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Abstract

We examine climate-related exposure within a large credit portfolio, addressing transi-
tion and physical risks. We design a modeling methodology that begins with the Shared
Socioeconomic Pathways (SSP) scenarios and ends with describing the losses of a portfolio
of obligors. The SSP scenarios impact the physical risk of each obligor via a DICE-inspired
damage function and their transition risk through production, requiring optimal adjust-
ment. To achieve optimal production, the obligor optimizes various energy sources to align
its greenhouse gas (GHG) emission trajectories with SSP objectives, while accounting for
uncertainties in consumption trajectories. Ultimately, we obtain a Gaussian factor model
whose dimension is of the order of the number of obligors. Two efficient dimension reduction
methods (Polynomial Chaos Expansion and Principal Component Analysis) provide a fast
and accurate method for analyzing credit portfolio losses.

Keywords: Climate Risks, Transitions Risks, Physical Risks, Credit Risk, Polynomial Chaos
Expansion, Principal Component Analysis, Shared Socioeconomic Pathways, Optimal Produc-
tion Profit.

MSC2020: 91G60, 91G40, 91B38, 86A08.

1 Introduction

Climate risk and financial impact. Facing the challenges of climate change, financial in-
stitutions are encouraged to shift their activities and investments toward a low-carbon economy.
Under the Network for Greening the Financial System (NGFS), an increasing number of inter-
national banks have committed to the agreements made at the Conference of the Parties (COP
24) in Katowice in 2018, aiming to align their portfolios with the CO, trajectories of the Paris
Agreement. In other words, banks should incorporate the impact of climate change into the man-
agement of their asset portfolios. Notably, measuring and assessing the potential consequences
of climate risks has become a key issue for financial institutions.

According to the Intergovernmental Panel on Climate Change (IPCC), CO, and, more gener-
ally, greenhouse gas (GHG) emissions are among the main causes of global temperature increase.
To achieve the idealized objective of limiting average warming to no higher than 1.5°C, the
IPCC summarizes [16] different potential macro-scenarios called Representative Concentration
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Pathways (RCP) to indicate possible GHG abatement scenarios. Based on more detailed socioe-
conomic criteria and factors, many other scenarios, known as Shared Socioeconomic Pathways
(SSPs), have been proposed in the scientific literature, e.g., [29, 22|. These scenarios allow firms
in different sectors and countries to anticipate and implement their mitigation strategy.

Climate risks in finance encompass two primary categories: physical and transition risks,
as discussed in [9] and [2]. Physical risks entail immediate losses to companies due to shocks,
especially as the severity and frequency of events like floods, heatwaves, and wildfires increase in
extreme climate scenarios. Transition risks, on the other hand, result from firms shifting toward
low-carbon production methods, profoundly influencing their future trajectory and impacting
financial institutions and investors in the market. Modeling both risks remains a complex task
with many uncertainties and limitations, but it is crucial for financial institutions granting loans
to economic companies (obligors) to consider the transmission channels of climate-related risk
drivers in the credit risk analysis of their portfolio.

Our study focuses on selected SSP scenarios, which describe future paths of GHG emissions
across various sectors and temperature trajectories. We downscale these scenarios to individual
obligors to model their adaptations (transition risks) and their impacts on physical risks. Sub-
sequently, we aggregate this modeling at the level of the credit portfolio. The primary quantity
of interest is the portfolio cumulative loss defined below in (1). The challenge we undertake is
twofold: first, to design a robust and meaningful model; second, to efficiently and accurately
solve and sample it, given the large number of obligors in the portfolio.

Literature on large portfolios and credit analysis. Financial institutions manage large
portfolios consisting of n obligors, where n can be on the order of hundreds of thousands for
major international banks. The cumulative loss is typically expressed as

i=1

where A’ (resp., d*) represents the loss given default multiplied by the exposure at default (resp.,
the default barrier) of the ith obligor, X is the obligor’s default-relevant variable, which also
characterizes the dependence between obligors through correlated random factors. Modeling the
marginal distributions of X* and their dependence is crucial. In the current work, we explicitly
model X* and d’ in terms of the related SSP.
In the credit-risk literature neglecting climate risks, there exist two main approaches to describing
the dependence of credit portfolios: the so-called bottom-up and top-down models. In the first
approach, we start with the marginal distribution of each default time. Then, we specify the
correlation structure, frequently utilizing copula models. For a comprehensive survey, refer to
McNeil and Frey [23]. In the second approach, we focus directly on the cumulative loss process
for credit portfolios to overcome the computational burden associated with portfolio size (see,
e.g., [1]). In the first approach, when the size of a credit portfolio is very large, advanced numer-
ical methods must be used as any naive Monte Carlo simulation becomes too time-consuming.
Moreover, standard market models often impose a simplified dependence structure to facilitate
computation. In factor models such as the Gaussian copula model, all obligors in the portfolio
are correlated through one or several common macroeconomic or financial risk factors. Condi-
tionally on these common factors, the default of the underlying companies is independent, as
their heterogeneous factors are. A typical example is the one-factor Gaussian copula model of
Li [21], where the loss is expressed as (1). In this model, X = p'Z + /1 — (p*)2¢® with Z and
¢! being independent standard normal random variables, and p € (—1,1) being the correlation
parameter. The default barrier d’ is deterministic.

We can also consider a multivariate default intensity model, generalizing the standard one-
dimensional Cox model [15]. For a fixed horizon time T > 0, let X* = fOT()\s + A1) ds where
A and )\ are non-negative processes representing the default intensity induced by common and



individual risk factors. The default barrier d* is an independent exponential random variable.
For other classical factor models in credit risk modeling and analysis, refer to [34] and [13].

In the credit-risk literature accounting for climate risks, the authors of |1 1] consider a multi-factor
model called the Climate-Extended Risk Model (CERM) with several common risk factors, i.e.,
Z is a centered Gaussian random vector with a given correlation matrix. Our contribution is
different as we consider a bottom-up modeling approach and additionally provide an efficient
computational scheme to analyze the cumulative loss (1). To integrate the impact of climate risk
into credit-sensitive firms and asset portfolios, [19] develops a structural model for defaultable
bonds of companies exposed to transition risks. Unlike [19], which focuses on a single obligor, we
model the credit risk of a large portfolio and also account for physical risks. Climate disaster-
related events, such as Hurricane Harvey, have been incorporated using jump-diffusion processes
to measure the impact of physical risks on the default probability of the housing sector, as
demonstrated in [20]. In contrast to [20], our work focuses on a portfolio of obligors, accounting
for dependence, and incorporates both physical and transition risks. Furthermore, adjustments to
default probabilities and bond portfolio valuations are derived under various climate scenarios,
based on the technological profiles of firms facing transition risks, as outlined in [3]. As a
difference with [3], we focus on the credit risk of the portfolio rather than individual obligors.
Additionally, our approach integrates both physical and transition risks into the modeling, and
addresses related computational challenges.

Contributions of our paper. We propose a multi-default model that accounts for both
transition and physical risks. Our contributions encompass three key aspects. Our comprehensive
approach to modeling and computational methods is summarized in Figure 1.

Firstly, on the modeling front, starting from a target emission scenario such as one of the
SSPs, we derive the obligor’s transition efforts and strategies by considering a mix of different
energy types, their emission factors, and associated costs; see Theorems 1, 2 and 3. These factors
have a direct impact on the obligor’s production methods and credit quality. The correlation
structure among obligors is facilitated by introducing common systemic factors, akin to market
factor models.

Secondly, in Section 3, we incorporate the projected costs associated with future physical
risks that affect the obligor’s overall value. This estimation draws on historical cost data and a
modeling approach inspired by the Dynamic Integrated Model of Climate and Economy (DICE),
reminiscent of Nordhaus’ work [25, Eq. 5 p.10]. This approach acknowledges the inertia be-
tween GHG emissions and their subsequent effects on physical risks. Overall, our model offers a
transparent mechanism for tracing how climate risks influence the creditworthiness of individual
obligors. The marginal default probability for each obligor can be inferred using a bottom-up
credit modeling approach.

Thirdly, we turn to computing credit risk metrics for large-scale portfolios using a top-down
framework. Drawing inspiration from [6], we introduce an efficient numerical method based on
Polynomial Chaos Expansions (PCE) for evaluating cumulative losses, see Section 5.3. However,
our approach stands out by integrating dimension-reduction techniques specifically tailored to
address climate risk.

