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Towards an asymptotic analysis of the anisotropic
Ginzburg-Landau model

Dmitry Golovaty, Petru Mironescu and Peter Sternberg

September 12, 2025

Abstract

We develop a set of tools for the asymptotic analysis of minimizers of the anisotropic
Ginzburg-Landau energy functional among the admissible competitors with Dirichlet bound-
ary datum of negative degree — D. As a byproduct of our analysis, we prove that the energy
of a minimizer is K In(1/¢) + o(In(1/¢)), where K depends only on D and the material
constants that enter into the expression for the energy.

1 Introduction

Minimizing the Ginzburg-Landau energy in a 2D domain subject to Dirichlet boundary
conditions has been well understood since the seminal contribution of Bethuel, Brezis, and
Hélein [2]. In particular, there is no distinction between the analysis of minimizers for bound-
ary datum of positive and negative degree as the two cases are related by conjugation. However,
somewhat surprisingly, when the Dirichlet integral is broken into the sum of the squares of the
divergence and curl with arbitrary positive weights, the distinction arises. Such a decomposi-
tion of the gradient is not merely an academic exercise as it arises in modeling of nematic liquid
crystals, in particular within the context of the Oseen-Frank model for uniaxial nematics, see
[22].

The case of positive degree, considered by Colbert-Kelly and Phillips in [5], is reducible to the
standard treatment, following the ideas of [2]. This reduction relies on existence of degree one
singularities with bounded energy that are purely divergence or purely curl, and there do not
exist analogous vector fields of negative degree. Other interesting cases include extreme situa-
tions of high anisotropy when the ratio of the elastic constants is vanishingly small. For exam-
ple, Golovaty, Sternberg, and Venkatraman [10] show that limiting configurations may exhibit
line singularities accommodating high deformation cost associated with divergence through
the emergence of jumps in the tangential component. In a related work, Kowalczyk, Lamy,
and Smyrnelis [13] construct entire solutions of the Euler-Lagrange equations having negative
degree and possessing equivariant symmetry.
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In this paper, we develop some tools that we believe should be helpful in completing the
asymptotic analysis of the minimization problem for the anisotropic Ginzburg-Landau func-
tional, subject to boundary datum of negative degree. We begin by providing the precise state-
ment of the problem and establishing some necessary notation.

1.1 The problem

Welet Q C R? ~ C be a smooth bounded domain that we assume to be simply connected. For
technical reasons, we occasionally also assume that €2 is strictly star-shaped. For K1, K3 > 0,
w C Qandu : w — C, we consider the energies

K K.
Eo(u) = Ey(u,w) := 71/(divu)2 + 73/(CU11rlu)2
and
1 212
Bu(w) = Busw) i= Bo(w) + 5 [ (1= uP)?
where € > 0. With no loss of generality, we assume that K; + K3 = 2. Noting that

K K. K K

“Ldivu)? + =2(curlu)? = =2(diveu)? + == (curlw)?,

2 2 2 2

we may assume in the analysis below that K; > K3, so that we can write
K1:1—|—(57K3:1—5,W1th0§(5<1 (1.1

Foru : w — C, we denote by
Go(u) = Go(u,w) == = /qu|2
and
Gulu) = Gelu) = Golu) + 17 [ (1= I,

the standard Dirichlet and Ginzburg-Landau energies, respectively. When § = 0, the func-
tional Fy reduces to GG, while the functional E. reduces to G, (after integration by parts and
modulo a fixed boundary term; see the proof of Lemma 2.1). In what follows, we denote by
lower case letters the energy densities, e.g.,

K K:
eo(u) := 71(div u)® + f(curlu)Q,
and
1
ge(u) = —|VU|2 + oz (1= el

for Fyy and G, respectively.

Given g : 9Q — S' a smooth map of degree —D < 0, we let u. denote a minimizer of
E. inthe class H)(Q;C) := {u € H'(Q;C); tru = g}. We are interested in the asymptotic
properties of u. ase — 0, and our main purpose is to extend to £. some of the analysis achieved
forG.in[2].



1.2 The main results

Although our results are far from being as complete as those in [2], we feel that they may have
some interest and give impetus for subsequent research. Most of the techniques that we use
have roots in [2] and subsequent works. In particular, several proofs are in the spirit of Struwe
[20, 21] or Sandier and Serfaty [19, Chapter 5] (see also Han and Shafrir [11], Jerrard [12], and
Sandier [18]). Part of the analysis consists of establishing a priori estimates. Such estimates are
also obtained for critical points of £, either under energy bounds assumptions or when (2 is
strictly star-shaped.

A significant part of our analysis is valid for every K; and K. For example, we prove that
minimizers u,. of F. satisfy, for small ¢, the bounds |u.| < (4, |Vu.| < Cs/e (Lemma 4.7). In
the case of the standard Ginzburg-Landau equation, this follows from a maximum principle
that does not seem to be available in our case. This is derived via various Pohozaev identities
(see, e.g., Lemma 4.1) and elliptic estimates (see, e.g., Lemma 2.4).

We establish an n-ellipticity result (Lemma 3.1) similar to the one for the standard Ginzburg-
Landau equation, asserting, roughly speaking, that if the energy of a minimizer u. is small
when compared to In(1/¢), then u. has no vortices. We also prove that critical points of E.
satisfying a logarithmic energy bound (and, in particular, minimizers) display a controlled bad
discs structure (Lemma 5.1). These bad discs are far away from the boundary (Corollary 7.2).
We also prove the existence of bounded entire local minimizers of negative degree (Corollary
8.1).

Sharper results are established under the assumption that K; and K3 are “close”, i.e., for
sufficiently small |§|. For example, wwe prove that, when |J| is small, the local minimizers in
Corollary 8.1 have degree —1 (Corollary 8.5). Moreover, when |§| and ¢ are small, we prove that
the bad discs structure associated with a minimizer of £, with respect to a boundary datum of
degree —D < 0 consists of exactly D bad discs, each of degree —1 (Theorem 9.1).

When |6| and € are smalland 0 < a < 1, in Section 10 we prove that the bad discs are at
distance > * from each other and from the boundary (Theorem 10.1). We complement these
results in Section 12, where we are also able to show that the energy density concentrates on
bad disks as e — 0 (Theorem 12.4).

Another series of results concerns the energy of minimizers of F. with boundary datum
of degree —D. For arbitrary ¢, we introduce the concept of giant bad discs, that allows us
to obtain the asymptotic expansion of this energy up to an o (In(1/¢)) term (Theorem 13.2).
When |4| is sufficiently small, we prove that the leading term in the expansion of the energy is
DCjsln(1/e). Itis well-known that, for the standard Ginzburg-Landau functional investigated
in [2] and which corresponds to § = 0, we have Cy = 7, and the above term is the leading term
for both positive D (as in our work) and negative D. When 6§ # 0 and D is negative, it was
proved in [5] that the leading order is D(1 — |d|)7 In(1/¢). We prove that, when § # 01is small,
the cost of negative degrees is different from the one of positive degrees. More specifically, we
prove that, when |0| is small, we have Cs > (1 — |§|)7 (Lemma 11.1 and Theorem 13.1).

Acknowlegments. D.G. acknowledges support by an NSF grant DMS 2106551. The research of
P.S. was supported by a Simons Collaboration grant 585520 and an NSF grant DMS 2106516.

2 Preliminaries

We will repeatedly use the following observations.



Lemma 2.1. Let w be a bounded Lipschitz domain and v = v + w € H'(w; C). Then

o) =5 [ (@l + )+ 52 [ ([l + o)

(K —K3>/

w

-5 [P+ ) + 3 [ (@ + )

Kg ou
+(K1_K3)/way+7/BMUAE’

w

vwy, + K3 /(vxwy — VW)
v 2.1

and
() =5 [ (@ + )+ 52 [ (0 + wsP)
+ (K, — K3) / vy w, + Ky /(vxwy — VyWy)
@ ¥ (2.2)
K K
o [ )+ 5 [ (ol + )
Kl ou
—{—(Kl—Kg)/wawz—f—?/awU/\E
Moreover,
1—-6 ou
(1 —9)Go(u,w) 5 u A g <FEy(u,w)
(2.3)

<(1+6)Go(u,w) + 1T+6

/ A ou
uA—1|.
dw 37’
Proof. Identities (2.1) and (2.2) are straightforward consequences of

/( — )—1/ A28 (2.4)
wvxwy Uyla) = 3 8wu 5 .

The first and the second inequality in (2.3) follow from the second identity in (2.1) and (2.2),
respectively, once we observe that

(1= Ka) [ va, 2 =5 [ (ol + )
and
(K — Ks) /wvngg < 5/w([vy]2 + [ws]?). 0

Next, recalling that deg g = —D < 0, we prove the following lemma.

Lemma 2.2. For small ¢, we have the §-independent bound

min{E. (u); u € H,(Q;C)} <7D lné +C(9). (2.5)



Proof. Using the standard construction of competitors for the Ginzburg-Landau energy, it suf-
fices to prove the result when 2 is the unit disc, D = 1, and g(z) = Z. Consider, for0 < ¢ < 1,
the competitor

() = {z/yz\, if|2] > ¢

Z/e, if|z| <e’

Then

1 7 [t o\ 2
E.(u)=mln—+4— [ r(1—7r")"dr O
e 2/

The following is straightforward.
Lemma 2.3. A critical point u. = v. + ww. of E. in Hgl(Q; C) satisfies

(2.6)

‘Cl(vaa wa) = _Kl(va,x + wa,y)x - KS(Ua,y - wa,x)y = 5_2U5(1 - |U5|2),
EQ('UEa ws) = _Kl(vs,z + ws,y)y + KS(Us,y - ws,x):c = 8_211]5(1 - ’u5’2)-

Here and in what follows, we use a subscript notation for partial or directional derivatives:

ow ou .
Wy = —, Uy = —, €etC.
oo T o
We next note that the second order constant coefficients linear system £ := (L4, L5) is

elliptic, in the sense that it satisfies the strong Legendre-Hadamard ellipticity condition (see,
e.g., [8, Chapter I, (1.9)]). To justify this observation, we note that £ arises from the energy
functional Ey(u). Writing (only in this paragraph)

u=(u',u?), p' = (p,py) = V', i = 1,2,
the energy density eo(u) may be identified with the following function of (p!, p?):

Ky e
eo(p',p%) = 7(291 +p3)* + 7(19? —py)?,

and thus, for every & = (£, &) and A = (A', \?), we have

0%e o
Y GGV =K (G + &) + KGN — )
1<i,j,0,3<2 Ipi,Opy 2.7)

>Ka[(GA + &) + (607 — LAY = K5|EAP,

which shows that, indeed, L is elliptic.

An alternative route to ellipticity consists of identifying u with the 1-form { = v dz 4+ w dy,
noting that

K ., K
Bofw) = 5+ [ 1P+ [ Jacr

d¢ = f,

and then using the ellipticity of the Hodge system {d*g _



This observation allows us to apply to £ the regularity theory for elliptic systems as in [1, 7].
However, since we will rely on estimates in variable domains and with variable operators, we
present here the statements instrumental for our purposes, with elements of proofs.

We first quantify the uniform ellipticity of the operator £, by introducing the assumption
0<6<8 <1, 2.8)

where 0, is a fixed constant.

We fix a smooth bounded domain 2 and a boundary datum g € C*(9€;C). Aball B =
B, () is admissible if either B C (2, or the center of B is on 0f2. We set

Consider a solution u of

{L’u:f in BNQ

(2.10)
u=g¢g onBNO

(the last condition being empty if B C (2). Note that, for small r, if the ball B is centered at
some x € 0S), then B N ) is a Lipchitz open set and B N 02 is a Lipschitz portion of (B N
Q). Therefore, the second condition in (2.10) makes sense provided, say, u € H(B N Q). In
what follows, we always make the implicit assumption that r is sufficiently small so that these
considerations apply. Note that this smallness assumption does not depend on ¢ or .

2

Lemma 2.4. Assume (2.8). Let0 < a < 1l and setq = ¢(«) := 5o € (1,2). Letp > 2. Let
—a

B = B,(z) be an admissible ball and consider a solution u € H'(B N Q) of (2.10).

1. (Interior estimates) If B C €2, then (for some absolute constants C, 5, and C), 5,)

a u\y) —ulz @
= < o (1l + 7 o) ¥ € B @
u — Uz
% < Cass IVl + 72y Yo, 2 € B, 2.12)
1IVu(y)] < Coa IVl 25y + 1271l o)): Vo € B .1

2. (Boundary estimates) There exists some finite ry > 0 such that, if r < rgand x € 01,
then (for some constants C, 5, o and C), 5, o)

|u(y) — u(z)|
rt—————m— < C, Vu +re . + 7|9|Lip(Bro));
ly — 2| sualll ||L2(Bmsz) 171l (BNSY) |9]L p(BﬂdQ)) (2.14)
Yy, z € By,
|u(y) — u(z)|
re < C, Vu +r + 719|Lip(BnoQ) ) s
ly — 2] sualll ||L2(BmQ) Hf“L?(BmQ) |9[L p(BﬂdQ)) (2.15)
Yy, z € By,
r|Vu(y)| < Cp751,9(||Vu||L2(BﬂQ)+T2_2/p”-f“LP(BﬁQ) + 719|Lip(Brog) 2.16)

+1°|09 /07 |Lip(Broa) ) VY € B..

Note the scaling (in the radius r) of the estimates, which comes from the fact that we work
in two dimensions and that £ is a homogeneous second order system.

6



Idea of proof of Lemma 2.4. After scaling, item I is a special case of the interior estimates for el-
liptic systems [7], [8, Chapter 3, Theorem 2.2], combined with the embedding H?. — C<,
0 < a < 1. Note that here the scaling argument relies on the homogeneity of £. Again af-
ter scaling and (for small r) flattening of the boundary, item 2 follows from the model case
BNQ={(z,y) € B1(0); y > 0}. Some care is needed since the flattening depends on = and
r, and one has to make sure that one can choose constants independent of x, r, and d; in the
method of freezing of the coefficients. This is indeed possible for sufficiently small r (see, e.g.,

the detailed proofs in [4, Cap. III] or [9, proof of Theorem 9.13]). O

Iterating the proof of Lemma 2.4 for our specific system (2.6) and taking r = ¢, we obtain
the following result, that we state here without proof.

