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Abstract

We devise and analyze hybrid polyhedral methods of arbitrary order for the approximation
of div-curl systems on three-dimensional domains featuring non-trivial topology. The div-curl
systems we are interested in stem from magnetostatics, and can either be first-order (field formula-
tion) or second-order (vector potential formulation). The well-posedness of the resulting discrete
problems essentially hinges on recently established, topologically generic, hybrid versions of the
(first and second) Weber inequalities. Our error analysis covers the case of regular solutions.
Leveraging (co)homology computation techniques from the literature, we perform an in-depth
numerical assessment of our approach, covering, in particular, the case of non-simply-connected
domains.

Keywords: Div-curl systems; Polyhedral meshes; Hybrid methods; de Rham cohomology; Com-
putational topology.

AMS Subject Classification 2020: 65N12, 14F40, 35Q60.

1 Introduction

Let Q be a domain in R?, i.e. a bounded and connected Lipschitz open set of R3. In the L? framework,
the standard (primal) de Rham complex reads:

0 —2— 7@ =% H(curl: Q) - H(div:Q) - 12@) —2 5 {0}, (1)
with cohomology spaces
" := Ker(grad)(/Im(0)), $' := Ker(curl)/Im(grad),
$? := Ker(div) /Im(curl), $° := (Ker(0) =)L*(Q)/Im(div). @)

The spaces $" have respective dimensions equal to the Betti numbers 3,, with 8y = 1 (number of
connected components of 2), 81 € N (number of tunnels crossing through €), 5, € N (number of
voids encapsulated by Q), and 83 = 0. In turn, the dual de Rham complex reads:

0y —2 B (@) £ Hy(curl; @) 1 Ho(div; Q) 2% 12(0) —2— {0}, (3)
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where the operators grad,, curly, and div are respectively L?-adjoint to the operators — div, curl,
and — grad. The zero subscripts aim to recall that the domains of the adjoint differential operators
embed zero boundary conditions. The corresponding homology spaces are

99 := Ker(grad ) (/Im(0)), 9, := Ker(curly) /Im(grad,),

97 := Ker(divo)/Im(curly), 97 = (Ker(0) =)L*()/Im(div). @
Importantly, there holds $; = $>7" (this is the so-called Poincaré—Lefschetz duality).
Let i be a possibly varying coefficient, assumed to be uniformly bounded by above and by below
by some positive constants. In what follows, the symbols L and L, respectively denote standard
and p-weighted L?-orthogonality. Let the sequence of differential operators {Grad, Curl, Div} stand
either (i) for {grad, curl, div} from the primal de Rham complex (1), or (ii) for {grad ,, curly, divo}
from the dual de Rham complex (3). In the first case, let §" := §"; in the second, let h" := § =
$>". We aim to study problems of the following form. Given some datum j € Ker(Div), find
h € Dom(Curl) N Im(Grad)=*~ s.t.
Curl(h)=j. (5)

One can easily verify that Curl, seen as a bounded linear mapping from Dom(Curl) N Im(Grad)#
to Ker(Div), is a Fredholm operator, with null space Ker(Curl) N Im(Grad)*# = h!, and defect
space Ker(Div)/Im(Curl) = h?. Thus, the following alternative holds true for Problem (5):

e cither dim(h') = dim(h?) = 0, then Problem (5) admits a unique solution;

e in the opposite case, for Problem (5) to admit a solution, it is necessary that j € Im(Curl),
which amounts, for j € Ker(Div), to additionally satisfying j L §?; the uniqueness of the
solution is then recovered by imposing dim(}') additional constraints to & (which already
satisfies h L, Im(Grad)).

Problem (5) is prototypical of the first-order formulation (also known as field formulation) of mag-
netostatics. In practice, j : Q — R3 is a given electric current density, u : Q — R is the magnetic
permeability of the medium, and  : Q — R is the sought magnetic field. The model can be endowed
with either normal or tangential boundary conditions, depending on which version (respectively, (1)
or (3)) of the de Rham complex the sequence of differential operators stems from. We refer the reader
to Section 4.1.1 for a somewhat more conventional rewriting of Problem (5) in the case of normal
boundary conditions.

Let us now introduce Curl*, L?-adjoint of Curl. Recall that Ker(Curl)* = Im(Curl*). If the
solution & 1, Im(Grad) to Problem (5) (assuming it exists) additionally satisfies b L, !, then it
can be written & = y~'Curl*(a) for some vector potential @ € Dom(Curl*). Obviously, the vector
potential a is non-unique; it is only defined up to an element of Ker(Curl*) (gauge). Gauging out to
zero, Problem (5) equivalently rewrites: find @ € Dom(Curl*) N Ker(Curl*)" s.t.

Curl(u~'Curl*(a)) = j, (6)

and the (unique) solution to this problem does exist as soon as j € Ker(Div) additionally satisfies
j L B2, Problem (6) is prototypical of the second-order formulation (also known as vector potential
formulation) of magnetostatics. In practice, @ : @ — R3 is the magnetic vector potential. When
Problem (5) is endowed with normal (resp. tangential) boundary conditions, Problem (6) is endowed
with tangential (resp. normal) boundary conditions. In the second scenario, part of the boundary
conditions in Problem (6) are actually natural, and encode the tangential prescription on k. For a more
conventional rewriting of Problem (6) in the case of tangential boundary conditions (first scenario),
we refer to Section 4.1.2.



In this work, we aim at devising arbitrary-order hybrid polyhedral discretizations of the first-
and second-order model problems (5) and (6). By definition, hybrid methods only attach unknowns
to the faces and to the cells of the spatial partition at hand. Examples of such approaches are
the Hybridizable Discontinuous Galerkin (HDG) [17], the Weak Galerkin (WG) [39], the Hybrid
High-Order (HHO) [22, 23], or the non-conforming Virtual Element (ncVE) [35, 5] methods. As
might be expected, and as was first documented in [15, 16], all these technologies are very tightly
connected. The devising of hybrid polyhedral methods for div-curl systems has already been addressed
to some extent in the HDG and WG literatures. For second-order models, these contributions
include [37, 13, 12] (cf. also [24]) for HDG, and [36] for WG, all of them restricted to trivial
topologies. Regarding now first-order models, the only contributions we are aware of are [34],
in which a primal WG method is introduced, and [38, 9, 10], in which alternative (primal-dual)
WG approaches are studied. In all these contributions, full face polynomial spaces are employed
to discretize the vectorial variable. Also, either the case of non-trivial topologies is not covered
(like in [34]), or it is treated but in a non-robust fashion. Recently, the discretization of both first-
and second-order models of magnetostatics has been studied in the HHO context [11]. Therein,
the vectorial variable is sought into trimmed face polynomial spaces, reusing and extending ideas
introduced in [13] (cf. also [32]). The contribution [11], however, solely covers the case of trivial
topologies. Our objective in the present work is to fill this gap. We aim at devising, analyzing, and
numerically assessing trimmed HHO methods for (first- and second-order) models set in domains
with arbitrary topology. With respect to [38, 9, 10], apart from using trimmed face spaces, our
approach for first-order models is also based on a different, more suitable variational formulation
(inspired from [31]), which allows for both a leaner construction and a robust handling of harmonic
fields. In turn, our stability analysis hinges on the systematic use of the (topologically generic) hybrid
Weber inequalities recently established in [33] by the last two authors. Finally, our error analysis
(cf. Theorems 7 and 12) covers the case of regular solutions. Let us emphasize that [33] is exclusively
concerned with general-purpose discrete functional analysis; it does not address the practical devising
of hybrid methods, which is the subject of the present work. To the best of our knowledge, in the
realm of polyhedral approaches, our work is the first to deal, from the devising to the implementation
in 3D, and in a systematic and robust way, with non-trivial topologies. Let us stress that, from an
application point of view, non-trivial topologies are ubiquitous (think, e.g., of the toroidal vacuum
chamber of a tokamak). Their proper handling is thus of paramount importance. From an algorithmic
point of view, arbitrary topologies come with a number of additional difficulties. It is especially true
for non-simply-connected domains, for which discrete cutting surfaces might need to be computed
from the polyhedral mesh at hand (see Figure 1).

The material is organized as follows. In Section 2, we introduce both the topological and functional
frameworks, and we recall the first and second Helmholtz—Hodge decompositions. In Section 3, we
introduce the discrete setting, including polyhedral discretizations, polynomial decompositions, and
hybrid spaces. In Section 4, we devise and analyze HHO methods for (first- and second-order) model
problems of the forms (5) and (6). Finally, in Section 5, we provide a comprehensive set of numerical
experiments on non-trivial 3D domains, assessing the relevance of our methodology.

2 Preliminaries

2.1 Topological framework

We recall that Q denotes a domain in R3, that is a bounded and connected Lipschitz open set of R.
Let T := 9Q denote its boundary, and n : ' — R3 be the (almost everywhere defined) unit vector field
normal to I', pointing outward from Q. We recall that the Betti numbers 8, and 8, of Q respectively



count the number of tunnels crossing through Q (81 € N), and the number of voids encapsulated by
Q (B, € N). For Q simply-connected, 8; = 0. Likewise, when the boundary I" of Q is connected,
B2 = 0. In what follows, when both 1, 8> are equal to zero, we say that the topology of Q is trivial.

