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Full error analysis of policy gradient learning algorithms for
exploratory linear quadratic mean-field control problem in

continuous time with common noise

Noufel FRIKHA* Huyén PHAM f Xuanye SONG#

Abstract

We consider reinforcement learning (RL) methods for finding optimal policies in linear
quadratic (LQ) mean field control (MFC) problems over an infinite horizon in continuous
time, with common noise and entropy regularization. We study policy gradient (PG)
learning and first demonstrate convergence in a model-based setting by establishing a
suitable gradient domination condition. Next, our main contribution is a comprehensive
error analysis, where we prove the global linear convergence and sample complexity of
the PG algorithm with two-point gradient estimates in a model-free setting with unknown
parameters. In this setting, the parameterized optimal policies are learned from samples of
the states and population distribution. Finally, we provide numerical evidence supporting
the convergence of our implemented algorithms.

Key words: Mean-field control; reinforcement learning; linear-quadratic; two-point gradient
estimation; Polyak-Lojasiewicz inequality; gradient descent; sample complexity.
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1 Introduction

The last decade has seen significant advances in solving optimal control of dynamical systems
in unknown environments using reinforcement learning (RL) methods. The essence of RL is
to learn optimal decisions through trial and error, which involves repeatedly trying a policy,
observing the state, receiving and evaluating the reward, and subsequently improving the
policy. There are two main approaches in RL: (i) @-learning, which is based on dynamic
programming, and (ii) policy gradient (PG), which is based on the parametrization of policies.
A key feature of RL is the exploration of the unknown environment to broaden the search
space, achievable through randomized policies. RL is a very active branch of machine learning.
For an overview of this field in the discrete-time setting, we refer to the second edition of the
monograph [20], and for recent advances in the continuous-time setting, see [14] and [15].

Mean-field control (MFC), also known as the McKean-Viasov (MKV) control problem, is
a class of stochastic control problems that focuses on the study of large population models of
interacting agents who cooperate and act for collective welfare according to a central decision-
maker (or social planner). This field has attracted growing interest over the last decade,
resulting in a substantial body of literature on both its theory and its various applications in
economics, finance, population dynamics, social sciences, and herd behavior. For a detailed
treatment of the topic, we refer to the seminal two-volume monograph [4,/5].

RL for MFC has recently attracted attention in the research community, see e.g. [6], [11], [1],
[9], [19]. The challenge lies in accurately learning optimal policies and value functions defined
on the infinite-dimensional space of probability measures. The mathematical understanding
and convergence analysis of these RL algorithms are still in their infancy.

In this paper, we aim to address questions surrounding convergence and sample complexity,
focusing on policy gradient methods in RL within the context of infinite horizon linear quadratic
(LQ) MFC with common noise for continuous time systems. The LQ problem is indeed
the cornerstone of optimal control theory due to its tractability and can be viewed as an
approximation of more general nonlinear control problems. To encourage exploration in unknown
environments, we employ randomized policies and add entropy regularization, following the
approach of recent papers [14], [12], [22], |10], [21].

Our main contributions. Our paper proposes and analyzes convergent PG algorithms to
solve infinite horizon exploratory LQ MFC problems in a continuous time setting, with common
noise and entropy regularization.

e Our first contribution is to derive the explicit form of the optimal solution using coupled
algebraic Riccati equations, thereby generalizing the results in [2] to include entropy
regularization for randomized policies (Theorem . Motivated by the explicit form of
the optimal randomized policy, we reformulate the LQ MFC problem into a minimization



problem over Gaussian policies. The mean of each Gaussian policy being linear in the
state and conditional mean with respect to the common noise is parameterised using
two matrix-valued coefficients © = (#,(). The parameterized cost function is shown
to be smooth and satisfy a gradient domination condition, also known as the Polyak-
Lojasiewicz inequality (Propositions and following the approach of [§] and [23].
Such inequality is known to be crucial to ensure the convergence of PG algorithms in
non-convex landscape.

e We then propose and study PG methods in both exact and model-free settings. Our work
provides theoretical guarantees of convergence for the gradient descent (GD) algorithms
with suitable step sizes (Theorems and . In the model-free case, where the
exact gradient is unavailable, we adapt the two-point gradient estimation method of
[16] to our mean-field setting by relying on samples of discrete-time trajectories and
population distributions. For the first time to the best of our knowledge, we provide
a comprehensive error analysis accounting respectively for the error of perturbation
with respect to the exact expected functional cost, for the horizon truncation, for the
time and particle discretizations, for the statistical error and finally for the optimization
error from gradient iterations, demonstrating global linear convergence with polynomial
computational sample complexities.

Related works. The closest papers related to our work are [6] and [23]. In [6], the authors
consider an LQ MFC problem with common noise in a discrete time setting and prove the
convergence of PG algorithms for deterministic policies in both model-based and model-free
settings. The paper 23| addresses an infinite-horizon time average LQ MFC control problem
in a continuous time setting without an entropy regularizer and demonstrates the convergence
of PG with deterministic policies in the exact model-based setting, using a varying step size at
each iteration. Finally, it is worth mentioning that our proofs extend the arguments presented
in [8] and [13] for the discrete time setting, covering both finite and infinite horizons, as
well as those in [16] and [3] for the continuous time setting. In these references, the authors
demonstrated convergence results for standard LQ problems.

Outline. The paper is organized as follows. In Section [2] we formulate the exploratory
LQ MFC problem in continuous time with common noise, provide the theoretical optimal
policy, and discuss parameterization in the model-free case. In Section [3| we demonstrate
the convergence of the model-based gradient descent algorithm using the gradient domination
condition. Section [] presents the gradient estimation algorithm employing the population
simulator and develops the convergence analysis of the model-free gradient descent algorithm.
In Section [p| we provide numerical experiments that illustrate our convergence results for
both the model-based and model-free algorithms. The proofs of all results are included in the
Appendix.



Notations.

e We denote by x - y the scalar product between the two vectors x, y, and by M : N
= tr(MNT) the inner product of the two matrices M, N with compatible dimensions,
where NT is the transpose matrix of N. The Frobenius norm of a matrix A is defined by

|A||lF :=VA: A

e S%is the set of symmetric d x d matrices, and Si (resp. S¢ ) is the set of nonnegative
(resp. positive definite) matrices in S?. The partial order > on S? is defined as: M > N
if M —N € Si. We also write M > 0 to mean that M € Si+-

2 Problem formulation

2.1 Setup and preliminaries

The linear dynamics of the mean-field state equation with randomized controls and common

noise is described by
dX; = |BX;+ BEy[X;|+ D / aﬂ't(da)} dt + ydW; + yodW, (2.1)

on a probability space (2, F,P) supporting two independent Brownian motions W (the idiosyn-
cratic noise), and WO (the common noise), of dimension d and dy. For convenience, we
choose the probability space in the product form (20 x Q', 7O @ F!, P* ® P!), and denote by
F! = (F})i>0 the right-continuous P! —completion of the canonical filtration generated by W,
and by FO = (F?);>0 the right-continuous P’ —completion of the canonical filtration generated
by WY, The initial condition Xp is an Rerandom variable, which is G-measurable, where G is
a o-algebra independent of (W, W?°). We denote by F = FO v F! v G.

Here, Eq[.] stands for the conditional expectation given F°, B, B are constant matrices in

0 is a constant matrix

R4 D is a constant matrix in R¥*™ ~ is a constant matrix in R%*¢, ~
in R4 and in the sequel, we shall denote by B:= B+ B.

The randomized control 7 = (7;); is an F-progressively measurable process in Po(R™), the
set of probability measures on the action space A = R with a finite second order moment.
We shall consider randomized controls 7 with densities a — p¢(a), t > 0.

The infinite horizon LQ MFC problem consists in minimizing over such randomized controls

7 the quadratic cost functional with entropy regularizer of parameter A > 0:
TN = B[ [ e (X1QX + Bl X QEo(X)
0

+ /aTRa 7y (da) +)\/logpt(a)7rt(da))dt}.



Here Q, Q are constant matrices in S% such that Q >0, Q :=Q+Q >0 and R € ST, . Notice
that the cost functional is written equivalently as

J(m\) = E [ /0 T ((Xt — Eo[Xi])TQ(X, — Bo[X1]) + Eo[X,]"QEe[X)]  (22)

+ /aTRa m(da) —l—)\/logpt(a)ﬂ't(da))dt}.

Assumption 2.1. The two following Algebraic Riccati Equations (ARE) for K € S% and
A € S? respectively admit a unique positive definite solutions:

—BK+KB+B'K+Q—-KDR 'D'K =0, (2.3)
—BA+AB+BA+Q—ADR'D'A= 0. (2.4)

Remark 2.1. According to Section 6 in [2], the condition: @ > 0, =Q+Q >0,R >
0, guarantees the existence of positive definite solutions to (2.3)-(2.4) and Assumption 18
specifically for ensuring uniqueness.

Under Assumption the optimal randomized control, solution to (2.2)) is given in feedback
policy form as w} = 7*(.| X} — Eo[X}], Eo[X}]), where 77*(.|y, 2) is the normal distribution

A
|y, 2) = N( —R'D'Ky— R'D"Az: §R*1), y, 2 € RY, (2.5)

and where (X )tE[O,T] is the state process with randomized control 7w* and (K, A) is the unique
positive definite solution to (2.3)-(2.4). Moreover, the optimal cost is given by

J(r*A) = K:M+A:M+v()) (2.6)

where 1 1
M := Var(Xy) + B’Y’YTa M = E[XoJE[Xo]" + 57076’
1 Am A =0

Here, Var(Xg) denotes the covariance matrix of Xy. In Appendix [A] we state and prove this
result in a more general case.

Throughout the remainder of this paper, we shall also assume that the following assumption
is in force.

Assumption 2.2. M,M belongs to S‘;r, i.e. amin(M),amin(M) > 0, where omin(-) denotes
the smallest eigenvalue of a square matrix.

Remark 2.2. The above assumption for M is satisfied when Var(Xo) > 0. As for M, denoting
by 70 = [E[Xo], %’m] € R+ " the qugmented matriz formed by E[Xo] and o, we have
M = Y075 Thus, M > 0 if and only if 3o is of rank d, which requires that that do > d — 1.



2.2 Model free perspective and reparametrization

In this section, we are interested in the model-free setting for the linear mean-field dynamics
of state process, i.e., when the parameters B, B, D,~, in are unknown, and so the
optimal policy in (2.5) cannot be implemented from the unique solution to the Riccati system
E3-ED.

Motivated by the Gaussian distribution of the optimal randomized policy, whose mean
is a linear combination of V; = X; — Eo[X;] and Z; = Ey[X;], we propose the following
parameterization of the randomized policy:

A
T (ly,2) = N(0y + 2 §R_1), y,z € RY,

where © = (6,¢) € (R™*%)? are the two-parameter matrices to be optimized. The density of
the parametrized randomized policy is explicitly given by

det(R) (

1 T
A exp( — ~(a—(0y+¢z))"R(a — (By + Cz)))

aERm>—>p®(y,z,a) = 3

The associated dynamics of the parametrized process (XP), starting from Xé9 = X, is given
by

dx® = [BX? + BEo[XP] + D / awt@(da)} dt + AW, + 7od WP, (2.8)

where w9 = 79(-| X2 — Eo[XP], Eo[XP]), with density pP(a) = p®(XP — Eo[XP], Eo[XP], a).
The corresponding cost function, now defined as a function on (R™*9)? is expressed (with a

slight abuse of notation) as follows:

J(0,CA) = J(w®;N)

J
= ]E[/Oo e (X = Eo[ X)) QXY — Eo[XP)) + Eo[X " QEo[X]

0
+ /aTRa w2 (da) + A / logp?(a)ﬂt@(da))dt] (2.9)

where Q := Q + Q, with the objective of minimizing the parameterized cost function J 0,¢;N)
over © = (6,¢) € (R™*9)2. Tt is clear from (2.5) that inf J(mw;\) = iréf J(0,¢;N), and the

solution to this minimization problem is given by
0* = —R'D'K, (* = —R DA, (2.10)

where (K, A) € (SciJr)2 is the solution to the ARE (12.3) and (2.4)), ensuring that J(6*,{*;\) =
J(*5N).



Let us introduce the parametrized auxiliary processes
YO = XP -Eo[X7), Z7 =Eo[XP], t20, ©=(0,¢)€®R™)

By observing from the definition of 72 = 79 (-|V;®, Z?) that
/aﬂ'?(da) = 0YP +¢z?, Eo[/aﬂ?(da)} = ¢ZP,

we see from ([2.8)) that the dynamics of (Y'©, Z®) is decoupled and governed by

dY;® = (B + DO)Y,Pdt + ~dWy,
{ t (B + DO)Y,”dt + vdWy £>0 (2.11)

dzP = (B4 D¢)zP dt +~°dwy,

with Y? 1= Yy = Xo — E[X¢] and Z§ := Zy = E[Xy]. Notice that Y© (resp. Z®) depends on
O only via the first (resp. second) component parameter 6 (resp. (), and we shall then write
Y0 =Y® z¢ = Z°.

Moreover, by noting that

/ " RawP(da) = 0V + C(Z) ROV + (25 + 20"
m m
/logp?(a) mi(da) = ——-(1+log(27)) — 510g|m|

the parametrized cost in (2.9) can be written as a quadratic function of (Y, ZtC ), namely:

J0.60 = B[ [T (040)7(@+ ROV + (Z)7(@ + RO ZE )ae] + 0O,

recalling that v(\) is given by (2.7). An important observation is that it can be decomposed
as follows

J(0,6A) = J1(0) + J2(C) + v(N),
where
Ji(0) == (Q+07RO) : g, Jo(C) := (Q+(RC) : 3, (2.12)
with

I :—/ e PRV (V) ]dt, 2. :—/ e PR ([Z5 (Z8)]dt, (2.13)
0 0

so that the minimization over © = (6, () amounts to separate minimization problems:

inf Jy(0), and inf  J2(Q). (2.14)
QERde CERde



In fact, we now demonstrate that the two aforementioned minimization problems over 6
and ¢ can be reduced to suitable smaller sets defined by

S = {0 eR™4. B~ g[d + D0 is stable}, S = {C eR™:. B — g[d + D( is stable},

recalling that B=B+B , on which the problem is well-posed.
Lemma 2.1. The minimizers in (2.10) satisfy 6* € S, (* € S, and thus

inf J1(0) = inf J1(0), and inf Jy(f) = inf Jo(6).
gcRmxd 0eS ¢eRmxd ces
Proof. The ARE ([2.3) for K rewrites as
(B — gld ~DR'D'K)'K + K(B — gld ~DR'D'K) = —(Q+KDR'D'K).(2.15)

Since @ > 0 then Q + KDR™'DTK > 0, hence all the eigenvalues of the matrix on the r.h.s.
of (2.15)) are strictly negative. Moreover, since K > 0, if the matrix (B — gld — DR™D'K)
has a non-negative real part eigenvalue, then the largest eigenvalue of the matrix on the Lh.s.
of (2.15) is non-negative and therefore cannot be equal to the matrix on the r.h.s. It follows
that B — g[d — DR™'D7K is stable, which means tht §* € S.