Lemma 2.5. Assume (2.8). Fix g € C>®(9;S'). Letu = u., 0 < ¢ < 1, be critical points of E.
in H,(Q) satisfying the a priori bound

lu(z)| < M < o0, Ve, Vo € Q. (2.17)
Then there exist finite constants C}, depending on M, ¢y, 2, and ¢ such that

|DFu(z)| < Cre™, V2 € Q, Yk € N. (2.18)
Moreover, with finite constants CN’k depending on M and ¢; (but not on (2 or g), we have

|Dku(x)] < éke_k, Vo e Qs.t. dist(z,00) > e, Vk € N. (2.19)

Next, we note an important consequence of the ellipticity of £. The system (2.6) is of the
form

Lu = F(u), with F(u) = e 2u(1 — |ul)*. (2.20)

Noting that F' is analytic, we have the following result, essentially established by Morrey
[15] (see also Petrowsky [16]).

Lemma2.6. Let U C R? be an openset. Ifu € H} (U) is a weak solution of (2.20), then u is
analytic.

Proof. Let us note that, by standard regularity theory [7], the 2D-embedding H}.. — L! |
Vp < 0o, and the fact that our F' has polynomial growth, we have u € C'°°. We next note that
the Legendre-Hadamard ellipticity condition checked in (2.7) implies the ellipticity in the sense
of Douglis and Nirenberg [7, Section 1]. This is a general fact, but we illustrate it in our special
case. For a second order 2D-variational system with energy density ey(p', p?), the ellipticity in

the sense of [7] requires that the following determinant

62
D(¢) = det ( > 2.60 jfafﬁ) 220
1<ap2 OPaOPs 1<i,j<2

does not vanish when ¢ = (¢, &) € R?\ {0}.

Considering the left-hand side of (2.7) as a quadratic form in A with £-depending coeffi-
cients, the determinant in (2.21) is nothing but the determinant of this quadratic form. Thus,
by (2.7), D(§) > 0, V& # 0, as claimed. (Of course, one could check (2.21) directly by noting
that D(f) = K1K3‘€|2)

Finally, the main result in Morrey [15] asserts that smooth solutions of analytic elliptic sys-
tems are analytic, implying the conclusion of the lemma. N

7



3 p-ellipticity

Throughout this section, we assume (2.8). Let Q and the boundary datum g € C>°(9€; S') be fixed.
Let u. be a minimizer of E in H,(€2; C). We will establish conditional a priori estimates on
ue, with constants depending on §;, but not on ¢ satisfying (2.8). These constants will possibly
depend on (2 or g and the estimates will be valid for ¢ < g(, with £y possibly depending on 2
and g.

The main result of this section is the following.

Lemma3.1. Let 0 < o < 1and A > 0 be fixed. Then there exist absolute constants » > 0 and
M < oo (depending only on 41, o, \) and a constant ¢y > 0 depending on g and €2 such that:

[0 < e <eg, Beo(x)admissible, E.(u., B.o(z) N§2) < n|lne||

(3.1)
= [[Jue(@)] = 1] <A, [Vue(z)] < M/e].
Moreover, we may choose M independent of 0 < A < 1.

We next state some intermediate results (to be proved later) that will be needed in the proof
of Lemma 3.1. The first result is well-known in the Ginzburg-Landau literature.

Lemma 3.2. 1. Let 4 > 0 be fixed. Then there exists an absolute finite positive constant v
(depending only on 1) such that:

|:BT(I)CQ,0<€ST,fICT<J})—>C,T/

Co(a
— H/T(w)fAfT

2. Let 1 > O be fixed. Then there exists a finite positive absolute constant v (depending only
on y) and a constant ry depending on (, €2, and g, such that:

PG [ a-rrsy
) ) (3.2)

< p&Ih € HY(B,(x)) s.t. G(h, B,(x)) < M] .

[m €N, 0<e<r<ry, feH(IB,(z)NNQ);C), f=gonB,(z)N N,

r
o nPeL [ a-upree] = 6
Cr(2)NQ €% JCr(z)nn

|t

The proof of Lemma 3.2 also leads to Lemmas 3.3 and 3.4, that we note, without proof, for
further use.

< p&3h € H(B,(x) N Q) s.t. Go(h, B(x) N Q) < pul.

Lemma3.3. Let B = B,(z). Fix some s > 0. Then there exists a finite constant ¢ > 0 (depend-
ing only on s) and a finite constant ; > 0 depending on s, 2, and g such that

[r < 7y, Badmissible, v € H'(0(BNQ);C), v = gon BN oY,

1
r/ |?}T|2+—/ (1—|v|2)2§t} = ‘/ VAU,
8BNS T JoBnQ OBNQ

(3.4
< s.




Lemma3.4. Let B = B,(x). Fixsomet¢ > 0. Then there exists a finite constant s > 0 (depend-
ing only on t) and a finite constant 7y > 0 depending on't, €2, and g such that

{r < ry, Badmissible, v € H'(0(BNQ);C), v = gon BN oY,

1
r/ \07\2—1-—/ (1—]U|2)Q§t] — ‘/ VAU,
(BNR) T JoBnQ) 8(BNN)

Note that, in Lemma 3.3 we prove existence of ¢, given s, while the opposite is shown in
Lemma 3.4, where ¢ is given and existence of s follows.

(3.5
<s.

The final auxiliary result used in the proof of Lemma 3.1 relies on Lemma 2.4.

Lemma3.5. Let B = B,(z). Let u = u. be a minimizer of £, in H,(€;C). Let0 < s < 1.
Then there exists some finite constant ¢ > 0 (depending only on s) and a finite constant r; > 0
depending on s, (2, and g such that

{O < 4e <r <ry, Badmissible, E.(u, BN Q) < s,
1 (3.6)
r/ ]uT\Q—i——/ (1—\u]2)2§s = |1—|u(2)|| <t Vz € B..

8BNQ T JoBnQ

Moreover, we may choose t = t(s) such that lim,_,o¢(s) = 0.

(Recall that B, := B, /»(x).)
We now return to the proof of Lemma 3.1. In what follows, C; is a generic constant inde-
pendent of ¢ or the center of the ball.

Proof of Lemma 3.1, using Lemmas 2.1, 3.2-3.5. Fix some constant o such that 0 < a < ag <
1. We distinguish the cases B.o; () C (Q, respectively B.o (x) ¢ . In what follows, ¢ is
sufficiently small and not fixed, while 7 and s > 0 are constants that we will select at the end
of the proof.

Casel. B.oy(x) C €. Clearly, we have E.(u.,2) < Ci|Ine| and thus, by Lemma 2.1 applied
with w = Q, we have

Ge(ue, Q) < Co|Inel. 3.7)

Fixa; < 3 < v < 1. By (3.7) and the mean value theorem, there exists some ¢ < r; < e
such that

-
7"1/ lue-|* + —i/ (1 — |u*)? < Cs. (3.8)
€ Jer ()
By Lemmas 2.1 and 3.4, this implies, for sufficiently small ¢,
Ge(ue, By, (z)) <

“1-0
<Csn|lnel.

E&(uéa B’r‘1 (l’)) + 04 S

5, elte; Bee (7)) + G 5.9)

Note the important fact that, while C}, Cs, C3, Cy depend on g, Cs and the constant Cs below
are universal constants, depending onlyon d1, o, ay, 3, 7. By (3.9) and the mean value theorem,
there exists some €7 < ry < & such that

T2
T2 Iua,T )
Crqy ()

>+ = / (1 — |u?)?* < Cgn. (3.10)

2 (@)

9



By (3.10), and Lemmas 3.3 and 3.2, for sufficiently small ) (depending on s) we have (with /
the competitor given by Lemma 3.2)

E.(u., By, (z)) < E.(h, B,,(z)) < Cys. (3.11)

The first conclusion in (3.1) follows from (3.10), (3.11) (with sufficiently small s), and Lemma
3.5.

The second part of (3.1) follows from the first part of (3.1) and estimate (2.13) in Lemma 2.4
item I (applied with r = ¢).
Case 2. B.oi(x) ¢ €. The idea is similar, but this time we rely on estimate (2.16) in Lemma 3.2
item 2. Let @ < ap < ay. Let y be the nearest point projection of = on J§2. Clearly, for small
e, the admissible ball B.« (y) is contained in B.«(z) and contains B, (x). We proceed as in the
proof of (3.11) and find that E. (u., B.e2 (y) NQ2) < C7s, which is the analogue of (3.11) adapted
to Case 2. We conclude as above. O

We now proceed to the proofs of the auxiliary results.

Proof of Lemma 3.2 item1. SetD := B;(0). By scaling, we have to prove the following, for a suf-
ficiently small v, and with t := ¢/r < 1:

1
{0<t§1,f:Sl—>C,/\fT]2+t—2/1—]f| ]
st
<

(3.12)
— { fA S| <p&3he H(D;C)s.t. Gy(h,D) }
We first note that
P =(FP = 1)+ 1< 20— PP 45 +1S 50— 7P+ 6.1
2 — 2t2 2

Combining (3.13) with Cauchy-Schwarz, we find that

< (g o) [1F <@ s

whence the first part of (3.12) if (/2 + 37)v < p?.

Concerning the second part of (3.12), we first note that, for small v independent of ¢ < 1,
under the assumption of (3.12) we have

AV
Sl

1/2 < |f] < 3/2. (3.14)

A cheap way to establish this fact consists of noting that, if a sequence satisfies

[ e+ [ =157 038 > .

then | f;| — 1 uniformly as j — co. Alternatively, one may use the inequality
HE) = eI <=l [ 18P Vo -r<p<osr
Sl
and check that (3.14) holds, e.g., when v < 7+/2/64.

10



Consider v such that (3.14) holds for every f satisfying the assumption of (3.12). Writing,
locally, f = pe*¥, we have

AL NI

and thus

[¢-| < 2,
St

provided v < 7 /2. Therefore, for small v, f/| f| has zero degree and ¢ is globally defined.
We now define our competitor

h(re?) .= F(re?)e™ ) 0<r <1,6 R,
where

F(re®) i= (1=r) +rple”) = (1=r) + 11](e"),

L(re?) .= (1 —r)a + ri(e”?), witha := ][w.

Clearly, thanks to (3.14), we have

(1= [F(re”))* < (1= [ (")), (3.15)
d NI d 20
o) = (- e+ | LN < 1 penpr 4|29 ga
db db
0 |2
TLef = (o= (et + [0
and thus, using the definition of a and Poincaré’s inequality,
/|VL]2 <2/ =0 (3.17)
Sl

For small v (depending on p), the second part of (3.12) follows from the estimates (3.15)—
(3.17). ]

Proof of Lemma 3.2 item 2. The first part of (3.3) is proved exactly as the first part of (3.2).

We will reduce the second part of (3.3) to the situation considered in item 1. Let ry be suf-
ficiently small (depending on §2) and C) be a sufficiently large universal constant such that, for
z € 0Qand 0 < r < ry, there exists a bi-Lipschitz homeomorphism ® = @, . : B,(z) N Q —
B,.(0) such that || D®||o, < Cp, | DP o < Co,and ®(B,(z) NIN) = {x +1y € C,.(0); y <
0}. After composing with ®~! and using scale invariance, the second part of (3.3) amounts to
proving (3.18) below. Set S := {z 4+ 1w € D; y > 0}, and define similarly S’ . Then, for a
sufficiently small v, (depending only on 1) and a sufficiently small r; (depending on 1 and on
a fixed given constant M), we have

0<t<1,feHESYHC),|fl=1and|f;] < MrionS',

(3.18)
1

£ 12+ t—g/ (1—f]?)? < ul} — Jh € Hi(D;C)s.t. Gy(h, D) < p
st s

11



(In our case, the constant M itself depends only on Cy and on the Lipschitz constant of g.)

In order to prove the existence of 1y and r; (and thus to complete the proof of the lemma),
we note that, if v is as in item I, then (3.18) holds provided v; + m(M7r;)? < v. It then suffices
toletry <v/2andr < v2wv/M. O

Proof of Lemma 3.5. We consider only the case where B C (). As explained in the proof of
Lemma 3.2 item 2, the other case is similar.

By estimate (2.3) in Lemma 2.1 and Lemma 3.4, there exists some finite constant C; > 0
independent of s < 1 such that, if the assumptions of (3.6) hold for such s, then

1 1

We next note that, for some appropriate constant C5, we have
lw(1 — |w)|? < Cy((1 — |w|?)? + 1), Vw € C. (3.20)

Let B’ be a ball of size 2¢ contained in B. Applying (3.20) with z = wu(z), integrating over
B’, and using (3.19), we find that

=721 = [ul) | o gy < Coz™" / (= uf)? +1) < Cae™? (3.21)

Combining estimate (2.11) (applied, in B’, with « = 1/2 and thus ¢ = 4/3), (3.19), and
(3.21), we find that

u — U\z
s”% < Cy, Vy,z € (B)., (3.22)

and thus, in particular,
lu(y) —u(z)| < Cs, Yy, z € (B)., (3.23)

where Cf is independent of s < 1.
Combining now (3.23) with (3.19), we find that

lu(y)| < Cs, Yy € (B)., (3.24)

again with Cy independent of s < 1.
We next note that, for small w, (3.20) can be improved as follows :

w| < Cs = [w(l —Jw*)* < (C6)*(1 — [w]*)”. (3.25)

Arguing as above and using the first inequality in (3.19), (3.25) (instead of (3.20)), (3.24), and
(2.12) (instead of (2.11)), we find that

lu(y) —u(z)| < C7/s, Yy, z € (B')., (3.26)

with C7 independent of 0 < s < 1.
Finally, (3.26) and (3.19) imply (3.6), with t(s) — O as s — 0. O
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4 Pohozaev type identities and a priori estimates

In this section, we derive the Pohozaev identity corresponding to the operator £ in (2.6). As
for the Dirichlet integral, the identity is obtained by multiplying (2.6) with (z — 2%)u, + (y —
y”)u,. For simplicity, we perform our calculations when 2° = ¢ = 0, but in subsequent
results we may take other values of 2° and y°. Remarkably, the Pohozaev identity implies a
priori estimates merely under the d-independent assumption that €2 is star-shaped. The idea
of using the Pohozaev identity is natural in this context. For the standard Ginzburg-Landau
equation, it was successfully used in [2] and subsequently [20], [19]. For our specific system
and in a disc, it appears in Kowalczyk, Lamy, and Smyrnelis [13, Section 5].

Lemma4.1. (General Pohozaev identity) Let w be a Lipschitz bounded domain. Let X = (z,y)
denote the ’generic point in R?. Let v, respectively 7, denote the unit outward normal, respec-
tively the unit directly oriented tangent vector to dw.

Set

Vo= a2, +yvy, W= 2w, +ywy, Z = (V, W) ~ zu, + yu,.

Let u € C3(w; C) be a critical point of .. Then

= [0 =5 [ 0= PRy

9K, /8 (divu)(Z - v) — 2K, /8 (curlu)(Z - 7) @1
+K1/{—) (divu)*(X - v) + Kg/{9 (curlu)*(X - v).