As mentioned earlier, the correlation structure among obligors is established through a com-
mon systemic risk factor. We propose a method to reduce both the common and all idiosyncratic
risk factors (amounting to n+ 1 factors) to just 2+ (M +1)(M +2) factors, where M is limited
to a few units. This reduction is substantiated quantitatively through two main approaches:
a) an analysis of eigenvalues via Principal Component Analysis (PCA), yielding two significant
factors (see Section 5.2 and Proposition 5 for an L' error estimate), and b) a Polynomial Chaos
Expansion applied to the limited systemic factors to perform a Gaussian approximation with
$(M +1)(M + 2) terms. Additionally, we provide an error estimation for the truncated losses
based on findings from [0, Theorems 2.6-7|. The improvement is significant especially for n large,



Given an SSP scenario: inputs are
- Sector-specific target emission trajectory t — 7
- Atmospheric temperature trajectory t — Tarnm(t)

Obligor 1 Obﬁ% Obligoxn

Transition risks Physical risks
Section 2: Section 3:
- Stochastic control - Historical
problem (4) respec- damages
ting the emission - Rescaling with
scenario 7} the DICE damage
- Outputs: optimal function (18) as a
emission ¢ (Th. 1) function on Tarm
and log-production - Output: Expected
Pl (21). Physical Damage (19).

NI

Value of the ith obligor as
Vi = hi(t,p:) for an explicit
function h’, accounting for
systemic and idiosyncratic

risks (20).

N .

Dimension reduction (28) of stochastic
factors of the credit portfolio through
Principal Component Analysis (29).
Error bound (30).

Large portfolio loss approximation
L (24) via Polynomial Chaos
Expansion in Section 5.3.

Figure 1: Diagram illustrating the analysis of the problem.

as discussed in Subsection 5.3. Our method has shown both accuracy and speed in practical ap-
plications, supported by numerical experiments.

The remainder of the paper is structured as follows. Section 2 addresses transition risk,
deriving optimal emission strategies for an obligor navigating low-carbon mitigation transitions.
Section 3 examines various potential physical risks and their impact on the obligor’s value process.
In Section 4, we quantify the combined impact of transition and physical risks on the obligor’s
credit quality, providing a semi-explicit formula for default probability in a special setting. Sec-
tion 5 focuses on aggregating credit risks and calculating cumulative losses for large portfolios,
introducing efficient numerical methods for computation. Technical details are deferred to the



Appendix.

2 Modeling the transition risk of each portfolio obligor

2.1 Overview of the approach

We consider a portfolio composed of n € N* companies whose production depends on their GHG
emission levels measured in carbon dioxide equivalent CO,e where COye means that all GHG
emissions have been converted into CO; emissions. To allow comparison of the global warming of
different gases, climate scientists use global warming potential (GWP) factors to convert one unit
of a particular GHG to one unit of CO,. For example, methane CHy has a GWP of about 27-30
over 100 years. Note that GHGs differ in their radiative efficiency (ability to absorb energy) and
their lifetime (how long they stay in the atmosphere), see [28, Table 2.14] for a detailed table of
these different GHG characteristics.

The companies aim to optimize their emission strategies following a low-carbon mitigation
transition. Specifically, the ith obligor solves the infinite-horizon optimization problem

T (i) —E [ / T e (1 (B Gty — (i) 4 () dr

where

e P'is the obligor’s production assumed to depend on time and to be stochastic as it accounts
for the demand uncertainty in goods. The production dynamics depends also on the energy
power coming from different energy sources e € &% where &' is the set of all of the energy
sources available to the ith obligor. The energy power is proportional to the vector of GHG
emissions 7! := (Ve)ecwi, See Subsection 2.2 for details.

e ' is a profit function and r > 0 is a discount factor.
e Ci(~%) represents the cost of purchasing these different primary energies.

e National and international authorities penalize (resp., reward) companies emitting above
(resp., below) an emission target, see below. This is encoded in the term ¢ (v%) (resp.,
63(7))-

In our model, we do not consider any carbon compensation or offset, and we ignore carbon
permits that could be traded in carbon markets. This extension is left to further research.

In the end, the optimal emission policy for the ith obligor is

~

7. = argsup J* (7))
yie Al

where A’ is the set of admissible emission policies for the ith obligor. In this simplified model, we
assume that companies are correlated through a common market factor but they do not interact
with each other through the drift coefficient.

Below, we describe each step and establish that, under suitable model hypotheses, there
exists a unique emission policy for each obligor.

2.2 Modeling the link between GHG emissions and production

Energy sources: GHG emissions, emission factors, and cost. According to the U.S.
Energy Information Administration (EIA)!, the different energy sources used by the U.S. in-
dustrial sector are: natural gas, petroleum, electricity, renewable sources (mainly biomass), and

https://www.eia.gov/energyexplained/use-of - energy/industry.php
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coal. Depending on how and where these energy sources are produced, their climate impact
and price are different. For example, most companies purchase electricity from electric utilities,
independent power producers, or possibly produce electricity for their own use with solar panels.
Electricity can be produced from nuclear energy (nuclear power plant), renewable energy (wind,
hydroelectric power plant, photovoltaic), fossil energy (oil, coal-fired power plant) or a combina-
tion of nuclear/renewable /fossil energies. Depending on where the obligor operates and its choice
of suppliers, the electricity might be produced from a different electric mix. To illustrate this,
in Table 1, we show an example of three different UK Electricity Suppliers as of 2022. Observe
for example that electricity produced from nuclear energy (resp., gas) is 63.1% (resp., 15.1%) for
EDF Energy and 7.0% (resp., 74.0%) for Utilita.

Supplier Coal | Gas | Nuclear | Renewable | Other | Emission factor (kgCOze per kWh)
Utilita 9.0 | 74.0]7.0 3.0 8.0 0.429
e.on 20 |16.1 |15 78.8 1.6 0.093
EDF Energy | 1.6 | 15.1 | 63.1 19.0 1.2 0.082
Bulb 0 0 0 100.0 0 ~ 0

Table 1: Fuel Mix (in %) of some of the UK Domestic Electricity Suppli-
ers as of 2022. Those values are taken from https://electricityinfo.org/
fuel-mix-of-uk-domestic-electricity-suppliers/. We assume here that 1kgCOge =~
1kgCO0, for electricity production. Note that because of The Electricity (Fuel Mix Disclosure)
Regulations Act of 2005, electric suppliers are obligated to provide details of the mix of fuels used
to produce electricity https://www.legislation.gov.uk/uksi/2005/391/contents/made.

The last column of Table 1 is the so-called emission factor (sometimes called emission intensity
or carbon output rate) 2. It quantifies how much GHG emissions (measured in COqe) are released
when consuming 1 kWh of a particular energy source e. In Table 2, we report some of these
values. Observe that the emission factor for electricity produced from coal is about % ~ 68
times higher than electricity produced from nuclear energy. Emission factors for world countries

as of 2022 are reported in [15].

Source of Energy Emission factors (kgC0Oye per kWh)

Electricity (Coal) 0.820

Electricity (Gas) 0.490

Electricity (Wind) 0.011

Electricity (Nuclear) 0.012

Electricity (Hydro) 0.024

Charcoal 0.403

Crude Oil 0.264

Natural Gas 0.202
Table 2: A few examples of emission factors. For the emission factors from electricity generation,
we report the median values of the lifecycle emissions from |32, Table A.IIL.2]. For the others,
we report the default emission factors of [12, Table 2.2]. We have used the conversion 1kg/TJ =
18

5 X 107% x 1kg/kWh where 1TJ is one tera joule. Those values are also reported at https:
//ourworldindata.org/grapher/carbon-dioxide-emissions-factor

We also stress that countries have different energy mix profiles. For example, in Figure 2, we
plot the energy mix for China, the USA, and France in 2022. The share of electricity produced
from nuclear energy is 63% for France, 5% for China, 18% for the USA, while when produced

2terminology from https://ember-climate.org/insights/research/european-electricity-review-2022/
and https://www.eia.gov/tools/glossary/index.php?id=c
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from coal it is 1% for France, 61% for China, and 19% for the USA.
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Figure 2: Left: emission factors of electricity in kgCOse/kWh as a function of time for France, the
USA, and China. Right: Bar plots of the electricity mix as of 2022 for the same countries. Data
taken from [30)].

