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SPREADING PROPERTIES OF THE FISHER-KPP EQUATION
WHEN THE INTRINSIC GROWTH RATE IS MAXIMAL IN A
MOVING PATCH OF BOUNDED SIZE

THOMAS GILETTI, LEO GIRARDIN, AND HIROSHI MATANO

ABSTRACT. This paper is concerned with spreading properties of space-time
heterogeneous Fisher—-KPP equations in one space dimension. We focus on the
case of everywhere favorable environment with three different zones, a left half-
line with slow or intermediate growth, a central patch with fast growth and a
right half-line with slow or intermediate growth. The central patch moves at
various speeds. The behavior of the front changes drastically depending on the
speed of the central patch. Among other things, intriguing phenomena such as
nonlocal pulling and locking may occur, which would make the behavior of the
front further complicated. The problem we discuss here is closely related to
questions in biomathematical modelling. By considering several special cases,
we illustrate the remarkable diversity of possible behaviors. In particular, the
case of a central patch with constant size and constant speed is entirely settled.

1. INTRODUCTION

This paper is concerned with the Cauchy problem associated with the reaction—
diffusion equation
(KPP) 8tu = a:r:vu + f(ta z, u)v

where ¢ > 0 is a time variable, z € R is a one-dimensional space variable, and wu is
a population density function of time and space. The function f is a reaction term
which is assumed to be globally bounded with respect to the variables ¢ and =, and
of class C? with respect to the variable u. Moreover, it is of the so-called KPP type
with respect to u, namely:

(A1)

f(ta x, 0) = 07

6uf(t7 x? 0) > 07

VUZO auf(t,fﬂ,())uzlf(t,l’,u) Zauf(t,m,O)ufMUQ,
Yu>1 f(t,z,u) <0,

Y(t,z) € R?
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FIGURrE 1. Ilustration of the heterogeneous intrinsic growth rate
under assumption (A2]).

where M is a given positive constant.
Denoting

r:(t,x) — 0uf(t,z,0),

we assume it has the following form:

ry if x < A(¢),
(A2) ro(t,x) = Ay if A(L) <z < A(t) + L,
rg if A(t)+ L <u,

with rq, 79,73, L positive constants and A € C (R, [0, +0)).

The prototypical example of function f we have in mind comes from ecology and
has the form f(t,z,u) = r(t,z) (u — u?/K(t,x)), where r is an intrinsic growth rate
and K a carrying capacity. In order for to be satisfied, K must then satisfy
that 0 < inf K < sup K <1 (notice that 0 < inf K < sup K < 400 would actually
be enough up to some rescaling). The assumption implies that there is a
time-dependent zone o(t) of size L where the intrinsic growth rate is o, while the
intrinsic growth rate is r; (resp. r3) on the left (resp. right) side of Qq(¢). This
situation is illustrated in Figure[l] though the actual ordering of the values r1, 79,73
may vary throughout this paper.

The equation is supplemented in the Cauchy problem with initial data
of the form

(A3) up € Cc(R), up >0, wup#0,

where C.(R) denotes the set of compactly supported continuous functions on R.
We will investigate the large time behavior of solutions, and more specifically their
spreading properties. What exactly is meant here by spreading will be clarified
below.

1.1. Some known results. Consider the above-mentioned prototypical example
ft,z,u) =r(t,z)(u—u?/K) with K = 1. When r; = ry = r3, the equation (KPP)
then reduces to the classical Fisher-KPP equation in homogeneous media:

Ot = Ogzu + Tu(l — ),
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for which it is well known [3] that solutions of the Cauchy problem emanating
from compactly supported initial data asymptotically spread at speed 2+/r in the
following sense:

2\/r = sup {c >0 | limyy 400 SUP|y < |1 — u(t, @) = O}
= inf {c >0 | limy— 400 SUPey<|y u(t, 7) = 0} .

However, much less is known when 71, 7o and r3 differ. Yet heterogeneous growth
rates are natural to consider, for at least two reasons. First, in the last few years
many studies have been devoted to the so-called “climate change problem” [11/4}5/(9],
which deals with the situation where the favorable zone moves at a certain speed.
Our second motivation comes from the analysis of multi-species models. More
precisely, when one considers population models that take the form of reaction-
diffusion systems involving multiple species, it is often possible to characterize the
spreading speed of the fastest species, but the speeds of the second, third and other
slower species generally remain elusive. This is because, although the position of
the fronts of slower species lie much behind that of the fastest species, their thin
leading edge stretches far beyond the front of the fastest species; therefore it is not
immediately clear how the environmental change caused by the spreading front of
the fastest species affects the speeds of the slower species. Are the slower species
fully adapted to the new environment generated by the front of the fastest species?
Or can they somewhat benefit from the environment ahead of the first front despite
the increasing distance? Quantitative sharp answers are known only in the simplest
cases [104/11,(13/16,|18] and their proofs typically rely on a very specific structure
in the system (directions of instability, comparison principle, decoupled equation,
etc.). A better understanding of the heterogeneous scalar equation should
help to obtain more general results. See Section below where the relation
between the equation for the case ro > max(ry,r3) and some three-species
competition or two-prey-one-predator population models is explained.

Now let us recall some known results on the heterogeneous scalar equation
. When the heterogeneity remains confined (A(t) being globally bounded),
only the asymptotic space-time growth rate matters and determines the spreading
speed [6], which in our case means that the population spreads toward the left at
speed 2,/71 and toward the right at speed 2,/73.

Next, in the special case where 11 # 19 = r3, only a single transition appears
in the intrinsic growth rate; see Figure One may speculate that if A(t) moves
to the right too fast, then the spreading front is located far to the left of A(¢),
where the intrinsic growth rate equals 1. Thus the spreading speed is likely to be
2,/71, as in the homogeneous KPP equation. On the other hand, if A(t) moves too
slowly, then the spreading front is located far ahead of A(t), where r = r3. Thus
the spreading speed is likely to be r3. These speculations turn out to be correct,
but what if the speed of A(t) is neither too fast nor too slow? Actually the answer
is not so simple: totally different types of phenomena, locking and nonlocal pulling,
are observed, depending on whether 1 > r3 or r; < r3. These two terms, locking
and nonlocal pulling, were first introduced in [18] and [16], respectivelyﬂ In the
simplest case when the transition moves with constant speed, i.e., A(t) is a linear

n |18], nonlocally pulled fronts were referred to as accelerated fronts. But, in the Fisher—
KPP literature, acceleration also refers to superlinear spreading. We believe that nonlocal pulling
better highlights the underlying mechanism, which is that a small population in a moving frame
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FIGURE 2. Illustration of the heterogeneous intrinsic growth rate
under the assumptions of Theorem [1.1

function, the known results (that were proved in possibly more complex contexts
in [10L16L|18}/19]) can be summarized as follows.

Theorem 1.1 (A single transition [19]). Assume r1 # 1o = r3 and the existence of
ca > 0 such that, for allt >0,
A(t) = cat.

Then the asymptotic spreading speed ¢* > 0 of u is well-defined as

¢ =sup {c >0 | liminf inf tu(t,x) > 0} = inf {c >0 lim supu(t,z)= 0}

t—+4o00 0<z<c t—+o0 ct<z
and satisfies:
(a) if r1 > r3:
(i) & =2\/r3 if ca <2/r3,
(it) ¢t =ca if 2y/r3 <ca <2/r1 (locked front),
(iti) ¢ = 2/r1 if 2\/71 < ca;
(b) if’f’l <rg:
(i) ¢ =2/r3 if ca <2\,
(i) o = AN 2 9 < eq < 27+ 2V T

(nonlocally pulled front),
(7it) ¢ =2\/r1 if 2\/r1 +2yr3 —711 <ca.

Since these six cases form the basis for our intuition, let us describe briefly what
happens in each case. The statement is also summarized in Figure

Cases (a)(i) and (b)(4) correspond to a situation outlined above where the tran-
sition A(t) moves so slow that the population moves ahead of it at speed 2,/r3. In
cases (a)(ii7) and (b)(4¢), the transition is so fast that the spreading speed 2./r1
is determined only by the left side zone. The first intermediate case (a)(i4) is the
locking case, where the population spreads exactly at the speed ca of the growth
rate transition. Finally, case (b)(i7) is the nonlocal pulling case. Here, the popu-
lation in the moving frame of the transition decays exponentially in time, yet it is

strictly faster than the actual front may still contribute to the propagation due to variations in
the intrinsic growth rate.
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FI1GURE 3. The spreading speed as a function of the environmental
speed under the assumptions of Theorem

still able to contribute positively to the speed of the front that comes afterward.

Indeed, in this case the speed c* is strictly larger than 2,/r1, which corresponds to

the spreading speed in the left side zone if the other two zones are not present.
Note that the persistence behind the propagating front is described as

liminf inf w(¢,2z) > 0.
t—+4o00 0<z<ct

This generalizes appropriately the classical picture

ti}gloo |5|u§2t |1 —u(t,z)|=0
to our more general setting where the local behavior of the solution is typically
not a convergence to a constant steady state, which may not exist here, but rather
complicated oscillations.

The more general case (more than one unconfined interface) remained elusive
until very recently. In 2021, Lam and Yu [19] managed to characterize the spreading
speed in many cases thanks to a Hamilton—Jacobi framework. Although the formula
is in general complicated and implicit, in some cases it can be made explicit. In
particular, in the case of two interfaces A(t) and A(t) + L with constant successive
values r1, ro and rs, all subcases can be solved provided the central patch does
not have a positive effect on the growth rate from both sides (i.e., provided ro <
max(ri,73)). This assumption is not a technical issue but rather a true limitation
of the Hamilton—Jacobi approach, which involves a hyperbolic rescaling. Basically,
this approach cannot deal with nonlocal pulling exerted from areas that are too
small. This is why we will use a different approach here, based on super- and
sub-solutions, to study this more delicate type of nonlocal pulling.

To conclude this general introduction, we point out a very recent work by Bovier
and Hartung |10] where a probabilistic method was used to quantify rigorously the
nonlocal pulling in a model for the spread of a trait in a population, originally
introduced in [21]. It is not clear to us whether this third method of proof could
be used to deal with the case we consider here.
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1.2. Organization of the paper. In Section 2 we present our main results, which
mainly deal with the previously open problem when the intrinsic growth rate is
larger in the intermediate zone between the two transitions.