Similm:ly, by using the ARE ([2.4]) for A, we show that B— g[d — DR™'D7A is also stable,
ie, (" eS8 O

We now state a characterization of the two matrices £y and ﬁlg defined in (2.13).

Proposition 2.1. Forall® € S,( € 3, the matrices %9 and 2( are well-defined in S and are
the unique positive definite solution to the following Algebraic Lyapunov Equations (ALE):

%9+ (B + DO)Sy + So(B + DO + M = 0,
B8 4+ (B + D¢)S¢ + S¢(B+ D)+ M = 0.
Proof. Cf Appendix [B.]] O

(2.16)

We conclude this section by providing an alternate useful expression of the cost functions

Jp and Js defined by (2.12)) on which the minimization over § € S and ¢ € S will be performed.
Proposition 2.2. For all € S,( € S, we have

J1(0) = Kp: M,  Jp(¢) = A¢: M,

where K¢ and A¢ are the unique elements in SiJr solutions to the ALE

—BKg+ (B+ DO Kg+ Kg(B+DO)+Q+60"RI= 0 (2.17)
—BA; + (B+ D) A¢ + Ac(B+ DC) +Q + (TR¢ = 0. (2.18)
Proof. Cf Appendix O

Remark 2.3. Note that, according to (2.6)), we have K¢« = K and A¢x = A.



3 Model-based PG algorithm

In this section, we establish the convergence of the gradient descent algorithm towards the
optimal parameters (6*,(*) assuming full knowledge of the model parameters, thus allowing
for the exact computation of the gradient. This foundation will facilitate the learning of
optimal parameters in the model-free setting in the subsequent section, despite the nonconvex
optimization framework. Furthermore, the gradient descent method in the model-based scenario
offers an alternative to solving the Riccati system —, which is computationally intensive,
while the convergence result (Theorem remains dimension-free.

Given (0[0], C[o}) €S xS, the updating rule at step k£ > 0 for the exact gradient descent of
the minimization problem is given by

{e[lm} = O — pVI1(0p),
Cr1] = S — PV I2(Cr))s
where p > 0 is the constant step size (learning rate), and V.J;1(6) and VJ2(() are the gradients

(3.1)

of J1 and Jy with respect to their respective parameters.

3.1 Gradient domination condition

We first provide an explicit formula for the gradient that will be used for the implementation
of the (exact) gradient descent rule.

Proposition 3.1 (Expression of the gradients). For 6 € S, { € S, it holds
VA(0) = 2EpYe, and VJo(C) = 2E:3,
where Eg = RO + DKy and E; = R+ DA,
Proof. Cf. Appendix [C.]] O

Next, to assess the convergence of the aforementioned gradient descent algorithm in this
nonconvex landscape, we will demonstrate that the cost functions J; and J, satisfy a Polyak-
Lojasiewicz (PL) inequality on S and S, respectively, also known as the gradient domination
condition.

Proposition 3.2 (Gradient domination). There exist two positive constants ki, ke > 0 such
that for any 0 € S, € 3,

Ji(0) = J1(0%) < milVLO)F,  and Q) = S(CF) < R V(O

More precisely, the constants k1 and ko are given by

o ISl o el
40m1n(R)072712n(M)7 40mm(R)02 (M)

min

Proof. Cf. Appendix [C.2] O
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3.2 Global convergence of model-based PG algorithm

For fixed E,é € R4, we define the level subsets of § and S as follows:
s) = {oes: n@y<t} ad S() = {ces: b <i).

In the sequel, we shall naturally restrict to £ > J;(6*) and /> J2(C*) to avoid empty level sets.

We now show that both gradient maps 6 — V.Ji(0) and ( — VJy(() are Lipschitz-
continuous on S(a) and S(a) respectively.

Proposition 3.3. There exist explicit positive constants
L(6) = L(t;0min(Q)s omin (M), | BR[| | DIl . J1(67)), (3.2)
L(€) = L(& 0min(Q), omin (M), [ Rl F, | Dllr, J2(¢7)),
such that 0 — V.J1(0) is L({)-Lipschitz continuous on S(¢) and ¢ — V.Jy(C) is L(f)-Lipschitz
continuous on S(¢), that is, for all 6,0 € S(¢) and all ¢, ¢ € S(0)
IVAO) = VA@) e < LON = 0llr, V) = VROl < LOIC =l

Proof. Cf. Appendix [C.3| O

The following theorem is the main result of this section and states the linear convergence
rate of the gradient descent method. A key point is to prove that the sequence (0, (i) x>0
always lies in S(¢) x S(¢) provided that one starts from an initial point (6|, (o)) € S(£) x S(¢)
with a suitably chosen common step size pg = p¢ := p > 0.

Theorem 3.1 (Global convergence of the exact gradient descent method). Let (0[], (j]) €

S(0) x 8(¢) and select a constant step size p € (0, =2=) where

L(2,0)
L(,0) = max (L(¢), L(0)).

Then, the sequence (0, (k) )k>0 generated by the exact GD algorithm (3.1) stays in S(£) XS(E)

Moreover, for any fized accuracy € > 0, we achieve
J(Ogs Crps A) — J(07,C5A) <

with a number of iterations satisfying

13
k> log (J((’[o]’C[o])*J(G*,C*))

- _ p2—pL()y
log (1 20(0,0) )

where

2 1
k((,0) = max </€1, K9, E(f,é)) + 3

11



Remark 3.1. In the model-based case, since we can compute J1 and Jo explicitly, one can
choose a = J1(0)g)) and a = Ja(Cjo)) for any (0o}, o) € S x S.

The proof of the above convergence result is based on the following stability result which
shows that both S and S are stable by the one step transition of the GD algorithm.

Lemma 3.1. If 0 € S(0),0 # 0* and ¢ € S(),¢ # C*, then for all p € (0,+2=) =

(O,min(%, %)), it holds

6, = 0—pVJIi(6) € S(t), ¢ = ¢—pVh(() € S(0).
Proof. For a fixed § € S(¢), we let
pmax = sup {p' > 0: 0 — pV.Ji(0) € S(¢),Vp € 0,91}
From the first order Taylor expansion and the continuity of V.Ji, one has
J1(0p) = J1(0) = p| VI (O) [ + o(p)-

Since § # 6*, we have ||[V.Ji1(0)||% > 0 and then for all p small enough, we have J;(6,) <
J1(0) < £ which implies that §, € S(¢) and thus pmax > 0. Moreover, from Proposition
where it is shown that S(¢) is bounded, we deduce that ppax < +00.

The definition of pmax implies that for any p € (0, pmaz] and any ¢t € [0,1], t0, + (1 —t)0 =
0 — (tp)VJ1(0) = 0, € S(¢) since tp € (0, pmax)-

Now the second-order Taylor’s expansion for Ji(f) combined with the local Lipschitz
continuity of V.J; stated in Proposition [3.3] guarantees that

L(a)

(6, < 1) + (T5(6).6, - 6) + g, — o). (3.3
Suppose that pmax < %. From the continuity of p — J1(6 — pVJ1(#)), and the definition of
S(¢), we have J1 (0 — pmaxVJ1(6)) = £. Then, by (3.3)), we get
2 sz(a)

Ji1(0 = pVJ1(0)) < J1(0) = pl[VIL(O)|IF + IV J1(0)] % (3.4)

2
which implies (as 2 — pyar L(¢) > 0) that

J1(0 = pmaxVJ1(0)) < J1(0) < L.

This contradicts the fact that J; (H—pmaXVJl(H)) = £. Therefore, we conclude that ppax > %

and for all p € (0, %), 0, =0 —pVJi(0) € S(¢). Similar arguments show the result for

12



Cp- In particular, one shows that for all p € (0, %), ¢, € S (é) In conclusion, for all

pE (O,min(%, ﬁ)), it holds at the same time

0, = 0—pVJi(0) € S(¢) and (, := ¢—pVh(() € S().
O

Proof of Theorem Start from some fixed stabilizing initial parameter (6, () €
S(0) x 8(¢). Since L(£,7) = max(L(¢), L({)), by choosing a step size p € (0

guarantees that

2
) m), Lemma

Oy = O — pVIi(0g) € S(O), and  (py = (o — pVh((o) € SO).
Moreover, by (3.4)), the following inequalities hold

J1(01) — J1(0p))
J2(Cpp) — J2(Cop)

=@ 7 1, (60 |1%

s (3.5)
=2R=pLED) |17 7, (o) |2

<
<

The definition of n(ﬁ,f) together with the gradient domination condition of Proposition
ensures that for all 0 € S(¢), ¢ € S(¢)

J10) = J1(07) < K(DIVIOF,  J2(C) = Ji(C) < KE OV I(O)]F

2
and that for all p € (O, m)

260, 0) €@.1)
Hence, coming back to , we deduce
—p(2 — pL(L, 0
B(O) ~ h(0g) < it @() (J1(8) = 11(67)),
—p(2 = pL(L, 0
R - Bl < A ; gf) (Ja(ap) — 12(¢")

Ty, ¢y A) — T (Op): Cops A) = (J1(0p7) — J1(0p0))) + (J2(Sp) — J2(Coy))

IN




By a direct induction argument, at each step & > 0, it holds

—p(2 = pL(£,¢ .
JOps1)s Cer1p A) — SOy, Cupp A) < Gl ) (SO, S A) = J(0%,C55 M),
2k, 0)
so that

IO Gean ) — 0.2 < (1 DY (761, G ) — 9(60°.¢5 ).

We thus conclude

o2 = pL(t, D))

k
2r(¢, 0) ) (J Oy, Cjop; A) — J(0%,¢75 ).

J(Opys Crgs A) — J (0%, ¢ A) < <1
The above inequality readily leads to the rest of the assertions in the theorem. O

Remark 3.2. The problem of the solvability of the Lyapunov equations - have been
investigated in [25]. The main difference with our result is that the authors in [25] have shown
that if @ € S and ||0' — 0| < ¢(0) with the perturbation c(0) depending on 6 then §' € S.
Therefore, at each step 6 = 0 — pV.J(0), they choose the step size p > 0 according to VJ(6) in
order to make ||[pVJ(0)|| = ||6' — 0| the perturbation less than c(6).

Here, we adopt a different approach: we truncate S and define a compact subset S(¢). We
demonstrate that V.J is Lipschitz continuous on S(¢) with a Lipschitz constant L(€) and directly
choose the step size p > 0 according to L({), ensuring that the sequence (0y)k>0 remains in
S(0). Thus, p > 0 remains constant throughout all iterations. We refer to [16] for a detailed
description of the method we have extended to solve an LG MFC problem. It is important to
note that in (16], the only source of randomness is the initial value.

4 Model-free PG algorithm

4.1 Notations

In the model-free setting, we do not have access to the values of the functions J; and Js, or
their gradients, as the model coefficients are unknown. Hence, we combine the two parameters
0 = (0,¢) € H=R"™ x R™*4 The value function .J; + Jo is then regarded as a function
defined on H.

For all © = (0,() € H, we define the norm of © by

1©1l = \/1I01F + <11

and for ©1 = (601,(1), 02 = (02,(2) € H, their inner product is defined by

<@1,@2>H = 491 :(92 + Cl : CQ.

14



We let
R = {@:(e,g)eH : (9,4)e$><3}cH,
and, for b > 0, we define the level subset of R by
R(b) == {@ —(0,0)eR : J(©) < b}, (4.1)

where

J(0):= J(O:;A) —v(A) = Ji(0) + J2(C)- (4.2)

Note that J is obtained by removing the constant part that depends only on A from .J.

Since J; and Jp are non-negative functions, one has R(b) C S(b) x S(b). Having shown
that both S(b) and S(b) are compact subsets of R™*% we get that R(b) is bounded. The
continuity of J on H also implies that R(b) is closed. Since H is of finite dimension, we deduce
that R(b) is compact.

Finally, one can define the total gradient of J and J as

VJ(©) =VeJ(©;)) := (VoJ(0,(:A), VI (0,GA) = (VJi(0), VI(Q)).
According to Theorem [3.2] the gradient domination inequality holds:
J(O©:;2) = J(©%5X) = Ji(0) = J1(6%) + J2(¢) — J2(¢") < w[VI(O)|F, (4.3)

where x = max{k1, k2}. The same inequality also holds for .J.

4.2 Model-free PG algorithm with population simulator

In the current model-free setting, we do not explicitly know the gradient V.J(, (). Therefore,
the GD algorithm from the previous section cannot be directly applied. Instead, we rely
on a stochastic PG algorithm based on a stochastic population simulator, which provides an
approximation of the controlled MKV dynamics along with the associated cost J .
For a finite terminal horizon T > 0 and a positive integer n, we consider the uniform time
grid of the interval [0, 7] given by A := A(T,n) ={0 =1ty <t; <--- < t, =T} where t; = lh,
[ =0,1,...n, and h := % For a given positive integer N, the N interacting agents system

with states (XS’A’(j))lgjgN;oglgn evolves according to the dynamics

0,A,(5 0,A,(5 0,A,(j »~0,AN 0,A,(5
th+1 W = th v + (Bth v + Butz + Datl (J))h (4.4)
+ V(Wt(l‘i_)l_Wt(l]))+’yo(Wt(l)+l_Wt(l))a .7:177Nal:07 7n_17

where X(?’A’(j) = Xéj), ﬂS’A’N = %Z;Vﬂ Xﬁ’A’(j), and the action that the j-th agent

OAG) | 70| xOA) _ fOAN [OAN
l

takes at time ¢ = ¢; is drawn as «;’ fu, s by, ) independently
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of ((W(]))j 1, N,WO). Here, (W(j))j:Ln_,N are i.i.d. d-dimensional Brownian motions on
(QL, 7L PY) and WP is the common noise on (92°, 79, P%), and (Xéj))lngN is independent of
(WO, v, WO).

In the spirit of [21], the population simulator samples the randomized actions O‘S A7)

as

follows ,
0,A,() _ H(XG)A( 0 AG)AN

oy
0,A,N (4.5)
+Chy \/7515 , j=1...,N,1=0,...,n—1,

where the action simulation noises (Etl] )1<j<N:;0<i<n—1 are i.i.d. random variables independent
of ((X(]) W)y N, WO) with law A(0,1,,). In particular, one rnay assume that Fo is rich
enough to Support not only (X (J))1<]<N but also the sequence (étl J1<ji<N:0<i<n-

Introducing the notations wl(]) = I(W(J) Wt(l])), w) = (th“ — W})), the dynamics

ti41
(4.4) writes

X@,A(j) _ XS),A,(;‘) i (BXt?’A’(j) +BﬂS,A,N T D(H( @A G) ﬂeAN) + CASAN

tiv1
A 10 () 0
+ §R &, ))h-l—\/ﬁ’ywl —I—\/Ev()wl, j=1...,N,1=0,--- ,n—1,
(4.6)

ﬁ

and we notice that (XevA’(j))j:L.,,7N are exchangeable in law.
The discounted running cost at time ¢; of the j-th agent is defined by

o, A 0,A,(j
+ (O‘tl (J)) Ray, (J))7

and the average cost estimation of the population over the interval [0, 7] for a given © € H is
given by

—_

in_

<Runctl
7=11=0

0,A ~O,AN ~O,AN OA(
+ de” ’Btllogp (X ,(7) — N )N o (J)))

2\;“

A N
jPOP

N n
h _ O.A,(j)  ~O,AN 0,A(j)  ~O,AN (4.7)
- NZ (Ze (s “)—utl FRUXTHY — &)
j 1\ =1

0,A,(j ~0O,A, 0,A, 0,A,
+ Alog p®© (X, (J)*Htl N,Htl NO‘tl (J)))>'

16



Note that, since 3, A > 0, R and the density p® are known, the last term in the above expression
can be computed explicitly.

