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ANALYSIS OF A POSITIVITY-PRESERVING SPLITTING SCHEME FOR SOME
SEMILINEAR STOCHASTIC HEAT EQUATIONS

CHARLES-EDOUARD BREHIER!*®, DAVID COHEN?® AND JOHAN ULANDER?

Abstract. We construct a positivity-preserving Lie-Trotter splitting scheme with finite difference
discretization in space for approximating the solutions to a class of semilinear stochastic heat equations
with multiplicative space-time white noise. We prove that this explicit numerical scheme converges in
the mean-square sense, with rate 1/4 in time and rate 1/2 in space, under appropriate CFL conditions.
Numerical experiments illustrate the superiority of the proposed numerical scheme compared with
standard numerical methods which do not preserve positivity.
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1. INTRODUCTION

Starting with the seminal work [40] on an implicit scheme for stochastic quasi-linear parabolic partial differ-
ential equations in 1995, the field of numerical analysis of stochastic partial differential equations (SPDEs) has
gained a huge interest during the last decades. We refer the interested readers to [27,28,48,58,81] for references
on the theory of SPDEs and to [2,4-6,18,24,29-31,35,38,39,44-47,49,50,52,54-58,63,66-68,70,71,75,80,82-87]
for references on the numerical analysis of SPDEs (with a particular focus on works related to strong convergence
for parabolic SPDESs).

In this work we propose and study a novel positivity-preserving numerical scheme for a fully discrete approx-
imation of the following semilinear Stochastic Heat Equation (SHE) with multiplicative space-time white noise

yu(t, ) = 02, u(t, z) + g(u(t, =))W (t, x),
u(t,0) = u(t,1) =0, (1)
u(0,x) = ug(x),

for (t,x) € [0, 7] x [0,1] and where ug > 0 is continuous, g: R — R is globally Lipschitz continuous, of class ct
and satisfies g(0) = 0, and W is a space-time white noise, see Section 2 for precise definitions and assumptions.
Taking g(z) = « in equation (1) results in the celebrated parabolic Anderson model, see for instance [19]. This
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equation is used to model (particle) branching processes, hydrodynamics with random forcing, and serves as a
model for turbulent diffusions.

The positivity-preserving property of the exact solutions to the SPDE (1) is the subject of extensive research:
two of the first results in this direction can be found in [65, 76], where this property is proven to be true for
noise of the form uYW (where 1 < ~ < 3/2) and for Lipschitz continuous drift and diffusion coefficients,
respectively. The case of a Lipschitz continuous diffusion g is studied in, for example, [28,64,72]. For the sake
of completeness, we mention the paper [8] on the positivity of the SHE with random initial conditions, the
paper [78] on problems with spatially homogeneous Wiener process, the paper [21] on the stochastic fractional
heat equation, the paper [20] on problems in R”, as well as the paper [25] on systems of SHEs with a spatially
correlated noise. Note that these references are considering the space domain to be R or R™. To the best of
our current knowledge, there are no corresponding results for the case of compact domains with homogeneous
Dirichlet boundary conditions.

While standard time integrators for SPDEs, such as the Euler-Maruyama scheme [29], the semi-implicit
Euler-Maruyama scheme [38], and the stochastic exponential Euler integrator [56] do converge when applied
to the problem (1), they do not preserve the positivity property of the exact solution. Note that the semi-
implicit Euler scheme and the exponential Euler integrator preserve positivity in the deterministic case (g =0
in Eq. (1)).

In this work, we employ a splitting strategy for the time integration of the SPDE (1). This results in an efficient
and positivity-preserving explicit time integrator. In essence, a splitting integrator decomposes the vector field
of the original evolution equation in several parts, such that the arising subsystems are exactly integrated (or
easily). Splitting schemes have been extensively studied and successfully applied to deterministic differential
equations, see for instance [10,41,62] and references therein. Splitting schemes are also very popular for an
efficient time discretization of stochastic (partial) differential equations. We refer the reader to the following
non-exhaustive list of articles: [3,7,9,12-15,17,23,26,32,36,53,60,61,69].

The preservation of positivity by numerical methods have been investigated in several references in both the
deterministic and stochastic settings. Without being exhaustive, we mention the following articles on positivity-
preserving schemes for stochastic differential equations: [1,42,43,51,59,73,74,77]. Finally, let us mention the
recent reference [88] on a positivity-preserving numerical scheme for the linear stochastic heat equation with
finite dimensional noise. We are not aware of works on the numerical analysis of positivity-preserving schemes
for SPDEs driven by space-time white noise.

The fully-discrete Lie—Trotter splitting scheme, see equation (15), considered in this article combines a finite
difference approximation in space and the explicit recursion

LT _ 2 N\ LT
um_H—exp(TN D )um_H,

where for n =1,..., N — 1 one has

LT \2
s = o (VT - M g
where 7 = T/M > 0 denotes the time-step size, h = 1/N is the mesh size, A,, ,W denote space-time Wiener
increments, N2DY the (N — 1) x (N — 1) matrix of the discrete Laplace operator, and g(v) = vf(v). Observe
that the linear diffusion part of (1) is solved exactly, while the noise part is solved exactly in the case of the
parabolic Anderson model (where one has g(v) = v and f(v) = 1 and thus the second subsystem is a geometric
Brownian motion). This shares similarities with the works [33,79] on stochastic differential equations. For a
general mapping g, we freeze the factor f at the previous time point and obtain a geometric Brownian motion
in the spirit of the exponential scheme proposed in [11] for finite dimensional problems.
The main results of the paper are the following:

— We obtain a fully discrete explicit approximation of the stochastic heat equation (1) that is positivity-
preserving, see Proposition 4.
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— We show bounds for the second moment of the numerical approximation under a CFL condition 7/h = O(1)
in Proposition 5.

— We prove the strong convergence, with rate 1/4, for the temporal discretization under a CFL condition
7/h? = O(1), see Theorem 6. The strong convergence of the fully discrete scheme is provided in Corollary 7.

We leave the study of weak convergence of the proposed scheme to possible future works. On top of that,
we show positivity of the exact solution to the SPDE (1) on compact domains. This follows naturally from the
numerical analysis of the proposed approximation, see Proposition 2. Let us mention that the CFL conditions
above are not due to the discretization of the Laplace operator, since the linear part is solved exactly. They
are due to the discretization of the contribution of the space-time white noise in the temporal evolution.
Numerical experiments, see Figure 2, confirm that the CFL condition is necessary when studying the mean-
square convergence of the proposed scheme.

In the recent work [16], we have considered a variant of the SHE (1) and of the scheme above in the case of a
purely temporal white noise in arbitrary spatial dimension, instead of space-time white noise in spatial dimension
1. It is worth mentioning that for this type of stochastic perturbation, CFL conditions are not needed for the
proposed positivity-preserving scheme. Extending the results presented in this paper to more general spatially
colored noise and in arbitrary dimension would require new techniques in the construction and in the analysis
of the scheme. This is left for future works.

This paper is organized as follows. Section 2 presents the setting, assumptions, and useful results on the
considered SHE. We also recall results on the finite difference discretization from [37]. Section 3 contains the
definition of the proposed Lie—Trotter splitting as well as the main results of the paper. We postpone their
proofs to Section 5. We dedicate Section 4 to numerical experiments illustrating our qualitative and quantitative
results on the proposed splitting scheme. The last Section 6 briefly presents an extension to systems of semilinear
stochastic heat equations. Appendices A and B contain proofs of auxiliary inequalities used in the proofs of the
main results.

2. SETTING

This section provides the necessary setting for the description of the considered class of semilinear stochastic
heat equations as well as of its solution. We recall the notion of a mild solution and a standard well-posedness
result for completeness. In addition, we recall the spatial discretization by finite differences from [37].

For any real-valued continuous function v: [0,1] — R, let ||v]e = max lv(x)].

x

)

Let (Q, F,P) be a probability space, equipped with a filtration (F;);>o which satisfies the usual conditions.
The expectation operator is denoted by E[-]. In the sequel, C' denotes a generic constant that may vary from
line to line. We sometimes use subscripts on C' to indicate dependence on parameters.

2.1. Description of the SPDE

Let us first introduce the main assumptions needed for the numerical analysis of the proposed time integrator
for the stochastic heat equation.

Assumption 1. The initial value ug: [0,1] — R is a function of class C®, and satisfies the conditions ug(0) =

Note that the regularity assumption on the initial value above is for ease of presentation. For weaker condi-
tions, see [37] or [2].
When discussing positivity-preserving properties, a further condition is needed.

Assumption 2. The initial value ug: [0,1] — R satisfies ug(z) > 0 for all x € [0,1].