The proofs of our results are done in Section 3, using a construction of sub-
and super-solutions together with an eigenvalue problem in the moving frame of
the heterogeneity. In Section 4 we collect a few interesting properties about this
eigenvalue and discuss possible extensions of our work.

2. MAIN RESULTS

We now consider the equation (KPPJ), supplemented with the assumptions (A1),
(A2), (A3). Throughout the rest of this paper, we assume that

ro > max(rl, 7“3).

This means that the intrinsic growth rate is at its highest in the central patch
of positive and bounded length between the two moving transitions. As we ex-
plained in the previous section, such a situation has so far remained unaddressed
in the mathematical literature, partly due (among other reasons) to the difficulty
of estimating the aforementioned nonlocal pulling effects for this case.

From now on, we only consider the rightward spreading properties. Since 0 <
A(t) < A(t) + L, it is indeed standard to prove that the leftward spreading speed
is well-defined and equals 2,/77.

Before stating the results, we define two convenient quantities, the minimal
spreading speed c and the mazimal spreading speed ¢:

¢ = sup {CZO | iminf inf w(t,z) > 0},

t—+oo 0<z<ct

c=inf<c>0| lim supu(t,z)=0,.

{e=01 i s utto) o

These two quantities are well-defined since the initial value ug satisfies (A3]). By
comparison with solutions of homogeneous problems, one may verify that

2y/min(ry,r3) < ¢ <€ < 2/ro.

The equality between ¢ and ¢ is a very natural question. For more general initial
data wo, it is known that the equality can fail even if 7y = ro = r3 [17]. When there
is indeed equality between ¢ and ¢, the quantity ¢ = ¢ is referred to as the spreading
speed; in other words, the spreading speed is well-defined if, and only if, ¢ = ¢. Our
results will in particular assert that, when ro > max(ry,r3) and ug is compactly
supported, the spreading speed can be well-defined or ill-defined, depending on the
variations of A. In fact it will become clear that the range of possible outcomes is
very wide and that a completely general result is hopeless. Therefore our goal will
only be to solve extreme cases and to illustrate the variety of outcomes.

We begin with the case where A is a linear function of time. This is our main
result.

Theorem 2.1 (Patch of constant size, constant speed). Assume the existence of
ca > 0 such that, for allt > 0,

A(t) = cpt.
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Let

0 if’l“l =7Ts3,

L = — 3
L IS N ( /M) if 1 £ 13,
\/re—max(ri,rs) [r1—73|

where arccot denotes the inverse of cot|g ). Then:

275 ifca < 27,
cA if 2\/r3 < ca <2y/=X;  (locked front),
(1) c=t=(F(ca) if2y= M <ca<2yri+2y/=- A —r1
(nonlocally pulled front),
2/r1 if 2y/r1 + 2V =X — 11 <cq,
where
o )\ = —max(r,rs3) if L < L;
e A\ € (—ro,—max(ry,r3)) if L > L, and in this case A1 is characterized as

. 2
the unique solution in (—rg,mln (— max (r1,73), Tz — rz)) of:

_ ro+ A1 — /(1 + A1) (rs + A1) :
2) cot(Ly/r2 + A1) = Vst M(V=ri =M+ VT3 - A1)

e the function F is defined by:

C — 2\/—)\1 — T + 2’/"1 .
2 c—2v/=M —11
The intervals (2,/73,2v/—A1) and (2v/—X1,2,/71 +2v/—A1 — 1) correspond to a

locking situation and a nonlocally pulled situation, respectively. As is easily seen,
the former interval is empty if and only if L < L and r3 > r1, while the latter is
empty if and only if L < L and r3 < r1. Therefore the two intervals cannot be both
empty. There are five possible cases, which are illustrated on Figure [4

We remark in particular that if r;y = r3, then L = 0 < L, therefore the above
two intervals are both non-empty. Consequently, the patch can induce locking or
nonlocal pulling, depending on the value of the speed c4, even if the patch size L
is arbitrarily small. This shows that even a small perturbation of the homogeneous
KPP equation may have a substantial impact on the large time behavior of solutions
by substantially altering the spreading speed.

As shown in Lemma the quantity Ay will turn out to be the generalized prin-
cipal eigenvalue of the problem @ Its properties, as a function of the parameters
L or o, will be studied in Section[d] It is directly related to the leading eigenvalue
A in [18], as illustrated by the correspondence between Figure [5| and 18| Figure
3-left]. In particular, one may replace by the more general assumption that
x— r(t,x — A(t)) is a compact perturbation of the Heaviside type function

d)'xH{rl if x <0,

(3) F:c€<2 —)\1—T1,+OO)>—>

T3 lfOS.’E

Then, when A(t) = cat, one may redefine the principal eigenvalue A; appropriately
in this context and recover the formula for the spreading speed. We refer to
Section 2] for more details.

Regarding regularity issues, we note that the spreading speed ¢* in Theorem 2.7
is only Lipschitz-continuous as a function of ¢4 and A1 (see also Figures {4f and .
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(A) Case 11 =13, L > L
values: r1 =1, 172 =9, r3 =

27

(B) Case r1 > r3, L > L (parameter values:

7‘1:4,7'2:9,7‘3:1,)\1:*8)

2VTA 2V A 2y
A

2v=Ay

N

27

(D) Case r1 < r3, L > L (parameter values:

7"121,7“2:9,7”3:4,)\1:—8)

=0
1, A =—4)

(parameter

(c) Case r1 > r3, L < L (parameter values:
7"1:4,7’2:9,7"3:1,)\1:74)

275 275 =7 + 27T
U

(E) Case r1 < r3, L < L (parameter values:
7’121,1"2:9,7’3:4,)\1:—4)

FIGURE 4. The spreading speed ¢* of Theorem as a function
of the speed of the environmental heterogeneity c4. Note that we
fix values of A\ instead of fixing values of L. This is rigorously
equivalent, cf. Proposition Note also that the figures where
L<L,ie, A\ =—max(ry,rs), are independent of L and A;.
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FIGURE 5. The spreading speed ¢* of Theorem as a func-
tion of the generalized principal eigenvalue A; in the case cq >
2¢/max(ry,r3) (parameter values: r = 1, 7o = 16, r3 = 4,
¢4 = 7). Due to the monotonic dependence of A\; on 75 or L (the
larger the patch, the larger —\q; cf. Propositions and, this
graph is a proxy for ¢* as a function of L or ro. It can be inter-
preted as follows: when the environmental speed c4 is larger than
24/max(ry,r3), a small patch has no effect, an intermediate patch
induces nonlocal pulling, a large patch induces locking. Similar
figures in the cases 2,/r3 < cq4 < 24/r1 and ¢4 < 2,/73 could be
produced and would show that the spreading speed in these cases
is never impacted by the patch.

We continue with two corollaries confirming that if the patch [A(t), A(t) + L]
moves either too slowly or too fast, with explicit thresholds given by the preceding
theorem (accounting for limy, 4. A1 (L) = —72), then it has no effect and the front
is locally pulled, even in the presence of arbitrary oscillations.

Corollary 2.2 (Slow patch). Assume

Then the front is locally pulled: ¢ = ¢ = 2,/r3.

Corollary 2.3 (Fast patch). Assume

At
2+ 2y = < ut A

Then the front is locally pulled: ¢ =¢ = 2

3
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These two corollaries remain true if the constant L is replaced by some (positive
and continuous) function of time L(t). We also expect that sup and inf may re-
spectively be replaced by limsup and liminf. For the sake of brevity, we leave the
latter generalization as an open problem.

Finally, we turn to the interesting case where the patch is neither too slow nor
too fast but oscillates slowly. For the sake of brevity, we deliberately do not prove
a sharp result but rather construct a telling counter-example.

Theorem 2.4 (Slowly oscillating speeds). Let A1 be as in Theorem and assume
that Ay # —r1. Let ca1,ca.2 be positive numbers satisfying 2v/—A1 < ca1 < caa <
2,/r1 +2v/—=X\1 —r1 and let (t,)nen C R be an increasing sequence such that:

to=0, tny1/tn = +00 (n — +00).
Let A(t) be a function defined iteratively as follows:

0 t=ty=0,
(4) A(t) = A(tgn)ﬂ-CA’l(t—tgn) te [th,tQ»nJrl) (n:0,1,2,...),
Atong1) +caa(t —tong1) t € [tanyr,tons2) (n=0,1,2,...).
Then:
1 4T1
c<-lca2—2vV-A1—m+ ,
—2<“"2 Y cA,2—2m)
B 1 47"1
c>—|ca1—2vV—-A\—r1+ .
— 2 < al o CA,1—2\/—>\1—7’1>

In particular, ¢ < €.

Remark 2.1. The condition A\; # —r; is satisfied if and only if either r; < r3, or
ri>rzgand L > L.

In the above example, the speed of the patch oscillates slower and slower be-
tween two values either of which would lead to nonlocal pulling in the absence of
oscillations. The speed of the front then slowly fluctuates forever, thus making
the spreading speed ill-defined. This result is inspired by [15], where temporally
constant environments with slower and slower spatial oscillations lead similarly to
a gap between the minimal and the maximal spreading speeds. It will be clear from
the proof that the result can be extended straightforwardly to the case ca,1 > ca2
or to the case where L or ry oscillates instead of c4. The general conclusion we
draw from this result is that oscillations of the patch, in height, width or speed,
can be enough to break the uniqueness of the spreading speed, even if r; = rs.
Furthermore, this result holds for an arbitrarily small L, which implies that a small
perturbation of the homogeneous KPP equation may not only change the spreading
speed (as we already outlined above) but even make the speed ill-defined.

2.1. Relation with multi-species models. We end this section with a discus-
sion related to the study of spreading properties of multi-species reaction—diffusion
systems, which is our main motivation for starting the present work. The results
of the present paper show how a traveling patch of a highly favorable zone can
strongly impact the speed of the invasion fronts, even if they travel far behind the
patch. In particular, if a nonlocal pulling occurs, finding the precise front speeds
would become a much more intricate task. This suggests that, when one studies the
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behavior of invading fronts in multi-species reaction—diffusion models, determining
the speeds of the slower fronts could be much harder than determining those of
the faster fronts, since the environmental changes created by the faster fronts may
induce such effects as nonlocal pulling or locking on the slower fronts. For example,
consider the following (conceptual) reaction—diffusion population models:

(A) 3-species competition model;

(B) 2-prey & 1-predator model.