In the spirit of [8], see also 7] and [6], we compute in Algorithm [1] a biased estimator of
the true gradient V.J = (ng , ng ) based solely on the average cost estimation . We let
B, € R™*4 be the ball of radius r (with respect to the Frobenius norm) centered at the origin,
and S, = 0B, be its boundary. The uniform distribution on S, is denoted by us. .

Algorithm 1: Model Free Population-Based Gradient Estimation

Input data: Feedback parameters (6,¢) € S x S, number of agents N, number of
perturbations N, finite horizon T’ > 0, number of period of discrete grid n, radius 7.
for i=1,...,N do

e Sample U; and V; iid. ~ pug,

e Define perturbed feedback parameters

0;=0+Ui; G=(¢+ Vi

e Sample jp%]’gN’i via the population simulator (4.7) for © = 0; = (6;,¢;) .

end
Return: The estimations of the gradient of the functional cost with respect to
= (0,0):
N
THIO) = 5 LI
1\7
ﬁ?w’pop‘] d2N Z pAOPNZVZ

We are now in position to define our (stochastic) model-free PG algorithm. Given (6o, (o)) €
R(b), for some b > 0, recalling (4.1]), we update the parameters as follows

Opsr) = O — PV PP IO, C))s ] = g — PV NP (04, s k>0, (4.8)

for some well-chosen constant positive learning rate p.

Our main contribution is the following convergence result of the model-free PG sequence

(O == (On> (i) k>0 as given by (4.8).
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Theorem 4.1. Let € > 0 be a prescribed accuracy and p € (0, —) be the constant learning

9L(b)

rate. Then, choosing r small enough such that

r < 7(e) := min (ﬁ(b) ! !

b (6, 1/ (555 V/2) 10,1/ (355 /)

recalling that k is the coefficient in the gradient domination condition appearing in (4.3)),

choosing T large enough such that
y 1 10v2dcy (20) [k
T > T(e) = log (—— ( \[),
 c2(20) 7(g) €

choosing the number of periods in the grid n large enough such that

10v/2dT ()5 (2b) \/E

7(g) €

v

n > n(e):=

taking the number of particles N large enough such that

10v/2dey(2b, T(), 11(e)) [k
7(g) €

and finally taking the number of samples N in Algorithm ! large enough such that

e R ey I  CRTER ERVSmom ) 8

it holds

N > N(e) :=

)

J(@[k}) —J(O") <e

with probability at least 1 — 4]{:(10‘/5%‘/%)_61 m at most

: (4 9pL()
GO Jey)/los (1 =R

k:zlog(

iterations.

The proof is deferred to Section@ of the appendix. In the above convergence result, 7(b), h,.,
hi, ¢1(2b), c2(2b), c3(2b), c4(2b), hy and h/N are explicit functions whose definition is provided
in the proof. In particular, #(b) is defined in Lemma [D.1] h,, k! are defined in Propositions

c1(2b), c2(2b) are defined in Proposition ¢3(2b) is defined in Proposition
¢4(2b) is defined in Proposition and hy, h§\7 are defined in Propositions , .

Remark 4.1. Regarding the choice of b, we recall the definition of the level set, in --
and b > 0 is the superior limit of J, where J is the expected function cost J in which we removed
the known constant v(X) (since B > 0,\ > 0, R are known). Hence, a natural choice is to take
b> j(@[o}) = J(Bg) — v(A) and one can replace J(O)) by its sample average approzimation
using the average cost estimation of the population .
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5 Numerical example

We demonstrate the convergence analysis of our algorithms using a one-dimensional example
with the following model parameters:

QQ | B|B|B| v |w | D|R| X
0.10.2]0.1]0.220]0.05]0.05|0.05]|0.2| N(L,1)

Table 1: The parameters of the model

The optimal parameters (| are (6*,¢*) = (—0.00126,—0.00255). Thus, the optimal
cost is given by Jy(6*) = 0. 005051 J2(¢*) = 0.010205. Both model-based and model-free
algorithms are initialized with (6, (o)) = (=2, —2).

5.1 Model-based algorithm

In the model-based case, we can derive explicit formulas for  — J;(0) and ¢ — J2(¢), along
with their derivatives Jj(6) and J5(¢), using the results obtained in Sections [2[ and

We evaluate the PG algorithm (Algorithm using three different step sizes: p =
0.5,0.9,1.2. Figure [1] illustrates the convergence of the sequence (6}, (x))n>0 towards (6%, ()

in terms of the number of iterations.

—0.25 4

—0.50 1

—1.50

=1.75 1 =1.75

—2.00 A —2.00

fterations Iterations

Figure 1: Convergence of the sequence (6}, (j])k>0 towards (6%, ¢*) (dashed lines).

Then, Figure [2] illustrates the convergence of the cost functions J; and Js by plotting the
relative errors k — (J1 () — J1(0%))/J1(0%) and k — (Ja(Cry) — J2(C7))/J2(C7).
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Figure 2: Convergence of the error rates (Ji(0p))) — J1(6%))/J1(6%) and (J2(Cpy) —
J2(¢*))/ Ja(67).

The PG algorithm demonstrates very good performance. The error and the error rate
of the value function converge to zero after roughly 200 iterations for different values of the
learning rate.

5.2 Model-free algorithm

We use the following parameter values for the model-free PG algorithm:

T| n | N| N | r A
1| 100 | 100 | 100 | 0.05 | 0.001

Table 2: Parameters of the model-free PG algorithm.

The optimal cost corresponding to the parameters given in Table [1|is J(6*,*) = 0.015360.
First, we test whether the parameters in Table [2| allow for accurate gradient estimations. In

Figure 3} we evaluate this for (6o}, (jg)) = (=2, —2), by generating 100 gradient estimations
using the gradient estimation algorithm (Algorithm .
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Figure 3: 100 gradient estimations vs exact values of VyJ(0,() and V¢J (6, () (dashed lines).

In the figures above, the vertical coordinates of the points represent the estimated gradients,
with the dashed line indicating the exact gradients. We observe that most points cluster
around the dashed line, remaining within 10~2 above and below it. This suggests that, with
high probability, the error in gradient estimation is controlled within 1072, indicating that the
parameters in Table [2| are well-chosen.

Our main result (Theorem is established for a constant step size p > 0. However, from
a numerical standpoint, one might consider exploring adaptive selection of p by adjusting it
based on the observed behavior of the cost function J. Specifically, if p > 0 is in an acceptable
interval (an open interval), the cost function J should decrease. According to the findings
of the model-based algorithm, increasing p (while ensuring it remains within the acceptable
interval) may accelerate convergence.

Therefore, we can initialize with a p > 0 and run the algorithm for several iterations (e.g.,
100) initially. If we observe a clear downward trend in the (estimated) cost function J, it
indicates that our chosen p > 0 falls within the acceptable interval. We can then consider
increasing p slightly to potentially accelerate convergence. Conversely, if we do not observe a
decreasing trend, we should consider reducing p > 0.

The above results are based on the following choice of the step size as a function of the
iteration index k:

0.5 if k£ <100,
p(k) =< 0.9 if 100 < k < 200,

1.2 if 200 < k£ < 350

In Figure {4 we observe the convergence of both sequences (0j))k>0 and (j)r>0 towards
6* and (* respectively.
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Figure 4: Convergence of the sequences (0 )r>0 and () )x>0 towards 0* and ¢* (dashed lines).

In Figure , we plot the error (J (6, () — J(0%,C*))k>0 (on the left side) and the error
rate (J (O, Cpry) — J(0%,¢7))/J(0%,C*))k>0 (on the right side) as a function of the number of
iterations. As in the model-based case, we observe excellent performance of the policy gradient
algorithm. Both the error and the error rate on the value function vanish after approximately
200 iterations.
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Figure 5: Convergence of the cost error J (0, {r)) —J (6%, ¢*) and error rate (J (O}, (i) —J (0%, ¢*)) /T (6%, CF).

A Explicit solution to LQ MFC

Let us consider the more general linear mean-field dynamics

dX; = (BXt + BEo[Xy] + D fa‘rrt(da))dt
+ (v 4+ FXy + FEo[Xy])AW; + (0 + FoXt + FoEo[Xy])dWY, (A.1)
Xo ~
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and a quadratic cost with entropy regularizer
J(m) = E| / e (XFQX: + Bol X ] QEo[ X
0

+ /aTRa m¢(da) +)\/logpt(a)7rt(da))dt}

to be minimized over randomized controls m = (m;); with density a € R™ — (p¢(a)); of
feedback form: m; = 7(.|t, X;, Eo[X¢]) for some randomized policy (t,z,u) — w(.|t,x,pn) €
Po(R™). For simplicity of presentation, we assume here that W and W are one-dimensional
Brownian motions, see Remark for the extension to the multi-dimensional case.

Theorem A.1. Assume that the two following coupled Riccati equations for K € S and A € S%
have a unique positive definite solutions

—BK+Q+KB+B'K+FKF+FKFy—KDRDK =0
—BA+(Q+Q)+A(B+B)+ (B+B)'A+ (F+ F)'K(F+ F) + (Fy + Fo)"A(Fy + Fp)
—ATDR™'DTA =0,
(A.2)
Let (K,A) € (Sng)2 be the unique positive definite solutions to (A.2) and Y € R be the
solution to

—BY + (B+ B)'Y + (F + F)'Ky" + (Fy + Fp)"Ay) — A"DR™'D'Y =0 (A.3)

Then the optimal randomised control is of feedback form with Gaussian distribution, namely
for allt >0, ©f(-) = 7*(:| X}, Eo[X}]) with

A
™ (|x, %) = N( —R'D'K(x—Z)— R 'D'AZ - R™'DY; 23—1>

J(m*) = E[(Xo — E[Xo])"K (X — E[X0]) + E[X0o]"AE[X0] + 2Y 7 X,

A

where X* is the unique solution to (A.1l) with = = w*. Moreover, the optimal functional cost
1 Am A
— K "Avo— Y'DR™'D'Y — “—log(2n) — = log | ———
+ <7 7+ %A% 2 0g(2m) 2 o8 2det(R)

satisfies
; )

Proof. We employ the same Martingale approach as in [9] and [2] to prove that #* is the

optimal policy, noting that the value function is time-independent in the infinite horizon case.
In what follows, we omit the dependence of the process w.r.t the control.

Step 1. Let us consider the function defined on R? x Po(R?) by w(x, u) = w(z, fi), recalling
that i stands for the mean of u, where w is defined by

w(x, %)= (x—Z)K(x—Z)+ T AT +2Y"z+r, R?xR?
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for some matrices/vectors K, A € Si, Y € R? and r € R. Then, given 7 € II with density p
and X := X™ the unique solution to (A.1)), we introduce the following process

ST = e Plw (X, Bo [ X,]) + /0 o ((XS)TQXS + Eo[X]"QEo[X]
+ /aTRaﬂs(da) + )\/logps(a)ﬂs(da)>ds, t>0,
where we set pi(a) = m(a) the density function of 7 for t > 0. Note that Eo[X;] satisfies
dEo[X¢] = ((B + B)Eo[X¢] + DEo| / amy(da)])dt + (o + (Fo + Fo)Eo[X¢])dWy.
Step 2. The derivatives of w are given by
0,w(z,z) =2K(x —7)+2Y, Ozw(x,z)=—2K(z— )+ 2Az,

02, 0(x,7) = 2K, 02w(x, %) = 2(K +A), 0%w(x,z) = 02,0(x,7) = —2K.
Moreover, using the dynamics of X; and E¢[X], we obtain

(X, X)e = ((v + FX¢ + FE[Xi]) (v + FX¢ + FEo[X;])T
+ (Y0 + FoXi + FoEo[X¢]) (0 + Fo Xy + FoEo[Xy])T) dt,
d(Eo[X], Eo[X])¢ = (70 + (Fo + Fo)Eo[X¢])(v0 + (Fo + Fo)Eo[Xy])" dt,
(X, Eo[X])t = (0 + (Fo + Fo)Eo[ X)) (0 + FoX: + FoEo[X;])T dt.

Applying Ito’s rule to (w(X¢, Eg[X¢]))t>0, we obtain
1
dw (X, Eo[Xy]) = 0pw( Xy, Eo[ X)) - dXy + Oz (X, Eo[ X)) - dEo[Xy] + gﬁgzﬂ)(Xt,Eo[Xt]) s d(X, X))y

% 020 (X¢, Eo[Xy]) + d(Eo[X], Eo[X])¢ + 0%5w(Xe, Eo[Xe]) : (X, Eo[X])e

( (Xt — Eo[Xy])TK + YT)(BX; + BEo[X/] +D/a7‘rt da))
+2(= (X ~ BolX)K + EolXJ"8) (B + BIEo[X,] + DEo| [ ami(da))
+ (K, ((’Y + FX; + FEo[X4))(y + F Xt + FE[X:])" + (v0 + FoX: + FoEo[Xt]) (0 + Fo Xt + FoEo[X:])T))
+ (K + A, (Yo + (Fo + Fo)Eo[Xy]) (0 + (Fo + Fo)Eo[X¢])T)
+ (=2K, (o + (Fo + Fo)Eo[X4]) (0 + Fo Xy + FOIEO[Xt])T)> dt + ( N )th + < . .)thO

(A.4)
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and taking conditional expectation [Eg on both sides of the preceding equality

2((X; — Eo[Xy))'K + Y™)(B(X; — Eo[X4]) + (B + B)Eo[X] + D / am(da))

dEO [U)(Xt, Eo [Xt])] = (EO

+2( = (X — Eo[X¢])TK + Eo[X4]TA) ((B + B)Eo[Xy] + DEO[/ amy(da)])

+ (K, (v + FX¢ + FEo[X¢]) (v + FX; + FEo[X¢])" + (70 + Fo Xy + FoEo[X¢]) (70 + Fo Xy + FoEo[Xi])T))

>dt+ (...)thO.
(A.5)

Step 3. Referring to Lemma 6.3 in |2, we try to show that ¢ € Ry +— E[S]] is non-decreasing
for all w € IT and t € Ry — E[ST *] is constant for m*. Applying Ito’s formula to S and

+ (—K + A, (70 + (Fo + Fo)Eo[X¢]) (0 + (Fo + Fo)Eo[Xy])™)

taking expectation we get
dE[ST] = e P'E[DF]dt.

with

— 80X, Eo[Xi]) + LE[@(X,, Eo[Xi])] + X QX + Eo[X.]"GEo[X]

dt
+ / a"Ramy(da) + A [ (logpi(a))me(da).

Then, using and -, we obtain

% 4 B Ro[@(Xy, Eo[X.])]