For the nonlinearity in the considered SPDE, we make use of the following.
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Assumption 3. The mapping g: R — R is of class C', is globally Lipschitz continuous, and satisfies g(0) = 0.
We denote by L, the Lipschitz constant of g:
Ly— sup 902) =9l
v1,v2 ER U2 Fv1 ‘UQ - U1|

The moment bounds and the error estimates presented below depend on the value of the Lipschitz constant L.
This is not indicated in order to simplify the notation.
We then introduce the auxiliary mapping f: R — R defined for all v € R\ {0} by

fo) =29 _ / o (rv) dr ()

and by f(0) = ¢’(0). Since ¢’ is continuous by Assumption 3, the mapping f is continuous and bounded, and

one has the upper bound sup |f(v)| < L.
veR
For a fixed time horizon T' > 0, let W = {W(t,z) : ¢t € [0,T],z € [0,1]} be an F;-adapted Brownian sheet.

We recall that a Brownian sheet is a Gaussian random field with mean zero and covariance E[W (¢, )W (s, y)] =
(tAs)(xzAy) for all s,t €[0,T] and z,y € [0, 1], see for instance [81]. We consider the stochastic heat equation
in the Itd sense

du(t,z) = 02, u(t,x) dt + g(u(t,z)) dW (t, z),
u(ta O) = u(tv 1) =0, (3)
(0, z) = up(x)
for t € [0,T] and x € [0, 1], where uo and g satisfy Assumptions 1 and 3, respectively.
In order to define a mild solution of the stochastic heat equation (3), we introduce the heat kernel

G(t,z,y) =2 Z ei' sin(jmz) sin(jry),
j=1

for t > 0,z,y € [0, 1], which is the fundamental solution of the (deterministic) heat equation with homogeneous
Dirichlet boundary conditions:

do(t,z) = 02, v(t, x) dt,

v(t,0) = v(t,1) =0,

v(0,2) = 6(x),
where the initial value is the Dirac delta function.

A mild solution to the SPDE (3) is a random field (u(t,))ic[0,1,2c[0,1] Satisfying the following integral
equation almost surely: for all ¢ € [0, 7] and z € [0, 1], one has

u(t, x) /Gtxyuo dy+//G —s,z,y)g(u(s,y)) dW (s, y). (4)

The stochastic integral in (4) is understood in the It6—Walsh sense, see for instance [28,48,81].
We collect some properties of the mild solution u(t,x) to the stochastic heat equation (3) in the following
statement, see for instance Proposition 3.7 in [37].

Proposition 1. Consider the stochastic heat equation (3) under Assumptions 1 and 3. There exists a unique
mild solution (u(t,x)):cjo,1),z€(0,1) to the SPDE (3). In addition, for all T € (0,00), there exists Cr € (0,00)
such that

sup  sup E[|u(t,x)\2] §CT||u0||§o.
tel0,T] z€[0,1]
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Finally, the solution satisfies the following mean-square regularity property: for all T € (0,00), there exists
Cr(ug) € (0,00) such that for all 1,z € [0,1] and all t1,t2 € [0,T] one has

(Efults, 22) — u(ts, 20)P])* < Cr(uo) (|2 — 1] + [22 — 21]%). (5)

In this article, our objective is to propose and analyze consistent numerical schemes which preserve the
following property of the exact solution: if the initial value uy is nonnegative, then the exact solution to the
stochastic heat equation, u(, -), remains nonnegative for all ¢ > 0.

Proposition 2. Consider the stochastic heal equation (3) together with Assumptions 1-3. Then, for all t €
(0,00) and all x € [0,1], almost surely, one has

u(t,z) > 0.

The proof of Proposition 2 above is postponed to Section 5.5. It is a consequence of the analysis of the
fully-discrete numerical scheme and combines two arguments: on the one hand, the numerical scheme satisfies
a variant of Proposition 2, see Proposition 4 below, on the other hand, Theorem 6 gives a strong convergence
result of the numerical approximation. Note that similar results are known when considering the stochastic heat
equation on the real line, see for instance the works [65, 76] and the lecture notes [72]. We are not aware of
positivity-preserving results for SPDEs on bounded domains.

2.2. Spatial discretization

Let us recall the spatial discretization based on a finite difference approximation on a uniform grid from [37].
For any integer N € N, let h = 1/N be the space mesh size, and let x,, = nh for 0 < n < N be the grid points.
Let kV:[0,1] — {x0,...,zn}, be the mapping defined by xV(2) = z,, for = € [2,,,7p11) if n € {0,...,N — 1},
and V(1) = kN (zy) =28 = 1.

Throughout this article, we use the convention that for any vector v = (vp)1<n<n-1 € RY~1 we append
discrete homogeneous Dirichlet boundary conditions vy = 0 and vy = 0 when needed.

We discretize the initial value ug of the stochastic heat equation (3) by ud,, = u)'(0) = u(0,z,) for 0 <
n < N. Note that discrete homogeneous Dirichlet boundary conditions ué\fo = u{)v n = 0 are satisfied owing to
Assumption 1. Let us then define a piecewise linear extension u(0,-): [0,1] — R satisfying u™ (0,z,,) = u(]]\{n
for all n =0,..., N, meaning that for = € (0, 1) one has

uN (0, ) = N(HN(Z‘) +h —z)u(0, HN(.JZ)) + N(z — HN(I))U(O, &N (z) + h).

Let DV = (DJ)i<ij<n-1 denote the matrix coming from a standard finite difference discretization of the
Laplace operator at the grid points z, with homogeneous Dirichlet boundary conditions. The matrix DV is
thus given by

|
o — N
= | =
[\
|
N — o
o o O
o o O
o o O

DN =

0
0 .1 —21
0

We then introduce the discrete heat kernel GV (t) = (Gzl‘\g[(t))léi,jéN—l = eN*D" for t > 0. Observe that GV (0)
is the identity matrix of size (N —1) x (N —1). By convention, set GJ)(t) = GYx(t) = 1, Gi\ (1) = GNo(t) =0
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and GO (t) = G%j (t)=0forall j € {1,...,N—1}, in order to satisfy homogeneous discrete Dirichlet boundary
conditions. Finally, we extend the definition of GV (t) = (Gi\j((t))lgi,jgN—l to (GN(t,2,9))t>0,2,ye[0,1) by asking
that GN (¢, 2,y;) = NG (t) for 0 <i,j < N and for t > 0 and y € [0, 1]

GN(t,2,y) = N(&V(z) + h — )GV (t, k" (2), 6" (y)) + N (z — £ (2)) GV (¢, N (x) + b, £V (y))

for x € (0,1) and GV (t,0,y) = GV (t,1,y) = 0. As a result, the mapping (x,y) — G (t,z,y) is piecewise linear
in x and piecewise constant in y at all times t.

It is worth recalling the following well-known property of the discrete heat kernel: one has Gf}f (t) > 0 for
all i,5 € {1,...,N — 1} and t > 0. As a consequence, one has GV (t,x,y) > 0 for z,y € [0,1] and ¢ > 0. This
property follows from the fact that tN2DY is a Metzler matrix, see for instance [34] for a definition, and the
exponential of a Metzler matrix has only non-negative elements.

We are now in position to define the spatial discretization u”, for N € N, by the following integral equality

N xTr) = ' N X ’LLN /ﬁ?N ' ' N — S, UNSK/N S
(t,2) Z;G (b, 9)u™ (0, @»dy+[;A GN(t - 5,2, )9 (u” (s, 5¥ (1)) AW (s,9)  (6)

for t > 0 and = € [0,1]. Note that the mapping = € [0,1] — u™(¢,z) is linear on [z,,2,41], for every
n € {0,...,N — 1}, for every ¢ > 0. In addition, one has u” (t,0) = u™N(t,1) = 0 for every ¢t > 0. Observe that
it is sufficient to compute ul (t) = u™ (¢,x,) for all 1 <n < N — 1. This is performed as follows: for all ¢ > 0
and 1 <n < N — 1 one has

-1

_ %zmﬂfz/atﬂ () AW (s),

where
WY (t) = VN(W(t, 2n11) = W(t,20))-

By definition of a Wiener sheet, observe that the processes (W} (t))i>0,..., (W& _,(t))i>0 are independent
standard real-valued Wiener processes, for any N € N.

Introduce the RY~1-valued process u” defined by u®¥(t) = (uX (t))1<n<n—1 for all t > 0. This process is the
solution of the following stochastic differential equation

du® (t) = N2DNuN (t) dt + VNg(u (t)) dWN (2) (7)

with initial value u” (0) = (u}’)1<n<n—_1, where the notation (g(u® (t)) AW (¢)),, = g(ul) (¢)) AWV (¢) is used.
Let us recall the following convergence result for the spatial discretization, see Theorem 3.1 in [37].

