.1, the map (C[G/@] yUy™! —>C[A+/ ] defined by
AY — v is an isomorphism of algebras. Since A+ /0 is freely generated by B, then C [A+ /G] is

a polynomial ring in the variables corresponding to B. In particular, the element b € C [Ag y G]
—1;

is irreducible. Since the group yUy ™" is connected and has no non-trivial character, statement
two follows. (See for instance [PV94][Theorems 3.1, 3.17] or [Fra23|[Lemma 5.2.4]). Finally,
in the notation of the third statement, assume by contradiction that (A}) = (Ak). Since
C[G/G]* = C[G]* = C* because of the semisimplicity of G, then A} = cA% for some ¢ € C*.
Because of statement 3 of Lemma [3.0.3] we deduce that wy\* = wyp*, which implies that
A= L. O

We define the open cell of the spherical space G/ G as
(G/G)o := 2'B2G/G = yBy~'G/G.
This is an open affine subsapace of the affine variety G/ G.

Corollary 3.1.2. The map assigning to b € B the zero locus of Ab gives a bijection between
B and the set of irreducible components of the complement of (G/G)o in G/G Any such
component is of codimension one in G/G.

Proof. Clearly, for any b € B, we have that (G/G)g Q Ab £ 0}, Since G/G is affine and
C[G/G] is factorial, statements 2 and 3 of Lemma imply that the map described in
Corollary |3.1.2 n is well defined and injective. By [Rele] [Proposition 2.3, there are exactly
|A|— |A\ irreducible components in (G/G) \ (G/G)o. We conclude by noticing that |A|— |A\
|B|. As a remark, the open cell (G/ G)O is clearly pure of codimension one being affine. O

Corollary 3.1.3. The simultaneous non-vanishing locus of the Ab, forb € B , in G/@, 1s the
open cell (G/G)o.

Proof. It’s a consequence of Corollary O
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For § € yA, we denote by t5 : SLy — G the morphism determined by the slo-triple
(Zs, Hs, Z_s). In other words, we have that

s ((1) f)zzw) s (3 t91)=6V<t> y (1 (1))22—5(75)-
5 =15 (‘f ‘01). (18)

Lemma 3.1.4. Letw € W, b€ B and 6 € yA. Moreover, let g € G, s € SLs and t € C.

Note that

Let SLg be the image of .

1. If (wyb*,6Y) = 0, then A% (sg) = Al (g).
2. Ifw™16 € y®+, then Ab (z5(—t)g) = A% (g).
3. Ifw s € y®~ and (wyb*,8Y) = —1, then Afu (zg(—vf)g) = Afu(g) + tAZW(g).

Proof. Recall that Al (sg) = (W) (sguy) = (s~ Wep) (gup). But ey is an extremal weight,
in the G-representation V' (b)*, of weight wyb*. In particular, if (wyb*,§") = 0, then Cwepy, is
the trivial SLs-representation. Hence, we have that s~!wy, = wy, which implies the first
statement.

Next, assume that s = z5(—t). If w™'§ € y®T, then s € wyUy~
follows from statement 2 of Lemma

Finally, suppose that w=16 € y®~ and (wyb*,5") = —1. Then, by Lemma [3.0.3 wyp, is a
lowest weight vector, of weight —1, with respect to SLs. Using some some standard arguments
on the representation theory of SLy (see for instance [Fra23||Lemma 5.4.2]), we compute that

Al (z5(—t)g) = (26(t)wepp) (gus)
= Wop(gvy) + t(Zswepy) (gus)
=AY (gue) +t((55)”

Lw=1. The second assertion

1’@%) (gup)-

But if w™!§ € y®~, then £(y~twy) = 1 + £(y~'sswy). Hence @ = s5ssw. In particular,

((55) " "@en) (gus) =(5513) (gun) = AL 1 (9)-

The following corollary is a useful and obvious consequence of Lemma
Corollary 3.1.5. Letwe W, be B, § € yA and g € G.

1. If (wyb*,8Y) = 0, then Zs - Ab, = 0.

2. If w16 € y®*, then Zs- AL, = 0.

3. If w6 € y®~ and (wyb*,8Y) = —1, then Zs- Al = A (g).

Ssw

Corollary 3.1.6. Let A € AJ(; a and v,w € W. If wy)* = vy)\*, then A} = A).