Whenever 8; > 0, we make the following classical assumption: there exist 8, orientable and
connected two-dimensional manifolds with boundary, denoted X1, ..., Xg,, called cutting surfaces,
satisfying ¥; ¢ Q and 9%; c I"for all i € {1, ..., 81}, such that the open set Q:=Q\ Uie(l,....8 } Zi
is simply-connected, i.e. its first Betti number is zero (see Figure 4 for an example). We will assume,
in what follows, that Q is connected (which is generally the case starting from a connected domain
Q), and that the cutting surfaces are sufficiently regular so that the set Q is pseudo-Lipschitz (cf. [4,
Def. 3.2.2]). Foranyi € {1,...,01}, weletny, : X; — R3 be the (almost everywhere defined) unit
vector field normal to X;, the orientation of which we arbitrarily prescribe (the cutting surfaces X;
are supposed to be orientable). The orientation of ny, being prescribed, we associate the tag “+”
(resp. “=") to the side of Q (with respect to ;) for which ny, points outward (resp. inward).

Remark 1 (Cutting surfaces). In [7], the class of (so-called) weakly-Helmholtz domains is introduced.
Its definition does not assume that the cut domain Q is simply-connected, which allows to cover more
exotic topologies (e.g., the domain obtained as the complement in a cube of a trefoil knot). Our
analysis could be extended to cover weakly-Helmholtz domains. However, whereas weakly-Helmholtz
domains assume non-intersecting cutting surfaces, we do not make such an assumption here. This
allows us to consider the non-weakly-Helmholtz, yet physically relevant configuration of a toroidal
vacuum chamber (see Figure 4), for which our approach seamlessly applies, as supported by the
numerical results in Section 5.3.

Whenever B, > 0, letting I'y be the (connected) boundary of the only unbounded component of
the exterior open set R? \ Q, there exist 8, (maximally) connected components Iy, . . ., I'g, of I' such
thatT" = Ujcqo,... g,)I'j (cf. Figure 4). If 8> = 0, there holds I' = I'y.

.....

2.2 Functional framework

Let u :  — R be a given function satisfying, for real numbers 0 < uj, < uy < oo,
My < p(x) < py forae.x € Q. @)

For m € {2,3}, and for X an m-dimensional, (relatively) open pseudo-Lipschitz subset of
Q, we let L2(X) (respectively, L?(X)) denote the Lebesgue space of square-integrable functions
(respectively, R™-valued vector fields) over X. The standard inner products (and norms) in L?(X)
and L?(X) are irrespectively denoted by (f, g)x := fx f-g (and ||-[lo.x := v/(-,)x). We also define
L%(X) = {v e L*(X) | fx V= 0} and Lﬁ(X) = {v e L*(X) | fx V= 0}. For s > 0, we let H°(X)
(resp. H*(X)) denote the Sobolev space of functions in L*(X) (resp. R™-valued vector fields in
L?(X)) possessing square-integrable partial weak derivatives up to order s over X (for fractional s,
we follow the classical Sobolev—Slobodeckij construction). The standard norms (and semi-norms)
in H*(X) and H*(X) are irrespectively denoted by ||-||s.x (and |-|s,x). Given a disjoint Lipschitz
partition K of Q (in the sense that every K € %K is an open Lipschitz set, K} N K, = 0 for
all K;,K, € K with K1 # K,, and UKG?(E = ﬁ), we also define the broken Sobolev space
H*(K) :={v € LX(Q) : vix € H(K) VK € K}.

Let Y be a three-dimensional, open Lipschitz subset of Q. Classically, we let

H(curl;Y) == {v € L*(Y) | curlv € L*(Y)},
H(div,;Y) = {v € L*(Y) | div(uy) € L*(Y)},



with H(div;Y) := H(divi;Y), as well as their two subspaces H(curl’;Y) := {v € H(curlY) |
curlv = 0} and H(divg;Y) = {v € H(divy;Y) | div(pv) = O}. Let ngy : Y — R? denote the
(almost everywhere defined) outward unit normal vector to dY. For v € H(div,;Y), the normal
trace of uv on AY can be defined as an element of H‘%(GY ) (space of bounded linear forms
on H? (dY)), denoted (uv)py-nay. Likewise, for v € H(curl;Y), one can give a sense to the
rotated tangential trace of v on dY as an element of H -3 (0Y)3 (space of bounded linear forms on
H? (8Y)?), denoted v|gy Xngy. Following [33, Rmk. 1], from now on, tangential vector fields are
identified to two-dimensional vector fields. The relevant boundary functional spaces then become
L2(8Y) = L*(3Y)%, H2(9Y) = H*(3Y)?, and H"2(3Y) := H™2(dY)?, and one may abuse the
notation and write v gy Xngy € H -3 (0Y). In what follows, the duality pairings between H -3 (0Y)

and H? (0Y) on the one side, and between H - (0Y) and H 2 (0Y) on the other side, are irrespectively
denoted by (-, )gy. If v € H(curl;Y) N H(div;Y) N H*(Y) for some s > % then for a.e. x € 9Y,
vioy (x) = (viay ‘nay ) (X)ngy (x) + ngy (x)X(v|gy Xngy)(x). In this case, v gy -nsy € L?(9Y), and
Vigy XRgy € LZ(GY).

To account for essential boundary conditions, we shall define the subspaces

Hy(curl; Q) := {v € H(curl; Q) | virxn = 0}
(along with Hy(curl’; Q) := Hy(curl; Q) N H(curl’; Q)), and
H(div,; Q) == {v € H(div,; Q) | (uw)r-n = 0}

(with Ho(div); Q) := Ho(div,; Q) N H(div);Q)). We also set H}(Q) := {v € H'(Q) [v|r = 0}.
Last, assume that the first Betti number 8; of Q is positive. Then, forv € L2(Q) (resp. forv € L?(Q)),
we denote by ¥ (resp. by ¥) its continuation to L?(Q) (resp. to L?(Q)). Also, for any v : Q — R, and
ie{l,...,B1},denoting VTZi and Vis, the traces of v on X; defined (if need be, in a weak sense) from

both sides of Q (respectively tagged by “+” and “~""), we define the jump of v across %; by
[vls = szi ~Vig,- (8)

2.3 Helmholtz—Hodge decompositions

We collect classical results about Helmholtz—Hodge decompositions; for further details, we refer
the reader to [28, 20, 2] (cf. also [29, 4], as well as [33, Sec. 2.3]). Before proceeding, we define

L;(Q) = (L*(Q), (1, )a)-

2.3.1 1% Helmholtz-Hodge decomposition

Let us first consider the harmonic space Hr () := Hy(curl’; Q) N H (divg; Q) which, by (4), satisfies
H.(Q) = Sf)(l). In particular, the space H.(£2) has dimension 3;, and it can be proved that vector fields
w € H;(Q) are entirely characterized by the data of (((ﬂw)m ‘n, lr; € R). ) where (-, -)r;

here stands for the duality pairing in H 2 ('j). The following Li(Q)—orthogonal Helmholtz—Hodge
decomposition holds true:

1 1
LX(Q) = grad (H) (@) € 2 curl (H'(Q) n L2(Q)) & H.(Q). ©)
M
Furthermore, letting
HNQ) = {ve H(Q), vr, =03 (y;) e R, vir, = y;Vj € {1,.... B2} }, (10)

5



it can be noticed that .
grad (HL(Q)) = grad (H)(Q)) & H.(Q). (11)
Remark, also, that grad (HL(Q)) ¢ Ho(curl’; Q).

2.3.2 2" Helmholtz—Hodge decomposition

Let us now consider the harmonic space H,, (Q) := H(curl’; Q)nH o(divg; Q) which, by (4), satisfies
H,(Q) = 55(2). In particular, the space H,,(Q) has dimension 31, and it can be proved that vector fields

w € H,(Q) are entirely characterized by the data of ({((uw )z, s, 1)s, € R)ie{l B where (-, )5,

here stands for the duality pairing in H 2 (%;). The following Li (Q)-orthogonal Helmholtz—Hodge
decomposition holds true:

L*(Q) = grad (H'(Q) N L3(Q)) ES‘ % curl (H'(Q) N Hy(curl; Q)) té‘ H,(Q). (12)

Furthermore, letting
Hy(Q) :={v e H'(Q) N LF(Q) | 3 (03) e RP [v]s, = oy Vi e {1,....B1}}, (13)
it can be noticed that
. ~ Ly
grad(Hy(Q)) = grad (H'(Q) N L3(Q)) & H,(Q). (14)

We remind the reader that, for v € H'(Q), grad v is the continuation to L*(Q) of gradv € L?(),
and that the jump [-]|s, is defined in (8). Note also that grad (HL(€)) c H(curl’; Q).

3 Discrete setting

From now on, we assume that the domain Q c R is a (Lipschitz) polyhedron.

3.1 Polyhedral discretizations

We consider discretizations D = (7, %) of Q C R3 in the sense of [21, Def. 1.4].

The set 7 is a finite collection of disjoint open Lipschitz polyhedra T (the mesh cells), which
is assumed to form a partition of the domain, that is Q = UgresT. Forall T € T, we let hy =
max, , 7 |x — y| denote the diameter of the cell 7. We also let hgbe s.t. hqr = hy forall T € T,
and we define the mesh size by &y := maxycs hr. In turn, the set ¥ is a finite collection of disjoint
connected subsets of Q (the mesh faces) such that, for all F € ¥,

(i) F is arelatively open, Lipschitz polygonal subset of an affine hyperplane, and

(ii) either there are two distinct mesh cells T+, T~ € T s.t. F COT* N AT~ (F is then an interface),
or thereisameshcell T € 7 s.t. F C T NI (F is then a boundary face).

The set of mesh faces is assumed to form a partition of the mesh skeleton, that is to satisfy |y ¢ 0T =
Ures F. Forall F € ¥, we let hy := max yeF |x — y| denote the diameter of the face F. Interfaces

are collected in the set 7°, whereas boundary faces are collected in the set 9. Forall T € T,
we denote by Fr the subset of ¥ which collects the mesh faces lying on the boundary of T, so
that 0T = Upes, F. Forall T € T, consistently with our notation so far, we let ngr : 0T — R3
denote the (almost everywhere defined) unit vector field normal to 97, pointing outward from 7.



