N
N

N

HAL

open science

On locating and neighbor-locating colorings of sparse
graphs

Dipayan Chakraborty, Florent Foucaud, Soumen Nandi, Sagnik Sen, D.K.

Supraja

» To cite this version:

Dipayan Chakraborty, Florent Foucaud, Soumen Nandi, Sagnik Sen, D.K. Supraja. On locating and
neighbor-locating colorings of sparse graphs. Discrete Applied Mathematics, 2024, 358, pp.366-381.

10.1016/j.dam.2024.07.012 . hal-04665507

HAL Id: hal-04665507
https://hal.science/hal-04665507v1
Submitted on 31 Jul 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-04665507v1
https://hal.archives-ouvertes.fr

On locating and neighbor-locating colorings of sparse
graphs

DIPAYAN CHAKRABORTY ¢, FLORENT FOUCAUD ¢, SOUMEN NANDI?,
SAGNIK SEN¢, D K SUPRAJA»¢

(a) Université Clermont Auvergne, CNRS, Clermont Auvergne INP, Mines Saint—Etienne,
LIMOS, 63000 Clermont-Ferrand, France
(b) Netaji Subhas Open University, India
(¢) Indian Institute of Technology Dharwad, India

July 31, 2024

Abstract

A proper k-coloring of a graph G is a neighbor-locating k-coloring if for each pair of
vertices in the same color class, the two sets of colors found in their respective neighborhoods
are different. The neighbor-locating chromatic number x nr,(G) is the minimum k for which G
admits a neighbor-locating k-coloring. A proper k-vertex-coloring of a graph G is a locating
k-coloring if for each pair of vertices x and y in the same color-class, there exists a color class
S; such that d(x,S;) # d(y, S;). The locating chromatic number x(G) is the minimum &
for which G admits a locating k-coloring.

Our main results concern the largest possible order of a sparse graph of given neighbor-
locating chromatic number. More precisely, we prove that if a connected graph G has order
n, neighbor-locating chromatic number k and average degree d, then n is upper-bounded by
O(d?kI11+1). We also design a family of graphs of bounded maximum degree whose order is
close to reaching this upper bound. Our upper bound generalizes two previous bounds from
the literature, which were obtained for graphs of bounded maximum degree and graphs of
bounded cycle rank, respectively.

Also, we prove that determining whether x1(G) < k and xn(G) < k are NP-complete
for sparse graphs: more precisely, for graphs with average degree at most 7, maximum average
degree at most 20 and that are 4-partite.

We also study the possible relation between the ordinary chromatic number, the locating
chromatic number and the neighbor-locating chromatic number of a graph.

Keywords: locating coloring, neighbor-locating coloring, neighbor-locating chromatic number,
sparse graphs, computational complexity.

1 Introduction

Our aim is to study two graph coloring problems from the field of graph identification, namely,
locating coloring and neighbor-locating coloring, with an emphasis on the latter.

Identification problems. The above two problems belong to the general framework of iden-
tification problems, where one is given a graph (or a hypergraph) and one wishes to distinguish
all vertices of the graph by giving each of them a unique attribute. Classically, the problems in



this area largely fall into two main categories: (i) local identification problems, and (ii) distance-
based identification problems. The study of the former class of problems was initiated by Rényi
in the 1960s for hypergraphs, under the name of separating sets [31] (also later called separating
systems [12], test covers [29], discriminating codes [14], etc). The concept was then adapted to
graphs under the name of locating-dominating sets by Slater in the 1980s [34]. On the other
hand, the prominent distance-based identification problem is the metric dimension problem for
graphs, introduced independently by Harary and Melter [22] and by Slater [33] in the 1970s.

In all these problems, one seeks a (small) set of solution vertices (possibly, hyperedges in the
case of hypergraphs) and wishes to distinguish the vertices either by their neighbourhoods in the
solution in the case of the local problems, or by their distances to the solution vertices, in the
case of the distance-based problems. These types of problems are very fundamental and have
numerous applications in various fields, such as for example, fault-detection in networks [30, 35],
biological diagnosis [29], machine learning [17], canonical representations of graphs [6, 25], coin-
weighing problems [32], games [18], learning theory [21], etc.

One of the most fundamental graph problems is the graph coloring problem, as it is essential
to model applications such as clustering, resource allocation, etc. Thus, it is a natural approach
to combine the concepts of coloring and identification. As one of the earliest instances of
this effort, the concept of locating coloring was introduced in 2002 by Chartrand et al. [15],
providing a coloring version of the aforementioned distance-based identification problems like
the metric dimension. Here, one seeks a proper coloring of the graph such that each vertex
is uniquely identified by its distances to the color classes. In 2014, a coloring version of the
above local identification problems was introduced by Behtoei and Anbarloei [9] (under the
name of adjacency locating coloring) and rediscovered by Alcon et al. in 2020 [2] under the
name of neighbor-locating coloring (see below for the formal definitions). The setting of these
two problems is very natural: instead of minimizing the size of a solution set like in the classic
identification problems, we wish to assign a color to each vertex in order to partition the vertex
set, e.g., to perform resource allocation, and thus we want to minimize the number of colors.
Moreover, we also want to be able to uniquely identify the vertices in each color class, with one of
the aforementioned applications of identification problems in mind, for example, fault-detection.

While the former concept of locating coloring has been extensively studied since 2002 [5, 7, 8,
9, 10, 11, 15, 16, 19], our focus of study is the latter (neighbor-locating coloring), which is more
recent but has already started gaining some attention in the very recent years [1, 2, 3, 23, 28].

Notation and terminology. Throughout this article, we consider only simple graphs (graphs
without loops and multiple edges). Moreover, we will use the standard terminology and notation
used in “Introduction to Graph Theory” by West [36].

Given a graph G, a (proper) k-coloring is a function f : V(G) — S, where S is a set of k
colors, such that f(u) # f(v) whenever u is adjacent to v. Usually, we will assume the set of
k colors S to be equal to {1,2,---,k}, unless otherwise stated. The chromatic number of G,
denoted by x(G), is the minimum k for which G admits a k-coloring.

Given a k-coloring f of G, its i color class is the collection S; of vertices that have received
the color i. The distance between a vertex x and a set S of vertices is given by d(z,S) =
min{d(z,y) : y € S}, where the distance d(z,y) between the vertices z and y is the number
of edges in a shortest path connecting x and y. Two vertices x and y are metric-distinguished
with respect to f if d(zx,S;) # d(y, S;) for some color class S;. A k-coloring f of G is a locating
k-coloring if any two distinct vertices are metric-distinguished with respect to f. The locating
chromatic number of G, denoted by x(G), is the minimum k& for which G admits a locating
k-coloring.



Given a k-coloring f of G, suppose that a neighbor y of a vertex x belongs to the color class
S;. In such a scenario, we say that i is a color-neighbor of x (with respect to f). The set of
all color-neighbors of x is denoted by Ny(x). Two vertices x and y are neighbor-distinguished
with respect to f if either f(x) # f(y) or N¢(x) # Nf(y). A k-coloring f is neighbor-locating
k-coloring if each pair of distinct vertices are neighbor-distinguished. The neighbor-locating
chromatic number of G, denoted by xn1(G), is the minimum & for which G admits a neighbor-
locating k-coloring.

