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ABSTRACT. In this work, we study an optimal boundary control for the stochastic Allen—Cahn
Navier—Stokes system. The governing system of nonlinear partial differential equations consists
of the stochastic Navier-Stokes equations with non homogeneous Navier-slip boundary condition
coupled with a phase-field equation, which is the convective Allen-Cahn equation type. We
investigate the well-posedness of the nonlinear system. More precisely, the existence and
uniqueness of global strong solution in dimension two is established and we prove the
existence of an optimal solution to the control problem.

1. INTRODUCTION

A well-known system which models the flows of an incompressible binary mixture of
immiscible fluids subject to phase separation is the so-called model "H” (see [24], see also
[1]). Modeling the bahavior of immiscible binary fluids is a very active area of research
because of its importance, for instance, in Biology and materials sciences. This paper is
devoted to the study of a control problem for the stochastic Allen-Cahn Navier-Stokes (AC-NS)
system with non-homogeneous Navier—slip boundary conditions in a bounded domain D C R2.
The system is considered as a model describing the motion of binary fluid mixtures.

Let (Q,F,P,{F:}t>0) be a filtered probability space satisfying the usual hypotheses i.e.,
{Fi}t>0 is a right-continuous filtration such that F contains all the P-null subsets of (£2,F).
In this study, we consider the stochastic AC-NS system with multiplicative noise given by:

dv + (—vAvV+ (v V)v+ Vp — KuVe)dt = g(t,v)dW, in D x (0,7),
div v=0, in Dx(0,7),

g—f+v-v¢+u:0, in Dx(0,7),

(1.1) p=—0A¢+£&f(¢), in Dx(0,T),

% —0, on ADx(0,T),

v-n=a, [2D(V)n+av]-T=0b, on I'r=0Dx (0,T),
[(v,6)(0) = (vo,60), in D.
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Key words and phrases. Optimal stochastic control; Allen-Hilliard Navier-Stokes system; Diffuse interface
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In (LI), T > 0 fixed, v = (vq,vy) is the unknown functions are the velocity of the fluid, its
pressure p and the order (phase) parameter ¢. The quantity u is the chemical potential of
the binary mixture which is given as the variational derivative of the following free energy
functional

F(0) = [ (GI96f + ¢k (@)

where F(r) = for f(€)d¢ is the suitable double-well potential of the regular type. A typical
example of potential of regular F is F(r) = (r? —1)2, r € R. The quantities v and K are
positive constants that correspond to the kinematic viscosity of the fluid and capillarity (stress)
coefficient, respectively. Here, 6 and £ are two positive parameters describing the interactions
between the two phases. In particular, § is related to the thickness of the interface separating
the two fluids. (vg,¢o) is the initial condition such that vo verifies

(1.2) div vg=0 in D.

Here D(v) = %[VV + (Vv)T] is the rate-of-strain tensor; n is the external unit normal to
the boundary OD € C? of the domain D and 7 is the tangent unit vector to OD, such that
(n,7) forms a standard orientation in R2. The positive constant « is the so-called friction
coefficient. The quantity a corresponds to the inflow and outflow fluids trough 0D, satisfying
the compatibility condition

(1.3) / a(t,z)dy =0, for any ¢ e€[0,T],
oD

which is a consequence of the fact that the divergence-free vector v satisfies the boundary
condition v-n = a on I'p. This condition means that the quality of inflow fluid should
coincide with the quantity of outflow fluid. The boundary function a and b will be considered
as the control variables for the physical system (L.I). The term g(¢,v)dW is a multiplicative
noise depending eventually on v. This work is the first contribution to the analytic study
of the boundary control problem for the stochastic AC-NS system with non-homogeneous
Navier-slip boundary conditions.

In the literature, the mathematical study of stochastic two-phase flows models with the
Dirichlet boundary condition were studied by several authors (see, for instance [34) 20, 21,
19, [18, 132, 40, 33} [16]) for the stochastic CH-NS system and (see, for instance [22| 35, [36]
and the references therein) for the stochastic AC-NS system. Let us mention that the main
difference between the Cahn-Hilliard equations and the Allen—Cahn equations is the fourth-order
dissipative operator that appears in the Cahn—Hilliard equations, while the Allen—Cahn equations
enjoy a dissipative operator of order only two. Because of this important difference many
results that are available for the CH-NS model may not be easily replicated for the AC-NS
system, even in the deterministic case. More precisely, the phase parameter ¢ enjoys more
regularity (in space) in the CH-NS model than in the AC-NS system. This weak regularity
in space makes the mathematical analysis of the capillarity term pV¢ (which is the main
nonlinear term) in the AC-NS model more difficult than in the CH-NS system. We should
note that even if the Dirichlet boundary condition is widely accepted as an appropriate
boundary condition at the surface of the contact between a fluid and a solid, it is important to
recall that there is another physically relevant boundary conditions is the so-called Navier-slip
boundary condition, which reads as

(1.4) v-n=0, [2D()n+ av]=0.

Let us recall that in 1823, Navier’s proposed a slip-with-friction boundary condition (see
(L4)) and claimed that the component of the fluid velocity tangent to the surface should be
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proportional to the rate of strain at the surface [38]. This condition was rigorously justified
in [15] on the bases of miscroscopic boundary condition for the Boltzmann equations. Since
this justification, several papers have been published (see, for instance [26, [31, [12] and the
references therein) for the deterministic Navier-Stokes equations and we refer to [13]] for the
stochastic second grade fluid equations.

Motivated by the study of optimal control problems for single fluid flows, we are interested
to study the optimal control problem for the binary mixture described by the stochastic
AC-NS system with Navier-slip boundary conditions. Optimal control problems associated with
the stochastic AC-NS system have many applications where one is interested in influencing
the phase separation process, such as in the separation of binary alloys, the formation of
polymeric membranes, etc. The boundary control of the fluid flows is of main importance
in several branches of the industry, for instance, in the aviation industry. Extensive research
has been carried out concerning the implementation of injection-suction device to control the
motion of the fluids (see, for instance [12, (L1, [10]).

Optimal control problems associated with the deterministic two-phase flow models with
Dirichlet boundary condition have been widely studied in recent years, see for instance
[7, 8, 27, 25] and the references therein. In the stochastic case, not many results are
available for two-phase flow models. Optimal control problems for the stochastic Navier-Stokes
equations have been studied by several mathematicians and some of the results can be found
for instance in [28) 30, 3 14} |5, 37]. In [30], the author proved the existence of optimal and
e—optimal controls for the stochastic Navier-Stokes equation in a two dimensional bounded
domain, controlled by different external forces and assuming that the set of admissible
controls is weakly sequentially compact. In [37], the authors studied the existence of optimal
control for the stochastic Navier-Stokes equation in a two dimensional bounded domain. The
proof is based on the dynamic programming and some properties of the transition semigroup
corresponding to the stochastic 2D Navier-Stokes equation. In [3]], using an approach based
on semi-group theory, the authors proved the well-posedeness of local mild solution to the
stochastic Navier-Stokes equations with multiplicative Lévy noise. Then, they proved the
existence and uniqueness of optimal control, by analyzing some cost functional depending
on stopping time. They studied in [4], the optimality system and derived the necessary and
sufficient optimality conditions with a multiplicative noise driven by a Wiener process. For
optimal control problem with the stochastic Cahn-Hilliard equations, we can refer to [41, 42].
Let us note that, in [41], a distributed optimal control problem associated to the stochastic
pure Cahn-Hilliard equation was investigated. The control is represented by a source-term in
the equation of the chemical potential. The existence of an optimal control is then established
thanks to some probability and analytical compactness arguments. Moreover, the first order
necessary conditions of optimality was also established by means of the monotonicity and
compactness arguments. To the best of our knowledge, There are not work written on problem
control for the stochastic Allen-Cahn equations. In [2], the authors proved the existence
of optimal and e-optimal controls for the stochastic CH-NS equation in a two dimensional
bounded domain, controlled by different external forces and assuming that the set of admissible
controls is weakly sequentially compact.

Our main objectives in this paper are: first to prove the existence and uniqueness of a
strong solution (in the stochastic sense) for system by using a Galerkin approximation,
as employed in previous studies. We deduce uniform estimates for the approximate solution
that allows us to pass to the limit with respect to weak topology. In order to shown that
the limit process is a solution, we employ the methods developed in [34], then to control
the solution of the system by the boundary condition (a,b), which is a predictable
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stochastic process belonging to the space A of admissible controls defined in Section The
cost functional is given by
(1.5)

T(ab _ Tl 2 2 1 2 2
a,b,v,p) =E =\ Iv—=va|"+|p— ¢q|" ) dedt + E — (A1l]al” + A2 [b]7) drydt.
0 D 2 I'r 2

The optimal control problem is formulated as follows:

ocCp i b
( ) (f;)lguj(a, WV, 0),

subject to (LI). Here v4 and ¢, are the target functions such that vg, ¢4 € L2(Q2xDx (0,T)).
So motivated of the problem (OCP) is that we want to find the best control (a,b) from the
set of admissible controls such that the corresponding optimal solution of is as close
as possible to the target state.

As it is necessary to know the existence and uniqueness of strong solution to discuss the
optimality principle, we restrict ourselves to the case of dimension two since the regularity
of strong solution is important to study the optimal control problems.

The remainder of this article is organized as follows: in section, we present the general
setting by introducing the appropriate functional spaces and some necessary classical inequalities.
The existence and uniqueness of a strong stochastic solution to (LI) is formulated in section
3. In section 4, we establish the well-posedness of the model. In section 5, we prove the
existence of an optimal solution to the control problem.

2. GENERAL SETTING

Before we state the main results of this paper, we fix the notation used through the text.
Let X real Hilbert space with inner product (.,.)x, we will denote the induced norm by
|llx, while X* will indicate its dual. Let D C R? be a boundary domain with smooth
boundary OD and let |D| denote the measure of the set D. By LP(D) = (LP(D))?, with
0 < p < oo, we denote the standard Lebesgue spaces and HP(D) = (H”(D))?, the Sobolev
spaces. The norms on LP(D) and HP(D) are indicated by |.||;, and |.||g,. Let us introduce
the following Hilbert spaces:

Hyip = {u € L2(D) : divu=0 in D'(D), wn=0 in HY3I)},
Vv = {u e H'(D) : divu=0 ae. D, wn=0 in HY>I)}.

