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A B S T R A C T

The simplest family of vibration absorbers comprise inertia absorbers, with an inerter in series with a parallel or
series dashpot–spring element, and stiffness absorbers, for which inerter and spring are interchanged. Vibration
absorbers are tuned to a structure’s critical resonance, for which scalar structure-absorber equations are derived
from an expansion in vibration modes with the absorber in either a free or clamped state. It is demonstrated
that the influence from non-targeted residual modes is consistently represented by an effective modal coupling
factor (EMCF), evaluated as the relative difference between free and clamped natural frequencies squared.
While closely related to the coupling factor for shunted electromechanical transducers, the use of EMCFs
determines an entirely new direction for the tuning of mechanical vibration absorbers on a flexible structure.
For inertia and stiffness absorbers, the EMCF represents apparent mass or stiffness ratios that also account for
the influence from residual modes. Therefore, analytical tuning expressions can be obtained from the derived
modal frequency response functions, as demonstrated for a pole-placement method with the EMCF as a new
governing absorber parameter. The accuracy of the proposed absorber tuning is validated by a simple numerical
example, which shows that analytical tuning expressions can be used directly for vibration damping of flexible
structures, provided that the EMCF is included correctly to compensate for the inherent modal interaction.
1. Introduction

Vibration absorbers are installed or attached to flexible structures to
mitigate excessive dynamic response across several engineering scales,
from piezoelectric vibration reduction of turbomachinery fans [1] to
+100 tons tuned mass dampers and inerters inside modern high-rise
buildings [2,3].

In the present study, the vibration absorber introduces a single
resonance, which must be optimally synchronized to the single critical
vibration mode of the structure. Furthermore, the inherent absorber
damping must as well be correctly balanced, to exactly dissipate suf-
ficient vibration energy without restraining the absorber motion too
much. In the present contribution, a theoretical framework is proposed
for the consistent tuning of the most basic group of vibration absorbers.
This involves the introduction of an effective modal coupling factor
(EMCF), regularly used for tuning of electromechanical devices, while
it represents a novel approach to the design of mechanical vibration
absorbers.

The fundamental vibration absorber is the so-called Tuned Mass
Damper (TMD), which consists of an auxiliary mass, suspended to
the structure by a spring and dashpot placed in parallel. The TMD is
initially analysed in detail by Ormondroyd and Den Hartog [4], while
tuning formulae are collected by Brock [5] and finally carved in stone
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as engineering practice in the book of Den Hartog [6]. Various tun-
ing expressions, associated with different optimality conditions, have
recently been summarized by Zilletti et al. [7], while the applications
of TMDs are thoroughly reviewed by Elias and Matsagar [2]. A recent
tuning procedure by Su et al. [8] applies optimality based on a hybrid
𝐻2-𝐻∞ norm. Furthermore, the influence of structural damping and
damper nonlinearities has been accounted for in the tuning expressions
by Shum [9].

In smart structures technology, comprising piezoelectric and elec-
tromagnetic transducers, vibration absorbers can be realized by electric
shunts [10–12]. In piezoelectric vibration control, the use of resonant
shunts is ignited by the pioneering papers by Forward [13] and by Ha-
good and von Flotow [14]. They suggest the use of resistive-inductive
(RL) shunts to create a piezoelectric vibration absorber, which me-
chanically acts as a spring in series with a dashpot-inertia element.
Although these piezoelectric absorbers are different from the classic
TMD, the same tuning principles may be adopted, as demonstrated
in Yamada et al. [15] by the application of Den Hartog’s fixed-point
tuning for the minimization of various structural response measures.
The accuracy of the RL-shunt tuning is further improved by Soltani
et al. [16,17], deriving an exact solution for the absolute minimization
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of the dynamic amplification curve, while a balanced tuning is pro-
posed by Høgsberg and Krenk in [18–20], applying the equal damping
principle by Krenk [21]. The concept of shunted vibration absorbers
has also been considered for electromagnetic transducers [11,22,23],
which can be scaled to larger structures [24].