The average degree of a graph G having n vertices and m edges is the average of the degree of
its vertices, which, due to the Handshaking Lemma, is equal to 277” The average degree of G is
a measure of the density of the graph: if it is bounded by a constant, then the graph has a linear
number of edges, and may be called sparse. However, a graph may have low average degree and
still contain very dense parts. The mazimum average degree of G is the maximum of the average
degrees taken over all the subgraphs of G. This notion serves as a more “uniform” measure of
the graph density. Two non-adjacent vertices x,y € G are false twins if N(z) = N(y), where
the open neighborhood of x, denoted by N (z), is the set of all vertices adjacent to z.

Applications. Neighbor-locating coloring (and locating coloring, with a slight modification)
can model the following fault-detection problem. This kind of fault-detection in networks and
complex systems is of high practical importance in the industry, see for example the settings
of multi-core C & I cables [27], and smart grids [26]. We wish to monitor a network for faults
(or a facility for hazards). The facility is partitioned into several segments (each represented
by a color), and each segment consists of multiple nodes where a fault may occur. To every
segment, we associate one detector that monitors it for potential faults. To avoid mistakes in
the detection, two adjacent nodes cannot be in the same segment. Every detector is able to
signal the following two things in case of occurrence of a fault (at exactly one node): (i) the
segment where the fault has occurred, (ii) the segments that are adjacent to the faulty node.

Hence, if all nodes in a given segment have different sets of segments in their neighborhood,
the information (i) and (ii) from all detectors is sufficient to locate the faulty node. To reduce
costs, one wishes to minimize the number of detectors (that is, segments). In such a scenario,
the network is modeled by a graph, nodes correspond to vertices, node adjacencies to edges,
and segments to color classes. Thus, this fault-detection scenario corresponds to the neighbor-
locating coloring problem.

To minimize the number of detectors even further (but at the expense of more powerful
detectors), the setting can be slightly modified for (ii) if every detector can measure the smallest
distance from a node of its segment to the node where the fault has occurred. In that case, this
fault-detection scenario corresponds to the locating coloring problem.

Context and contributions. Observe that a neighbor-locating coloring is, in particular, a
locating coloring as well. Therefore, we have the following obvious relation among the three
parameters [2]:

X(G) < xL(G) < xniL(G).

Note that for complete graphs, all three parameters have the same value, that is, equality holds
in the above relation. Nevertheless, the difference between the pairs of values of parameters
X(),xnr(+) and xr(-), xnL(:), respectively, can be arbitrarily large. Moreover, it was proved
that for any pair p, ¢ of integers with 3 < p < ¢, there exists a connected graph Gy with x(G1) = p
and xn(G1) = ¢ [2] and a connected graph G2 with x1(G2) = p and xnL(G2) = q [28]. The



latter of the two results positively settled a conjecture posed in [2]. We strengthen these results
as follows.

Theorem 1. For all2 <p < q <r, except when p=q =2 and r > 2, there exists a connected
graph Gy g, satisfying X(Gpqr) = p; X£(Gp,qr) = q, and XNL(Gp,gr) =T

One fundamental difference between coloring and locating coloring (resp., neighbor-locating
coloring) is that the restriction of coloring of G to an (induced) subgraph H is necessarily
a coloring, whereas the analogous property is not true for locating coloring (resp., neighbor-
locating coloring). Interestingly, we show that the locating chromatic number (resp., neighbor-
locating chromatic number) of an induced subgraph H of G can be arbitrarily larger than that
of G.

Theorem 2. For every k > 0, there exists a graph Gy having an induced subgraph Hy such
that xp(Hx) — x0(Gk) = k and xnp(Hg) — xnL(Gg) = k.

Alcon et al. [2] showed that the number n of vertices of G' is bounded above by k(28! — 1),
where xn7(G) = k and G has no isolated vertices, and this bound is tight. This exponential
bound is reduced to a polynomial one when G has maximum degree A. Indeed it was further
shown in [2] that the upper-bound n < ijA:1 (kzl) = O(kKA*1) holds (for graphs with no
isolated vertices and when A < k — 1). The tightness of this bound was left open. Alcon et
al. [3] gave the upper bound n < (k3 + k* — 2k) + 2(c — 1) = O(k?) for graphs of order n,
neighbor-locating chromatic number k£ and cycle rank ¢, where the cycle rank ¢ of a graph G,
is defined as ¢ = |E(G)| — n + 1. Further, they also obtained tight upper bounds on the order
of trees and unicyclic graphs in terms of the neighbor-locating chromatic number [3], where a
unicyclic graph is a connected graph having exactly one cycle.

A connected graph with cycle rank ¢ and order n has n + ¢ — 1 edges and a graph of order
n and maximum degree A has at most %n edges. Thus, the two latter bounds, which are
in terms of cycle rank ¢ and maximum degree A respectively, can be seen as two approaches
for studying the neighbor-locating coloring for sparse graphs. We generalize this approach by
studying graphs with a given average degree and neighbor-locating chromatic number k. For
such graphs, we prove the following.

Theorem 3. Let G be a connected graph on n vertices, with neighbor-locating chromatic number
k and average degree d. Then, we have n = O(koWH). More precisely:

(i) if k < [d], then n < [d]kl?1-1;

[d]
kE—1
(it) if k > [d] + 1, then n < kZ([cﬂ +1-— z)( ; > Moreover, any graph G whose order
i=1
attains the upper bound has mazimum degree A < [d] + 1 and ezxactly k:(k;l) vertices of
degree 1.

Furthermore, we design a construction that shows that the above upper bound is asymptot-
ically almost tight, as follows.

Theorem 4. For every integer A > 2, there exists a connected graph G of mazimum degree A

A+1
of order n = <A (ﬁ) >, where k is the neighbor-locating chromatic number of G.



Note that the above lower bound is also 2 (d_dkd+1). It implies that our bound from
Theorem 3 and the one from [2] are tight up to a multiplicative factor that is a function of A or
d (when d is an integer), respectively. In other words, if A or d is considered a fixed constant,
our construction shows that these two bounds are tight up to a constant factor.

A natural question that arises, is whether determining the value of the locating chromatic
number and the neighbor-locating chromatic number can be done efficiently on sparse graphs.
We show that this is not the case, proving that the associated decision problems are NP-complete
even on graphs of bounded maximum average degree.

Theorem 5. The L-COLORING and the NL-COLORING problems are NP-complete even when
restricted to 4-partite graphs of average degree at most 7 and mazrimum average degree at most
20.

Organization of the paper. In Section 2, we study the connected graphs with prescribed
values of chromatic number, locating chromatic number, and neighbor-locating chromatic num-
ber. We also study the relation between the locating chromatic number (resp., neighbor-locating
chromatic number) of a graph and its induced subgraphs. In particular, we prove Theorems 1
and 2 in this section. In Section 3, we provide an upper bound on the number of vertices of a
sparse graph in terms of neighbor-locating chromatic number by proving Theorem 3. In Sec-
tion 4, we prove that the obtained upper bound is almost tight by proving Theorem 4. Finally,
in Section 5, we prove that the L-COLORING and the NL-COLORING problems are NP-complete
for sparse graphs; more precisely, for graphs that are 4-partite, have average degree at most 7,
and maximum average degree at most 20. In particular, we prove Theorem 5.

Note: A preliminary version of this work (without the NP-completeness proofs, without the fig-
ures, and with less detailed proofs and statements) appeared in the proceedings of the CALDAM
2023 conference [13].

2 Gaps among (), x1(G) and \y.(G)

The first result we would like to prove involves three different parameters, namely, the chromatic
number, the locating chromatic number, and the neighbor-locating chromatic number.