We denote |.|;» and (.,.) the norm and the scalar product, respectively on Hgy;,. We now
define

(Dv,Dz) = / Dv - Dzdzx.
D

On the space Vg;,, we define the following inner product

((v,2)) =2(Dv,Dz) + oz/Fv.z,

and the corresponding norm |[v|| = [Vv|;2 = ((v,v))/2. Let us notice that, by Poincaré’s and

Korn’s inequalities |Vv|;» and |Dv|;. are equivalent norms in Vg,. Since D is bounded,
the embedding of Vg, C Hgy, = H}, C V7, is compact.
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Hereafter, we assume that f € C}(R) satisfies

lim f/(r) >0,
2.1 |r|—o00 .
FO)| < cp(L+r]*h), VreR, i=0,1,

where ¢y is some positive constant. Note that the derivation of the typical double-well
potential f satisfies conditions similar to (2Z.II). It follows from (ZI]) that, we can find ¥ >0
such that:

(2.2) lim f'(r) > 29 > 0.

|r|—o00
Now, we introduce the linear positive unbounded operator Ay on L2(D) by:
(2.3) Agp = —Ap+ ¢, Yo e D(Ay) ={p cH:D),0,0=0, on OD}.
Note that Ay is self-adjoint, positive definite, unbounded linear operator on L2(D) with
compact inverse. More generally, we can define A}, for any s € R, noting that \Af/ 2.] 2,
5> 0, is an equivalent norm to the canonical H®-norm on D(Af/ 2) C H*(D). Moreover, we
set H™*(D) = (H*(D))*, wherever s < 0. We also set
(2.4) Fo(r) = f(r) =& or,

and observe that fy still satisfies (2.I) with ¢ in place of 29 since 0 < . Also, its primitive
Fy(r) = [y f9(¢)d¢ is bounded from below.
Hereafter, we set

2.5) H=L*(D) = I*(D,R), V,=H*D)= H*D,R)=D(AY?).

The norms in H and V, are denoted respectively by |.[r2 and ||.||s, where |[¢||s = |Af9/21,b|Lz.
We denote LP(0,7;X) as the space of X— valued measurable p—integrable functions defined
on [0,7] for p > 1. For p,r > 1, let LP(Q,L"(0,7;X)) be the space of the processes
v =v(w,t) with valued in X defined on € x [0,7], adapted to the filtration {F;}c[o7], and
endowed with the norms

t p/r\ /P
”UHLP(QU(O,T;X)):<E </0 Hvll&dt> )

1/p
ol @, 0,7:)) = (E sup ||v||§’<> , if r=o0,
te[0,7

and

where E is the mathematical expectation with respect to the probability measure P. As usual,
in the notation for processes v = v(w,t), generally omit the dependence on w € Q.

We mention some useful interpolation inequalities, which we use frequently in the sequel.
Let us first define a version of the Gagliardo-Nirenberg inequality which holds true for all
uc Wé’p(D,R”),p > 1.

Lemma 2.1. (Gagliardo-Nirenberg inequality)[8]. Let D C R™ and u € W(l]’p (D,R™),p > 1.
Then for any fixed number 1 < q,r < oo, there exists a constant C' > 0 depending only on
n,p,q such that:

(2.6) Jullp- < CIVullg, ulliz?, 6 €o,1],
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where the numbers p,q,r and 6 satisfy the relation

(1 1> (1 1 1)‘1

o=-—-)———+- .

q T n p q

The particular cases of Lemma 2.1] are well known inequalities, thanks to the Ladyzhenskaya,

which is given below.

Lemma 2.2. (Ladyzhenskaya’s inequality)[8]. For u € C*°(D,R"),n = 2,3 , there exists a
constant C' > 0 such that

27) Julls < CIVul¥ flul' "%, for n=23,
where C' =2,4 for n = 2,3 respectively.

Lemma 2.3. (Gagliardo-Nirenberg interpolation inequality)[8]]. Let D C R* and u €
Wy"P(D,R™),p > 1. Then for any fixed number 1 < ¢,7 < co and a natural number
m. Suppose also that a real number € and a natural number j are such that

1 1\ (m 1 1\
o= (L+2-2)(Z-5+3) -
n q¢ r)\n p ¢
and L <@ < 1. Then for any ue Wy"’(D,R"), we have

0 1-6
v <€ (Il ulliz + )

where s > 0 is arbitrary and the constant C > 0 depends upon the domain D,m,n.

(2.8) | V7 ul

Lemma 2.4. (Agmon’s inequality)[8]. For any u € H?®2(D,RR"), choose sy and sy such that

51 <5 < sy Then, if 0<d <1 and 5 =ds1+ (1 —0)sa, the following inequality holds

5 1-5
(2.9) [ullpoe < Cllullgs [ullgess -

For u € H?(D)NH}(D), the Agmon inequality in 2D states that there exists a constant C > 0
such that:

1/2 1, 111/2
(2.10) lullee < C [ull™? [lullgfs’ < C ulles -
In the following, we will make repeated use of Young’s inequality

1
ab§€a2+4—b2, Va,bcR and, > 0.
)

We define by:
2.11) vD:/ vde.
D
It follows that for any vector v € Vy;,, we have vp = 0, since
(2.12) / vjdx :/ div(vaj)dx :/:L'j(’L).’I’L)d’}/ =0, j=12
D D r

Then, we have from [14], the following result.

Lemma 2.5. For any v € H'(D) and any ¢ > 2, the Gagliardo-Nirenberg inequality
2 1-2

2.13) lo = vplls < CloIES [Volz ™",

and the trace interpolation inequality

(2.14) lv = vpllgaqry < C lol3h [Vol;5 7,
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are valid. Moreover, any v € Vg, satisfies Korn’s inequality
(2.15) [0l < Cllofl,
that is the norms |.||y: and |.|| are equivalent.

Proof. See [14, p. 3]. W

Next, we consider the formula

—/ Av.zdazzQ/ Dv.Dzd:n—/2(n.v).zd7,
D D r

which follows from Green’s theorem and is valid for any v € HZ(D) N Vg, and z € HL.
From the boundary conditions, it follows that

—/ Av.zdx = 2((v, 2)) —/b(zn‘)dv7 for any v € Vg, and 2z € Hy,.
D r
Throughout the article, we often use the continuous embedding results
H'(0,T) c C([0,T)), H'(D)C L*T).
Since Hy;, is a Hilbert space with inner product (.,.), then for a vector

h = (hl,hg, ...,hm) S Hzgv = Hdw X ... X Hdiva

m—times

we introduce the norm and the absolute value of the inner product of h with a fixed v € Hy;,
as

m m 1/2
|h] 2 = Z \hilpz, and  |(h,v)| = <Z(hk,v)2> :
k=1

k=1
We suppose that the stochastic noise is represented by

glt,y)dWy = gF(t, y)dW}
k=1

where g(t,y) = (¢*(t,y),...,g™(t,y)) has suitable growth assumptions, as defined in the
following, and W; = (W},...,W/®) is a standard R™-valued Wiener process defined on a
probability space.

We will also denote by C' a generic positive constant that depend on the domain D and on a
given time 7. To simplify the notations, we set (without loss of generality) C=v=a=4§=1.
We set

(2.16) Y = Hyip X Vi = Hyi, x HY(D), Y, =L*D) x V.
The space Y is a complete metric space with respect to the norm

2 2
2.17) I(w, )1 = wlZz + Gl = [Wl72 + [V[Z..
Also, we define another Hilbert space V by:
(2.18) V = Vg x Vo, Vi =HYD) x V.

endowed with the scalar product whose associated norm is given by

(2.19) (W, )|Z = [[wl* + [[¢]5-
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Let us introduce the space of functions H,(I') = {(a,b) : [|(a,b)|[;, ) < oo} with
the norm

1(@, 0)ll3, @y = HCLHW14 o +l18eallim /2y + 100170 oy + 18llLz(ry + 1ebll-1/2(r -

(

Now, we introduce some assumptions used throughout the paper:
(H1) We assume that g : [0,7] x Hg;, — H7;, is Lipschitz in the second variable v and
satisfies a linear growth

’g(t,’l)) - g(t7w)’%2 < K ’U - w‘%Q )
lg(t,0) |3 < K(1+ [v]32),  Vo,w € Hypp,t € [0,7T]

for some positive constant K.
(H2) We consider the data (a,b) and (ug,¢) that belong to the following Banach spaces

(a,b) € L*(Q x (0,T); H,(T)) for given p € (2,00),
(uo, ¢0) € L*(2,Y).

In addition, we suppose that (a,b) is a pair of predictable stochastic processes. Hereafter,
for any (u,¢) €Y, we set

(2.22) E,6) = [|(u, @) + /D F(4).

We can check that (see [34]) there exists a monotone non-decreasing function (independent
on time and the initial condition) such that:

(2.23) 10, 9) 1% < EO,%) < ([0, 9)|3), ¥ (0,9) €Y.

(2.20)

(2.21)

3. EXISTENCE OF THE STRONG PROBABILISTIC SOLUTION

In this section, we investigate the existence of the strong probabilistic solution of problem
(LI). As in [14], we introduce a suitable change of variables based on the solution of the
non homogeneous linear Stokes equation, which allows to write the state in terms of a vector
field satisfying a homogeneous Navier-slip boundary conditions.

3.1. Well-posedness of Stokes equation. We consider the stokes equation with non homogeneous
Navier-slip boundary condition given by:
G.1) —Aa+Vp=0, div a=0 in D,

' a-n=a, [2D(ajn+cal-T=b on T.

The following theorem gives the result the existence and uniqueness of the solution of problem
(3.1).

Theorem 3.1. Let (a,b) be given pair of functions satisfying (2.21);. Then problem (3.I))
admits a unique solution

(3.2) ac L*(Q,H'((0,T) x D)) N L*(Q x (0,T), W, (D)),
such that
(3.3) [allyi o) + 10alle ) < Cll(@; )3,y ae in Qx(0,T).

In particular, we have
ac L*(Q,C([0,T);L*(D))) N L*(Q x (0,T);C(D) NHY(D)).
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Proof. See [14, Lemma 3.1, p. 5]. MW

With the help of the solution of the non homogeneous Stokes equation, we give the
definition of variation solution of problem (LI.

Definition 3.1. We assume that (a,b) and (ug,do) satisfies the regularity @Q221), and
a be the corresponding solution of (BI). A process (u+a,9) = (v,¢) with (u,¢) €
C([0,T);Y)NL2(0,T;V), P—a.e. in ), is a strong (in the probabilistic sense) solution of the
stochastic AC-NS system (LI) with vo = up + a(0), if P—ae. in Q, the following equalities
hold:

(v(?), ) V07 )+ Jo [=(((),w)) + [pb(w - T)dy = ((v(s) - Vv(s)),w)] ds
3.4) +f0 ) )ds + fo (g(s,v(s)), w)dW,
(o(1), 1/1) <Z50= — o (uls),0) ds — [y (v(s ) Vo(s)), ) ds,
p=Ayd +f19(¢)7

for all t €[0,T], we€ Vg, @ € Vi, where the stochastic integral is understood in the Ito
sense and defined by:

/Ot(( b(5)), w)dW, = Z/ (5, v(s)), w)dWE.