For all F € ¥, we also let ny r = ngr | be the (constant) unit vector normal to the hyperplane
containing F, and pointing outward from 7. For all F € ¥, we define ny as the (constant) unit
vector normal to F such that either np = ny+ g if F C 0T N 0T~ € ¥°, or np = ny (= np) if
F c 0T NT € F9. For further use, we also let, forall T € 7 and all F € F7, er.r € {—1,1} be such
that e7 g := ny p-np. Finally, forany X € F U7, weletxx € R3 be some point inside X.
Whenever 81 > 0, for alli € {1,..., 8}, we assume that there exists a subset 7:2“’1 of F° such

that Z; = | Fefs F, and for which ny = ny, r for all F' € ¥ . This requirement ensures that we do

associate the tag “+” to the side of Q (with respect to %;) for which ny, is outward, consistently with
our assumption from Section 2.1. Notice that, since the cutting surfaces are piecewise planar, the set
Q is indeed pseudo-Lipschitz. We also let y := U?:ll 7—'E°l When 3, > 0, forall j € {0,...,B:}, we
let 7-}‘3 denote the subset of #9 such that I’ i =Upg €¢1£)1~ F.

At the discrete level, the parameter u : Q — [uy, py] introduced in (7) is assumed to be piecewise
constant over the partition 7 of the domain €2, and we let

Mo S pr =pr <py VT eT. (15)

The role of this assumption will be made clear in Sections 4.2.1 and 4.2.2 (right before Theorems 7
and 12).

When studying asymptotic properties with respect to the mesh size, one has to adopt a measure
of regularity for refined sequences of discretizations. Let us thus consider (D), en, a sequence of
polyhedral discretizations D, := (7, F,) such that hp, tends to zero as n goes to infinity. We
classically follow [21, Def. 1.9], in which regularity for refined mesh sequences is quantified through
a uniform-in-n parameter o € (0, 1) (the mesh regularity parameter). In a nutshell, it is assumed that,
for all n € N, there exists a matching tetrahedral subtessellation of 7, (i) which is uniformly-in-n
shape-regular, and (ii) whose elements have a diameter that is uniformly-in-n comparable to the
diameter of the mesh cell in 7,, they belong to. In what follows, we write a < b (resp. a 2 b) in
place of a < Cb (resp. a > Cb), if C > 0 only depends on €2, on the mesh regularity parameter o,
and (if need be) on the underlying polynomial degree, but is independent of both n (and thus A p,)
and u. When a < b < a, we simply write @ = b. In particular, for regular sequences (Dy,),en of
discretizations, for all n € N and T € 7,,, there holds card(#r) < 1, as well as hy < hg < hy for all
F € Fr (cf. [21, Lem. 1.12]). Also, we assume that, for all » € N and X € 7, U 7,,, the point xx is
the center of an X-inscribed disk/ball of radius hx < rx < hx. This last assumption can always be
satisfied for regular sequences of discretizations.

3.2 Polynomial spaces

For £ € Nand m € {2, 3}, we let P, denote the linear space of m-variate polynomials of total degree
at most £, with the convention that P9, is identified to R, and that P! := {0}. Forany X € ¥ U T,
we let PY(X) be the linear space spanned by the restrictions to X of the polynomials in 733[ . For X
of Hausdorff dimension m € {2, 3}, P¢(X) is isomorphic to P}, (cf. [21, Prop. 1.23]). We let n;’x
denote the L%(X)-orthogonal projector onto ¢ (X). For convenience, we also set P! (X) = P¢(X)™,
that is, PY(F) = PL(F)2 forall F € F, and P(T) = P{(T)3 for all T € 7. We finally define &

P.X
as the L?(X)-orthogonal projector onto P¢ (X).
For any T € 7 and ¢ € N, we define G“(T) := grad (P‘*'(T)), and its Koszul complement
GSU(T) = PN (T)x(x — x7), both subspaces of P (T). The (non L? (T)-orthogonal) polynomial
decomposition below is a by-product of the homotopy formula (cf. [3, Thm. 7.1]):

PUT) = G (T) ® G“/(T). (16)



In addition, by exactness of the polynomial de Rham complex, letting R’ (T) := curl (P“l (T)), the
differential mapping curl : G (T) — R’ ~!(T) is an isomorphism.

For any F € ¥ now, we let Hr be the affine hyperplane containing F, that we orient according
to the normal ny. For any function w : F — R, we let gradp w : F — R? denote the (tangential)
gradient of w. We also let rotzw : F — RZ? be such that rotpw = (gradp w)", where z* is
defined as the rotation of angle —7/2 of z in the oriented hyperplane Hr. For ¢ € N, we define
RE(F) :=rotp (P*1(F)), and its Koszul complement RS (F) := PC1(F)(x —xF), both subspaces
of PY(F), where, for x € F, (x —xr) C Hp is identified to its (two-dimensional) tangential
counterpart. By the homotopy formula, in that case again, the following (non L?(F)-orthogonal)
polynomial decomposition holds true:

PUF) = RE(F) @ REC(F). (17)

Forall T € 7 and F € ¥r, since for any v : T — R we have npx((gradv) pxnr) = gradp (v|r)
(identifying npXx((grad v)|FXnr) to its two-dimensional proxy), there holds

G (T)pxnr = RE(F), (18)

where vectors in QK(T)| rXnp are also identified to their tangential counterparts. The above iden-
tity (18) provides a characterization for the rotated tangential traces of curl-free vector polynomials.
This characterization is instrumental in the design of stable and optimally consistent trimmed HHO
methods (cf. [33, Rmk. 10] for further insight).

Last, we introduce broken versions of the 3-variate polynomial spaces ¢ and PL, namely
PUT) = {v € LX(Q) | vir € PUT)VT € T}, and P(T) = {v € L*(Q) | vir € P(T)VT ¢
7}. We classically define on P(7") the broken gradient operator grad,, and on PLT) the
broken rotational operator curly. We finally let n‘;’fr (resp. ”é,'r) denote the L?(Q)-orthogonal

(resp. L?(Q)-orthogonal) projector onto P¢(7) (resp. P (7).

3.3 Hybrid spaces

We introduce hybrid counterparts of the spaces H(curl; Q) and H'(Q) (as well as of relevant
subspaces thereof). The first discrete spaces will serve for the discretization of the magnetic variable,
whereas the second will be related to the pressure-like variable (Lagrange multiplier). Henceforth,
let k € N* denote a given polynomial degree.

3.3.1 H(curl)-like hybrid spaces

Global spaces: We define the following discrete counterpart of the space H (curl; Q):

(( 1 )7 7 ( F T) F) ( ) (1 )
U =1y . =|(v , (v : , 9
D D € ,T)F € , - Qk( F) VF € 7_-

The requirement R*(F) € Q*(F) is stability-related (cf. [33, Rmk. 10] for further insight). The
space QX (F) may also satisfy, whenever explicitly precised, the additional assumption

P1(F) c QX (F). (1)



We let 71"'22 - denote the L?(F)-orthogonal projector onto QF (F). In (19), v  stands for the rotated
tangential trace of the (magnetic) variable. We also introduce the subspace

Upo={vp Uy |vr=0VF € 77}, (22)

discrete counterpart of Hy(curl; Q).

Local traits: Given a cell T € 7, we denote by Q; the restriction of Qlé) to T, and by v, =
(vr, Vrr)Fes) € Q; the restriction of the generic element y ., € Q%. Fory, € Q%, we also let
v be the broken polynomial vector field in £*(7°) such that vy =vr forallT € 7. Let us now
define an H (curl)-like hybrid semi-norm on U%.. We let, for all v, € Q; ,

2 . 2 -1 k 2
Vo learnr = leurvr 8+ > bl llly pripxng) =ve ] 5 (23)
FeFr

where vy g Xnp is identified to its tangential proxy. In turn, at the global level, we classically set,
forally, € Q%, |KD|§url,D = Yrerlvy |§url’T. Remark that, whenever [y ;) |curt,p = 0 for some
vp€eU 'E), then, by (18) and (20), one has v4 € H(curl’; Q) N G¥ (7). We then define the rotational
reconstruction operator. For any 7 € 7, we let C ;‘1 : Q;i — P*=1(T) be the operator such that, for

ally, € Q;, Ci_l (vp) € P*=1(T) is the unique solution to

(CF ' (). 2)7 = (7, curlz)r — Z et F(VPonpX(@pxnp)), Yz e PUT),  (24)
FeFr

where npX(z|rxnr) is identified to its tangential proxy. At the global level, we let C’;: v ’E) —
P*=1(77) be such that, for all Yy € Uk, Cl;__l(zz))g = C;‘l(KT) forall T € 7. It now remains
to define an H (curl)-like hybrid stabilizer. For any T € 7, we introduce the following symmetric,
positive semi-definite bilinear form: for all v, w, € Q;,

Seurt,T (Wp,Vy) = Z ! (”Z’F(WNFan) - wF,Taﬂ'lZ)’F(VT|Fan) —Vix)p  (25)
F€7‘~T

Atthe global level, we then classically let Seurt, 0 (W ), ¥ ) = 27 eq Seurt,T (W, vy) forally ,,w €
U IE). Given T € 7, under the assumption that Q*(F) (already satisfying (20)) additionally satis-
fies (21), it is an easy matter to prove that, for all v, € Q;,

k-1 2 _ 2
||CT (KT)HO,T + Scurl,T (KTaKT) ~ |KT |curl,T‘ (26)