Proof. We mimic the proof of Pohozaev’s identity. We rewrite (2.6) as

(4.2)

— Ky (divu), + Ks(curlu), = e 20(1 — |[v]?)
—Ki(divu), — Ks(curlu), = e 2w(1 — |ul?)

We let B, denote a boundary term that we will make explicit at the end of the proof.

Multiplying the first equation in (4.2) with V" and the second one with W, integrating once
by parts and summing up the results, we find that

1
B+ Kl/(divu)(div 2) —|—K3/(curlu)(cur1 2) =Byt 5y [(1-1uPP. @3

We next note the 2D-identities
1 1
(divu)(divZ) = 5 div[(divu)?X], (curlu)(curl Z) = 5 div[(curl u)?X]. (4.4)

Inserting (4.4) into (4.3) and integrating, we find that

1
~Bi+ K1Bs + KBy = =By + o | (1= [ul’)’”.

We obtain the conclusion of the lemma by noting that

B, = K, /%(divu)(Z-l/)—l—Ks/a (curlw)(Z - 7),

W
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1

By = — 1— |ul?)?(X -
2= 13 [ (=P,

1

Bgz-/ (divu)(X - ),
2 Ow
1

B4:—/ (curlu)2(X~1/). ]
2 Ow

We next rewrite the identity (4.1) in normal and tangential coordinates on dw.
We note the following identities, with (i, j) the canonical basis of R?:

divu =(Vv) -i+ (Vw) - j = (0.7 +vv) - i+ (w7 +w,v) - j

=Uy; - T + Uy - V. .3
We write v = (v, ) and 7 = (7., 7). Using (4.5) and the identities
Uy = Ty, Vy = —T,, curlu = div (w, —v),
we find that
curlu =u, -7 — u, - v. 4.6)
Similarly, we have
Z =X -1u,+ (X -v)u, 4.7)
Z-v=(X -7)(ur-v)+ (X -v)(u, v), (4.8)
Z-r=(X-71)(ur-7)+(X-v)(u- 7). (4.9)

Inserting (4.5)—(4.9) into (4.1) and rearranging the terms, we obtain the following conse-
quence of (4.1).

Lemma 4.2. With the notation in Lemma 4.1, we have, for any X° € R?,

S [0 =g [ =R =X

+ QX — X% uy - T,ur - V)
O (4.10)

— QQ(X—XO,UV'T,U,/'V)
Ow

+ Qg(X—X07U7—'T,UT'V,UV‘T,UV'V),
Ow

where the @;’s are quadratic forms with coefficients depending on X — X, explicitly given by

Qu(X = X°,&1,8) =K (X = X") -v)(&)* + Ks((X = X) - v)(&)°
—2(K; — K3)((X — X°) - 7)&1&,

Qa(X — X0y, m2) = Ka((X = X°) - v)(m)* + K1 (X = X°) - v)(1p)?, (4.12)

Qs(X — X, &1, &, m1,m2) = — 2K3((X — X°) - 7)&m

2K ((X — X)) - 7)&me.

(4.11)

(4.13)

Specializing to the case where w is a disc, respectively a half-disc, we obtain the following
consequences of our calculations.
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Lemma 4.3. Assume (2.8). Let u € C3(B) be a critical point of E. in a disc B of radius r. Then

1
&2

T
[a—ppy = [ P<gs [ a-ppreassr [ b
OB € OB

Lemma 4.4. Assume (2.8). T_hen there exist some finite positive constants C; = C}(01), j =
1,2, 3, such that, ifu € C?(H) is a critical point of E. in a half-disc H of radius r, then

1 C
o preor / 2 <
H OH €2

2

(1 — |ul*)* + 037“/ | |?.
OH oOH

Proof of Lemma 4.3. The conclusion follows from (4.10)-(4.13) (with X° the center of B), com-
bined with the observation that, in the case of a disc of radius r, we have ()3 = 0 and

Q1(X — X°,6,8) = Kir(&)* + Ksr(&)® < (1+6)r|¢f,
Qa(X — XO 1, m2) = Kir(m)? + Kar(m)? > (1 — 61)r|n[*. o

Proof of Lemma 4.4. In what follows, C; denotes a generic positive constant depending possibly
ondj.

With no loss of generality, we may assume that = 1 and
H={X=(z,y) e R%[X| <1,y >0}.

Let 0 < a < 1 be any fixed number, and set X° = (0, a). It is easy to see that

(X -X%v>0C3>0,VX € 0H, (4.14)
(X — XYYy <Oy, VX € 0H, (4.15)
(X — X 7| < Cs5, VX € OH. (4.16)

Combining (4.10)—(4.13) and (4.14)—(4.16), we find that

—/ )2+ Cy(1 — 51)/3H e

—/ =+ [ QuX = X%, v)
<4 Ly +2<c4+05> [
2e oK
+4C4/ (lur - Tl|uy - 7| + |ur - v||u, - v])
oH
C
< = U2+ 2(Cy + C) / 2
2e? Jou oH
+4c4/ |
oOH
C
<o [ = lPP+2AC+ G [l
OH oH
1
4301 =8) [ fuf+Co [ fuf
OH OH
whence the conclusion of the lemma. O]
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By a straightforward modification of the proof of Lemma 4.4, we obtain the following result
in a fixed bounded domain €2, that we state without proof.

Lemma 4.5. Assume (2.8). Then there exist some finite positive constants C; = C;(d1), j =
1,2,3,and rg = (01, Q) such that, ifu € C3(B,(z¢) N Q) is a critical point of £, in B,.(zy) N
Q, withr < ryand zy € 99, then

1

-2
€% J B (z0)NQ

u—n&ﬁ+cw/ﬁ 2 <2 (1 JuP)

(B (x0)NQ) g2 (B (x0)NQ)

+ 037”/ | |,
O(Br(z0)NK)

When 2 is strictly star-shaped, the local estimate (4.17) upgrades to a global estimate.

(4.17)

Lemma 4.6. Assume (2.8). Assume that (2 is strictly star-shaped, i.e., that there exist some
X? € Qand C5 > 0such that

(X - X% -v>0C5 VX €09. (4.18)

Let u = u, be a critical point of E in H}(Q2). Then there exists a finite positive constant
C' = C(0y,C3) such that

1
S fa=wprs [ wp<c [ o (.19
e Ja e} e}
Proof. It suffices to copy the proof of Lemma 4.4. There, the existence of C5 follows from the
geometry of H. In our case, the existence of C; is an assumption. O]

Lemmas 4.3 and 4.5 yield the following a priori estimates for critical points of F. satisfying
anatural bound on the energy. In particular, thanks to the energy estimate (2.5), these bounds
apply to minimizers of E. in H,(f2; C). Note, however, that the estimates below do not imply
(3.1), since the constants we obtain below depend on the energy bound (which in turn depends
on the boundary datum g).

Lemma4.7. Assume (2.8). Let u = u, be critical points of £, in H () satisfying the bound
E.(u) < K|lneg|. (4.20)
Then, with finite constants C; = C;(K, d1), j = 1,2, we have, for small ¢,

lul < Ch, (4.21)
|Vu| < Cy/e. (4.22)

In particular, if u minimizes E. in H, gl(Q), then ', Cy may be chosen to depend only on
deg g and 6.

Combining Lemma 4.7 with Lemma 2.5, we obtain the following

Corollary 4.8. Assume (2.8). Fix g € C°(9€);S!). Letu = u., 0 < € < 1, be critical points of
E.in Hg1 (Q2) satisfying the energy bound (4.20). Then (2.18) holds.
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Proof of Lemma 4.7. The proof is similar to the one of Lemma 3.5, with the variation that, for
clarity, we perform a blow-up.

In what follows, C;, j > 3, denotes a finite positive constant depending only on K and

possibly d;, and D; a finite positive universal constant. Let z € (). With the notation in the
proof of Lemma 3.1, we have either B.oi () C €, or Beoi () ¢ 2. We consider only the first
case, the other one being similar. Pick some 4¢ < e? < r < ™ such that

7"/ IVul? + 12/ (1— |u?)? < Cs. (4.23)
Cr(z) €% Jer(a)

By (4.23) and Lemma 4.3, we have

1

S a-mprcn (4.24)

By (x)

Assume, for simplicity, that 2 = 0. Set u(y) := u(ey), y € B := B4(0). Then

L= f:=u(l-|u?inB,
so that, by standard elliptic estimates,

[@llcrrzgp,y < Dy | Fllasacmy + Dallull ), (4.25)
where B, is as defined in (2.9). By (4.24), (4.25), (3.20), and the inequality

w[* < Ds(1 = Jwf*)’ + 1, Yw € C,
we find (going back to ) that

lu(z) — u(t)| < Cs, Vz,t € By(). (4.26)

Combining (4.26) with (4.24), we find that (4.21) holds in B, (). Then, using (4.21) in Bs.(z)
and the estimate

IVl 5,0y < Dall fllzzs.) + Dallll poe s,
(with B, = By(0), B.. = B1(0)) and going back to u, we find that (4.22) holds in B.(z). [

Lemma 4.9. Assume (2.8). Assume that (2 is strictly star-shaped. Consider critical points u =
u. of E. in H,(12) satisfying the energy bound (4.20). Then, for some finite constant C} =
C1(K,01,€, g) and small £, we have

/ 11— Juf?2| % [Vul? < G, #.27)
Q

Proof. By the Gagliardo-Nirenberg inequality, (4.21), standard elliptic estimates, and Lemma
4.6, we have the following (global in 2) estimates, with constants depending only on K, 41, €2,

qg:

2
IVuly <Collullllull = < Csllull 2 < Callgl sz + [ Lully)

C (4.28)
<Cs(1+e?|1—[uf?|,) < ?6
We obtain (4.27) from (4.19), (4.28), and Cauchy-Schwarz. O
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5 Bad discs structure

In this section, we provide some easy consequences of the a priori estimates established in the
previous sections. We first define the notion of bad disc. A bad disc B = B¢, (x.) is a disc of
radius C¢, centered at z., such that |u.(z.)| < 1/2and |u.(x)| > 1/20n0(BNS2). Note thatin
our situation we have u. € H, (), and thus the latter condition is equivalent to |u.(z)| > 1/2
on 0B N §). Here, the constant C could possibly depend on a sequence ¢, — 0, but its size is
controlled by the a priori estimates available on w.

Lemma5.1. Assume that (2.8) holds. We have:

1. Suppose that 2 is strictly star-shaped. Consider critical points u = wu. of E in H,(f2) sat-
isfying the energy bound (4.20), where ¢ = ¢, — 0. Set A, := {z € Q; |u(x)| < 1/2}. Then
there exist finite constants N = N (K, 61, €, | ¢g-|,) and L = L(K, 61) such that, possibly along
a subsequence (¢, ),

A, can be covered with at most N bad discs Be.(27), (5.1)
for some constant C possibly depending on (£,) such that

3<C<I, (5.2)
and

for j # k, |2d — ¥ > 4Ce. (5.3)

Moreover, there exists some finite number C’ > C, possibly depending on (¢;), such that,
possibly along a further subsequence (<, ),

A. can be covered with at most N “enlarged” bad discs Ber.(27) (5.4)
such that
forj # k, |# — ¥ > case — 0. (5.5)

2. The same conclusions hold if 2 is arbitrary and v is a minimizer of E. in H,(2), where this
time N = N(degg, d;) and L = L(degg, d).

3. For each ¢, consider: (i) either critical points of E. in a strictly star-shaped domain 2, satis-
fying the energy bound (4.20) ; (ii) or minimizers of E.. Then there existsa C' = C'(¢) satisfying
(5.1)-(5.2).

Note that the price to pay in order to have (5.5) is the lack of control on the constant C’.

Proof. 1. By (4.22) in Lemma 4.7, there exists some A > 0 such that, if¢ > 0 is small, we have
{x € Q,/ (1—1|u®)? <A = [Ju| >1/2in B.(z)]. (5.6)
B (z)NQ

Combining this fact with the a priori estimate (4.19), we find that any disjoint family of discs
B = B.3(x) such that |u(z)| < 1/2has at most N elements, where N = N (K, 61,4, | g-|).
Therefore, the set A, can be covered with at most NV discs B = B.(z5), satisfying |u(z5)| <
1/2.
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We next enlarge these discs in order to obtain bad discs. For this purpose, let us note the
following. Fix an integer M and consider, for each ¢, at most M intervals I5, ..., I, each of
length < 2¢. Then, up to a sequence ¢, — 0, there exists some 3 < C' < 3(M + 1) such that
Ce & UyiI;. (A similar conclusion can be drawn if we start from a sequence £, — 0, possibly
after passing to a subsequence.) Indeed, the union of the /;’s cannot contain all the points ne,
withn = 3,6,...,3(M + 1), and thus, up to a subsequence, we may take C' = n, for one of
these n’s. Applying this observation to the sets {|z — z;|;z € B5}, we find that there exists
some 3 < C' < 3(N + 1)(V + 2)/2 such that the discs Be.(x$) cover A, and, in addition,
Cce(x5) does not intersect any of the B.(x5). Therefore, we have Cc.(27) N A. = (). We find
that each B (%) is a bad disc.

Finally, the existence of enlarged bad discs satisfying the additional properties (5.3) or (5.5)
is then obtained as in [2, Chapter IV]. (This may require taking passing to a further subse-
quence.)

2. The proof is essentially the same, thanks to the upper bound (2.5). The only difference arises
from the argument leading to the existence of N = N (41, deg g), since we are not in position
to rely on the assumption (4.18). Let0 < f < o < 1befixed. Let0 < A < 1/2and let
n be as in Lemma 3.1 (corresponding to this \). If ¢ is sufficiently small and x € A., then
E.(uc, Beas(x)) > n|Inel. Therefore, there exists some N; = N;(deg g, ;) such that A, can
be covered with at most N; admissible balls B.. (z5). By a mean value argument, there exist a
constant C = Cy(deg g, o, B) and radii r = 75 such thate* < 7§ <& and

r
r/ u,|? + —2/ (1 — |ul*)?* < Cy. (5.7)
A( By (x5)NKQ) €% Jo(Br(z5)n0Q)

Combining (5.7) with (4.17), we find that, for some constant D = D(deg g, ,), we have, for
small ¢,

1

- (1—|u*?< D, Vi. (5.8)
€% JB.a(z5)N

Using (5.8) and arguing as in the proof of item I, we find that A. N B.a(z5) can be covered
with at most Ny = Ny(deg g, d;) discs B.(z). This yields a covering of A. with at most N; N,
discs, each of radius .