E[w (X, Eo[Xy])] = a

—E|(X; — Eo[X))) (KB + B'K + FTKF + FJKFy)(X; — Eo[X}))

+Eo[X4]"(A(B+ B)+ (B+ B)'A+ (F+ F)'K(F + F) + (Fo + Fo)"A(Fy + Fp))Eo[X1]
+2(Y"(B+ B) + v K(F + F) + 7 A(Fy + Fo)) Xt

+ T Ky + A0

2((Xt — Eo[X4])TKD + Eo[X4]"AD + YD) /A ami(da)
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so that

EDF] =E|(X; —Eo[X¢))"(-BK + KB+ B'K + FTKF + FJKFy + Q)(X; — Eo[Xy])

+ Eo[ Xy (=BA+ A(B+B) + (B+ B)'A+ (F + F)'K(F + F) + (Fy + Fo)"A(Fo + Fp) + Q + Q)Eo[X{]
+2(=BYT+ Y (B+ B)+ v K(F+F) +A(Fy + Fo)) Xy

+ /aTRam(da) + 2((X¢ — Eo[X¢])"KD + Eo[X{]"TAD + YD) /am(da) + A /(logpt(a))ﬂ't(da)

+ Ky + iM% — ﬁT] :

Step 4. We introduce the map

I(m) = Eo /aTRaﬂ't(da) +2((X¢ — Eo[X¢])"KD + Eo[X{]"TAD + YD) /am(da) +A /(logpt(u))'rrt(du)] .

Following the approach outlined in Step 3 of the proof of Theorem B.1 in [9], the optimal policy

that minimizes I is given by:
A
7 (| Xy, Bo[X¢]) = N(—=RID'K(X; — Eo[Xy]) — R™ID™AEy[X;] — R™'D"Y; 5R—l)
and the infimum writes

I(7}) = Eo [ — (X; —Eo[X4])' KDR™'D'K (X; — Eg[X{]) — Eo[X:]"TADR™ DT AEq[X;]

—2Y'DR™'D'AX; - Y'DR™'DY | — ATm log(27) — = log
Step 5. Noting that R is strictly positive-definite, for all v € II, we have
E[Df] =E [(Xt —Eo[Xi))(-BK + KB+ B K+ F'KF+ FJKFy + Q)(X: — Eo[Xy])
+Eo[X¢] (=BA+A(B+B)+ (B+B)"A+ (F+ F)"K(F+F) + (Fy + Fo)"K(Fo + Fo) + Q + Q)Eo[X{]

+2(=BYT + Y (B+ B) + v K(F + F) + 7{A(Fo + Fo)) Xt + (K, ") + (A, v018) — Br + I(my)

>E|(X; —Eo[Xy))"(-BK + KB+ B'K + FTKF + FJKFy+ Q — KDR™'D™K)(X; — Eo[X/])

+Eo[X¢] (=BA+A(B+B)+ (B+ B)'A+ (F+ F)'K(F + F) + (Fy + Fy)"A(Fy + Fp)
+Q+Q—ADR D NEo[Xy] +2(—=BY "+ Y (B + B) + v K(F + F) + v A(Fy + Fp)
A

2det(R)

A A
—Y™DR'D'A)X, + v K~y 4+~ Ayo — fr — YTDR™'DTY — Tm log(2r) — 3 log
(A.6)
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Now, taking (K, A,Y) as the solutions to (A.2)-(A.3) and letting
A

1 Am A
= (K "Ao—Y'DR'DY — Z—log(2n) — =1
" 5(7 7+ %A% R 5 10g(2m) — 5 log 2 det(R)

)

we observe that the right hand side of (A.6) vanishes, which means that for all = € II, E[D]] >
0. Moreover, equality in (A.6) holds true for # = 7* so that

;E%E[Dt ]= E[Df ]=0.

We thus conclude that for any 7 € II, ¢ + E[ST] is non-decreasing on [0, +0c) and ¢ — E[S]]
is constant on [0, +00) which eventually implies
J(7*) = E[ST] = E[ST ] = Elw(Xo, Eo[Xo)])]-

The proof is now complete. O

Remark A.1. According to Section 6 (2], if R >0, Q > 0 and Q=Q+Q >0, the existence
of a positive definite solution to the coupled Riccati equations (A.2) is guaranteed and the
assumption is specifically for the uniqueness part.

Remark A.2. As noted in Remark 5.2 in [2], one may extend Theorem to the case where
W and W° are multi-dimensional Brownian motions. One may consider W = (Wt{l}, ces Wt{q})tzg
(resp. W9 = (Wto’{l},...,Wto’{q()})tzo) is a g-dimensional (resp. qo-dimensional) standard
Brownian motion and the dynamics of the controlled state process writes as

AX] = (BXT + BEo[XF] + D [, amy(da))dt + S0, (0 + FUXF + FOEXF])aw

+ X+ F X+ R aw

X~ p.

B Proof of Propositions and

B.1 Proof of Proposition [2.1

We first provide two auxiliary technical results.
Lemma B.1. (Solution to the ODE for symmetric matriz-valued function)
Let T': [0,T] — S% be the solution the following ODE
dr’
CT; =T A"+ AT, + O (B.1)
for some A € R and O € S®. Then, it holds

'y = exp(tA)Tgexp(tAT) + /0 exp(—(s —t)A)O exp(—(s — t)A")ds,

— \too AT
- n=0 n! -

where exp(A) :
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Lemma B.2. If (0,¢) € S x S, then it holds

lim e PEY/(Y))] =0, lim e ME[Z{(Z5)T] = 0.

t——+o0 t——+o0

Proof. From the dynamics of (Yto,Zf)tZO and Ito’s rule for ¢ — E[Y,?(Y?)T] and t
E[Z; (Z7)7], we get

d(ENS(YY)T]) = B (Y))B + D) + (B + DOEY (V)] +477)dt B2)
A(ELZE(Z6)7]) = (ELZS(Z))(B + DO + (B + DOE[ZS (Z8)7] + 703) . |

Noting that both ¢ — E[Y#(Y?)] and t — E[Z¢(Z¢)T] are solution of an ODE of the form
(B.1), Lemma guarantees that

E[Y?(V#)7] = exp(t(B + DO))E[Ys(Yo)'] exp(t(B + DO)')
+ /Ot exp(—(s — t)(B+ DO))yy" exp(—(s — t)(B + DO)")ds,
B[Z8(Z)7] = exp(t(B + DO))E|Zo(Zo)"] exp(t(B + DO)Y)
[ exp(—(s = B + D g expl—(s ~ 0B+ DO)ds
so that
e PEIYY (V)] = exp(t(B — 2 I+ DO)EYO(Yo)| exp(t(B — 21, + Do)

T /0 exp(~(s ~ 1)(B ~ 2 I+ DOy exp(—(s — (B — Iy + DoY) s

e PE| 25 (26)7) = exp(t(B — 2 14+ DO))ELZo(Zo)") exp(t(B — 2 1y + D)

t
+ [ expl(—s = 08 = S 1+ DOPfexpl(—(s — 0B - 51+ DO .
0

Now, if (6,¢) € S x S, then both B — 21,4+ D@ and B — 51, + D( are stable which allows to
conclude. O

Proof of Proposition [2.1} Using the integration by parts, we have

00 0o t=-+o00

/0 e MA(BNY (Y)1) +(-B) /0 MBS ()] dt = MBS ()] = —E[(%)T):
t=0

Using (B.2) together with the previous identity, we get

| PN OEYY) = S0(B + DO+ (B+ DOYa + oy
0

= —E[Yo(Y0)"] + BZg
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so that Xy defined by ([2.13)) satisfies

1
—B%g 4+ Xg(B + DO)" 4 (B + DO)Xy + E[Yo(Yo)™] + EW =0

which in turn, recalling that M = E[Y;(Y))T] + %fwT, allows to conclude. The proof for 3¢ is
similar. We thus omit the remaining technical details.
Expressing (2.16]) in the standard form of the Lyapounov equation

(B — g[d + D)Xy + Xp(B — g[d + DO+ M =0,

(B— gld + D)% + 2¢(B —~ gfd + D¢+ M =0

and, recalling that (6,() € S x S, we conclude that they admit a unique positive definite

solution. O

B.2 Proof of the Proposition

We write (2.17) and (2.18]) as

(B — gld + DO) Ky + Kq(B — gId + D) +Q + 67RO =0,

(B~ 214+ DO™Ac + Ac(B 21,4+ DO+ Q + CR¢ =0,

Since (0,¢) € S x S, the above equations admit a unique positive definite solutions.
From the dynamics ([2.11)) of (Y}, Zf )e>0 and Ito’s rule, for all positive definite symmetric
matrix I', one has

(e (Y)TY.) = e <<Yf>T( — BT+ (B + DOYT + (B + D), + wm) dt
+ e PV Ty + 4 TY)dW,
d(e (26T ZE)) = e ((Zf)T( ~ BT+ (B+ DT +T(B + DQ)) Z; + vafvo) dt

+ e P (Z9) T + T Zs ) AW

Then, from the very definition (2.12)) of J; and J, denoting by Ky and A the respective
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unique solutions to (2.17) and (2.18)), we get

J1(0) = (Q + QTRH) 12
=F '/OO e YO (Q + GTRQ))Yt@)dt]
-J0
=K / e (YD) (BKg — (B + D) Ky — Ko(B + D&))det}

o0

e (V) (BKy — (B + DO) Ky — Ko(B + D)) Ydt + (.. .)th}
/oo q (e/gt(yf)TKG}/f)
0
and

F2(Q) = (Q+ TR : 5
:E'/ e((Z)7(Q+ RO Z)at]
-J0

o

I
r ﬁ 1 r
S—

o0 1
=-E + / e P (Y Kgy)dt = E[(Yo) KoYo] + =7 K7,
0

B

— E:/OOO e P(Z)T (BA: — (B + DC)™A¢ —AC(E+DC))Z§)dt]

= E'/oo e_ﬁt((ZtC)T(ﬁAC — (B + DC)TAC — Ac(B + DC))ZtC)dt + ( o )thO}
-J0

[ a(mraca)
0

The proof of Proposition [2.2]is now complete. O

=-F

o 1
+ /0 e Acr0dt = B[(Z0)"AcZo] + 730,

C Proofs of results for model-based algorithms

C.1 Proof of Proposition 3.1

We prove Proposition only for Ji, as the part concerning Jy follows similar reasoning.
First, we recall an auxiliary result regarding the exponential form of the solution to continuous
Lyapunov equations.

Lemma C.1. (Solution of continuous Lyapunov equation). Let W be a stable matriz and Q a
symmetric matriz. The following continuous Lyapunov equation

WY +YWT™+ Q=0

admits a unique solution Y which satisfies
(0.)
Y = / eVtQeW Tt
0
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Hence, recalling the algebraic Riccati equation (2.18)) for Ky, we deduce that
K /oo 6(B_§L1+D9)Tt(Q n 9TR0)6(3—§Id+D0)t dt.
0

In order to differentiate J;, we will rely on the following definition of the derivatives of a

matrix-valued map.

Definition C.1. (Differentiability of the matrixz applications)The map M : R™M1 XM — RM2xn2
is differentiable at X if there exists a matriz mapping: Z : R™M XM — RM2M2XTMN gy ch that
for any AX € R™1xm

vece(M(X + AX) — M(X)) = Z(X)vec(AX) + O(tr((AX)T(AX)))
where 'vec’ stands for the vectorization operator defined for Y = (yij)i<i<ni<j<m bY
’U@C(Y) = (y117 e Ynl Y125 - -5 Yn2y - - Ylmy - - - ynm)T

Lemma C.2. (Diffentiability of Ky with respect to 0) Denoting Ey = RO + DKy, for all 6,
0" €S, we have

Ky — Ky = / 6(3*§14+D0’)Tt[(E0)T(9/ - 0) + (9/ o 9)7E0 + ((9/ o Q)TR(QI _ 9)]€(Bf§1d+D9/)t dt
0
from which it readily follows that there exists a matriz Zg depending only on 8" such that
vee(Kg — Kg) = Zgrvec(d — 0') + O(]|0) — 0)|%).
Proof. Taking the difference between the two equations (2.17)) solved by Ky and Ky, we get

0= (B — g[d + DGI)TKQI + Kg/(B - g[d + Del) — ((B - g[d + DG)TKQ + Kg(B - g[d + DG))

+ (0')"R0 — 0"RO

= (B - gld + DO ) Ko + Ky (B — gld + D)

—(((B - é] + D) — DO —0)) Ky + Ko((B — gld + D0y — D —0))
+ (0 —0+0)R(O —0+0)—0"RO
=(B—

+ (0 =)D Ky + KgD(0' —0) + (0 —0+0)"R(0' — 0 +0) — 07RO

w\m

1; + Do’ ) (Ko — Kg) + (Ko — Ky)(B — gId + DG’)

= (B~ S1u+ DY (Ky — Ko) + (Ky ~ Ko)(B ~ 1+ DY)
+ (6" — 0)T(RO + DKqg) + (RO + DTK)'(¢' — 0) + (¢ — 0)TR(6' — 0)
= (B - g[ + D¢’ ) (Ko — Ky) + (K¢ — Ky)(B — gjd + D@l)

+ (0 — 0)"Ey + E5(0' — 0) + (6 — 0)"R(0' — 0)
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so that Ky — Kp is the unique solution to the following Algebraic Lyapounov equation for Y

B B
2 2
From Lemma [C.1] we thus obtain

(B—ZI,+DO)Y +Y(B—SIy+ D)+ (6 — ) Eg+ E}(0' — 0) + (68 — 0)TR(6' — 6) = 0.

Ky — Ko = / B3PI (g — )Ty + Ej(0'—0)+ (0 —0)"R(0' — §)]e(B—31a+DONt gy
0

The previous identity directly gives
0

= ( / e(B=3 1t DOt @ o(B=S Lt DOV A1) yec (0 — 0)T By + E(0 — 0) + (0 — ) R(0 — 0))
0

— ( / e(B= 31t DOt @ o(B=5 Lt DOV yec (0 — 0)T By + (Ep)™(0) — 0) + U)
0

where

U= ((9/ — Q)TR(QI — 9) + (Eg — ng)T(G’ - 9) + (9/ — Q)T(Eg — Eg/)
=0 —0)R(O —0)+ (Ky — Kg))D(O —0)+ (0/ —0)"D"(Ky — Ky)
= O(/|¢' — 0l%).-

Note that in the last line we again used the expression of Ky — Ky. Thus, there exists Zy that
depends on B — g[d + DO’ and Ejy such that

vee(Ky — Kg) = Zor(0 = 0) + O(||6' — 0] %).
We conclude that Ky is indeed differentiable with respect to 6. O

We recall the rules of the total differentiation of the matrices:

(1) dX£+Y)=dX +£dY

(2) d(XY) = (dX)Y + X(dY)
(3) d(X7) = (dX)"

(4) dX~ 1) = - X"1(dX)X!