w

Notation. In our model, we denote by &2 the set of all possible energy sources
can use for its production:

an obligor

&= {Coal consumption, Coal coke net imports, Petroleum consumption,
Dry natural gas consumption, Nuclear electricity net generation,
Hydroelectricity net generation, Geothermal electricity net generation,
Solar thermal and photovoltaic electricity net generation,

Wind electricity net generation, Electricity net imports, }

We let & C &2l be the energy sources available to the ith obligor. Notice the dependence
of i for & as the set of all available energy sources might differ from one obligor to the other
(different locations, different suppliers, etc). An obligor is unlikely to have access to all possible
energy sources &2l and to use all available energy sources &¢. This fact will be materialized in
the constraint set G¥, see (6) in Subsection 2.3. We stress that we are not attempting to optimize
the selection of energy sources (e)qcei, but rather to optimize the obligor’s emissions (Ve )ecsi-

Two features characterize an energy source e € &

e the price ai,t > 0 per unit of e-energy consumed by the ith obligor at time ¢. The price
may differ from one obligor to the other as it depends on the location of the obligor’s offices,
factories, and its access to related energy supply companies and their rates. We assume
that the price is a deterministic function of time *. Its unit is USD/kWh. In Figure 3, we
plot the yearly U.S. average prices of gasoline, gas, and electricity from 1978-79 to 2023.

e the power/COye ratio 927,5 > 0. It corresponds to the average production rate for each
energy e, i.e., the quotient of the total equivalent power production with respect to the

3Tt corresponds to the list of energy sources for “Primary Energy Consumption” in the EIA’s glossary https:
//www.eia.gov/tools/glossary.

“Ideally, the price cw,; should depend on the future scenario pathway considered. Electric price scenarios for
some sectors are available in the AR6 database https://data.ene.iiasa.ac.at/ar6
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equivalent CO5 emission from using e. Its unit is kW/kgCOze. It equals the inverse of the
emission factor (previously described), divided by one hour. These power/COze ratios may
depend on ¢ because companies may differ in their geographic zones and countries with
different electricity mixes, as illustrated in Figure 2. We assume that each t — Gii is a
deterministic function of time.

For every obligor, there exists a trade-off between price and emission factor depending on
how “green” the obligor is. An obligor might want to pay more for using “cleaner” energy sources.
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Figure 3: Left: Yearly US average price of Gasoline in USD/liter. Right: Yearly US average prices
of household gas and electricity in USD/kWh. Source: U.S. Bureau of Labor Statistics.

We denote by fyf’t = (727,5)6651- the vector of instantaneous GHG emissions for the ¢th obligor
coming from each of the primary energy sources e € &°. Its unit is kgCOze. With our notations,
the instantaneous energy (in kWh) coming from e consumed during a small interval [t, ¢ + d¢] (in
hours h) is then

6’;7,5 X ’yfe’t dt.
The cost (in USD) of consuming such energy is
ai,t X ‘92,t X ’Yé,t dt,
while the cost (in USD) of consuming energy coming from all sources e € & is
Z O‘i,t x ei,t x ’Yi,t dt =: Oli’,i : ’Yf,t di
e€s?

where we have introduced the short-hand notation

w0 _ (i i ,
ao,t i (ae,t X He,t)eeé?’ﬁ

and - denotes the scalar product. In addition, to account for the limited amount of energy
available at a given date, we add a quadratic term that captures the fact that marginal energy
cost is increasing with the demand. Introducing the notations,

0 . (i 2 2\i . i \2
e ARG o) I G WS (CH i W
ecs?
the total energy cost over the interval [t, ¢ + dt| writes as

Ci(VE,t) dt = Z (ai,t X (ei,t X 7é,t) + ﬂé,t X (ei,t X ’Yi,t)Q) de

e€s?
= (el e+ 8- ()5 at



where t — af;?t and ¢ — ﬁét (and thus t — ai’z @nd t— Bé”(z) are strictly positive and determin-
istic measurable functions of time for any e € &”.
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Figure 4: CO, emissions in some of the CIMP6 Scenarios for the transportation (left figure)
and industrial (right figure) sectors. See the AR6 Scenario Explorer and Databased at https:
//data.ene.iiasa.ac.at/ar6/.

Global GHG emissions. Using the previous notations, the total GHG emissions is

Z '72,15 =1 W’f,t

ec&’

where 1 is a vector with unit components in the appropriate dimension equal to |&*|.

Let 7* = (3¢, t > 0) be a carbon emission benchmark (e.g., an SSP of a certain sector to which
the i*! obligor belongs to), which is supposed to be a deterministic and measurable function with
respect to time. See Figure 4 for such emission benchmarks. At time ¢, the obligor is:

e penalized if its global emission is above 7 through £} (1 . fyfﬂt — :ﬁ) where £ is a non-
decreasing continuous function,

e rewarded if its global emission is below 7} through ¢4 (% -1 'yf’t) where (4 is another

non-decreasing continuous function.

We further assume that ¢4, /5 have at most a quadratic growth at infinity. They correspond to
national or international policies aimed at incentivizing the reduction of GHG emissions through
the establishment of specific quantitative targets.

Example 1. The functions ¢ can be taken as

@) =i 22, (a) = wf 22,
where x; = max(z,0), and wi,wé > 0 are constant parameters representing respectively the
penalty and reward forces. We choose a quadratic penalty (resp., reward) function to accentu-
ate large values of over-emission (resp., under-emission) compared to the benchmark emission
scenario. This example is further investigated in Theorems 3 and 4. This results in a convex
problem that allows for an explicit solution for each obligor and can be solved numerically with
fast algorithms for all obligors in the portfolio.

Example 2. The functions ¢! can be taken as
li(w) = wi 27, by(w) = wh w4

Here, the reward function has a linear growth rate. Compared to the previous example, there is
less incentive to pollute less though the cost of polluting remains the same.
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Production dynamics and profit function. We consider the special model where the profit
function is given by ‘ ‘
7' (z) = AP* x log(x),

where AP? is a given average price.

To define the stochastic model for the production, consider a filtered probability space
(Q, F,F = (F;)¢>0, P) on which is defined n+1 independent standard Brownian motions B, B!, ...
Given the logarithmic nature of the profit function, we directly model the log-production pi =
log(P}) as a linear stochastic differential equation

dp} = p'(t, p}, e ,) At + o AW,

Mi(tapﬂf,t) =a' —bp+ Z cg X Vi,t X ei,t (2)
ecst
=a' —bp+c Al

where we have introduced
00 . (3 i )
Co = (ce X ee,t)eegl

dW} = p"dB; + /1 — (p')2 dB; (3)

with correlations p? € (—1,1). B reads as a systemic risk factor and the (B*)1<;<,, as independent
idiosyncratic risk factors. We further assume that o’ > 0.

In (2), the coefficient a® > 0 represents an average production level, * > 0 is a mean-reverting
parameter and ¢! measures the obligor’s energy consumption dependence on e. Making ¢! depend
on e serves as a means to convey that, from the perspective of the ith obligor, it is possible to
interchange energy sources, even though the power consumption 7% x % remains the same. To
illustrate this concept, consider the straightforward example of hydroelectric power generation
and fuel usage for vehicle transportation.

and

2.3 The obligor’s optimization plan

Each obligor aims to optimize its emission level under the double objectives of maximizing its
production profit and respecting the emission mitigation scenario. Mathematically, it corresponds
to

o= argsup J' (12) (4)
Ve EA®

o0
o e
7 (i) = E / et (APZ pi—ail i, — B (P

(Lea = F) 6 (- 1n1,) )dt] | 6

where 7 > 0 is a constant positive discount rate. The admissible stochastic control set A* contains
all progressively measurable processes v! valued in

[1¢:: with i, =[]0, A0 (6)

t>0 ec&i

where the function ¢ — AZ{™ is measurable.

Mathematically, what is important is that the set gf,t is a closed, bounded, and non-empty
subset ® of [0, +00)1¢"l.

5 Allowing for unbounded G} is presumably possible but would lead to extra technicalities that are not central
to our work. Furthermore, on the application side, restricting to bounded emissions is natural.
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We assume that the following integrability condition holds: there exists n € (0,7) such that
0 .
/ e sup |Wf’t|2dt < 400. (7)
0 Wﬁ,ﬁgi,t

max

In view of (6), the condition writes [;° €™ supge i (AXS¥)?dt < +oc.