/
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Proof. Let Wy« be the stabilizer of yA\*. It’s a classical fact that Wy« is a parabolic subgroup
of W and that
W={_ss: 0€yA and (yA*,6")=0).

We can write uniquely v = v1v2 where v € Wy« and v1 is the minimal length coset representa-
tive of vWyr« /Wyx- € W/Wyy«. Here, the length is computed with respect to the set of simple
reflections associated to yA. Since ((y~tvy) = Ly~ v1y) + Ly~ 'vay), then A) = o7 - A},
Writing similarly w = wiws, we have that wy\* = vy\* if and only if w; = vy. It follows that
it is sufficient to prove the following claim.

Claim. If v € Wy+, then A) = A).

If A=) ,cpmpb, for some ny € N, we have that

Wpe= () Wy
{b:n,>0}

Then, using the first statement in Lemma [3.1.1] we deduce that it is sufficient to assume
that A = b € B. Suppose that v = ssu, for some § € yA such that (yb*,§") = 0 and
((y~tvy) = £(y"tuy) + 1. Then, AY = 55A%. Because of statement one of Lemma , we
deduce that Ag = AZ. The proof of the claim then follows by induction on /(y~tvy).

O

Let K C T be the subgroup generated by the elements a¥(—1), for a € ®. Note that K is
a finite group, and it is normalised by Ng(7'). Indeed, if & € ® and g € N¢(T') represents the
class of w € W = Ng(T)/T, then gaV(—1)g~! = (wa)¥(-1). In particular, gK = Kg. The
following lemma should be well known to specialists, we include a proof for completeness.

Lemma 3.1.7. Let v,w € W, then v-w € vwK = Kvw. In particular, @1 e vIK =
KoL

Proof. Clearly, the second assertion follows from the first one by considering w = v~!. In SLg

we have that )
0 -1\" (/-1 0
1 0 - \0 -1/
Hence, for any a € A, we have 352 = aV(—1). Let i be a reduced expression of v and j be a

reduced expression of w. Let’s consider two preliminary cases.

Case 1. The concatenation of i and j is a reduced expression for vw. Then, we have that
v - w = vw since £(vw) = £(v) + L(w).
Case 2. Suppose that v = v18, and w = s,wq, for some @ € A and v, w; € W. Assume
furthermore that ¢(v) = £(v1) + 1, ¢(w) = £(wy) + 1. Then
v-w= 77- 52 W1
v .
= (Ula) (—1) - o1 - wy.
In general, it’s a standard fact that a reduced expression for vw can be obtained from the
concatenation of i and j by applying a finite number of the following two types of operations.

14



A. Apply a braid move. That is, replace sqosg--- with sgsq -+ (the number of factors in
the previous products is a positive integer defining the relations of the Coxeter group
W), for some simple roots a # f.

B. Remove 5,54, for some a € A.

Then, since the elements S5, for a € A, satisfy the braid relations, the proof of the
(v) + l(w) — L(vw)

2
cases. O

general case follows by induction on

, using the two previously considered

The following lemma relies on having chosen sls-triples in g, compatibly with the ones of

g. (See Definition and Formulas (3)),(#)).
Lemma 3.1.8. Ifw € W, then @ € G.

Proof. Recall that, for any a € A, then 5, = x4(—1)z_a(1)zo(—1). From the previous
expression and , we deduce that if o € Al then 5, € G. If @ € A? and p~ (@) = {ap, an},
using the strong orthogonality of o, and ap and Lemma we compute that

5a = SanSap = xan(_1)55—%(1)33%(‘Dwap(_1)5”—%(1)35%(_1)
= xan(—1)1‘%(—1)3:_%(1)x_ap(1)xan(—1)xap(—1)
= zg(—1)z_g(1)za(-1).

The last equality follows from and immediately implies that sz € G. The statement then
follows from Lemma O

Corollary 3.1.9. Ifw € /V[7, then © € GK N KQG.
Proof. Obvious from Lemmas and the definition of . O
Corollary 3.1.10. Let )\ € Ag/é and w € W. The following holds.