We are now in position to prove Proposition 3.1l We only prove the identity for the gradient
of J1, as the gradient of Js can be treated similarly.
By the definition of the differentiation

dJ1(0) = tr(VJ1(0)7d0) = V.J1(6) : d.
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Since J1(0) = Ky : M, we have dJ;(0) = dKy : M so that
VJi(0) :d0 =dKy: M

Then, we differentiate totally the Lyapunov equation of Ky and obtain

—BdKg + dKy(B + D) + (B + D§)"dKy + K¢DdO + d0" D" Ky + 0" RdO 4+ d§TRO = 0
which writes

—pdKg 4+ dKe(B + D) + (B + DO)"dKg + E}df + d0"Eg = 0.
We then multiply from the right the above equation by ¥g. We obtain
—pdKgXg + dKg(B + DO)Xg + (B + D0)"dK¢Xg + (Ejd0 + d0™Eg) Xy = 0.
Using the fact that ¥y satisfies the equation
—BY9+ (B+DO)Ey+X9(B+ D)™+ M =0

we get

((ng ) tr( (dKy)(BYg — (B+ DO)Ey — 3g(B + DO)T ))
tr( ng Yo — ng(B + DQ)EQ - (B + DQ)TdKQZQ)
tr((Epdf + d0TEg)Xy)

2tr((EpSg)7dA)

where in the second and the fourth lines we used the commutative property of the trace
operator. Comparing the left and the right sides of the previous identity, we eventually get

VJ1(9) = 2FEp3y.
The proof of Proposition [3.1]is now complete. O

C.2 Proof of Theorem [3.2|

We here prove the Polyak-Lojasiewocz inequality stated in Theorem [3.2] We will only prove
it for Jy, as Jo can be treated in a completely similar manner. We first need the following
auxiliary result.

Lemma C.3. (Perturbation analysis of J1) For all 0,6 € S, it holds

Ji(0') — J1(0) = tr[Se ((0/ — 0+ R'Eg)"R(¢' — 0+ R 'Ey) — E}R ' Ey)).
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Proof. We have

J1(0') — J1(0) = tr((Koe — Ko) M)

tr( / B2 1t DOV (BoyT (6 — 0) + (0 — ) Ey + (6 — 0)TR(¢/ — 9)]e(3—§fd+D"’>tht)
0

o / ¢ (B=51u+D0)t o (B=5 1DV Teq) ()T (0 — 6) + (6 — 6)" Eg
0

+ (0~ 0)R(Y' —0))

_ tr(Egz((Hl — 9+ REg)R(O — 0+ R\Ey) — E;R*Eg)),
where for the last equality we used the algebraic Riccati equation of 3. O

Proof of Theorem[3.3. From Lemma [C-3] we deduce

Ji(0) — J1(0%) = tr[Se« (EJR™"Ep — (0" — 0+ R™"Ep)"R(0* — 0 + R~ E)p)]
< t1[Sg- (Ef R Ep))]
< [Zellr
o Umin(R)
© 126+ || 7
= domin(R)o 2, ()
@ |[So- | t2 (VI (0)TV 1 (6))
- 4omin(R)o2. (M) '

min

tr(EgEg)

tr(VJ1(0)V 1 (6))

The inequality () is a consequence of the inequality
tr(VJ1(0)"VJ1(0)) = 4’61"(29E;E929) > 402 (Xg)tr(EgEyp)

min

which stems from Proposition The inequality (V) follows from the fact that B — gId + Do
is stable which combined with Lemma [C.I] guarantees that

o
29 — / 6<B_§Id+D9)tM6(B_gld+D9)Ttdt t M.
0

C.3 Proof of Proposition
Let us recall that V.J;1(6) and V.J2(¢) are given by

VJi (9) = 2(R0 + DTKg)EG = 2Fy>,
V2(¢) = 2(R¢ + DTA)E = 2B.5,
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with Fy = RO + DT Ky, EC = R(¢ + D7A¢ and where Ky, A¢ are the unique solutions to
—B8Kp+ (B+ DO0)" Ky + Kg(B+ D)+ Q+0"R0 =0,
—BA¢ + (B+ DA + Ae(B+ DC) +Q + CTR¢ = 0,
and Xy, f]g are the unique solutions to
—B%g+ (B+ D0)%y + X9(B+ DO)" + M =0,
—B%¢ + (B4 D¢)S¢ + S¢(B+ D)+ M = 0.
Here again, we will only prove the Lipschitz continuity of V.Ji, as VJs can be treated in a
similar manner.
C.3.1 Auxiliary results

We start by proving some useful bounds on |0, HK9||F, HE(;HF, ||Eg|lF when 6 € S(¢), and
similar bounds for ||(||r, [|[A¢||F, HECHF’ ||E§HF when ¢ € S(/),

Proposition C.1. For all § € S({), it holds

14
K < B - -
Kol < Bdg(?) L
6
ISollF < Bds,(£) =
| R r(€— J1 (6%))
<
Bl < Ba \/ =0
| R||lF(€ — J1 6%))  ||D|lr?
<B ‘
||0HF de(e mln <\/ Umm + Umin(M)
Similarly, for all ( € SA([?), it holds
5 l
Acllp < Bdp(0) = ————,
|AcllF < Bda () D
A ; l
13¢||F < Bds.(f) = .
% Omin(Q)
; IRl = J2(¢¥))
E/|lp < Bdx(¥) = d ,
el = B0 omin (1)
I¢llF < Bde(f) = | Bllr (@~ JQ () , IDIrt 3
rnln O'Inln Umin<M)
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Before proving the above proposition, we will need the following technical result.

Lemma C.4. For all 0 € S, the following lower bound holds

* Umin(M)
Jl(e) - Jl(‘9 ) > W

Proof. Applying Lemma for =0 — R™'Ey = —R™'D"Ky, we get

1 Eol%-

JI(G) — Jl((g/) = tr(ng(Eg)TR_lEg)
so that
J1(0) — J1(6%) > J1(0) — J1(8)
= tr(Zp E}R 1 Ey)

Umin(M) O'mm(M)
~ RIF IR

where for the last inequality we used the fact that ¥y = M.

tr(EjEg) = |1 Eg %

Proof of Proposition [C]|
Step 1 (Bound for Kp). Recalling that J;(0) = Tr(KeM), we directly deduce

J1(0) = Tr(Kp)omin(M) > || Kol Fomin(M)

so that
o) _
Jmin(]\4) - Umin(M)‘

Step 2 (Bound for ¥g). We use the fact that J;(0) = tr(Xg(Q + 07 R6)) to deduce

[ Kollr <

Jl(e) > TI(EG)Umin(Q + QTRG) > HE@HFUmin(Q)

which in turn implies

J1(0) < 1
Umin(Q) B O'min(Q)'
Step 3 (Bound for Ey). From Lemma we get

| Esllr < \/HRHF(Jl(g) —10%) _ [IBIrE - J1(0*))_

13gllF <

Umin(M) o Umin(M)
Step 4 (Bound for ||6||r). We first write

6]l 7 < [|RO||pIIR |7
< RO+ DKy r + [| =D Kp|
o Umin(R)
< [Eellr + [ID][ [ Kol »
o Umin(R)
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which combined with Lemma [C.4] and the bound on ||Ky|  clearly yields

B[l (J1(6) — J1(6%)) | [|D][rJ1(6)
||9|| mm (\/ Umm ) + Umin(M> )

< | Rl|(¢—Ji(0%)) | [ID]rt
a Umin(R) Umln(M) Umin(M) ‘

a

New operators. Taking a given d x d stable matrix S and a symmetric matrix X, we define
the two operators 7  and F* by

TS(X) = / GSTXGSTTdr, fS(X) = SX + X8ST.
0
It is known that
FioT94+1=0
which means that 7% = —(F%)~!
Lemma C.5. For all H € S>+, it holds

I75(H)|IF
Omin(H)

Proof. For any unit vector v € R? and any unit spectral norm matrix X, it holds

S
71 <

vT’TS(X)v:/ tr(Xe S T ouTeS ) dr
0

o
</ tr(HeS " ouTe™)dr|H V2 X H V2|
0
=v"TS(H)w - |[HPXH2||p
<75 (H) | P, (H)
which clearly yields the conclusion. O

Lemma C.6. It holds
NTEle =175 lllr-

Proof. From the commutative property of the trace operator, for any unit vector v € R% and
any unit spectral norm matrix X, one has

o
’UTTST(X)’U:/ tr(XeTvuTed ) dr
0

= tr(X 75 (voT))
<Xl T2 (o)l
<IXNE T e llooT e = W75l
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which yields
S S
75 e < T e

Noting that S = (S7)T, the reverse inequality directly follows. O

In what follows, we introduce the notations

Eng—gld+D9 and E;=B -

C.3.2 Lipschitz regularity of X, f]c, Ky and A¢.
Perturbation analysis for >y and 24
Recalling that ¥y and fJC are the unique solution to the ALE (2.16]), from Lemma it

holds )
S =T=(M), X¢=T=<(M).

Hence, from Lemma we directly get

%]~

131
7=l < — 75l < ==

min(]\4)7 Umin(M)‘
Proposition C.2. For all 0, 0’ € S(¢), it holds
1Zer — Zollr < Lips(O)[|16" — 0] p,

where Lipy({) = w. Similarly, for all ¢,¢" € S(f), it holds

Omin

IS¢ — Eellr < Lipg (D¢ — ¢,

_ 20Dlr(Bdg(@)?

where Lz’pi(é) -

Proof. From

|75 (X) = F=(X)|[p = | D = )X + X(8' = 6)'DT|
< 2|D|lplIX||r 6"~ 0]l

we get
7= = F=*llr < 2| D]|p||6" —0||F.
Then, using Proposition and the inequality (C.1)), we get

[Zollr . Bds(f)
Umin(M) o O'min(M)'

I7=MlF <
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Since F=¢(%g) = F=¢'(X¢/) = —M we have

1S = Sl = I T(F= (Zor — %))l

= |T=(F=(So) — F=*(Zo))llr

= |T50(F= (Z0) — F=o' (Sor))ll
7= Mlle IF= = F=2 |llp (|0l
_ 2D]p(Bdy (1)
- Omin (M)

IN

2
10" =0l -
The Lipschitz regularity of i( is handled by similar arguments. The remaining technical
details are omitted. O
Perturbation analysis of Ky and A..

Proposition C.3. For all §,6' € S(¢), one has
1Ko — Kollp < Lipx (0)10" — 0]l

where
o0

Lipk (¢) = 2(Bdp(f) + ||R||[rBdg(£)) sup || [ e=0'eE)™dt||p < +oo.
0esS(¢) JOo

Similarly, one can show that for all (,{’ € S’(d), it holds

IAe = Acllr < Lipa(D)I¢" =<l

where

S - =
Lipp(0) = 2(BdE(€) + ||RHFBdC(€)) sup || e:<te(:<)TtdtHF < +oo0.
ces) /o

Proof. From Lemma [C.2] we get

Ky — Ky = / ol [(Eg) (0 — 0) + (0 — 0)"Eg + (0 — 0)TR(6' — 0)]e=e't dt
0

so that

1Ko = Kollr < [|(Eg)™(0" = 0) + (6" — 0)"Eg + (6" — 0)"R(0 — 9)||F||/ e=rteSrtat| p.
0

The compactness of S(£) together with the continuity of § € S(¢) — || [, e=0teZitdt|| p yields
subpes(o |l fo e=0teZ5tdt| p < 4+00. The triangle inequality together with Proposition gives

10" = Ol e < (16"l 7 + 1101 < 2Bdy(¢)
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so that
IE5(0" —0) + (6" —0) Eg+ (0" — )TR(6" — 0)||r < 2(Bdr(¢) + [|R]| #Bdy(¢))]|6" — ]|

Gathering the previous bounds allows to conclude that 6 — Ky is Lipg (¢)-Lipschitz
continuous on S(¢). Similar arguments yield the Lipschitz regularity of A. We omit the
remaining technical details.

O

C.3.3 Proof of Proposition

In order to establish the Lipschitz regularity of V.J; and V.J; on S({), we start from the
representation provided by Proposition Namely, one has

VJi (9) = 2Fp>y
where Ey = RO + D"Ky. Hence,
VJi(0') = VJ1(0) = 2(Ey — Eg)Xg + 2E¢(Xgr — Xg).

Noting that
Ey — Ey = R(Ql — 9) + DT(KQ/ — Kg)

and using Proposition we obtain

|Eg — Egllr < ||R||r||0" — 0||F + || D]l Ko — Kol r
< (|R||F + || D||pLipk (£))]|6" — 6]| .

The previous bound, along again with Proposition [C.3] provides

IVJL(0') — VI1(0)||F < 2||Ey — Egllr||Ze || F + 2| Eoll 2o — ZollF
< 2((||Rl|F + || D||pLipk (£))Bds(¢) + Bdg(€) Lips;(£))]|6 — 0|

Using similar arguments, we find that for all ¢, ¢’ € S(¢),

IV J2(¢) = VI(O)llF < LI = Cllr

where

A A A A

L) = 2((|R|lr + | D||rLipa(£))Bdg (f) + Bd;(£) Lipg (£)).

D Proofs of the results for the model-free algorithm

In the first subsection, we describe the strategy of the proof of Theorem [£.1] In Subsection
[D-2] we provide its proof. Several auxiliary results are postponed to the next subsections.

40



D.1 Strategy of proof of Theorem 4.1

We first solve the well-posedness problem of the perturbation of the parameters. The following
lemma is directly taken from Lemma 4 of |16].

Lemma D.1. There exists 7(b) depending only upon b € Ry, m, d and the model parameters
such that for all 0 < r < 7#(b), for any U = (U,V) € H, such that |U||p <, ||V|F <r and
for all © = (0,¢) € R(b), we have

O©+U= (0+U,(+V) € R(2D).

From now on, we assume that r > 0 is small enough (r < 7(b), 7(b) defined in Lemma |D.1|),
so that for all © = (6,¢) € R(b), for all U,V with |[U||r = ||V|r =7, (0 +U,(+ V) € R(2b).

The main ingredients of the proof can be described as follows. Denoting by VA2 J (©) =
(@QA’N’I’OPJ(@), @CA’N’W’)J(@)) € H where @HA’N”’OPJ(@) and @CA’N”"’I’J(@) are the results of
Algorithm [1], the key idea is to show that the two following events

My = {WA’N”’OPJ(GLVJ(G))H > I/lHVJ(G)H%}

(D.1)
M = {WA’N”)OPJ(G)H% < V2HVJ(9)@1}
occur together with high probability, for some v, 9 > 0. More precisely, by writing
(VANPP J(0),VI(O))u = [VI(O)|IF + (VANPP —V)J(0),VI(O))u
>V I(©) 7 — (VAN =) J(O) ||V I (©) 1
and
IVENPPIO) < VIO + (VAP =) J(O)]|n
we notice that if the event
- 1
I(VENPP —7)J(©) i < SIVI©)]m (D.2)

occurs with high probability, then so does M; N My with 1y = % and v, = %.

Next, for any fixed ¢ > 0, the P.-L. inequality (4.3|) guarantees that if © € R is such that
J(©) — J(©*) > ¢, then (D.2)) is satisfied as soon as

[N —9)J(0) |1 < &
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with &/ = %\/% . Indeed, it suffices to notice that

~ o e _1 /J(©)-J(©
|(VANP - 9)J()n < & = ﬁ 2 <51V @)l

Noting that

[N - 9)1(O) 111 = \/I(VoN — V) J(O)|2 + (VAN - V)J(0) %
we will show that for all € > 0, the event
(Vg™ PP — V) J(O)lr <& and (VNP =V )J(O)|r <&

holds with high probability as soon as the parameters T,n, N ,N are large enough and 7 is
small enough.