Approximation: Let ¢ > 2. Given T € 7, we introduce the local reduction operator !i :
H(curl;T) N LY(T) — Qi such that, for any v € H(curl; T) N L9(T),

L(v) 1= (2 7 0, (2 01 xnE)) ) 27)

where, as now standard, v|rXnF is identified to its (two-dimensional) tangential counterpart. Fol-
lowing [25, Sec. 5.1], note that the regularity v € H(curl;T) N L4(T) is sufficient to give a (weak)
meaning to the face polynomial projections in (27) (see also [33, Rmk. 11]). At the domain level,
now, the global reduction operator !’5 : H(curl; Q) N L9(Q) — Q% is defined so that, for any
v € H(curl; Q) N L1(Q), I, (v) = ((n’;’T V1)) req (ﬂ’éF (viFXNF)) pog). Remark that, since
v € H(curl;Q), the quantity v|pXnF is single-valued at interfaces F € #°. Notice also that
l% (Ho(curl; Q) N LY(Q)) c QIE),O' Given T € 7, under the assumption that Q*(F) (already
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satisfying (20)) additionally satisfies (21), it is an easy matter to prove the following commutation
property: for allv € H(curl; T) N L4(T),

(CF ' oIy)(v) = mp p (curly). (28)

Finally, without this time the need for the additional assumption (21) on Q*(F), the following
(optimal) polynomial consistency result holds true: for all p € PR(T),

Securl, T (!;{‘ (P), KT) =0 VKT € Q;{

3.3.2 H'-like hybrid spaces

Global spaces: We define the following discrete counterpart of the space H' (Q):

gr e P*NT) VI eT
Ppi=1a, = (@rhrer @rrens (@5 airery) © ar ePHF)  VFeF\TTL,
95.qp €PH(F)  VF ey

o _ (29)
where we recall that £y = Ulel Fs.» with F5 subset of ¥ such that %; = {J Fe7;, F. Here, for any
ie{l,...,Bi}tand F € 7’;1_, q; and g stand for the traces on F' of the pressure-like variable defined,
respectively, from the “+” and “~” sides of © with respect to the cutting surface ¥;. Mirroring (8),
for 4, € E’;), we define its jump through F € TZ"I by [[g@]]p = q} — q- We then introduce the

following subspace of E];):

ab.k Ak o .
P = {gﬂegﬂ L 3(00) €RA g ]l = o VFe?'Zi,ze{l,...,,Bl}}, (30)

which is, modulo the zero-mean condition over €, an hybrid counterpart of the space Hé(fz) defined
in (13). Next, we define the following discrete counterpart of the space H'(Q):

k=tery vr
gr € P*U(T) efr}' a1

Py = {QD = ((QT)Tefr, (QF)FGT) : or e PRE)  VFeF

Remark that if 5; = 0, then El;’)lfz = Elz,) = B%. Whenever §; > 0, the space B% is isomorphic to
the subspace of Ebzf)lfz such that [[gz)]] r = 0forall F € ¥7. We may now introduce the following
subspaces of E'E):

B’E)’O = {g@ € B’é) : gqr =0VF € 7—}60} (32)

as well as
P = {gﬂ €Phy 3 eRP gp =y VFe Rl je {1,...,,82}}. (33)

The space Blg) 1 is the hybrid counterpart of the space H}(Q) in (10). Remark that, whenever 8, = 0,
then B% r= BIE) o With EE) o being, in that case, the hybrid counterpart of Hé (Q).
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Local traits: Given a cell T € 7, we denote by B; the restriction of E];) or B’é to T, and by
9y
qr.T = qr forall F € ¥r, whereas for 4, € E’;),

.. . .~k
= (qT, (gr.1 )Fe‘}-'T) € B; the restriction of the generic element 4, in P, or B’;). For 4, € EE),

o if FeFr \7—';, then gr 1 = qrF;
o if F € fr N Fy with F C dT* N JT~, then qp 1 = q} if T = T*, whereas gr 1 = g if
T=T".
For 4, in El;) or PX, we also let g7 be the broken polynomial function in P*~1(7") such that

qgrir = qr forall T € 7. Let us now define an (L?-scaled) H'-like hybrid semi-norm on B;. We
let, for all q, € Pk,

2 72 2 2
19, laeaar = 13 gradar G, + > hrllarie —grrl - (34)
FeFr
.ok
In turn, at the global level, for all 4, in P, or B%, we set |z@|§md,@ = Yrer |2T |§rad’T. Remark
.k .
that, whenever |q@|grad, o = 0 for some q, in P, or P . then there exists ¢ € R such that
4, =c 1., with 1, the vector of E% whose components are all equal to one. We now define the

gradient reconstruction operator. For any 7' € 7, we let G§ : Eéﬂ — PX(T) be the operator such
that, for all 4, € Pk, G? (gT) € PK(T) is the unique solution to

(GX (ZT)’Z)T =—(gqr.divz)r + Z (gr.7.21F 07 F) [ vz € PX(T). (35)
Fefr
k . [pk pk k Bk k
At the global level, we let G- : {ED,ED} — P(7) be such that, for all 4, in P, or Py,

G';—(qz))g = G; (qT) for all T € 7. It now remains to define an (L?-scaled) H'-like hybrid
stabilizer. For any 7" € 7, we introduce the following symmetric, positive semi-definite bilinear
form: for all 4,7 € B;,

Sgrad.T (r7.4,) = Z he(rriF — e 91\F — 4F.T) - (36)
FeFr
. ak
At the global level, we then set Sgrad, 0 (7 p» 4 ,,) = L1 e Sgrad,r (17, q,) forall g .1y, in Py, or
E;). Given T € 7, it is an easy matter to prove that, for all q, € Pk,

WG (g5 1 + Seraar (2, 4,) = 19, Jgead 1 (37)

Besides, under the assumption that 7 belongs to a tetrahedral mesh sequence, by [11, Lem. 1] (and
adapting the arguments from the proof of [14, Lem. 3.2]), the following important equivalence holds
true: for all q, € Pk,

WIGT (@) 57 = 19, lavad.r (38)

Approximation: Given T € 7, we introduce the local reduction operator !% :HY(T) — B; such
that, for any ¢ € H'(T),

14q) = (w1 @), (b @19) s ) (39)

. . A Sk .
At the domain level, now, the global reduction operator 1% : {H'(Q), H'(Q)} — {Py. P4} is
defined in the following way:
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e forany g € H'(Q),

k . k-1 k k k -
15(9) = (T @) g (75 1 (@10)) e g (7 p (@) T (7)) e )
where, for F € ¥y such that F C T* N 9T, we have let ¢* := g7+ and ¢~ = q|7-;
o forany g € H'(Q), 15 (q) = (W52 @) p e (7 1 (@10)) peg)-

Remark that, for F € F° with F ¢ dT* N dT~, whenever g € H'(T*+ U T~), then the quantity ¢
is single-valued. Note, in addition, that 1% (H)(£2)) c E;’)lfz and that 1%, (HL(Q)) c P%, .. Finally,
given T € 7, the following commutation property is valid: for all ¢ € H'(T),

(GF o I7)(q) = 7 1 (grad g). (40)
Also, the following polynomial consistency result holds true: for all p € P*~1(T),

Sgrad,r (I7(p).q,) =0 Vg € Py,

4 HHO methods

We consider two models of magnetostatics: (i) the (first-order) field formulation, endowed with
normal boundary conditions, and (ii) the (second-order) vector potential formulation, endowed with
tangential boundary conditions. This last model was already considered in [11, Sec. 3.2], but therein
for trivial topology only. These two problems are equivalent. They correspond to the primal instance
(that is, based on the primal de Rham complex) of the model problems (5) and (6). The dual instance
could be handled similarly.

4.1 Magnetostatics models

Recall the definitions (10) and (13) of the spaces HIL(Q) and Hé(ﬁ). Henceforth, the (variable)
coeflicient y, satisfying (15), will denote the magnetic permeability of the medium.

4.1.1 Field formulation

Let j : Q — R3 be a given electric current density satisfying the following compatibility conditions:
divj =0inQ, (jm_-n,l)rj=0f0rallj€{1,...,,82}. 41

We seek the magnetic field i : Q@ — R3 such that

curlh = j in Q, (42a)

divb =0 in Q, (42b)
brn=0 onT, (42c)
(bz,'ns;, 1)s, =0 foralli € {1,...,01}, (42d)

with constitutive law b = uh, where b : Q — R? represents the magnetic induction.
In what follows, we assume that j € L>(Q). By (11), remark that (41) is equivalent to

(j»2)a=0  Vzegrad (HN(Q)). (43)
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In the spirit of Kikuchi [31], we consider the following equivalent (cf. Remark 2 below) weak form
for Problem (42): Find (h, p) € H(curl; Q) x HL(Q) s.t.

A(h,v) +B(v,p) = (j,curlv)g Vv € H(curl;Q), (44a)
~B(h,q) =0 Vg € Hy(Q), (44b)

with bilinear forms A : H(curl; Q) x H(curl; Q) — R, B : H(curl; Q) x H' (Q) — R set to
A(w,v) := (curlw, curlv)q, B(w,q) := (uw, grad q)q, (45)

where we recall that, for ¢ € H'(Q), grad ¢ is the continuation to L?(Q) of grad g € L*(€2). The
pressure-like variable p is the Lagrange multiplier of the constraints (42b)—(42d) on the magnetic
induction b. Testing (44a) with v = gradp € grad(H ! (Q)) c H(curl’;Q), and recalling that
p € LZ(Q) one can actually infer that p = 0 in Q (recall that Q is assumed to be connected).
The well-posedness of Problem (44) is a direct consequence of the second Weber inequality, more
precisely of [33, Rmk. 6] with n := u (combined with (44b) and (14)).