1. If p(wy)*) # 0, then A)(e) = 0.

2. Ifw € W, then AX(e) € {£1}.

Proof. If p(wy)\*) # 0, let t € T such that wy\*(t) # 1. Using statements one and three of
Lemma [3.0.3] we deduce that

(—wyA") (DAL (e) = AL (E) = Al (e).

Hence, A (e) = 0. In the second case, using Corollary we can write @ = gk for some
g€ G and k € K. Then, again by Lemma we compute that

Aj(e) = A2(k™1g 1Y) = (=yA) (K.
But for any v € X(T'), v(K) C {£1} because of the definition of K. O

Remark 3.1.11. In the notation of Corollary [3.1.10} it may happen that A%(e) =—1. An
example is given in Example
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3.1.1 On the choice of =z

In the previous section, we made a choice of an element z € Z,,. This choice affects the
elements w, for w € W, on which we rely to define the generalised spherical minors. We prove
that the generalised spherical minors actually do not depend, up to a hard to predict sign, on
the choice of z.

Recall that y = 271, Let 2/ € Z,, and ¢/ := (¢/)"!. Forw € W, let @’ =¥/ - (v/)lwy’ -

(?)_1. Let A\ € AJCS /& We denote by D7} the generalised spherical minor, associated to A and

w, defined with respect to 2. As in the previous section, A denotes the minor defined with
respect to z.

Lemma 3.1.12. Let w,v € W and A\, i € AJC: & such that wy\* = vy'u*. Then A} = +D}.

/

Proof. Clearly, we have that A = pu. Both A) and D) are the image, via the map @, of a
weight vector of V(A*) of weight wyA\*. Being wy\* an extremal weight of V(A*), it follows
that A = ¢D; for some ¢ € C*. Using Lemma we deduce that ¢ = A (v'). By Lemma
we deduce that there exist k € K such that

AYT) = AN(@) )

- (7))

= Avflw(k)
= (—vilwy/\*)(k)Af)‘_lw(e).

Then, it is sufficient to prove that A} , (e) € {+1}. By [FR23][Lemma 3|, there exists a
@ € W such that y' = wy. In particular

v lwy\* = Dyt

Using Corollaries [3.1.6| and [3.1.10, we deduce that

AN (e) = AX(e) € {£1}.

v 1w

4 Proof and description of Theorem [1.0.2

Sections to [4.7] correspond to the spherical pairs of minimal rank of Theorem [I.0.1} Each
section contains a detailed description of the element z with respect to which the generalised
spherical minors appearing in Theorem are defined, along with the description of the
matrix A, the elements w;, and the sets Up. In each section we complete the proof of Theorem
for the corresponding pairs. The proof of Theorem begins with a general reduction
argument. In Sections to we extensively use the notation of [Bou6§| for the root
systems.
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4.1 Some reductions

Let (G, G) be one of the pairs of Theorem and b € B. The notation z, A, w, and Uy stand
for the elements defined in the corresponding section below. Consider the spherical weight

Ap = ( Z _ab,b’b/> € Ag/é' (19)

v eB\{b}
The identity can be rephrased as

D (D WTIAL AL G, = @Ay (20)
ueUy

Recall that if A is a spherical weight, and v,v’ € W satisfy £(y~'vv'y) = £(y~tvy) +
{(y~1v'y), then Af)‘v, =v- A;},. Hence, for proving Theorem it is sufficient to assume that

w = e. We set N
fo= D (D) WTIALAL, € Cla”. (21)

ueUy

Using Lemma we deduce that the following 3 claims imply , from which Theorem

[[.0.2 follows.
Claim 1: For any ¢ € yA, we have that Zs - f, = 0.

Claim 2": For any u € Uy, we have that uyb® + uwpyb* = yA;.
Moreover, in all cases we verify that U, C Wyy:. Hence, Claim 2’ is equivalent to Claim 2
below.

Claim 2:  yb* + wpyb* = yA;.

Claim 3”:  fi(e) € {£1}.
Moreover, in all cases we verify that w, € W. Therefore, we have that AgA%b(e) € {£1} by
Corollary [3.1.10] Hence, again by Corollary [3.1.10} Claim 3’ is implied by Claim 3 below.