2.4 Existence and uniqueness of an optimal emission
We now characterize the solution 3¢ to the optimization problem (4).

Theorem 1. Leti € {1,--- ,n} and for any v., define

o APt . 0 » . : S o .
fZ(vf,t) = b 03’0 ) ’Yf,t - a?,t ) ’Yf,t - B::t ) ('YQX,t — 0 (1 "Yi,t - %) + 4 (’YZ -1 ’)’Z,t)- (8)
Assume that

e the benchmark global emission t — 7} is such that
S .
/ e APt < 4o, (9)
0

o there exists a ﬁft € Qf’t mazimizing f}(-).
Then, this mazimizer solves the optimal stochastic control problem (4).

Theorem 2. Assume that (9) holds, thatv., — f{(y%,) is continuous and strictly concave. Then,
there exists a unique 3., € G, maximizing f{(-) and thus solving the optimization problem (4).

The main advantage of the setting of Theorem 2 compared to that of Theorem 1 is algorithmic,
because, in the above concave case, we can make use of fast algorithms to compute the maximizer
of f{(+), (see, e.g., the projected gradient descent algorithm exposed in Remark 7).

Theorem 3. Consider the loss functions of Example 1, i.e., £i(z) = wi(zy)? and li(x) =

wh(z4)?. Then, when w%(l . ,6”12) <1 for any t > 0, the assumptions of Theorem 2 are satisfied.

Note that the loss functions of Example 2 do not allow to retrieve a concave problem: as the
reader can easily check, this is mainly due to the fact that g(2) : z + 2% —czy (with ¢ > 0) is not
a convex function (indeed, g(e) + g(—¢) < 2¢(0) for a small enough € > 0). Despite this lack of
convexity, the conditions of Theorem 1 apply: indeed, the function *yit > ff(vft) is continuous
on a compact set G/ and, thus, admits a maximizer. However, the uniqueness is not guaranteed.

Proof of Theorem 1. To alleviate notation, we omit the index i. Let 7, = (Ve)ecs € A be an
admissible strategy to the problem (5). Then, the difference J(7,) — J(7.) equals

E[ /O et (AP(@ ) =0l Far = et) = B (s — (1D)ur)

10
(LAt =) + B (L e =)+ 5y~ 1-Fr) — a1 m))dtT |
where p; is given by
dp; = (a — bp; + C? Ao r)dt + odWy, Po = po- (11)
By Ito’s formula, we have
d(e B —pe) = e (= b+ )P —p0) + L ot = 70) ) (12)

11



Since v, € A, we have

E [(/Ooo entycf’.%t\dt)z] < (/Ooo(ent/z)2dt) 4 [/Ooo(e”t/2|c? )2t

|69|2 0o
< [/ e_”t|’y.,t2dt] < 400
n 0

using the integrability condition (7). Therefore, the integral fooo e M| c? - v, 4|dt is finite almost
surely; the same holds obviously for 7,. By solving the equation (11), we get

t
f)\t — Pt = / b(t S) (ﬁo 70,8)d87
0

= pl < e [ YL G )
0
using b > 0. Hence, since r > n,
Jim e p-p) =0, as.
which leads to

[ et (=04 0@ -+l G =)t =0, s,
0
owing to (12). Consequently, (10) rewrites as

> AP R A
- E[/O e_rt<7" 3¢ A Aot = et) = Fa = vet) = B (et — (77)at)

Ay =) 4 (L s — )+ £t — 1) — Lo — 11 %,t))dt]

& | [ (30 - S )]

As 74, ; maximizes fi(-) for any ¢, we have proved the announced statement. Moreover, we can
show that t — 7, + is measurable, see Appendix B for detail. O

Proof of Theorem 2. The strict concavity of f/(-) on the convex set G ensures that the set of
maximizers of 7. ; is reduced to a singleton. O

Proof of Theorem 3. We omit the index 4. In view of Theorem 2, it is enough to prove that for
any t, the continuous function f; is strictly concave with the current choice of loss functions
{1 = wi(xy)? and fo = wa(x4)?. At any given ¢, the Hessian matrix is

9 f()
(D?fe(1)) g o = 90 O

where E; := {5 < 1-7,}. On the set of v, such that E; holds, then D?f,(v,) is obviously negative
definite because we have assumed Bgt > 0 for any e and t, and w; > 0. On the complementary
set where 1g, = 0, the sign analysis is less straightforward. Let us compute the associated
quadratic form: for any non-zero z, = (2o)ece € RI¢!, we have

; D ft ’Y. . Zﬁetx +W2 er)Q

= —21o_oBY, — 2w1lp, + 2wolp, e, e/ €&,

ecé ecs
- Z ﬁﬁth + w2 ( Z ) ( Z 52#‘2) <0,
ecé ecé 6 ecé

since wg(Eee@@ ﬁ) <land ) s Bg’tl‘z > 0. We have proved that, in any case, D?f;(7,) is

negative definite, i.e., ft is strictly concave. O
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2.5 An explicit example

We now offer efficient emission strategies with explicit formulas based on Example 1 and Theorem
3.

Theorem 4. Assume that the assumptions of Theorem 3 are in force. For anyt > 0, define

1 AP? ¢f » . . 1 . . 1
i R OO N T )
ot

°, °,

Ii.=

and assume that for all e € &7,

.y .
AP 2

0< . oy — .
r+b N 3

i ~int wh it 1,0 \ max
T =31 — ﬁ(% —T}) " < 2B (13)
2t

Then, the optimal emission strategy for the energy source e has the explicit form

1 AP? Ci’e i 0 2w N 2w _; N4
(g e (=) 2 (-, (14)
2Be,t

=~
Ve,t = - ;
° 1=&,

- (&% -
r+ b o1+,

Furthermore, the excess emission equals

1 o

)

B 1

- +_ ~i iyt
1+€, (T =7t) ey (5 —T%) (15)

1'%’,75_%:

Proof. We compute the gradient of (8). For any ¢ > 0 and energy source e € &,

; N X 0 . S o ,
(’Yf,t) = rt bei - O‘;t - 262’,{)’;,1: — 2w (1 : 73,15 - 7;)4_ — 2wj (’Yz -1 73,t)+- (16)

0 ft’
872,t

From Theorem 3, we know that f is strictly concave so that it is enough to check that %t given
by (14) is in (0, A7) (the interior of the constraint set) and cancels (16). The verification that
3%+ € (0,A09) is immediate from the condition (13).

Let us now verify that 7 , cancels (16) and verifies (15). Consider the first case where I'; > 7;:
summing over e in (14), we have

. . . I3 . , .
1’/)/\2 _:y*z:r\z_ L (T -7 —:)72
4N t 1+5i,t( P =) —
1 . .
= ——— (T} —31),
1+&,

and therefore, we get

0 ft’
a’Yé,t

i

o AP? 02’6 0 AP? cije i 0 2w§ — 2w —
(h) =g — st~ (G okt = e (T =30) = e (T =)

=0.
Consider now the second case where I'} < 4. A similar computation gives
| T P
T-103%, = — T+ 24— (5 - T})
— &y

1 . .
(3 —T%)

=g,
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and consequently, it readily follows that

ofl AP o 00 (APi ci? 0 2wh i ) 2wh .
- = — — = — — v _ _ s _ FZ
87@ (’Y.,t) b Qe t b Qe t 1_ 5§,t ('Yt t) 1_ %’t (’Yt t)
=0.
The proof is complete. O

Remark 3. The interpretations of the above results are as follows. First, when there is no penalty
or reward policy, then the obligor’s optimal emission strategy for each energy e is

1 ci? 0,0
2510 (g —est):
When the incentive policies are incorporated, that is, when w; and we become strictly positive,
the obligor reduces its emissions level. Second, the price of a given energy ai’z is bounded from
above by a certain level so that the energy e is chosen by the obligor. In the opposite case,
the emission by the corresponding energy may drop to zero, meaning that the obligor prefers to
avoid e and choose other types of energy.

3 Modeling the physical risk of each portfolio obligor

Now, we model the physical risk and its effect on the obligor’s value process. Inspired by actuarial
science, especially ruin theory [1], we model our aggregate loss as a compound Poisson process,
capturing the randomness of physical risk events in time, independent inter-arrival intervals, and
random losses denoted as Z. Our goal, however, is to provide a more tailored analysis specific to
the obligor of interest. In our study, we incorporate the temporal evolution of the magnitude of
physical risks, offering a detailed and dynamic perspective on how these risks affect the obligor.