Proposition 3. Consider the stochastic heat equation (3) with a nonlinearity g satisfying Assumption 3. Denote
by (u(t, ))tecjo,1],2e(0,1] its evact solution and by (uN(t,x))te[o)T]@e[oJ] the numerical approximation by finite
differences with mesh size h = 1/N. For all T € (0,00) and any initial value ug satisfying Assumption 1, there
exists Cr(ug) € (0,00) such that for all h =1/N with N € N one has

1

sup  sup (E“uN(t,x) — u(tmc)ﬂ)5 < CT(uo)h%. (8)
te[0,T] z€[0,1]

In the error analysis below, the following auxiliary result from Proposition 2.4 in [2] on the temporal regularity
of u¥ is used: there exists C7(ug) € (0,00) such that for all ¢, s € [0, T], one has

sup sup E“UN(t,ZE) - uN(s,x)ﬂ < Crp(ug)lt — s|%. (9a)
NEN ze[0,1]
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In order to state one of our results below, a variant of (9a) is required: there exists Cr(ug) € (0, 00) such that
for all ¢, s € [0,T], one has

|t — 5|

sup IE“uN(t,x)—uN(s,x)ﬂ < Cr(up) .

z€[0,1]

(9b)

The proof of the inequality (9b) is given in Appendix B. Note that the right-hand side of (9b) depends on
h=1/N.

Finally, let us recall moment bounds for the solution u™¥ of (6), see for instance Proposition 3.5 in [37]: there
exists a constant C(up) € (0,00) such that one has

sup Ssup sup ]E“uN(t,x)’Q} < Cr(ug). (10)
N2>1 te[0,T] z€[0,1]

3. THE POSITIVITY-PRESERVING SPLITTING SCHEME

In the core part of this paper, we present and study the strong convergence of an efficient and positivity-
preserving time integrator for the stochastic heat equation (3).

Let T € (0,00) and divide the interval [0,T] into M € N subintervals [t,,, t;m+1] of length 7 = T/M where
tm = m7 for m € {0,..., M}. Introduce the mapping ¢*: [0,T] — {to,...,trm}, defined by (M (t) = t,, for all
t € [tmstm+1)s 1fm€{0 M — 1}, and (M (T) = M (tpr) =ty =1T.

We propose a fully—dlscrete explicit scheme based on a Lie-Trotter splitting strategy producing approxima-
tions ulT = (ufnT )1<n<N 1 of the finite difference approximation uN(t ) = (ud (tm))1<n<n-1 at the grid

times t,,, m = 0,..., M. We set the initial value to be uo P =ulN(0) = uO , forall 1 <n < N—1. As above, one
has “%Eo =0 and um N = 0 for all m € {0,...,M}. In this way, homogeneous Dirichlet boundary conditions

are satisfied by the numerical scheme at all times.

We explain the construction of the scheme in Section 3.1. We then describe the main results of this article:
the positivity-preserving property of the splitting scheme (Prop. 4) and the mean-square convergence in time
with order 1/4 (Thm. 6 and Cor. 7).

3.1. Description of the time integrator
Let us describe how the splitting scheme is constructed. Given the numerical solution uET = (uLT )< <n—1
at grid time ¢,, = m7 for 0 < m < M — 1, the solution um -1 at the next grid time t,,,11 = t,, + 7 is constructed

by successively solving two subsystems in RV ~1:

— first, the linear It6 SDE system
dop/ (1) = VN (O F () AW, (2), (11)

forn e {l,...,N =1} and t € [tm, ty1], with initial value v/ (t,,,) = ulil,, where we recall (see Eq. (2)
in Sect. 2) that the auxiliary function f is such that g(v) = v f ( ) for all v € R;
— second, the linear ODE system

dvM N2 () = N2DNMN2(1) dt, (12)
for t € [tm,tm+1], with initial value v}1N2(tn,) = v} (tgn).

mn

Observe that the solutions of the two subsystems above are known: the solution of the SDE (11) is given by

oA 1) = exp<\/ﬁf<u$n> (W2 0) = Wi () — 2 ) (2 tm))ﬁ,m (13)
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for all ¢ € [t tm+1], and the solution of the ODE (12) is given by
2N
VN () = (VDY MV ) (14)

for all ¢ € [tm, tm+1]-
Gathering the expressions above gives the following expression for the proposed Lie-Trotter splitting scheme

N £ (LT 2
ufnTH — eTN?DY (exp <\/Nf(u%nTn)AmnW - f(;nn)7> ufnTn> , (15)
1<n<N-1

where A, , W = W (t41) — W (%,,). Observe that the random variables (AW, »,)o<m<M—1.1<n<N-_1 are
independent standard real-valued Gaussian random variables.
The splitting scheme formula (15) can also be written as

-
m+1n Z G G‘Xp ff( mk) W_ - 5 u%nrl:ka

forall me {0,...,M —1}andn € {1,...,N — 1}.
One of the key properties of the proposed splitting scheme is the following: if the initial value uf? =
(ulgﬁ)lgng ~—1 only has nonnegative elements, then for all m € {1,..., M} the numerical solution uLT =

(ul;nan) 1<n<N—1 at time t,, = m7 also only has nonnegative elements almost surely. In other words, the pro-
posed scheme is positivity-preserving. This is stated in the next proposition.

Proposition 4. Let M € N and N € N be arbitrary integers and let T € (0,00). Let Assumptions 1-3 be
satisfied. Let the sequence u§T, ... uLT be given by the splitting scheme (15), with h = 1/N and 7 = T/M, with

wnitial value uloﬂ;l =wug(zy) >0 for alln € {1,...,N}. Then, almost surely, one has
U 2 0,

forallme{l,..., M} andn e {1,...,N —1}.
Proof of Proposition 4. The proof proceeds by recursion on the time index m.

— Note that ufT, = u(0,2,) > 0 for all n € {0,...,N}.

— Assume that the property uLT >0, for all n € {1,. — 1}, holds at time t,,, = m7. We prove that under
this assumption, it also holds at time t,,41 = (M + 1) .
The argument is straightforward: the solutions of the subsystems (11) and (12) are nonnegative at all times
when they have nonnegative initial values. More precisely, first one has

£ (LT, 2
\Ff( wr)A manV% LT >

van{’TJLVJ(tm 1) Umn Z

for all n € {1,..., N — 1}. Second, using the inequality G, (7) > 0 (see Sect. 2.2), one has

N-1
LT _ . M,N ’1
Um+1,n = Umn m+1 Z G k (tm+1) > 0.
k=1

Thus the positivity property of the numerical solution holds at time t,,+1 = (m + 1)7.

As a consequence, the property ulT > 0, for all n € {1,. — 1}, holds for any m € {0,...,M}. The
proof of Proposition 4 is completed. (|
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3.2. Convergence results

Let us now prove that the proposed numerical scheme provides accurate approximation of the exact solution.
In this article, we show mean-square error estimates and give orders of convergence with respect to 7 =T /M
and h = 1/N.

We impose a CFL stability condition in the sequel to ensure stability and convergence of the Lie-Trotter
splitting scheme (15) when applied to the stochastic heat equation (3); more precisely, we introduce conditions
of the type 7 < vh or 7 < vh? in the statements below, for some (nonrandom) arbitrary parameter v € (0, 00).
The conditions on 7 and h above are equivalent to the conditions yM > TN and yM > TN? on M and N
respectively.

Owing to Proposition 3, it is sufficient to focus on the error ufnTn —uN(t,,) to obtain estimates for the total
error uI;nTn — w(tm, Tn). Proposition 5 shows moment bounds of the numerical solution and is used to prove our
main result in Theorem 6. As a corollary we obtain convergence of u%nTn to the exact solution u(t,,x,) at the
grid points using results from [37].

Note that Assumption 2 on the positivity of the initial value is not needed in the statements on the moment
bounds and on the convergence of the scheme below.

Proposition 5. Assume that Assumptions 1 and 3 are satisfied. Let the sequence u§™, ... u%} be given by the

Lie—Trotter splitting scheme (15).
For all v € (0,00) and all T € (0,00), there exists C,r € (0,00) such that for all 7 = T/M and h = 1/N
satisfying the condition T < vyh, one has

2
sup  swp E|[ull, ] < Crlfuol. (16)
0<m<M 1<n<N-1

The proof of this proposition also provides moment bounds for a space-time continuous version uT (¢, ),
defined by equation (22) below, of the Lie-Trotter splitting scheme (15):

2
sup  sup E[|ULT(t,x)| } < C'%T||u0||go.
t€[0,T] z€[0,1]

We are now in position to state the main convergence result of this article. For ease of presentation, we only
consider errors at space-time grid points.