3. By the argument used in the proof of item 1, we may actually choose some C'(¢) € [3,3(N +
(N +2)/2]. O

6 Theenergyisbounded on “intermediate” balls away from the

bad discs

In this section, we derive an easy consequence of the results in Section 4 combined with the bad
discs structure. We consider the setting of Section 3. We assume (2.8). Let €2 and the boundary
datum g € C*>°(9€; S') be fixed. Letu = wu. be a minimizer of E. in H,(2; C). By Lemma 5.1
item 2, we may find an integer N and a finite constant C, depending only on deg g, such that,
for small € (depending on €2 and g), (5.1) holds.

An inspection of the proofs in Section 3 shows that the smallness of the constant 7 plays a
role mainly in the existence of a suitable radius r such that, on 9( B, () N Q2), (i) |u.| is far away
from 0 and (ii) u./|u.| has degree 0. This is especially useful in Lemmas 3.2 and 3.3. Ifwe know
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that the assumptions (i) and (ii) are valid for all “useful” radii r (i.e., for the radii obtained via a mean value
argument, as, e.g., in (3.8)), then Lemmas 3.2 and 3.3 hold without the smallness assumption on 7). These
considerations lead to the following result.

Lemmaé.l. Let0 < o < 1 < f < 1/aande < 1/2. Let S. denote the union of the bad discs
in (5.1) and suppose that B = Bg(x) is a ball such that

e/ < R < ¢*and dist(z, S.) > R. 6.1)
Then, for sufficiently small € and some finite constant C; = C(deg g, 1, a, 3), we have
E.(u, Brs(x) N Q) < Cy and G.(u, Bgs(x) N Q) < C4. (6.2)

Sketch of proof. Inwhat follows, C; = C;(deg g, 61, a, ) is a finite constant, and ¢ is sufficiently
small. By Lemma 2.2, the assumptione'/# < R < £, and a mean value argument, there exists
some R? < r < R/2 such that

.
r/ w2+ —2/ (1 [u2)? < C. 6.3)
OB (x)NS €% JOB,(z)nQ

_Let C be the constant in (5.1). Since dist(B,.(z), S¢)) > R/2 > Ce, we find that [u| > 1/2
in B,.(z) N, and thus, in particular, u/|u| has degree zero on 9(B,.(z) N §2). By the above, we
are now in position to repeat the proof of (3.3) in Lemma 3.2 and obtain the estimates

/ UN Uy
Cr(z)NQ

Combining (6.4) and (2.3), we find that

< Cg and GE(U, BT<I> N Q) < C4. (64)

E.(u, B.(z) N Q) < Cs. (6.5)
Finally, (6.2) follows from the second inequality in (6.4) and (6.5). O

In Section 13, we will encounter an avatar of the above considerations; see Lemma 13.4 there.

7 Zoom near the boundary

In this section, we prove that the bad discs described in the previous section are far away from
the boundary at the ¢ scale. This fact is an obvious consequence of the following result.

Lemma7.1. Let u = u. be critical points of E. in H,(Q) satisfying the energy bound (4.20).
Let C be a fixed constant. Consider, for each ¢, a point y. € Q) such that dist(y., 9Q) < Ceand
let, for small ¢, z. be the nearest point projection of y. on 0€2. Then

us(y:) — g(z) = 0ase — 0. (7.1)

Corollary 7.2. Under the assumptions of Lemma 5.1, the centers zJ of the bad discs satisfy
dist(2?,00) > ease — 0.

20



Proof of Lemma 7.1. It suffices to obtain (7.1) up to a subsequence. This is obtained via a blow-up
analysis. Consider the rescaled maps

v.(2) == u(ez+ 2.), V2 €U, ==~z +Q),

extended with the same formula to U..

Note that 0 € dU.. Up to a subsequence, we have g(z.) — g for some constant g € S',
and the unit outer normal to U, at the origin converges to some £ € S'. We work with such a
subsequence. Consider the half-plane H := {X € R?; X - £ < 0}.

We next note that, by Corollary 4.8, v. has bounded derivatives, at any order. Moreover, the
tangential derivative of v, on OU. is (uniformly) of the order of . By the above, possibly up to
a further subsequence, we have v. — v pointwise in H and uniformly on bounded sets, where
the map v is smooth in H, satisfies v = § on H, and is a solution of

Lv=v(1—|v|*)in H. (7.2)
(To be specific, uniform convergence on bounded sets means that
max{|v.(r) —v(z));z € KNU.} = 0ase — 0, VK C H compact.) (7.3)

We note that the conclusion of the lemma amounts to v = §. In order to obtain this con-
clusion, we first establish an additional property of v. By Lemma 4.5, the energy bound (4.20)
and a mean value argument, there exist a finite constant C (possibly depending on 4, K, €2,
and g) and some r = r. € (¢'/2,£'/3) such that

7“/ lus,|* < C. (7.4)
By (ze)NOQ
Estimate (7.4) is equivalent to
€
/ v, |? < C-. (7.5)
B,/ (0)NAU r

Using (7.5), Corollary 4.8, and the fact thate /r — 0 ase — 0, we find that v satisfies

v e C®(H)
Lv=v(1—|v]?) inH
- . (7.6)
v=geSs! on0H
v, =0 on0H

We complete the proof of lemma via the following
Claim. The only solution of (7.6)isv = g. In order to prove the claim, we extend v to R? with the
value gon H_ := R?\ H, and still denote the extension by v. We note thatv € H}. (R?) and

loc

that Lv = v(1 — |v|?) in H and also in H_. The key observation is that we actually have
Lv = v(1 — |v]?) in the weak sense in R?, (7.7)

Indeed, since v = g =constant on 0H and v, = 0 on OH, we find that Vo = 0 on 0H.
Therefore, if ¢ € C°(R?;R?) and we write § = (3%, %), ¢ = (¢, p?), then (using the fact
that £ is formally self-adjoint)

/v'tﬁwz/wﬁgo:T—i-/Ev-(p:TjL/go-v(l—|v|2),
H H H H
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/v-tﬁgp:/ v-ﬁapz—T—I—/ Ev-gp:—T:—T+/ ¢ -v(l = |v]?),
H-

/v~t£90=/v-£<p=/ ol — o),
R2 R2 R2

where T is the boundary term

T = /6 [~ K03l + ) — Kag'ny (o) — o)
H
— K17%vy(0) + @) + KsgPva (0, — ©2)],

whence (7.7).

We complete the proof of the claim, and thus of the lemma, by noting that the definition of
von H_ combined with Lemma 2.6 implies that v = g. ]

8 Zoom of enlarged bad discs

The results in this section are valid under the assumption (2.8). We consider maps u = u. € H}(Q)
satisfying the assumptions of Lemma 5.1, i.e.: (i) either critical points of E. in H () in a strictly star-
shaped domain (), satisfying the a priori bound (4.20); (ii) or minimizers of E. in H ; (Q). Inparticular,
the conclusions of Lemma 5.1 hold.

Consider an enlarged bad disc as in Lemma 5.1. Consider the rescaled maps v. as in the
proof of Lemma 7.1, with z. replaced with the center of the bad disc. By Lemma 2.5, Corollary
7.2 and the a priori estimates (4.21), (4.22), and (2.19) (all valid, for small ¢, as a consequence of
the assumptions considered above), the following hold, with constants independent of small ¢,
0 satisfying (2.8), the boundary datum g, and with R. — coase — 0:

v. is defined in Bg_(0), (8.1)
lv(0)] < 1/2, (8.2)
|D¥v.(2)| < Cyin Bg_(0), Yk, (8.3)
Lv. = v.(1 — |v.|*) in Bg_(0). (8.4)

Moreover, there exists finite constants D;, D5 (possibly depending on ¢ if u. is merely a
critical point of E.) such that

[ a-ppreo, ®5)
Br,(0)

lve(x)| > 1/2if Dy < |z] < R.. (8.6)
In addition, if u. is a minimizer of E.,

v, is a minimizer of F in Bg_(0) with respect to its own boundary condition. (8.7)

It follows that, possibly up to a subsequence, (v.) converges in C7°,(R?) to a smooth map

loc
v : R? — C such that

[v(0)] < 1/2, (8.8)
|D*v| < G, VE, (8.9)
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Lo =v(l = v, (8.10)
[ a-wp2 <o, @10
R2
and, if u, is a minimizer of E.,
v is an entire local minimizer of E (in the sense of De Giorgi). (8.12)

For further use, let us note that any map v satisfying (8.9) and (8.11) satisfies lim,| o [v(2)| =
1, and thus v has a “degree at 00”, in the sense that, for large R (depending on v), the integer
degv := deg(v/|v|, Cr(0)) is well-defined and independent of R.

In what follows, we derive some easy consequences of the analysis developed up to now.

Corollary 8.1. For every 0, there exists a bounded entire local minimizer of F; satisfying (8.11)
and of negative degree.

Proof. Consider any domain (2 and any boundary datum of negative degree. The enlarged bad
discs in Lemma 5.1 satisfy

Z deg(u6/|ua|v OC’E(xj)) = deg(.Q? aQ)

(since u. does not vanish in Q\ U, B (7). Therefore, at least one of them has negative degree
on Ccr(25). Blowing-up this bad disc and possibly after passing to a subsequence, we obtain
a v as in the above statement. O

Remark 8.2. With more work, it is possible to remove the assumption (8.11) and establish the
following analogue of the main result in Sandier [17]. Let v be a bounded entire local mini-

mizer of £;. Then [ (1 — |v|?)? < co. However, it is unclear how to remove the boundedness
R2

assumption on v.
We next note a first “small §” result.

Lemma8.3. We fixaboundarydatumg € C>(9€; S'). Letu. be aminimizer of E. in H,(Q; C).
Let0 < A < 2. There exist finite constants dy, C, C depending only on A, such that, if § < §y
and e < g¢(9, A), and v, is as above, then:

/ (1= Jvf?)? >\, (8.13)
Bc, (0)

lve(z)| > 1/2if Cy < |2| < R., (8.14)
deg(v:/|vel, Ce, (0)) = £1. (8.15)

Corollary 8.4. If § < &y and u. minimizes F. in H}(Q; C), then we may replace, in the defini-
tion of the enlarged bad discs, the condition |u.(x?)| < 1/2 with u.(27) = 0.

Proof. This follows by noting that, by (8.14) and (8.15), v has to vanish in B¢, (0). O
Combining Lemma 8.3 with the proof of Corollary 8.1, we obtain the following

Corollary 8.5. If 6 < 4y, then there exists an entire local minimizer satisfying (8.11) and of
degree —1.
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> (R?) limit of v, (possibly up
to a subsequence ;, — 0). The conclusion of the lemma follows provided any such v° has, for
small 6 and with respect to appropriate constants C; and C5, the following properties:

Proofof Lemma 8.3. For a fixed §, consider any v° arising as a Cf°

/ (1—]0°)*)% > A, (8.16)
Bc, (0)

100 (x)] > 2/3if || > Cs, (8.17)
deg(v’/|v°], C, (0)) = 1. (8.18)

In turn, (8.16)—(8.18) hold if any v arising as a C°,(IR?) limit of v° (possibly up to a subse-

loc
quence) satisfies

/ (1—|v]*)? > A, (8.19)
Bc, (0)

|v(z)| > 3/4if |z| > Cs, (8.20)
deg(v/|v],Ce,(0)) = £1. (8.21)

In order to prove (8.19)—(8.21), we note that (8.8) and (8.12) applied to v° yield, by letting
0 — 0, that

[v(0)] < 1/2 (8.22)

and v is an entire local minimizer of GG;. (Here, we use the fact that, when § = 0, the min-
imization of E) is equivalent to the minimization of Gi; see the proof of Lemma 2.1.) Such
minimizers are either constants of modulus 1 (which cannot happen in our case, by (8.22)) or,
up to a rotation and translation, of the form v(re??) = f(r)e*? [14]. Here, f > 0 is (strictly)
increasing and uniquely determined by the equation —Av = v(1 — |v|?) and the condition
f(r) — lasr — oo. Moreover, for such v we have, by a straightforward application of Po-
hozaev’s identity,

/ (1 o?)? = 2n 5.2
RQ

(see also Brezis, Merle, and Riviére [3] for a more general result). If, for 0 < ¢ < 1, we let 1,
be the unique solution of f(r;) = ¢, then, by (8.23) and the monotonicity of f, (8.19) holds for
large C, while (using (8.22)) (8.20) and (8.21) hold with Cy := rg/4 + r1/2. O

9 Small 6 analysis. Bad discs structure for minimizers

Throughout this section, we consider minimizers u = w. of E. in H,(€2; C), with boundary
datum of degree — D < 0. The main result of this section is the following.

Theorem 9.1. There exists some 0 < J, < 1, possibly depending on D, but not on {2 or g, such
that, if 0 < 6 < 69 and ¢ is small, then u has exactly D enlarged bad discs, all of degree —1.

The proof of Theorem 9.1, which is somewhat similar to [19, Proof of Theorem 5.4], is slightly
easier in the case where (2 is strictly star-shaped. We start with this case, and later we present
the minor modifications to be made in order to treat the general case. A first key ingredient is
the following straightforward variant of Lemma 4.3 combined with Lemma 4.6.
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Lemma9.2. Let0 < § < 05 < 1. Ifwis a critical point of F, in H; (€2), then there exists some
finite constant C' depending only on d; such that, for every x € Qandr > 0,

1 r
z a—w%+u—@w/ mms—if (1 - [uf2)?
€2 JB.(x)ne Cr(2)NQ 2e2 Jeo, (x)ne
+ (1 + 52)7"/ |, |? 9.1)
Cr(z)NQ

+Cr / V2.
B, (z)Nos2

If, moreover, ( is strictly star-shaped, then there exists some finite constant C', depending
on dy, §2 and g, such that, forevery x € Qand r > 0,

1 r
S - [ P [ ey
g2 Br(z)NQ Cyr(2)NQ 2e? Cr(z)NQ
+(1—|—52)r/ u, 2 O
Cr(z)NQ2
+6’7",
and therefore

1 1
~|Vul® + —(1— u22}
meb” L)

1 1 Cr
piall P 1—[u)?)? = —— .
r {2(1 + (52)52 /BT(I)OQ( |U| ) 2(]_ + 52)

A second ingredient is reminiscent of the expanding balls technique in [19, Chapter 4]. Al-
though we could adapt to our context the more general arguments in [19], we rely on a very
simple result, sufficient for our purposes. Since the proof does not “see” the space dimension,
we state the result in R” (and use it in R?).

(9.3)

Lemma9.3. Letn > 2, Ry > 0,and X C R". SetU := {x € R™; dist(x, X) < Ry}. Consider
aninteger N, a radius 0 < R < 3'"V Ry, and N (not necessarily disjoint) closed balls of radius
R, B;j = Br(z;),1 < j < N,suchthatz; € X,Vj. Foreachz € X and0 < r < R, set

J(z,r) = {j; B; C B,(2)}.