The developments in shunted electromechanical absorbers raise the
question of how an equivalent inertia that acts on relative motion
(elongation) can be realized mechanically. This leads to the introduc-
tion of the so-called inerter by Smith [25]. Mechanical inerters convert
elongation into rotation, whereby inertance can be generated by low-
weight devices, as long as they possess a large rotational inertia. For
structural applications, such conversion into rotational inertia has been
proposed by Hwang et al. [26] in toggle-brace systems and Ikago
et al. [27] for augmented viscous dampers. Tuning expressions for
a Tuned Inerter Damper (TID) attached to a dynamic structure are
subsequently obtained via its analogy with the TMD by Lazar et al. [28]
and extended to a multi-TID configuration by Wen et al. [29]. Tuning
expressions for various inerter-based absorber configurations are thor-
oughly derived in [30,31]. The inerter has also been merged with the
TMD to create the so-called Tuned Mass Damper Inerter (TMDI), see
Marian and Giaralis [32], where the presence of the inerter can alter
the required auxiliary mass from the original TMD to achieve a desired
absorber performance. Recently, an improved absorber performance
has been reported by Barredo et al. [33] and Chowdhury et al. [34] for
inerter-based absorbers with a negative stiffness component. In [33] the
inerter-based absorber, with a negative stiffness in parallel to the classic
TID, is found to substantially increase the operational damper band-
width, while in [34] the inclusion of an inerter element with negative
stiffness improves the performance of both damping and base-isolation
systems.

When tuning the classic TMD, the attainable damping and the de-
gree of response mitigation depend on the mass ratio, which therefore
acts as the governing parameter in the expressions for the optimal
TMD stiffness and damping. Any coupling with the structure’s other
(typically higher) modes, not targeted by the TMD, is usually of less
importance because the TMD acts on absolute structural motion and is
placed optimally where the targeted mode has its maximum deflection.
As argued by Krenk and Høgsberg [35], the TID – although model-wise
fully equivalent to the TMD – is much more sensitive to modal inter-
action with other modes because it operates on relative motion of the
structure. Thus, if not compensated for, the modal spill-over from other
modes will deteriorate the performance of inerter-based absorbers, such
as the TID, for which residual mode corrections in [35–37] are derived
explicitly by matrix expressions.

For shunted electromechanical absorbers, the approach has been
rather different than for the above inertia-based TMD and TID. The
authority of an electromechanical shunt absorber is quantified by its
ability to convert mechanical energy into electrical energy (and vice
versa) in the modal domain. This ability is described by the effec-
tive electromechanical coupling factor (EEMCF), which is evaluated
in [38–48] by either numerical or experimental means. In most cases
the EEMCF is directly determined from the change in the structure’s
natural frequency squared when switching the transducer electrodes
between short- and open-circuit (sc and oc) conditions. The EEMCF
serves as a governing stiffness ratio, similar to the mass ratio for the
TMD and TID. It is derived by a single-mode approximation in the sc
and oc limits, without explicitly accounting for any modal coupling
with other (residual) modes. However, this simple evaluation of the
governing EEMCF – based on pure single-mode approximations – im-
plicitly includes the influence from residual modes, which is why the
derived shunt tuning is commonly sufficiently accurate. The accuracy
of the electromechanical coupling in piezoelectric structures has been
investigated experimentally by Basak et al. [49] and Kelley et al. [1],
reporting some deviations to numerical results because of the inherent
2

difficulty associated with modelling non-ideal bonding conditions.
The present paper proposes a common modelling and tuning ap-
proach for a group of simple vibration absorbers, comprising inertia
absorbers (such as the TMD and TID) and stiffness absorbers, repre-
senting shunted piezoelectric or electromagnetic transducers. Free and
clamped limits are defined in Section 2, with governing modal equa-
tions derived by an expansion in modes from an eigenvalue problem in
either of these two limits. The subsequent truncation of other vibration
modes not targeted by the absorber are represented by a modal cor-
rection function, which leads to the governing single-mode equations
presented in Section 3. It is then demonstrated in Section 4 how this
modal correction function is consistently represented by an effective
modal coupling factor (EMCF). The main novelty of this paper is based
on the introduction of such a coefficient for the tuning of mechanical
vibration absorbers. For expansions in free vibration modes, this EMCF
replaces the mass ratio for an inertia absorber and the stiffness ratio for
a stiffness absorber. When the latter is implemented by a resonantly
shunted electromechanical transducer, the EMCF is equivalent to the
more classical EEMCF. For the alternative clamped-mode expansion, it
is shown that this one-to-one replacement of mass or stiffness ratios
by the EMCF is not valid, whereby care must be taken when tuning
absorbers by this approach. The absorber tuning is derived in detail
for inertia absorbers in Section 5. As summarized in Appendix A, the
tuning expressions for the corresponding stiffness absorbers are readily
obtained by simply replacing inertia with stiffness. The assessment and
comparison of the absorbers is presented in Section 6 for a simple
shear-frame structural model, demonstrating the ability of the proposed
EMCF to secure accurate tuning.