Proof of Theorem 1. First of all, let us assume that p = ¢ = r. In this case, for G, ,, = K,
it is trivial to note that x(Gyp.qr) = XL(Gp,g,r) = XNL(Gp,qr) = p. This completes the case when
p=q=r.

Second of all, let us handle the case when p < ¢ = r. If 2 = p < ¢ = r, then take
Gp,gr = K1,4-1. Therefore, we have x(G, qr) = 2 as it is a bipartite graph, and it is known that
XL(Gp,q,r) = XNL(Gp,q,r) =49 [27 15}'

If 3 <p < q=r, then we construct G, 4, as follows: start with a complete graph K, on
vertices vg, v1,- - -, Up—1, take (¢ — 1) new vertices uy,ug,- -+ ,u4—1, and make them adjacent to
vo. It is trivial to note that x(Gp4r) = p in this case. Moreover, note that we need to assign ¢
distinct colors to vg,u1,us, - ,us—1 under any locating or neighbor-locating coloring. On the
other hand, f(v;) =i+ 1 and f(u;) = j + 1 is a valid locating g-coloring as well as neighbor
locating g-coloring of G 4. Thus we are done with the case when p < ¢ = 1.

Thirdly, we will consider the case when p = ¢ <r. If 3 = p = ¢ < r, then let G 4, C
where C), is an odd cycle of suitable length, that is, a length which will imply xn7(Cr) =
is known that such a cycle exists [1, 9]. As we know that x(Gpqr) =3, Xx£.(Gpqgr) =3 [1 ]
XNL(Gpgqr) =1 [1, 9], we are done.



If 4 < p=q < r, then we construct G, 4, as follows: start with a complete graph K,
on vertices vp,v1,--- ,vp—1, and an odd cycle C,, on vertices ug,u1,--- ,u,—1, and identify the
vertices vg and ug. Moreover, we say that the length of the odd cycle C, is a suitable length, that
is, it is of a length which ensures xn(Cy) = r. Notice that x(Gp4r) = p. A locating coloring
f can be assigned to Gp 4, as follows: f(v;) =i+ 1, f(uj) = a for odd integers 1 < j <n —1
and f(u;) = b for even integers 2 <1 <n—1, where a,b € {2,3,...,p}. A vertex v; € K, (other
than vg) and a vertex u; € C,, such that f(v;) = f(u;) are metric-distinguished with respect to
f since d(v;, S;) = 1 # d(u;, ;) for at least one [ € {2,3,...,p} \ {a,b}. Thus, xp.(Gpqr) = p-
On the other hand, as the neighborhood of the vertices of the cycle C,, (subgraph of G, ,,) does
not change if we consider it as an induced subgraph except for the vertex vg = ug. Thus, we
will need at least r colors to color C,, while it is contained inside G, 4, as a subgraph. Assign a
neighbor-locating coloring ¢ to G, 4, as follows: assign p distinct colors to the complete graph
K,. Use p colors from K, and 7 — p new colors to provide a neighbor-locating coloring to the
odd cycle C,,. A vertex v; € K, (other than vg) and a vertex u; € C,, such that c(v;) = c(uy)
are neighbor-distinguished with respect to ¢ since v; has p — 1 distinct color neighbors whereas
uj can have at most two distinguished color neighbors. Hence xnr(Gpgqr) = r. Thus, we are
done in this case also.

Finally, we are into the case when p < ¢ <r. If 2 = p < ¢ < r, then refer [28] for this case.
If 3 =p < g < r, then we start with an odd cycle C,, on n vertices vy, v1, v, ,V,—1. Here, let

k= r(rflg(r72) and
k if £ is odd,
n —=
k—1 if k is even.
It is known that xn7(Cy) = r from [1, 9]. Take ¢ — 1 independent vertices uy, ug, -+, ug—1
and make all of them adjacent to vg. This so obtained graph is G 4. It is trivial to note that
X(Gp.qr) = 3 in this case. Note that we need to assign ¢ distinct colors to vg, u1,ug, -+, Ug—1

under any locating or neighbor-locating coloring. Now, we assign a locating coloring f to Gy 4.r
as follows:
1 ifi=0,
flo;)) =<2 ifiisoddand 1 <i<n—1,

3 ifdisevenand 2 <i<n-—1.

Also, f(uj) = j+1forall 1 < j < ¢g—1. This gives us xr(Gpqr) = ¢. On the other
hand, as the neighborhood of the vertices of the cycle C), (subgraph of G)4,) does not change
if we consider it as an induced subgraph except for the vertex vy. Thus, we will need at least r
colors to color C,, while it is contained inside G} 4, as a subgraph. Assign a neighbor-locating
r-coloring ¢ to Gp 4, as follows: assign a neighbor-locating r-coloring to the odd cycle C), such
that each vertex has two distinct color neighbors in case of n = k, and all vertices except the
two vertices, say v; and vj;, have two distinct color neighbors in case of n = k — 1 (refer [1] for
such a neighbor-locating r-coloring). Assign distinct colors to the ¢ — 1 leaf vertices by choosing
any g — 1 colors from r colors (except ¢(v;) and ¢(v;) in case of n = k — 1) given to the cycle C,,.
A vertex v; in the cycle and a leaf vertex u; such that f(v;) = f(u;) are neighbor distinguished
since v; has two distinct color neighbors whereas u; has only one color neighbor. Hence we have
XNL(Gpgr) =T

If4 < p < g < r, then we start with a path P, on n vertices, where n =
is known that xnr(P,) = r from [1, 9]. Let P, = upuy ---up—1. Now let us take a complete
graph on p vertices v, v1,- -+ ,vp—1. Identify the two graphs at ug and vy to obtain a new graph.
Furthermore, take (¢ — 2) independent vertices wy, ws, -+ ,wy—2 and make them adjacent to

r(r—1)(r—2
rrUr=2) gy



Up—2. This so obtained graph is Gpq,. It is trivial that x(Gpgq,) = p. Note that under
any locating or neighbor-locating coloring, ¢ distinct colors have to be given to the vertices
Up—2, W1, W2, -+, Wg—2, Upn—1. Now, define a locating coloring f of G, 4, as follows:

1 ifi=0o0ri=n-3,

ifiisoddand 1 <i<n —4,
if iis even and 2 < i <n — 4,
flu) = if i=mn—2 and n is odd,
if i =n — 2 and n is even,

if i=n—1 and n is odd,

W NN W W N

\ ifi=n—1 and n is even.

Further, assign the colors 1,4, 5,6, ...,q to the leaf vertices and f(v;) =j+1foralll <j <
p— 1. Thus, xr.(Gpqr) = q.