In addition, we suppose that
(3.5) E[€(ug, ¢0)]* < 00, (a,b) € L*(Q x (0,T); Hy(I)).
The main result of this section is stated as follows:

Theorem 3.2. Suppose that (a,b) and (ug, o) satisfy the regularity (@2.2I) and (3.5). Then,
there exists, a unique solution (v,¢) with v=u+a to the system (LI) such that:

(u,¢) € C([0,T);Y)NLY0,T;V), P—ae. in Q,
and any ¢ € [0,7], the following estimate holds

B sup G3(5) [0 0))I} + B [ 6%(6) [Iw.0)(s) 7] s

(3.6) s€[0,t] t
u 2 S s)as
gc(m:( 0n) + 8 [ G >d),
and
t 2
su 4 S u S 4 2 S u S 2 S
" E sup G'() .0 M+ ([ 2 [Iwarez] as)

< CE[E(ug, $0)])? + CE /0 t G*(s)B(s)ds,

where the functions G and B, A are defined by (4.4) and by @.6), @.27), respectively. Here
C is a positive constant.

4. PROOF OF THEOREM AND UNIQUENESS OF THE SOLUTION

In this section,we prove Theorem [3.2] using the Galerkin approximation and some ideas
from the following papers [34], [40].
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4.1. Galerkin approximation. Since the injection V — Y is a compact, there exists a basis
e; = {(w;,¥;)} CV of eigenfunction verifying the property

which is an orthonormal basis of Y, and the corresponding sequence {)\;} of eigen-values
verifies A\; >0 , Vie N and )\, — oo as i — oo. For the detail we refer in ([23]
Theorem 1, p. 355]). Moreover, the ellipticity of the equation and the regularity
' € C? imply that e; = {(w;, 1)} € CNV. TFor any fixed n € N, we consider the
subspace V,, = span{(w1,11), ..., (wn,¥n)} of V. Taking into account the relation (4.I)), the
approximation finite dimensional problem is: for P- ae. in Q to find (v,,¢,) in the from

n n n
Vp, =U,+a with u,= Zﬁ;‘wi, On = ZX?W,ML = ZX;‘% with ¢ € [0,T],
j=1 j=1 j=1

as the solution of the following finite dimensional stochastic differential equation

d(Va, ) = [~((Va,9)) + Jp bl - 7)dy — (Vi - V)V, )] dt
(1N n, ) dt + (9(t, Vi), )dW (¢),

d(‘bnﬂ/}) = [(Nn —Vn - V%ﬂ@] dt7 vt e (07T)7 (9071/}) € Vna
pn = Apbn + fo(dn),  (Un, #1)(0) = (Un,0, Pn0),

where (U0, ¢n,0) = >_7_;((W0, d0),€j)e; is the orthogonal projection of (ug, o) € Y into the
space V,. Using the Parseval identity we deduce that

4.3) |(un,0, &n0)lly < I[(uo, @0)lly  and  (Wn0,@n0) — (Ug, o) strongly in VY.

Since the problem defines a system of n stochastic ordinary differential equations with
locally and globally Lipschitz nonlinearities. Then, the problem has a unique local
strong (up, ¢n) € C([0,7,]; Vy,), P—ae. in Q (see for example [13]). Next, we derive the
a-priori energy estimates satisfied by the system (see Lemma [.1] and [£.2).

Lemma 4.1. Assume that (a,b) and (ug, o) satisfy the regularity 2.2I) and E[£(ug, ¢o)] < oo.
Then the system (4.2) has a solution (v,,¢,) with v, =u, +a such that

(up, éy) € C([0,T);Y) N L*(0,T;V), P—ae. in €.

4.2)

Moreover, the exists a positive constant Cp, such that for the function

t
4.4 G(t) = exp (—C‘ot - C’o/ f(s)ds) P—ae. in €,
0

and any t € [0,7], the following estimate holds

t
E sup G*(s) \|(un,¢n)(8)||x2y+E/ G2(5) Il (un, dn) ()13 ds
(4.5) s€(0,t] 0

< 0 (B0, 00 + B [ 0%)0(0)ds) .
0
where
46 fs) = (lalls lal® + A) € L@ x (0,7)), A = |[(@,b) 3, + 1 € L' x (0,T)),

and the positive constant C' and Cj are independent of the parameter n, which may depend
on the regularity of the boundary I' and the physical constant o.
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Proof. Let G be the function defined by (@.4) with a constant Cjy to be selected later. Now,
taking ¢ = w; for each i =1,....n in the equation (.2); and using v, =u, +a, we derive
that

1) = (@ 2,00 + [ bl Ty (o +8) - 9w+ ) 09|
r
+ (=0 + pn Vo, w;)dt + (g(t, v, w; )dW (t).
Using It6’s formula, we derive that

d ’un’%2 +2 ”unH2 dt

= |— u —alu '7'2 u, - T _ u . u
4.7 _[ 2((a, "))+/F[ (up - 7) + 2b(uy, - 7)] dy = 2(((uy +2) - V)a, n)] dt

+ 2(— 04 + 10 Vb, )t + 2(g(t, Vi), un)dWs + > [(g(t, Vi), wi)|72 dt,
=1

where we used the fact that [}, [(u, + a) - Vu,]updz = [ %(u, - 7)3dy.
Taking inner product of (#2), with u,, we obtain

(4.8) d(\wn\iwz/DFﬂ((bn))) 2|72 dt = 2 [~ ((un + ) - Vo, pn)] dt.

It follows from (@7) — @.8) that
t

s dn)(®) +2 [ [lun()* + n(9)32] ds = Euns 62)(0)
0

—1—/0 [—2((a,un(s))) —|—/F [—a(un(s) . 7')2 + 2b(uy(s) - 7')] dv} ds

—2/0 2+ (((u(s) +a) - V)a, up ()] ds—2/0 (@~ Vo, in)ds

4.9) p n ¢
. 2 S

w2 f (ool w3 | Vot vato))w) s

— E(un, ) (0) + /O L1 () + Io(s) + I5(s) + La(s)] ds

2 /O (9(5, V(5)), )V,

where we used the fact that ((u, - Von, tn) = —(unVon,uy).
We estimate each term in the right hand side of the equation (49) using the Holder,

Ladyzhenskaya, Young, Poincaré, Gagliardo—Nirenberg, Agmon inequalities, Sobolev embedding
and Theorem [B.1]

I < 21l un(s)]] + [al ooy [un () 22y + 210l 120y 0n(5)] L2(ry

1 2 2 2 2
@10) < 5 P+ C )+ OOl + )

1
< 5 lun()]* + CA Jun(s) 2 + C (@Bl r)
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I <2 (\atarLz + lallep) [Valze ) lun(s)]2 +2[Val 2 fJua(s) |12

4.11)
< 5 Iun(s)I? + CAJun(s)L2s
Iz < \Y < L laa 4 C a2 IV a2
3 < lalls lal 2 V@0l < 5 lalfe + C e [ Venl 7
1 2
< 5 il g2+ Clal 2 lall (Igully [V@nl 2 + Vonle )
4.12) 1
< 5 lual3a + Clal*[Vul2 + Clala ] énlly [V6aly
< 3 lanlZs + 7 19013 + CAIVgul2s + C laf2s [lall* [Vul2s.
and
s Iy = Z| 5,9 (5), w32 < Clg(s, va(s)) 72 < C(1+ Vals)32)

< 0(1 + [wn()[72 + [al72) < Cllun(s)[72 + A).

It follows from (4.10) — (@.13) that there exists a positive constant C; such that:
t

/ [I1(s) + Io(s) + I3(s) + I4(s)]ds < / 200A(|lln(8)|i2 + |V¢n(s)|iz + 1)ds
(4.14) 0 0

t
e /0 a2, (a2 |V én 2. ds.

Taking the function G as in (.4) and applying the Itd formula, we derive using ({.10) — @.14)
that

G (5)E une0)(5) +2 | G20) [l + ()32
(4.15) = E(un, é0)(0) — 2Co /0 "G ) F(r)E(un, b0) ()dr — Co /0 G2 (1)E (uns d) ()

" / "G () + () + I(r) + L(r) + I(r) dr + 2 / G2() (g (r, v (1)), un )V,
0 0

which implies
G () 6)() + [ G0) [l + )] ar
@.16) < E(00.000) + C [ GACYI+ 5 [P0 [0,0) 3 dr

—1—2/ G2 (1) (g(r, Vi (r)), up)dW,.

From (4.2);, we note that

(4'17) A19¢n = MUn — fﬁ(¢n)
From (2.2), we also have
(4.18) — (fo(Pn)s Agdn) <0 [Vy|7a.

Multipying @17) by Aye,, using (EI8) and Young’s inequality, we derive that
(4.19) 16nllz < lpmlz2 + 20 [Vnlzs
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Using (@19) and (4.16), we obtain
G2($)E (un, dn ) (s /92 ) 1| (wn, ) ()13 dr

(4.20) < E(Un0, $no) +C / G*(r)A(r)dr + 20 /0 G2(r) [Vou(r)|72 dr

—1—2/ G2(r)(g(r, Vi (r)), up)dW,..

For n € N, let us define the stopping time by:

@.21) T =1inf{t > 0: h(t) > N} AT,
where
4.22) h(t) = G(E((un, é0) (¢ / G2 (5) || (un, ) ()| ds.