2. Vibration absorber on flexible structure

Fig. 1 shows a shear-frame structure, representing a generic linear
multi-degree-of-freedom (mdof) model, with a simple single-resonance
vibration absorber, composed of an inerter placed in series with (a)
a parallel or (b) series dashpot–spring element. The isolated inerter
depicts these two configurations as inertia absorbers, for which the
inertance 𝑚 governs the damping performance when the stiffness 𝑘 and
viscous coefficient 𝑐 inside the dashed-blue damper element are cali-
brated optimally by any preferred tuning procedure. Inertia absorbers
mainly comprise mechanical devices, such as the classic tuned mass
damper (TMD) [6,21] or the recent tuned inerter damper (TID) [28,31,
35,36], shown in Fig. 1(a).

The corresponding stiffness absorbers in Fig. 1(c, d) mainly repre-
sent smart or shunted electromechanical devices, such as RL-shunted
piezoelectric transducers [14,43–45,50,51] or RC-shunted electromag-
netic actuators [11,22,23]. For a piezoelectric transducer, the use of
series and parallel RL-shunts is mechanically modelled by the parallel
and series stiffness absorbers in Fig. 1(c) and (d), respectively. The
isolated spring stiffness 𝑘, which in the present context classifies these
configurations as stiffness absorbers, represents the intrinsic piezoelec-
tric capacitance, while the dashpot 𝑐 and inertance 𝑚 in the damper
element (dashed-blue box) are mechanical equivalents to the shunt
resistance 𝑅 and inductance 𝐿, respectively.

When introducing ‘‘−’’ for series, ‘‘∥’’ for parallel and ‘‘[… ]’’ for the
damper element inside the dashed-blue box, the inertia absorbers in
Fig. 1(a) and (b) are in the following referred to as m-[c∥k] and m-[c-
k], respectively. For the corresponding stiffness absorbers in Fig. 1(c,
d), the short notation is then k-[c∥m] for the parallel damper element
in (c) and k-[c-m] for the pure series absorber in (d).

By construction, the two series absorbers m-[c-k] and k-[c-m] are
mechanically identical. For an idealized single-degree-of-freedom (sdof)
structure, any calibration principle will therefore result in identical
tuning. However, for a multi-degree-of-freedom (mdof) structure, the
representation of the influence from the residual modes that are not
targeted by the absorber may be different for the two series absorbers,
as demonstrated in connection with the following definition of the

effective modal coupling factor (EMCF) in Section 4.
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Fig. 1. Shear frame structural model with 𝑛 floors and absorbers installed between ground and first floor. The horizontal displacements in 𝐪𝑇 = [𝑞1 , … , 𝑞𝑛] represent the model’s 𝑛
dofs. (a, b) shows the inertia absorbers with an isolated inerter in series with (a) a parallel (m-[c∥k]) and (b) series (m-[c-k]) spring–dashpot element. (c, d) shows the corresponding
tiffness absorbers, composed of an isolated spring and (c) a parallel inerter-dashpot element (k-[c∥m]) and (d) a series inerter-dashpot element (k-[c-m]). The elongation of the
ntire absorber is 𝑢 = 𝐰𝑇 𝐪, while 𝑣 represents the elongation of the damper element in the dashed-blue box.
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The present section defines the governing equations of motion for
he flexible structure, in which the absorber is included by a generic
orcing term. The modal expansion is introduced based on either free
odes from the undamped eigenvalue problem or the clamped modes,

ssociated with a fully constrained damper elongation. The modal
xpansions constitute the basis for the derivation of the single-mode
odels used in the subsequent Section 3.

.1. Governing equations of motion

The governing structural equations can be expressed in the fre-
uency domain, with variables representing vibration amplitudes as
unction of the angular frequency 𝜔. For the linear structural model
ithout inherent structural damping, the governing dynamic equation

s
(

−𝜔2𝐌 +𝐊
)

𝐪 + 𝐰𝑓 = 𝐟ext , (1)

here generalized displacements are contained in 𝐪, external loading is
epresented by 𝐟ext, structural inertia is comprised by the mass matrix
, while the stiffness matrix 𝐊 accounts for all restoring effects. The

quation of motion (1) contains the absorber force 𝑓 as the coupling
ariable to an associated absorber equation, whereby 𝑓 = 0 defines the
ree structure.