First, in the model (A), let u, v, w denote the populations of mutually competing
species that invade a region at the speeds ¢, > ¢, > ¢,,. More precisely,

(1) w invades the open space at speed ¢, as if it was alone in the environment;

(2) then the slower species v replaces u by competition at speed c¢,;

(3) finally, the slowest species w propagates at speed ¢, by replacing v.
Let us focus on the speed of w. If the interspecific competition between v and v is
very strong, then at the interface between the two species (which travels at speed
¢v), there appears a zone where u, v are both very small. This zone can be seen as
a favorable patch for the third species w. Therefore, although this patch lies far
ahead of the front of w, it may still have a strong effect on the speed of w, just
like the central patch in our equation . At the moment, the precise effect of
this patch is not fully understood, but at least it is known, though in a different
context, that a strong competition between u and v can create a favorable patch
for w; see [14].

On the other hand, if the interspecific competition between w and v is not very
strong, the superposition of the two populations would have higher density around
the interface between u and v, thus creating an unfavorable zone for w, contrary
to the above case. The paper of Lam, Liu and Liu |20, Proposition A.4] precisely
identifies a parameter regime where this would indeed occur. In such a situation,
the interface between u and v may not have much effect on the speed of w.

Next we consider the model (B). Let u,v denote the prey populations and w
the predator that invade a region at speeds ¢, > ¢, > ¢, basically in the same
manner as (1), (2), (3) above, except that the slowest species w is a predator. We
assume that the interspecific competition between u and v is relatively mild, so that
the superposition of the two populations have higher density around the interface
between u and v, as in [20, Proposition A.4]. Then this zone may serve as a favorable
patch for the predator w, therefore it may have a non-negligible effect on the speed
of w, just as in the case (A) with strong inter-specific competition between u an v.
In such parameter regimes, the study of the speed of the predator would require
a sharp quantification of the height, width and speed of the corresponding patch,
which is currently out of reach in general. The same discussion may be held in the
case of one prey and two predators, for which we refer to [12] where among other
things the nonlocal pulling phenomenon was also observed.

3. PROOFS
3.1. Technical preliminaries.

3.1.1. A change of variables and a parabolic eigenproblem in the whole space-time.
In what follows we assume in addition that A is of class C2.
Following Allwright [2], we can transform the linearized equation

Ot — Ogau = 1(t, x)u
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into
1 yA" ()L
O — ﬁayy” = (m(y) + # v,
where
(5) m(y) = r1lyco +r2lo<y<1 +1311<y,

by means of the change of variable

t /7_2 /
v(t,y) = u(t, Ly + A(t)) exp (/O f‘li)dHyAQ(t)L)

Similarly, considering an eigenproblem where 7(¢,x) is replaced by r(¢,z) + A

changes in the new equation m(y) into m(y) + A. More precisely, inspired by [7],
we are led to considering the following eigenproblem:

Po1 = Apy in R xR,
p1 >0 in R xR,
Y1 € {¢ € D/(R2) | 6t¢vay¢’ayy1/} € Llloc(Rz)} !

1 yA”(t)L
P =0 — ﬁﬁyy - (m(y) + 2()) )

Let us emphasize that, to the best of our knowledge, there is no known general
theory for such eigenproblems. In particular, if A”(¢) # 0, keeping ¢, ¢ within a
bounded range is already an issue difficult to overcome. This is why from now on we
focus on a more feasible special case. Other special cases where this eigenproblem
makes sense might be investigated in future sequels.

with

3.1.2. An elliptic eigenproblem in the whole space. If A is linear, written as A(t) =
cat, then the above transformation reduces to
1

815'1)7?

Oyyv = m(y)v,

with the same change of variable

At cal
v(t,y) = u (t, Ly + cat) exp (Z+ A2 y),

To study the above equation, the following eigenproblem for the operator

2 d’
E = L diyZ + m,
where m is as defined in , will play a crucial role:

—Lpr=Ap1 InR,
(6) 1 >0 in R,
p1 € WEI(R).

This problem can be solved explicitly, piece by piece with a global C! regularityﬂ

2Recall that Wlicl (R) is continuously embedded into Cloo’s‘(R) for any a € (0,1). After a
standard bootstrap procedure, we find that the weak solution ¢1 of —L ™2/ — mp1 = Ap1 is in

Cl%j (R) ~ Wli:o (R), namely it is of class C'! and its derivative is locally Lipschitz-continuous.
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Unlike a similar eigenvalue problem on a finite interval, an eigenvalue A of —L
with a positive eigenfunction is not necessarily unique. Therefore the right concept
of principal eigenvalue has to be defined carefully. According to [8], the second-
order self-adjoint operator —L admits a generalized principal eigenvalue A, which
can be defined as the supremum of the set of values of A for which (£ + X)¢ <0
holds for some positive function ¢. Equivalently, it can be defined as the limit of the
principal eigenvalues of truncated problems with the Dirichlet boundary condition.
By analogy with many previous studies on KPP heterogeneous problems, we expect
this generalized eigenvalue to be crucial to accurately predict the spreading speed of
solutions for compactly supported initial data. Therefore, this subsection is devoted
to the computation of this A;.

For later use and convenience, we sum up some of the main results from [8].

Proposition 3.1 ( [8, Theorems 1.4 and 1.7, Proposition 2.3]). Define

loc

AL = sup{)\\ Jpe WEHR), © >0 and (L+Np < 0} eR.
Then Ay satisfies

A = max{)\|E|QOEWZQD’Cl(R), p>0 and —,C(p:)\(p}

loc

- inf{M Jp € W2HR) N L¥(R), ¢ >0 and (£+/\)<PZO}.

In particular, if there exists a positive and bounded solution ¢ of —Lo = Ap on R,
then one must have A\ = \1. Furthermore,

A= lim AF,
R—+o00

where A\ denotes the unique solution of the eigenvalue problem

—Lp =My in(-R,R),
w1 >0 in (—R, R),

As a preliminary step, we note that
(7) —ry <A1 < —max(ry,r3).

Indeed, on the one hand, from our assumption that ro = maxm > max(ry,rs), we
get by taking ¢ =1 as a test function that

(E — T‘g)(p S 0.

Hence, by its definition, \; > —rs. On the other hand, for any eigenvalue A >
—max(ry,73), any eigenfunction is a sinusoidal function at least on a half-line, and
therefore necessarily changes sign. Since Proposition [3.1] implies that \; is associ-
ated with a positive eigenfunction, we infer that A\; < —max(ry,73).

Hereafter, we will compute the eigenpair (A1, 1) in three complementary cases:
(i) L > L;

(ii) r1 <rgand L < L;

(iii) 7 > r3 and L < L.
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Recall that the threshold L is defined by:

0 if L =713,
L= - .
L 1 arccot ( L}M) if 71 % 7.
\/r2—max(ry,rs) [r1—73]

This definition will become natural in a moment. Among other properties of the
eigenpair that will be summarized at the end of this subsection, we will establish
the following lemma.

Lemma 3.2. The generalized principal eigenvalue A\ satisfies:
e if L <L, then
A1 = —max(ry,73);
o if L > L, then A\ is the unique zero of the function

A€ (frg,X) > cot (LW) __retA- (ri+A)(rs + )

Vre + AV=r1 = A+ V=13 —A)

- ) >
where A = min (— max(r1,73), Tz — 1"2).

The constructions below will involve real constants C, Co, C3, Cy, C5 with dif-
ferent meanings in each case.

3.1.3. Construction of the generalized principal eigenpair in the case L > L. In the
first case we look for an eigenfunction of the form:

Chexp(Ly/—r1 — A1y) if y <0,
(8) <p1(y) =<0y Sin(L\/Tg + My + 03) ifo<y<1,
Cyexp(—Ly/—r3 — A\1y)  if 1 <y,
with Cy > 0, Cy, Cs, Cy satisfying
01 = 02 SiH(Cg),
CQ Sin(L\/ o + )\1 + 03) = C4 exp(fL\/ —Tr3 — )\1),
Ci1v—r1 — A1 = Cay/ra2 + A1 cos(Cs),
Ca/To + A1 COS(L\/’I"Q + A1+ 03) = —Cyv/—r3— N\ eXp(—L\/ —rsg — )\1),
0<C3 < Lyrg+ M +C5 <.

These conditions ensure that the function ¢, is C' and positive. If such an eigen-
function exists, and since it is bounded by construction, then its corresponding
eigenvalue A\ indeed coincides with the one from Proposition hence our use of
the same notation.

Fixing without loss of generality C; = 1 (which implies ¢1(0) = 1) and rear-
ranging terms thanks to classical trigonometric identities, we end up with:

_ 1
Cy = sin C'g?
_ —r1—M\1
cot C3 = 4/ pw v
C, = eLV=rs=Xi sin(Ly/r2+X1+C3)

sin C'3 ’
1\ 2t Ai—/(ri+ ) (r3+A1)
cot (L T2 + )\1) T Vet (V-ri=M+vV-rz=X1)’
0<C3 < Lyra+ A +C5 <.
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Note that the last inequality implies Ly/ro + A\ < 7, so that cot(Ly/re + A1) is
well-defined indeed.

It only remains to show that the equation defining implicitly A\; admits indeed a
solution smaller than A = min (— max (r1,73) , Z—z — 7“2). Note that the value of A

us . Even with the restriction L > L, this

depends on the sign of L — —ZX——
\/re—max(ri,rs)

quantity can have any sign, since the arccot function maps (0,4o00) onto (0,7/2),

so that the threshold \/% is larger than 2L.
ro—max(ry,rs
The function

N T2+ A —/(r1 +A)(r3 +A)
AE (=712, A »—>cot<L r —|—/\>—
(=r2.%) ? Vre + AV =r1 = A+ /=13 = A)
is the sum of two smooth decreasing functions, which can be checked after a lengthy
computation which we omit here. When A — —ry, it tends to +0o. When A — A,
it tends to:
(1) —oo if one of the following two conditions hold true:
(a) r =rs,

(b) 1 #rgand L > ——L——;
\/re—max(ry,rs)

2) cot (L ry — max(rl,rg))—w/%’w ifr; #rzand L < \/%
ro —max(ry,m3

The finite limit in the second case has exactly the sign of L — L, by decreasing
monotonicity of the arccot function, and is consequently negative. Therefore, in all
cases, the continuous decreasing function

(9) A€ (=r2A) = cot (L\/m) A= F NN

V2 +AV=r1 = A+ V=rs = )

admits indeed a unique zero.