Moreover, the neighborhood of the vertices of the path P, (subgraph of G, ,,) does not
change if we consider it as an induced subgraph except for the vertices ug and w,—s. Recall
that, for a path P, on n vertices with (Tq_l);& <n < @
Asn —3 = r(r—l)(2r—2)—6 > (’r—l);(r—Q)

, we have xnr(P,) =7 [1, 9].
, where r > 6, at least r colors are required for neighbor-
distinguishing the vertices w1, u2, -+, up—3 in Gp q.r-

Assign a neighbor-locating 7-coloring ¢ to Gp 4, as follows: assign a neighbor-locating 7-
coloring to the path P, such that each vertex (except the end vertices uy and wu,—1) has two
distinct color-neighbors (refer [1] for such a neighbor-locating r-coloring). Choose any p — 1
distinct colors from r colors (except ¢(ug)) used in neighbor-locating r-coloring of P,, and assign
them to the remaining p — 1 vertices of the complete graph. Assign distinct colors to the g — 2
leaf vertices by choosing any ¢ — 2 colors from r colors of P, except the colors c(ug), ¢(un—2)
and c(unp—1). A vertex u; (i # 0,n — 2,n — 1) on the path P, and a leaf vertex w; such that
c(u;) = c(wj) are neighbor distinguished since u; has two distinct color neighbors whereas w;
has only one color neighbor. Hence, we have xn1(Gpgr) =T O

Furthermore, we show that, unlike the case of the ordinary chromatic number, an induced
subgraph can have an arbitrarily higher locating chromatic number (resp., neighbor-locating
chromatic number) than that of the original graph.

Proof of Theorem 2. The graph Gy is constructed as follows. We start with 2k disjoint Kis
named ay,as, - -, ag, and k disjoint Kos named bib], babh, - - - , byb). After that, we make all the
above mentioned vertices adjacent to a special vertex v to obtain our graph Gj. Notice that
v and the a;s8 must all receive distinct colors under any locating coloring or neighbor-locating
coloring. On the other hand, the coloring f given by f(v) =1, f(a;) =i+1, f(b;) = 2i+1, and
f(b}) = 2i is indeed a locating coloring as well as a neighbor-locating coloring of Gj. Hence we
have x1(Gr) = xnL(Gk) = 2k + 1.

Now take Hj, as the subgraph induced by v, a;s and b;s. It is the graph K 3. Hence, we
have XL(Hk) :XNL(Hk) =3k+1 [2, 15] ]

3 Bounds for sparse graphs

In this section, we study the density of graphs having bounded neighbor-locating chromatic
number. The first among those results provides an upper bound on the number of vertices of



a graph in terms of its neighbor-locating chromatic number. This, in particular shows that the
number of vertices of a graph G is bounded above by a polynomial function of xn1(G).

Proof of Theorem 3. We can assume that k > 2, for otherwise G has only one vertex.
(i) First of all, assume that k& < [d]. We know from [2] that n < k(28~! — 1), and thus:
n < [d]2!91
< [d)kI,

and the desired bound holds. Moreover, we clearly have n = O(d?k[41+1) in this case.

(ii) For the remainder of the proof, we thus assume that k£ > [d] 4 1 and for convenience, we let
[d] = a.

Let D; and d; denote the set and the number of vertices in G having degree equal to 4,
respectively, and let D;r and dj denote the set and the number of vertices in G having degree
at least ¢, respectively, for all 4+ > 1. As G is connected and hence, does not have any vertex of
degree 0, it is possible to write

Z deg(v Zz d; + Z deg(v (1)
veV (G veDF
and the number of vertices of G can be expressed as
n=(d1+d2+---+da)+d;_+1:d;_+1+zdi~ (2)
i=1

As > ev(q) deg(v) < an, combining equations (1) and (2) we have
Zz d; + Z deg(v (d;l + Zdi> =ad  +a) d; (3)
veD;, i=1 i=1

which implies

i< S (deg(v) —a)

vEDL_1

Z deg(v) | —adf,,

v€D+
Z a—1) (4)

The first inequality follows from the fact that there are exactly dzﬂ terms in the summation
> weDt ) (deg(v) — a), where each term is greater than or equal to 1, as deg(v) > a + 1 for all
a+

v E D:{H. The second inequality can be obtained by rearranging Inequation (3).

Let f be any neighbor-locating k-coloring of G. Consider an ordered pair (f(u), N¢(u)),
where deg(u) < s, for some integer s < k — 1. Thus, u may receive one of the k available
colors, while its color neighborhood may consist of at most s of the remaining (k — 1) colors.



S
Therefore, there are at most k > (kzl) choices for the ordered pair (f(u), Nf(u)). Note that
i=1

for any two vertices u, v of degree at most s, the ordered pairs (f(u), N¢(u)) and (f(v), Nf(v))

must be distinct. Hence:
S S kj . 1
d; <k . 5

Since a < k — 1 by assumption, using the above relation, we can derive that

S35 (50)

i=1 szl i:lS
(7))
- k=1
:k;(a+1—z)< . > (6)

In the above inequation, the two equalities are algebraic identities, while the inequality is ob-
tained using Inequality (5). Therefore,

a
n=di,+Y di
i=1

a a

< Z(a —i)d; + Z d; [using Inequality (4)]
i=1 i=1

=> (a+1-1i)d;
i=1

. -1
<k Z(a +1—1) (k ; > [using Inequality (6)]
i=1

. E—-1
<3 (+("))
<ak) K

=1
< a2ka+1
< (d+ 1)2k!+1
= O(d?k1+1y.

In particular, we have the desired bound from the first part of (ii). Moreover, we also have
the general bound n = (’)(ko(dHl) in this case. Thus, we are left with only proving the second
part of (ii).

For the proof of the second part of (ii), we notice that if the order of a graph G* fulfilling the
constraints of (ii) attains the upper bound, then equality holds in all of the above inequations.
In particular, we must have d},; = ZveDjH (deg(v) — a) which implies that G* cannot have a

vertex of degree more than a + 1. Moreover, we also have the following equality.
S S
kE—1
z;di:kz;< Z, >fors:1,2,...,a+1
1= =
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which implies that G* has exactly k‘(k;l) vertices of degree 1. O
The above bound applied to the class of planar graphs (whose average degree is less than 6)
gives us the following upper bound.

n < ki(?—z’)(k X 1) — Ok,

4 Tightness of the obtained bound: proof of Theorem 4

Next, we show the asymptotic tightness of Theorem 3.

The proof of Theorem 4 is contained within a number of observations and lemmas. Also, the
proof is constructive, and the constructions depend on particular partial colorings. Therefore,
we are going to present a series of graph constructions, their particular colorings, and their
structural properties. We are also going to present the supporting observations and lemmas in
the following. As the proof is a little involved, we start with the following overview.

The final graph G will be built through constructing a sequence of graphs in a number of
iterations. Firstly, we take the base graph G; as a path on a certain number of vertices (the
number of vertices is decided and declared based on arguments mentioned inside the proof) with
neighbor-locating chromatic number s.

We also fix a particular neighbor-locating s-coloring of GG;. Based on this fixed neighbor-
locating s-coloring, we will add some vertices and edges to construct Ga. Simultaneously to
adding the new vertices and edges, we will extend the neighbor-locating s-coloring to a neighbor-
locating coloring with more than s colors (the exact value of increment in s is declared and
explained in the proof). Similarly, we will continue to build G;4+1 from G; to eventually construct
the relevant example G.

Lemma 6. For two positive integers p,q with p < q, consider a (p x q) matriz whose ij*" entry
is m;j. Let M be a complete graph whose vertices are the entries of the matriz. Then there
exists a matching of M satisfying the following conditions:

(i) The endpoints of an edge of the matching are from different columns.

(ii) Let e1 and ez be two edges of the matching. If one endpoint of e1 and es are from the same
column, then the other endpoints of them must belong to distinct columns.

(iii) The matching saturates all but at most one vertex of M per column.