Claim 3 For any u € Uy \ {e}, we have that p(uyb*) # 0 or p(uwyydb*) # 0.
Remark 4.1.1. Claim 3 implies that ¢, = A%b (e).

In the diagonal case (G = G x @), we don’t need the above reductions. Indeed, we
prove that generalised spherical minors for the diagonal case coincide with Fomin-Zelevinsky
generalised minors. Theorem is then deduced from [FZ99|[Theorem 1.17]. Of course, it
is possible to prove Theorem [I.0.2] by proving the above claims, but this would recover the
exact same proof of Fomin and Zelevinsky. That’s why we prefer to deduce Theorem for
G = G x G, from [FZ99][Theorem 1.17]. Note also that if G = G, Theorem is empty. In
the other cases of Theorem [1.0.1] we prove claims 1 to 3, from which Theorem follows.

Remark 4.1.2. The proof of Claim 1 heavily exploits the following assertion, which is proved
by case by case calculations. It would be interesting to have a conceptual general argument
for it.

Assertion: Let (G, G) be as in Theorem be B and d € yA. For any v € U, UU, - W,
such that v=1§ € y®~, we have (vyb*, §V) = —1 and ssv € Uy U Uy, - Wp.
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Remark 4.1.3. Recall the decomposition of the ring (C[G]é into G-modules given by ©.
Let A\, € AE/@. We can define V(A) - V(i) as the G-submodule of C[G]“ generated by the
products fg for f € V(\) and g € V(u). The problem of understanding the decomposition

of V() - V(u), for the various A\, u € AT, e into irreducible G-modules is studied in detail in

[BG23]. Because of (20, Theorem implies that V()\;) is a component of V(b*) - V/(b*).
This obviously implies that V(\;) appears in the G-module decomposition of V' (b*) @ V (b*).

4.2 The diagonal case

We consider a simple, simply connected group G = diagonally embedded in G = G x G. Let
B=BxBand T =T xT. We have that W = W x W and we set

z = (Wo,e) =y € Zp,.

Therefore,

~

yA = {(-a,0),(0,q) : aeﬁ} and B = {(ws,@}) : @ €A}

For a € 3, let bg = (wa,w%). The Cartan matrix A of the small root system coincides
with the Cartan matrix of G. That is

~

aba,bg = <ﬁ7 a\/>

We set

Wy, = (55,55) and Uy, := {e, (Sa,e)}.
Lemma 4.2.1. For anyv € W, we have v = 0.

Proof. Because of the choice of z, then £(y~'vy) = £(v). Indeed, ¢(y~'vy) equals the length
of v with respect to the set of simple reflections, of the Coxeter group W, associated to yA.
But A and yA induce the same set of simple reflections. Hence, it is sufficient to prove that,
for any o € A, we have s, = 5,. With a little abuse, for w € W we denote by w € G the
representative of @ computed with respect to the slo-triples (X _g, Hg, Xg5), for a € A.

Recall that the slo-triples of g associated to the elements of A are compatible in the sense
of Definition It follows that, for any v, w € W we have

@,0) = (v,0).
Hence, if & = (0,@) for some @ € A, we have that

= (@0.0)(e5) (@) o)

- (67%)

Now, since 1 + £(sg,aWo0) = ¢(Wo) = £(Wosg) + 1, we deduce that




In particular, if o = (—wpa, 0) for some a € A, then

&
I
.

Stoa - Smoat0, €) (5a,€) ((53) 7' - (Wosa) ™', e)

= (Sazas€)

[
1
Q

In the second equality, we used that sg,aWo = Wosa. This completes the proof. O

Let 7 : G x G— G be the map sending (91,92) to G1g; - Clearly, the map 7 induces
a G-equivariant isomorphism between G/ G and G. For U, W € W and @ € B, we denote by
AV IS C[é] the Fomin-Zelevinsky generalised minor, as defined in [FZ99]. We worn
the reader that the notation for generalised spherical minors is very similar to the one for
Fomin-Zelevinsky generalised minors.