We conclude that in the case L > L, we have found a unique positive and
bounded eigenfunction of the form , associated with the eigenvalue A\; defined
both as the unique zero of @, and as the generalized principal eigenvalue from
Proposition |3.1

3.1.4. Construction of the generalized principal eigenpair in the case ry < r3 and
L < L. In the second case we look for an eigenpair (A1, 1) of the form:

AL = —T3,
and
Crexp(Lyv/—=r1 — A1y) if y <0,
(10) @1(y) = § Cosin(Ly/ry + Ay +C3) if 0 <y <1,

where C7 > 0, CQ, 03, C4, Cs satisfy
Cl = 02 SiD(C;g),
Cosin(Ly/ro + M1 + C3) = Cs,

(11) C1v—r1 — A1 = Cav/r2 + A1 cos(Cs),
CQ\/TQ + )\1 COS(L\/’I"Q + )\1 + 03) = C4,
0<C3 < Lyro+ M +C3 §7T/2
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The last condition of ensures the nonnegativity of Cy, and the positivity of Cs,
hence of ¢, for all y > 1. On the other hand, notice that the eigenfunction ¢; is no
longer bounded here. Still, we have already pointed out that there is no positive
eigenfunction associated with some A > —r3. Therefore, if an eigenfunction of the
above type (|10) exists, then the corresponding eigenvalue —r3 = A; is the largest
eigenvalue associated with a positive eigenfunction, hence it again coincides with
the generalized principal eigenvalue from Proposition [3.1}

Fixing without loss of generality C1 = 1 (i.e., ¢1(0) = 1) and rearranging terms
as in the previous case, we end up with:

_ 1
CQ T sinCj3?
cot Oy = /2=,
T2—T3

O, — Vro—r3 cos(L\/ro—r3+C3g)

4= sin C3 ’
Cx = sin(Ly/ro—r3+C3)

5= sin C'3 )
0< C3 < Ly/rg —r3+Cj3 Sﬂ'/z

The value of C3 € (0,7/2) is uniquely defined. It only remains to verify that
Ly/ro —r3 + C3 < 7/2. By assumption, L < L < \/7,2”7 Moreover, /2 — C3 €
(0,7/2). Hence both L\/ry — 5 and m/2 — C5 are in (0, 7), where the function cot

is well-defined and decreasing, and therefore Lv/ro — 13+ C3 < 7/2 is equivalent to

1 —
cot(Ly/ro — r3) > cot (E — 03) = -2 7“3’
2 cot Cg rs —171

where classical trigonometric identities have been used. This inequality is true by
virtue of the assumption L < L. Note that in the equality case, Cy = 0.

3.1.5. Construction of the generalized principal eigenpair in the case r1 > r3 and
L < L. The construction in the third case is done exactly as in the second case,
interchanging the roles of r; and rs.

3.1.6. Important properties of the generalized principal eigenpairs. To summarize,
the elliptic problem @ admits a generalized principal eigenvalue \; characterized
in Proposition and computed in Lemma The eigenpair (A1, 1) also satisfies
the following;:

(1) it L > L (which in particular is always the case when r; = r3), then
A1 € (—rg,—max(r1,73)), 1 € L®(R), 91 (0) = Lv/—r1 — A1 > 0, ¢1
decays exponentially at +oo;

(2) if y <rgand L < L, then Ay = —r3, ©1(0) = L\/r5 — 11 > 0, ¢1 grows
linearly at +00 and decays exponentially at —oo;

(3) if 11y > rgand L < L, then A\ = —ry, ¢1(0) <0, ¢1 grows linearly at —oo
and decays exponentially at +oo;

(4) the definition of Ay when L > L implies, by virtue of the implicit function
theorem, that (L,ry,r2,73) +— A; is smooth in the parameter set {L >
L}; the definition of Ay when L < L implies that (L,r1,72,73) — Ay is
also smooth in the parameter set {L < L,r; < r3} and in the parameter
set {L < L,r; > r3}; it is therefore at least a piecewise-smooth function
globally, with at this point an unclear regularity at the interface {L = L}.
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3.2. Proof of Theorem In this section, for the sake of brevity and clar-
ity, ¢* is defined by anticipation as the quantity on the right-hand side of in
Theorem 2.} i.e.,

2\/r3 if cy < 24/73,
caA if 2\/rs < ca < 2¢V/=X4,
F(ca) if 2= <ca <2r1+2v/=X1 — 1,
2yr1 i 2ri+2V/- A —r1<ca
where the value of )\ is given in Lemma and F is defined by . Consequently,
¢* is not, at this point, a notation for a spreading speed. With this slight abuse of
notation, the proof of Theorem reduces to the proof of two inequalities: ¢ < ¢*
and ¢ > c¢*.

The proof will be done in four steps:

(12) ot =

(Step 1) construct a family of super-solutions showing that ¢ < ¢* if ¢4 < 2v/—Ay;
(Step 2) construct a family of super-solutions showing that ¢ < ¢* if ¢4 > 2v/—Aq;
(Step 3) construct a family of sub-solutions showing that ¢ > ¢* if ¢4 < 2y/max(r1,73)

or cg > 2\/r1 4+ 2= 1 —71);

(Step 4) construct a family of sub-solutions showing that ¢ > ¢* if finally cq €
(2¢/max(ry,r3),2/T1 + 2v/ = A1 —71).
Bringing all four steps together will immediately end the proof. We note that

the open interval (2y/max(ri,r3),2y/71 + 2v/—A1 —r1) is empty if, and only if,
r3 < ry = —A1. In such a case, the proof ends at Step 3.

Step 1. Assume cy < 24/—M\1. Define
u(t, ) = 2min (1, e—A(max@m,cm(w—max(?mm>t—L)) 7
where A(c) = $(c — v/¢> — 4r3). This function u(t,z) decays exponentially as z —

+oo and its front propagates at the speed max(2,/73,c4). Let us show that @ is a
super-solution of (KPPJ). Note first that u(¢, ) satisfies the inequality

0t — Ogzu > f(t,x,u(t, x))

in {x—max(2./73,ca)t < L}U{x—max(2,/73,ca)t > L}. Indeed, if r—max(2,/r3, ca)t <
L, then since w = 2 > 1, we have

Ot — Opat = 0 > f(t,x,u(t, x)),
while, if x — max(2,/73,ca)t > L, then since A(c)(c — A(c)) = r3, we have
U — Oget = T30 = r(t,x)u > f(t, z,u(t,x)).

Note also that the “correct angle condition” (i.e., negative derivative gap) at x —
max(2,/r3,ca)t = L is clearly satisfied. Therefore % is a super-solution of .

Note that Cu is also a super-solution of for any C' > 1. Indeed, if
x —max(2,/r3,ca)t < L, then since Cu = 2C > 1, we have

0¢ (C) — Oy (Cu) = 0> f(t,z,Cult, x)),
while, if x — max(2,/73,ca)t > L, then
0¢ (C) — 04y (C) = r(t,2) (Cu) > f(t, 2, Cu(t,x))

by the assumption (Al)). Also the correct angle condition at © = max(2,/r3,ca)t+L
clearly remains to hold after multiplication by a positive constant C'. Now choose C'
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sufficiently large so that C7 is initially above the initial condition ug. Then u(t, z) <
Cu(t,z) for all t > 0,2 € R.

Recall that u decays exponentially as * — 4oo and its front propagates at
the speed max(2,/73,c4). As we are assuming cq4 < 2v/—A;, we have ¢* =
max(2,/r3,ca). Hence the inequality u(t, ) < Cu(t,x) proves that ¢ < c*. O

Step 2. Assume now that c4 > 24/—\1, so that in particular c4 > 2,/r1 by .
Now, following [16], we consider the following continuous function:

2 ifx<ect-— /l\r(‘cz),
(13)  w(t,z) = { e M@=et) ifx e (ct - %,cAt) ,

cp(z—cat)
e~ M) (ea—o)t e*%(pl (I’LCAt) if z > cat,

where c is a constant satisfying 2,/r1 < ¢ < c4, whose value will be specified later,
and in this step A(c) = §(c — v/c® — 4rq). The principal eigenfunction ¢1, which is
constructed as in Section is appropriately normalized so that ¢1(0) = 1. Since
1 is in both cases Ay = —r3 or A\; > —r3 bounded above by a linear function as
T — 400, it is clear that w decays to 0 as x — +o0o and that the position of its

front propagates at the speed c. Let us show that @ is a super-solution of (KPP)).
First, in {z < ¢t —In2/A(c)}, @ satisfies, by virtue of the assumption (A1)

Ot — Ozt =0 > f(t, z,u(t, x)).
In {ct —In2/A(c) < < cat}, T satisfies:
Ot — Ogat = mu(t, ) > f(t, z,u(t, x)).
In {z > cat}, it is more convenient to change the viewpoint by defining

cit

1 (y).

2
(,At+CALy

o(t,y) =1 (t, Ly + cat) VLe™ 7 = Le Nlea—a)tg

It satisfies by construction

1 c?
0T — £30yy T — M = <)\(c)(cA —c)+ Z) T+ M\ T.

Assuming Ay — A(¢)(ca — ¢) + % > 0, we obtain 9,U — 750,,U — mv > 0, which
gives (back to the original variables)

Ot — gz > r(t, x)u(t, x) > f(t,x,u(t, x)).
Summarizing, under the assumption that Ay — A(¢)(ca —¢) + % > 0, u satisfies
Oyt — gz > f(t,x,u(t, x))

on {z <ct—In2/A(c)}U{ct —In2/A(c) < x < cat} U{cat < x}.

In order for @ to be a super-solution, we also need to verify the angle conditions
(i.e., negative derivative gap) at = ¢t —In2/A(c) and at & = c4qt. The former is
easy to check by the definition of w in , so we only need to check

lim  J,u(t,z) > lim . 0. u(t, ),

rz—cat—0— r—cat—0

which reads:
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or equivalently
©1(0) cca—ct V2 —drg
L - 2 '
Thus, for @ to be a super-solution, it suffices to verify the following two conditions:

©1(0) cfa—ct Vve2 —4rg
L - 2 ’

2
A — M) (ca —¢) + CZA > 0.

Using the properties summarized in Section [3.1.6] we distinguish two cases:
(1) if Ay = —ry, then by construction of o1, ¢}(0) <0, whence ¢}(0)/L <0 <
(ca — c+ V% —4r1)/2, so that the first condition is always satisfied;
(2) if Ay # —ry1, then by construction of ¢1, ¢1(0)/L = v/—r1 — A1 and the
first condition rewrites as

(14) V1 - <2 ).