Proof. The matching consists of edges of the type my;_1y jma; it for alli € {1,2,---,[ 5]} and
je{1,2,---,q}. Note that throughout this proof, we will consider the addition and subtraction
operations on the indices modulo ¢, where the representatives of the integers modulo ¢ are
1,2,---,q. We will show that this matching satisfies all the above-listed conditions.

First observe that, a typical edge of the matching is of the form m9;_1) jm2i+;. That means
the endpoints of the edge in question are from column j and column i + j, respectively. As

0<i§th<p<q,

we must have j # i + j. Thus the condition (i) from the statement is verified.
Next suppose that there are two edges of the type m(g;_1) jm2ii+; and mgy_1) jomair i1y -

If m9;_1),; and m(gy_y) j» are from the same column, that is, j = j', then we must have 7 # 7

10



as they are different vertices. This will imply that the other endpoints mg; ;4 and mo ;4 are
from different columns as i +j # 7' +j = 7' + j’. On the other hand, if my;_1); and may j4 5
are from the same column, then we have j =’ + j'. Moreover, if j' =i + 7, then it will imply

j=i+5 =i +i+].
This is only possible if ¢ divides (i + ¢’), which is not possible as
O<i—|—i’§2gJ <p<q.

Therefore, we have verified condition (i7) of the statement as well.

Notice that, the matching saturates all the vertices of M when p is even, whereas it saturates
all except the vertices in the p** row of the matrix when p is odd. This verifies condition (i)
of the statement. O

Corollary 7. For two positive integers p,q with p < q, let G be a graph with an independent
set M of size (p x q), where M = {m;; : 1 < i < p,1 < j < q}. Moreover, let ¢ be a proper
(s' + q)-coloring of G satisfying the following conditions:

(i) all s' colors are assigned to the vertices in G\ M,

(i) for any verter x of G, s' +1 < ¢(x) < 8"+ q if and only if x € M,
(iii) for any two vertices x,y of G, x and y are neighbor-distinguished unless both belong to M,
(iv) for alli,j with1 <i<pand1<j<gq, ¢(mij) =5 +3j.

Then it is possible to find a spanning supergraph G' of G by adding a matching between the
vertices of M which will make ¢ a neighbor-locating (s’ + q)-coloring of G'.

Proof. First of all build a matrix whose ij** entry corresponds to the vertex m;j. After that,
build a complete graph whose vertices are entries of this matrix. Now using Lemma 6, we
can find a matching of this complete graph that satisfies the three conditions mentioned in the
statement of Lemma 6. We construct G’ by including exactly the edges corresponding to the
edges of the matching, between the vertices of M. We want to show that after adding these
edges and obtaining G’, indeed ¢ is a neighbor-locating (s’ + g)-coloring of G'.

Notice that by the definition of ¢, (s’ + ¢) colors are used. So it is enough to show that
the vertices of G’ are neighbor-distinguished with respect to ¢. To be precise, it is enough to
show that two vertices x,y from M are neighbor-distinguished with respect to ¢ in G’ because
of condition (i) of the statement. If for some z,y € M we have ¢(z) = ¢(y), then that means
x,y are from the same column of M. Therefore, according to the conditions of the matching,
x,y must have neighbors from separate columns of M, that is, they have neighbors of different
colors. This is enough to make x,y neighbor-distinguished. O

Let us recall a result from [1, 9] which we shall use in the construction, indeed, Gy will be
defined as a path (see point (iii) of the construction below).

Theorem 8 ([1, 9]). Let k > 4 be an integer and P, be a path on n vertices. If W# <

k2(k—1
0 < PO o yn(P) = .
The construction of G;;; from G;: Now we are ready to present our iterative construction.

However, given the involved nature of it, we need some specific nomenclatures to describe it.
For convenience, we will list down some points to describe the whole construction.
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Colors of new vertices: 5§

s
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2
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1
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4
1
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4
3
4
3
2
4
2
4
1
3

[ NN

—
/
Gy

Figure 1: Construction of Gy from G1 = Pa4. Here xn1(Pa4) = 4, the red and blue edges are
the two sets of newly added matchings.

(i) An i-triplet is a 3-tuple of the type (G, ¢, X;) where G; is a graph, ¢; is a neighbor-
locating (is)-coloring of G;, X; is a set of (i + 1)-tuples of vertices of G;, each tuple having
distinct elements. Also, X; disjointly covers the vertices of G;, that is, each vertex of G;
appears exactly once in one of the (i 4+ 1)-tuples of X;.

(ii) We will assume a partition Y; of X; where two elements (1, z2,- -+ ,2;11) and (2, 25, , 2}, )
of X; are put in the same cell of the partition if

That is, the partition is based on the set of colors used on the vertices belonging to the
(i + 1)-tuples. Moreover, the cells of the partition are given by Y; = { X1, Xjo, -+, Xig, }
where k; denotes the number of cells in Y;. In Lemma 9, we will show that each cell of
such partition has less than s vertices. For now, we will accept it as a fact and carry on
with the construction.

(iii) Let us describe the 1-triplet (G1, ¢1, X1) explicitly. Here G is the path P, = vjvg -+ - vy on
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(vii)

t vertices where ¢t = 4 {52(2—1)] As

(s — 1);(8 -2) <4 {52(5 - I)J < s3(s —1)

we must have xnyr(FP;) = s (by Theorem 8).
Let ¢1 be any neighbor-locating s-coloring of GG; and

X1 ={(vi—1,vi41) :i=2,3 (mod 4)}.

Clearly each 2-tuple in X; has distinct elements and X; disjointly covers the vertices of
G1. Therefore, (G1, ¢1, X1) satisfies (i).

Suppose an i-triplet (G, ¢;, X;) is given. We will (partially) describe a way to construct
an (i 4+ 1)-triplet from it. To do so, first we will construct an intermediate graph G;_; as
follows: for each (i+1)-tuple (z1, 22, ,zi+1) € X; we will add a new vertex z;42 adjacent
to each vertex from the (i 4 1)-tuple. Moreover, (x1,x2, -+ ,x;t1,Tit2) is designated as an
(i + 2)-tuple in G} ;. After that, we will take s copies of G ; and call this so-obtained
graph G7 ;. Furthermore, we will extend ¢; to a function ¢;;1 by assigning the color
(is + j) to the new vertices from the j copy of G}, ;. The copies of the (i + 2)-tuples are
the (i + 2)-tuples of G ;. Note that the set X;;1 of all (i 4 2)-tuples disjointly cover the
vertices of G ;.

Recall the notion of partition from (ii). As ¢; and X; will remain unchanged when we add
some edges to construct Giy1 (we know in hindsight) from G, ;, we can already speak
about the partition

Yitr = { X010 Xtz > X(id1)kisr )

of X;y1. Recall that the last vertex of an (i + 2)-tuple is a new vertex of Gy, ;. Observe

that two new vertices of G7, ;| have the same color if and only if they belong to the same
copy of Gj ;. Thus, the vertices of the (i + 2)-tuples of a particular cell X(ig1)r must
belong to the same copy of Gj | in G, ;. Thus, if | X1,| < s for all » € {1,2,--- k1 }, then
| Xir| < s for all ¢ and for all r. In Lemma 9, we will show that each cell of Y7 has less than
s vertices. For now, we will accept it as a fact and carry on with the construction.