Let A1,..., Ax > 0. Suppose that a non-negative Borel function i defined on U \ U, B, has
the following property:
1
S,(@) N B = 0, V)] — / B>t S N veeX Vo<r<R, 04
Sr(x) r jeJ(z,r)
Then

Ry

J
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Proof of Lemma 9.3. With no loss of generality, we may assume that Ry = 1. The proof is by
induction on N. When N = 1, we note that

/ hZ/ / / d7"> (ln—) )\1,
U\BRg(z1) Bi(z1)\Bgr(z1) r(z1) R

whence the conclusion.
Assume next that (9.5) holds for (N — 1) balls and consider N balls as in the statement of

L.
thelemma. Set m := — min |z; — ;.
2 i#j

Case1. We havem < R. Equivalently, we have B; N B; # () for some i # j. With no loss
of generality, we may assume that By N By # (). Consider the balls E = Bsg(z;),1 <
j < N — 1 ThenUijen B C Uigjen- 1B and 3R < 3'-(N=1)_ Agsociate with these balls
the numbers \; := Ay AN—2 = An— Q,AN 1 := An—_1 + An. Then clearly the radius 3R,

the (N — 1) balls B], and the (N — 1) numbers Xj satisfy the adapted version of (9.4). By the
induction assumption, we find that

1
h > h > Aj In —— Aj
/U\Uij N []\Ujgj N < 3N 2 3R ) Z ( ! 3N1R) ; 7

whence the desired conclusion in Case 1.

Case2. We have R < m < 3!~V Consider the balls Em(xj), 1 < j < N. Then (by definition of
m) two of these balls have a common point. By the conclusion of Case 1, we have

1
h>(In—— A 9.6)
/U\uij(zj) ( 3N_1m>z ’

J

On the other hand, we have (using (9.4))

m
/ Uy (Ban(e\Br(z) Z/ / () y)r 2 (hl E) Zj: Aj. 9.7)

We complete Case 2 by combining (9.6) and (9.7).
Case 3. We havem > 31~ Then the balls Bgi~(z;) are mutually disjoint and therefore (using

(9.4)
/ ) doy)ir

h > h =
/U\Uj Z/Sl N (z;)\Br(z;) Z/
> (m —3N_1R) ZAj.
J

Proof of Theorem 9.1 when € is strictly star-shaped. Let A < 27 be a number to be fixed later (suffi-
ciently close to 27). Let § < g = do(A), with dg as at the end of Section 8. By Lemma 8.3, if we
prove that there are at most D enlarged bad discs, then there are exactly D enlarged bad discs,
and their respective degrees are all —1.

Let C) be as in Lemma 8.3. (Note that C depends onlyon \.) Letz?,1 < j < N(g) < N,
be the centers of the enlarged bad discs (as in Lemma 5.1 item 2). For a sufficiently small ¢, the

31N
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enlarged bad discs are contained in €2 (Corollary 7.2) and, by Lemma 8.3 and the convergence
results derived at the beginning of Section 8, we have (after rescaling back the functions v.)

hmmﬁﬁjé (1= |uc?)? > A 9.8)
0 J € Be,e(x1)

Consider some smooth S!-valued extension G of g to R?\ 2. (Recall that, for simplicity, we
have assumed (2 simply connected, and therefore such an extension does exist.) We still denote
u = u, the extension of u with the value G outside Q.

Consider a small number a > 0, to be fixed later. Set

X =0, U:={xr € R? dist(x,Q) < 1}, (9.9)

R := Cie, B; := Bg(2l), 1 < j < N(e), (9.10)
_1 o, Lo

h:= 2|Vu| +4€2(1 lu|”)*, (9.11)

A

Al == AN(e) ' = — —a. 9.12

! N T oty ©-12)
Let a be sufficiently small such that A; > 0 and
Ry = w <1. (9.13)

By (9.8) and (9.3), whenz € Q,0 < r < Ry, and B, (x) contains at least one enlarged bad

disc B;,, we have

1 A GRO 1
"2 N Z A 9.14
/cr@c) o [ 2 2(1+02) 2(1+52)] = >N (9.14)

jeJ(z,r) jeJ(z,r)
Using (9.14) and Lemma 9.3 (with R given by (9.13)), we find that, for sufficiently small ¢,
we have
A Ro
h>|———a| N(e)ln— 9.15
/U = {2(1+52) “] (E) &% ©-15)

and therefore (using the definition of / and the fact that G is smooth and S!-valued), the Gin-
zburg-Landau energy of u satisfies

G, Q) > [ﬁ - a} N (o) ln% ~ Clae). 9.16)

Here, C(a, ¢) is bounded as ¢ — 0.

On the other hand, Lemma 2.2 combined with Lemma 2.1 yields, with a constant C5 de-
pending on dy, €2, and g, the following bound for the standard Ginzburg-Landau energy:

Ge(u, Q) < T Dlné+Cg,V0<6§1. (9.17)
— 02
We finally choose A, a, and 6, such that
A T
D+1)|—— — D—. 9.
(D+ ){2(1+(52) “}> -0, (.18)
(This is possible, provided A is sufficiently close to 27 and 4, and a are sufficiently small.)
By (9.16), (9.17), and (9.18), for small ¢ we have N(¢) < D + 1,1i.e., N(¢) < D. O
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Proof of Theorem 9.1in the general case. Let 1o be as in Lemma 4.5. Let g € 0f). Using the up-
per bound (9.17), (4.17), and a mean value argument, we find that (with C} as in (4.17), Cy =
Cy(D, b2),and e < gy = g¢(D)) there exists some ry/2 < r < ry such that

1
C’lr/ lu, |* < CyrIn =
Br(xo)m?Q €

Covering 0f) with a finite number (independent of ¢ < ¢¢) of balls B,.(x() as above, we find
that

1
lu,|> < Csln =, (9.19)
o0 €

Combining (9.19) with (9.1), we obtain, for small ¢, the following versions of (9.2) and (9.3):

i
A=y +0-0) [ qulsl [ -y
Cr(z)NQ € Jo,(z)na

e (52)7‘/ P .20

1

-2
€% JB.(z)nQ

Cr(z)NQ
+ Cr ln1
€
and
1 1
~|Vul)® + —(1 — |ul? 2}
L. 5IVOP + gl o)
11 Crin(1/e) ©-20
2o [ - S
r 2(1 + 52)8 B (z)NQ (1 + 52)7“
Set
1
Ry = m (9.22)
C'ln(1/e)

For small ¢, we have Ry < 1. Repeating the argument in the star-shaped case and using
(9.21), we see that, with Ry as in (9.22), (9.14) still holds. Therefore, we are in position to derive
the analogue of (9.16), which in our case (using (9.22)) is

- a] N(e) ln1 — C(a,e) — C(a,e)Inln 1, (9.23)

>

(14 42)
with C'(a, ) and 5(@, ¢) bounded as ¢ — 0. Finally, we choose A, a, and §; as in (9.18) and
complete the proof via (9.17), (9.18), and (9.23). O
10 Small ) analysis. Insight on the locations of the bad discs

Throughout this section, we consider minimizers u = w. of E. in H,(€2; C), with boundary
datum of degree —D < 0. We let 65 be as in Theorem 9.1. The main result of this section is the
following theorem that will subsequently be sharpened in several directions in Sections 12 and
13.
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Theorem10.1. Let 0 < v < 1. There exists some 0 < d3 < d, possibly depending on D and «,
but not on Q or g, such that, if 0 < § < §3 and ¢ is small, then the centers 27, j = 1,..., D, of
the enlarged bad discs satisfy

L. j k e
m = —min |zl — 2| > &%, (10.1)
J#k
dist(2?, 0Q) > &%, V. (10.2)

The proof of (10.1) relies on the following generalization of Lemma 9.3.

Lemma10.2. We use the same notation as in Lemma 9.3. Let  : R, — R, be a superadditive

function. Let N > 2and A\, ..., Ay > 0. Consider the numbers
b="0b(\,...,An) = rggn[fb(& +Aj) = ®(N) — 2(X)] = 0,
i#j
1
m := —n;éin |z; — x;], p := max(R, m).
i#j

Suppose that a non-negative Borel function h on U \ U; B; has the following property:

1
1S,(2) N B, = 0, V] :>/ e e Y )
Sr(x)

jeJ(z,r) (103)
Vere X,V0<r <R,
Then
Ry Ry
h>|ln —— d(N;) + bl . 10.4
/U\uij = <n3N1R>zj: (Aj) + 1“3N71p (10.4)

Note that one recovers Lemma 9.3 by taking & = Id.

Proof of Lemma 10.2. We may assume that Ry = 1. The proofis by induction on N. We mainly
rely on Lemma 9.3, using the fact that, thanks to the superadditivity of ®, the assumption (9.4)
is satisfied with \; replaced with ®()\;). The case N = 1is a special case of Lemma 9.3 if we
take by convention b = 0 when N = 1. Assuming that the result holds for (N — 1) balls, we
argue as in the proof of Lemma 9.3.

Casel. We havem < R (andthus p = R). Consider the enlarged balls Ej asin Case 1in the proof
of Lemma 9.3. Using the conclusion of Lemma 9.3 (with \; replaced with ®(,)), we find that

/U\Uij h > (m ﬁ) ( D @(N) A+ Py F AN)>

J<N-2

In L ) (Z DO(N) + [PAv—1+Av) — P(An—q) — @(AN]>

J

<.

(
> (111 3NEIR) S a(\) +bln ﬁ
(

1 1
In 3N_1R) > @();) +bln T,

J
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Case 2. We have R < m < 317V, Arguing as in Case 2 in the proof of Lemma 9.3 and using the
conclusion of Case 1 above, we find that

1 1 m

1 1
J

Case 3. We havem > 3~V The conclusion follows from Lemma 9.3 noting that in this case we

< 0. [l

have bIn g1, =

We may now proceed with the proof of (10.1). As for Theorem 9.1, the argument is slightly
easier when (2 is strictly star-shaped, and we start with this case.

Proof of (10.1) when € is strictly star-shaped. Thanks to the assumption 6 < J,, for small € the
function u has exactly D enlarged bad discs, each of degree —1 (Theorem 9.1). We extend u
to R? as in the proof of Theorem 9.1. Let X, U, R, and B; be asin (9.9)-(9.10) (with N (¢) = D).
Let

u 1 .
w = Tal’ h:= §|Vw|21nU \ U, B;, (10.5)
M=...=\p:=1, (10.6)
®(t) := 7t*, YVt € R. (10.7)

By Theorem 9.1, we have
deg(w, Cy(z)) = =#J(x,r)ifx € X,0<r <1,and C,(z) N B; =0, V. (10.8)

For x and r as above, we have, by the Cauchy-Schwarz inequality and (10.8),

2
27r7’/ lw, > > (/ |wT|) > (2r#J(z,7))?, (10.9)
Cr(z) Cr(z)

and thus (10.3) holds with A; and ® as above.

We use the notation in Lemma 10.2. By Lemma 10.2, using the fact that w is smooth and
fixed outside 2 and that, by the construction of the enlarged bad discs, we have p = m for
small £, we find that

1

1 1
—/ IVw|* > 7DIn = +2rIn — — C, (10.10)
2 Q\U]‘Bj € m

where C'is a finite constant independent of small €.
On the other hand, one easily checks the following:

1 1 1
[ul 2 5 = SIVul? > 3Vl = 211 = [ul?||Vul* (10.11)

Combining (10.10) and (10.11) with the upper bound (4.27) and the fact that |u| > 1/2 out-
side the bad discs, we find that

Ga(u, Q) > %/

1 1 ~
Vul? > aDIn = +27rIn — — C, (10.12)
Q\Uij € m
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where C is a finite constant independent of small . On the other hand, if § < §3, with d3 < 5
to be fixed later, (9.17) (with d3 instead of d,) holds, and thus, using (10.12), we find that

1 D/ 1 1 C+Cs
— <=z — - . .
In o= (1 — 53 l) In - + or (10.13)

From (10.13), we find that, for small ¢, (10.1) holds provided

D/ 1
= _1 . O
2(1—% )<a

When (2 is a general domain, we do not have (4.27) at our disposal anymore. We sketch
below the adapted argument.

Sketch of proof of (10.1) in the general case. The inequality (10.10) stillholdsin the general case. How-
ever, the strategy for obtaining an analogue of (10.12) from (10.10) is different. Consider some
number 0 < a < 1 to be fixed later. Define the (enlarged bad discs) as in Section 5, but with
1/2 replaced with a. One can see that Lemma 5.1 still holds, possibly with some N depending
on a. Also, the analysis in Section 8 holds, for § < dy, with ¢, possibly depending on a. So does
Theorem 9.1. At this stage, using Theorem 9.1 and Corollary 8.4 we conclude that, for small
0 and two different a’s, the corresponding enlarged bad discs coincide, up to a multiplicative
constant factor of their radii. Therefore, the estimate (10.1) does not depend on the specific
value of a we choose.

We next explain how to choose a. We have the following substitute of (10.11):
lu| > a = |Vul]* > a*|Vuw|*. (10.14)
From (10.10) (with the enlarged bad discs corresponding to a) and (10.14), we find that
G-(u,Q) > ma*D lné + 27a? lné — C(a). (10.15)

In order to obtain (10.1) from (10.15) and (9.17), it then suffices to choose a and 5 such that

D [ 1 )
ﬁ(1_63—a><04. O]

Remark 10.3. For a different approach to the case of general (i.e., not necessarily strictly star-
shaped) domains (2, see also Theorem 12.2 and its applications in Section 12.

The basic ingredient of the proof of (10.2) is the following simple result.