The placement of the absorber on the structure is in (1) determined
y a connectivity vector 𝐰, which consequently defines

= 𝐰𝑇 𝐪 (2)

s the relative structural displacement across the absorber link. The
onnectivity vector is commonly constructed by the elongation relation
n (2). For the very local attachment between ground and first floor in
ig. 1, the connectivity vector becomes 𝐰𝑇 = [ 1, 0, … 0 ] when positive
longation is associated with absorber elongation.

For the absorbers in Fig. 1, the elongation of the damper element in
he dashed-blue box is 𝑣, whereby the corresponding relative displace-
ent across the absorber element is 𝑢 − 𝑣. Hereby, the absorber force
can be expressed by the two relations

= 𝐷(𝜔)𝑣 = 𝐺(𝜔)(𝑢 − 𝑣) , (3)

n which 𝐷(𝜔) represents the frequency-dependent properties of the
3

amper element, while the absorber function 𝐺(𝜔) defines the inertia (
bsorbers in Fig. 1(a, b) by 𝐺(𝜔) = −𝜔2𝑚 and the stiffness absorbers in
ig. 1(c, d) by 𝐺(𝜔) = 𝑘.

An alternative form of the equation of motion (1) is obtained by the
ubstitution of the last expression for 𝑓 in (3), whereby the equation of
otion

(

−𝜔2𝐌 +𝐊 + 𝐺(𝜔)𝐰𝐰𝑇 )𝐪 − 𝐺(𝜔)𝐰𝑣 = 𝐟ext (4)

ontains the elongation 𝑣 of the damper element as the coupling
ariable, while the absorber function 𝐺(𝜔) either increases the apparent
nertia or stiffness at absorber location.

.2. Limiting eigenvalue problems

Vibration absorbers are commonly tuned to a particular vibration
ode. The fundamental free structure equations are obtained for a

anishing absorber force (𝑓 = 0), which corresponds to 𝑣 = 𝑢 from the
atter relation in (3). In this free limit, the homogeneous form of the
quation of motion (1) yields the commonly used eigenvalue problem
(

𝐊 − 𝜔2
𝑗𝐌

)

𝐮𝑗 = 𝟎 , (5)

here 𝜔𝑗 is the natural angular frequency of mode 𝑗 and 𝐮𝑗 is the
ssociated mode shape vector.

Fig. 2(a) shows the free limit of the structure, obtained by a vanish-
ng damper element (𝐷(𝜔) = 0) in Fig. 1. For inertia absorbers m-[c...],
his free eigenvalue problem typically represents the structure without
bsorber, while for stiffness absorbers k-[c...] it may, for example,
orrespond to the short-circuit (sc) limit of a piezoelectric transducer.
n the following, the structural response 𝐪 may be expanded by the free
odes 𝐮𝑗 ,

=
∑

𝑗
𝐮𝑗𝑟𝑗 , 𝐰𝑇 𝐮𝑗 = 1 , (6)

ntroducing the modal coordinate 𝑟𝑗 . The free vibration modes are
onveniently normalized to unity at absorber position by the identity
n (6).

The alternative structural Eq. (4) defines the eigenvalue problem
(

𝐊 + 𝐺(𝜔̄𝑗 )𝐰𝐰𝑇 − 𝜔̄2
𝑗𝐌

)

𝐮̄𝑗 = 𝟎 , (7)

ssociated with 𝑣 = 0, which corresponds to restraining the elongation
f the damper element by 𝐷(𝜔) → ∞ in (3). The alternative form in

7) is therefore referred to as the clamped eigenvalue problem, with
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Fig. 2. (a) Free 𝑛-floor shear frame structure without absorber (𝐷 = 0), for which modal properties are presented in Appendix B. (b, c) show the clamped limit for (b) the inertia
absorber m-[c...], where 𝑚 is added to the mass matrix in (10) and (c) the stiffness absorber k-[c...], for which 𝑘 in (12) is added to the stiffness matrix. For both clamped limits
n (b, c), the damper function 𝐷 → ∞, which implies 𝑣 = 0 in Fig. 1. This is represented by a rigid link through the damper element in the dashed-blue box.
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𝜔̄𝑗 and 𝐮̄𝑗 as its real-valued natural frequency and mode shape vector,
espectively. A clamped-mode expansion of the structural response is
xpressed as