2

Squaring both sides, and using that (<4 — )\(c))2 = % —r1 — (ca —c)X(c)
thanks to the equality A\(c)? —cA(c)+r1 = 0, we find that the first condition

implies the second one.

In all cases, in order to show that @ is a super-solution, all we have to verify is ,
or equivalently

(15) Ve —4ry > c—ca+ 20—\ — 1.

Let us first consider the subcase when c4 > 2,/r1 +2+v/—A; — r1. Then the above
inequality is automatically satisfied with ¢ = 2,/r;. Thus % is a super-solution if we
choose ¢ = 2,/r1. As in the previous case, C7 is also a super-solution for any C' > 1.
Choose C appropriately large so that Cu(0,t) > ug(z). Then u(t,z) < Cu(t,z)
for all t > 0,z € R. Since u decays to 0 as x — 400 and propagates at the speed
¢ = 2,/r1, the inequality u(t,z) < Cu(t,x) proves that ¢ < 2,/r1, where 2,/r1
precisely coincides with ¢* in this subcase. Hence ¢ < ¢* in this subcase.

Next assume that cy < 2,/r1 +2v/—A; —71. Since ¢ > 2,/r1, we have ¢ — cq +
2v/—A1 —r1 > 0. Hence we can square both sides of and rewrite it as

47‘1

CA — 2\/ —)\1 — 7“1> B F(CA)

where the function F' is the one defined in . It is a smooth and decreasing
function. It maps the interval (2\/—)\1 —71,2y/T1 +2v/ =X — rl] onto the interval
[2,/71,400). Moreover its unique fixed point is F'(2y/—\1) = 2y/—A;. Therefore it
satisfies 2,/ < F(¢') < ¢ for any ¢’ € (2\/7)\1, 211+ 2V = 1 — rl]. Notice also
that ¢* coincides with F'(c4) in this same interval.

Finally, the partial differential inequality and the angle condition are again sat-
isfied whenever 2v/—X\; < ¢4 < 2\/11 + 2/ A1 — 71 and for any ¢ € [F(ca),ca),
this last interval being nonempty. Therefore @ is a super-solution in this case. Ar-
guing precisely as in the previous case, we see that Cu is also a super-solution for
any C' > 1. By choosing C sufficiently large, we have u(t,z) < Cu(t,z) as in the
previous case, which proves that ¢ < ¢* if c4 > 2v/—A1. (]

1
622<CA—2 -1 —71 +
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Before we proceed, for later use we summarize our analysis in this step in the
form of the following lemma, which is presented in a slightly generalized setting;:

Lemma 3.3. Assume cq > 2v/—X1 and that A(t) = cat for t € [0,T) for some
0 < T < 4oc0. Let u be the function defined by @ , with ¢ = ¢* from . Then
for any constant C' > 1, C is a super-solution of (KPP|) fort € [0,T) and x € R.

Step 3. Define 7 (¢, x) by with 5 replaced by 73, and let f(t,z,u) be a function
satisfying , Ouf(t,x,0) = 7(t,z) and f(t,z,u) < f(t,z,u). Denote by a(t,z)
the solution of with f replaced by f for the same initial data wug. Then @ is
a subsolution of the original (KPP)), therefore @(t,z) < u(t,z) for all t > 0, z € R.
Thus the speed of @ gives a lower bound for the speed of u. If ry = r3, then 7(¢, )
is identical to 71, therefore the spreading speed of # is clearly 2,/71. On the other
hand, if r; # rs, then 7(¢,x) satisfies the assumption of Theorem therefore
the spreading speed of @ is again well understood. Note that the assertions of
Theorem remain valid even in the case r; = r3. Indeed, if r; = r3, the cases (a)
(ii) and (b) (ii) become empty and all other cases give the value ¢* = 2,/r1 = 2,/73.
Therefore, in what follows we do not deal with the case r; = r3 separately.

First, we consider the case where ¢4 < 2y/max(ry,r3). If 11 < r3, then by (b)
(i) of Theorem [1.1} the speed of @ is 2,/r3, which coincides with the value of ¢* in
(T2). On the other hand, if ry > r3, then (a) (i), (ii) of Theorem apply, which
show that the speed of @ equals max(2,/73,ca). Again this value coincides with c*
in , since 2\/max(7°1,r3) < 2¢/=A1 by virtue of . Thus we get in this case
that ¢ > ¢*.

Next, in the case where cq4 > 2,/77 + 2¢/=X; — 1, then by we have ¢4 >
2,/r1+2y/max(rs —r1,0). Hence, by Theorem (a) (iii) and (b) (iii), the spread-
ing speed of 4 is 2,/71. This gives ¢ > 2,/r1, which again coincides with c*.

To summarize this step, we have found as announced that ¢ > c¢* if either

ca < 2y/max(ry,r3) or cq > 24/r1 +2v/ =\ — 1. O

Step 4. Here we assume that ¢4 € (2y/max(ry,73),2,/r1+2v/—A1 —r1). Therefore,
throughout this step we have that ¢* = min (ca, F(ca)) > 2,/r1, where F' is given
by . We refer to Step 2 above for related computations on the function F,
including the fact that F(¢') > ¢ for any ¢ < 2¢/—\;.

Now we consider, for large values of R > 0,

L2 (o))" = mpft = MYl in (-R,R),
e (+R) =0,

R >0 in (-R, R),
901R S W271((_R7 R))

By the Krein—-Rutman theorem, the above problem possesses the principal eigenpair
(Al o), with ot > 0, which is unique up to multiplication of ¢ by a constant.
Moreover, according to [§] (see also Proposition (3.1 above), we have that

A= lim AR
R—+o00
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Below, we extend ¢f in R by setting @' = 0 in R\(—R, R). We consider the
following continuous function:

0 ifa:<1ns—|—x — 2R/,
1O(x) ifxe[%+xO,2R/M+xO,%’)’

(16) M(t,x) =4 ifzx e [MJrzgf%/,lnS Jr;z:OJrcterl)

vlQ

(P(t,z) ifxe [lns+z0+ct+x1,X(t)),
WQt,x) if x> X(t),

where
. T InS
O(z) = osin <2R’ (:E e xo +2R')> ,
(17) P(t,l’) _ ef)\(c)(:rfctfa:g) Se~ (Me)+n)(z—ct— mo)7
cpa(z—cpt — t
Qb 2) = ye-NEea—at g~ SACTaD (9” o )

withn >0, 5 >0, R > 2%, v € (0,1], o € (0,2max,cr P(0,)), where A(c) =
1(c—/c* —4ry) and ¢ € (2,/77,ca), which is a nonempty interval here, o € R,
v > 0, R > 1, with the principal eigenfunction ¢ appropriately normalized so
that ©f(0) = 1. The values of z1, X(¢) are chosen to make u continuous at
x = % + a0+ ct + 1 and at x = X (¢). More precisely:

e 11 > 0 is the well-defined smallest zero of z — Z — P (O T+ x0 + M)

(note that it satisfies indeed, for any ¢t > 0, § = P (t IS oo+t + xl)

and note moreover that ; — 0 as ¢ — 0);
o X(t) € (cat—RL,cat) is, for each t > 0, the smallest zero of x — P(t,x) —
Q).
The values of ¢, 0, 1, S, o, R and ~ will be specified later on. Typically, 1/¢, 1/0,
1/n, 1/v, S, —xo and R are large positive numbers. We will also check later that ¢
can be chosen arbitrarily close to c*.
The existence and uniqueness of X (t), provided the parameters are appropriately

chosen, will be verified in Lemmam In particular, we point out that r(t,z) =
if x < X(¢t) due to X(t) < caqt. Lemma will also establish that lns + 29 <

inf;>¢ X (t)—ct. Then, choosing o small enough so that 11;73 +xo+tz; < 1nft20 X(t)—
ct, we get that each interval in the above definition of u is nonempty, which in turn
means that « is continuous.

Note that, for each ¢ > 0, the support of wu(t,z) is the interval [% + x9 —
2R’,cat + RL], and that the main front of w(t,z), which is represented by the
above function P(t, ), propagates at the speed c. Behind the front, u(t,z) = t0/2
except near the left endpoint of its support. Moreover, u is globally proportional
to ¢ and this parameter can be interpreted as an amplitude parameter.

In order for u to be a potential sub-solution, first the following angle condition
(i.e., positive derivative gap) needs to be satisfied:

lim  Oyu(t,x) < lim  Oyu(t, ).
z—X(t)~ z—X ()t
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This will be a consequence of Lemma [3.4] below, whose first two statements imply

(18) lim  OJyu(t,z) <0< lim  Jyu(t, z).
X ()~ e X (0)+

We point out that the other angle conditions at the interfaces of the other subin-
tervals are more straightforward, hence we skip their proof for the sake of brevity.

Next, we check that u satifies the desired differential inequalities on each subdo-
main. First, in the region {33 < % + 20 — 2R’}, u is identical to 0, which directly
yields dyu — Oppu < f(t, z,u(t, x)).