Remark 2 (Weak-strong equivalence). Whereas it is clear that any solution to Problem (42) also solves
Problem (44), the converse is less straightforward, in particular when it comes to retrieving (42a).
To do so, one has to use the first Helmholtz—Hodge decomposition (9) (with u < 1 therein), combine
it to (11), then recall the compatibility condition (43), so as to infer that (curl h — j, z)Q =0 for all
z € L*(Q), thereby yielding (422).

Remark 3 (Regularity theory). Recall that Q is a Lipschitz polyhedron. When the coefficient u is
globally smooth (which, under (15), amounts to assuming that u is constant in Q), it is known (cf. [18,
Thm. 2] and [2, Prop. 3.7]) that the solution to Problem (42) (and more generally to Problem (5))
satisfies h € H*(Q) for some s > L with s > 1 if Q is convex. When the coefficient u is piecewise
smooth (here, under (15), piecewise constant), however, the solution h to Problem (42) (and, more
generally, to Problem (5)) is only known (cf. [19, 30, 8]) to belong to H* (Q) for some s > 0.

4.1.2 Vector potential formulation

Let j : Q — R3 be a given electric current density complying with (41). We seek the magnetic vector
potential @ : Q — R3 such that

curl(pleurla)=j  inQ, (46a)
diva =0 in Q, (46b)

arxn =10 onl, (46¢)

(a|rj-n, l)rj =0 forall j € {1,...,5:}. (46d)

In what follows, we assume that j € LZ(Q). Recall that (41) is equivalent to (43). We consider
the following weak form for Problem (46): Find (a, p) € Hy(curl; Q) x H}(Q) s.t.

A(a,v)+B(v,p) =(j,v)a Vv € Hy(curl; Q), (47a)
~-B(a,q) =0 Vg € H-(Q), (47b)

with bilinear forms A : H(curl; Q) x H(curl; Q) — R, B : H(curl; Q) x H'(Q) — R set to

A(w,v) := (1 curlw, curlv)q, B(w, q) := (w,grad q)q. (43)
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The pressure-like variable p is the Lagrange multiplier of the constraints (46b) and (46d) on the vector
potential a. Testing (47a) withv = grad p € grad (H-(Q)) ¢ Hy(curl’; Q), using (43), and recalling
the definition (10), one can actually infer that p = 0 in Q. Consequently, Problems (46) and (47)
are equivalent (that is, weak-strong equivalence holds true). The well-posedness of Problem (47)
is a direct consequence of the first Weber inequality, more precisely of [33, Rmk. 3] with  := 1
(combined with (47b) and (11)).

Remark 4 (Equivalence with Problem (42)). Whereas it is clear that, for any solution a to Prob-
lem (46), setting b := curl a, then h = /flb is solution to Problem (42), the converse is less obvious.
It is a consequence of the fact that the equations (42b)—(42d) imply, by the second Helmholtz—Hodge
decomposition (12), the existence of a € Hgy(curl; Q) such that h = u~' curla. The latter vector
potential is non-unique, which is the reason why one has to further impose a gauge condition. In our
case, we impose the so-called Coulomb gauge, which amounts to enforcing (46b) and (46d).

Remark 5 (Regularity theory). Given that h = u~! curl a is solution to Problem (42), we infer from
Remark 3 that ' curla € H (Q), with r > % if u is globally smooth, or r > 0 if u is piecewise
smooth. In turn, since a € Hy(curl; Q) N H(div’; Q), there holds a € H*(Q) for some s > % In
particular, if u is globally constant, both i~ curl a and a belong to H' (Q) for some t > 1 witht > 1
if Q is convex. In the general case, the solution to Problem (46) (and, more generally, to Problem (6))
satisfies a € H*(Q) for some s > L, and u~" curla € H" (Q) for some r > 0.

4.2 HHO schemes

The HHO methods we devise are directly built upon the weak formulations (44) and (47). At the
discrete level, we also heavily leverage the fact that the continuous Lagrange multipliers are equal to
Zero.

4.2.1 Field formulation

Recall the definition (19) of the space U k. hybrid counterpart of H(curl; ), and assume that, for all
F € F, the space QX (F) is given by
QK (F) := R¥(F) @ ROF1(F), (49)

in such a way that (20) is indeed fulfilled, and that (21) additionally holds true. Recall the defini-
tion (30) of the space Ebﬂkz We introduce the following hybrid counterpart of Hé(ﬁ):

Kk bk
Bz),z = {qZ) € Bz),z : /CIT = 0}- (50)
- o

Remark that 7% (HL(Q)) c E;’Z, since functions in HL(€) also belong to L%(Q).
Given T € 7, we introduce the local bilinear forms Ar : Q; X Q; — R, Br : Q; X £§ — R,
and St : PX x PX — R defined by: forall y.,w,. € UK, and 4.Ir € Pk,

AT (ET’KT) = (C’?_I(ET)’Ci_I(KT))T + Scurl,T (KT’KT)’ (Sla)
Br(wr.q,) = pur (wr. GF(q,)) (51b)
St (ry+4,) = pphy (gradrr, grad gr); + 7 Sgraa,r (175 4,.)5 (51c)

where the local stabilizers Scurt,7 and Sgraq,7 are respectively defined by (25) and (36). The scaling
,u% (also h%) in (51c¢) is chosen so as to restore consistency between the physical units. As far as the
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bilinear contribution S7 is concerned, its role will be discussed in Eemark 10 below. Asknow stkandard,
the global bilinear forms Ap : g% XQ]E) — R, Bp : Q% XED — R, and Sp : ED XEZ) — R
are assembled summing the local contributions. The discrete HHO problem reads: find (& 4, pD) €

U4 x E];),z s.t.
Ap(hp,vp) +Bo(p.p )= (7.C5 (1)) Yo, €Uy, (52a)
~Bp(hpd,)+So(p,.q,) =0 ¥q, € Py (52b)
We now establish well-posedness for Problem (52).

Lemma 6 (Well-posedness). Forally , € U ’E) and 4, € E’; there holds:
Y plawn+ D 131G, aaar S AD (0,2 ) +S0(a,,4q,). (53)
ZDlcurl,D T4 lgrad, T ~ -D° =D EX M)
TeT

As a consequence, Problem (52) is well-posed.

Proof. Lety, € U and q, € Pk Starting from definition (51a), and invoking (26) (which is valid
under assumption (49)) there holds

Ar (v, v) = NCF )G 7 + Seunt,r (075 27) = 17 legn 7 (54)

In the same vein, by (51c), St (q . ) = ,uT |qT |grad +- Summing over T € 7 yields (53).
Now, since the linear system correspondlng to Problem (52) is square, proving well-posedness
is equivalent to proving the uniqueness of its solution. Let us show that, if j = 0, then necessarily

(QD,pD) =(0,,,0,,). First, remark that the map |-|graq,» (cf. (34)) is a norm on E’;),Z (cf. (50)), as

a by-product of the discrete zero-mean condition over Q. Second, let us test Problem (52) (for j = 0)
withy , = h, and 4, =P, Summing (52a) and (52b), and leveraging (53), we directly infer that

|k 5 leurl,» = 0 and |]_)D|grad’g = 0. From the second, since P, € EZ’Z, we deduce that P, = 0p
Plugging this value into (52b), we get Bp(hyp.q,) = (,uhfr,G’fr(q ))q = 0 for all q, € PI;) 5.
Since, for any ¢ € H. (Q) I* »(q) € PZ) 5, letting q4,= =k » (@) in the latter relation, and invoking the
local commutation property (40), together with ,uh(;— € Pk (7)) (as a by-product of (15)), we infer

(th7,z) =0 Vz € grad(HL(Q)). (55)

The conclusion then follows from the second hybrld Weber 1nequahty of [33, Rmk. 16] (with 1 := )

which, combined to (14), yields [|uZ ke llo.o < 1y 2B g leurt, (S ,Uﬁ [l7llo.). Since |A p leurt, 0 = 0,
we infer that h ,, = 0,,, thereby concluding the proof. O

Remark that the validity of the discrete orthogonality condition (55), on which crucially hinges the
stability of the method, requires assumption (15) on the magnetic permeability to be fulfilled. Last,
we prove an error estimate in energy-norm for the solution to Problem (52).