FZ generalised minors Generalised spherical minors

Aﬁwa,ﬁ)\wa A(aﬁ;) (Oé S A, v, W € W)
Lemma 4.2.2. For any v,w € W and @ € A, we have that 7* (Abwn, s ) = Ag%wa\)

Proof. Because of Lemma and the fact that 7 is G-equivariant, we have that

7 (D, ) = (3.0) - 7 (D mg)  and  AZET) — (5,5) . AFE"),

(v, (e,e)

=

Hence, we can assume that ¥ = e = w. Note that 7* (Awa,wa) is clearly é—right invariant.
Moreover, because of [FZ99][Eq. (1.6),(1.10)], then 7* (Ax,, ) is yUy ! left-invariant. Again

~

by [EZ99)[Eq. (1.6),(1.10)], if h1,hs € T and Gy, G2 € G, then
(A o) <(E1§1,ﬁ2§2)> — wa(h)ma(he )7 (B, ) (@@))
= <_y((wav wz‘)*)> ((ﬁb/ﬁ?)) * (Awa,wa) (@1, /9\2)> .

Indeed, —y((wa, @w%)*) = —(Wo,e)(—Wowa, @wa) = (wa, —wa). Moreover, by [FZ99][Eq.
(1.6),(1.10)] we have that
7 (B ((e16)) = 1.

Then the statement follows by Lemma, [3.0.3] ]

Proof of Theorem[1.0.3, diagonal case. Because of Lemma Theorem [FZ99][Theorem
1.17] implies Theorem [1.0.2, Indeed, [FZ99][Theorem 1.17] is equivalent to Theorem [1.0.2]
and the fact that for any @ € A we have ¢, = 1.

O]
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4.3 (SLQn, Sp2n)

We consider the element z € Z,, defined in Example [2.2.4] The Cartan matrix A of the small
root system of the pair (SLay,, Spy,,) is of type A,,—1. In particular, for 1 < k,m < n, we have
that

2 if k=m

Oy ,o0m ‘= § —1 if E=m=£1
0 otherwise.

For 1 <7 < 2n — 1, we denote

— — . _ -1
0i ‘= Yoy 8= S, Ti:=Ss =YSiy .

Note that the reflections 7; are the simple reflections of the Coxeter group W, with respect to
the base yA of the root system ®. Fix 1 < k < n. We set

Wegyy, = To(n—k)T2(n—k)+172(n—k)—172(n—k)

Uw% = {67 T2(n—k)» T2(n—k)+172(n—k) }

A direct computation shows that We,, = (n —k,n —k +1)(n —k+ 1,n — k). Hence, we
have that We,, € W. Note that

Away, = W2(k—1) T D2(k+1)5

with the convention that
wo = 0 = way,.

Note that AL, = @am—k—1) + @2m—r+1) 18 stabilised by Sp_p)—1,S2(n—k) and Som_g)41-
Hence, the set Ug,, is contained in the stabiliser of yA7, . We are now in position to prove
claims 1 to 3. Note that w3, = @)

Proof of Claim 1. The computations needed for the proof, that can be easily carried out by
hand, are summarised in Table The latter should be read as follows. Let 6 € yA and
v € Ug,, UUg,, - We,,. In the entry indexed by the row § and the column v, we put a symbol
+ if o715 € y®*. Conversely, if v™1§ € y®~, the entry is filled with (vycws,,d"). Note that
<vyw§ka 5V> = <yw;k’ (U_lé)v>'

€ ﬁ]\w% T2(n—k) TQ(n—k)’&}wgk T2(n—k)+172(n—k) TZ(n—k)—&-lTQ(n—k)ﬂ;wzk
62(117](:) JF -1 -1 + + +
O2(n—k)+1 + 1 Tt + -1 -1 +
O2(n—k)—1 + 1 + + -1 T 1
& +| + - I . .
li—2(n— k)| > 2

Table 1: Infinitesimal action (SLay, Spsy,,)
We explain, as an example, a possible way of filling the column indexed by
To(n—k) Waoak = To(n—k)+1T2(n—k)—1T2(n—k)-
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Recall that an inversion of w € W is a positive root 3 € ®T such that w- 3 € ®~. The set of
simple inversions of So(,_x)S2(n—k)—152(n—k)+1 1 {a2(n,k)+1, ag(n,k),l}. Hence, all the entries
of the chosen column are +, except for the ones whose row index are dg(,_g)—1 OF do(p—_g)41-
Moreover,

(To(n—k) Vs Y51 5 Oy _py1) = (YP3k» YS2(n—h)S2(n—k)—152(n—k)+103(n_p)1)
= (T3 s S2(n—k)S2(n—k)~152(n—k)+1 0 () 1)
= (@Wapm—t)s (—Qo(m_t)t1 — Va(n_k)) )

- 1.