In {x € [% +z9 — 2R/, % + z0 — %) }, the function wu satisfies:

7.‘.2

Recall that % + x9 — %/ < 0 < ¢cat for t > 0 by Lemma and thus we have

that 0, f(t,z,0) = 1 here. By virtue of (Al]) and 4’17_2—2,2 < r1, we can assume that o
is so small that

at@ - amwﬂ =

2
flt,x,v) > @U,

for any =z < % + z9 — R?/ and v € [0,0]. Remarking that u < 10 < o in
{z € [% + x9 — 2R/, % + 29 — %’)} (by virtue of ¢ < 1), we deduce:

at@ - 8zzﬂ S f(t> x7ﬂ(t7 LL'))

n n

In {x € [ms + xg — R?/, DS | 2o +ct+ xl) }, again and quite similarly,

at@ - 811@ =0 < f(t,x,y(t,x)),
provided o is small enough, uniformly in ¢« < 1.
Next, in {% taxotctt+a <z <X(t),t> 0}, the function u satisfies:

atﬂ - 89:1:@
— e MO @—ct=z0) _ g (m —? g/ — A 4r1) % e—(A(@)+n)(@—ct—o)

= riu(t,x) — 1Sy (\/ 2 —4ry — 7]) x e~ (M)+m(@—ct—zo)
4 t
< g(t,:r) efn(xfctfzg) <(7’1 - f( 73372( ,%))) en(zfctfzo) _ 577 (m _ n))

uft, )
+ ft, z, ult, z)).
We claim that, denoting g(t,z,u) = r1 — f(t,z,u)/u, the function

(t,2) = g(t, . u(t, 2) @) — Sy (/& 7y — )

is negative in {% +xot+ct<x<X(t),t> O} for 1 small enough and S large

enough (depending on ). If this claim holds true, then u indeed satisfies the desired
differential inequality in this subdomain.
Let us therefore verify this claim. First recall that X (t) < cat. Then, by the

assumption (A1),

ru > f(t,z,u) > riu— Mu?  for all (t,2) € {x < cat} and all u > 0,
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so that
0<g(t,x,u) < Mu forall (t,z) € {x < cat},

for some M > 0. It follows that
glt, @, ult, @) et =20) (W )
< Mu(t, z)e"@=ct=%0) _ Gp (/e — 4ry — 77)
< Mye~Me)=n(@—ci—zo) _ (\/—47,1 ’7)

< Mie~@-mls/n _ gy ( 2 A, — 77)

in {% +aotea<z<X(t),t> 0}. Therefore, provided that S > 1 and n <
A(c), we get that

g(t,@,u(t,2)) ") — S/ —dri =) < 8 (MuSTH — (v —ar 1))
S

We deduce that if

M
n < min(A(c), /¢ —4r;) and S > max <1, ) )

1 (Ve —dri —n)

then u is a sub-solution in {1“5 +aota<z<X(t),t> O}, independently of

the exact values of ¢ € (0,1], R > 1 and xy € R.
Finally, for {x > X(t)}, we introduce a new function

(‘.2 t c y '2
o(t,y) = u(t, Ly + cat)VLe s+ = 1/ Le MAea=at e o (4.

It satisfies by construction

2
0¥ — —50yy¥ — mu = ()\(c)(cA —c)+ % + Af) v

Assume that
2
(19) AL — Me)(ea — ) + %‘ <0,

set § = $|A1 — A(c)(ca—c)+ %\ and recall limp_ 400 A = A;. Assume now that R
is so large that A — \(¢)(ca — ¢) + & < —§, whence dyv — L2 Oyyv — mu < —du,
which gives (back to the original Varlables)

O — Opzw < (r(t,x) — §)ult, x).

Using again (Al)) which ensures the continuity of (¢,x,u) — f(¢, z,u)/u, and all
other parameters being fixed, we can assume that v > 0 is so small that

r(t,z) — 6 < inf M
v

cpaRL
(t,z,v)ERXRX |0,ye™ 2 maxgo{?':|



24 A NONLOCALLY PULLING PATCH OF BOUNDED SIZE

c

Remarking that u < veATRL max ¥ in {x > X (¢)} (by virtue of ¢ <1 and X (¢t) >
cat — RL), we deduce:

atﬂ - 8:61@ S f(tv x7y(t, .’E))

We observe that, ¢ < cq € (24/max(ry,r3),2\/71 + 24/—A1 — r1) being given, the
2

above necessary condition (19), i.e., Ay — A(¢)(ca — ¢) + S < 0, is equivalent to

¢ < F(cy). Finally, we have shown that the function defined in is a sub-

solution, and that its speed ¢ can be chosen arbitrarily close to min (ca, F'(ca)),

which coincides with ¢* in this parameter range.

To conclude Step 4, it remains to prove important properties of X (¢).

Lemma 3.4. Let P(t,z), Q(t,x) be as in . For any positive values of ¢,n, S, R,
with ¢ < ca, there exists xg € R such that the equation P(t,z) = Q(t,x), or more
precisely,

e—/\(c)(a:—ct—wo) _ Se—(k(c)ﬂ—n)(m—ct—wo)

(20) _)\(C)(CA—C)te— CA(m;CAt) R (l’ — CAt)

=€ ¥1 I

admits for allt > 0 an isolated solution X (t) € R such that:
(a) 0.P(t, X (1)) < 0;
(b) 9:Q(t, X (t)) > 0;
(c) cat — RL < X(t) < cat;
(d) % <infy>o X () — ¢t — x0.
Moreover, the trajectory t — X (t) satisfies:
(e) X € C1([0,+00), (—RL, +00));
(f) X(t) =cat+O(1) as t — 4o0.

Proof. For any t > 0, the function P : z — e M)(@—ct=z0) _ §e=(A(e)+n)(z—ct—zo)

is unimodal, increasing on the left of z = ¢t + x¢ + % In (W) and decreasing

on its right. Therefore, if

1. (S(A(e) +n)
(21) 70 < ~RL—In <> ,

Ale)

then, since ¢ < ¢4,  — P(t,x) is, at any t > 0, decreasing in [cat — RL, cat]. In
particular, statement (a) will be a consequence of (c).
For any ¢t > 0, the function
_cA Ly R

Yy € [-R,+R] s ye Meamat === Sl ()

admits as derivative:
() (ca—c)t — ALy ’
Yy € [~R,+R] s ye MNONeamalte== (—2901 (y) + (1) (y)) :

At y = —R, by virtue of the Hopf lemma (i.e., (90{2)/(7]%) > 0), this deriv-
ative is positive. Similarly, at y = +R, the derivative is negative. Therefore,

by virtue of the intermediate value theorem, there exists r € (—R, R) such that
caLly

y = ye MAlea=at o= =57 ol (1) is increasing in (=R, —R + 7). Without loss of
generality, up to reducing » we may assume that —R 4+ r < 0.
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Consequently, the function
x € [-RL+ cat,—(R —r)L + cat] = Q(t, )

is increasing. Statement (b) of Lemma follows from this monotonicity property,
along with the fact to be established below that X (¢) belongs to the interval [-RL+
cat,—(R—r)L + cat].

In view of the monotonicities in x of each side of the equality (decreasing
on the left, increasing on the right), if —xq is so large that
(22) e/\(c)((R—r)L-i-wo) < ’VGCTA(R_T)LQOF(—R + ’I"),
then by the intermediate value theorem, at t = 0 there is a (unique) solution X (0)
of in (—RL,—(R —r)L). By the implicit function theorem, this solution can
be extended in a continuously differentiable way in an open time interval around
t = 0. To show that X (¢) can be extended globally, for all ¢ > 0, it suffices to
prove that X (t) < cat — (R —r)L for any ¢ such that X (¢) is well-defined. In order
to verify this inequality, recall that X (¢) satisfies P(t, X (t)) = Q(t, X (t)) and that
P(t,z) (respectively Q(t,x)) is monotone decreasing (respectively increasing) in x.
Therefore all we need to show is that Q(cat — (R — r)L,t) > P(cat — (R —r)L,t)
for such ¢, or equivalently,

,Ye—)\(c)(cA—c)teCTA(R—r)LgO{{(_R + T)
> e—)\(c)(cAt—(R—r)L—ct—ro) _ Se—()\(c)—i-n)(cAt—(R—r)L—ct—zg).

This follows directly from:

ye 3 BLOR(_R 4 p) > eMO((BE-T)Ltw)

> MAB=r)Ltzo) _ goAQ)+n)(R=r)Ltzo)=n(ca=c)t

where we used (22).

By construction, we have that cat — RL < X(t) < cat, i.e., (¢) holds true. As
explained above, statement (a) and (b) follow, and so does (f). The differentiability

property (e) follows from the implicit function theorem. Finally, (d) i.e the estimate
% < infy>0 X (t) — ¢t — xo results from a direct calculation:

| In(1 A 1
X(t) >CAtRL>CAt+xo+I§7S+n(+:77/(C)) >ct+xo+nTS,
where we used . This completes the proof of Lemma O

To summarize Step 4, thanks to Lemmal[3.4] the key partial differential inequality
and the angle condition are verified for any ¢ € (2\/771, min (ca, F (CA))), with
an amplitude parameter ¢ € (0, 1] whose value can be chosen arbitrarily small.

Since u is compactly supported, choosing ¢ small enough, u is below the solution u
at time ¢t = 1. Hence u is a sub-solution for all ¢ > 1 and this proves that ¢ > ¢* if

ca € (2¢/max(r1,73),2¢/T1 + 2/ = 1 —11). ]

Again, for later use we state the following lemma which sums up our construction
of a sub-solution in this last step.

Lemma 3.5. Assume that cq € (2y/max(ri,rs),2\/r1 + 2v/—XA —r1) and that
A(t) = cat. Let ¢* and u respectively be defined by and with ¢ = ¢* — €.
Then for any e > 0 sufficiently small, there exist positive constants R',o,n,S, R, xg,~
such that, for all v € (0, 1], the function u is a sub-solution of fort >0 and
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x € R whose front propagates at the speed c. For each t > 0, the support of u(t,x)
is compact, and u is proportional to the amplitude parameter .

3.3. Proof of Corollaries [2.2] and The results follow from simple com-
parison arguments. As the proof proceeds exactly the same way, we replace the
constant L in (A2)) by an arbitrary positive and continuous function L(t).

Proof of Corollary[2.4 Assuming that sup;> % < 2,/r3, we have that
r(t,z) <r(t,x) <7(t,x),

where

1=

(1) min (ry,re,r3) if o < 2,/r3t,
N T3 if 2,/r3t <z,
() max (r1,r2,73) if @ < 2,/rst,
Y r3 if 2,/r3t < .

Let u and @ denote the solutions of (KPP corresponding to r and T, respectively.
Then by the comparison principle,

u(t,z) < ult,z) <u(t,z).

According to Theorem u and U both spread with speed 2,/r3. Consequently,
we have ¢ = ¢ = 2,/r3 under the assumptions of Corollary O

!

Proof of Corollary[2.3 The proof proceeds similarly. Notice that if inf;> @ >

2,/r1 + 24/r2 — 71, then

where
1 if v <211 + 2o — 711,
r(ta)— g .
min (rq,7r9,73) if 2,/r1 + 2y/ro — 11 < x,
F

1 if @ <2/ +2¢/r2 — 71,
() = .

max (r1,72,73) if 2¢/r1 +2¢/ro — 11 < .
Recall that max (r1,72,73) = r2. Applying Theorem and using the comparison
principle as in the proof of Corollary we find that c=¢ = 2,/r7. [

3.4. Proof of Theorem [2.4] Here we prove that if the moving speed of the hetero-
geneity alternates between two values very slowly, then the minimal and maximal
spreading speeds ¢ and ¢ may differ. We will prove this result by constructing
appropriate super- and sub-solutions.