Here we are going to construct a matrix M using some of the new vertices. Let us assume
that X ;1) is a cell of the partition Y;;1 whose vertices belong to the 15t copy of Gi,q in

7.1 Let us take the last entries (new vertices) of the (i + 2)-tuples belonging to X(;; 1),
and place them in a column (without repetition). This will be the first column of our
matrix M. The I column of the matrix can be obtained by replacing the entries of the
15" column by their copies from the " copy of G} in G/,;. This matrix M is a (p x q)

matrix where p = | X;,| and ¢ = s. We have p < ¢ assuming Lemma 9.

Let us delete all the new vertices from Gy, except for the ones in M. This graph has
the exact same properties of the graph G from Corollary 7, where M plays the role of the
independent set. Thus, it is possible to add a matching and extend the coloring (like in
Corollary 7). We do that for each cell X(; 1), of the partition Y;;; whose vertices belong
to the 1% copy of G/, in G/ ;. After adding all such matchings, the graph we obtain is
Git+1. See Figures 1 and 2 for reference.
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s copies of G,

Colors of new vertices: is+1 is+2 (i+1)s

Gi

i+1

Figure 2: Construction of G7_; from G;.

Lemma 9. We have | X1,| < s, where X1, is any cell of the partition Y.

Proof. Any vertex (other than the end vertices) in G; has two color neighbors say ¢ and j (i is
possibly equal to j). Having fixed the two color neighbors, this vertex will have at most s — 1
choices of colors. Thus | Xi,| < s. O

Lemma 10. The function ¢;y1 is a neighbor-locating (i 4+ 1)s-coloring of Giy1.

Proof. The function ¢;11 is constructed from ¢;, alongside constructing the triplet G;11 from
G;. While constructing, we use the same steps from that of Corollary 7. Thus, the newly colored
vertices become neighbor-distinguished in G;41 under ¢; 1. O

The above two lemmas validate the correctness of the iterative construction of G;s. However,
it remains to show how G;s help us prove our result. To do so, let us prove certain properties
of Gjs.

Lemma 11. The graph G; has mazimum degree (i + 1).

Proof. We will prove this by induction. As we have started with a path, our G; has maximum
degree 2. This proves the base case. Suppose that G; has maximum degree (i + 1) for all i < j.
This is our induction hypothesis. Observe that, in the iteration step for constructing the graph
Giy1 from Gy, the degree of an old vertex (or its copy) can increase at most by 1, while a new
vertex of G;11 is adjacent to exactly (i + 1) old vertices and at most one new vertex. Hence, a
new vertex in G411 can have degree at most (i + 2). O

Finally, we are ready to prove Theorem 4.

Proof of Theorem 4. We consider the graph G to be Ga_1 as in our construction. By Lemma
11, the maximum degree of G is A. Let k be the neighbor-locating chromatic number of G.
Observe that xynz(G1) = s and recall that s > 4 due to Theorem 8. In each iteration, s new
colors are added, hence we have k = yn1(G) < (A — 1)s. First, let us count the number of
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vertices in G. Let n; denote the number of vertices in the graph G;. By the construction, the

base graph G1 hasn; =t =4 {%J number of vertices. Further, %5} new vertices are added

to each copy of GGy to obtain the vertices of G3. So, ny = s(n1 + %) = Sszﬂ Further, %
new vertices are added to each of the s copies of Gy to obtain the vertices of GG3. This gives

ng = s(ng + ) = %sng = %%sznl = %sznl. Proceeding in this manner, we have in general,
n; = @siilnl. Therefore, putting ¢ = A — 1 and using the fact that n; > 53552 — 4 it is easy

to see that the number of vertices in G = Ga_1 is

A A 1 8
NA_1 > 7(8A+1 _ SA _ 88A72) — ZSA+1 (1 - 83)

— 4 s
2
= ésﬁ-ﬂ 1— M
4 s3
> iASAH (as s > 4)
32

5 EoO\ A
> _
> 58 (557)

~aa(z4)7).

This establishes the proof. O

5 Complexity of Locating coloring and Neighbor-locating col-
oring for sparse graphs

In this section, we will show that the locating coloring and the neighbor-locating coloring prob-
lems are NP-complete even when restricted to families of sparse graphs. For the sake of precision,
let us formally define the 3-coloring, the locating coloring and the neighbor-locating coloring
problems.

3-COLORING
Instance: A graph G.
Question: Does there exist a proper 3-coloring of G?

L-CoOLORING
Instance: A graph G and a positive integer k.
Question: Does there exist a locating k-coloring of G7

NL-COLORING
Instance: A graph G and a positive integer k.
Question: Does there exist a neighbor-locating k-coloring of G?

It is well-known that the 3-COLORING problem is NP-complete [24]. Moreover, the problem
remains NP-complete even when restricted to the family of planar graphs having maximum
degree 4.
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z € {u;, u}

z € {u;,ui}

Y

Figure 3: The gadget X; from the construction of G* from G and its connections.

Theorem 12 ([20]). The 3-COLORING problem is NP-complete even for planar graphs of maz-
imum degree 4.

To prove Theorem 5, we provide a reduction from the 3-COLORING problem. The proof
involves construction of a graph G* from a given connected graph G and a few lemmas to
analyse its properties.

Construction of G*: Let GG be a connected graph on the vertices uq, uo, -+ ,u,. Take a copy
of G and call it as G’ with the vertices uf,ub,--- ,u),. If u; is adjacent to w;, then u} is made
adjacent to u; and u; is made adjacent to u; fori,j e {1,2,--- ,n}.

Next we construct the gadgets X; for all i € {1,2,--- ,n}. The gadget X; consists of a vertex
called z; and two independent sets A; = {z;1,z;2, -+ ,Tin_1} and B; = {$;71,£C;-72, e ,x;nﬂ}.
Moreover, x; is adjacent to all the vertices of A; and B;. When we say that the gadget X; is
attached to a vertex z, we mean that the vertex z is made adjacent to all the vertices in A;.
After that for each ¢ € {1,2,--- ,n}, the gadget X; is attached to the vertices u; and u/.

Finally, take another independent set Y = {y1,y2,y3} having three vertices. For each i €
{1,2,--- ,n}, we will attach every vertex of Y to the gadgets X;, and make it adjacent to the
vertices x;s as well. See Figures 3 and 4 for pictorial references.

Lemma 13. Let G be a connected graph on n vertices. If G admits a 3-coloring, then the graph
G* admits a neighbor-locating (n + 3)-coloring.

Proof. Let G be a connected graph on n vertices which admits a 3-coloring f. We want to
extend f to a neighbor-locating (n + 3)-coloring f* of G*. In this case, we will use K =
{1,2,3,¢1,c9,¢3,- -+ ,cn} as the set of (n + 3) colors for f*. We are going to define f* first and
then show that it is a neighbor-locating coloring.

As mentioned before, f* is an extension of f, and hence the colors assigned to the vertices
of G under f are retained. In other words, we have

[ (wi) = fuwi)
for all 4 € {1,2,--- ,n}. Moreover, we assign the color ¢; to the vertices u} and =;, that is,

) = £ (@) = ci.
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Figure 4: A schematic diagram for the construction of G*.

To the vertices y1,y2, and ys, we assign the colors 1,2, and 3, respectively. That is,
;) =3

for all j € {1,2,3}.