3.1 Disintegrating the physical risk over climate and weather event types

In our modeling, we aim to consider two specific aspects:
1. Not all climate and weather events are relevant to a particular obligor.
2. The obligor’s exposures vary based on the geographical zones of its offices and factories.

Climate extremes (droughts, heatwaves, sea level rise, etc) pertain to long-term, persistent de-
viations from typical climate conditions, while weather extreme events (tornadoes, blizzards,
tsunamis, etc) are short-term, intense deviations from normal weather patterns. They both
occur on different timescales (typically from hours to a few days for weather-extreme events)
and have distinct characteristics. Types of climate extremes and weather extreme events cw are
extensively detailed in [33] and consist of

CW := {storm/typhoon /hurricane/tornado/tropical cyclone,
hailstorm, flood, winter storm, level sea rise, and storm surge,

heat wave, drought, wildfire, extreme cold spells, snowstorms, and blizzards,. .. }

For each climate and weather event cw and geographical zone [, we associate a Poisson process
Nl (defined on the same filtered probability space as before) with a deterministic intensity
t — )\tcw’l. The intensity varies over time due to the global impact of climate change, which
increases the frequency of extreme weather events. However, the outcome is location-dependent,
with some areas experiencing heightened frequencies while others may see decreases. We refer
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to [17] for the mathematical definition of a time-inhomogeneous Poisson process. While these
Poisson processes could be defined with interdependencies, they do not affect the subsequent
derivation, as we demonstrate.

When a climate and weather event cw occurs in a geographical zone [ and time wu, the ¢th
obligor experiences an immediate loss Z5™! 6 resulting from the obligor’s vulnerability and
exposure to climate events. Over a time interval [to,¢1], the cumulative loss incurred by the ith

obligor is
t1
Zi,cw,l chw,l‘
|zt an

cw,l

3.2 Expected damage for an obligor

The obligor is making provisions for these physical risks by discounting future losses with an
interest rate r. This leads to the following definition of the Expected Physical Damage (EPD)
as follows:

EPDZ —E Z/ —r(u— tchwlchwl‘J,—_-} (17)

cw,l

From the properties of the compound process, we have

EPD? (t) _ /OO e_r(u—t) ( Z E [Zqijcw,l] )\;W,l) du.
t

cw,l

It is worth noting that neither the dependence between Poisson processes nor the relationship
between N and Z affects this representation.

3.3 Calibration procedure

To use the above description, we have to model the time evolution of
u E[Zi’cw’l], u = A

according to each geographical zone [ and climate and weather event cw.

Empirical studies, like [16], reveal a strong connection between the frequencies )\Zw’l of climate
events, mean losses E [Zf;cw’l] , and the climate mitigation trajectory linked to a specific SSP. In a
scenario like SSP5, characterized by significant warming, obligors would face more frequent and
substantial losses. Conversely, in a greener, highly mitigated scenario like SSP1, losses would be
far less frequent and severe. We suggest a simplified, realistic model suitable for straightforward
calibration.

From the Nordhaus model [26, 25] (also known as the DICE model — Dynamic Integrated
model of Climate and the Economy), we know that E[Zy°" l] and AS"! depend on the global rise
in atmospheric temperature Tarym through a damage function D. In the initial DICE model, the
damage is quadratic:

D(Tarm) = a1Tatm + a2 Tipwm (18)
with a1 = 0, ag = 0.0028388 (2008 version of DICE). Alternative functions have been proposed in
the literature; see [35, 14], for instance. Note that Ty refers to the global average temperature

increase relative to the pre-industrial era. For simplicity, we assume the damage function is
identical for all companies and independent of cw and .

We assume that > E [Z.; Zu™ l] A" evolves proportionally to D(Tara(u)), where the path
of the atmosphere temperature is given by the selected SSP and denoted u — Tarm(u), see

Son the mathematical side, Z>"! is a caglad process
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Figure 5 for some relative temperature paths for different SSP scenarios. All in all, our model
of physical damages for the ith obligor becomes

i i,cw cw (e ’D(nTM (u))
% - ,cw,l N r(u—t)
EPD () := (Y E[Zp5 A7) /t e OIS (19)

cw,l

where t.¢f is the time at which the model is calibrated.
Calculating the total physical losses of the obligor ( ch,z E [ ZZ;;WZ] /\CW,1> s based on historical

tref
obligor data. Note that we are not accounting for any changes the obligor may have made to its

operations or locations in recent years. Observe also that the integral factor is common across
all companies. In essence, when evaluating future physical risk, we begin with historical losses
and apply a scenario-dependent multiplicative factor

/oo e—r(u—t) D(,TATM(U)) du
t

D(Tarm (trer))
5- —— ssP1-26
—— SSP2-45
SSP3-70 (Baseline)
. —e— SSP4-60
O 4 —— ssps85 (Baseline)
o
)
5
© 31
)
Q.
5
= 2
1 -

T T T T T
2020 2040 2060 2080 2100

Figure 5: Global average temperature increase relative to the pre-industrial era (year 1750) for
different SSPs. Source: |29], https://ourworldindata.org/.

4 Obligor’s default probability in an explicit model

We model the default event as in the structural credit approach, [31, Chapter 3|. At a given time
t > 0, an obligor defaults if its value is inferior to its debt and liability level. The probability of
default for the ith obligor is

PD: = P (Vt < Li(t))

where the obligor’s value f/\;’ is impacted by both transition and physical risks, and the default
barrier L*(t) is a deterministic function which represents the minimal level of the obligor’s liability
payment such as the debt reimbursement and the labor cost of the obligor at time t.

In the following, we define the obligor’s value 17? as the conditional discounted value of the
obligor’s future cashflow at time ¢ > 0 with the optimal emission strategy 7%, minus the expected
physical damages (17). We also take losses functions ¢1(-), f2(-) to be the same as in Example 1.
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This yields

~ .

Vi =E

/ e—r(u—t) (APZ > Pz o Oé. 0 ,7. IBZG (AQ)
t

- - (20)
o (1R T e (- 1 RL)? Y ft]

— EPD'(t),

where P! denotes the optimal production associated with 3¢. We note that although the opti-
mization is conducted with the logarithmic function, we here use the total production for the
computation of the obligor’s value.

Recall that in the explicit model of Section 2.5, the optimal emission 7! is deterministic and
explicitly given by (14). When the benchmark 7* is low (strict mitigation scenario), the penalty
coefficient w! plays an essential role in the optimal strategy, while for a relatively loose scenario
when the benchmark is high, the reward coefficient w$ is more important.

To facilitate the subsequent aggregation of losses across different obligors, let us first describe
the stochastic distribution of log production. From (2) and (3), the optimal log production p' is

i — Vg @ . (1 ) +/ ¢ b (=) (if 70 )ds
w o : (21)
+ ai/ e~ (u=s) <pist +4/1—(p)? ng) ,
t
for all u > ¢.
Conditionally on F, (ﬁu)l <;<p, 18 an n-dimensional Gaussian vector with conditional mean
ENLJ—_- :esz(u t) + 1—e™ bt (u—t) +/ueb(u s) 5 Vds
7,17 B+ >+ | (€31 )
—. —b’(u t)/\z +mt ( )
and conditional covariance
o . o 1 — e~ 0 +0)(u—t)
Cov (pi,, PL|Ft) =X (u—t) = '’ (p' P Lizj + 1ij) (23)

b+ b ’

for every i,j € {1,...,n}.