Theorem 7 (Energy-error estimate). Assume that h € H(curl; Q) solution to Problem (44) further
satisfies h € H*(T") for some s € (1,k + 1], and carl h € H" (T") for some r € (s — 1, k]. Then, the
following estimate holds true:

2(s—1
By = Ly (W) o+ D, 171D araar S D, (W Teurlhl? -+ h3 R ,),  (56)
TeT TeT

where (h 4, EZ)) € Q}é X E%Z is the unique solution to Problem (52).
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Proof. First, by Sobolev embedding, remark that since h € H*(7") for some s > 1 (s > 0 would be
enough), then & € L2(Q) for some ¢ > 2, and one can thus give a meaning to l%(h) € Q’E). Let
us set [(w 4, [D)lé) = Ap(W W) +Sp(r g, 1 p). The starting point of the proof is the following

simple inequality: for all (w ,),7,) € Q% X E’;’Z,

|(Wp.rplo < max  Ap(Wpvp)+Bo(Vyrp) = Bo(Wp.q,)+S0(rp.q,)-
k o pk — =
®p.ap,)UpyxPy 5.
|(2d) D=1

Letting then w ) = (hy, — I% (h)) € U% andr,, = (Bz) -1%(p)) = P, € E’;)’Z (it is recalled that
p = 0), developping the expression into the max, and using Problem (52), yields
1/2

k 2 2 2
|ED - !Z)(h)lcurl,D + E Hr |£T |grad,T N max Tk 81)((2@’ 22)))’
Ter ©p-ap)UpHXPY 5.
(2p-g,)lo=1

where we have also utilized the estimate (53) in the left-hand side, and set 8@((3 D’Z@)) =
(j’C];-_I(K@))Q - AD(!’;)(h),KD) + B@(!’;)(h),zﬂ). Let us define

T =), €5 (2p))g — An (I (h).v )
=(curlh - (C5~' o I')) (h), C&~' (v 1)) g = Seurt. 0 (L) (1), ¥ ).

and
T = B@(!'E)(h),gz)) = (”;,T(“h)’GkT(ﬁz)))Q’

where we have invoked (42a) to replace j by curl k2 in T, and used the fact that y is piecewise constant
in ¥,. For ¥, using (i) the local commutation property (28) along with the fact that carl h € H" (7),
and (ii) the fact that k € H*(7") for some s > 1 (s > % would be enough), so that the full trace of
h can be given a meaning in L>(F)? on each interface (on both sides) and boundary face, we infer
from the fractional approximation results of [14, Lem. 2.5] that

1/2
T D (W et b2y + i3 VR L) | Ap(v gy )"
TeT

For ¥, now, using the definition (35) of the (local) gradient reconstruction, and integrating by parts
the volumetric term therein, we infer that

T, = (uh,gradsq7) g + Z Z (7T]¢C>,T (urhiD)iF-nr F g — 47 |F) o
TeT FeFr

where we have invoked the fact that grad,q7 € P*=2(7) to remove the projector in the first term.
Integrating by parts (cell by cell) the first term in the right-hand side, and combining k € H|y (divg; Q)

(owing to (42b) and (42c)) and 4, € E];),z (cf. (50) and (30)), yields
Bi
T = Z Z ET’F((”I;J,T(:“T"IT)IF_(ﬂh)IF)'”F,qF,T—QT|F)F+Z Z oi((uh)pnp, 1),

TeT FeFr i=l FeFy
L
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where we have additionally leveraged that uh € H®(7") for some s > 1 (s > % would be sufficient)
to give a standard meaning to its normal traces. Now, since, for any i € {1,..., 1}, there holds
Yrer oi((uh)p-nr, 1) = oi((ph)s; ns;, 1)y, we infer by (42d) that

I = Z Z gT,F((”I;),T(ﬂThH)lF — (uh)\F)-nE.qr 1 — 97 |F)
TeT Fefr

The approximation results of [14, Lem. 2.5], along with standard arguments, then show that

1/2 12
2(s-1
S (Z hT(‘ )lhlg,T) (Z F%Sgrad,T(gT,gT) .

TeT TeT

Since Y7 cq uTSgrad T(q ) < S@(q 4, ), gathering the estimates on ¥; and ¥,, and using
that (v, 4, )p =1, we conclude the proof |

From the error estimate (56), we infer that the HHO scheme converges with optimal rate h’é) when
h € H*'(7"). Before concluding this section, a few remarks are in order.

Remark 8 (Low-regularity solutions and error measure). In order to yield convergence, the energy-
error estimate from Theorem 7 essentially requires that h € H*(T") for some s > 1. By Remark 3, this
regularity assumption on the solution is not met in general, even for a globally constant coefficient
U on a convex domain. Recovering convergence for any s > 0 and r > 0 would require to consider
a weaker error measure, morally on hrrC]f,: Vinstead of C’;._l. This is in line with the fact that, for
first-order models, the only meaningful error measure is the L*>-error on h, which formally scales
like hqaC ’;: I Fors € (0, %], the analysis would also necessitate to give a meaning to the face terms
(adapting, for example, the arguments from [25, Sec. 5]). We do not pursue herein further in this
direction.

Remark 9 (Variant of the scheme). Since the model at hand is first-order, following [11, Sec. 3.1], it
is also possible to define the discrete rotational operator as the broken rotational curly, instead of
C*=1. In practice, the new HHO scheme is obtained replacing in Problem (52) every occurrence of

Z U by curly. The main advantage of doing so is that one can then relax the assumption (21), and
conszder in place of (49) the leaner space QX (F) := R*(F). This choice is actually sufficient (and
necessary, thus optimal) for ensuring stability (cf. [33, Rmk. 10]). Redefining At (w,.,v;), there
now holds (in place of (54)) that At (v,,v;) = |v, |c2url,T, and this identity holds true irrespectively
of (21). There is a price to pay for this complexity reduction. The commutation property (28) is
no longer valid in that case, and the proxy for curl h is then given by curlrr(n";,j(h)) in lieu of
ﬂ];)_,lT(curl h). As supported by our numerical experiments (cf. Section 5.5), for singular solutions,
this alternative proxy might unfortunately retain insufficient approximability properties.

Remark 10 (About stability). Assume T is a member of a tetrahedral mesh sequence. Then,
as already pointed out in [11, Rmk. 3.1], the bilinear contribution S¢(p ,q ) can be removed
from Problem (52) without compromising its stability. In the tetrahedral case, (38) indeed yields
ZTGTﬂqu |gmd r S ZTGT,uT h2 ||G (q )||0 , for all 4, € k . Since the discrete saddle-point
system enforces a control on the latter rlght hand side (cf. [11, Lem 3.6]), thls actually grants stabil-
ity. When T~ belongs to a general mesh sequence, (37) indicates that Y7 <4 uT Serad, T (q ) needs
also be controlled to ensure stability. This motivates the adding of the bilinear term S D ( p 4, ),

embedding Y,r g uT Serad,T ( Py T) to Problem (52). Remarkably, the continuous Lagrange mul-
tiplier being zero, any choice of Sp (‘DD’ qD) is consistent. We here define S from (51c), which
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also embeds a volumetric contribution, with the idea of improving stability for the discrete problem.
This strategy may vyield slightly more accurate results in some situations (cf. [11, Rmk. 3.2]). Other
choices of the same nature can be made for S ¢, see e.g. [11, Eq. (3.4c)]. The present remark extends
to Problem (58) (vector potential case).

4.2.2 Vector potential formulation

Recall the definition (22) of UX U ¢» hybrid counterpart of H o(curl; Q), and assume that the space
QX (F) is still given by (49) for all F € F. Recall, in addition, the definition (33) of P, _, hybrid
counterpart of H]-(Q).

Given T € 7, we introduce the local bilinear forms Ar : Q; X Q;‘, — R, Br : Q; X B’; — R,
and St : PX x PX — R defined by: forall y.,w,. € UK, and 4.Ir € Pk,

—D.,I»

Ar(wpvy) =7 (C57 (wp ), CF v p)) g + 17 Seant (Wi, ), (57a)
Br (wr.q,) = (wr.GF(q,))r (57b)
ST (KT ’ gT) = /"lT h%‘ ( grad rr, grad CIT )T + MT Sgrad,T (ET ’ 2T>, (570)

where the local stabilizers Scur,7 and Sgraq,7 are respectively defined by (25) and (36). Here as
well, the scaling ur (also h%) in (57c¢) is chosen so as to restore consistency between the physical
units. In turn, the global bilinear forms Ap : QIE) X Q% — R, Bp : Q’E) X BIE) — R, and
Sp: E’b X B’b — R are assembled by summing the local contributions. The discrete HHO problem
reads: Find (gD,ED) € Q’E;)’O X EE),F s.t

Ap(@p.vp) +Bo(p.p )= (jivr)g Yy €Up,, (58a)
~Bo(@,q,)+So(p,.q,)=0 ¥4, € Pir. (58b)

Let us establish well-posedness for Problem (58).

Lemma 11 (Well-posedness). For all v ;, € U7, and g , € Py, there holds:

Z 1P g o + Z prlq IgradT SAp(Vp.Vp) +S0(q,.4,)- (59)
TeT TeT

As a consequence, Problem (58) is well-posed.

Proof. Lety, € U and 4, € Pk Starting from definition (57a), and invoking (26) (which is valid
under assumption (49)) there holds

Ar vy, vy) = uP ICF G 7 + 17 Seurtr (Vg v7) = 17 V7 |7 - (60)

Similarly, by (57¢), St (q 4 ) =purlq |grad +- Summing over T € 7" yields (59).

Now, since the hnear system correspondmg to Problem (58) is square, proving well-posedness
is equivalent to proving the uniqueness of its solution. Let us show that, if j = 0, then necessarily
(gD,ED) = (0,,0,,). First, remark that the map |-|grag,» (cf. (34)) is a norm on BIE),F (cf. (32)
and (33)), as a by-product of the discrete zero boundary condition on I'y. Now, let us test Problem (58)
(for j = 0) with vy =a,and 4,=P Summing (58a) and (58b), and leveraging (59), we directly

Py, we deduce

that p = = 0. Plugging this value into (58b), we get Bp (a4, q,) = (a7, G T(q ))g = 0 for

infer that |@ ) |cur,» = 0 and | Bz)lgrad’ o = 0. From the second, since P, € Pk

all 4, € E;)’F. Since, for any g € H%(Q), l’é)(q) € Pk

».r letting 4, = Ik (q) in the latter
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relation, and leveraging the local commutation property (40), along with as € P*(7), we infer
(a7.z)y = 0 forall z € grad (H}-(22)). The conclusion then follows (recall that @ ,, € U %’0) from
the first hybrid Weber inequality of [33, Rmk. 14] (with n := 1) which, combined to (11), yields

”a‘T”O,Q < |£z)|curl,2)($ ,uﬁ”j”O,Q)- Since |ﬂz)|curl,D = 0, we infer an, = Q@- O

Remark that, contrary to what held true for the field formulation, the stability of Problem (58) is not
conditional to assumption (15). In order to simplify the analysis below, we nonetheless stick to (15),
and refer to Section 5.4 for a numerical assessment in the case of locally variable permeability. We
prove an error estimate in energy-norm for the solution to Problem (58).