Lemma10.4. Let0 < A < 27. Let g € C'(99Q;S'). Then there exists some 5 = ro(), (2, g)
such that the following holds. Let 0 < r < rgand zy € 9f). Consider a Lipschitz map w :
(B, (z0) N Q) — S! such thatw = g on B,(z) N 9 and degw = —1. Then

f/‘ w2 > . (10.16)
2 Cr(z0)NQ

Similarlyif degw = d € Zand 0 < \ < 2d*m.
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Proof. For small ry and with finite constants Cj, Co, all depending only on 2, and for r, x( as
above, the following hold:

C(zo) N 2 consists of a single arc of endpoints a = a(r, zo), b = b(r, xg), (10.17)
AN O, (1)) < 7r + Cor?, (10.18)
dist(a, b) < Cor (10.19)

(in the last line, dist is the geodesic distance on 0f2).
Using: (i) (10.17)—(10.19); (ii) the degree condition on w; (iii) the fact that g is Lipschitz; (iv)
the Cauchy-Schwarz inequality, we find successively, possibly after considering a smaller r:

/‘ w-| > 2,
O(Byr(z0)NQ)

/ |w,| > 21 — / lw,| > 27 — C(g)Cor,
Cr(z0)NQ By (x0)NOQ

(4 Cu?) [ = (2n - Clg)Cur
Cr(xo)ﬂﬂ
and the last line implies (10.16) (since A < 27), provided r is sufficiently small. O

Inthe proofof (10.2), we will use Lemma 10.4 in conjunction with the following lower bound,
which is a simple consequence of the Cauchy-Schwarz inequality:

0<r <ry, 2R w: B,(z)\ By, (r) = S', wLipschitz,
1 .
deg(w,Cy (z)) =d € Z] = —/ |Vw|* > 7d* In 2, (10.20)
2 JBry @)\, @) "

Proofof (10.2). Let 0 < a; < « be a constant to be fixed later. We take d3 such that, when
0 < & < d3, (10.1) holds for o instead of av. Let ¢ be sufficiently small. Let B; = Be,.(22),
1 < j < D, be the enlarged bad discs. Assume, with no loss of generality, that the enlarged
bad disc closest to 9 is B;. If dist(x!, 9Q) > £, then we are done. Otherwise, by choosing
appropriate values of d3, vy, and of \ in Lemma 10.4, we will obtain a contradiction for small
e. For this purpose, we first use (10.20) and obtain the following inequalities

a1
1/ Vwl? > nlno—, Vj>2, (10.21)
2 JB.oy @05, Cie
1 9 e
—/ [Vw|* > 7ln —. (10.22)
2 ) Bua i)\ B1 Cie

We next use Lemma 10.4 and obtain, for small € and with z,, the nearest point projection of
x} on 09, the bound

1

o1 /9
/) IVwFEAmi%;. (10.23)
2 Bso‘l /2(-’20)\325a (-'L'O) 25

We next note that, for small ¢, the integration domains in (10.21)—(10.23) are mutually dis-
joint. Combining this observation with (10.21)—(10.23) and using the fact that w is smooth and
fixed outside €2, we obtain the lower bound

1

—/ IVw|?> > [7(1 —a1)D + (N — 7)(a — a1)] hrl1 - C, (10.24)
2 Q\Uij €
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where C'is a finite numerical constant (depending on C; and on the extension of u outside ().

On the other hand, we know from the proof of (10.1) in a general domain that, possibly after
modifying the construction of the enlarged bad discs as explained there, we have, for a given
0 < a < 1and sufficiently small ¢,

Go(u, Q) > a2 / IVl (10.25)
2 Q\Uij

The estimates (10.24) and (10.25) contradict, for small ¢, the upper bound (9.17) (with J3
instead of d5), provided we have

" D (10.26)

a®[n(l —a1)D+ (A —7)(a — ay)] > 57

We finally note that (10.26) holds for any constant A > 7, provided we let a; and d3 suffi-
ciently small and a sufficiently close to 1. O

Remark 10.5. For the standard Ginzburg-Landau energy and in a strictly star-shaped domain
(2, the method of proof of (10.1)-(10.2) allows us to recover a “repelling effect” initially estab-
lished in [2]: for small ¢, the mutual distances between the bad discs and the distances from
the bad discs to 0f2 is above some positive constant.

Indeed, combining (10.10) with the upper bound (2.5) and the inequalities (10.11) and (4.27)
(for the latter one, we rely on the fact that 2 is strictly star-shaped), we see that

lim inf min |27 — 2% > C > 0 (10.27)
e—=0 j#k
for some constant C' depending on €2 and g.

It remains to prove that the bad discs cannot get close to the boundary. Argue by contra-
diction and assume, e.g., that, possibly up to a subsequence, m := dist(z}, 9Q) — 0. With C
as above, we may repeat the proof of (10.21)-(10.23), with e** replaced with C'/4, and find (via
Lemma 10.4 and (10.20)) that

1

1 1
/ _ |Vwl >7Dln-+ (A —7)ln— - C. (10.28)
2 Ju,(Bejal@i)\Bey-(a) €

m

Once A > 7 is fixed, the inequality (10.28) contradicts, for small m, the upper bound (2.5).

11 Toyminimization problems on an annulus

There exists a natural construction of competitors for the minimization problem min Hi@st) Be
when deg g = —D < 0. More specifically, set, for 0 < R; < Ry < 00,

ARLRQ = ERz (0) \ BR1 (O)
Consider the class

%1,132,0 = {U € HI(ARth;Sl); |U9| < Con OR1 (O) and OR2(0)7

deg(v, Cr, (0)) = deg(v, Oy (0) = —1} D

and the minimization problem

IR, Ry, = min{ Ey(v); v € R, ryc} (11.2)
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The class %, g, c is non-empty if C' > 1, since for such C' it contains the map

z

||

U - ARl,Rg — Sl, UO(Z) = ,Vz € AR1,R2-

From now on, we assume that C' > 1.

It is straightforward that there exists a minimizer ug, g, ¢ in (11.2). In the special case
where 6 = 0, (11.2) is equivalent to the minimization of the standard Dirichlet integral G,(v),
and the above g is a minimizer. We conjecture that even when § > 0, a minimizer like-
wise could be a 0-homogeneous map (thus a function depending only on 6 and independent
of r = |z|, Ry, Rz, and C), but we are not aware of a proof of this fact.

Starting from a minimizer w := . g, ¢ in (11.2), where 0 < ¢ < R, and R, is sufficiently
small (depending on (2) and fixed, we construct a competitor v in H}(Q;S") as follows. Con-
sider D disjoint closed balls Bg, (), j = 1,..., D, contained in (2. Let v be the restriction of
w to C.(0). We first define v in each By, (z;) by setting

w(x — xj), ife<r <Ry

3
(r/e)v(ee?), ifr<e (11.3)

u(r) = u(re’ + ;) == {

We next extend u to 2 by considering, in Q \ U; Bg, (;), an S'-valued map, still denoted u,
agreeing with the above map on each C,(x;) and taking the value g on 0f2. It is straightfor-
wards that this is possible such that, in addition,

[Vu| < Ci(C,Q,9)inQ\ U;Bg,(z;). (11.4)
Fixing the value of C' and using u as a competitor, we obtain the upper bound
me :=min{ E.(u); u € Hgl(Q; C)} < DI gy + C2(22, g). (11.5)

A remarkable result of Bethuel, Brezis, and Hélein [2] asserts that, when 6 = 0 and Q2 is
strictly star-shaped, this construction provides the correct asymptotics of m. up to a bounded
error, that s,

1
me = DI, g,c +O(1) =nDIln—+ O(1)ase — 0. (11.6)
5

Among other ingredients of the proof of (11.6) in [2], there is the exact formula for /. g, ¢.
Although we are not aware of such a formula when  # 0, we will establish, in the next two
sections, analogues of (11.6) valid for small 6.

In the current section, we investigate some basic properties of I, g, ¢, that we collect in
the following simple result.

Lemmalll. LetC,C’" > 1. Let0 < Ry < Ry < R3 < Ry < 0. Then the following properties
hold, with C; constants depending only on the variables indicated below.

R R

(1_5)7TIH_2—(1—5)7T§IR1 RQCSWIH—2- (11.7)
R, e Ry

Lig, tRo,c = IRy Ry, VE> 0. (11.8)

R
Ing/RQ Z 2, then IRI,R4,C S ]RhRg,C’ + [R37R4,C’ + 01(0, 5) In ES + OQ(C, 5) (11.9)
2
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Ift Z 2, then IRl,tRQ,C' S [R17R2,C + 01(0, (5) Int =+ 02(07 5) (11.10)
Ift > 2,then I, tr, v < Iry ryc + C3(C,0)Int + Cy(C,9). (11.11)
There exists a constant (1 — 0)7 < Cs < 7 such that

I (11.12)
RGO,V Ry >0,V C > 1.
t—o0 Int
If5 > 0, then Cs < . (11.13)
If§ > 0,thenCs > (1 — 9)m. (11.14)

Proof of (11.7). For the left-hand side, we use (2.4) combined with the fact that ug is a minimizer
of Gy inthe class .#%, g, c. For the right-hand side, we consider, as in the proof of Lemma 2.2,
the competitor u.

Proof of (11.8). This identity follows from the fact that Fj is invariant under homotheties, and
so is the condition |vy| < C.

Proof of (11.9). Let uy, respectively u3, be a minimizer in J#%, g, ¢, respectively in %%, g, c. Let
vq, respectively v, be the trace of us on Ck, (0), respectively of uz on Cg,(0).

Since we have |(v;)g| < C, j = 2,3, and deg v, = degvs = —1, we may write v;(R;e?) =
exp (1(—0 +1;(0))), with

|(¥j)0 — 1| < Cand |y, < (14 C)r. (11.15)
We next “interpolate” between v, and v3 by setting
u((1 = o)Ry + 0 R3)e™) := exp (1(—0 + (1 — 0)1hs(0) + o9p3(h))), VO < o < 1.

Clearly, u agrees with vy on Cg, (0) and with v on Cg, (0). On the other hand, one has (from
(11.15))

lu,| <

?—C)W and |uy| < C. (11.16)
5 —

Ry
U, inApg, g,
Considering the competitor ¢ u, in Apg, g, in the class /%, g, c and using, in Ag, g,
us, inAg, g,
(2.3) and(11.16), we obtain that (11.9) holds with C, (C, §) := (1 + §)7C? and Cy(C, §) := 6(1 +
C)*m + 27 (14 0).
Proof of (11.10). This is a special case of (11.9), with R3 := t Ry and Ry = Rs.
Proof of (11.11). We essentially repeat the proof of (11.9). Fix 1 < 7 < 2. Given a minimizer u,
in J g, +r, c and letting v, (respectively v5) be the restriction of u; to Cg, (0) (respectively of

uy to Cg,(0)), we interpolate, in B, (0) \ Bg, (0) (respectively in B;z,(0) \ B, r,(0)) between
0 — e~¥ and v; (respectively v, and 6 +— e~*) in order to construct a competitor in %, i, c'-
Proof of (11.12). By (11.8), it suffices to investigate the case where R; = 1. Set

Iita

Cs = liminf ) (11.17)
t—woo Int

We will prove that (11.12) holds for this Cs. To start with, we note that, by (11.7), we have
(1-0)rm<Cs<m.
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We next prove that

. Il t,1 . . Il t,1
| | f——. 11.18
Tiigp Int — ltlgég Int ( )
Lete > Oandlet M > 1 to be fixed later in function of €. Let ¢y > M be such that
L1 €
= < C —. 11.19
In to 6+ 2 ( )
Fort > 2ty, let
Int
k= >1 11.20
Ln(%o)J =4 (1120
so that
(2t0)" <t < (2to)" . (11.21)

By applying repeatedly (11.8)—(11.10), we obtain, by a straightforward induction on k, that
]171371 S kIl,to,l + (k’ - 1)[01(17 5) In2 + 02(17 5)] + 01(17 5) 1H(4t0) + 02(]_, (5) (1122)

To illustrate the proof of (11.22), we detail, for example, the case where k = 2. Then, using
successively (11.9), (11.21), (11.9), (11.8), we find that

t
gy <Ihopzq + C1(1,6)In 22 + Ca(1,0)
0
SII,Qt%,l + 01(17 5) ln(4t0) + 02(17 6)
<Iit1 + Loy 22,1 + C1(1,6) In2 + Co(1,0) + C1(1,6) In(4tp) + C2(1,0)

=I1401 + L1491 +C1(1,0)In2 + C(1,0) + C1(1,0) In(4to) + Ca(1,9),

and the last line coincides with the right-hand side of (11.22) with k& = 2.
Dividing (11.22) by k In(2t,), letting & — o0, and taking (11.20) into account, we find that

Liea o D Into C1(1,0)In2 + Cy(1,0)

I 11.23
t—00 Int — lnt() ln(2t0) * ln(2t0) ( )

We next note that, when M > 1 is sufficiently large (depending on ¢), ty > M, and (11.19)
holds, the right-hand side of (11.23) is < C§s + €. Therefore, (11.18) holds.

To complete the proof of (11.12), we note the straightforward inequality [, ; ¢ < I ;. Com-
bining this with (11.11), we find that, when ¢t > 2, we have

Iion — C5(C,0)In2 — Cy(C,0) < Lipo < Iiga. (11.24)

We obtain (11.18) for an arbitrary constant C' > 1 via (11.17), (11.18), and (11.24).

Proofof (11.13). We considera C' map f : S' — S*, of degree —1, and the competitor u(re®) :=
f(e?),¥r > 0. Clearly, for some C depending on f, we have u € 4 ; ¢. On the other hand,
if we write f(e?) = exp(2(—0 + ¢())), with ) of class C'! and 27-periodic, we have

(diva) (re) = - (4/(8) — 1) cos((6) — 26),

r
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(curl ) (re®) = 2 (4/(6) — 1) sin(1(6) — 26),

,
and thus
Eo(u; Ay ) _ 2T Ky cos?(1(0) — 260) + Kssin®((6) — 260) (W(0) — 1)° db
Int 0 2 (11.25)
- 7).
From (11.25) and (11.12), we find that
Cs <inf{#(); v € C1([0, 27 R), (0) = p(2m)} 1126

=min{.7(¥); ¢ € H'([0,27]; R), ¥(0) = 9 (2m)}.

By the direct method in the calculus of variations, the min in the second line of (11.26) is
achieved, and any minimizer satisfies

Fy(1(0),0)(1)'(0) — 1)* = 2[F(1(6),0) (1 (0) — 1))y = 0,

11.27
where F'(¢,60) := % cos? (¢ — 26) + % sin?(y) — 26). (1127

Let us note that
Fy(v,0) = =26 sin(¢p — 20) cos(¢) — 26). (11.28)

Using (11.28), we find that, when ¢ = 0, the left-hand side of the first line of (11.27) equals
—66 sin(26) cos(26), and thus, when § # 0, 1) = 0 is not a minimizer of .#. Combining this
with the fact that, when ¢) = 0, we have Ey(u) = 7 In ¢ (see the proof of (11.7)) and with (11.26),
we obtain that C5 < mwhen d > 0.

Proof of (11.14). Let Ry := 1, Ry :=t > 1. Any competitor v in (11.2) is of the form
v =exp (—1(f — 1)), withyp € H'(A;,).