5 Aggregated loss distribution of the portfolio

5.1 Modeling the loss

In this section, we consider the loss portfolio and its computation. Let the loss portfolio be
defined as

'Ct_ZA X 1{VZ<L1 t)} (24)

=1

where A' = EAD? x LGD? and LGD?, EAD? are respectively the loss given default and exposure
at default associated with the 7th obligor. The time horizon ¢ is typically chosen to be one year
according to the solvency regulation. If interested in longer-time horizons, conditional losses can
also be considered as our problem setting is Markovian.
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From (19), (20), and the fact that E[ﬁmft] = exp (e b (u— Opi +mi(u,t) + + 180 (u—1t)), we
have N ' ‘
Vi =n'(t.p;)
where the deterministic function h’(-,) is defined for all ¢ > 0 and x € R as

h'(t,x) := APZ/ e () exp <e*b g 4 mi(u,t) + 52“(u - t)) du
t
> - 0,0 i i ~ i ~i ~i\2 i (~i ~i\2
- / € ( t) <ao7fl/ : 7-, B 9 ( 2) + w]_ (1 : 7.,’11, - 7u)+ - w2 (PYU/ - 1 : ’YQ,U)_F) du
t
— EPD(t). (25)

Note that h'(t,-) is a continuous increasing bijection from R to (0, 4+00), for any ¢.
The portfolio loss rewrites as

Le= Z:;A Yhiaa<rio)

- z": A Lai<tien-1 i)

= ;A’ {eb B +mi (£,0)+0i /T (p)2 [ e=b(1=9) dBi— (hi (£,)) "} (Li(8) < —0pt [ =" (t=9) dB, }
i {AZ<XZ
with Aii= - [e—bt%m Lol 1- / ) Bl (w1, ) (L (1)

X = —pf / e V'0=9) 4B,
0

Analyzing the distribution of £; is intricate. Analytical methods are not suitable due to it being a
weighted sum of correlated Bernoulli random variables with varying dependencies. An alternative
Monte Carlo simulation is feasible but time-consuming for several reasons: a) in typical cases,
there are many obligors (n is large); b) the number of correlated Gaussian random variables is
large (as large as n) making sampling £; costly; ¢) numerous £; samples are required, especially
for tail event risk management.

To tackle these challenges, we utilize two efficient dimension reduction methods, leveraging
multiple enhancements.

e The distribution of the vector X; = (X})1<i<n is Gaussian. An initial, naive assumption
might be that the rank of its covariance matrix Kx, approximately equals the number of
distinct b%, and that all eigenvalues hold significant importance. However, this intuition is
considerably flawed. A thorough examination of the spectral decomposition of Kx, reveals
a surprising result: the top two eigenvalues account for over 99% of the total variance (i.e.,
the trace of Kx,). Consequently, we first perform a Principal Component Analysis (PCA)
on the vector X, reducing it to two principal factors. For an in-depth analysis, refer to
Section 5.2.

e This approach allows us to express the loss £; as a sum of indicator functions with n inde-
pendent Gaussian random variables (for fg e*bl(t*S)dB;') and two common factors derived
from the PCA. Utilizing a two-dimensional Polynomial Chaos Expansion (PCE) for indi-
cator functions as outlined in [0], and retaining the first M terms (typically M = 6 or 10
suffices), we further approximate £; using a multivariate Gaussian random variable with
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a dimension of M + 2 and involving a summation of M? terms, instead of 2n Gaussian
random variables and n terms in the sum. Recall that typically n =~ 10 for major banks:
in comparison with the new cost M? < 100, the improvement in complexity is huge. This
is elaborated in Subsection 5.3.

In summary, this significantly reduces the overall computational cost of our climate credit model.
5.2 Principal Component Analysis (PCA) of X, := (X})1<i<n
Let Kx, = ((KXt)i’j)1<ij<n be the covariance matrix of X;. We have

o—(bi+bI)t

t
- o o ; - .
(Kx,)# := Cov(X}, XJ) = pipf /0 eV (=)W (=) 45 = i) (26)

bt + bi

Following |10, Section 3.2|, the spectral decomposition of K, writes as
n
Kx, = Z Rk (R T
k=1

where (1¥)1<j<,, are the eigenvalues (in decreasing order) and (u*);<j<, are the eigenvectors of
Kx,. Since the latter is a positive semi-definite matrix, v* > 0 for all k. Equivalently,

X, = S0 ViEGht (1)
k=1

where the (G*)1<g<, are independent N(0, 1) random variables.

100- ¥ % b= Uniform [0,1]
B X b= Uniform [1,4]
10 * X X b= Uniform [0,10]
- X
107
~ * X
10°
~:|-—4: —8 ><
10 7 *
-10 ~
10 7
X
1072 .
-14
10 * x * 25
T 1 1 T 1
2 4 6 10

Figure 6: Ratio ’;—I; for k from 1 to 10 with n = 1000, p ~ U[—1,1] and b ~ U0, 1], U[1,4], and
[0, 10].

Note that when the b’ are constant (say equal to b > 0), we can write Kx, = pp' 1 5
(where p is the vector of p’) and therefore, the rank of Ky, equals 1 at most (¥ = 0 for
k =2,---n). For non-constant b, we observe (see Figures 6 and 7) that Kx, generally resembles
a low-rank symmetric matrix, where only the first two eigenvalues ! and v? matter. This can
be assessed using the inertia:

2 k
D=1V
D1 V¥
The above depends on b’ and n and in our experiments, it is very close to 1. namely, we take
p' ~U[—1,1] and three distinct cases for the b":
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0.96 0.998 1
i % b= Uniform [0, 1] - 0.997 4 ¥ b= Uniform [0, 1]
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Figure 7: Ratio Zn”i (left) and ZV +Vuk (right) for n from 100 to 1500, p ~ U[—1,1] and
k=1
b~ U[0,1], U[1,4], and U[0, 10]. For each ratio, we provide the 95% confidence interval with 30

independent runs.

e b’ ~ U[0,1]: the rank of Ky, is very close to one, corresponding to the scenario where b is
nearly constant.

e b’ ~ U[1,4]: this is the typical case in practice, the characteristic time 1/b falls between
one quarter and one year.

e b' ~ U[0,10]: to illustrate that a rank-two approximation remains acceptable even as the
variance increases.

In Figure 6, we plot the ratio v*/v! from k = 1 to 10 with n = 1000 for a single realization of
p' and b’. The plot demonstrates that the ratio decreases extremely rapidly. Specifically, when
b’ ~ U[0,10], the ratio v3/v! ~ 1072, and it is close to 107° when b’ ~ U[0,1]. In Figure 7,
we plot Zilyk, %:Z i, using boxplots over 100 replications for n ranging from 100 to 1500. The

results show that the two eigenvalues account for 99% of the total variance when b* ~ 1[0, 10],
and 99.99% otherwise. We have not yet been able to precisely quantify this property theoretically,
including the selection of the reduced dimension. Furthermore, to the best of our knowledge,
this phenomenon has not been documented in the existing literature on random matrices.

We now leverage these experimental observations to approximate the distribution of X; with
a low-dimensional Gaussian distribution. We choose to truncate (27) and keep only 2 terms:

2
X~ Y VURGRE, (28)
k=1

Denoting the coordinates of the two eigenvectors ul,u? by u'?, u>* for i = 1,...,n, the above
expansion leads to an approximate model

Ly~ LA = (29)

ZAZ {Al<\/7G1u“+\/7G2u21}

Proposition 5. The Ly error between the original and approximated loss is bounded as follows:

_ pPCA A d D ke 3”’“(““)2
EHLt Ly ‘ Z /7 Zk lyk ) (30)

The smaller the eigenvalues (v*, k > 3) compared to the others, the better the approximation.
We have focused on the PCA approximation, but we do not claim that the dependence of

20



constants is optimal with respect to the probabilistic characteristics of Af. In particular, the
estimate (30) does not account for the fact that we compute tail risks (the indicator functions
in (24) are likely equal to 0, which is not reflected on the right-hand side of (30)).

Proof. A direct triangular inequality yields

E[lL - 7Y <D AR Hl{Aésxé} T Y aisviteraivizge ) H ' 31
=1

To bound the above, we use bounds on the distribution of Aj. Recall that A} has a Gaussian

distribution with variance (1 — (p%)?) 1_62;1-% ", Observe that we have the identity
91 — 6*21’1 -
(P ——— = > _v¥(
k=1

this follows from the comparison of (26) and (27). Hence, the Gaussian density of A? is uniformly
bounded by

1 0’|
m\/Zkzl vk (uk)2 V1= (p)?