Theorem 12 (Energy-error estimate). Assume that the solution a € Hy(curl; Q) to Problem (47)
further satisfies a € H*(T") for some s € (1,k + 1], and curla € H" (T") for some r € (max(%,s
1), k]. Then, the following estimate holds true:

_ —_ 2(s-1
D wr'lay — B(ar) oy + D brlp gz < D 17t (W |curlal - + 53¢ Vlal 1), (61)
TeT TeT TeT

where (a4, g@) € Q’b’o X EE)’F is the unique solution to Problem (58).

Proof. First, by Sobolev embedding, remark that since a € H*(7") for some s > 1 (s > 0 would be
enough), then @ € L9(Q) for some ¢ > 2, and one can thus give a meaning to I¥ pla) € U

us set |(ED’£D)|D = Ap(Wp. W) +So(ry,.7p). Proceeding as in the proof of Theorem 7, we
infer that

1/2
Z /1;1|QT - 111{‘ (alT)lczurl,T + Z MT|£T |§rad,T < max 82)((21)’QD)),

k. pk
TeT TeT ©p.an)Up ¢*Lp 1
|(vp.4,,) D=1

where 8@(@@@@)) = (f.vr)g - An(I%(a),v,) + BD(!%(a),gD). Let us define

T = (Jvr)g -~ An(Ip(a).vy). Tni=Bp(lp(a).q,) = (15 (). GH(g,))g-

For ¥4, (i) replacing j by curl(u~! curla) (leveraging (46a)), then performing a cell-by-cell inte-
gration by parts in ( 7, vfr) o> and (ii) using the definition (24) of the (local) rotational reconstruction
operator for Ap (I% (a),v ), we infer that

T = (0 (curla - (Ck To Ik D) (@), curlyys) Z U7 Seunt 7 (I T(a|T) vy)
TeT

+ Z Z er p(vripxng —ve o, nex(u ! curla - u7' (CF7 O!I](")(a|T))|Fan)Fa

TeT Fefr

Where we have also utilized the fact that 4! curla € H(curl; Q) with u~' curla € H" (7) for some
r>; 1 together with the fact that Yy € U . Let us first estimate the two first addends in Ty,
Whose sum we denote by T 1 (T2 w111 denote the last addend of ;). By (i) the local commutation
property (28), along with the fact that curla € H" (7°), and (ii) the fact that @ € H*(7") for some
s>1(s> % would be enough to give a meaning to the boundary terms), we get from the fractional
approximation results of [14, Lem. 2.5] that

12 1/2
- 2(s-1 -
RIS Z pr' (A7 c“rl“|3,T + hT(S ”‘”?,T)) (Z Il | 2% |c2url,T) :

TeT TeT
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In turn, using [33, Lem. 9] (yielding full control of tangential jumps), together with similar arguments,

we infer that
1/2 1/2
1,2 2 -1 2
T2 s (Z Hr hT’|curla|r,T) (Z Hr vy Icurl,T) :
TeT TeT

1/2
By (60), we finally get T; < (Zrefrﬂ}l (h%] curlalf’T + h%(s_l)la@j)) Ap(¥ 5. vp)7% Letus
now estimate I,. Using the definition (35) of the (local) gradient reconstruction (with the fact that
g g
4, € E;) )» and integrating by parts the volumetric term therein, we infer

T, = (a, gradgq7), + Z Z (ﬂI;:,T(a|T)|F'"T,F,CIF —q7|F) -
TeT Fefr

A cell-by-cell integration by parts of the first term in the right-hand side, and the combination of
a € H(div’; Q) (according to (46b)) and 4, € B’;) r (cf. (32) and (33)), yields

P2
I = Z Z ST,F((”I;)’T(WT)\F_a|F)'nF,QF_QT|F)F +Z Z Vj(a|F'nF,1)F,
TeT FeFr =l Fef?
J

where we have additionally utilized the fact that @ € H*(7) for some s > 1 (s > % would be
sufficient) to give a standard meaning to its normal traces. Now, since, for any j € {1, ..., 82}, there

holds ZFGGCI@J_ vilaipnp. 1) =yj(ayr,n, 1) . we infer by (46d) that

L= ), D, errl(@pr@r)r —ap)ne, ar - arir) -
TeT Fefr

The approximation results of [14, Lem. 2.5], along with standard arguments, then show that

1/2
—1,2(s-1
RYIPS (Z ﬂTlhT(s )|a|§,]‘) (Z llTSgrad,T (zT’zT)

TeT TeT

I/2

Since X7 cq 1T Sgrad,T (gT,gT) < S@(gﬂ,gﬂ), gathering the estimates on ¥ and ¥;, and using
that |(v ,,, g@) |p = 1, we conclude the proof. |

From the error estimate (61), we infer that the HHO scheme converges with optimal rate h% when
a € H*'(7"). A few remarks are necessary before concluding this section.

Remark 13 (Low-regularity solutions). In order to yield convergence, the energy-error estimate
from Theorem 12 essentially requires that a € H*(T") for some s > 1. By Remark 5, this regularity
assumption on the solution is not met in general, even on a convex domain. However, it is always true
that a € H?(T") for some s > % Recovering convergence for any s > % would then necessitate to
consider a weaker error measure for the scheme, formally on h;/_z C ';-_1. This is precisely the approach
pursued in [26, 27] in the DG context. Note that the correct treatment of interface terms also requires
that u=' curla € H" (T) for some r > % By Remark 5, the latter regularity assumption is met for
a globally constant coefficient u, but is not satisfied in general. Adapting the arguments from [25,
Sec. 5], it should however be possible to relax this assumption tor > 0, which would cover the general

case. We do not pursue herein further in this direction.

20



Remark 14 (Variant of the scheme). It is possible, instead of (locally) reconstructing the rotational
in P*=1(T) as in (24), to reconstruct it in the smaller space R*1(T) = curl (Pk(T)). This was
the strategy advocated in [11, Sec. 3.2]. In this case, the proxy for curla is given by ﬂ’,,‘e_lr(curla)

(with obvious notation for the projector) in place of ﬂ’;,_lT(curl a). This proxy has approximability
properties no better than curlrr(n";, T(a)) (see Remark 9). Therefore, since this alternative construc-

tion does not allow to relax (21), and given that the complexity gain in using R*"'(T) instead of
Pph-l (T) to reconstruct the rotational is marginal (local systems are small, and local computations
are embarrassingly parallel), it is definitely a better option to stick to the choice P*~1(T) as in (24).

Remark 15 (Robustness to heterogeneity). Let us introduce k, := uy/p, > 1 the (global) hetero-
geneity ratio of the magnetic permeability u. From (61), one can infer that |a ., — !’E)(a)|curl, D
is bounded by KZZ. Since b = curla (recall that a is the magnetic vector potential), notice that
la, I ’E) (@)|eurl, p is actually an L*-like measure of the scheme error on b. The computed magnetic

induction is thus only mildly sensitive to heterogeneity.

5 Numerical experiments

We perform in this section a comprehensive numerical assessment of the HHO schemes we devised
and analyzed in Section 4.2. One important goal is to validate numerically the theoretical rates of
convergence of the methods. Our focus is on relatively simple geometries, and on test-cases for which
an analytical solution is available. The computational domains under study include topologically
non-trivial geometries, as well as a domain with reentrant edge, for which the corresponding solution
is singular.

We consider two families of (regular) mesh sequences, respectively composed of tetrahedral and
polyhedral meshes. The polyhedral meshes are constructed from the tetrahedral ones by agglomerat-
ing tetrahedral elements into polyhedra in a random fashion. The agglomeration procedure concerns
all tetrahedra surrounding randomly selected mesh vertices, in such a way that one can construct a
mesh sequence whose regularity parameter does not decrease upon refinement. We here solve the
discrete Problems (52) and (58), respectively referred to as first- and second-order Problems, modulo
the following adaptations: (i) building on Remark 9, for the first-order Problem, when the exact
solution is regular, we replace the discrete rotational operator C kT‘l by its broken version curls, and
the magnetic face space is then set to Q¥(F) := R*(F) for all F € ¥ building on Remark 10,
(ii) when 7 is a tetrahedral mesh, we remove from both the first- and second-order Problems the
contribution S g ( Py4d 1))’ whereas (iii) when 7~ is a polyhedral mesh, we remove from both the first-
and second-order Problems, in the definition of Sq( Py g@), the contribution stemming from the

local bilinear form h% (grad pr, grad gr )T. Doing so, we achieve, without compromising stability,
a somewhat leaner implementation, and we bear consistency with the numerical results from [11],
where these variants were actually implemented (in the case of topologically trivial domains only).
Importantly, and as already noticed in [11], the numerical tests that we performed (not reported here)
show that these variants achieve virtually the same accuracy as the original schemes (and, interest-
ingly, for examples with non-trivial topology, even slightly improve it). As standard with skeletal
methods, for each discrete Problem, both the magnetic and pressure-like cell unknowns are locally
eliminated (without additional fill-in) from the global linear system using a Schur complement tech-
nique. The resulting (condensed) global linear system is solved using the SparselLU direct solver of
the Eigen library, on a laptop Dell Precision 5570 equipped with an Intel Core i7-12800H processor
clocked at 2.80GHz, and with 64Gb of RAM. The implementation uses the open-source C++ library
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ParaSkel++' [6]. For each computed discrete solution u ,, € {h ), @}, corresponding to the exact
solution u € {h, a}, we evaluate the relative energy-error and L*-error by

1/2
-1 k 2
(Zrerni'luy - ) ) s -, @l

and L2_err =

e E I @)l

(Zrerm 115 i) By ) T rtle
with 77 := 1 in the first-order case, and 7 := p in the second-order one. For all the numerical examples
below, except in Section 5.4, we set u = 1. Whenever the computational domain is non-simply-
connected, and some additional flux constraints need to be enforced through cutting surfaces so as to
guarantee uniqueness for the solution, one needs to compute, from the partition at hand, a discrete
representative of each cutting surface. To this aim, we implemented a simplified version of the
(co)homology computation algorithm proposed in [1]. We refer the reader to Figure 1 for an example,
in the case of a torus discretized by a tetrahedral mesh, of a discrete cutting surface computed by the
latter algorithm.