Theorem 6. Assume that Assumptions 1 and 3 are satisfied. Let the sequence ulT,... ulT be given by the

Lie—Trotter scheme (15), and let (u™N(t))i>0.0<n<n be given by the spatial semi-discretization scheme (7).
For all v € (0,00) and T € (0,00), there exists C-y v(ug) € (0,00) such that for all 7 = T/M and h = 1/N
satisfying the condition T < vyh, one has

up sup (B[, —d tn)*]) " < Coarlun) (v + (5)); (17a)

0<m<M 0<n<N ’

Moreover, under the same assumptions as above, one has

e e (Bt~ f’])” < et (7)) )

Finally, for all 7 = T/M and h = 1/N satisfying the condition T < vh?, one has

N|=

sup  sup (]E“u%nq:n — ug(tm)f}) < C%T(UO)T%. (18)

0<m<M 0<n<N
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Observe that the second error estimate (17b) is a variant of (17a) where the error term 73 is discarded. The
error term (%)% converges faster to 0 when 7 goes to 0, for arbitrary fixed h, than the error term T%, however the
latter error term is independent of h. The order of convergence 1/4 with respect to the time-step size is natural
and due to the temporal regularity properties of the exact solution, see (9a). It would be possible to prove
versions of the two error estimates (17a) and (17b) for standard schemes like the semi-implicit Euler-Maruyama
scheme and the stochastic exponential Euler scheme described in Section 4. Moreover, for those schemes it is
also possible to obtain an upper bound of the error by T%, uniformly with respect to h, in other words the
error term (%)% which depends on h can be discarded for those schemes. This is not the case for the proposed
positivity-preserving splitting scheme (15): to retrieve the error term 74 in (18) the condition 7 < yh? needs
to be imposed. Based on the numerical experiments reported in Section 4, the error estimates (17a) and (17b)
seem to be optimal.

The proofs of (17a) and (17b) follow essentially from the same arguments, except that the inequalities (9a)
and (25a) are used for the proof of (17a), and the inequalities (9b) and (25b) are used for the proof of (17b).

Proving (18) from the error estimate (17a) under the stronger condition 7 < yh? is straightforward.

Combining Theorem 6 and Proposition 3, one directly obtains error estimates for the fully-discrete scheme.

Corollary 7. Consider the setting and assumptions of Theorem 6. For all v € (0,00) and T € (0,00), there
exists C, 1 (ug) € (0,00) such that for all 7 =T/M and h = 1/N satisfying the condition 7 < vh?, one has

1
sup  sup (E“u%nTn = u(tm,xn)|2D ‘< C%T(uo)h%. (19)
0<m<M 0<n<N

We postpone the proofs of the above results to Section 5.

4. NUMERICAL EXPERIMENTS

In this section we provide numerical experiments to support and verify the above theoretical results'. Recall
that 7 = T/M > 0 is the time-step size and h = 1/N > 0 is the space mesh size. Let us define A,,\W =
(A AW,y Ay n—aW) € RN for all m = 0,..., M — 1. Here, we recall the notation A, ,W = W (,,11) —
WX (t,,) from above. We compare the proposed Lie-Trotter splitting scheme (15), denoted LT below, to the
following classical time integrators when applied to the spatially discretized system (7):

— the Euler-Maruyama scheme (denoted EM below), see for instance [29]
EM _  EM 2PN GEM | /N (yEM
Uppy = Up + TN?DYup™ +VNg(ug ) A W,
— the semi-implicit Euler-Maruyama scheme (denoted SEM below), see for instance [38]

uySnE_il_\/{ — uSEM =+ TNZDNUSE_,}_V{ + \/NQ(UELEM)AmVVa

m m

— the stochastic exponential Euler integrator (denoted SEXP below), see for instance [56]
uSEXP — (mNZDY (uanxp n \/NQ(UEHEXP)AT”W).

4.1. Preservation of the positivity

We start by illustrating the positivity-preserving property of the Lie-Trotter scheme (LT) and show the lack
of positivity-preserving behavior for the Euler-Maruyama scheme (EM), the semi-implicit Euler-Maruyama
scheme (SEM), and the stochastic exponential scheme (SEXP). To do this, we use the same noise samples for
all time integrators when applied to the space-discretization of the SPDE (3) as described in Section 2.2 with

IThe codes are available under https://doi.org/10.5281/zenodo.10300733
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TABLE 1. Proportion of samples containing only positive values out of 50 simulated sam-
ple paths for the Lie—Trotter splitting scheme (LT), the stochastic exponential Euler integra-
tor (SEXP), the semi-implicit Euler-Maruyama scheme (SEM), and Euler-Maruyama scheme
(EM) for the diffusion coefficient g(v) = 2.5v and several choices of discretization parameters
7 and h.

(1, h) LT SEXP SEM EM

(107%,107%) 50/50 0/50  0/50  0/50
(1074,107%)  50/50 50/50 50/50 0/50
(107°,107%) 50/50 50/50 50/50 0/50

the initial condition ug(z) = sin(7z) and final time T' = 20. We consider this problem with the three choices of
multiplicative term given by g(v) = v, g(v) = An(1 +v), and g(v) = A(v+sin(v)). The real-valued parameter
A > 0 is introduced to avoid the need to run numerical experiments with very long time horizons 7' in order
to obtain negative values for the numerical schemes SEXP and SEM. Note that the logarithmic nonlinearity
g(v) = AMn(1 + v) does not satisfy Assumption 3. However, this function is of class C! and is globally Lipschitz
continuous on the interval [0,00) and it satisfies g(0) = 0. Considering this nonlinearity in the proposed LT
scheme is not an issue since it preserves positivity. However, the other integrators SEXP, SEM or EM do not
preserve positivity and may be problematic when this nonlinearity is considered. The numerical results are
presented in Tables 1 and 2, where the notation k/50 indicates that k out of 50 samples remain positive.

In Table 1, we let g(v) = 2.5v and we consider 50 sample paths for each of the time integrators for several
choices of the discretization parameters 7 and h. Table 1 confirms that the LT scheme preserves positivity. This
is not the case for SEXP, SEM and EM. We observe that fewer samples of SEXP and SEM contain negative
values for small time-steps 7. This is expected as each of the time integrators SEXP, SEM, and even EM,
converges (for every fixed h) to the exact, everywhere positive, solution of the space-discretized system of SDEs
in equation (7).

In Table 2 we instead fix the discretization parameters 7 = 107> and h = 10~2 and consider different types
of multiplicative terms g(v). We again use 50 samples in each of the entries of Table 2. From the results of
Table 2, one can observe the poor performance of the EM scheme in all cases. This table also illustrates the
fact that increasing the size of the multiplicative term prevents SEM and SEXP to remain positive. It should
be clear that increasing the value of A even more, or the length of the time interval, would hinder the numerical
solutions to stay positive for all time integrators except for the proposed Lie—Trotter splitting scheme.

4.2. Mean-square errors

For the next numerical experiment, we discretize the stochastic heat equation (3) with initial value ug(z) =
sin(rx) by a finite-difference scheme in space with mesh size h = 278, The resulting system of stochastic
differential equation (7) is then discretized by the time integrators LT, SEXP, and SEM. The classical EM
scheme is not appropriate in this setting and numerical results are thus not presented. The following choices for
the function g are considered: g(v) = v and g(v) = 7%z and g(v) = In(1+v), for v > 0, and g(v) = vexp(—v?).
Figure 1 displays, in a loglog plot, the mean-square errors

1
. sup (B[ o0 ) )
0<m<M 0<n<N ’

measured at the space-time grid points (¢;,,z,) for the time interval [0,0.5]. The reference solution u™f is
computed using the LT splitting scheme with time-step size T,ef = 27'6. Here, 200 samples have been used to
approximate the expectations. We have checked that the Monte Carlo error is negligible to observe mean-square
convergence. In this figure, one can observe a rate of convergence 1/2 instead of 1/4 in the mean-square error
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TABLE 2. Proportion of samples containing only positive values out of 50 simulated sample
paths for the Lie-Trotter splitting scheme (LT), the stochastic exponential Euler integrator
(SEXP), the semi-implicit Euler—-Maruyama scheme (SEM), and the Euler—-Maruyama scheme
(EM) for several choices of diffusion terms g(v). The discretization parameters are T = 10>
and h = 1073,

g(v) LT SEXP SEM EM

25In(1+v)  50/50 50/50 50/50 0/50
35In(l+v)  50/50 50/50 50/50 0/50

5In(1 4 v) 50/50 47/50 26/50 0/50
2.5v 50/50 50/50 50/50 0/50
3.50 50/50 50/50 50/50 0/50
5v 50/50 4/50  50/50 0/50

2.5(v +sin(v))  50/50 44/50 50/50 0/50
3.5(v+sin(v))  50/50 0/50  0/50  0/50
5(v + sin(v) 50/50 0/50  0/50  0/50

estimates (18) for the splitting scheme in Theorem 6. This is related to the mean-square error estimates (17a)
and the role of the CFL condition 7 < vh? to obtain (18).

To illustrate this, we compute the mean-square errors of the Lie-Trotter splitting scheme when applied to the
finite difference discretization of the stochastic heat equation on the time interval [0, 0.5] with different values of
the mesh size, namely A = 274,276 278 2710 The time-step sizes are from 27% to 2716, The reference solution
u'f is computed using the LT splitting scheme with time-step size Tyot = 276 for each choice of the mesh size.
This is presented only for the two nonlinearities g(v) = 1.5v and g(v) = 1.57 ;’UQ. We have used 200 samples
to approximate the expectations. The results are presented in Figure 2. In these experiments we observe upper
bounds which are not uniform with respect to h, in fact we observe the contribution of the error term T2 / h2
in the mean-square error estimates (17a) and (17b).