If X > ViGrul +v2G?u??, the difference of indicator functions in the right-hand side of (31)
equals 1{\/1701u1,i+\/72G2u27i<A§§X§}; in the other case, it is equal to _1{X}<A;’§\5Glu1,i+\/ﬁa2u2vi}'
Since A! is independent of X} and Vi1Gul? + Vi2G%u??, we get

e [‘1{A’£SX5} a 1{Ai§\/ﬁG1ulvi+\/ﬁG2u2»i} H

1 |Pi| 1,1 2 2
Xi = VUIGht + V2GR
VST o | ’ |

The quantity inside in the absolute value is Gaussian distributed with mean zero and variance

n
§ :yk(uk 7\2
k=3

In addition, we have E [|G'|] = \/g All in all, we obtain

2y ) 1l [Sany
{ai<xi} ~ Haisvvlowlinviiazazi b | = 1 V1= ()2 \| Sy vk (uki)2
Plugging this into (31) readily completes the proof. O

5.3 Polynomial chaos expansion (PCE)

£PCA

We further approximate using a polynomial chaos expansion (PCE). Write

EPCA Z Ail { Al Voluligl 41/ 222 }

\/ul(ul 7')2+1/2(u2 1)2 \/ul(ul 024,2(42%)2

= Z A1 Ai<LLiG L2162
=1
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with Lk .= Vikuts for k = 1,2 so that (LY")24(L?)? = 1 and A! A

\/Vl(ul‘,i)2+y2(u2,'i)2 \/u uls 1) +y2(u2 1)2 :
Observing that LGt + L*'G? ~ N/(0,1), we apply a PCE of the indicator function at order M
(see Proposition 8) to get

M
PCA PCE ZAZ Z )He (LLiGl + L2,iG2)
m=0
M
7 17 m' 1\ M ,2\m
SN Y ) Y o (L) (L) B, (G Hern, (G7)
= m=0 m1,m2>0

mi+mo=m

where we have used [0, Lemma 3.5] at the second equality. Introducing the new random variables

n
. ~. (mq —+ mo | . .
cumaans = DA o s (R iy 20y
po Imoa!
the approximate portfolio loss rewrites as
CA,PC
P rer Z Z En,mi,moHem, (Gl)Hemz <G2)~ (32)

m=0 mj,m2>0
mi1+mo=m

In the approximation of large n, the €y m, m, being sums of independent random variables,

we can approximate the (M + 2)(M + 1)-dimensional vector (En’mhm?)ml—i-mgzm 0<me<ny With
o <m<

a Gaussian vector (&, ,,) With mean vector M and covariance matrix K where for every
k) )
0 < my,my,ma,my < M, we have

Moy my = E [enmym,] = i:AiE [Tmﬁ—mg (A%)] M

i=1

le mi L27, mo
L (L (2

K m1ma),(mf my) = Cov <5n,m1,m275n,m/1,m/2>
= S A Cov (s (A T g ()
i=1

(m1 +m2)!
m1!m2!

(33)

m) + my)!

(Ll,i)ml (L2,i)m2 ( (Ll,i)m’l (L2,i)m

mj ! mb!
taking advantage of the independence of (Ai)lgz‘gn- Our PCA-PCE portfolio loss with Gaussian
approximation finally writes as

M
PCA PCEG
L Z D> ety maHem, (G1)Hep, (G?).

=0 m1,m22>0
mi1+mo=m

The parameters M, K can be efficiently computed thanks to recursive relations, see Propo-

sition 9 for de?aﬂs. The Ly error due to the truncation between £PCA and £LPCAPCE ig of order
(3 AY)M 4. Refined estimates for the Lo error are available in [7, Theorem 2.7].

5.4 Numerical experiments

In this section, we aim to evaluate our methodology, focusing specifically on two key aspects:
the improvement in computational speed and the performance of the PCA-PCE-based approxi-
mation. Additionally, we seek to assess the impact of physical risk on the portfolio loss.

We focus on three distinct SSP scenarios: SSP1-26, SSP3-70 (Baseline), and SSP5-85 (Base-
line) for the transportation sector, see Figure 4. The portfolio loss maturity is set at t = 5 years,
where t = 0 corresponds to 2015. We take nme = 10° Monte Carlo samples for our analysis. We
study the fictitious portfolio A with parameters:
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Portfolio A: t = 5 years, n = 1,000, r = 2%, 3 different energy sources for e, ¢, =
(0.01,0.01,0.01), w1 = 0.05, we = 0.02, o, = (0,0,0), B, = (0.1,0.5,0.8), 6, , = (1,1,1),
Po=1, 0" " U0, ), o K uo, 1], bt K u, 4], ot K ul-1,1], AT = L AP = 1,
)\ref = 3%.

5.4.1 Physical Risk Impact

In light of Section 3, to account for the physical risk associated with the portfolio, we must
compute the expected physical damage EPD’ for each obligor i. From (20), we observe that
when accounting for physical risk, the default barrier L’(t) increases by the amount EPD’.

To compute EPD? as described in (19), we assume that the sum of the total physical losses

. s i,cw,l7 y cw,l
amounts to 0.001% of the obligor’s current value. This is represented by ZCWZE[Zt’ . })\t L=
’ re: re:
0.001% x V. The damage function D is defined in (18).
0.30+ SSP1:26 n SSP3-70 (Baseline) SSP5-85 (Baseline) 0
— = ,ll‘ 0.354 Ja 0354 — ¢ ll||
J == £ with Physical Risk ® with Physical Risk == L with Physical Risk
029 o I oso{ 0304 M :":
0.20 :' '|| 0.25- 0259 i' :.
1 1 1
0154 . 0.20- 0.20- '; i
1
P 0.15 0.15-] -
0.10 i 1 [
[ 0.10+ 0.10- .
I 1 [
0.05 [ 0.05-] 0.05- I
I \ ! 1
’ \ ! \
0.00 T T T 0.00 T T T T T 0.00 T T 1 T T T
10 20 30 0 10 20 30 40 50 0 10 20 30 40 50

Figure 8: Portfolio losses with and without physical risk when ¢t = 5 years for the scenarios
SSP1-26, SSP3-70, and SSP5-85.

As anticipated, incorporating a physical risk term significantly shifts the portfolio loss distri-
bution upward. In the subsequent numerical tests assessing the accuracy of PCA-PCE approx-
imations, we eliminate physical risk by setting EPD!(t) = 0 for all i, and focus solely on the
transition risk component.

5.4.2 PCA approximation

We now evaluate the PCA approximation. In Figure 9, we present the density plots of the
loss portfolio and the two-factor-PCA-approximated loss. As anticipated from the analysis in
Section 5.2, the PCA approximation is highly accurate, with the two densities appearing virtually
identical.
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Figure 9: Portfolio loss £ and two-factor-PCA-approximated loss £PCA when ¢t = 5 years for

the scenarios SSP1-26, SSP3-70, and SSP5-85 (top figures) and associated Q-Q plots (bottom
figures).

5.4.3 PCA-PCE approximation

Next, we assess the PCA-PCE-approximated loss for truncation parameters M € {1,3,5,10}
along with the respective Q-Q plot. As expected, the approximation improves with higher values
of M.

0.6
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I - M=t n = M=t 1 -
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Figure 10: Comparison of £ and LFCAPCEG (left figures) and associated Q-Q plots (right figures)
with M =1,3,5 and 10 when t = 5 years for the scenarios SSP1-26, SSP3-70, and SSP5-85.

Let us further describe the numerical implementations of our PCA-PCE approximation for
the portfolio loss £. We assume that all parameters listed in Table 3 are available.

For each scenario, we begin by pre-computing the PCA decomposition of the covariance
matrix Ky, see (26), along with the mean and covariance of the vector e for the PCE. Next, we
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perform a Monte Carlo simulation to obtain 7y, samples of the approximated loss £LFC¢APCE

described in Algorithm 2.