Let us consider the sequence 73 of the stopping times introduce in (@.2I). Thanks to (HI)
and Burholder-Davis-Gundy’s inequality, we infer that

/ G*(r)(g(r,vn(r)),up)dW,| <E (/Or}mt ) (gl Vn(r)),un)\2d3>1/2

1/2

sup
€[0,7R At

<E swp G |un(s)], (/ON g2<r>r<g<r,vn<r>>>rizds)

s€[0,TRAt]
TI’\L,/\t
<5E s G920 6)(5) 4 CE [ G (Elun:60)(s) + A(s)) ds.
s€[0, 7R At 0

For t € [0,T], we first take the supremum of the relation (@.I6) for s € [0,7}% At], next we
take the expectation, we conclude that

Tﬁ/\t
E sup  [G2()E(un én)(s)] +E / G2(5) [|(uny o) (5) 13 ds
s€[0,7TR L] 0

(4.23)
TN AL TNAL
< EE(up0, Pno) + CE/ G*(s)A(r)dr + CE/ G2(s)E(up, by (s)ds.
0 0

It follows from the Gronwall lemma that

TI’Q”,/\t
E sup  [G(5)E(un bn)(s)] +E / G2(5) | (ums 6) (513 ds
(4.24) s€[0, 7R At 0

t
< CEE(up0, bno) + CE / G2 (s)A(s)ds.
0

As in [34] or in [14], using the fact the 73, 17 as N goes to oo, we obtain

E sup [G*(5)€(un, én)(5)] +E/ G?(5) [l (wns $n) (5) |5 ds
(4.25) s€[0,t] 0

t
< CEE(un 0, dno) + CE / G2(s)A(s)ds.
0

This completes the proof of Lemma 1] . MW

In the next lemma, by assuming a better integrability for the initial data, we improve the
integrability properties for the solution (v, ¢,) of the problem (4.2).
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Lemma 4.2. Suppose that (a,b) and (ug,¢p) satisfy the regularity (22I) and (@B.3). Then,
the solution (vy,¢,) with v, =u, +a of problem (@2) has the regularity:

(Un, dn) € C([0,T);Y)NLA0,T;V), P—ae in Q,
such that

+ 2
E sup G'(5) || (unn du)()[ + E ( / g2<s>u<un,¢n><s>|r%,ds)

(4.26) s€[0.]
t
<C <E (€ (ug, d0)] + E/ g4(s)B(s)ds> ,
0

where the function G is defined in (@.4),
4
(4.27) B = |[(a,b) |3, + 1 € L' x (0,T)),
and C is a positive constant, being independent of n.
Proof. Taking the square on both side of the inequality (4.20) and the supremum on

s € [0,73 At] with 7% of the stopping times introduce in (4.21), we see that
2

sup [GP(5)Em ba) (8] ( [ G o)1 as)

s€[0,7R At 4
TN
(4.28) < [E(Un0, dno)] +c/ (s)B(s )ds+4192/ G4() [Von(s)|12 ds
) 0
sup / 92 g(r,vp(r)),u,)dW,
€[0,7R At]

Taking the expectation in this inequality and applying the Burkholder-Davis-Gundy inequality,
we infer that
2

sup
s€[0, 7R AL]

<e(f G0 (g v ) ) is)

/ G2(r)(g(r, v (1)), U ) AW,

n

429) <E sup G(s) un(s)s ( [ g2<r>r<g<r,vn<r>>>\%zds>

s€[0,7R At

1IE sup  [G2(s)E(up, ¢n)(s)]2 + CE /OTN G1(s) ([S(un, on)(s))? + B(s)> ds.

— 2 s€[0,TRAt]
Inserting now @.29) in (4.28), it follows that

nAL

B s [ o)+ 38 ([

s€[0,7R At

2
G2(5) || (un, ) (5) 12 ds)
(4.30) ) o

< 2B [£(uno,dno)? + 20E [ " G4(s) B(s)ds + 20 [ e e o2 as

Using Gronwall’s inequality, we derive that

5 9 1 Tﬁ/\t 9 9 2
B s [+ 55 ([ G0 ln o) as)
4.31) s€[0,7R At 0

TN/t
< CE [E(un0, n0)]® + CE / G'(s)B(s)ds.
0
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As in [34] or in [14], using the fact the 7y, 17 as N goes to oo, we infer that

t 2
E su g2sf,'un,n32 EE G2(s umnSst
432) Sup (G5, dn)(3)]" + 3 (/0 () 1w ) ()1 )

t
< CE[(unn,dna)* + CE | G(9)B(s)ds.
0
This completes the proof of Lemma [ |

While exploiting the above lemmas results, we are actually proving Theorem

4.2. Proof of Theorem [3.21 The proof is splitted into three steps.
Step 1:Convergence related to the projection operator Let II, = (P!, Py):V — V, be
the orthogonal projection defined by

I1,,® = Z gjgj = Z ﬁjej with ,gj = (@, gj)V and ,Bj = (2, ej)7 Vo eV,
j=1 j=1

where {€; = %J};)il is the orthonormal basis of V. Using Parseval’s identity, it follows
that for any @ € V we have (see [23])

(4.33) Mn@lly < 1]y, 2|y < [[2lly, Hp® — @  strongly in V.

Considering an arbitrary z € L*(Q x (0,7); V) for some s> 1, it follows that

(4.34) I z|ly <2y and II,z(w,t) = z(w,t) strongly in V,

which are valid P—as. and a.e. t € (0,7). Hence, Lebesgue’s dominated convergence
theorem implies that for any z € L*(2 x (0,7);V), we have

(4.35) I, z(w,t) — z(w,t) strongly in L*(Q x (0,7);V).

Step 2: Passage to the limit in the weak sense. Let us define H(t) = Cy (H(a, b)H?{p(r) + 1) .
Since

T
/ Ho(t)dt < C(w) < oo for all weQ\A, where P(A)=0,
0

it follows from that there exists a positive constant K (w), which depend only on
Q\ A and satisfies

t
(4.36) 0< K(w) <g(t)=exp <—/ Ho(s)ds> <1 for all weQ\A, +te]0,T].
0

From (@2.1)), we deduce that

(4.37) E sup G*t)|fo(¢n)l32 <C, VneN.
te[0,T

The estimates (4.3), (4.32) and (@.37) imply that

T
E sup G(1) || (un, &) @)IIF < C, E/O G2(t) | (uns d0) ()15 dt < C,

te[0,T

T 2
43 B s G0 leme)0lb <0 B [ G0luenlia) <c

te[0,T]
2

T T
2 2 2 2
E/o G2(t) | (5)[22 dt <C, E(/o G <t>run<s>\L2dt) e
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for some constant C' that is independent of the index n.
Using the Holder, Ladyzhenskaya inequalities, Sobolev embedding and (4.38), we can prove
that

Hg2 (Vn . V)VnHLQ(QX(O,T)'VZiU) < C, Vn € N,
Hg2(vn : v)¢"|‘L2(Qx(O,T);V{) S C7 Vn S N

By (4.38) and along with the Banach Alaogly theorem, we can abstract a subsequence still
denoted by {(uy,¢,)} to simplify the notation which converges to the following limits such
that

G(Un, bn) — G(u,¢) weakly in  L*(Q x (0,7); V)N LYQ, L*(0,T;V)),
G(Un, dn) — G(u,¢) *-weakly in  L*(Q, L>°(0,T;Y) N LYQ, L°°(0,T;Y)).
Moreover, we have (see (4.33))

(4.41) GIl,(u,¢) = G(u,¢) strongly in  L*(Q x (0,T); V)N LY, L*(0,T;V)).

The limit function (u,¢) satisfies the estimates (3.7), (4.99) by the lower semicontinuity of
the integral in L* and L? spaces.
Using (H1), @.39) and (@.37), we deduce that there exists some operators Bf, B}, R} and g*

G?(vp - Vv, — G?BA(t)  weakly in  L*(Q x (0,7); V%),

(4.40)

“442) G (unVn) — G°Ry(t)  weakly in  L*(Q x (0,T);V%,.),
G (V- V)b — Q2B1(t) weakly in  L?(Q x (0,7);V?}),
G’g(t,v,) — G%g*(t) weakly in L*(Q x (0,T); HZ),
and
(4.43) G?fo(pn) — G2 f*(t) weakly in L2, L°°(0,T;H)).

Now, let us define by

d(G*(t)Zn(t), ) = d (G () (Vs 00 (1), ) = d (G*(t)Va(t), 1) +d (G2 (1) bu(t), 2) -

Since (vy,#,) solves the equation (&I), applying the Ito formula to G2(t)v,(t) and adding
with d(G?(t)én(t), 2) we obtain

0(G*(1)Z. (1), 0) = G(1) [—<<vn,¢1>> + [ ooy = (G- vmw} i

+ g2(t) [<:unv¢m ‘;01> + <_(Vn ' V)¢n — Hn, 902>] dt
— 2Ho(t)G* (1)(Zn(t), )t + G2(t) ((t, vn), 1) AW4,

which implies

(G*(®)Zn(1) ) — (Zn0, %)

/ G2(s) { n(8), (Pl))—i-/rb(s)((pl.T)d’y—((Vn(s).V)Vn(s)jcpl)} ds

(4.44)
+/0 G*() [n () Vn(s), 1) = (v () - V)n(s), 02) — (1n(s), p2)] ds

- /0 Ho(5)G2(5)(Zn(s), )5 + /0 G2(5) (2(5, vn(3)). 01) AW,
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for all t €[0,7], P—as. Let us note by:

h,(t) = / G (s5)g(s, Vn(s))dW,
the following differential equation holds
¢ (Bn(t), ) = G2 (t) [—((Vn(t),sm)) +/b(901'7)d7— ((Vn(t) - V)vn(t), 1) | di
r
+ g2(t) [</Ln(t)v¢n(t)’ (101> + <_(Vn(t) : V)gbn(t) - ,un(t)v 902>] dt

— 2Ho(t)G* (1)(Zn(t), p)dt

for all ¢t € [0,7], P—ae. in .
Due to the properties of the stochastic integral and the assumption (H1), we deduce that

(4.45)

h,(t) = h(t) = G*(H) Z(t) — /Ot G%(s)g*(s)dW, weakly in  L*(Q x (0,T); H (D) x Vy).

We passe to the limit in the equation (4.44) in the distributed sense. Namely multiplying
the equation (.43) by the test function 6(t)x(t), with 6 € C*°([0,7]) with compact support
and y € G(Q) = L2(Q) x H'(Q), and passing to limit, we obtain

i

T
E /O (h(t), )0 (t)x()dt

Consequently, we have % € L?(2 x (0,T); H1(D) x V3). Since L?(2 x (0,T); H!(D) x Vs),
then, we conclude that h € L?(Q2,C([0,7]); L?(D) x V1) by the Aubin-Lions embedding result.

Taking into account the continuity property of the stochastic integral, we conclude that
G%(v,¢) € L*(Q,C(]0,T]); L?(D) x V1). In addition

G (Vi bn) = G*(v, ) in Cu([0,T];G(Q) x V),

where G(Q) = L2(Q) x HY(Q), U = L?(D) x H'(D) and the index w means that we are
considering G(Q2) x U endowed with the weak topology. Thus, we have

(4.46) E [(G*(t) (Vas 00) (), ) X] = E[(G*(O)(v,0) (), ) x|, V€ [0,T).