The values of r1,7ry,73, L being fixed, we deduce from the statement of Theo-
rem a value for A\; which does not depend on c4. By assumption, A\; # —rq,
and 2v/—\; < ca1 <cao <21+ 2=\ — 7. For each i € {1,2}, we define

1 4’/‘1
23 = F(ca:) == i— 2V =M —r1+ .
(23) i (cas) 2 (CA’ ton CAi — 2V =M1 — 7’1>

As one can check, we have

2/ <5<l <2y =AM <caq<cas.
Note that the above definition of ¢f (i = 1,2) agrees with that of ¢* in for the
case 2v/ =X\ < ca < 24/r1 +2y/—X; —r1, where c4 will be replaced by ca,1 or ca 2
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in the later arguments. This enables us to apply Lemma [3.3]and Lemma [3.5]in the
construction of super- and sub-solutions.
Hereafter, we define

ry if 2 <0,
(24) Frzrqry f0<z<L,
rg if L <z.

Thus the function r(¢,z) in (A2) is expressed as r(t,z) = #(x — A(t)).
The aim of this section is to prove that, under the assumptions of Theorem [2.4]
the minimal and maximal spreading speeds of the solution u of (KPP)) satisfy

c<cs+2e<ci—2<7,

for all sufficiently small € > 0, which implies ¢ < ¢5 < ¢ <¢.
Before starting the proof, we note that the function A(t) defined in satisfies

canat < A(t) <caat forallt>0.

In particular, we have A(ton41) < caatont1 (n=0,1,2,3,...).

We will use basically the same super- and sub-solutions constructed in the proof
of Theorem with minor modifications. Since we are assuming 2v/—\; < ca1 <
ca2 < 24/m1 +2v/—X1 — 11, the functions u defined in in Step 2 of Section
and u defined in in Step 4 will be relevant.

First, in the time interval Iz,41 = [tan+1,t2n+2), We use the function u defined
in with c4 replaced by c4,2 and with ¢ = ¢3. It gives an upper bound for ¢. In
order to make this function to serve as a super-solution in our later argument, we
present a slightly modified version of Lemma [3.3] as follows:

Lemma 3.6. Assume ca > 2v/—\1 and that A(t) = ca(t—7)+ B fort € [r,7+T)
for some constants B, > 0 and T > 0. Let u be the function defined by ,
with ¢ = ¢* from . Then for any constant C > 1, Cu(t — 7,2 — B) is a super-
solution of forte[r,7+T) and x € R.

Proof. By the change of variables s = t — 7, y = x — B, the above function is
converted to Cu(s,y) and (KPP) is converted to

asuzayyu—l—f(s,y,u) 0<s<T,yeR),

where f(s,y,u) = f(s+ 7,y + B,u). Since f satisfies the same assumption as
(A1) and (A2) for 7 € [0,T), Cu(s,y) is a super-solution of the above equation by
Lemma Coming back to the original variables proves the lemma. (I

Next, in the time interval Iy, = [ton,tant1), we will modify the sub-solution u
in . More precisely, we will consider a function u, ;5 that satisfies

(25) Opty 5 < Ozatty 5+ (F(z —cant) — 0)uy 5 — M@i&,

and propagates with some speed ¢ > ¢f — . Notice that the spreading speed ¢*
depends continuously on the values 71,792,713, so that the above speed inequality
holds true if  is sufficiently small. This will give a lower bound for €.

With these notations, we will proceed in two steps to prove Theorem [2.4]

Step 1: Proof of ¢ < ¢+ 2¢. Let Ty denote the function @ in with ¢ = ¢5 as in

, which coincides with ¢* in for the case 2v/—\; < ca < 24/T14+2v/—=A1 — 11,

where cy4 is replaced by ca 2. For each n € N, since A(t) = A(tan41)+ca2(t—tony1)
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fort € [t2n+1, t2n+2), by Lemma Cﬂz (t —t2n+1, xr — A(t2n+1) is a super—solution

of for t € [tan+1,ton+2) and for any constant C' > 1. Recall also that s (z, t)

decays exponentially as x — 400, and that its front propagates at the speed ¢ = ¢3.
Let us also introduce an auxiliary super-solution u#. Let n > 0 and let

/\#ZCAT’Q—i-\/—rg—/\l—I—n, c#:)\#—l—%.

Choose K > 1 such that K min (1, e"\#“?) > ug(z) for all z € R. By construction,
> 2,/r2 and
(/\#)2 — N =y < —r(t, ),

for all t > 0 and z € R. Thus

u? : (t,x) — min (1, e_’\#(””_c#t)>
is a super-solution of (KPP)) satisfying u# > u globally in time and space. Moreover,
we can choose 7 large enough so that (c¢# — ¢ 4.2)t1 > L, which implies

(c# —ca2)tont1 > L forallneN.

Thanks to this auxiliary super-solution, we have a rough control of the decay of
u(t,z) as © — +oo for any ¢t > 0.
Next, with @s as defined above, we construct a sequence (K, )nen such that

(26) u¥ (tong1, ) < KpTig(0, 2 — A(tany1)) for all z € R, all large n € N.
In order to show that such (K, )nen exists, it suffices to show that
#
sup — u” (top41, )
z€R u2(07 T — A(t2n+1))

Let us estimate the above quantity.
First, in the region x > c#ty,,1, since (c# — ca2)tan+1 > L, we have

x> caotonyr + L > A(tant+1) + L.
Therefore, by the definition of @y in for the case x > cat,
ca, — A(t
uz(0,z — A(tany1)) = e En (z_A(t%“))sm (x é%ﬂ))
> C’e*CAT’Z(ﬂﬁﬂ“(t2n+1))e*v*T3*>\1(OC*I‘X(t‘znﬁ—l))7

< +o0o for all large n € N.

for some C' > 0. Here we used the fact that either ry < r3, or vy > rgand L > L
(see Remark , so that ¢; is defined by either or . Moreover, from our
assumptions on the sequence (¢,)nen Wwe have that

Altant1) = caitons1 + o(tant1),
as n — 4o00. It follows that, by our choice of A# and 1 > 0,

u? (ton i1, @) < K Pt (B2 VTN (- Altan )
62(0, €T — A(t2n+1))

C
K ( 62’2 +\/—T3—>\1)(C#t2n+1—A(t2n+1))

C
5 e( CA2'2 +V 77‘37)\1)(0#7CA,1+1)t2n+1
C b

IN

IN

for all x > ¢#tg,41.
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Next, in the region = < ¢#tg, 41, we have u# (ton41,%) = K, and, by (13),
U2(0,z — A(t2n41)) = min (27 G_A(c;)(m_A(t2"+l))) >1,
if x < A(tan41), while using also the definition of ¢; in either or (10),

ca2(@—A(tan41)) . Y e _
(0,0 = Altae)) 2 €57 min gy eV T Al )

if A(tani1) <o < c*topyr. Thus

inf  w(0,2 — A(t2n+1)) > minp; x e~ (FF2 VTR (Flana—Altans) 5

r<c#topt1 [0,1]
Hence
u#(tQ’nJrl?x) < K % e(CAT’er\/7’)"37}\1)(C#t2n+1fA(t2n+1))
U (0,7 — A(tany1)) —  minjg 1
< i K > e(cAT’2+v—Ts—kl)(c#—cA,1+1)t2n+1
mln[ovl] ®1

for x < c#t2n+1.
Therefore, for to hold, it suffices to define the sequence (K,) by

(27) K, = K max (1, . ) e(CA2'2+V_T3—’\1)(0#—0/411*1”2"“7
C minp 1) p1

for all large n. Combining and the inequality u# > u, we obtain
U(tons1, @) < U (tony1, @) < Kntiz(0,2 — A(tans1)).

As mentioned before, K, s (t —tont1,2 — A(tant1)) is a super-solution in ¢ € Ty, 41,
hence, by the comparison principle, we have for n large enough that

u(t,z) < Kpuo(t — tong1,x — A(tant1)) forallz € R, ¢ € Inpyg.
In particular, setting ¢ = 9,42, we obtain
(28) u(tonta, ) < Kpla(|Iont1|,© — A(tans1)) for all z € R.
Let B,, denote the value of the right-hand side of at © =z, 1= (5 + 2¢)tanta,

that is,
Altan
Bn = K,,LUQ (|I2n+1|at2n+2 <C§ + 2 — 7( 2 +1)>) .

tono
Then, by we have that
B, = KnefA(CE)(2€t2n+2*A(t2n+1)+65t2n+1)

2
(29) = Kne*”‘(c;)sbnﬂ eA(CE)(A(t%ﬂ)*CEtan)’

provided that

In2 At
5 (tant2 — tons1) — W < topi2 (CE + 2e — (2%;1)) <caaltontz — tang1),
2 n

which is clearly true for n large enough and £ > 0 small, since ta,+1 = 0(t2n12)
as n — 4o00. Using (27) and again the assumption ta,+1 = 0(t2n42), we see that
the right-hand side of (29) tends to 0 as n — +o0. It follows that

max Kntua([I2n11], 7 — A(t2ns1)) = 0 as n— +oo,
>z,
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since Uz (|I2ny1], 7 — A(t2n41)) is monotone decreasing in x. This and imply

max u(tant2,2) = 0 as n— 4oo,
T2Tn

which proves ¢ < ¢35 + 2¢. O
Step 2: Proof of ¢ > c¢§ — 2e¢. By virtue of the global boundedness of the solution
u of (KPPJ), there exists p > 0 such that f(t,z,u(t,x)) > —pu(t, z) for any (¢, z) €
[0,400) x R. Therefore, by the comparison principle, for any ¢ > 0 and z € R,
e Pt (==)?

e T u dy.
Vint Jx o(y)dy
Then, there exists 8 > 0 and z € R such that ug > B1[;,_g 2,45 It follows that,
for any ¢ > 0 and ¢ > 0,

u(t,x) >

C2 C2
Be—Pt—t 0+ o o B2e Pt~ Tt cag-s)
ez 4t dy > — e 2
Vart zo—f vt

Recall that u, 5 is a subsolution of 7 as constructed in with ¢ > ¢] —¢€; see
also Lemma For any n € N, the support of u; 5(0,z — A(t2,)) is exactly

22 +82+2/20|8
- at

u(t, ct) > e

A(tgn) —+ |:1n,'7s —+ o — QRI, LR:| .