In order to illustrate Corollary 7 and the convergence of the Lie-Trotter splitting scheme when 7 and h go
to 0, we compute its mean-square errors with the time-step sizes 7 = h? with h = 274,275,276 277 278 979,
The reference solution u™' is obtained using the LT splitting scheme with time-step size Tef = hZ;, where
hret = 2719, The expectation is approximated using 100 samples. The stochastic heat equation (3) is considered
in the time interval [0,0.5] with g(v) = v. The results are presented in Figure 3. Under this coupling between
the time-step sizes and the mesh sizes, one clearly observes that the error behaves likes 71 = h? as stated in
Corollary 7.

In the final numerical experiment, we consider the same parameters as above and the function g(v) = v!-25.
Observe that this nonlinearity is not globally Lipschitz continuous and is thus not covered by the the results
from Section 3.2. A convergence plot for the splitting scheme (15) is provided in Figure 4. As above, we observe
a mean-square order of convergence 1/2, but which should not be uniform with respect to h, similarly to what
is observed in Figure 2. To prove such rate of convergence is beyond the scope of this paper and will be the

subject of a future work.

5. PROOFS OF THE MAIN RESULTS

The objective of this section is to provide the proofs of the results stated in Section 3.2, namely the moment
bounds in Proposition 5 and the mean-square error estimates in Theorem 6 and in Corollary 7. We also prove
Proposition 2, which ensures positivity of the exact solution. Preliminary auxiliary tools are given in Sections 5.1
and 5.2, before proceeding with the detailed proofs.
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FIGURE 3. Mean-square errors on the time interval [0,0.5] of the splitting scheme (LT) when
applied to the stochastic heat equation (3) with g(v) = v. The time-step sizes are coupled to
the mesh sizes 7 = h?. The average is over 100 samples.
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FIGURE 4. Mean-square errors on the time interval [0,0.5] of the splitting scheme (LT) when
applied to the stochastic heat equation (3) with g(v) = v*2°. Mesh size h = 27% and average
over 200 samples.

5.1. Auxiliary process

In this section, for any M € N and N € N, we define an auxiliary stochastic process (u*T(t, x))te[o,T],me[o,l]
satisfying u™* (tp,, zn) = uphr, for all m € {0,...,M} and n € {1,...,N — 1}. The auxiliary process u™"
is piecewise continuous with respect to the spatial variable x, while its temporal evolution on each interval
(tm, tm+t1) follows a stochastic differential equation similar to (11).

Recall that the auxiliary mappings &V : [0,1] — {zo,...,zx} and ¢M: [0,T] — {to,...,ta} are defined in
Sections 2.2 and 3 respectively.
Let n e {l,...,N —1} and m € {0,..., M — 1}, then for all ¢ € [t,,, tmt1] set

N-1

U () = D Gl (Y1) = ) v (1), (20)
k=1
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LT
where v} V1 (t) = exp <\/>f( U YW () = W () — M)ULT is the explicit expression (13)

2 m,n
of the solution at time t € [t,, tmt1] of the auxiliary stochastic subsystem (11) used in the construction of the
splitting integrator. Observe that uy;,, (£) = v}/N"1(t) for all t € [ty tmy1), and, in particular, that u,,’, (tm,) =
;.. Moreover, by the construction of the sphttmg scheme, see (15), it holds that wuy!, (tmi1) = Uy .-

As a result, for any n € {1,..., N — 1}, the mapping uLT: t € [0,T] — uLT(¢) defined such that uLT(¢) =
Ui, (t) for t € [tm, tyg1] is well-defined. It is continuous on each interval [t,,, tm41), and one has uy " (tn,) = uy,,
for all m € {0,..., M}.

We claim that the following identity holds: for all M € Nand N € N, foralln € {1,...,N—1} and t € [0,T],
one has

N-1 t N—1
G (M () uly + i DGR () = () ur" () f (upT (M () AW (s). (21)
k=1 k=1

The proof is based on a straightforward recursion argument on the time index m, for t € [t,, tmi1)-

Recall from Section 2.2 that one has the identities NG, (t) = GN (¢, ., 21,) and VNWLY (t) = N(W (t, 2y 11) —
W (t,z,)). We are now in position to provide the definition of the auxiliary process u*: for ¢ € [0,7] and
x € [0, 1], define

T(t,x) / GN (t,z,y)uo(r N(y))dy
/ / G (M (8) — 04 (s), 2, ) (5, 5 (1)) £ (T (Y (5), 5™ (1)) ) AW (5,).

In the identity (22) above, it is worth recalling that = € [0, 1] = GV (t, z, ) is a piecewise linear mapping, whereas
y €[0,1] — GN(t,z,y) is a piecewise constant mapping, with G™ (¢, x,, z) = NGN, () forall 1 <n,k < N —1
and ¢t € [0,T7.

Combining (21) and (22), one obtains the identity u™* (¢, z,) = ukT(¢) for all t €0,T]and n € {1,...,N—1},
and therefore one obtains the required property u™T (t,,,z,) = uLT(tm) = up . Note that, for any t € [0, 7],
the mapping = € [0, 1] — u"T (¢, z) is piecewise linear, more precisely it is linear on each subinterval [z, Z,11].

(22)

5.2. Auxiliary inequalities

In this subsection we state several inequalities used in the convergence analysis of the splitting scheme.

— For any continuous function v: [0,1] — R with v(0) = v(1) = 0, one has (see for instance [37], Eq. (3.5))

sup sup sup
NeN >0 z€[0,1]

1
/ GV (t, 2 p)o(sN () dy| < sup fo(@)]. (23)

z€]0,1]

— For all T € (0, 00), there exists Cr € (0, 00) such that for all ¢ € (0, 7] one has (see for instance [2], Lem. 2.3)

sup sup / |GN t,x,y | dy < Cr (24)
NEN ze[0,1] Vi
— For all T € (0, 00), there exists C € (0, 00) such that for all ¢ € (0,7] and all M € N one has
sup sup / / GNt—sxy) GN(t—éM xy)} dyds < Cp+/T, (25a)
NEN ze[0,1]
and for all N > 1 one has
t 1
sup / / |GN(t —8,x,y) — GN(t - EM(S),x,y)|2dyds < C’T: (25b)
z€l0,1] Jo Jo h
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Since we are not aware of a detailed proof of the inequalities (25a) and(25b) in the literature, we provide a
proof in Appendix A. Note that the proof is similar to the proof of Lemma 2.3 in [2].

Let us also recall the following discrete Gronwall inequality, see for instance Lemma A.4 in [50]: assume that
a sequence (am)o<m<nm of nonnegative numbers satisfies the inequality

m—1

aj
am < A+C E _—
no Tk:o Vim =l

where we recall that ¢, = k7 = %, for some A, C' € (0,00). Then, there exists Cr € (0, 00), depending only on
C and on T, such that one has
sup ap, < CrA. (26)
0<m< M

5.3. Moment bounds

The objective of this section is to prove Proposition 5. Recall that this requires to impose the condition
7 < vh where we recall that 7 =T/M, h = 1/N and where v € (0,00) is an arbitrary parameter.

Proof of Proposition 5. Using the definition (22) of the auxiliary process u'', for all m € {1,..., M} and
n € {l,...,N — 1}, one has
um: =uT(t

:/0 GN (b 2, y)uo (N (y)) dy

ms Tn)
+/ / GN (tm — EM(s),mn,y)uLT (s, /{N(y))f(uLT (EM(S), /{N(y))) dW (s, y).
o Jo

Zl

+/0t/01‘GN(tm _EM(S)’x”’y)‘QEUuLT(SaHN(y))’2‘f(uLT(£M(s),,%N(y)))f} dy ds.

Using It6’s isometry formula, one obtains

1
E|:|u%nr1:n 2] =E / GN(tm,mmy)uo (KN(y)) dy
0

On the one hand, using the auxiliary inequality (23) and Assumption 1, one obtains

E /0 GN(tm,acmy)uo(KN(y)) dy

2
1 < JuollZ-

On the other hand, recall that Assumption 3 implies that f is bounded by Lg. In addition, for all £ € {0,...,m—
1} and all s € [tk, tkt1), one has

EUULT (S7 KN(y)) ‘2] = ]E|: ﬂ;i\i[ﬁN)l(S)r]

where n € {1,...,N — 1} is such that k" (y) = z,, and (vﬁﬁN’l(s))se[tk’tkH] is the solution of the auxiliary
stochastic subsystem (11). Using the expression (13) for the solution of (11), and the identity

E[eaz] =e 2,
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2

if Z ~ N(0,0?) is a centered real-valued Gaussian random variable with variance o2, one obtains

2
]E{vljcMan )‘ |Ftk:| :eNf(“an)z(S*tk)|uI];’Tn|2.