Corollary and Table [I] easily allow to conclude. Indeed, if
6 € YA\ {02(n—k)—1, O2(n—k)> O2(n—k)+1}»

then Zs - fo,, = 0. While, if § = dy(,,_r), using the Leibniz rule, we compute that

. — A%2k \ @2k _ AW2k W2k —
Zs fw% Ae A7—2(nfk)1ﬁ@—J2k AT2(n7k)7_2(n7k)A7_2(n7k)ﬁ7ka 0.
The case of dy(;,—1)+1 1s almost identical to the previous one. O

Proof of Claim 2. The identity we need to prove is equivalent to

Wo(n—k) T 52(n—k)S2(n—k)+152(n—k)—152(n—k) @2(n—k) = W2(n—k—1) T @2(n—k+1)>
which follows by an immediate calculation. O

Proof of Claim 3. We have that

To(n—k) YT, = YS2(n—k)P2(n—k)
= YW2oAn—k) — 52(n—k)~

But p(yw2(n,k)) = 0 because of , while p(ég(n,k)) = p(am — an,kﬂ) # 0. Hence,
P(To(n—k)y@sy) 7 0.
Similarly, one verifies, by direct computation, that

P(To(n—k)+1To(n—k)Y5),) 7 0.

Example 4.3.1. Let n = 2,k = 1. In the notation of Example we have that

(9) (x21034 — X24231) + (22233 — T23732)

(9) — (211744 — 14241) — (T12743 — T13742)
AT2(g) = (231244 — T34741) + (232743 — T33T42)

(9)

(9)

(9)

o2 n(9) = (211224 — T14721) + (T12723 — T13T22)
AZ2 (9) = —(@21744 — T24741) — (22743 — T23742)
A%2 (9) = —(@11734 — T14731) — (T12733 — T13732).
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: _ A2 A\ @2 A2 A\ W2 o w9 . : i
Expanding fr, = AF2AT2 . —AF2AT2  + AT2 AT? using the previous expressions, we
obtain that

fe(g) = —det(g) = —1.
Relation , for w = e, predicts that

AP2AT2 = ATPAT AT AT 4], (22)

T2T3T1T2 T3T1T2 T3T2— T1T2

which is equivalent to fr, = 1. In this case we have that

AZ?  (e) = €y, = —1.

Weoy,

4.4 A graphical representation of Theorem for (SLsy,, Sps,)
Let 1 <k <nandwéeW =5y, In the notation of Example recall that

Rp={n—k+1n—-k+2,...,n,7m,....,n—k+2n—k+1}.

Moreover, let
Ry=0 R,=[2n].

By Corollary [3.1.6] the generalised spherical minor A%2* is completely determined by the set

w(Ry). Indeed
WYy, = — Z £j.
jew(Ry)

A more precise statement is given in (17)). In particular, in the present section we write
Az% = Aw(Rk)'

We set
AR, :=1=:Ap,.

Then, for w = e, relation can be read as

AR A A A

k Py, (R) = To(n—k) (Bk) S T2 (n— k) Wewqy, (Ri)

_AT2(n—k)+lT2(n7k)(Rk')AT2(n7k)+1T2(n7k){U\w2k (Rk) + AR, AR’C+1'

Note that, for any v € U, , we have that

2k
V(Ry) UvWg,, (Rr) = Rky1 and  v(Rg) N Wy, (Rk) = Ri—1.

The three monomials of the form Av(Rk)Amﬁka( Ry)s for v € Ug,,, can be interpreted as
the set of pairs of the form {Ry_1 U I, Riyq \ [}, where I is a subset of cardinality two of
{n—kn—-—k+1n—kn—Fk+1}.