Consequently, for any n € N, the support of u; 5(0,2 — A(t2,)) is included in
InS
n
no, the support is included in [(c4.1 — €)tan, (ca,2 + €)tay]. In such an interval, the
decay of x +— u(tan,x) can therefore be estimated as follows (up to increasing ng):

u(ton,x) > Ce=Cton

|:CA71t2n + +x0 — 2R/, ca ot + LR}. Provided n is sufficiently large, say n >

min
z€[(ca,1—€)tan,(ca,2+€)ton]

where C,C’ > 0 are constants that only depend on 3, x¢, p, 0, ca1, ca 2, €.
Now, defining a sequence (K, )nen by

Ce_clt2n

(30) Kp = s 1y 50, ) for all n € N,

we deduce

(31) tintty (0,7 — A(tan)) < u(ten,r) foralln>mng, x €R,
and then

Knty 5(t,x — A(tan)) < ult +tan, ) foralln>mng, x €R, t >0,

by the parabolic comparison principle.

At this point of the proof, we remind that u, 5 travels with speed ¢ > ¢ — ¢ and
is associated, not to the reaction term f, but to (¢, z,v) — (r — §)v — Mv?. More
precisely, it satisfies (25)), i.e.,

Oy 5 < Oupy 5+ (F(x — cant) — 6)uy 5 — Muf 5,
where 7 is defined in ([24). Therefore, if we multiply the function Knly 5(t, 2—A(t2n))

by e%t, we should still obtain a sub-solution, at least as long as this sub-solution is
small enough.
Let us verify this last claim. First define

g: (t,x,v) = iz — cat)v — Mv?,
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so that
g(t - t2n,$ - A(tQ’ﬂ)?U) S f(t,.]f,'U),
for any t € [ton, tant1], € R and v > 0. Also we define
uy s (t,2) = uy 5(t —tan, v — Altan)).

Using (25), the function (¢,z) — /fneg(t_t%)g?’a(t, x) is a sub-solution of (KPP)) as
long as t < tg, 41 and

0
M (k3120 — 1) (t2) < 3.

Now recall that u, 5 is globally bounded by a constant C"” > 0 that depends on
d (hence on ¢) but not on n. This constant is also an upper bound, independent
of n, for each function uf 5. Then the function (¢,z) — nne%(t*t%)g?)é(t,x) is a
sub-solution of provided that y

2 1 1)
t—thSTnzgln P 1+2MC’// <tan+1 ~ ton,

t2n+1

where the latter inequality follows from the fact that

t2n by .

By virtue of the comparison principle and ,

— +o0 and |Ink,| =

Hne%(t_h")g?)é(t,x) <wu(t,z) foralln>ng, ©€R, tE [tan, tan + Th).

By a similar sub-solution construction, not growing in time but with an appro-
priately chosen amplitude (the algebra is exactly the same), we can then prove
that

/@ne%T"u?(;(t x) <wut,z) foralln>ng, z€R, tE [tay + Th,tonti]

Noting that /{ne2T“ =1+ we deduce

QMC// 9

6 * *
(1 + 2MC’”> Uy s(tant1, (1 —26)tant1) < u(tanti, (€] —2€)tany1) for all n > ng.

Using ta, = o(tan+1) together with the detailed formula where ¢ > ¢} — e, it
follows that

uf 5(tan+1, (€] — 26)tan41) = Uy s(tant1 — ton, (] — 26)tant1 — Alt2n)) = 10/2 > 0.

Finally we conclude that ¢ > ¢f — 2¢. This ends the proof of Step 2. As € can be

chosen arbitrarily small, the proof of Theorem [2.4] is complete. O
4. PROPERTIES OF \;

Let Ay denote, as before, the principal eigenvalue of @ characterized by Proposi-
tion In this section, we uncover new properties of the map (L,71,7r9,73) — Aq.
Recall that if

0 if rL =rs,
L>L=
= 1 arccot (, /2= maX(”’TS)> if ry # 73,
ro—max(ry,rs) [r1—73]
2
then A; is characterized as the unique solution in (—r27 min ( x(r1,73), 7z — T2

of the equation , whereas A\; = —max(ry,r3) if L < L. Recall also that
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(L,71,72,73) = A1 is smooth in each of the parameter sets {L > L}, {L < L,r; <
rs} and {L < L, > r3}.

4.1. Monotonicity and symmetry. According to [8, Proposition 2.3, (vii)], the
function (L,71,72,73) — A1 is nonincreasing and concave with respect to each
variable. It is also 1-Lipschitz-continuous with respect to ry, ro and r3. The
following two propositions state the monotonicity properties of A\; with respect to
L and 75 in a more precise manner.

Proposition 4.1. The map L € (0,400) — A1 (L) is continuous, constant in (0, L]
(this interval might be empty), decreasing in (L, +00), with the following asymptotic
or particular values:
e \(L) — —max(ry,r3) as L — L*;
s

° )\ ™ 2ro—r1—7rs3 _ 7‘%—7'17’3 .
1 2 (7‘277‘1)(7"277“3) - 27”277“1 —T3 ’

e \(L)— —ry as L — +o0.

Proof. The monotonicity of L € (L,+00) — A1(L) follows directly from the chain
rule applied to the equation satisfied by A;(L); in fact, % < 0.

The limit as L — 400 is an immediate consequence of Lv/ro + A1 < w. The
limit as L — L™ follows similarly, separating the case 71 = 73 and the case r; # rj.

The continuity at L = L when L > 0 follows.

The function
7’2+>\7 (7’1+)\)(7”3+>\)
Vre + AV—r1 — A+ V=13 — A)
is increasing, continuous and maps (—rq, — max(ry,r3)) onto (—oo, +00) if r1 = r3

or onto (—oo7 \/ %) if r1 # r3. Denote in both cases ¢ € (0, 4+00)U{+00}

the upper limit of this image interval. Consequently, for any ( € (—oo,Z), there
exists a unique preimage A; € (—rg, —max(ry,r3)) such that
ro+ A1 —+/(r1 + M) (rs + M)
Vre + M (V=r1 = A+ V=13 = A1)

and subsequently there exists a unique Lo € (L,+o0) such that Ay = Aj(Lo),
with Ly given by the following formula:

=G

Ly = arccot ().

1
Vra + A

Now we are in a position to pick admissible values of ( that correspond to
remarkable values of the cot function. For instance, { = 0 leads to:

Lov/r2 + M (Lo) = 5,
7o + A1 (Lo) = v/(r1 + A1(Lo))(rs + A1 (Lo))-

After elementary manipulations, we deduce:

2
Ty — 1T
2 173
A1(L0):72 ’
o =T —73
s 27”2—7‘1—7‘3
0= 73

2 (’1"2—7‘1)(7"2—7"3)7

which completes the proof. [
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Next, the function L is either 0 or a decreasing continuous function of ry. In
the latter case, it also satisfies that L — 0 as ro — +0o0. Thus, given a fixed value
of L, there exists a threshold ro > max(ry,rs) such that L > L for any ro > 1,
and L < L for any ro € (max(r1,73),75) (this latter interval possibly being empty).
Thus, in the latter case, Ay = —max(r1,r3) as mentioned above. Quite similarly
to the previous proposition, we deduce the following result; for the sake of brevity,
we omit the proof.

Proposition 4.2. The map ro € (max(ry,73), +00) — A1(r2) is continuous, con-
stant in (max(ry,73),re] (this interval might be empty), decreasing in (ra,+00),
with the following asymptotic or particular values:

e \i(re) = —max(ry,r3) as ro — max(rq,r3);
e \i(rg) = —o0 as rg — +00.

Finally, we point out that the eigenvalue \; is symmetric with respect to the
parameters r; and 73.

Proposition 4.3 (Symmetry). A;(ri,73) = A1(rs, r1).

Proof. By the change of the variable y — 1 — y in @, the role of r; and r3 are
exchanged, therefore the above symmetry is obvious. (I

4.2. More general heterogeneities and optimization issues. In view of our
method of proof, it should be clear that the main result (the piece-by-piece formula
for the spreading speed in Theorem [2.1)) will extend to many equations of the form

O — Ogau = f(t,x,u)

with 9, f(t,z,0) = m(x — cat), m € L (R), inf m > 0. More precisely, since the
existence of A\; and ¢ is given by [8], the following properties are the only true

requirements to end the construction of super- and sub-solutions in the proof of
Theorem 2.1k

(1) m = r3 in a neighborhood of 400 — this is used to construct the explicit
super-solution in Step 1;

(2) m = ry in a neighborhood of —oo — this is used to construct the explicit
super-solution in Step 2;

(3) limsup % < v/—r1 — A1 at —oo — this is used to validate the angle condition
in Step 2;

(4) e % p(x) — 0 at 400 — this is used to ensure that the super-solution of
Step 2 acts indeed as a barrier for the solution.

It turns out that the third and fourth ones are direct consequences of the first and
second. Indeed, recall from Proposition (see also again [8]) that ¢q is the limit
of the eigenfunctions of a truncated Dirichlet problem. Using this together with
the maximum principle and Ay < —max(ry,r3), one may check that ¢; is either
affine or identical to

e\/ 7T17/\1w

on a left-half line depending on whether Ay = —r; or Ay < —r1. In the former case,
¢} must be nonnegative and in the latter, ¢} is precisely equal to v/—r1 — A1¢1,
that is, (3) holds true. The same argument shows that p; grows at most linearly
at +oo.
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Therefore the exact variations of m between the left half-line where m = r; and
the right half-line where m = r3 do not really matter, and we are able to handle
arbitrary bounded Variationﬂ

Of course, such extensions are made at the expense of the formula that
characterizes A;. But they make it possible to study, for instance, smooth growth
rates or piecewise-constant growth rates with more than one traveling patch. By
doing so, we obtain a nice connection with classical shape optimization results. For
instance, if 7 = 73, m > r1, and L™ and L' constraints are imposed on m — 7,
then the function m which minimizes the eigenvalue A; (and in turn maximizes the
spreading speed) is bang-bang and contains precisely only one patch (i.e., m — 7y
is the indicator function of a bounded interval). In other words, the situation we
studied in the present paper corresponds to this optimal situation.
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