Then applying the tower property of conditional expectation, and using the boundedness of f and the condition
N1 < one obtains

2
E{ vﬁﬁN’l(s)’ ] =E [E{ vﬁﬁN’l(s)

}}Epwwﬂfsw;k ] < MR |ulT ] < B[l

Using the auxiliary inequality (24), gathering the upper bounds above yields the following inequality: for all
m € {1,..., M} one has

m—1

2
sup EU Uy, } < ||u0|| +C, 77 Z sup “ul,;l; }
1<n<N-1 —tp1<n<N-1
Using the discrete Gronwall inequality (26) then gives
2
sup  supE[|ul 7] < O rluolik (27)

0<m<M 1<n<N-1

where C, 1 € (0,00) is independent of M, N and ||ug||% . This shows moment bounds of the numerical solution
at the grid. It remains to extend this moment bound for T (¢, 2, ) when ¢ is no longer assumed to be a grid
point .,

For all t € [0,7) and n € {0,...,N — 1}, let m € {0,...,M — 1} be such that t,, = £ (t), using the same
arguments as above one has

B[t ¢, 2,)| "] = B[Jol¥ 1 0)]] < B[ |l ] < Crlluoli,
where the inequality (27) is used in the last step. As a consequence, one has

2
sup sup “u (t xn)‘ } < C%T||u0||go. (28)
te[0,T] 1<n<N-1

Finally, since o + uT (¢, ) is linear on each subinterval [z, z, 1], one obtains

sup  sup ]E“u (t w)ﬂ < sup sup “u txn)ﬂ < O,y rlluol- (29)
te[0,T] =€[0,1] te[0,T] 1<n<N-1

The proof of Proposition 5 is thus completed. O
A straightforward consequence of Proposition 5 is the following result.

Lemma 8. Let Assumptions 1 and 3 be satisfied. Let (uLT(t,x))te[o’T],me[OJ] be given by the mild formula (22).
For all v € (0,00) and all T € (0,00), there exists Cy,r € (0,00) such that for all T = T/M and h = 1/N
satisfying the condition T < vh, for allm € {0,...,M — 1} and all t € [t tms1), one has

1 1

o Bl - f]) < ol () o
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Proof of Lemma 8. Let n € {1,...,N — 1} and m € {0,..., M — 1}, then for all ¢ € [t;,, t;n+1) one has

LT(t M,N, 1(t) M N, l(tm)

LT(taxn) —u m7xn) —U

_x v ) A
= \F/ (s,zn)f Tn) dW,]LV(s),

where we recall that the auxiliary process (vA/ V"1 (t))t,,<t<t,.,, is defined by the auxiliary subsystem (11) which

gives the first step of the splitting procedure, see Section 3.1.
Since the mapping f is bounded, using Ito’s isometry formula, the condition 7N < ~ and the moment
bounds (16) from Proposition 5, one obtains

B[ (tn) = (b, 2a)[*| < LINTE|Jull, ] < Lo uolle -
The proof of Lemma 8 is thus completed. O

5.4. Convergence analysis

This section is devoted to the proof of the mean-square convergence of the splitting scheme given in Theorem 6.

Proof of Theorem 6. Recall that u%nTn = uM(ty,z,) for all n € {1,...,N — 1} and m € {0,..., M}, where
(M (t,))te(0,1),e[0,1] 18 the process defined by (20).
Foralln e {1,...,N—1} and m € {1,..., M}, let us define

N LT 2
Emn=u" (tm,Tn) — U, ,, and E, = sup E[\Em,ﬂ }
1<n<N-1

Using the expression (6) for u¥ (¢, ) and the expression (22) for ulT (¢, ), one obtains the following decom-
position of the error: for all m € {1,...,N — 1} and m € {1,..., M}, one has

LT
Em n — u ma .73" —u (tnu xn)

/m/ GN - S,.’E,y)g(uN(S,liN(y))) dW(Say)

- / / G (L — 0 (5), 2, 5) ™ (5, 65 () £ (5 (£ (5), 67 (3)) ) AW (5,3)
_ E(l) + E(Z)

m,n’

where we set

Bo= [ / G (b — s,,9) g (0™ (5.5~ () — ™ (5,6 (1) £ (T (0¥ (), (1)))] AW (5.9),
E(Z) = / / GN —s,x,y) — GYN (tm — EM(S)7 x, y)]uLT (s, ﬁN(y))f(uLT (EM(S), HN(y))) dW (s, y).

Let us first deal with the error term E,(,Pn Recall that g(u) = uf(u), therefore one has the decomposition
Efwhn = By + B + i), where

) = [ 6 = s o (s @) — o (P (5). 6 ()] AW (5.0)
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EGD =/ / GN(tm — 5,2,) [g(u™ (Y (), kN (9))) — g(u (Y (5), kN (y)))] AW (s, 9)
EGY = / / G (tm — s,2,y) [u"" (7 (5), Y () — u"" (5, 6" ()] £ (" (€ (5), 6N () AW (5, 9).
0 0

Using It6’s isometry formula, the global Lipschitz continuity assumption on g, one obtains
1 ]2 o [ [ N 2 N(. ,.N N (pM N 2
E[’E&’n)’ ] < Lg/o /0 G (tm — s,2,Y) ]E[|u (5,6N () — u™ (M (), N (v))] } dyds

bt pl
< C’T(uo)Lzﬁ/ / GN(tm — s,z,y)* dyds
o Jo
< Cr(uo)V/T

where we have used the temporal regularity estimate (9a) for u”¥ and the auxiliary inequality (24).
Similarly, using It0’s isometry formula, the global Lipschitz continuity assumption on g, one obtains

B[00 <12 [ [ 6%t - som B[l (€50 @) — T (051, ()] s
SC:LZ:Ek/t:HI/OlGN(th,x,y) dy ds

Using the inequality (24), for all k € {0,...,m — 1}, one has

te41 1 N 9 k41 CT
G (ty — s,2,y) dyds < —_—
[ e ) s

= 2CT(\/tm —tk — \/tm _tk+1)
:2CT\/tm—tk<1— — )

tm — Tk
2CTT
a tTYL - tk

i

where we have used the inequality 1 — /1 — 2 < z for all z € [0,1] in the last step. Therefore one has

2 m—1 E
£1.2) <C Pk
|:’ m,n :l s 0T kZ:O /7tm —

Finally, for the third term, using It6’s isometry formula and the boundedness of f, one obtains
2 9 tm 1 9
E[’Eﬁz)’ ] < Lg/O / GN (ty, — s,x,y)Q]E“uLT(@M(s), &N (y)) —u"T (s, nN(y))’ ] dyds

t’VYL
< Cyr(uo)+ / / GN(ty — s,x,y)? dyds

-
< OW,T(UO)E

using the temporal regularity estimate (30) from Lemma 8 for u*T and the auxiliary inequality (24).



1336 C.-E. BREHIER ET AL.

Let us now deal with the error term Ef,%)n Using It0’s formula, the boundedness of f and the moment
bounds (16) from Proposition 5, one obtains

[’Enf)n } < Lé /Otm /01|GN(t - EM(S),x,y) - GN(tm - KM(S),a:,y)}QIE“uLT(S, ls:N(y))|2} dy ds

1

< C’%T(uo)/ / |GN(t - EM(S),x,y) - GN(tm - KM(S),a:,y)}Qdyds
o Jo

< C’y,T(UO)\/'F,

owing to the auxiliary inequality (25a) in the last step.
Gathering the estimates, for all m € {1,..., M}, one has

m—1

B < 077T(u0)(\/;+ %) + Cr1 kzo \/7

m

Applying the discrete Gronwall inequality (26) (see Sect. 5.2) then yields
sup By < Cr(uo) (V7 + 7 )

0<m<M

This gives the error estimate (17a).
Proving the error estimate (17b) requires minor changes in the arguments above: making use of the inequal-

ities (9b) and (25b) instead of (9a) and (25a) to prove upper bounds for the terms ]EHE(1 1)| ] and E[\Ef(,%)n 2].
One obtains

UE(I . 2] . Lz /tm /1 GVt — s,x,y)Q]E“uN(S,ﬁN(y)) _ uN(gM(s),ﬁN(y))ﬂ dyds

tm
< CT(uO)L2 / / GN(ty, — s,2,y)? dyds < Crp(ug)

=3

and

?

The rest of the proof is as above. Applying the discrete Gronwall inequality (26), one obtains the estimate

t 1
n 2] < CW,T(UO)/ / |GN (t — M (s),2,y) — GV (tm, —EM(S),x,y)|2dyds
o Jo
-

< C’y,T(uO)E

-
sup E,, < C%T(uo)ﬁ
0<m<M

which is the error bound (17b).
When the condition 7 < «vh? is satisfied, one has T/h < \ﬁT% and one obtains the error estimate (18) from
either (17a) or (17b). This concludes the proof of Theorem 6. O

Let us also provide the proof of Corollary 7.