D.2 Proof of Theorem [4.1]
Step 1: The central idea is to use the following decomposition

(Vg NP — V) J(©) = (Vg — V) (@) + (Vg N — w2 5 (e)
+ (ViR = vD)I0) + (Vi = Ve)J(0)
+ (Vo — Vg)J(O)
=B +EP + EY + EY + EJY,
and similarly
[V — VIO = (VNP — VNP 7(0) + (VNP - ) g (6)
+ (VA —vD)Ie) + (v = v)I(e)
+ (Ve = V) J(©)
= E" +EP +EY + EY + EP,

where we introduced the following notations which will be useful for our convergence analysis:
e The perturbed policy gradients:

N
Vo J (O Z J(© and  VJ(O) = %T 2 J(©,)V;
e The truncated policy gradients:
) 1oy — LS ) o - LS o
Vi J(0) = 3 < ;J (©)U; and  VJ(0) = 5 < ;J (V.



e The policy gradients with time discretization:

A d1 & i1y

A 7"7 A

ViR se) = ﬁNE JDAO)U;  and VDT 7ﬁ§ T
=1 =

e The output of Algorithm [T] averaged over the randomness of the state trajectories:

VN j(9) = E[VaN T g (0)|U, V],

A v D.3
vaNI (@) = B[V (@)U, V], o

where U = (Uy,...,Ug) and V. = (V1,..., V).
In the above notations, given a finite horizon 7' > 0 (to be chosen later on) and © = (6, () €
H, we introduced the following time-truncated expected cost functional

T
JD(©)=E [ /0 e PV QYP + (Z22)QZzP

+ / (aTRa+Mogp@m@,Z?,a))p@(Y;@,ZRa)da)dt],

and also introduced the corresponding time discretized cost functional, with action execution

noise
n—1
JA(©) = hE [Z e (oS — ol A1) Q(x™ — Eolxgy ™)) + Eolx;, T QEolx; ]
=0

0,A 0,A 0,A 0,A 0,A 0,A
+ (atl )TRO‘tl —i—)\logp (th _EO[th ], EO[th ], o ))],

(D.4)
where (XS ’A)oggn is the time-discretization scheme of (X )telo,7]; over the same time grid A
as the interacting agents dynamics (4.4)), with dynamics

e,A 0.8 | (BxOA | BRE, xS 0,A
S (thz + BEO[th |+ Day, ))h
+ yVhw; + ’)/0\/EW? , (D.5)
0.A
Xy = X()

with a5 = 0(x;" — Eo[xy]) + CEo[x} %] + /3R~ 1&,, (£)o<i<n—1 being i.i.d. random
variables with law N(0,1,;,).

Step 2:  Denoting by £ = E)i—/f 10\f\/> choosing r < min(7(b), = (b 78 77 (b 7 )) and
N >h x(b, 1), Proposition [D.2| guarantees that with probability 1 — (g)

|Ejllp <& and |Er <&
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Choosing T' = T(e) as in the statement of Theorem according to Proposition it
holds
|E§llr <& and |Efflr <& P-—as.

Next choosing n = n(e) as in the statement of Theorem u, it follows from Proposition

[D.4] that
[Ejllr <& and |E}|r <& P-as.

Choosing N = N (¢) large enough (again as in the statement of Theorem , according to
estimates in Proposition it holds
|EZ|lp <& and ||E§||F <é, P-as.

Finally, according to Proposition up to a modification of N, namely taking N large
enough such that

N > max{h g (b T(5)afl(5)aN(5)a1/5)}

1 1., 1
’%(e)’é)’”(b? F(e)’

=2
.

one has
[Eglle <& and [[Ef|r <é
with probability 1 — (£)~¢.
Putting the above estimates together yields

(VN PP — ) J(0) and [[(VENPP —v)J(0)|F <

Sl
<o

< £
V2
so that

I(VANPP — 7). J(0)|m < &

with probability at least 1 — 4(%)_‘1.
Step 8:  As discussed in Subsection the previous inequality implies that the probability
of M; N My defined in (D.1) with v; = % and vy = % is not smaller than 1 — 4(%)’%

It then follows from Lemma|D.1|that for any p € (0, =2~ ), still with the probability not smaller

9L(b)
than 1 — 4(%)~%, one has

O = O — p@A’N’p(mJ(@[O]) € R(b)
and

4 —9pL(b))

se) - Jer) < (1- L e - s(e))

By induction, we eventually deduce that

s6p) - 5(07) < (1- L ey - ge)

with probability at least 1 — 4k(g)*d. The conclusion of Theorem easily follows from the
previous inequality.
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D.3 Analysis of the single step GD algorithm

In this section, we analyze the convergence of a general single-step GD algorithm. This
part serves as an important building block in the proof of Theorem [£.] Our main result
is Proposition We first prove some technical results.

Lemma D.2. The map (0,¢) — V.J(O) is L(b)— Lipschitz continuous on R(b), that is, for all
©=(0,0),0" =(0,{) € R(D),

IVJ(©) = VIOl < LOb)|© — |,

recalling that L(b) = max{L(b),L(b)}, where L(b) and L(b) are the Lipschitz constants of
VJ1(0) and VJ(C) on S(b) and S(b) respectively, defined in (3.2) of Proposition .

Proof. Tt is clear that © € R(b) implies (6,¢) € S(b) x S(b) so that
IVJ1(0) = VI (O)lF < LB~ 0'llF < LO)0 — '

IV J2(¢) = VI ()lr < LO)C = Cllr < LO)IC - p

which in turn clearly yields

IVJ(8) = VJ(O)F = Ve (6,¢) = Vo (6, )5 + IV T(8,¢) = VeI (0. )
= [[VA(0) = VIO F + [V 12(0) = V()17
< L2®)(10 =17+ 16 = lIF) = L2 (b)]e - o'|I3.

The proof is now complete. O
For © = (0,¢) € R(b) and G = (G1,G>) € H satisfying
(G, VI©)r = ni|VIO)E, Gl < »lVIO)|F (D.6)

we set

©,:=0 —pG = (0 — pG1,( — pG2). (D.7)

Lemma D.3. For any © = (0,() € R(b), any G € H satisfying and any p € (0, 24_),

> vo L(b)
©, defined by (D.7) satisfies
©, € R(b).

Proof. We let
pmax = sup{p’ > 00, := © — pG = (0 — pG1,( — pG2) € R(b),Vp € [0, p]}.

Firstly, from the first condition of G, G is also a descent direction of the function J, we have
Pmax > 0. Next, R(b) is compact thus bounded, we have ppax < 400.
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Assume that ppax < Vjﬁb). By the continuity of p — J (0 — pG) and the definition of R(b),

we have J (0 — pmaxG) = J (O — pmaxG) +v(X) = b+v()). Therefore, for any p € (0, pmax], we
have © — pG € R(b). A second order Taylor’s expansion together with the Lipschitz continuity

of VJ and gives

70 - pG) < J(8) - p(vI(©), Gl + oD

< J(©) - pr|VI(O)|F + M

IVI(©)lE

so that

(6 - 9G) — J(0) < —P = preL ()

< 5 Iv7(©)[% <0

which in turn clearly gives

J(© = pG) < J(©) = J(O) +v(\) <b+v(A).
This last inequality contradicts the fact that .J (@ — pmaXG) = b+ v(A). We thus conclude
that pmax > nyi 5 and ©, = © — pG € R(b) for all p € (0, Vjﬁb)). O
Proposition D.1. For any © = (0,() € R(b), any G € H satisfying and any p €
(0 ,fggb)) O, defined by (D7) satisfies

7(©,) ~J(©") < (1 - 12 ;ng(b)”z))@J(@) - J(©"),

2
where f(b) = max (1, h, 50 ) + 3.

Proof. Writing again a second order Taylor expansion and using , we get

76~ pG) < J(8) - p(v(©), Gl + 2D

< J(©) — pri|VI(O)} + M

pPraL(b)
2

IVI(©)I%
< J(©) + o) VIO
Note that the gradient domination inequality (4.3) is satisfied with %(b) instead of x and since

p(2v1 — pL(b)vs)

e < OU
we get
pPraL(b) 2 1 pPraL(b) ‘
IO pG) = J(O) = (5 ) IVIO) = i (55— m) (J(6) — J(0))
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so that

D.4 Error analysis of J and its gradient

We here study the five terms appearing in the decomposition of the error of (Vﬁ’N’p P V)]
and (@?’N’p()p — V¢)J introduced in Step 1 of Section

e Bounding |V — V|| (Error of perturbation with the exact expected functional
cost).

The proof of the following result is postponed to Section

Proposition D.2. For all € > 0, there exist h,(b, %) with at most polynomial growth in b

and é and hg (b, %, %) with at most polynomial growth in b, % and é such that for all r <
min(7(b), ﬁ), all N >hg(b, 1, 1) and all © = (0,¢) € R(b),

(Vo= Vo) J(©)|r <& and  |[(V¢—V)J(O)||r <e,

with probability at least 1 — (d/g)~<.

e Bounding ||V") — V|| (Horizon truncation error).
The proof of the following result is postponed to Section

Proposition D.3. P—a.s., for all © € R(b), one has

5 ¢ d
[(Vo = Vi) IO) < Ser(2b)e 2T,

v y d
H(VC - VéT))J(G))HF < ;61(26)6702(21;)7“'

e Bounding |[|[V(™) — V(A || (Time discretization error).

The proof of the following result is postponed to Section |D.4.3]

Proposition D.4. There exists a constant cs = ¢3(2b) > 0 (non-decreasing with respect to b)
such that P—a.s., for all © € R(b), it holds

)

. (TVA d
1(V5" = VE ) 7(©)llF < Zes(2d)

S 313

N N d
IV =V 7O)lIF < Zes(2d)
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e Bounding ||[VANror — ANPop|| 1. (Statistical error).

The proof of the following result is postponed to Section

Proposition D.5. (Statistical error on gradient estimators) For all € > 0, there exist hl.(b, 1)

-
and h;v(b7 %,T,n, N, %) with at most polynomial growth in %, b, %, log N, logn, logT such

cr 1 o 1 1 . ..
that for all r < min{7(b),1/h}.(b, 2)} and all N > th(b’ = T,n, N, 2), with probability at least
1 —(d/e)~%, for all © € R(b), it holds
|(Vg P — Vg )T (©)]1r < e,
[V PP — NP 1(0)]|p < e

e Bounding |[VANr?r — v(T)A| . (Particle discretization error).

The proof of the following result is postponed to Section |D.4.5|

Proposition D.6. Let 79" (0) := E[J%:" (©)], © € R(b), recalling that Ty is defined by
(4.7). There exists ca = ca(b) > 0 such that for all © € R(b),

ZA,N T),A C4
’(jpop _J( ) )(@)’ < N (DS)
Moreover, P—a.s., for all © € R(b), it holds
N o . d cq(2b
(50w D) o) < 1),
g J(V%) (D.9)
v AvN,POP = (T)1A 04
H(VC _vg )J(Q)HF < ; N

D.4.1 Proof of Proposition

The proof is reminiscent of Lemma 31 [6] or Lemma 30 [8]. For any © = (6,¢) € S x § and
r > 0, let us introduce the following smooth approximation of J defined by

Tr(0.Q) =Ep o) [TO+ P, C+ Pl =B p [J1(0+ Pr) + 2(C+ P)]+v())  (D.10)

where P, and P, are two independent random variables uniformly distributed in S, and E( P b))
stands for the expectation taken with respect to the random variables Py, P,.

The following result is directly taken from Lemma 26 in [8]. For any (0,¢) € S x S, it holds

d d .
VoJp(6,¢) = SEp,[11(0 + P)P] = SE (5, [J(6 + P, ¢ + PP

d

d o o (D.11)
VCJT’(97C) = ﬁEPT[JZ(C+ P’I‘)PT] = TigE(P,,.’fDT)[J(a + PraC'i‘ P?“)PT’]'
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We then write
1(Vo = Vo) J(O)|r < [IVeJ(©) = Vor(O)|F + [V (©) — VoI (O)| .

For the second term ||VyJ,(0©) — Vg J(O)||F, using the Lipschitz property of the gradient
VJ(0©) shown in the Section there exists flr(b, %) with polynomial growth in b and % such
that for all » < 1/h,.(b, 1), for all © = (0,¢) € R(b) and ©' = (¢, (') such that ||/ —0||p < r
and |[¢' — ¢||r < r, we have [|[VyJ(©') — VJ(O)||r < 5. Then according to (D.10), noticing

that VoJ.(0) = E 5, 5 [VeJ (0 + Pr,( + P,)], we have

IV011(8) = V()| < Ep, 5, [IVa (0 + PriC+ ) = VoI (©)]|x] < .

Then, for the first term ||[VgJ(©) — VJ,(©)|r, using (D.11)), we notice that Vi J(0) is
exactly the Monte-Carlo approximation for the expectation VyJ,.(©). Assuming that r <
7(b), according to Lemma for all © € R(b),i = 1,...,N,(0 4+ U;,{ + Vi) € R(2b) and
each individual sample has the norm bounded by g(Qb + v(A)) according to ({.1))-(4.2). Thus
we can apply vector Bernstein’s Inequality to deduce that there exists hggmpie (b, %, %) with
polynomial growth in b, % and 1 such that for all N > hsampte (D, %, %), for all © € R(b), we
have ||VgJ(©) — VoJ,.(0)|F < $ with probability at least 1 — (d/e) 4.

The bound for ||(V¢ — V¢)J(O)||F is derived in a similar manner, and thus its proof is
omitted.

M =

D.4.2 Proof of Proposition

In order to establish our result on ||(Vg— @E,T))J(Q)HF and H(@C - @QT))J(@) ||, we first need
to derive an error bound on |(J(T) — .J)(©)].

Lemma D.4. There exist two positive constants ¢; = c1(b) and ca = c2(b) depending only
upon b € Ry, the model parameters and A such that for all © € R(b)

(T = 7)(©)] < ex(b)e=OT.
Besides, c¢1(.) and ca(.) are non-decreasing functions.

Before proving the above lemma, we will need the following technical result which is directly
taken from Lemma 12 [16]. Its proof is thus omitted.

Lemma D.5. Let the matrices F, X > 0 and Q > 0 satisfy
FX+XF"+Q=0
then for anyt > 0,

in ()
etz < XNz -pce

Omin

where ||-||2 denotes the largest singular value of the matrices.
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Proof of Lemma From the definition of J and J(™), we get
(7= 7" e)

~E| / ePYRYQYR + (22)7 Q2P + / (a" Ra + Nogp® (V,2, 28, a))p° (V,2, 2, a)da) dt
T m

= E[/OO e_ﬂt((YtG)T(Q + QTRQ)Yt@ —+ (Zt@)T(Q + CTRC)Zt@)dt} + U(T)()\)
T

where

Am A 0 e— BT
(T) —(_ A —Bt 34
v (A)-( . 1og(m)+2log\det(R)\)/T et = (

In particular, note that v()\) defined in (2.7)) is in fact v(®)(\) for T = 0.
Denoting for simplicity C; = E[Y#(Y?)] and C; = E[Z*(Z°)7], one has

am A
5 10g(7r)\)+§ log |det(R) D

(J —JTNY(O) = (Q + 0TRY, / e PCydt) + (Q + CTRC, / e PtCdt) +0vM(\)  (D.12)
T T
As proved in Lemma (using Itd’s formula),

C; = exp(t(B+ DO))Cpexp(t(B+ DO)") + /Ot exp(—(s — t)(B + DO))yy" exp(—(s — t)(B + DO)")ds,

C; = exp(t(B + D())Co exp(t(B + D)T) + /0 exp(—(s — t)(B + DC))yor exp(—(s — t)(B + D¢)7)ds.