This leaves us with assigning the colors to the vertices of the independent sets A;s and
B;s. Notice that for each i € {1,2,--- ,n}, the set A; has exactly (n — 1) vertices, each of
them adjacent to exactly the six vertices ;, y1, Y2, y3, u;, u;, and hence are pairwise false twins.
Furthermore, notice that the vertices x;, y1,y2,y3 have received four distinct colors under f*,
namely, ¢;, 1,2, 3, respectively. Thus, to maintain the conditions of a neighbor locating-coloring
in hindsight, we will assign distinct colors to the vertices of A; using the colors from the set
K\ {ci,1,2,3}. To be precise, the value of f* for the vertices of A; is decided to be any valid
(fixed) solution of the following set theoretic equation:

{f*(ﬂﬁi,l),f*(u’ﬂm), e vf*(xi,n—l)} = {01,027 e ,Cn} \ {Cz}

Similarly, the set B; has exactly (n + 2) vertices, each of them adjacent to exactly one vertex,
namely, x;, and hence are pairwise false twins. To maintain the conditions of a neighbor-locating
coloring in hindsight, as f*(z;) = ¢;, we will assign distinct colors to the vertices of B; using the
colors from the set K \ {¢;}. To be precise, the value of f* for the vertices of B; is decided to
be any valid (fixed) solution of the following set theoretic equation:

{7 (@i0), (@), [P (@ing2)} = K\ {ei}

Next, we will show that f* is a neighbor-locating (n+3)-coloring of G*. To do so, we will show
that the set of vertices having the same color are non-adjacent as well as neighbor-distinguished.

17



e First we will deal with the vertices that received the color j for some j € {1,2,3}. Notice
that the only vertices that received the color j are some vertices of the original graph G,
the vertex y; from Y, and exactly one vertex of B;, say b;, for each i € {1,2,--- ,n}.

As f* is an extension of the 3-coloring f of G, any two vertices of G having the same color
are non-adjacent. They are non-adjacent to the vertices of Y as well. Moreover, none of
the vertices from B are adjacent to any vertex of G or Y. Therefore, the vertices of G*
having the color j under f* are all independent.

To observe that they are also neighbor-distinguished, note that a vertex with color j in G,
say uyp, has all ¢;s, except when ¢ = p, as its color-neighbors. Moreover, u, has at least one
color-neighbor from {1,2,3} as G is connected. That means, the set of color-neighbors of
Up 18
Ny-(up) = ({er, 2,0+ enf \{ep}) U S\ {f (wp)})

where S is a non-empty proper subset of {1,2,3}. The vertex y; is adjacent to all the
vertices of the A;s, and the vertex z;, and thus has all ¢;s as its color-neighbors. As y;
does not have any other neighbors apart from the ones mentioned above, the set of color
neighbors of y; is exactly

Nf*(yj) = {617027'“ 7C7L}-

Furthermore, the vertex b; is adjacent only to the vertex x;, which implies that the set of
color-neighbors of b; is

Ny« (bi) = {ci}
These observations readily imply that the vertices having the color j are pairwise neighbor-
distinguished.

e Next we will deal with the vertices that received the color ¢; for some i € {1,2,--- ,n}.
Notice that the only vertices that received the color ¢; are u) from G’, the vertex x; from
the gadget X;, and exactly one vertex of A, (resp., Bp), say a, (resp., by), for all p # i.

From the construction of G*, we know that u and x; are non-adjacent. Moreover, u, and
x; are both non-adjacent to the vertices of A, and B, as long as p # . Furthermore, there
is no edge between the vertices of the sets A, and B, for all p,q € {1,2,--- ,n}. Hence,
we have shown that the vertices of G* that received the color ¢; are independent.

To observe that they are also neighbor-distinguished, note that the vertex u} is adjacent
to some vertices of G as G is connected. However, u} is not adjacent to those vertices of G
that have received the color f(u;) due to the construction. The vertex u; is also adjacent to
some vertices of G’, and all the vertices of A;. As all the vertices of G’, except u/, are colored
using the set {c1,ca, - ,cn} \ {ci}, and as all the colors of the set {c1,co, -+ ,en} \ {c}
are used for the vertices of A;, we can say that the set of color-neighbors of u is given by

Ny (ui) = (fer, e,y en} \{ei}) U (S\ {f (ui)})

where S is a non-empty proper subset of {1,2,3}. The vertex z; is adjacent to exactly the
vertices of A;, B;, and Y. That means, the set of color-neighbors of x; is given by

Ny-(zi) = K\ {ei}-

Furthermore, b, has only one color-neighbor, which is ¢,, whereas the set of color-neighbors
of ay is
Ny«(ap) ={1,2,3,¢,}.
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These observations readily imply that the vertices having the color ¢; are pairwise neighbor-
distinguished.

This proves that f* is indeed a neighbor-locating (n + 3)-coloring of G*. 0

Lemma 14. Let G be a connected graph on n vertices. If G* admits a neighbor-locating (n+3)-
coloring, then G admits a 3-coloring.

Proof. Suppose that G* admits a neighbor-locating (n + 3)-coloring f using the set of colors
K ={1,2,3,c1,¢2,- - ,cy}. Since the vertices y1, y2 and y3 have the same open neighborhood,
under any neighbor-locating (n + 3)-coloring f of G*, we have to assign three distinct colors
to these three vertices. Without loss of generality, we may assume f(y;1) = 1, f(y2) = 2 and
flys) = 3.

For each ¢ € {1,2,--- ,n}, there are (n + 2) vertices of degree one in B;, all adjacent to z;.
Thus, the vertices of B; must receive (n+2) distinct colors. Notice that, f(x;) & {1,2,3} as it is
adjacent to all the vertices of Y. Hence, z; must receive one of the colors, say ¢ € {c1,c2,- - , ¢}
Furthermore, the set of all color-neighbors of z; is given by N¢(x;) = K\ {c}. So, to be neighbor
distinguished, x; and x; must receive different colors whenever ¢ # j. This will force the
vertices from {x1, 2, -+ ,zy,} to receive distinct colors from {cy,ca, -, ¢, }. Thus, without loss
of generality, we may assume f(z;) =¢; for all i € {1,2,--- ,n}.

As the (n — 1) vertices of A; are adjacent to the vertex z;, which has received the color
¢;, and all vertices of Y, which have received the colors 1,2 and 3, they cannot receive a color
from the set {1,2,3,¢;}. Moreover, as the vertices of A; are false twins, they must receive
distinct colors. This implies that the vertices of A; must receive (all) the colors from the set
{CI’ €2, ,Cn} \ {Cl}

Since u; and ] are adjacent to all the vertices of A;, they cannot receive a color from the
set {c1,¢2, -+ ,cn} \ {ci}. In other words, u; and u} must receive colors from the set {1,2,3,¢;}
only. As u; and u] are false twins, they cannot receive the same color. Therefore, one of them
must receive a color from the set {1,2,3}. If u; receives the color ¢; and f(u}) € {1,2,3}, then
we swap the colors of u; and u} so that we have f(u}) = ¢; and f(u;) € {1,2,3}. As u; and ]
are false twins, this does not affect the neighbor-locating coloring of G*. Hence, the restriction
of f to the induced subgraph G will provide a 3-coloring of G. O

Lemma 15. Let G be a connected graph on n vertices. If G admits a 3-coloring, then the graph
G* admits a locating (n + 3)-coloring.

Proof. Since every neighbor-locating coloring is also a locating coloring, the proof follows from
Lemma 13. ]

Lemma 16. Let G be a connected graph on n vertices. If G* admits a locating (n+ 3)-coloring,
then G admits a 3-coloring.