We multiply the equation (@44) by an arbitrary y € G(Q) = L%(Q) x H(Q2), and take the
expectation, we obtain

Ex{(G*(t)Zn(t), %) — (Zn0,9)}

_ Ex{ / G (s) [ hp0) + [ Bor 1) = (40 Dva(o), i) )

(4.47)
+ Ex{/ G*(5) [(1n(5)Vn(s), 01) = ((va(s) - V)bn(s), p2) — (tn(s), p2)] ds}

Ex{- 2/ Ho()0(s) (2 ds+/ G2(5) (g5, va(s)), 1) AWV, }.
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Using (£.40) — @.42) and @.46), we pass to the limit n — oo in this equality and we deduce
that

Ex{(G*()2(t), %) — (Z0.9)}

—Ex{/ G2(5) | ~(v(shon)) + [ bler )y (Bie)on)| )

(4.48) t t
=y G2 (s), 1) ds — / (Bt oa)ds — / (u(s), p2)ds}

Ex{— 2/ Ho(s)G(s)( ds+/ G*(s) (8", 1) AW}
Since x € G(Q) = L2(Q) x H(Q) is arbitrary, it follows that
(G*1)Z2(t), %) — (Z0,9)

/ G(5)|~(v(s) o) + [ bor ey — (Bi(o) )| s

(4.49) : :
92 (RE(3). 01)ds — / (Bi(s), p2)ds — / (u(s), 02)ds

2 2
_2/0 Ho(s)G2(s)(Z( ds+/ g o1) V.

for any t € [0,7] and P—ae. in €, that is

1(G°2.0) = [—«v, o)+ [ M rhay - <Bs<t>,¢1>} i

+G2[(R(t), 1) + (—B(t) + Ap, )] dt
— 2Ho(1)G*(t)(Z2, p)dt + G2 (g (t), 1) dWr, 2o = (Vo bo)-
If we apply the It6 formula, we obtain
(4.50) d(2,¢) = dG7?G*(2,9)] = GX(Z,0)d(G7*) + G2d[(G°Z. v)],
we derive that the limit function Z = (v,¢) in the form Z = (u+ a,¢) with
(u,¢) € L®(0,T;Y) N L*(0,T;V), P—ae. in Q,ae on (0,7),

satisfies P —a.e. in €2, the stochastic differential equation

d(Z(t).¢) = [—«wl)) + [ or iy - B30 o0 | at

+ [(R(#), 1) + (=Bi(t) — p, p2)] dt

+ (g*(t)v 901) th7 vt € [07T]7 wE v, 2y = (y07 ¢0)

Step 3: Deduction of strong convergence as n — co. Exploiting the methods used in [34],
[29], we prove that the limit process (v,¢) satisfies the equation (B4). Now, we write

v=u+a, v, =u, +a and taking the difference of the equations and with
(o, ) = (e5,0) € Vi =1,...,n, we obtain the following system

d(u, — uy, ei) = [—((0y —up,€)) + ((Vn - V)vy, — Bj(2), €;)] dt
—(pnVén —Rj(1), € )dt—( (t,vn) — g* (1), €:)dW (s),

d(¢n - ¢7L7 ) (( ) (Vn : V‘bn - BT(t))f‘p) dt7

(I — pin) = A0(¢n ¢n) + fo(dn) — f7(1),

4.51)

(4.52)
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where (ﬁn,ggn,ﬂn) = II,,(u, ¢, u) is the orthogonal projection of Y onto Y,. Let us set

On =Up —Up, W= (dn—n) and &, = (fn — n)-
Applying the Itd6 formula, we derive that

d (6, €i)?) = 2(0n, &) [~ ((Bn, €0)) + (Vo - V) (Ve = By (1)), )] dt
(4.53) = 2(On, €3) (un Vo — Ry (1), €5)dt — 2(0n, €5)(g(t, Vi) — g7 (1), €)dW (s)
+1(g(t, vi) = 8" (1), €[ 72 dt.
Summing over i=1,...,n, we obtain
d[0n(t)|72 +210n]° dt = 2((Vn - V) (Ve — B(1)), 0, )lt
= 2(pnVn — Rg(t), 0 )dt — 2(g(t, vn) — g% (1), 0n)dW (1)

—i—Z\ (t,vn) — g"( )ei)ligdt.

(4.54)

Replacing v in @.32); by Ay¥, and multiplying the equation (@.32); with &, — Ay¥,, and
adding these equations, we obtain
AT (O + 2 W2t + 2602 dt = 2((v, - T — BI (), Ag T, )t

- (fﬁ(¢n) - f*yAﬁ\I’n) dt + (fﬁ(¢n) - f*agn) dt.

It follows from (@34) — (@33) that
(4.56)

d (162172 + V€ (B)[F2) +2 (16 + 1100l3 + |6nl32 ) dt = 2((va - V)vn = B3(2), bt
- 2(,“nv¢n - RS(’f% en)dt + 2((Vn : V(bn - BT(t)% Aﬁ\I’n)dt
+ (fﬁ(¢n) - f* Ay, )dt + (fﬁ((bn) - f* fn) dt

(4.55)

—2(g(t,vn) — gt +Z| (t, V) — (1), €3) |22 dt.

Now, we observe that

((vn - V) (v = By (), On)

=—(((u, +a)-Vb,),0,) — (0, - V(u, +a),0,)
“57) +((u, —uv)-V(u, +a),0,) + (u+a)V(u, —u),b,)
+ ((v- V)v=Bg(t),0n) = (Io + I1,0n) + 1o + I3 + I,
58) (#n V60 = R3(t),6n) = —(1nV¥r; 60) = (Vs On) + (B = 1)V 0n)
+ 1V (on — 9)) + (WVo —RG(1),0n) =I5 + 16 + I7 + Is + I,
(Vo - Vb — BE(D)), Uy — AT,) = —(((un +a) - VT,,), U,y — AT,)
459) — (6 - Vo, W — AV + (T —v) Vo, U, — AV,
(04 2) V(G0 — 0), Ty — AT + (V- Vo — Bi(1)), Uy — AT,)
=TLo+ I+ ho+ Lz + La,
and

(4.60) Fo(dn) = 17(t) = =(f9(Sn) = Fo(dn)) + (fo(bn) = Fa(®)) + (fo(¢) — F*(1)).
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Thanks to the Holder inequality, Ladyzhenskaya, Young, Gagliardo-Nirenberg inequalities and
Sobolev embedding, we estimate each term of the right-hand side of the above equality
individually.

/ 0 (672 dv‘ (0 - V(T + a),0,)]
T

< lal oo () \9n!%2(r) + |6, + al [0n]74

< (Ialzooqry + lallgn + 1]} 18212 164

- 1
< G2 (11(@0) 3, + [8l?) 1672 + 7 160>

As in [14], we derive that

(4.61)

(4.62) (2| < Clup —ullpa (Jull + llallg) ([unllps + [[unllga),
and
(4.63) 13| < C |lun —u| (lulls + lallga) ([unllps + lunllps) -
Setting
(4.64) g, =et,vn), g=gtv), g =g@),
and we have
n
D gt va) — g (1), e)[72 = Z! — g% ei)l7. = [PPe, — PIel7s -

i=1

2

Using the standard relation 22 = (z —y)? —y® + 2vy, we see that

[PPe, — Pre'lis = [Ple, — Pielis — |Pie — Piefis
—2(Pr'g, — Preg, Prg— Pre’).
From assumption (H1) and (4.34), we obtain
P, — Pleliz <lg, —glfe < K |un —ulf2,
then for the fixed constant C3 = 2K we deduce that

z| (t,vn) — g (1),€)* = [Pl'e, — Pre"l72

=1
< K |u, —ul}2 — [Plg — PPg*|72 + 2(Plg, — Pig", Pig — Plg")
< Oy 100|72 + C [0, —ul72 — |PPg — Prg*|72 + 2(Plg, — Pre*, Pig — Prg).

The positive constants Co and C3 in (.63) and (@.61) are independent of n.
We have

(4.65)

[15) < WOalls Vil 2 11V @0l < C 180 L] 2 11V % o
1
< 2 18a]? + C a7z [V T Zs
(4.66)
< Il +cmn\L2 (1 lly IV 2+ [T 0[72)

1
< 7 16n I+ H\I’ 15+ C lunlg2 [V alZz + C 2 [V ¥nlZs -
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Using a similarly argument as in (4.66), we arrive at

L5l < 10nlls 6l 2 || V6|, < C 16112184 €nl 2 ||V ,
< 5 lenla + 10+ C (\ Onl|, [Vn| ,+|Vén L2> 0al2
@68) 17| < [0ullus |(Fn = )12 || V)|, < C (hunlles + [Tallea) [ = ]2 |[VOu ]|,
(469 |Is] < [0nllia |[V(Dn = D)|| , 12 < C (lunllia + [Tnllu) [l 2 |V (Dn = D),

1 2 4 2
(110 < flun +allpa [Vallpa [Enlly < 1 [Wnlly + Cllun +allfa [V, |72

(4.70) 1
< 7 1ll3 + G (1@, )3 ) + ual*) IV 22
1 1 ~ 12 [~ 2 ~ 2
.71 1] < 7 10all3 + 7 10012+ C |Vl ||n], 16n[32 + €|, Ial?
~ 1/2 ) ~ 1/2
@7l <C|V@a=9)| |, |G =) (lulls + lalls) (1%ally + 1] 2),
(4.73) ’112’ < C ”un - u”]L4 v¢n ¢n (H\IJTL”2 + ‘\Pn’LQ) '
Note that
(4.74) ~(Fo(@) ~ alén), ApWa) < 7 W0l + OV,
~ 1 2
(4.75) |(Fa(Bn) = Fo(@), Ao )| < 7190l + C1 [V (dn = 0)] .
~ 1
(476) |(£3(@n) = Fol@n).0)| < 3 |&nl3z + Cr IV Walie,
~ 1 2
@77 [(F2(60) = £(9).&0)| < 5 lali2 +Cr |V Gu = 9)| -
Let

Zi(t) = |0nl3e + [VUl72,  Zo(t) = 0al® + [ Wall3 + [€0l3a
~ 112 VN 2 VN 4 ~ 112
Onl|, [Voal| , +|Vén| ,+ 4]

+ max (3Co, Ca, Ca) (111, D)y + 002 + 11, D) gy + 1ua?)