The equations ([2.1) satisfied by ¥y and i‘g together with Lemma guarantee that

T min (M)
e(B-51a+DO)t 2 < Zollz - pintle
Umin(ZH)
N 3 _Jmin(]\:j)
|eB=51a+DO |12 < ”ECHF e Il !
O'min(EC)
so that
HG(BJrDO)t”% < ||€(Bf§1d+D9)tH%||€§Idt”% < ||20||2 6_%1662”%]‘1“2 — ||29||2 e(ﬁ—aﬂ‘éﬂfﬁ;{))t’
- - Umin(zg) O'min(zé’)
A ~ 3 _Umin(Nl) S _Umin(M)
|eBDO2 < || B=51a+DOE|2|1 o5 Tat |2 < Bl =t e — Wl BT
Umin(zg) UmiH<EC)
Hence,

t
ICIr < I CollelleP+PP*5 + H’Y||2/0 letZ+P07 3 dw

DYIE ( E ezt 2
< 202 | (|Collp + —E )P I LE
in (2 _ Omin(M) " o (M)
O'mln( 0) ”29”2 /8 ”29”2
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and similarly

3 Umin(Ahl)
Gl < El2 (e TolE ) G- ollk )
 omin(X¢) — min(M) 3 — Cmin(M)
1Z¢]l2 AR

Since © = (0,¢) € R(b) C S(b) x S(b), recalling that S(b) as well as S(b) are compact sets,
using the continuity to 6 — [|Xglle and ( — ||f]<\|2, there exist ¢1(b), é2(b) > 0 such that for
all © = (0,¢) € R(b)

B(b) < Sglla < @),  @(b) < [l < @ (b)

and using the fact that 3y = M, S = M, we get

- 2 _—pt
Bt 120]]2 [l mnlMy|[y||pe
e Cellr < o (50) (ICollF 7m(M))€ B m
1Zol2 Xl
<A (colr Mh _ ol et IylEe ™
- mln _ omin(M) ﬁ _ omin(M) |’
&2(b) 1(b)
and
O‘min(]w) —
e P Collr < el (I1Collr H%HF Je Il t_ Ihollfe™™
B Omin EC —_ M B _ 0‘1111317(]\4)
BAE 122
I min (M) 2 _Bt
<4t (mu ’%%wk)t|MM%m)
Omin Omin
Umln 2 (b) B — e1(b)

By using again the fact that R(b) is compact, there exists a constant ¢3(b) such that for
all © = (0,¢) € R(b):

max{[|Q + 0"RO| p, |Q + ("R¢||r} < (D).

Combing back to (D.12]) and plugging the above estimates, we obtain for all © € R(b)

(D~ 1)(©)] < ||Q + 7 Ré| / B Cyllpdt + 1Q + CTRCp / PGl pdt + D ()|
T T

SQ@Q@/)KQWM+@@%@/)€@W&+@@%U
T T
< Cl(b)e_c2(b)T,

for some ¢;(b) > 0 and c2(b) > 0 depending only upon b and .
Finally, the monotonicity of ¢; and ¢y with respect to b is a consequence of the fact that if
b1 < by then R(bl) - R(bg) O
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Proof of Proposition[D.3 Noticing that P-a.s. (8 + U;, ¢ + Vi) € R(2b), from Lemma
|(JT) = J)(©:)] < e1(2b)e= 2T Pog.s.

and, recalling that ||U;||r = ||V;]| = 7, P-a.s. it holds

N
L d 1 d
1(V6 = Vi ) (©)llr < 5= D ITD = 1)(@)]|Uillr < Zer(2b)e> T,
1=1

() N a1 () _ NI d —e2(2b)T
(Ve =V )I(O)|lF < 2N Z\(J DO)||Villr < TCl(Qb)e :

i=1

D.4.3 Proof of Proposition

We start with the following technical result related to the weak discretization error on the cost

value function.

Lemma D.6. There exists a constant c3 = c3(b) > 0 (non-decreasing with respect to b) such
that for all © € R(b), it holds

(DA 1)) < es(b)h = es(b) -
(

Proof. Step 1: We introduce the two processes (yS’A)(KKn and ZG’A)OSlSn defined by

0,A 0,A 0,A 0,A
Yy, =X’ EO[th ] and Zt EO[ s

with dynamics

A
y;?ﬁ YS’A + ((B + DQ)YS’A +D 53_1&1)71 + Vhywy, Y?’A = Xo — Eo[Xo], (D.13)

zp " =2, + (B+ D)z h+ Vhyew!, 25" = Eo[Xo].
Recalling (D.4]) together with the dynamics defined in (D.5)), one has

n—1

> e ()@ + 0RO + (2°)7(Q + CTROZLS + () ))]

=0

JIA(0) = hE

We also define another auxiliary functional cost:

JA(8) = hE Z e (=0 — Boly *)7Q(RE™ — Bols, ™)) + Eolxy, T QBol;, ]

+ / (a7 Ra + Mogp® (%" — Eo[x, ], Bo[%;,], 0))p® (%) — Eo[&5, ], Eo[%;, %], a)da) |,
(D.14)
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where (5(2 ’A)oggn is the time-discretization scheme of (X )teo,T]> over the same time grid A
as the interacting agents dynamics (4.4)), with dynamics

xS = %+ (B + BER A + D [ an®(dalxf® — Eo[%{) ], Eo[x5])h

ti+1
+ Vhywy + Vhyow ;
oA _0A | & _0.A 0
=%, +((B+DO)x;, " + (B — D8+ D()Eo[x;, " |)h + Vhywy + \/E'yowl
~0A
Xy = XO

with © = (0,() € R(b).
Let us also introduce the two processes (yS’A)lzomn and (iS’A)lzo,...,n defined by

~0,A _ -O,A = 0,A ~0,A ~0,A
Y, =Xy _]EOF% ], Zy, :EO[Ztl ] (D.15)

I

with dynamics

o =yt + (B + DOy h+ Viw, 507 = Xo — Eo[Xo,
~0,A ig A (B + DC)itl’ h + \/H’)/()Wl , ig)’A = Eo[Xo}.

ZU+1

Note that J(T)4 in (D.14)), can be written using the dynamics of (yS’A)l —0, n and (ZS A0, -
Namely, one has

j(T),A(@) _ hE[Ze—Btl( Q~®A + (2 @l,A)TQZS,A
+ /(aTRa+MogP (i ng,z))p@(ng’A,iS’A,Z)dZ>]
A
n—1
= hE[Z I ((FA(Q+ RO + (3 (Q + CRQOZ®

=0

+ (_)\Tm log(7\) + %log ‘det(R)|))

= [Z e_ﬁtl (Q + GTRH)Ytl (Ztl ) (Q + CTRC)Ztl )]

+ Pu(A hz —Bh,

Step 2 We ﬁrst prove an upper-bound on |(J(M)-A — J(1):2)(@)|. From (D.13)-(D.15), we get
that ztl = zt ,foralll =0,...n and

)
0,A -~0,A 0,A -~0,A ~0,A _ 0,A -~0,A
(3 -v03) = 02 =502+ (B+Do) (v5 > -5 )+ D\ SRR v T =0T =0,
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so that

-1
v -yt Z(Id+h(B+D9 )i-1- lhD,/ “1g,,.

Therefore,

E[(yO®)(Q + 0TRO)yE™ — (352°)7(Q + 07ROy ]
=2E[(y " — 7,2)(Q + 0ROy ] +E[(y ™ — 55T (Q + 07ROy — 5]

-1
E[(Z(IdJrh(BJrDH ) lhp,/ “1€,)(Q + 07ROy

-1
+E[(D _(Ia+ h(B+ D0))'"hD %R*lﬁtl,)T(Q +07RO)( VZ:%(Id + h(B+ DO hDy/ %R*lgtl,)]

'=0
=: A; + As.

Since (&, )o<i<n is independent of (S/S’A)gglgn which has zero-mean, we have A1 = 0. As
for A, also using the independence of (&,)i=0,....n, We have for any S € ST, E[§] S&;] =
(57;7]'1?1"(8),2',‘]' = O, e,y 62’,]’ = 1i7éj> so that

-1 1-1
A

Ay => Y E[((g+h(B+ D) 'hD 5R—1£ti)T
i=0 j=0
(Q+0"RO)((Iy + (B + DO))'""'~hD —1¢)]
-1
=12y tr(((La+ h(B + D)) "' Dy gR—l)T(Q + 07RO ((Iy + h(B + DO)) D %R—l)).

I'=0
Consequently, there exists a constant C; > 0 depending only upon 7', @, D, A\, R and ©
(with at most of polynomial growth in ||©]|) such that |As| < % for all I = 0,---,n. Hence,
up to a modification of C1, for all © € R(b), it holds

|(JTA — 0)| = |hE

Z e (v, T@Q + 0ROy — (3,0)7(Q + 6TRO)F, )] ‘

n—1

L Z _ﬂtlE[( o, A) (Q + GTRe)yS A ( Z),A)T(Q + GTRQ)}?Z),A]

(D.16)
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Step 3: We now establish an upper-bound for |(JT) — J(T):4)(@)|. Let us recall that

T ) T
JT(©) = K| / H(VP)Q+OTROYS + (Z0)1(Q + RO ZP)dt| + Bu(N) / e Pat.
0

0
N ~0,A -eA . . . .
ote carefully that (¥, )o<i<n (resp. (2; ™ )o<i<n) is the time discretized version of the
process (Yte)te[o,T] (resp. (Zt@)te[(),T]) with linear drift and constant diffusion coefficients.
Hence, it follows from standard results on the weak approximation error (see e.g. |17], |18])
that

1[«:[ /0 ' e P (Q + 0TRO)YS + (Z2)T(Q + CTROZf’)dt}

—E[Ze P ((F22)7(Q + 07 ROFED + (222)7(Q + (TRO)Z )} < ¢5(O)h,

for some © — ¢3(0) with at most polynomial growth. Moreover, standard results on Riemann
integrals give | 31"} et — fT e Ptdt| < Ch.

Combining the two previous bounds with , we conclude that there exists c3 = ¢3(0) >
0 (with at most polynomial growth in ©) such that

(JDE — D)) < |(JTA = JO2) (@) + (] = JD)(©)] < esh.

Since R(b) is compact, c¢3 may be considered to depend on © only through b. O

Proof of Proposition Recalling that P-a.s. (04 U;,( + V;) € R(2b), it follows from Lemma
and the fact that ||U;||p = ||Vi|]| = r that P-a.s.

d 1
7

T).A 1 A @NNT: N o < Een(am) L
POIFERES T2 @)Ul < Ses(2b)

9
NG
|
<
>

d T
ﬂﬂAX®NNﬂF§;%@®*

d 1
727 n

N
21 -
]\7
LR
D.4.4 Proof of Proposition

Taking the empirical average over the partlcles in both sides of ( ., we deduce that the
dynamics of the process (,ut@ AN = 7 Z] 1 th (J))OngN is given by

~O,AN AG)AN
’utl-&-l _'u’tl

. A
+ (( DC)ﬂSAN+D *R £tl Db+ Vhyw] + Vhyowy,
| X
~O,AN _
Ho = M =N E

(D.17)
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where £tl N z =1 E and v‘le = % Z;VZI wl(j ), Then, let us introduce the auxiliary process
(v, defined by
Yte A (J) X97A7(j) _ ﬂe A, N

1 12 12
From and (| -, we get

0,A,(j 0,A,(5 = i _
Yoo =y 280 4 (B + Do), “+D\/ (g — &) h+ Vin(wi — W),

O,A,(5 j N
YVO (4) — Y'O(J) = Xé]) _ “6\7

(D.18)
Note that (Y®2)); ;< (resp. 4©N) depends on © only through 6 (resp. ¢). In order
to simplify the notation, from now on, we will write (YQ’A’(j))lngN and oAV,

The average cost (4.7]) can be decomposed as follows

N n—1
h - 0.4,0) _ j e A N
ooy (©) : = N Z <Z e Pl (X () M@ ANYI(Q + 0T RO) (XD — AN

17}
j=1 \ I=0

Y (i @AN) (Q+CTRC)A®AN+2(X®,A,(j)_Ia@AN)THTRgAG)AN
+2(0(x V) — A“NHCA@AN TRF 3 2Rls§f'))TR\/§s§f’
Mg / )
~ (R Ry GROE) - (R)»)

N
:ZZ<Ze—ﬁtl(<Y3A )@+ 0RO, 4 (V) (Q + RO

j=1 \ (=0

. ~ )\ .
+ 2007, + CapA Ny Ry SR + 6v(A>)>

= J1(0) + J2(C) + Bv(A hz e Pl

(D.19)
where
h N n—1 N |
Ji(0) = N Z e~ ((Y;f? A ) Q@+ QTRH)Y A0 4 2(Y0 A, (])>T0TR\/F£§5))7
i=1 1=0
n—1
(€)= h > e (g M@ + RO G + 20T CTRF &)
h (D.20)
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Step 1. Recall that, for © = (6,(), Algorithm gives

~A7N,p0p d 1 N AN’L d 1 N AN’L

Vo (e ﬁﬁZJp@ Ui = TQN;JPO,; Ui,
N N

VCA e Z jp%pNZV’ - %i Z Jp%i)N’imv

and observe that jp%;,N’i can be decomposed as follows

AN, AN, AN, _Bt
jpoz:l_jpc)p,z ‘70p21+f8U hz o

with
N
PRI o y2eA0) 01RO YAD) oy A Dygr g, [A p1gh )
pop,1 _NZ (( )(Q+ ) + ( ) 7 5 £tl )a
7=11=0
n—1
TN =0 e (s NY(Q + RGN 2SN CR R ),

=

o

(D.21)
where (0;,(;) = (0 + Ui, +V;) and the two processes (Y;?“A’(J))Oglgn, (,&%’A’N)Oglgn satisfy

N 0:,0,(j y i, //\ =i, i i,
Y;fz.H () _ thl () + ((B + DO, ) (4) +D (étl fth))h + \/E’Y<Wl (7 _ Wl N)’
)/‘097,7A7(.7) — }/gv(]) = Xé’( ) _ ﬂZON7

s = SN+ (B + DG + D\/ &+ VWY + Vhyow,?,

N
GAN AN L i(j
Mg = Ho ':NZXO(])
=1
(D.22)
Here, {(E’ ), win( Xz’(j))1<j<N, wil; i = 1,...,N} are 1.4.d. copies of(s(j),w(j),Xéj))lgjgN,
w0 andSZN NZ 153 wil = NZ] 1W

Step 2: We adapt the arguments of Lemma 35 and Lemma 44 in [6]. We introduce the sub-
exponential norm ||-||,, and sub-Gaussian norm |||, of the random vector X:

exp(‘);'z)] < 2}.