We chose to represent the minor A% 2* with a column vector of 2n-elements. The entry in
position 7 is a blue star symbol (%) if i € w(Ry), and a dot symbol (-) otherwise. For example,
for n =2 and k = 1, we have
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wo * w2 __ ’
AT =3 am=],
*

Moreover, the function 1 € C[G] is denoted both with a column of 2n dots and with a column
of 2n stars. Then, for n = 2, kK = 1 and w = e, relation becomes

* : * : * *
* : : * * : : *
: = . — : + . . 23
* : * : : * : * (23)
* * : * : *

For n, k general and w = e, the graphical version of can be obtained from by
applying the following two operations to any column vector of .

1. Insert 2(k — 1) stars (%) in the middle of the column (that is between row 2 and 3).

2. Insert n — k — 1 dots (+) in the upper part of the column (that is before the first entry)
and n — k — 1 dots (-) in the lower part (that is below the last entry).

For n =3,k =2 and w = e we get

: * = : * *
* : : * * : *
AR IR IR EI R
x| x| T x| | * * | % * || %
S : = : : S *
: * * * : *

For n,k and w general, the graphical version of relation is obtained from the corre-
sponding one for w = e, by permuting the stars in each column according to w. For example,
forn=3,k=2and w=m4 = (3,5), then is represented as

* : * : *

e e i i

*
*
*

* % %

* % % -

* % % - %

i b
* %

% O X % % %

4.5  (Spiny,, Spiny, ;)

We set
Z:=8189---Sp_1, therefore y=s,_1---51.

The Cartan matrix A is of size one by one and A = (2). Indeed, the small root system is of
type Ai1. For 1 <14 < n, we denote

0i '=yoy  8j = Sq, Ti:'=Ss,-

k3
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Moreover, we define
Ti--om if 1<j<n—-1
V5 = X .
e if 7=0.

Then, we set

ﬂ;wl =T1T2 0 Tpn—2Tn—1TnTpn—2 """ T271 = SpSn—1
Ugy, i={v; : 0<i<n-—1}
Note that V' (zo1) is a 2n-dimensional space with a quadratic form. This allows to identify
the group Spin,,, as the double cover of the associated orthogonal group. Then, the relation

given in Theorem is equivalent to the fact that the action of Spin,,,, on V(wy), preserves
the norm of the Spin,,, _;-invariant vectors.

Clearly, we have that
Aw, = 0.
Hence, the set Uy, stabilises yAL, = 0. Moreover, by Lemma then
Wey, = SpSp—1 = Sa, , € W.

We are now in position to prove claims 1 to 3. Note that @] = wj.
Proof of Claim 1. Let 1 <i <n—1and v € Uy, UUg, - Wy,. We have that v € ydt
unless v € {v;, v;_1W, }. Moreover,

(viyw?, 6Y) = (si...s161, &) = (gir1, o)) = —1.
Similarly, we compute that (v; 10z, yw} , §) = —1. Then, by Corollary and the Leibniz
rule, we compute that

Z(SZ- . fw1 — (_1)i—1(Aw1 AT1 — A% AL ) =0.

Vi—1 Ti’l)ifl’l/u\wl TiV4 vi@wl

Indeed 10,1 = v;.
Similarly, we have that v=18, € y®* unless v € {v, oW, , Un_1Ww, }. Moreover, we easily
compute that
<Un—2ﬁ}w1yw?7 57\{> =-1= <Un—1ﬁ)\w1ywi<v 57\{>

Then, note that 7,v,—1Wg, = vp—2 and T,v,_2Wg, = v,—1. Hence, from Corollary and
the Leibniz rule, we deduce that

Zs, Ja = (FO)"ATLLATY o S ATLAT 5 ) =0
O
Proof of Claim 2. Let u = 81 S$p_28n—1SpSn—2 -+ S1. A direct computation shows that
uw, = —€1 = —wy.
It follows at ones that
ywi + W, ywi = y(w1 +uwy) = 0.
O
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Proof of Claim 3. For 0 < ¢ < n, we have that
VYT = YS; - S1€1 = ;-
We conclude by noticing that p(e;) = &; # 0. O
4.6 (FEs, Fy)
We set
2 1= 565153548554535254535551, therefore vy = $15553545253545554535156.