For v as above, we find, with Q := A, using the fact that Jacv = 0in Q (since v is S'-
valued):

/[(divv) + (curlv)? /|Vv|2+2/Jacv—/|Vv|2
Jiwet = [ 196-uF = [ 1vop+ [ (9o -2 [ T,
/yv9|2 /|w|2—27r1nt+/|v¢|2

— Q[(dlv v)” + (curlv) ]+5/Q(dlvv)

—(1— &)rlnt + 17_5/Q!Vw|2+5/9 ECOSW*Q@H (Sg;((g:;/}b))) Wr‘

Assume, by contradiction, that Cs = (1—4)7. Then thereexist¢; — ccand); € H* (Ary;)
such that, with Q; := A, ; , we have

/ Ve |? + / [-cos( —20) + (ig;%g :%) -wjr = o(Int) 11.29)

asj — oo.

E()(U) =
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By (11.29) we obtain (using Cauchy-Schwarz on the third line) that
2
1 9 .
/ [—%,e} < / |Vih;|* = o(Int;) as j — oo, (11.30)
Q; LT Q;

[ (0= 00 w0 ot

L eostes =20 (36712 ) - T = ol a5 o

2
/ E cos(¢; — 29)} =o(Int;) as j — oo. (11.31)
Q;

Combining (11.30) and (11.31) with a mean value argument, we find that there exist radii
1 < r; < t;suchthat

- {(¥j0)* + [cos(v; — 20)]*} — Das j — oo.
5 Jc,,(0)

Therefore, if we set
gj(ew) = ¢j(rj629)’ \V/], V@,

we have
/ {(gj0)* + [cos(g; —20)]°} — Oas j — oo. (11.32)
st

After subtracting a suitable multiple of 27 from g, we may assume that 0 < g;(e%) <
27 for some 6, and then (11.32) implies that, possibly up to a subsequence, there exists some
constant C' such that g; — C uniformly. We obtain from (11.32) that

/S1 [cos(C' — 20)]* = 0,

which is impossible. This contradiction completes the proof. O

While the above considerations will suffice to yield the correct asymptotics of the minimal
energy m. when D = 1, for higher degrees we rely on the study of a “cousin” of 7%, r, ¢. More
specifically, when C' > 1, we consider the class

:%%3173270 ={v e Hl(ARLRQ;Sl); / |’Ug|2 < QWRjCQ, j=1,2,
Cr, (0) (11.33)

deg(v, Cr, (0)) = deg(v, Cr,(0)) = —1}
and the minimization problem
[NRLR%C = min{Eo(v); v € f%ZRl,Rg,C}' (11.34)

The following result is a straightforward version of (part of) Lemma 11.1, and its proof is
omitted.
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Lemmall.2. LetC' > 1. Let0 < Ry < Ry < R3 < R, < oc. Then the following properties
hold, with C; constants depending only on the variables indicated below.

%173270 C %1732707 and therefore le,RQ,C < IRl,RQ,C' (11.35)
]tRl,tRQ,C' = [RLRQ,C? Yi>0. (11.36)

~ ~ R
IfR3/R2 > 2, then IRl,R4,C’ < IR1,R2,C + IR3,R4,C + Cl(C, 5) In Eg + CQ(C, (5) (11.37)
2

\mmammmnuxgmé%%EZC@VRp>chzL (11.38)
12 Small  analysis. More on the location of bad discs. Asymp-
totic expansion of the energy

We derive here a number of consequences of the results established in Sections 9-11; in partic-
ular, we improve the conclusion of (10.1) in Theorem 10.1.

In what follows, we consider some integer D > 1. Given a domain €2 and a boundary con-
dition g : 9Q — S! of degree —D, we let

Me = Me g,y = min{E,(u); u € H(Q;C)}. (12.1)

Let 0o = 09(D) be as is defined in Theorem 9.1, and let 0 < § < §,. By Theorem 9.1, for
small £, 2 map u = u,. achieving m. has exactly D enlarged bad discs of centers z!, ..., z2.

» e

We start with an easy result.
Theorem12.1. Let D = 1. Let 6 < d5(1). Then, for any C' > 1, we have
m. =110+ 0O(1)ase — 0. (12.2)

In particular, we have

1 1
m.=Csln— 4+ o0 <ln —) ase — 0. (12.3)
€ €

In the above, O(1) stands for a quantity such that |O(1)| < C(6,€2,g) < ccase — 0.
We continue with a significant improvement of (10.1).

Theorem12.2. Let D > 2. Let 0 < vy < 1. Assume that 3 = d5(D) < min(d2(D),2/(D+2))
is such that: if 0 < 0 < J3, there exists some 0 < ag = (6, 2, g) < 1 with the property that,
when ¢ is small (smallness depending on ¢), the centers 27, j = 1,..., D, of the enlarged bad
discs satisfy

1 .
m = 55%2;? |2l — 2| > g%, (12.4)

Then, for every 0 < o < 1 and for § < J3 as above, we have, for small ¢ (smallness depend-
ing on v and 0),

m > &%, (12.5)

In particular, there exists some d3 > 0 such that (12.5) holds for each 0 < o < 1 provided ¢
is sufficiently small (smallness depending on a and 9).
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The heart of the matter consists of establishing the first part of Theorem 12.2; the second
part of Theorem 12.2 follows from the first part combined with (10.1).

Note that, while in Theorem 10.1 §3 depends on both D and «, the conclusion of the second
part of Theorem 12.2 is that 05 can be chosen to depend only on D.

An easy consequence of Theorem 12.2 is the following.

Theorem12.3. Let D > 2. Let § < d3(D), with d3(D) as in Theorem 12.2. Then
1 1
me. =DCsln—+o (ln —) ase — 0. (12.6)
£ £

Our next result complements Theorems 12.1 and 12.3.

Theorem12.4. Let D > 1. If D = 1,let 0 < §5(1). If D > 2,let§ < d3(D). Let u. achieve m..

If, up to a subsequence, 27 — a; € Q,j=1,...,D,then

ee(ue) R . —

In(1/2) Cs Z]: dq, *-weakly in .Z(Q2). (12.7)
(Recall that

Kl . Kg 1
es(u) = 7(d1v u)? + 7(curlu)2 + 4—52(1 — |ul?)?

is the energy density.)
A basic tool used in the proofs of the above results is the following substitute of (10.14).

Lemma12.5. Let 1/2 < a < land C = C(a) < oo be such that, for the corresponding
enlarged bad discs, we have |u| > ainw := Q \ U;Bee(22). Let w := u/|u| inw. Then
1
Eo(u,w) > Ey(w,w) — Cy (4, Q,g)? /(1 — |ul?)* = Cy(8, a, Q, g). (12.8)
Q
Proofof Lemma12.5. If 2 = (21, 23) € R? ~ C, we set 21 1= (=2, 21).
Let p := |u| so thatu = pwinw and
(divu)? = (pdivw + Vp - w)? > p*(divw)? + V(p* — 1) - ((div w)w) (12.9)
(curlu)? = (peurlw — Vp - wb)? > p?*(curlw)? — V(p* — 1) - ((curlw)w?).  (12.10)

We integrate (12.9) over w, using an integration by parts for the last term. We proceed sim-
ilarly for (12.10). Combining the two results, we find that

Eo(u,w) >Ey(w,w) — % /(1 — p?)(divw)? — % /(1 — p?)(curlw)?

w Q
+ %/ (p* = 1)(divw)w - v — % (p* = D)(curlw)w® - v

I Ow i Oow (12.11)
- 71 /(/)2 —1)(divw)® - 73 /(ﬂ2 — 1)(curlw)®

!

- /w(p2 — Dw - V(divw) + % /(P2 — Dw* - V(curlw).

w
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Using: (i) Corollary 4.8 ; (ii) the fact that |u| > 1/2 in ; (iii) the fact that p = 1 on 012, we
find that the second line in (12.11) is > —C}, where C5 = C3(4, a, deg g). Using, for the other
integrals in (12.11), the fact that |u| > 1/2 in w, we find that

Eo(u,w) >Ep(w,w) — C3 — 04/ 11— [uf*| x (|Vul* + [ D?ul)
It (12.12)
>Fy(w,w) — C3 — 6’4/ |1 — |u|2| X (|Vu|2 + |D2u|),
Q

where C, is a universal constant.

It remains to dominate the last integral in (12.12). Using: (i) Cauchy-Schwarz; (ii) formula
(4.28) (except for the final inequality in (4.28), which requires that (2 is strictly star-shaped), we
find that

/ 11— [uf2] x (|Vul + [D2u]) < Cs(1+ 2|1 = |u]?||,), (12.13)
Q

where C5 = C5(4, (2, g). We obtain (12.8) from (12.12) and (12.13). O

Proof of Theorem 12.1. Proof when € is strictly star-shaped and C' = 1. Let ¢ be sufficiently small
and let Be,. () be the enlarged bad disc corresponding to u = wu.. By choosing if needed a
larger (but fixed) C'y, we may assume that, Q C B, ,4(0) and thus Q@ C B, »(zl). Extend
u to R? as explained in the proof of Theorem 9.1 (after formula (9.8)). Assume, to simplify the
forthcoming formulas, that x! = 0. Using: (i) estimate (4.19); (ii) the competitor w := u/|ul
in the minimization problem (11.2) in A¢,. ¢, /2 (Where C' defining the class 7z, ¢, /2.0 i a
sufficiently large fixed constant depending on g via (4.22) and the extension G); (iii) the upper
bound (4.19); (iv) Lemma 12.5; (v) (11.8); (vi) (11.11), we find that

me > L1004+ O(1) > 111 +O(1). (12.14)
On the other hand, using (11.5), (11.8), and (11.10), we find that
me < I.11+ O(1). (12.15)

We complete the proof via (12.14) and (12.15).

Boundedness of the potential term in a general domain. This follows from a principle devised by Del
Pino and Felmer [6]. Assume for simplicity that 0 € 2. Let v.(x) := u.(2z), * € R? (where
u. has been extended to R? as above). Let Br(0) be a large fixed ball containing €. By the first
part of the proof, we have

EE(”E? B2R<O)) S [E,l,l + 0(1)7 (1216)
E.(v, Br(0)) > I.11 + O(1). (12.17)
Subtracting the inequalities (12.16) and (12.17) and noting that

3 3

_ _ 22 22
B e Banl0) B0 Ba0) = g3 | (1= ') = g | (1=l
we find that
1
= (1 — Juc|*)* < Cs(6,9, g). (12.18)
Q
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Proofin a general domain when C' = 1. We proceed as in the case of a strictly star-shaped domain,
using (12.18) instead of (4.19).

Proof in a general domain for arbitrary C. The inequality m. < I.; ¢ + O(1) is straightforward.
On the other hand, we have (arguing as in the first step and using (11.11))

me > [5,1/2,6' + O<1) > IE,l,C + O(l) [

Proof of Theorem 12.2 when € is strictly-starshaped. We argue by contradiction. Then there exists
some « > 0 such that, passing to a subsequence ¢, — 0 and relabeling the enlarged bad discs
if necessary, we have

In |zl — 22
lim M = q, (12.19)
e—0 Ine
In |zt — ad
limsupM <a,Vi#j. (12.20)
e—0 ne

Note that, by assumption, we have
O<a<ay<l. (12.21)

Possibly after passing to further subsequences, there exist a partition consisting of non-
empty sets,

{1,....,D} =4 U...U%9,
(with, possibly, ¢ = 1), with each &, non-empty, and a number 0 < 5 < « such that

e 12.22)
In |zt — 2J

e—0 lng

In |2t — 2

fe — 2l 4 12

«, (12.23)

[i €%, j €Y, k#n] = lim
e—0 Ine

Consider now constants 5 < a; < g < o < ag < a4 < 1 to be fixed later (in order
to obtain a contradiction). We extend u to R? as explained earlier in this section. By (2.3),
the upper bound in Lemma 2.2, and a mean value argument, there exists a finite constant C"
depending on D and on all the above constants such that: for small ¢, there exist radii e <
Ry < &% < &% < Ry < ™ satisfying

Rj/ Vul* <C’, j=1,2,V1<i<D. (12.25)
Cr(x%)

Note that (by definition of o and choice of Ry),
for smalle, By, (2') N By, (z?) = 0ifi # j. (12.26)

For simplicity, assume, only in this paragraph, that ¢ = 0. From (12.25) and the fact that
lu| > 1/20n Ckg,(0), j = 1,2, we find that, in the annulus A¢,. r,, w := u/|u| is a competitor
in the class %%15, r,.c (Where (' is the constant in the definition of the enlarged bad discs and
the constant C' depends on C” and on the constant (' in (4.22)).

42



By the above, we find that
EO(w7 BRl (xze) \ BC18(ZE2)) > jcls,Rl,C - C’37 v%, (12.27)

with ('3 a finite constant depending only on the extension of u. (Same for the constants Cy,...,
C below.)

Set Dy, := #%,,, so that

Dy >2 Y Dy=D,) (Di)*>D+2 (12.28)
k k

Choose, foreach 1 < k < ¢, anindex i;, € ¥4,. Note that

for small e, Bg, (%) N By, (z¥) = 0ifk # j. (12.29)
We are therefore in position to apply Lemma 9.3 with:

X :=Q, U :={zr € R? dist(z,Q) < 1},

R:= Ry, By := Bg,(z*), 1 <k <,

1
h:= §va‘2,
Mei= (Dp)?, 1< k< (.