= exp <— /Ot f(s)ds> .

|

F(s) = CQU+ [al3a + il 2 + |
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Applying the Itd6 formula to the process o(t)Zq(t), we derive using @.6I) — @.77) that
t

t
J(t)Zl(t)+/ 0(8)Z2(8)d8+/ o(s) [Prg — Pre*|3s ds
0 0
t t t t t
§/ a(s)Igds—l—/ O'(S)I3d8+/ 0(3)[7(18—1—/ U(S)Igds—l—/ o(s)I12ds
0 0 0 0 0
t t t t
—|—+/ 0(3)[13d3+/ 0(3)[4(18—1—/ J(S)Igds+/ o(s)14ds
(4.78) ° 0 .0 0
+C [ ats) i ~uliads+2 [ o(o)(Pie, ~ Ple’ Ple - Ple')ds
0 0

+0 [ o) |[VGa— o], s+ +0 [ ols)(Ga(o) - 101 A

e /O o(5)(Fol6) — F*(£),En)ds — 2 / o(5) (gt V) — £ (), ) AW,

0
It follows from (@78) that

t t
Ea(t)Zl(t)—I—E/ J(S)Zg(s)ds—l—E/ o(s) [PPg — PP, ds
0 0

t t
§E/ J(S)I2ds+E/ O'(S)I3d8—|—/
0 0 0
t t t t
—I—E/ O'(S)IlgdS—I—E/ a(s)I4ds+E/ J(S)Igds+E/ o(s)I14ds
0 0 0 0

t t

t
0(3)[7d8—|—E/ a(s)Igds—l—E/ o(s)I12ds
0 0

(4.79) ) t
+ CE/ o(s) [ — 22 ds + QE/ o(s) (P, — Pia*, Plg — Ple*)ds
0 0

+CE [ 0(6) [~ 0| ds + B [ o(6)(40(6) - £, Al

1 CE /0 o(5)(fo(6) — F*(t),En)ds.

Now, we will show that the right-hand side of this inequality tends to zero as n — oo. Note
that o(s) < G3(t) < G2(t). From the estimate (£62), we deduce that

. T 1/2
5 a(s)Igds§C<E [ e |an—u|i4<||uu+||a||Hl>>
0 0
. 1/2
. (E [ Gl + al) (1 e+ o2 ds) -

Using the estimates (3.6) — (3.7), we deduce that

(4.80)

T
E /0 G3(5) [T — ulZs (Jull + lallg) ds

T 1/2
@sy < (E sup ) i~ [ 6% (||uu2+uau§{1)ds>

te[0,T

T 1/2 T
y <E/ G2(s) |]ﬁn—uH2ds> <c <E/ G2(s) |]ﬁn—uH2ds>
0 0

1/2
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Now, we can prove that there exists a constant C' > 0 such that

T 1/2
82 (2 [ 96l + lallo) (Il + ool as) - < c.
We derive from @.81) — (@.82)
t T 1/4
(4.83) Jy = E/ o(s)lads < C (E/ G(s) ||u, —uH2ds>
0 0
Similarly, we can prove that
t T 1/2
(4.84) Jy = E/ o(s)Isds < C (E/ G%(s) |[u, — u\|2ds>
0 0
Note that
t T 1/2
CE [ atoreas < (& [ 6%0) (o — e s
0 0
(4.85) - ) ) o e 1/2
< (& [ 020 (lonlls + 15122 |9 as)

Thanks to the Ladyzhenkaya, Galiardo-Nirenberg-sobolev inequalities and using the estimates

B.6) — 3.7), we find that

T ~ 112
(4.56) (E | %) (lualis + ) |75, 4ds) <c

0 L
Hence we have

t T 1/2
487) 5= CE [ atopitsiis <0 (8 [ 626l — )

0 0

Thanks to the Ladyzhenkaya, Galiardo-Nirenberg-Sobolev inequalities and using the estimates

BG.6) — B.7), we find that
Ji = E/Ota(s)lgds <C (E /T G2(s) (v@n - ¢)(; ds) v

(4.88) 0

e (E / " ¢2(0)| @ - o) |7 @ - o)., ds)l/4.

Using a similarly argument as (4.80), we arrive at
1/4

t T
(4.89) Js = E/ o(s)I12ds < C <IE/ G2(s) |[u, — u\|2ds> ,
0 0

and

Gumolfa)

It follows from (4.83) — @.90) that the terms .J;, = 1,...,5 converge to zero as n — oo by
(@.33).
It follows from (4.40) and (@.41) that

G* (I, (u, ) = (Wn, ¢n)) =0 weakly in  L*(Qx (0,T),V), n— oo,
G?(Jin — ptn) = 0 weakly in  L*(Q x (0,T),L*(D)), n — oo.

t T
(4.90) Jo = E/ o(s)13ds < C (E/ G?(s) ‘v@n — ) ’
0 0

L2

(4.91)
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Thanks to (@91, we derive as in [40] that

CE/ o(s)(fe(d) — f*(t),AyVy,)ds + CE/ o(s)(fo(e) — f*(t),&n)ds =0 as n— oo.
0 0

Now, the operators G?((y - V)y — B§) and G*(uVeé — Rf) belong to L*(Q x (0,7), V%, ).
Thanks to (#42) and @.64), it follows that

t t
E/ o(s)lyds + E/ o(s)lgds =0 as n — oo.
0 0

Similarly, we deduce that the operators G?((y - V)¢ — B) belongs to L2?(2 x (0,T),V?).
Thanks to (#39) and @#.42), we deduce that

T
IE/ o(s)lyds =0 as mn — oo.

0
Thanks to (#.41), we deduce that

T ~ 2

€5 [ o) Gnsn) — (0.0 ds 0.

0

Due to the convergence results (4.39), @.40), (4.41), @.42) and @.43), we derive that

G*Pl'(g, —g") =0 weakly in  L*(Q x (0,7),Hy,),
G*Pl(g—¢g) »g—g" stongly in  L*(Qx (0,7),H},),

(4.92)

which gives
¢
2E/ o(s)(Plg, — Prg*,Plg—Pig')ds -0 as n— occ.
0

Hence, we have the following strong convergences

t
(4.93) lim Eo(t)Z1(t) = lim E/ o(s)Za(s)ds =0,
0

n—oo n—oo

for all t € (0,7). We derive from (4.40) and (4.93) that
Tim B (o(t) (. 60)(8) — (w,6)(8)]3) =0,

(4.94) E/O o () 1 (wns dn)(s) = (u, @) (5)[|5 ds = 0,

E/Ota(s) 18(5,v) — g (s)[22 ds = 0.
Now, using the fact that 0 < o(s) <1, we derive that
(4.95) g(t,v) =¢g*(t) ae. in (w,t)€Qx(0,7).
It follows from (@.64) and @.94), that o(t)(v-V)v=0(t)Bj(t) ae. in (w,t) € Qx(0,T),
that implies
(4.96) (v-V)v=Bj(t) ae. in (w,t) €2 x(0,T).
Similarly, we can prove that the operators o(t)(uV¢) = o(t)R((t) and o(t)(v-V)¢ = a(t)B(t)
ae. in (w,t) €Qx(0,7), we infer that
uVo =RG(t) ae. in  (w,t) € Qx(0,T
(v-V)p=By(t) ae. in (w,t) €Qx(0,7T)

~—

4.97)
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From @.93), @.96), @.97), we obtain the following system

(v(t),w) = (vo, W) + [ [( W)+ [ b(w - T)dy — ((v(s) - Vv(s)),w)] ds
(4.98) + Jo (uV(s), w d8+fo )) )dWs,
(6(), %) = (d0.%) = fy (), 9) ds — [y ((v(s) - V(s)), ¥) ds,

M - Aﬂ(b + fﬁ(¢)7

for all ¢t €[0,7], w € Vg, ¥ € V1 and P-ae. in Q. This completes the proof of Theorem
The uniqueness of the solution (v,¢) follows the stability result established in the next
theorem. Now, we assume that (vi, 1), (va,¢1) are two strong solutions to (LI). We define
by v=vi —vVy, ¢ = ¢ — ¢ the difference of two strong solutions to (L.I).
Theorem 4.1. Let (vi,¢1) = (u1 +a1,01), (v2,d2) = (ug + az, ¢2) with

(u1, 1), (u2,42) € C([0,T],Y) N LY0,T;V), P—ae in Q,
two solutions of (LI, satisfying the estimates (3.7), (3.6) with two corresponding boundary
conditions a1, a9,b1,by and the initial conditions

(v1,0,91,0) = (1,0 +2a1(0),410),  (v2,0,P2,0) = (uz0 + a2(0), p2,0)-

Then there exist a strictly positive function h(t) € L'(0,T) P-ae. in €, depending only on
the data, such that the following estimate

E sup 1205) [ ) +2 [ H26) 10 9 + )] ds
(4.99) s€[0,t] 0

t
<c (Eauo,qso) +B [ 1) bl ds) |
is valid with the function A defined as

t
(4.100) H(t) = exp <—/ h(s)ds> with  h(t) € LY0,T) P—ae.in S
0

Proof. Let us denote a =a; —as, p=p; —ps where a; and as are the solutions of system
@) with two corresponding boundary conditions (ai,b;) and (ag,bs). We easily verify that
the functions u=v—a,¢ = ¢; — ¢ and u = u; — po satisfy the following system

d(u, ) = [ ((u0,9)) = ((vi - V) vi = va - Vvo, 0)] dt — ((a, ¢))dt — (9i(a), ¢)

+ Jpblp - T)dydt + (V1 — paV da, ) dt + (g(t,v1) — g(t, v2), p)dW (t),

d(¢7 w) = (,U,, 1/}) dt — <(V1 : V(bl — Vg - V¢2)7 ¢> dt

p=Agp+ fo(d1) — fo(d2),

for all ¢t €[0,7], ¢ € Vgip, ¥ € V;. and P-ae. in Q.

By applying It6’s formula, the equation (£.101);, we obtain

duf2s +2uf|®dt = =2 (vi - Vvi — v - Vva,u) dt

-2 [((a,u)) — (0¢(a),u) + /F b(u - T)d’)/:| dt

+2 (Vo1 — paVa,u) dt +2(g(t, vi) — g(t, va),u)dW (2)

+3 (gt v1) — glt,v2)), e0)[ dt.
=1

(4.101)

(4.102)
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Replacing ¢ in (@I0I), by Ay¢ and multiplying the equation @I0I); with p — Ay¢p and
adding these equations, we derive that

d|Vo[iz +2(|8ll3 + |ulie)dt = =2((vi - V1 —v2 - Vn), Agg) di
— (fo(é1) — fo(@2)), Avg) dt + (fo(P1) — fo(p2),p) dt
Adding @.I103) and @.102), we obtain
(3 + IV0132) + 2l dt + 201613 + |3t
= —2(vy - Vvy —va - Vvg,u)dt —2((v1 - V1 — va - Vo), Ayd) dt
+ (fo(d1) — fo(92)), Avp) dt — (fo(d1) — fo(p2), 1) dt + 2 {1V d1 — u2Veo,u) dt

(109 —2 [((a,u)) /b u-T dv] dt

+2(g(t,v1) — g(t,va), )+ Z I(g(t,v1) — g(t,va)), e)|? dt.

(4.103)

Note that
(vi-Vvi —va-Vva,u) = ((u+a)-Vug,u) + ((u+a)-Vag,u) + ((uz + az) - Vu,u)
+ ((ug +az) - Va,u) = I1 + I + I3 + Iy,
(vi- Vo1 —v2- V), Ayd) = ((u+a) Vi, Ayg) + ((u2 +az) - Vo, Ayg)
=I5+ I,
and
(11V 1 — p2Va,u) = (uVor,u) + (u2Ve,u) = I7 + Is.