The small root system is of type As. The Cartan matrix A is given by
2 if i=j
Aw;,m; *= e .
! -1 if i#j.

0i '=yoy 8j =S, Ti:=Ss,-

For 1 <i < 6, we denote

Let 0 := (1,6)(3,5) € Sg be the permutation corresponding to the non-trivial symmetry of
the Dynkin diagram of Eg. With little abuse of notation, we also denote by ¢ : g— g the
authomorphism induced by

s, > Lk,

The authomorphism ¢ induces maps X (T') — X (T") and W — W, that are again denote by
o. Note that U(TZ') = Tg(i) and U((SZ) = 5g(i). Let
Vo :=€ V1 =T1 V2 :=T3T1 VU3 :=T4T3T1 V4 = T2T4T3T1

Then, we set

Wemg 1= TIT3TATRTETATST] Ugg :={vi : 0<i<4}
Wegy 1= U(fﬁwﬁ) Uwm, = O'(Uw6).
We complete the proof of Theorem for wg. The same strategy of proof also works in the

case of wy. Indeed, by means of o, it’s easy to see that the statements we prove for the wyg
case, imply the analogues ones for the w; case.

Note that
Aoy = W1 Ay = W6 Wg = W1.

It’s clear that the set Ug, stabilises yAL . Indeed, s1,s2,s3 and sy stabilise wg. We can
compute that

. -1
Weg = YS153545255545351Y ~ = 515653555651 = SaySasSay-
The last equality is a consequence of Lemma m In particular, we have that W, € W.

Hence, claims 1,2 and 3 imply Theorem [I.0.2] Claim 2 and 3 follow by some elementary
calculations. We focus on Claim 1.
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Proof of Claim 1. Table [2, which is obtained by direct computation, should be read as the
analogue Table [T}

o~

€ | Wy | V1 | Wy | V2 | V2Wemg | U3 | V3Wey | V4 | Va4l
|+ 1|1 ¥ [+ + |+ + [+ +
Gl+| + |+ 1 |-1] + [+ ¥ [+ +
Og |+ + | + + + | -1 |-1] + + +
o+ + |+ + [+ + [+ -1 1] ¥
Bl +| + |+ | + |+ + [+ 1 [+ 1
|+ + |+ | + |+ + [+ + [+ +

Table 2: Infinitesimal action (Fg, F}y)

As in the case of (SLay, Spy, ), Table |3| easily allows to conclude using Corollary and
the Leibniz rule. For example, using that vs = T504Wx, and v4 = T5V3We,, We compute that

Z65 . fzm; _ (_1)3(Avw36Aw6 . _ AUWfAms ) =0.

T5V3Wes T5V4Weog

4.7 (B3, Go)

We set
z := $35253, therefore y = z.

The Cartan matrix A is of size one by one and A = (2). Indeed, the small root system is of
type Aj.
For 1 <1 < 3, we denote

51’ = Yoy S 1= Sey T = 8§,

Let
Vg :—€ V] :=T3 V9 = T9T3 VU3 .= T37273

Then, we set

Weoy 1= T3T2T3TIT2TS Ugs, :={v; : 0<1i<3}.

Clearly,
A = 0.

Obviously, the set Uy, stabilises yA7,, = 0. Moreover, note that
@W3 = y838283818283y_1 = 5183 = 53, -

The last equality is a consequence of Lemma In particular, the element Wy, belongs to
W. Hence, claim 1,2 and 3 imply Theorem Claim 2 and 3 follow by some elementary
calculations. We focus on Claim 1.
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Proof of Claim 1. Table [3| which is obtained by direct computation, should be read as the
analogue Table [T}

€ | Wey | V1 | VWey | V2 | V2Weg | V3 | V3Wey
o |+ | + + + + —1 + -1
G+ + |+ -1 [ 1] + |+ +
G|+ ]| -1 | -1] + |+ | -1 |-1| +

Table 3: Infinitesimal action (Bs, G2)

As in the previous cases, Table [3] easily allows to conclude using Corollary [3:1.5 and the
Leibniz rule. O
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