Figure 1: Test-case 5.1 (torus). Example of a discrete cutting surface computed by the algorithm
from [1]. The surface is piecewise planar, and the depicted triangles are faces of the tetrahedral mesh
discretizing Q.

5.1 Torus

Our first example consists in a toroidal domain Q, with midline radius R = 2 and internal radius » = 1.
For this geometry, 51 = 1, and 82 = 0. We consider the first-order Problem (42), with following
smooth exact solution, expressed in cylindrical coordinates:

h(p,p,2) = (cos (gwl(p—R)2+zz) —c)(o, (62)

where the constant ¢ € R is set so that, for some cutting surface X, the condition (hx-ns, 1)y =0
is satisfied. In our numerical experiments, the electric current density j is set according to (42a),
whereas the zero normal boundary condition (42c) and zero flux condition (42d) (valid, respectively,
on the curved boundary I', and on the I'-delineated cutting surface X) are replaced by their non-
homogeneous versions computed from (62) on the given piecewise polygonal approximations of I"
and X. For each k € {1, 2,3}, we solve Problem (52) (with curls), and depict on Figure 2, for both
the tetrahedral and (agglomerated) polyhedral mesh families, the relative energy-error and L2-error
as functions of the mesh size (hp), and of the number of degrees of freedom (#DoF) after static

Icf. https://gitlab.inria. fr/simlemai/paraskel (under GNU LGPL v3.0).
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condensation. For the two mesh families, as predicted by Theorem 7, we obtain a convergence rate
for the energy-error of order k. We also observe a convergence rate of order k + 1 for the L2-error on
the magnetic field.

—eo— k=1 (tet) —m— k =2 (tet) —— k =3 (tet)
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Figure 2: Test-case 5.1 (torus). Relative energy-error (fop row) and L?-error (bottom row) vs. ho
(left column) and #DoF (right column) on tetrahedral (solid) and polyhedral (dashed) meshes.

5.2 Hollow ball

Our second example consists in a ball € of radius 2, encapsulating a concentric hollow spheric cavity
of radius 1, so that its boundary I" consists of two connected components 'y and I';. For such a
geometry, 81 = 0, and 8, = 1. We consider the second-order Problem (46), with following smooth
exact solution, expressed in spherical coordinates:

a(r,0,p) = rl—zcos(é?) F. (63)

Remark that a satisfies (ar,-n, 1)r, = 0 (as well as {(ar,-n, I)r, = 0, since diva = 0 in Q). In
our numerical experiments, the electric current density j is set according to (46a), whereas the zero
tangential boundary condition (46¢) and zero flux condition (46d) (valid on the curved boundaries I"
and I'y) are replaced by their non-homogeneous versions computed from (63) on the given piecewise
polygonal approximations of I" and I';. For each k € {1,2,3}, we solve Problem (58), and plot on
Figure 3 the relative energy-error and L>-error as functions of the mesh size (/1) and of the number
of degrees of freedom (#DoF) after static condensation, for both the tetrahedral and polyhedral mesh
families. For both mesh families, we obtain, as predicted by Theorem 12, a convergence rate for the
energy-error of order k. We also observe a convergence rate of order k + 1 for the L?-error on the
magnetic vector potential.
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Figure 3: Test-case 5.2 (hollow ball). Relative energy-error (fop row) and L?-error (bottom row)
vs. hp (left column) and #DoF (right column) on tetrahedral (solid) and polyhedral (dashed) meshes.

r 2o
0~
X
Figure 4: Test-case 5.3 (toroidal vacuum chamber). The toroidal domain €2, with coaxial hollow

toric cavity. Depicted are two possible cutting surfaces X, and %,, as well as the two connected
components ['g and 'y of '

5.3 Toroidal vacuum chamber

This test-case is defined on the same toroidal domain as in Section 5.1, except that Q here additionally
encapsulates a coaxial (i.e. with midline radius R) hollow toric cavity of internal radius »/2 (that is,
the cavity has half the internal radius of the torus). For this geometry, 8; = 2, and 5, = 1. We solve
here the field formulation, with the same exact solution (62) (also same value for the constant c) as
in the fully solid torus test-case of Section 5.1. We depict on Figure 4 two possible cutting surfaces
21 and X, as well as the two connected components I'g and I'; of the boundary I'. The vector field
h given by (62) is actually solution to a non-homogeneous version of the first-order Problem (42):
it satisfies (42b)—(42¢c) and (h|s,-nxs,, 1)y, = 0, but (hz,-ns,,1)s, # 0, so that h “embeds” an
harmonic field in H,(Q) (cf. (12)). Here again, for k € {1, 2, 3}, we solve Problem (52) (with curly),
and plot on Figure 5 the relative energy-error and L>-error as functions of &4 and #DoF, for both
the tetrahedral and polyhedral mesh families. The obtained energy-error convergence rates are again
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consistent with our theory, as established in Theorem 7. The observed L’-error convergence rates on
the magnetic field are again of order k + 1.
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Figure 5: Test-case 5.3 (toroidal vacuum chamber). Relative energy-error (fop row) and L>-error
(bottom row) vs. hp (left column) and #DoF (right column) on tetrahedral (solid) and polyhedral
(dashed) meshes.

5.4 Variable permeability

In this example, we let Q := (0, 1)3, and we solve the vector potential formulation, with smooth exact
solution
2nr(x) sin(27ry) cos(2nz)
a(x,y,z) =| —-r’'(x)cos(2ny)cos(2nz) |, r(x) = x>, (64)
=2r"(x) sin(2ny) sin(27z)

together with smooth, locally variable (inverse) magnetic permeability p~'(x,y,z) = 1 + x>y
The vector field a given by (64) is solution to a non-homogeneous version of the second-order
Problem (46): it satisfies (46b) (note that (46d) is here trivial), but fulfills in place of (46c) a non-
homogeneous tangential boundary condition. In our experiments, the electric current density j is
set according to (46a), and the boundary datum in accordance with (64). Remark that ,u‘1 is not
piecewise constant over the partition of the domain. So as to retain optimal convergence rates, we thus
had in our implementation to use weighted cell/face inner products (remark that x~! is continuous
across interfaces). The relative energy-error is computed accordingly. Their accurate computation
necessitates to increase the degree of exactness of the quadrature rules. We here solve Problem (58).
The convergence results, collected in Figure 6, show essentially the same behavior as those reported
in [11, Sec. 3.2.5] for a unit permeability test-case on the same domain.
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Figure 6: Test-case 5.4 (variable permeability). Relative energy-error (top row) and L>-error
(bottom row) versus hq (left column) and #DoF (right column) on tetrahedral (solid) and polyhedral
(dashed) meshes.

5.5 Singular solution

In this last test-case, the domain Q is a cylinder of unit radius and height, to which a quarter has been
removed, so that it presents a reentrant edge (cf. the left panel of Figure 7). We here solve the field
formulation, for the following singular exact solution, expressed in cylindrical coordinates:

h(p,p,z) = grad (pg cos(%go)) . (65)

The vector field & given by (65) is solution to a non-homogeneous version of the first-order Prob-
lem (42): it does satisfy (42b) (remark that (42d) is here trivial), but fulfills in place of (42c) a
non-homogeneous normal boundary condition on the curved section of I'. In our numerical experi-
ments, the electric current density j is set to zero (accordingly to (42a)), and the boundary datum is set
in accordance with (65) on the given piecewise polygonal approximation of the curved section of I".
It can be verified that b € H3~¢ (Q) for all &€ > 0, with k being singular along the reentrant edge. We
solve Problem (52) (with C’,‘r_l) for k = 1 on the tetrahedral mesh sequence. Note that the regularity
assumptions of Theorem 7 are violated, hence our theory does not apply here. We collect on the
right panel of Figure 7 the results for the relative L>-error on the magnetic field. We observe that
the L2-error attains its maximum possible rate of convergence of 2/3; no convergence is observed in
energy-norm (not reported). We verified, for each k € {2, 3}, that the L?-error convergence rate does
not depend on the polynomial degree. Finally, we performed the exact same test, but with discrete
rotational operator given by curls instead of C l;__ !. We observed no convergence whatsoever, even
in L?-norm. This last observation corroborates the discussion in Remark 9.
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hop LZ-error | Rate
4.20E-01 | 3.62E-02 -
2.37E-01 | 2.72E-02 | 0.50
1.44E-01 | 1.99E-02 | 0.63
7.00E-02 | 1.24E-02 | 0.66

Figure 7: Test-case 5.5 (singular solution). The computational domain Q (left panel). Relative
L?-error and convergence rate on tetrahedral meshes for k = 1 (right panel).
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