Using the Holder, Ladyzhenskaya, Young, Poincaré, Gagliardo-Nirenberg, Agmon inequalities,
Sobolev embedding and Theorem B.I] we obtain the following estimates:

(4.105) (7| < [l [l Vo]l e < \M\La +3 HuH + ClIVil7alulze

=2

4.106)  [Ig] < [lullpa [p2l Vol e < HUH +7 H¢H2 + C lpalf2 |VolLa + C lpalz2 [VolT2

4
1

16| < Jua + azlla (VL2 101 (6], < 5 1615+ C lua + aas [VoIZs
(4.107) < 3113+ € (Il + lloall*) 19612

1
< <913 + € (Ilual* +72) |Voi2..

We observe that I5 = J; + Jo and we estimate the terms J; and Js:

1 1
(4.108) il < fullza IVorllza 9]l < 5 o113 + 3 lall* +C [V ul72 613 ulz2

and

1 1
(4.109)  |1o| < Jlallus [V enlla l16lls < 5 1615 + lalZa 1V l7s < 5 ll6ll5 + T2 [ VenllLa

- 212 2 2 (1112
!MSgHUH + o I Jul72 + [ulzz2 [[ua |7 [laf|
(4.110) 1

2 212 2 2
SgHUH + Jua I 7z + [ulze2 Ju |77,
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L2 212 2 2 114112
2| < 2 [ll” + llaw ™ fulz2 + fulz [lag[I™ fall

4.111) 1
< g ol + 7 fulfz + fulf. 7%,
1
1al < g [ull® + ufa [fuz ]| [la]* + |ulZ2 |az]* a]|?
(4.112) 1
<3 [ull® + fulZa [juz]|* 7 + [ul 72 72,
1 2 2 _ 1 2
[((a,w)] < < luf|” + Cla]|” < < [Ju]” + CT,
8 8
(4.113) 1 1 1
|G, w)| < 5 uf7 + 5 |Gralfe < 5 |l +CT.
We have
n
(4.114) > gt vi) —g(t,va)) ez < K |ul7z + K a2 < K [ufjz + K7,
i=1
1
(4.115) [(fo(d1) — fo(P2), Awd)| < 3 I¢l3 + C [Vol2a,
1
(4.116) [(fo(@2) = Falér), m)| < 5 |uli> + Cr Vel
Since vy is divergence free, vo-n =ag and us-n =0, we deduce that
@.117) / Lydz — / (42 + ) - Vu] uda = / 41 )2dn.
D D r 2
From (@IT17), we derive that
1
(4.118) 1) < laal a0l 2y < C a2l vy Il +

Let us define the functions
2 2 2 2 2
Zy(t) = [ulz2 +[VPlr2,  Zo(t) = |ul|” + (B3 + k7

Fs) = C (14 IV 61l Ea + lualto + il + sl + 72 + [0l 613 + 72 Ve 1)

+C (ol 7 + ol + 7 + 72+ Jual* 7).

t
H(O) = exp(= [ Fs)as), 7 = e (b ey N b) ey )
Now, we consider
(4.119) T =inf{t >0:hy(t) > N} AT, 7% =inf{t >0:ho(t) > N} AT,
where

hi(t) = G*(t)E((ur, ¢1)(t)) + 2/0 G*(s) [H(U1,¢1)(S)H§/ + \Ml(s)\%2] ds.

ha(t) = G*(t)E((ug, $2)(t)) + 2/0 G*(s) [H(uza@)(s)l!% + \/MS)@] ds,
and

(4.120) ™~ =TN ATR.
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Applying 1td’s formula to the process H2(s)Z1(s) and using (@I103) — @I18), we derive that

H ( )Zl —1—2/ 7‘[2 Z2( )dr<8(u0,¢0 —l—C/ 7‘[2 T( )d?"
4.121)

+ 2/ H2(r)(g(r,v1 (1)) — g(r,va(r)),u(r))dW,.

We consider the sequence 7x of the stopping times introduce in (4.120). Thanks to (H1)
and Burholder-Davis-Gundy’s inequality, we infer that

/ H2(r)(g(r,vi(r)) — g(r, va(r))), u)

sup
s€[0,TN A

<E </OTN/\ HA(s) [ (g(s,vi(s)) — g(s,va(s))),u(s))|? ds>

1/2

1/2

<E sup H(s)|u(s)le (/ON H2<s>|g<s,v1<s>>—g(s,v2<s>>|ims)

s€[0,7n AL

<-E sup H%(s)Zi(s) +CE /OTNM H2(s) (Z1(s) + T(s)) ds.

s€[0,Tn At

DO | =

Taking the supremum of the relation @.I21) for s € [0, 7y At], next we take the expectation,
we derive that

TN AL
E sup [H*(s)Zi(s)] + 2E/ H?(5)Zo(5)ds
(4122) SE[0,7n At 0

TN AL TN AL
< EE&(ug, ¢o) + CE / H2(s)Y (s)ds + CE / H?(5)Z (s)ds.
0 0
By Gronwall’s lemma and the fact that 7y 17 as N goes to co, we derive that

(4.123) E sup [H*(s)Z:1(s)] +2E /Ot H?(5)Zo(s)ds < CEE (ug, ¢o) + CE /Ot H2(5)Y (s)ds.

s€[0,t]

Therefore, taking into account that u = v —a and — @3), we derive (@.99). This
completes the proof of Theorem A1l m

5. SOLUTION TO THE CONTROL PROBLEM

The main goal of this article is to control the solution (LI) by boundary values (a,b),
which belongs to the space .4 of admissible controls defined as a compact subset of
L*(Q x (0,T); Hp(T)). In particular, there exists a constant § >0 such that:

T

(5.1) Eexp (400/ l(a, b)”?—t,,(r) d8> <4, (a,b) € A
0

The cost functional is given by

(5.2)

T(abv,¢) = / / v = vall? + 116 — 6al?) dadt + E / (Alal? + 22 ?) avat.

Our objective is to minimize (5.2]) over .A. More precisely, our goal is to solve the following
problem:

oCpP min a,b,v,

( ) (a,b)eU j( (b)
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subject to (LI). Here vy and ¢y are the target functions such that vg, ¢4 € L2(Q2 x D x (0,T))
and )\1, )\2 > 0.
The main result of this section is stated as follows:

Theorem 5.1. Suppose that (a,b) and (ug,¢p) satisfy the regularity (2.2I) and (B.3) such
that (a,b) belongs to the space .A. Then, there exists at least one solution for the optimal
control problem (OCP).

Proof. Let us consider a minimizing sequence
((an, bn), (Vny 6n)) € A X L(Q; L%(0,T; Y1) 01 L*(0, T; V1))
of the cost functional 7, namely
J((an,bn), (Vn, ¢n)) — d = inf(OCP) as n — oo,
and (v, ¢,) is the solution for the sequence (ay,by) € A.
d(vn, @) = [=((Vn: 9)) + Jpbu(p - T)dy = (v - V)Va, )] dt
(N on, @) dt + (g(t, va), 0)dW (s),

d((bm ¢) = <_Nn — V- Vo, 1/}> dt,  pin = Aydn + f(¢n)a
(un7 ¢n)(0) = (U(], ¢0) € Ya

for all ¢t €[0,T], ¢ € Vgip, ¥ € V1 and P-as.
Since A is compact, then there exists a subsequence, still indexed by n such that

(5.3)

(5.4) (an,bn) — (a,b) strongly in  L*(Q2 x (0,T); H,(T)).

It follows from [23 Theorem 4.9, p. 94], that there exists a subsequence of (ay,b,), still
denoted by (ay,,b,) a function h € L?(Q x (0,T)) such that

(5.5) [(an, bu)ll3g, 0y < B (@5 D)3,y < B, VREN, ae in  Qx(0,T).

Let us take the function h = h(t) and we define the following function

t
(5.6) op(t) = exp <—C0t — / hz(s)ds> P —ae. in.
0

Now, we replace (a,b),a by (an,bn),a,, respectively in the relations (B.I), (3.3), then we
derive from @.6), (B.7), that the sequence (u,,¢,) = (Vy, — an,én), n € N, satisfies the
following estimates

E sup o (s) (. 0)(5)13 + [ o3(s) w0} (@] ds < .

s€[0,t]

E sup [o4(6) Ians 8 )2] +E ([ o2 [lam )01 ds)2 <c

s€[0,t]

(5.7)

It follows (3.7) that there exists a subsequence, still indexed by n, such that

on(up, ép) = op(u,¢)  weakly in  L*(Q x (0,T); V) N LY(Q, L*(0,T;V)),

5.8
68 on(Un, dn) — op(u,¢)  *-weakly in  L*(Q,L>(0,T;Y) N LY(Q, L>=(0,T;Y).
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Using (H1), (3.77), we deduce that there exists some operators B, Bj, R{ and g* such that
07 (Yo - V)yn — 03By(t)  weakly in  L*(Q2 x (0,T); V),

(5.9) 0 (nV dn) — opRG(t)  weakly in (2% (0,T); V),
Jh(yn -V)on JhB*(t) weakly in L3(Q x (0,T); V),
org(t,y,) — opg*(t) weakly in  L*(Q x (0,7T);H{,),
and
(5.10) G?fo(pn) — G2 f*(t) weakly in L9, L°°(0,T;H)).

As in Step 2 of the proof of Theorem we pass to the limit equation (5.3) in the
distributional sense, as n — oo, to obtain

d(v, ) = [=((v,9)) + [ b(w - T)dy — (Bi(t), )] dt
+(RE(1), p)dt + (g"(t), p)dW (s),

d(¢n, ) = — (u, ) dt — (Bi(t),¥) dt, p=Agd+ f*(t),
(u,¢)(0) = (uo, ¢o) €Y,

for all t€[0,7], ¢ € Vg, ¥ € V1 and P-ae. in . Let us write v=u+a, v, =u, + a,.
It follows from (3.3) and (3.II) with ¢ =e; that

du—uy,e) =[—((u—up,e)) + ((vn - V)vy, —Bj(t), €;)] dt
—((a—ay,e)) — (O(a—ay),e) + fF(b —bp)(e; - T)dy
(5.12) ~(a V' — R5(2), ci)dt — (g(t,va) — " (), e:)dW (s),

d(¢ — ¢, ¥) = (1t — pn) + (V- Vb, — B1(1)), ) dt,

(N - ,Un) = Aﬂ(¢ - ¢n) + f*(t) - fﬂ(‘ﬁn)y

Let set 0, =u—u,, VY,=(p—¢,) and & = (1 — n).
From the Itd6 formula, we obtain

d ((em ei)2) = 2(On, €;) [—((On, €)) + ((vn - V)vi = Bj(t), €3)] dt
—2(0n, €;) {((a —ap,e)) — (O(a—ay),e)+ /F(b —bp)(€; - T)d"y:| dt
- 2(0717 62') [(Nnv¢n - RSU/)? ei)dt - (g(tv Vn) - g*(t)v el)dW(s)]
+ (gt vn) — € (1), €0) 72 .
Summing over i=1,...,n, we obtain
1072 + 21601 dt = 2((Vi - V) (Vi — B (£)), 0, )it
-2 {((a —ay,0,)) — (0(a—a,),0,) + /F(b —bn) (O, - T)d"}/:| dt
- 2(,unv¢n - *( ) 0 )dt - 2(g(t,vn) - g*(t)70n)dW(t)

+Z| (t,vn) — (1), €72 dt.