Proof. Note that, under any locating coloring, false twins must receive distinct colors as they
have the same distance to every vertex. Suppose that G* admits a locating (n + 3)-coloring f
using the set of colors K = {1,2,3,¢1,c2,--- ,cp}t. As the vertices y1, y2 and ys3 are pairwise
false twins, they must receive distinct colors, say f(y1) =1, f(y2) = 2 and f(y3) = 3.

There are (n+2) vertices of degree one in B; for all ¢ € {1,2,--- ,n}, which are pairwise false
twins. So, they must receive (n+2) distinct colors. Further, f(z;) € {1,2,3} as z; is adjacent to
all the vertices of Y. Let ¢ € {c1,¢a, -, ¢, } be the color given to z;, where ¢ does not appear in
B;. If z; and x; (i # j) receive the same color ¢, then they are not metric-distinguished as they
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are at distance one from all other color classes. Hence, z; and x; must receive distinct colors.
This implies that the vertices {x1, z2, -+ ,z,} must receive distinct colors from {cy,co, - ,cp}.
Without loss of generality, let f(x;) = ¢; for all ¢ € {1,2,--- ,n}.

Note that the (n — 1) vertices of A; are adjacent to the vertex x;, which has received the
color ¢;, and all vertices of Y, which have received the colors 1,2 and 3. So, they cannot receive
a color from the set {1,2,3,¢;}. Moreover, as the vertices of A; are pairwise false twins, they
must receive distinct colors. This implies that the vertices of A; must receive (all) the colors
from the set {c1,co,- -+ ,cn} \ {c}

As u; and u] are adjacent to all the vertices of A;, they cannot receive a color from the set
{c1,¢2,-++ ,en} \ {ci}. The only set of colors allowed for u; and v} are {¢;, 1,2,3}. Moreover,
as u; and u are false twins, they must receive distinct colors. Therefore, one of them is forced
to receive a color from the set {1,2,3}. If u; receives the color ¢; and f(u;) € {1,2,3}, then
we swap the colors of u; and u} so that we have f(u}) = ¢; and f(u;) € {1,2,3}. As u; and ]
are false twins, this does not affect the neighbor-locating coloring of G*. Thus, restricting the
coloring f to the induced subgraph G gives a 3-coloring of G. O

Lemma 17. If G is a connected planar graph with maximum degree 4, then G* has average
degree at most 7.

Proof. Let G be a connected planar graph with maximum degree 4 on n vertices. Then G has
m < 2n edges. Let us first count the number of vertices n* in G*. There are n vertices in each
of G and G', (2n + 2) vertices in each of the n gadgets X;, and 3 vertices in the set Y. Thus,
we have

n* = (n+n)+n2n+2)+3=2n2+4n+ 3.

Next, let us count the number of edges m* in G*. There are m edges in each of G and &,
2m edges between the vertices of G and G’, (n — 1) edges between each vertex u; (resp., u;) and
the gadget X;, (2n + 1) edges in each of the gadgets X;, and 3n edges between each X; and Y.
Thus, we have

m* = (m+m) +2m +2n(n — 1) + n(2n + 1) + 3n% = ™? — n + 4m < ™% 4 n.
Therefore, G* is a graph with average degree at most 7. O

Lemma 18. If G is a connected planar graph with maximum degree 4, then G* has mazimum
average degree at most 20.

Proof. Let G be a connected planar graph with maximum degree 4 on n vertices. We will
observe an edge decomposition of G*.

Let G7 be the subgraph of G* induced by the vertices of G and G’. As G has maximum
degree 4, G] has maximum degree 8. Therefore, the maximum average degree of GG is 8 or less.

Let G% be the graph obtained from G* by deleting the vertices of G’ and Y, and the edges
of G. This is a triangle-free planar graph, and thus has maximum average degree less than 4.

Let G% be the graph obtained by taking the vertices of G’ and the X;s, and the vertex y;.
Moreover, G also has the edges between the vertices of G’ and the X;s, as well as the vertex y;
and the X;s. Even this is a triangle-free planar graph, and thus has maximum average degree
less than 4.

Let G} be the graph obtained by taking the vertices ys2,ys, and the vertices of the Xjs.
Moreover, G} also have the edges between the vertices y», y3 and the X;s. This is also a triangle-
free planar graph, and thus has maximum average degree less than 4.

Notice that, the edges of the subgraphs G7, G5, G5, and G together give all the edges of G*.
Thus, we can say that the maximum average degree of G* is at most 20. O
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Lemma 19. If G is a connected planar graph with mazimum degree 4, then the graph G* is
4-partite.

Proof. By the Four-Color Theorem [4], every planar graph is 4-colorable. Thus, there is a 4-
coloring, say f, of the graph G. We want to extend f to a 4-coloring f* of G*. As admitting
a 4-coloring and being 4-partite are the same, we will be done if we can extend f as mentioned
above.

As mentioned before, f* is an extension of f, and hence the colors assigned to the vertices
of G under f are retained. Moreover, for a vertex of GG, we assign the same color to its false
twin in G’. In other words, we have

fr(ui) = f(us) = f(w)
for all i € {1,2,--- ,n}.
Next, if f*(u;) = 1, then we will assign f*(z;) = 1. On the other hand, if f*(u;) # 1, then
we will assign f*(x;) = 2. Furthermore, we will assign the color 2 (resp., 1) to all the vertices of

A; and B; if f*(x;) =1 (resp., f*(z;) = 2). Finally, we assign the color 3 to all the vertices of
Y. Notice that this is a 4-coloring of G*. 0

Proof of Theorem 5. It is easy to verify whether a given coloring is a neighbor-locating
coloring (resp. locating coloring), so the problem is in NP.

On the other hand, Lemmas 13, 14 show that the NL-COLORING problem is NP-hard and
Lemmas 15, 16 show that the L-COLORING problem is NP-hard for the graphs of the type G*
where G is a connected graph. Moreover, as the 3-COLORING problem remains NP-hard even
when restricted to the family of connected planar graphs having maximum degree at most 4,
and as Lemmas 17, 18, and 19 show that under such conditions, G* has average degree at most
7, maximum average degree at most 20, and is a 4-partite graph, the proof follows. O

6 Conclusions

In this article, we have studied the neighbor-locating coloring of sparse graphs. Initially, we
studied how big the gaps can be between the related parameters x(G), xr(G) and xn(G).
Later, we have obtained an upper bound on the number of vertices of a sparse graph in terms of
neighbor-locating chromatic number. Also, we have proved that the bound is tight by providing
constructions of graphs which almost achieve the bound. Moreover, we have proved that the
L-CoLORING and the NL-COLORING problems are NP-complete for sparse graphs with average
degree at most 7, maximum average degree at most 20 and 4-partite. Based on our work, and
in general relevant to the topic, we would like to provide a list of open problems.

Question 1. What is a tight bound for the maximum order of a planar graph with neighbor-
locating chromatic number k? Is the bound n = O(k7) tight?

Question 2. Under what condition does a graph have its neighbor-locating chromatic number
equal to its locating chromatic number (resp., chromatic number)?

Question 3. How much can the neighbor-locating chromatic number increase or decrease after
deleting a vertex (resp., an edge) of a graph?

Question 4. Are the L-COLORING and the NL-COLORING problems NP-hard for other re-
stricted classes of sparse graphs, for example planar graphs, or graphs of bounded mazximum
degree (for example subcubic graphs)?
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Question 5. Can the lower bound obtained from the construction from Theorem 4 be further
improved and made closer to the upper bound from Theorem 37
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