(The fact that the assumption (9.4) is satisfied follows from (12.29) and (10.9).) Using Lemma
9.3, we find that

, 1
G O\ U, Bp, (2*)) > D.)?In — — (4. 12.30
o(w, 2\ Uy Br, (7 ))_;( k) g =G (12.30)

Combining (12.30) with: (i) Lemma 2.1 applied in Q \ Uy Bg, (2 ); (ii) the upper bounds
(12.25) and (4.21); (iii) the fact that |u| > 1/2 on the complement of the enlarged bad discs, we
find that

‘ 1
Eo(w,Q \ UpBg, (z)) > Zk:<Dk)2<1 — 03)In - = Cs. (12.31)

2

Collecting (12.26), (12.27), and (12.31), we find that

i 1
Eo(w,9) > Dlc,epc+ Y (Di)*(1 = d35)In =~ Ce (12.32)
k

2

Using: (i) (12.32); (ii) Lemma 11.2; (iii) Lemma 12.5; (iv) the fact that 2 is strictly star-shaped
(and thus (4.19) holds); (v) the inequalities satisfied by R; and Ry; (vi) the last inequality in
(12.28), we find that

1 1

E()(U, Q) ZDC(; In — + [(D + 2)(1 - (53)0[1 - DO50(4] In —
5 c (12.33)
+o0 (lng) ase — 0.
Since we have Cs; < 7 (see Lemma 11.1), and, by assumption, 03 < 2/(D + 2), we find that

(D +2)(1 — d3)ay — DCsary > 0 provided oy and oy are sufficiently close to o  (12.34)

We obtain the desired contradiction via (12.33), (12.34), and the upper bound (11.6). O
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Proof of Theorem 12.3 when € is strictly star-shaped. Let 0 < a1 < « < 1. In what follows, con-
stants are finite and independent of small . Consider, for small ¢, a radius e* < R < ¢** and
a finite constant C" satisfying

R/ |Vul* < C', V1 <i<D. (12.35)
Cr(z)
Arguing as for (12.27), we have

E()(w, BR(ZL’Q) \ Bcla(ZED) Z jcls,R,C — 03. (12.36)
From (12.36), (11.38), and the fact that R > %, we find that
1 1
Eo(w,Q) > (1 —a)DCs1n B +o (ln g) : (12.37)
The parameter « being arbitrary in (0, 1), we obtain from (12.37) that
1 1
Eo(w,Q) > DCsln—+ o (ln —> ) (12.38)
£ €
Since 2 is strictly star-shaped, (12.38), the upper bound (4.19), and Lemma 12.8 imply that

Eo(u,Q) > DCs lné +o (ln é) : (12.39)

On the other hand, (11.5) and (11.38) yield

E.(u,Q) < DCj lné +o0 (ln %) ) (12.40)
The conclusion then follows from (12.39) and (12.40). O

Proof of Theorem 12.2 in a general domain. Arguing as in the proof of (12.18) and using the upper
bound (12.40) (valid in any domain) and the lower bound (12.39) (valid in a ball, by the preceding
proof), we find that

1 9\ 2 1

= Q(1 —|ue|?)* =0 (ln g) . (12.41)
We next repeat the proof of Theorem 12.2 in a strictly star-shaped domain. The only dif-

ference arises in the justification of (12.33): when (2 is strictly star-shaped, we use the upper

bound (4.19), while, for a general €2, we rely on (12.41). O

Proof of Theorem 12.3 in a general domain. As for the preceding proof, we repeat the proof in the
strictly star-shaped case, except when it comes to justify (12.39), for which we rely on (12.41)
instead of (4.19). O

The proof of Theorem 12.4 relies on the following straightforward variant of Lemma 12.5,
whose proof is left to the reader.
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Lemma12.6. Let 1/2 < a < land C = C(a) < oo be such that, for the corresponding
enlarged bad discs, we have |u| > ainw := Q \ U;Be.(22). Let Ce < R < m. Then

Eo(u, Br(al) \ Bee(al)) >Eo(w, Br(al) \ Bee(xl))

1
GRS [0 - G5 2)
Q

—cxaawy/ Vul.

Cr(z?)

(12.42)

Proof of Theorem 12.4. Let 0 < a3 < a < 1 and let R be as in the proof of Theorem 12.3. By
(11.38), (12.35), (12.36), (12.41), and (12.42), we find that

E.(u, Beo(2) \ Bee(2h)) > (1 — a)Cs ln% +o (ln é) : (12.43)

Therefore, for any fixed r > O and forany J C {1,..., D}, we have

E.(u,Uje B (xL) \ Bee(zh)) > #JCs lné +o0 (hl é) . (12.44)

Combining (12.44) with the upper bound (12.40), we find that, for any fixed > 0,

E.(u,Q\ U;B,(a;)) =0 (ln é) . (12.45)

From (12.44) and (12.45), we obtain that there exist numbers b, > Cj,V j, such that, possibly
up to a subsequence,

ee(ue)

In(1/2) — Zj:bjéaj x-weakly in . (). (12.46)

The fact that b; < Cj, and thus (12.7) holds for the full sequence, is a consequence of (12.46)
and (12.40). O

13 Arbitrary ) analysis. Asymptotic expansion of the energy

Throughout this section, we consider minimizers u = w. of E. in H,(€2; C), with boundary
datum of degree —D < 0. A first main goal is to generalize the formula (12.6) to any ¢ (with-
out any smallness assumption on ¢§). We will also obtain variants of Theorems 12.2 and 12.4,
under weaker assumption on §. However, the results below are not necessarily, strictly speak-
ing, generalizations of the results in the previous section: while they hold either for any ¢ or
under explicit smallness conditions on ¢, the picture we get is “blurred”, in the sense that it
involves, instead of enlarged bad discs (as up to now), giant bad discs (that we define below),
whose radii can be much bigger than . (Recall that, in the previous section, we assume that
d < 09 = (D), and the existence of J, is established via a proof by contradiction. Therefore,
the smallness conditions on § in the previous section are not explicit.)

In order to state the main results of this section, we introduce new notation and several
definitions.
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Fix 0. Consider the enlarged bad discs constructed in Lemma 5.1. Possibly after passing to
a subsequence, we may assume that the number M of bad discs is independent of ¢, and that
all the limits

. Injzt — 2| o,

exist. Note thatwe have 0 < L,;; < 1,V # j. There exists a partition consisting of non-empty
sets,

(with, possibly ¢, = 1) such that

[i,j €4, i+#j] < Liy=0, 13.1)
i €9, j€9’ k#n] < L >0. (13.2)

If 49 consists of a single index i, the corresponding giant bad disc is simply the enlarged
bad disc Be.(zt). Otherwise, we choose (arbitrarily) i € 4. We set

Ry = Ry(e) == 2min{|a — zlf; j € 4, j # i}

and define the giant bad disc associated with &4 as B, (z%). Note that, while there is some
ambiguity in this definition (since it depends on the choice of ), the giant bad discs have two
common features: (i) for smalle, if j € 4, then Be.(27) C Bg, (2%); (ii) for small €, two giant
bad discs corresponding to two different 4 are disjoint.

We extend u to R? \  as explained in the previous sections and define the degree DY of the
giant bad disc associated with ¢4 through the formula

Dy := deg(u/[ul, Cr,(x2)).

It is straightforward the definition does not depend on the choice of the extension of .

To give a flavor of the results in this section and how they do compare with the results in the
previous sections, we start with a special case of more general assertions below.

Theorem 13.1. Assume thatd < 2/(D + 2). Let 0 < a < 1. Then, for small € (smallness
depending on o), we have

D) = —1,Vk, and thus {, = D, (13.3)
1 1

me. = DCsIln—+ o (111 —) ase — 0, (13.4)
€ €

If 7', 27 are the centers of two different giant bad discs, then |z’ — 27| > &%, (13.5)

If, up to a subsequence, the centers of the giant bad discs satisfy xg —a; € Q,
(13.6)

- ec(us) | ] : =
j=1,...,D,then In(1/2) Cg;daj x-weakly in .7 (€2).

This is to be compared respectively with Theorems 9.1, 12.3, 12.2, and 12.4.

We next introduce a quantity that will play the role of DCj in the general case (i.e., with-
out any size assumption on d). To start with, let d € Z be an integer. Associate with d the
classes S5 i, o and A5 . o, by replacing, in the definition of #%, g, c and %, g, c (see
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(11.1) and (11.33)), the condition deg(v, Cg, (0)) = deg(v, Cg,(0)) = —1, with the condition
deg(v, Cg,(0)) = deg(v,Cg,(0)) = d. (In order to have non-empty classes, one has to sup-
pose that C' > |d|.) Consider the corresponding minima If, 5. . and 1:%1’32’0. The analysis in
Section 11 (which corresponds to the special case d = —1) can be readily extended to the case
of an arbitrary degree condition and yields full analogues of the results in Section 11. We quote
e.g., without proof, straightforward generalizations of some of the results there.

Ry 2

(1 — )i 22 d)(1 = 6)r < Tpy oo < Prln 22, 13.7)
R, = R,

j:Rl ,tRl ,C _ Cd
Int & (13.8)

VR >0,YC > |d|.

There exists some d*(1 — §)7 < C¢ < d?r such that tlim
—00

Consider now the quantity

M
K(5,—D) := inf {Z Cglj; M >1,d; € Z,Zdj = —D} : (13.9)
Jj=1 J

We will see later that it suffices to consider, in (13.9), only M and degrees d; satisfying a
priori bounds depending only on § and D, and thus, in (13.9), inf is actually a min. We will also
see that, under the assumption § < 2/(D + 2), we have K (0, —D) = DCj.

A main result in this section is the following.

Theorem 13.2. We have
1 1
me = K(,—D)In-+o <ln —) ase — 0. (13.10)
€ €

We now proceed to the proofs and establish, on the way, some auxiliary results of indepen-
dent interest. Since the techniques and arguments used in this section are essentially variants
of the ones presented in Sections 9, 10, and 12, the proofs will be rather sketchy and send to
similar proofs in these sections.

We start with a straightforward result.

Lemma 13.3. The infimum in (13.9) is achieved, and every minimal configuration (d;)i<;j<m
such thatd; # 0,V j, satisfies M < C4(9, D), |d;| < C2(8, D).

Proof. This follows from the lower bound d?(1 — )7 < C¥¢ (see (13.8)). O
Lemma13.4. For small ¢, a giant bad disc has a non-zero degree.

Sketch of proof. Proof by contradiction. Suppose that, possibly after a subsequence and rela-
beling the giant bad discs, we have DY = 0 and z! € 4. Let 0 < a < 1 be such that, for
sufficiently small ¢,

€9 €9’ k#n] = |z} —2f| > e~ (13.11)

Let a < 3 < 1. Using (13.11) and the assumption D? = 0, we are in position to repeat the
arguments leading to (6.2) in the proof of Lemma 6.1, and find that

E.(u, B.s(2})) < Cyand G.(B.s () < 4, (13.12)

for some finite constant C; = C4(«, 3,degg). For small €, estimate (13.12), the fact that
|u(z!)] < 1/2, and the n-ellipticity Lemma 3.1 yield a contradiction. O
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Proof of Theorem 13.2. An argument similar to the one leading to (11.5) yields the upper bound
1
me < K(6,—D)1In B +C(2,9). (13.13)

The heart of the proof consists of establishing the lower bound

1 1
me > K(6,—D)In—+o (ln —) ase — 0. (13.14)
€ €

Construction of nested groups of bad discs. Define L;; := 1. Possibly after passing to a further sub-
sequence in €, we may assume that there exist numbers 0 < o, < --- < a; < ap = 1 (with
possibly p = 0) such that

For 0 < g < p, we define the equivalence relation
iqu < Lij ZCMq.
This equivalence relation defines a partition
_ q q.
{1,...,.D} =9, U...ugl

for ¢ = 0, we recover the partition defined at the beginning at this section, and the corre-
sponding equivalence classes define the giant bad discs. Note that these equivalence classes
are nested, in the sense that, if i ~, j (and thus i and j are in the same equivalence class at the
qlevel), theni ~, j,Vr > ¢ (and thus i and j are in the same equivalence class at any higher
level).

Proof of (13.14) when (2 is strictly star-shaped. If oy, > 0, define o,11 := 0; otherwise we do not
define o, 1. We extend u to R? as in the previous sections. For0 < ¢ < p — 1 (ifa;, = 0),
respectively 0 < ¢ < p (ifa;, > 0), let

Qg1 < By < B <y <y < g
be (arbitrary, but fixed at this stage) constants. Consider a radius R such that
% < R<elorefd < R< &l (13.16)
Then, for small € (smallness depending only on the above constants, not on R),
Ifi £, j, then Br(xl) N Br(z!) = 0. (13.17)

Consider now, for each ¢ and k, some i = i(k, ¢) such thati € 4. We define the “ degree
of the class 4" as

Dy := deg(u/|ul, Cr(z2));

the definition does not depend on the choice of i or of R satisfying (13.16), and is independent
of the extension of u to R? \ 2. When ¢ = 0, we recover the definition of the degree of a giant
bad disc. Moreover, by (13.17) we have

> Di=-D, vq (13.18)
k
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We next choose, using a mean value argument, radii

£ < pl < e < P <« RT < P (13.19)
such that
pq/ - |Vu]* < (D) andRq/  |Vu]* <C(D), Vg, YE. (13.20)
Cpq(xj;(q’k)) CRq(x;(‘Lk))

Let w := u/|u|, well-defined outside the enlarged bad discs. By (13.17), if p? < R < R%and

¢ is small, then deg(w, CR(scé(q’k))) = D{. Combining this fact with (13.19), (13.20), and (13.8),
we obtain

q q >

, . a ] 1
Eo(w, Bra(zX%¥))\ B (z/@R)) > (7 — 6")C(SD"’ In B +o0 (ln —) ase —» 0.  (13.21)

Summing (13.21) over g and k, and using (13.17), (13.18), and (13.9), and the fact that u is fixed
and smooth in R? \ 2, we obtain

/ ! 3 1 1
Eo(w, Q) >3 (v, — B C5* In—+o0 (m g)
q k

1 1
>K(6, —D " — 3" In ~- In — 0.
>K (9, )Z(Wq Bq)n€+0(n€) ase —

q

(13.22)

Letting, in (13.22), 7, — agand ] — a1, and using the fact that Zq(aq —ag1) =1,
we find that

Eo(w,Q) > K(6,—D) ln% +o (ln é) ase — 0. (13.23)

We obtain (13.14) from (13.23), (4.19), and Lemma 12.5.

Proof of (13.14) in a general domain. As in the proof of Theorem 12.2, we rely on the previous step
to derive first (12.41), then (13.14) in a general domain. O

An inspection of the proof of (13.22) leads to the following

Corollary 13.5. With the above notation, we have

N CPF = K(6,-D), Vq. (13.24)
k
Sketch of proof of Theorem 13.1. By (13.24), we have
S ¢t = K (5, -D). (13.25)
k
On the other hand, if § < 2/(D + 2), then, by the first part of (13.8), when d # 0 we have

Cé>d*(1 - 6)m > d?r. (13.26)

D+ 2
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Using (13.26), we find that

[Di #0,Vk, Y Dy =—D] = either D = —1, Vk,
k

(13.27)
or Z(Dk)2 > D+ 2and ZC?’“ > mD.
k k

Since, on the other hand, we have (using (11.12))
K(8,—D) < DCs < 7D, (13.28)

we find, from (13.25)-(13.28) and Lemma 13.4, that each giant bad disc is of degree —1 (i.e.,
(13.3) holds) and that, moreover,

K(6,—D) = DC. (13.29)

Combining (13.29) with (13.10), we obtain (13.4) when § < 2/(D + 2).

When ¢ = 2/(D+2), we argue similarly (using (11.13) instead of (11.12)), and find that (13.3)
and (13.4) still hold in this case.

Onthe other hand, by construction, the giant bad discs satisfy the assumption (12.4). (With
the notation in the proof of Theorem 13.2, the role of « in (12.4) can be played by any constant
g with ay < § < 1.) We are in position to repeat the proof of Theorem 12.2 and obtain, for
the centers of giant bad discs and e small, the validity of (13.5), which is the analogue of (12.5).
Combining this with (13.29), we are in position to repeat the proof of Theorem 12.4, and obtain
the validity of (13.6). O
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