Replacing ¢ in (B.12), by AyV¥, and multiplying the equation (3.12); with &, — AyW¥,, and
adding these equations, we derive that

AV |72 4+ 2([nl5 + [6nl72)dt = 2((va - Vb — Bi(2)), Ag Wyt
+ (fz?(¢n) - f*(t)aAﬁ\IJn) dt — (fz?(¢n) - f*(t)vfn) dt.

5.11)

(5.13)

(5.14)

(5.15)
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Adding (3.13) and (5.14), we obtain
A (10nf72 + 1%al1}) + 211001 dt + 20| a3 + a2 )t
= 2((Vn : V)Vn - BEk)(t))a Hn)dt + 2((Vn : v¢n - Bf(t))a Aﬂ\Pn)dt
+ (fz?(¢n) - f*(t)7 Aﬂ\IJn) dt — (fz?(¢n) - f*(t)7€n) dt — 2(Nnv¢n - REk)(t)a Hn)dt

(5.16) _2[((a_amen))_(@(a_an)’gn)_|_/(b—bn)(9n-7')d7 dt
r

_2(g(t7vn)_g ( +Z’ t Vn - ) ez)‘LQ dt.

Now, we see that
(Vi - V) (v = Bg(1)), 0n) = —(((u +2,) - V0,),0,) — (0, - V(u+a),0,)
(5.17) + ((un +ay) - V(a, —a),0,) + ((a, —a)V(u+a),0,)
+ ((v- V)v=B(t),0,) = (Bo + B1,0,) + Ba + B3 + B,

(/an¢n - RS(t), en) = _(/anqjm Hn) - (£nV¢, Hn) + (/Lng - Ré(t), en)

5.18
(>.18) — Bs + B + B,

(V- Vo, = Bi(t)), Ap¥y) = —(((uy +a,) - VI,), Ayly,)
(5.19) — (0 - Vo,ApV,) + ((an —a) - Vb, AyVy,)
+ ((v- V¢ —Bi(t)), Ay¥y,) = Bg + By + Bio + Bu1,

and
(5.20) fo(on) — f5(t) = —=(fo(dn) — fo(9)) + (fo(®) — f(1)).
Note that
|(By + B2,6,)| < / an (Qn.T)2 d’y' + (6, - V(u+a),6,)|
r

(5:21) < G (@B, o) + ||<an,b Beycry + 0l2) 162125 + 7 161

< o (20 + ul?) 10af2: + 3 16nl1,

551 < 19nlhs il 199l < C ol il 19l
(5.22)
16l 4 I+ Clpin 2 (V2 + C il [V 25,
56l < 19l ol IVl

(5.23)

16 + 16l + C (1912191 + 1VlLs ) 6al

1
|Bs| < Hun  anle [Vl 115" 1 ally < 5 19015+ C llun + auls [V L7,

(5.24) < 3 03+ Ca (o, b)lley ey + ol ) 19203

1
< < I3+ Co (B + uall) 19 22
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1 1
(5.25) [Bol < 5 1%all3 + 7 16a]* + CIVEIIZa 160l
1

(5-26) ’(fﬁ((bn) - fﬁ((b)aAﬂ\I/n)‘ < 6 H\I/n”g + Cf ‘V\Pn‘%2 )

1
(5.27) ((fo(6) = Fa(@n),n)] < 7 |EnlZe + Cr IV Wnlis
Setting
(5.28) g, =8t va), g=g(tv), g =g

As in (@.63), we can show that
(529)  |(g(t,vn) — € ()72 < C3l0nl72 + Clan —afiz — g — g"|72 + 2(g, — 2", 2 — &)

The positive constant C3 in (5.29) is independent of n.
Let us define the functions:

Zi(t) = [Onl72 + |IVUL|T2,  Za(t) = 10a]® + [|Tnll3 + [€nl72
=N 4 2 2 2 4 2
fls)=C (1 + |,Un|L2 + |,Un|L2 + ||¢H2 |V¢|L2 + |V¢|L2 + ||V¢HL4>
t ~
+max (3o, C, C) (142 + a2+ [l . (1) :exp(—/ F(s)ds).
0

From (3.2I) — (5.29), using the Itd formula and taking the expectation, we derive that

Eo(1)Z (1) + 2E /0 o () Z(s)ds + 2 /0 o(s) g — ¢ 22 ds

< 9E /0 ' o(5)Byds 1 2E /0 ' o (5)Bads + 2 /0 ' o (5)Buods 1 2E /0 ' o (5) Bads
. +9E /0 ' o (s) Buyds 4 2E /0 ' o(s)Brds + 9B /0 t /F () (b — by) (6 - 7)dvds
+20E/0ta(s) I (ansbu) — (@ D)2, o dS—I—ZIE/OtU(s)(gn—g*,g—g*)ds
—I—ZC’E/OtJ(S) V(@ —¢)(; ds+20E/0t0(s)(fg(¢) 1), Ag ) ds
+208 [ o(5)(/a(6) - 1°(0.6:)ds.

Now, we will prove that the right-hand side of this inequality tends to zero as n — co. By
@21);, (33) and using the Holder inequality and the fact that o(t) < o7 (t), we derive that

Iy=E t o(s)(b—by) (0, - T)dvds
(5.31) /0 /F

1 t
< Clenbn) = (@)oo ey + 5E | o(5)10(5)1 ds
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Thanks to (377) and using the fact that o(t) < o2(t) on (0,7), we derive as in [14] that
T T 1/2
11 = E/ U(S)Blds S C <E/ ||an - aH%p d8>
0 0

T 1/2 T 1/2
(E [ ot ||en||i4ds) +<E 0 aﬁ<s>||an||2(p)|en|;) ]

< Cl(an; bn) = (a, D)l L2(0x (0,157, (1)) -

(5.32)
X

Similarly, we can prove that

T

(5.33) I = E/O o(s)Bsds < C'|(an, bn) — (@, 0)|| 22 (0,124, (1)) -
Note also that

T T

L—E / o(s)Biods < E / o (5) l[an — allg [V 1o | Tally ds

0 0

(5.34) T , \"? T, ) >\’
<c <E JE ds> " (E [ et 10l ||\Ifn\|2ds>

< Cl(an, bn) = (a,0)l L2 (0,157, (1)) -
The term CE [ 0(s) [[(an, bn) — (a,b)|[3,, (1) ds. we give

t
(5.35) I =CE /0 o(5) | (@n:ba) — (@, B)[12, ) ds < Cll(ansbn) = (@, B)l| 2 o (079500, ()

It follows from (3.31) — (5.33), that the terms I;,7 =1,2,3,4 converge to zero as m — oo.

Using (5.8), we derive that

o7 ((u,0) = (W, n)) = 0 weakly in  L*(Qx (0,T),V), n— oo,
o3(pw—pn) =0 weakly in  L*(Q x (0,T),L*(D)), n — oo.

The operators o3 ((y - V)y —B§) and o7 (uVe —Rj) belong to L*(Q x (0,T), V5%, ). Thanks
to @.39) and @.64), it follows that

(5.36)

t t
(5.37) E/ o(s)Byds + E/ o(s)B7ds =0 as mn — oc.
0 0

Similarly, we deduce that the operators o3 ((y- V)¢ — Bf) belongs to L*(Q x (0,T),VF).
Thanks to (4.39) and (4.42), it follows that

T
(5.38) IE/ o(s)B11ds =0 as mn — oc.
0

From (3.36), we deduce that
t t

(5.39) CE/O a(s)(fqg(qﬁ)—f*(t),Aqg\I/n)ds—kCE/O o(s)(fo(d)— f*(t),&n)ds =0 as n — oo.

Thanks to the convergence result (3.9) and (3.28), we obtain
(5.40) on(g, —g") =0 weakly in  L*(Qx (0,T),H,),

which implies

t
(5.41) 2E/ o(s)(g,—¢gg—g)ds -0 as n— oo.
0
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From (3.31) — (3.41) and passing to the limit in the inequality (5.30), we obtain the following
strong convergences

t
(5.42) lim Eo(t)Z:(t) = lim E/ o(s)Zy(s)ds =0,
0

n—oo n—oo

for t € (0,7). Hence, we have

lim E (0(t) | (un: 60)(6) = (0, 6)(0)]7) = 0.

n—oo

lim E /0 o(5) | (un 60)(5) — (0, 8)(3)] ds = 0.

n—oo

(5.43)

In addition, we derive that

t
E/O o(s)lg(s,v) — g*(s)|iz ds = 0.

This implies that

(5.44) g(t,v) =g*(t), ae. in (w,t)€Qx(0,7T).

By and by (5.43), we infer that o(t)(v-V)v=0(t)Bj(t), ae. in (w,t)€Qx(0,7),
that implies

(5.45) (v-V)v=Bg(t), ae. in (w,t)eQx(0,T).

Similarly, we can deduce that the operators o(t)(uV¢) = o(t)R5(t) and o(t)(v-V)¢ = o(t)B](t),
ae in (w,t) €Qx(0,7), we infer that

uVo =Rg(t), ae. in (w,t) € Qx(0,7),
(v-V)p=Bji(t), ae in (w,t)eQx(0,T).
From (5.44), (5.43)), we obtain the following system:

(5.46)

(v(£),w) = (vo, W) + fy [=((v(s), W) + [r.b(w - T)dy — {(v(s) - Vv(s)), )] ds
(5.47) + Jo ((uVe(s), w d8+fo )) )dWs,
(6(), %) = (d0.%) = Jy (), w) ds — [y ((v(s) - V(s)), ¥) ds,

= Ayo + fﬁ(¢)7

for all ¢t €[0,7], w € Vg, ¥ € V; and P-ae. in Q. We deduce that (v,¢) is the solution
(LI), corresponding to the control pair (a,b).

Now, using the lower semicontinuity of the cost functional, the strong convergence (5.43),
(G.1) and Fatouw’s Lemma, we deduce that

T((a,6),v,6) < lim T ((an,ba), v, 60),

which gives
J((a,b),v,$) = inf(OCP).
Hence, the triplet ((a,b),v,¢) is a solution to the control problem (OCP). H
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