Proof of Corollary 7. Tt suffices to combine the error estimate (8) from Proposition 3 for the spatial discretiza-
tion error, and the error estimate (17a) from Theorem 6 for the temporal discretization error. One then obtains
the error estimate for the splitting scheme

1

(E“u{“nTn — u(tm,xn)ﬂ)E < (E“u{“nTn — uN(tm,a:n)|2D% + (E[’uN(tm,xn) — u(tm,a:n)fD

D=
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< Cyr(ug)Tt + Cr(ug)h?
S C%T(U())’}/ih% + CT(UO)h%,

under the condition 7 < yh?. This gives the error estimate (19) and concludes the proof of Corollary 7. O

5.5. Proof of Proposition 2

We conclude this section with the proof of the positivity property of the exact solution to the stochastic heat
equation (3) on a bounded domain.

Proof of Proposition 2. Owing to Corollary 7 and to the temporal regularity estimate (5) satisfied by the solution
u of the SPDE in equation (3), one obtains the following result (recall that 7+ = T/M and h = 1/N): there exists
Cy.1(up) € (0,00) such that for all N € N and M € N, such that M > TTNQ, for all ¢ € [0,T] and z € [0, 1], one

has
1

(B [fu(t, 2) — w0 (0), ¥ @) ] ) < Cyruo) N2, (31)

Let t € [0,7] and z € [0,1] be fixed, then there exists a sequence (Ni)gen such that N — oo and
2

(t, )
almost surely. Since ulT (¢Mx(t), kN*(x)) > 0 almost surely owing to Proposition 4, one obtains u(t,z) > 0
almost surely. (I

ubT (Me(t), KNk (x)), where (My)ren is any sequence satisfying M, >

6. GENERALIZATION TO SYSTEMS

In this section, we briefly describe how to generalize the construction of the splitting scheme (15) and the
analysis above to stochastic systems of the type

duy(t,x) = 02, ui(t, z) dt + g1 (us(t, ), uz(t, x)) AWy (¢, x),

dus(t, ) = 396 us(t, :U) dt + go(uq (¢, x), ua(t, z)) dWa(t, x), (32)
ul(t,O): ( ) 0, ( 0) U2 (71):07

u1(0,2) = u10(), u2(0, ) = ug,0(),

for (t,z) € [0,T] x [0,1], where g1, g2: R? — R are globally Lipschitz continuous mappings, with initial values
u1,0,U2,0 satisfying Assumptions 1 and 2. The two evolution equations are driven by space-time white noise.
The Wiener sheets Wy and Ws can either be equal or independent. For ease of presentation we only deal with
systems of two equations, while considering systems of arbitrary size would also be possible.

In this setting, to obtain solutions which only have nonnegative values, it is necessary to replace Assumption 3
by the following.

Assumption 4. The mappings g1, g2: R? — R are of class C' and globally Lipschitz continuous. In addition,
they satisfy g1(0,v2) =0 and g2(v1,0) = 0 for all (v1,vs) € R2.

One then has the following generalization of Proposition 2.

Proposition 9. Consider the SPDE system (32). Let Assumption 4 be satisfied and assume that the initial
values u1,0,u2,0 satisfy Assumptions 1 and 2. Then, for all t € (0,00) and all x € [0,1], almost surely, one has

up(t,x) >0, wus(t,z)>0.
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As in Sections 2 and 3, the mesh size and the time-step sizes are denoted by h = 1/N and 7 = T/M
respectively, and the space and time grid points are denoted by x,, = nh and t,, = m7, with 0 < n < N and
0 < m < M. In addition, introduce the mappings fi, fo: R? — R defined by

1 1

V1,V V1,V

fl(vl,’Uz) = 791(;1 2) :/ 31}191(7"7)1702)(17"7 f2(1117U2) = 792(; 2) :/ amgz(ﬂl,”@)dr-
0 0

Owing to Assumption 4, the mappings f; and fy are bounded and continuous mappings. Finally, for all ¢ > 0
and n € {1,..., N — 1} define

lej[wz(t) = \/N(Wl (tv JCT“L-i-l) - (t7 In», WZJYH(t) = \/N(WQ(tv $n+1) - WQ(t7 l‘n))
and define the noise increments
Am,nvvl = le?’n(tm+1) - WfYn(tm)a Am,nWZ = WQIYn(tm—&-l) - Wgn(tm)

forallne{l,...,N—1} and m € {0,...,M — 1}.
Using the finite difference method and the same notation as in Section 2.2, one obtains the spatial semi-
discretization scheme for the SPDE system (32) with mesh size h as follows:

duf’ (t) = N2DNul¥ (t) dt + vV Ngy (vl (t), u
dud (t) = N2DNulY (t) dt + VNgs (ul (), u

(6)) AW (¢)

(1) AW (1) (33)

N
2
N
2

We are now in position to state the definition of the fully-discrete scheme based on a Lie-Trotter splitting
strategy and inspired by (15) for the approximation of solutions of (32): for all m € {0,..., M — 1}, set

LT  _ _7N2DV /N A W, — NN (i )7\ e
ul,m+1 =e€ eXp fl (ulmn’Uan) m,n ¥Vl — 2 ul,m,n
1<n<N-1

<ng 34)
2 N /— N f ulT uLT 2 (
u%:17‘n+1 = eTN p (exp( f2(u1mn7u2mn)AmnH 2= 2( lymg 2mn) uIQJIr‘nn )
1<n<N-1

with initial values uff = (u1,0(zn))1<n<n—1 and ufh = (u2,0(Tn))1<n<n—1.

The scheme (34) is positivity-preserving in the following sense.

Proposition 10. Let M € N and N € N be arbitrary integers and let T € (0,00). Let Assumption 4 be
satisﬁed and assume that the initial values ui o, us,0 satisfy Assumptions 1 and 2. Let the sequence qu};, .. ullﬂ;w
and ufy, .. u2 v be gwen by the splitting scheme (34), with h = 1/N and 7 = T/M, with initial values

Ui, = U1,0(ﬂ7n) >0 and uf'y ,, = uzo(zn) >0 for alln € {1,...,N}. Then, almost surely, one has

LT LT
u17an>O u27nn>0

forallme{l,...,M} andn e {1,...,N — 1}.

The proof of Proposition 10 is a straightforward modification of the proof of Proposition 4. Moreover, one
has the following variant of Proposition 5.

Proposition 11. Let Assumption 4 be satisfied and assume that the initial values uq o, uz20 satisfy Assump-
tions 1 and 2. Let the sequences urf%,,urfTM and ulg%,,ulfTM be given by the Lie—Trotter splitting
scheme (34).

For all v € (0,00) and all T € (0,00), there exists Cy,r € (0,00) such that for all 7 = T/M and h = 1/N

satisfying the condition T < vh, one has

2
s swp B[[ul ]+ sw o swp EB[JdT, 7] < Corlluoli + luzol). (35)
0<m<M 1<n<N-—1 0<m<M 1<n<N-1
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Finally, one has the following generalization of Theorem 6.

Theorem 12. Let Assumption 4 be satisfied and assume that the initial values uq o, uz2 o satisfy Assumptions 1
and 2. Let the sequences ulfjf), . ,ulflgw and ulg};, . ,ulgl;w be given by the Lie—Trotter splitting scheme (34), and
let (ud (1))i>0.0<n<n and (ud (t))i>0.0<n<n be given by the spatial semi-discretization scheme (33).

For all v € (0,00) and T € (0,00), there exists Cy r(ui,0,u20) € (0,00) such that for all T = T/M and

h =1/N satisfying the condition T < vh, one has

1 1
2 2 1 TN\ 2
sup sup (]E“quTmn - uf’”(tm)| D < Cy.r(u1,0,u2,0) (74 + (ﬁ) >,
0<m<M 0<n<N

27\ 2 L T3 (36)
2 1 2
sup ~ Sup (E“U%q;nn — Uy (b)) D < C'y,T(Ul,OvUQ,O)(T“ + (ﬁ) >
0<m<M 0<n<N

In addition, for all T =T/M and h = 1/N satisfying the condition T < yh?, one has

1
21\ 2 1
sup ~ Sup <E““Hnn - “ivn(tm” D F < Cyr(u1,0,u2,0)7%,
0<m<M 0<n<N

1 (37)

ESE

1\ b
sup  sup <EUU5TM — ug, (tm)| D2 < Oy r(ut,0,u2,0)73.
0<m<M 0<n<N

Note that the error term 73 could be removed from the equation (36) like in Theorem 6.
The proofs of Proposition 11 and of Theorem 12 are omitted since they follow from the same arguments as
those of Proposition 5 and of Theorem 6. Finally, one obtains the following variant of Corollary 7.