As an example, when n = 10,000 obligors and ny,. = 10° Monte Carlo samples, Algorithm 1
takes approximately 75 seconds, while Algorithm 2 takes approximately 2 seconds. For both
Algorithms, the pre-computation of L‘(#) and 7} takes about 10 minutes.

as

Algorithm 1: Crude Monte Carlo: Sampling of the portfolio loss £;

Output: ny i.i.d. samples of Ly;
for j < 1 to ny. do
Compute vector of optimal emissions (3}, ...,~"), see Theorem 4;
Sample Gaussian vector (p;,...,p0), see (22) and (23);
Compute vector of optimal values (V;!, ..., V;") where Vi(t) = hi(t, ), see (25);
Compute the portfolio loss £; = > | A* x 1{\7;5Li(t)}’ see (24).

end

Algorithm 2: Monte Carlo: Sampling of the PCA-PCE portfolio loss with Gaussian
approximation (with loss functions as in Example 1)

Output: ny i.i.d. samples of EECA’PCE’G;

Offline computation:
Find PCA decomposition of the covariance matrix Kx,, see Section 5.2;
Compute parameters M, K (33) for the PCE using recursive relations in Proposition 9;
for j «+ 1 to ny. do
Sample (Egvmlvm2)m1+m2:m,0§m§M ~ N(M,K);
Sample two independent G, G? ~ N(0,1);
Compute PCA-PCE portfolio loss with Gaussian approximation
'CECA’PCE’G = Z%:o > mima>0 5S,m17m2Hem1(Gl)HemZ(GQ), see (32);

mi1+mo=m

end

Remark 6. To calibrate the default boundary L'(t), we proceed as in [5, Section 3.2.]. Given a
default intensity rate A’ , for the ith obligor, Li() is determined such that

ref

P (f/\?(w1 =wy =0) < Li(t)> -1_ @*)‘ieft,

where YA/ti(oJl = wy = 0) corresponds to the optimal obligor’s value with no reward or penalization.

Remark 7 (Projected gradient descent to compute /v\ft under the setting of Theorem 2). In
general, there is no closed-form solution for the optimal emissions. To numerically solve

arg max f{ (1), (34)
’Y-egi,t
we can use a projected gradient descent (PGD) [8]. More precisely, we first use gradient descent

and then perform a projection onto gf,t, see (6). At the k'" iteration, we set for each energy
source e € &,
i (k1 . i (k 0 i ik i (k 0 L, i\ T «
ol = Projig e (154" - Mg i (66)) = (157 = o L)) AN

%
e,t e,t

where 7, is the step-size.
Recall from [24, Section 2.1] that if g is a convex and L-smooth function on R then the
convergence rate for a gradient descent v¥) = v+~ —p, Vg (v =1 is g(v(F)) — ¢(5) < O(1/k).
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If in addition g is p-strongly convex 7, g(v¥)) — g(7) < O((1 — p/L)*) = O(e *#/L)) where k
is the number of iterations. Because the projection is onto a closed convex set, the convergence
rates remain the same for (34), see |24, Section 2.2.5|.

Defining A := —z, - D?f;(v,)x., we observe that:

A= T st —n( D)) 22( L (1 - X o)) 2 Y a2

ec& ec& ec& ecs Vet ecé

where f1 = 2ming g BZ’J (1 —W2 ) ek i) Similarly, A< LY e 22 with L = 2maxecgi Be s

Consequently, — fi(+) is convex, L-smooth, and p-strongly convex, which ensures that a PGD has
the exponential convergence rate O (e */1)),

6 Conclusion

We have designed an end-to-end methodology to assess the credit risk of a large portfolio of
obligors impacted by transition and physical climate risks, addressing both modeling and com-
putational challenges. Our model takes as input an SSP scenario, transforms it into an optimal
emission strategy for each obligor based on its characteristics, and then deduces the impact on the
obligor’s firm value within a structural credit modeling framework. The aggregation of individual
losses across the large portfolio is achieved using two dimension-reduction techniques—Principal
Component Analysis and Polynomial Chaos Expansion—proven to be efficient and accurate. In
the near future, we will apply the whole procedure to real data.
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A Polynomial Chaos Expansion

v

For any m € N, denote He,,(z) := (—1)"ez f—m (ef%) the probabilist’s Hermite polynomials.

They satisfy the three-term recurrence relation
Heg(z) =1, Hei(z) ==z, Hepia(z) = 2Hepmi1(z) — (m + 1)Hey, (2), Vm € N.
For a detailed account of Hermite polynomials, see |27, Chapter 18|.

Proposition 8 (|7, Proposition 2.2 for Hermite polynomials|). Let ¢ € R and Z € R. Then,

c<Z = Z Tm Hem )

C2

where 19(c) = ®(—c) and Tp(c) = '\ﬁ

Z # c.

Hep,—1(c) for all m € N*. The equality holds for all

Proposition 9 (|6, Proposition 3.1]). Let a € R*,b € R and X ~ N(0,1). For everyi,j € N,
define

wi(a,b) :==E[r(aX +b)],
oij(a,b) == Cov (1;(aX + b), 7j(aX + b)) .

Then, the following recursive relations hold:

b2
2(1+a2)

pola,b) =@ (— b)), mlab) = Soar
b 3
pit2(a,b) = mﬂi—s—l(av b) — Wﬂi(% b),

700(a8) = s (4, =0)") — a0 == (1),
o01(a.) = p(a.8) (o (i riam) — wolab))

00,i+2(a,b) = Graytrrazy 00+1(a:b) — Gy Eran 00 (a:0)

a? a b
—mﬂl( ;D) it <m7 1+a2> )

oit1+1(a,b) = i [— (1+a®) (j +2) 0ijra(a,b) +boyji1(a,b) — 770 (a,b)
_:ui+1(av b)/‘j+1(a> b)a
where for all x € R?, &x(x) :=P(Y < x) and Y ~ N(0,%) with ¥ positive definite.

B Proof of measurability in time for Theorem 1

We show that the (deterministic) optimal solution 7, ¢+ of Theorem 1 is measurable in time. Let
= |&%|. We use the notation f(t,z) : [0, +00) x R? — R to denote the function f}(-) defined in

(8) by

. AP | , , » o
fila) = — el w—af w =2t - (12 —F) + G -1 )
where for any @ = (1, -+, x4), the notation #* denotes the vector (z7,---,22). The standing

assumptions are

1. For any € R, f(-,x) : R* — R is measurable.
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2. For any t € R, f(t,) : R? = R is continuous.

For the sake of notational simplicity in (6), we rewrite the set G as
Gr = [0, A ()] > -+ < [0, Aa ()],

for some measurable (in time) mappings A;. This is a compact subset of R?. We define a new
function extending f(t,-) outside G; as

Rt xR? =R,
g: .
(tv J)) = f(tv m)lmégt - 001m¢gt
Since the \;’s are measurable, the indicator functions are measurable in time (for any given

x € RY), and since f(-, x) is measurable too, g(-,x) is measurable in time. Owing to the form of
G; and the continuity of f in the second variable, observe that

~

f(t) == max f(t,z) = sup g(t, z).
z€Gy zeQ

As a countable supremum of measurable functions, fis a measurable mapping.
Now, denote by x; € G; the point that maximizes f(t,-) on G;. Let us show that 7 := {t €
R* : xf < &} is a measurable set for any given & € R%. Observe that

T-N U {ottar= - 11,

m=1xzeQ,x<z
i.e., T is a countable intersection of countable unions of measurable sets, thus it is a measurable

set. O

C Model parameters
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Global Variables

Profit function
Vector of prices per unit of all e-energies consumed at time ¢

Vector of power/COge ratio for all e-energies. Unit: kW/kgCOqe
Product of loss given default and exposure at default

Notation
Number of obligors n € N*
Truncation parameter in the PCE M e N*
Emission trajectory (e.g., SSP). Unit: COze t—
Atmospheric temperature trajectory t— Tarm(t)
All energy sources available &l
Discount factor r>0
The reference time for the physical risk calibration tref
Portfolio loss L
Portfolio loss with rank-two PCA approximation LPCA
Portfolio loss with rank-two PCA and PCE approximations LPCAPCE
Portfolio loss with rank-two PCA, PCE, and Gaussian approximations LPCAPCE,G
Variables specific to the ith obligor ‘ Notation ‘
Energy sources available &'
Vector of optimal GHG emissions at time ¢ Vit = (Vert)ecsi
Optimal log production at time ¢ D}
Optimal obligor’s value at time ¢ ‘7;
Penalization and reward function 24 () and £5(")
Penalty and reward coefficients wt and wi
Systemic and idiosyncratic risk factors B and B’
Correlation to the systemic factor 0
Average production level al
Mean-reverting parameter bt
Dependence of the obligor’s energy consumption on e c
Average price AP’

()

O‘i,t = (a;,t)eegi
»B:,t = (B;,t)eeg’i
9i,t = (eé,t)eegi

A’L
Poisson process associated to weather event cw and geographical zone [ at time ¢ NZ e
Corresponding Poisson intensity and loss ALl and ziew!
Expected physical damage at time ¢ EPD!(t)
Default barrier at time ¢ Li(t)

Table 3: List of notations for the model parameters.
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