X
| X|y, = inf {t > O,E[exp (|t|)] < 2} i || X, = inf {t > 0,E

o7



Recalling (D.3]), one has

(VN PP — NPy J(0)]|

d 1
r2 N

| (TN — BTN | U, Vi) Uil

2\
E

=1

N
d 1 AN JAN d 1 AN, JAN
< Hﬁﬁz (jpop,l _E[ pop,1 |U])Ul||F+ ||72ﬁz (jpop,Q _E[ pop,2 |U])U’L”F7
i=1
and
= A,N,po = A, N,po;
(VPP =V PP) IO
d1 N
- Hizﬁ Z (jp%le - [jp%pNZ‘Uiv VZ])VlHF
i=1
i1 i1
AN JAN AN JAN
< Hﬁﬁz (jpop,l _E[ popl ‘V])VHF—F ”ﬁﬁz (jpop,Z _E[ pop2 ’v])VHF
i=1
We now provide some upper-estimate on the probabilities IP(|| 4 ;7 Eﬁl (jp%;)]\g’i—]E[ p%pj\gl|U])Ui||F >
N A,N,i ANz
) and P(|l 5% il (Tt = By’ VWil 2 €) for £ =12
We only deal with P(| 4L S8 (75N~ E[Z5N [U])Ui]|p > ¢) inasmuch the proof for

the other terms are blmllar
Forizl,...,N,j:17...,Nandl:(),...,n—1, we let

nliJ —_ (YV,‘,?“A ) (Q + GTRQ ) Qz,A( j) + Q(Y&,A (J))TGTR iR—lgé;(])

[( 917A J)) (Q+9TR9) 9 A(J)+2 9 A7) THT / stl J)‘U

= (V0@ + 07 RYYAO) 4 oy A0 gy [ Rt

— (V)@ + 07 RO Y0

where the second equahty come from the fact that, condltlonally on U;, the two random
variables YG“A( D and E 50) are 1ndependent and that E[Y, y il |U ] = [Yt(j’A’(J)]

lo=g;, = 0.
From () and the deﬁmtlon of n;”, we get

n—1

N
Z e 5151

_]:1 =

jA,]\{,i B E[jA,N 4

pop, pop,1

2\>
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so that

d 1 i i
I35 2 (Fpopt” = ElTpop V) Uil

IN

i’jUz‘HF-

— sup
" 1<j<N,0<I<n—1

Hence, noting that the random variables (n 0] Ji<j<n have the same law and letting § = 2; 5,
the previous estimate yields

N
d 1 AN, JAN £
P(”ﬂN Z (‘-lfpo;o],\{7 - E[ pop]\{ |U])UZHF > 2)

Td —Bt N .
< P(y sw  swp [|°= Z’]Uz'HF > =
T4 j=1,..,Ni1=0,..n-1 N * 2

=P sup sup
j=1,...,N [=0,...,n—

P UlF > 5) (D.23)
=1

—Bt N .
— > Uil =6

=1

IN
1

=
—/

n—1 N
— NZP(HZ Pt Ui e > 5).

Now, it easily follows from standard computations based on the dynamics (D.22) of Y%4(1)

and since the 6; are bounded that the random variables YO“A’( ) have finite sub-Gaussian norm

HYf“A I)H% and since Hﬁtl ])H% < oo we deduce that Hnl’lH\pl < oo uniformly in (I,7). By
Lemma 37 in [6], we get

1 N .
P(‘N n;’lUiHF 2(5) < 2dexp(—

L ) (D.24)
=1 )

20x¢ + xi0)”’
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where x; := C17 8Py cp(g,r) Hnle,’lHd,l and C is a universal constan. Hence, combining (D.23))
and (D.24]), we obtain

N -
d 1 AN, JAN £ N§?
5= N _ le><) < - % ) (D.
IP)<H7»2 N P (jpopJ E[ pop,1 ‘U])U'LHF = 2) — 2dNneXp< 2(5(2 + X(s)) (D 25)

with X = supy<j<,—1 (e‘ﬁtlxl).

Then, from Lemma (see below), taking r < min{7(b),infecrs) ﬁ} (recalling that
R(b) C S(b) x S(b) is compact and that according to Proposition 10llF < Bdy(b)) and
letting

X(b) = CF(b)(1 + Bdg(b)? + 7(b)*)),
one has ¥ < x(b) uniformly for all © € R(b).
The previous bound on y together with implies that if

N> hﬁ%’”(n b) = o (X(0)? + X(b)9)

d
((d +1) log(g) +log N + logn + 10g(45)>,

52
then, for all © € R(b), one has
d1 SN, an AN e\ _1(d\"
P(”TQN; (jpo;z’),f — E[T o1 U Uil > 2) < 2<5> -
Similarly, there exists h%’m (r,b) such that for any N > 5\7 )(r b) and any © € R(b),
A1y AN,i JAN2 € 1(d) "
P(”#N; (Jpo};,i —E[Tpop1 U Uillr > 2) < 2(5) .

Hence, choosing N > max{hg’l)(r, b), hg\}[’z)(r, b)}, we get

| ™

N
~ AN, ~ AN, d 1 JAN JAN
P(”ve POPJ(@) _ve pop‘](@)HF > 6) <P ( TNZ pop,1 popl ‘U])UzHF >

N
d 1 AN A )
+P<||T~Z(jpop{g _E[ pop]\é |Uv])UZHFZ >

=1

DN ™

The proof of the upper-bound on IP’(HVA Npev 7(@) — @?’N’pOpJ(@)HF > ¢) being similar
is omitted. The proof of Proposition [D.5]is now complete. O

'Referring to [6], one would use the standard operator norm ||-|| in (D.24). However, due to the equivalence
of the matrix norms, we can replace ||-|| by the Frobenius norm |||, up to a modification of the constant
C1 > 0 which may depend on the dimensions m and d.
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Lemma D.7. There exists hy( HHH) with at most of polynomial growth in ||0]] and a constant
C < oo such that for all r < I (@) it holds
X < Cr(1+0]F + ).

Proof. Let

o = (v 2O+ (@7 R )Y AN 2y A0 G”RJQ% o €BO.7),

recalling that Y21 is given by (D.18)) with 6 = ¢
Since
H\I"le - E[‘l’le ]Hdn < 2”\1’? ”l/ilv

and nlal’l =0 —E[WY], we get

x < 207 sup (e_ﬁtlH‘I’le/le)-
0<i<n—1,0"'eB(6,r)

The triangle inequality for the sub-exponential norm |||y, yields

9 A1) 0’ A A 1
19 [, < 1)1 (@Q+(0")T ROV Dy 4211 (Y, TRV R1€M |y, (D.26)
From Proposition 2.4 [24],

oA, oA, oA,
1y, 2@ + (@) ROYVY,. Vg, < Tr(@ + (0) ROV, W12,
0,A,(1
< cd(|Qllr + | RI(10]F + HDYE M2,

and, from the inequality | XY||v, < || X w,||Y||w, stemming from standard Young’s inequality,

0',A 1 , AL .0
Ay @y Ry S RED g, = (0¥ ) - (R 2R,

NG A g0
< 0% >Vl IRy SRE s
0.A,(1 A g
< ClIONIFIY Pl IRy SRE s,
0',A,(1
< Cllr + )Yy Wy

for some constant C' = C(\, || R||r).

Similarly to Lemma 36 [6], we can establish an universal upper-bound for the sub-Gaussian

norm of Y(9 A0 for all ¢ € B(6,r), where r < 1/h1(]|0]), h1(]|@]|) being at most of polynomial

growth in ||t9|| Namely, it holds

0",A( - N j EN
sup e P Yy %w<0wmwﬁmmsw\wl—wnw sup €9 — &Ny}
0<i<n-—1 0<i<n-—1 0<i<n-—1
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Plugging the three previous inequalities into (D.26)), we get
19 [l < C(L+ (101 +72)
which eventually yields

X <20 sup sup (e Py, ) < Or(1+ (107 + %),
I=1,...,n 0'eB(6,r)

for all + < 1/hy(]|0]). O

D.4.5 Proof of Proposition

Recalling that jp%]},N(@) = E[JP%I’)N(@)} and using the fact that (U, Vi)1<i<n is independent
of (X7 (& Yostcn-1, WO)jm1 v, W), we get Bl Ty Us, Vil = Ty () and

N
R d 1 =
A,N, 0 _ A,N . - s
VAN 1(@) = = zi; Tpop (0 + Ui, ¢+ Vi)Us,
d 1 N
~ A7N,p0p _ _A,N . . .
v J(@)_ﬁﬁxjpop 0+ Ui, ¢+ V)V

i=1

Step 1: We introduce the process (x@’A’(j))j:Lm’N with dynamics

xSﬁ () — XS’A’U) + (BXS’A’(j) + BE, [Xtel) A (J)] + Dag 4.0 Vh + \/Eywl(j) + \/E’Y()Wlo,
@ A j
(@) _ X[gj),
with

b 7‘ G)A @A
QSA( 3 _ Q(XSA(J) 0[ () ]) "‘CE J) / Etl ’

and where the random variables (Xé ))1§J§Na (E(J) (Etl )o<i<n—1)1<j<N, (W( ))1§j§N and
wY are the same as those employed in (4.5)-(4.6)).
We then define the two processes y(”A’(j) and z&2 by

0,A 0,A 0,A, @A 0,A
ytl U ) - th ) EO [th (])]7 tl - EO [th ]7

with y® A0 = Xéj) E[Xo] and z(? A = E[Xp]. Their dynamics are given by

YO0 Z O80) (B 4 DYy? J)JFD\/7)S Vi Tow®,

GA—ZSA (B—FD()ZSAh—i—'yO\fwl.

Ztl+1

(D.27)

62



We again notice that y©4) (resp. z2) depends only on # (resp. ¢). Hence, in order to
simplify the notation, from now on, we will write y?20) and z&2. Note that ( NG ))jzl,-.-N
are i.i.d. copies of y©2 and z¢? = 292 where (y®2, A 79 A) are defined by (D.13]). Hence,

JIAN (g ZE Z (xS — Bolxgy ) Qg M — Eolxiy )
=0
+ Eolxg QR [xO2] + (o)D) Rag ™) 4 Alog 7 (e ™V x V) g [x ?A])]

=z

n—

= R e (O @+ RO + () (Q + RO + mw)]

j=1 =0
= JDA(e),

recalhng that JDMA (©) is defined by (D.4]). We will also use the decomposition J (T)AN —
TS S 4 £ Bo (VR T e with

N n—1

J! (T), A Z Z efﬁtlE

]110

v Q@ + eTRe)yf;A’(j)] :

=h Z e PUE [ )(Q + (TRC)zZg

Then, according to ([D.19)) and (D.20)),

Tpop" (©) = E735;" (©)] = T1(0) + Ja(C) + Bu(N)h Z &P

where
A N n—1 s 0.0.0)
7 (0 — t
Ji(0) = B[ NZ e PUE(( D@ +0"RO)Y, )]
=1 1=0
~ n—1
Fo(Q) = B[RO = h D _ e B[ (") (@ + RO
1=0
Hence, in order to establish an upper-bound for (.J(T)AN — jp%l’,N)(@) = ( % —J1)(0)+
( (1,4 — J72)(€), we need to quantity the LP(PP) error for the difference Vi, 0,8, -Y, 0:8:0) and
zglA ugAN,j: 1,...,Nand [ =0,--- ,n—1.
Step 2: Let

0,8,(7) _ ,0,A,(5) 0,4,(5)
Qtl J) vy b J) _ }/;l J ,
ANCAN C A ~CA N
Q - tl t;

j=1,...,N,

63



From (D.17)-(D.18)) and (D.27)), we easily get

, N
o = QY+ n((B+ D)@Y + Dy SRTEY) + Vinw),

ti+1
(D.28)
AN ACGAN 5 ACALN A= _
Q" = QN+ (B + DO — D\[SRTEY) — Vinw,
with QQA () = Qp 6\7 E[Xo], Q = Q = E[Xy] — ﬂév Note carefully that for any
[=0,...,n, the random variables (Qt’ Y )) 1<j<n are equal. We thus omit the superscript j

and simply write Qf;A in what follows.

From (D.28]), we get

A5 A AL(7 A _ B
|Qfl7+17(3)|2:|gf; (d) | +2<Qtl () h(B—{—DG))Qf’ ’(])—l—hD §R—1£g+\/ﬁvwl]\7>

2
+ |n(B + Do) Q) ”+hD,/ RAIEY + Vhyw|
< (L +hC1ONIQEM P + 2000 1Dy f 5R*€i¥ +Vhyw))

N
+ 2‘hD SRAEY +Viywl

)

for some 6 — C;(0) with at most of quadratic growth in ||@]|. Taking expectation in both sides

A3

of the previous inequality and recalling that Q is independent of &€V and W, we get

. , 2 _
E[|Q) 42 < (1+ hCy(0))E[ Q)2 + 2IE‘hD SRAEY + Vhyw!
- h
< (1+hCy(O)E( Q™) + Ca,

for some constant Cy < oo and where, for the last inequality, we used the fact that E|§t]y > =
m/N and E]v‘le\Q = d/N,1 =0,...,n— 1. From the discrete Gronwall lemma, up to a
modification of Ca, we get

o)

BIQGP) < (14 hCy0) (BI 1) + ey

Now, since E[|Q8’A’(j)|2] = Var(Xy)/N, using the standard inequality 1+ = < exp(z), = € R,
the previous inequality eventually implies

0,A,(j exp(C1(0
sup E[’Qtl (])’2] S (N( ))
0<i<n

Y

up to a modification of C}(f) (with at most of quadratic growth). Similar arguments yield

B OGAN 2 eXP(CZ(C))‘
(2B FIG T < =2

IN
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The two previous upper-bounds in turn imply

N n—1
A 5 h AL
(74 = 70O < CUIQle + IRIEN61F) 5 Y- > e E[Y ) —yp 0P
7=11=0
< CT(IQllr + IRlpl0NF) _sw B[P
exp(Cy(0
< 22O (g1 + 171013,

- N
and similarly

exp(C2(€))

~ QI + IR FICIE),

(IS — 3)(0)] <

up to a modification of Cy(f) and Cs(¢). Recalling that R(b) is compact, the right-hand side
of the two previous inequalities can be uniformly bounded by a constant depending only upon
b. The proof of is now complete.

Step 3: After recalling that ©; € R(2b), it directly follows from that

C4(2b)
N

(o™ = JT2)(0)] <

pop

and, since ||Ui||r = ||Vi|| = r, P— a.s

A i1 & d ca(2b)
= A, N,po, = (T), = 4
(Vg PP — ) 50)F < pTZ!(Jp%J;N —JD2)@)UillF < TN
=1
A i1 & d ca(2D)
> A, N,po, - , = , 4
I(VE e =R IO < 52 DT =TT @)IVille < TEE
i=1
which ends the proof. O
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