Corollary 13. Consider the setting and assumptions of Theorem 12. For all v € (0,00) and T € (0,00), there
exists Coy 1 (u1,0,u2,0) € (0,00) such that for all 7 = T/M and h = 1/N satisfying the condition T < vh?, one
has

[N

1
o1\ b
sup  sup (E“U%Tmn - Ul(tm7$n)’ D f < C,y r(u1,0,u2,0)h?,
0<m<M 0<n<N
21\ 3 (38)
sup sup (E“U%Tmn _u2(tm7mn)’ D < Cyr(ur,,u2,0)hz.
0<m<M 0<n<N

[N

To conclude this presentation of the positivity-preserving Lie—Trotter splitting scheme (34) for the approxi-
mation of solutions of the SPDE system (32), we report some numerical experiments.

The first numerical experiment illustrates the positivity-preserving property of the Lie-Trotter splitting
scheme (LT) when applied to the system of SPDEs (32) driven by two independent noise. The initial values are
taken to be uy g(x) = ug,0(z) = sin(wz), the final time is T = 5 and the multiplicative terms are g1 (v1,v2) =
7sin(v1) cos(ve) and go(vi,ve) = Tcos(vy)sin(vz). The discretization parameters are 7 = 272 and h = 275,
The proportion of samples containing only positive values out of 500 simulated samples for all considered time
integrators are presented in Table 3.

The second numerical experiment illustrates the mean-square convergence of the Lie-Trotter splitting scheme
when applied to systems of semilinear SHEs. Figure 5 presents, in a loglog plot, the mean-square errors mea-
sured at the space-time grid for the time interval [0,0.5]. The discretization parameters are h = 27 and
T =27%275..,2716 (the last one being used for the reference solution). We have used 200 samples to approx-
imate the expected values. The expected mean-square orders of convergence is observed in this figure. Here, the
mesh size h is fixed, hence the convergence rate in the estimate (36) is observed to be 1/2 like in Figure 1. But
the upper bounds are not uniform in A as observed in Figure 2 (we do not repeat this numerical experiment for
this system of SPDEs).
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TABLE 3. Proportion of samples containing only positive values out of 500 simulated sample
paths for the Lie-Trotter splitting scheme (LT), the stochastic exponential Euler integrator
(SEXP), the semi-implicit Euler—-Maruyama scheme (SEM), and the Euler—-Maruyama scheme
(EM). First and second component. The multiplicative terms are g;(v1, v2) = 7sin(vy) cos(vg)
and go(v1,v2) = 7 cos(vq) sin(vg). The discretization parameters are 7 =272 and h = 278,

LT (first, second) SEXP (first, second) SEM (first, second) EM (first, second)
500/500,500/500  500/500, 499,/500 498/500,496/500  0/500,0/500

M, = 200

10°

Error _-"
1021 ’ e —B—Error LT1 |
W - —O—ErrorLT2
i — — Slope 1/4
s = = Slope 1/2
< L

I I
10 104 10 0% 10
Time-step sizes

FIGURE 5. Mean-square errors of the Lie-Trotter splitting scheme (first component denoted by
LT1, second by LT2) when applied to the system of stochastic heat equations with multiplicative
terms g1(v1,v2) = sin(v1)cos(vy) and ga(vy1,v2) = cos(v1)sin(vy). Mesh size h = 278 and
average over 200 samples.

APPENDIX A. PROOF OF AUXILIARY INEQUALITIES

Proof of the auziliary inequalities (25a) and (25b). Let us recall some notation. For all N € N, all ¢ > 0 and
x,y € [0,1], one has

2

-1

GN(tzy) = > e NN (2)p; (kY (1)),
Jj=1

where AV = 4N? Sin(2]'17(,)27 ©;(-) = V2sin(jm) and @Y is the linear interpolation of ¢; at the space grid points
T, =nhforn=1,...,N—1.
Using the orthogonality property

1
/0 0i (5N () er (KN (1)) dy = b,
one obtains

t 1
/0/0}GN(tfs,x,y)fGN(thM(s),x,y)fdyds

2

t 1|N—-1
= / / Z (efA;‘V(t*S) — e*Aj‘V(tfﬁM(S)))gpév(:x)cpj (Iﬁ:N(y)) dy ds
0 Jo |1
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= [ S (e - )
it
t N—1 2
< 2/ (e—/\;\’(t—s) _ e—/\JN(t—ZM(s))) ds
(Ut
N-1 t
322/ 6—2/\5-\](15—3)(1_efz\;-v(sféM(s))) ds
j=1 79
N-1 N.\2
mln(l,)\. T)
Jj=1 J

Let us first prove the inequality (25a). One checks that there exists ¢ € (1,00) such that for all N > 1 and
j€{l,...,N —1} one has

N
Aj

‘7<C.
]2

ct<

Let L € N be an arbitrary positive integer. Owing to the inequalities above, one obtains

N=1 min(1, AN 7)? = min(1, j27)°
(L o minti
j=1 J j=1
L oo
<Cy jfPr+cC ) it
j=1 j=L+1

<CrL3+CL7Y,

using standard comparison of series and integrals arguments. Choosing L = [7~2 | > 1 (where |-] denotes the
integer part), and recalling that 7 € (0,1), one obtains

t ol
/ / |GN(t—s,:r,y)—GN(t—EM(s),x,y)|2dydsSCT%.
o Jo

The value of C is independent of N € N, ¢t € (0, 7] and z € [0, 1]. The proof of the auxiliary inequality (25a) is
thus completed.

Let us now prove the inequality (25b). It suffices to observe that min(1, )\;»VT)2 < A;-VT, thus one has

As a result one obtains

t el
/ / |GN(t—8,a:,y)—GN(t—KM(S),x,y)fdydsSC’%-
o Jo

The value of C' is independent of N € N, t € (0,T] and z € [0, 1]. The proof of the auxiliary inequality (25b) is
thus completed. O
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APPENDIX B. PROOF OF THE INEQUALITY 9B

Proof of the auziliary inequality (9b). One can decompose
N@Jﬁ=iélGN@JZWUMﬁN@D-+wN@ﬂ%
where the auxiliary random field w” is defined as follows: for all ¢t € [0,7] and = € [0, 1] set
Nt x) =uN(t,x) — /01 GN(t,ac,y)uo(HN(y)) dy = /Ot /01 GN(t -1z, y)g(uN (r, /@N(y))) dW (r,y).

First, using Proposition 2.4 in [2] with 8 = 1, one obtains the following result: there exists Cr(ug) € (0, 00)
such that for all 0 < s <t < T and all z € [0,1] one has
2 N—1 . N 2
min (1, A\ (t — s)
j=1 J

GN(ta €L, y)UQ (HN(?J)) dy - / GN(S’ T, y)uo ('%N(y)) dy
0 0

|t — s
h

< Cr(uo)

using the same strategy as in the proof of the inequality (25b) in Appendix A above.
It remains to deal with the time increments of w™: for all 0 < s <t < T and all = € [0, 1] one has

s 1
N(ta‘r) 7wN(55I) :/ / (GN(t7T7I’y) fG’N(S—r,x,y))g(uN(r,nN(y)))dW(r,y)
o Jo
+ / /0 GN(t — r,m,y)g(uN (r, ﬁN(y))) AW (r,y).

Applying Tto’s isometry, one has

E[‘wN(t,x) - wN(s,x)|2} < 2/08 /01|GN(t —rx,y) —GN(s - r,x7y)’2EUg(uN(r, KN(y)))ﬂ dy dr
t 1
+2/ / |G’N(tfr,x,y)|2E{|g(uN(r,/—iN(y)))|2] dydr
< Cr(ug (/ / ’GN (t—rz,y) — GN(s r,x,y)|2dydr

+/ / ‘GN(t—r,m,y)‘ dydr),
s JO

using the fact that g is a globally Lipschitz function and the moment bounds (10) for u®.
To bound the two integrals above, the technique used in the proof of the inequality (25b) in Appendix A is
used again. For the first integral, using the inequality min(1, A} (t — 5))? < AN |t — s, one has

N- 1)\Nt— 2 _
/ /Kﬂ —r,z,y) — GV (s rxy|mmr<c§:mm ) gc“h*

For the second integral, integrating and using the inequality 1 —exp(—z) <z for z > 0, one has

1— —2>\N(t s) N-13\N|4_ g
//|GN rxy|dydr<CZ c SCZ%
j=1 J

gCNH—ﬂgCL:—
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As a result, one obtains for all 0 < s <¢ < T and all z € [0, 1]

[t — sl
h

E[’wN(t, z) —wh (s, x)ﬂ < Cr(ug)

Gathering the estimates, one obtains for all N > 1l and all0 < s <t <T

|t — s
h

sup E||u"(t,2) — u” (5,)|’] < Crluo)
z€0,1]

and the proof of the inequality (9b) is completed. O
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