=
∑

𝑗
𝐮̄𝑗 𝑟̄𝑗 , 𝐰𝑇 𝐮̄𝑗 = 1 , (8)

ith respect to the modal coordinate 𝑟̄𝑗 and modes scaled to unit deflec-
ion at absorber location. For the mechanical TMD or TID, the clamped
imit represents the absorber mass or inertance being rigidly attached to
he structure, whereas for piezoelectric transducers the clamped limit
orresponds to open-circuit (oc) electrodes. The following subsections
efine the clamped eigenvalue problem (7) for both the inertia and the
tiffness absorbers, representing the structural models in Fig. 2(b, c)
ith an isolated inerter and spring, respectively.

.2.1. Inertia absorbers: m-[c...]
For the inertia absorbers m-[c...] in Fig. 1(a, b) with an isolated

nerter, the absorber function

(𝜔) = −𝜔2𝑚 (9)

efines the apparent mass 𝑚 that represents the physical mass in
TMD [6] or the inertance of a TID [28,32]. The free eigenvalue

roblem (5) is unaffected by the specific absorber type, whereas upon
ntroduction of 𝐺(𝜔) = −𝜔2𝑚, the clamped eigenvalue problem (7) is
ritten as

(

𝐊 − 𝜔̄2
𝑗
[

𝐌 + 𝑚𝐰𝐰𝑇 ]
)

𝐮̄𝑗 = 𝟎 . (10)

he clamped limit corresponds to a rigid damper element, obtained
y the damper function 𝐷(𝜔) → ∞, whereby the damper elongation
= 0, as illustrated in Fig. 2(b) by the rigid link across the dashed-blue
ox. For the fundamental vibration modes, the clamping of an inertia
bsorber implies an increase in apparent mass and thus a decrease in
atural frequency, i.e. 𝜔̄𝑗 ≤ 𝜔𝑗 .

Although the free-mode expansion in (6), with modes from the
igenvalue problem in (5), is the most used representation for tuning
nd design of tuned mass and inerter dampers [2,6,7,21,35,36], the
lamped eigenvalue problem (10) may in some circumstances be conve-
ient. For the tuned-mass-damper-inerter (TMDI) in [52], the governing
quations for a multi-degree-of-freedom structure are naturally derived
n the alternative form (4) with the relative absorber deflection 𝑣 as
pparent coupling variable. Furthermore, the clamped-mode expan-
ion has recently been applied by Hoffmeyer and Høgsberg [53] to
eemingly better account for the interaction between several TMDs
argeting coupled bending–torsion beam vibrations. In practice, the
lamped limit is realized by mechanically blocking the stroke of the
pring–damper element in Fig. 1(a, b).

.2.2. Stiffness absorbers: k-[c...]
The stiffness absorber k-[c...] in Fig. 1(c, d) is defined by an isolated

pring, represented by the frequency-independent absorber function

(𝜔) = 𝑘 . (11)
4

y substitution into (7), the clamped eigenvalue problem
(

𝐊 + 𝑘𝐰𝐰𝑇 − 𝜔̄2
𝑗𝐌

)

𝐮̄𝑗 = 𝟎 (12)

overns an increase in apparent stiffness because 𝑣 = 0 in Fig. 1(c, d)
orresponds to the limit in Fig. 2(c), where the spring 𝑘 acts directly
etween the two absorber terminals and thus implies an apparent
ncrease in natural frequency compared to the free-mode solution (𝜔̄𝑗 ≥
𝑗).

For the tuning and design of piezoelectric shunts, the modal ex-
ansion in free vibration modes is the most common approach, see
.g. [14,15,19,20,40,43,50,54,55], for which the coupling term in the
tructure equation is proportional to the applied voltage. However, the
lamped-mode expansion is alternatively applied for shunt-switching
y Neubauer et al. [56] during which the electrodes are mostly open,
or digital piezoelectric networks in Raze et al. [57] where charge may
e the natural control variable or by Deü and Benjeddou [39] for the
aterial modelling of piezoelectric laminates in a composite structure.

or piezoelectric transducers, the clamped limit (𝐷(𝜔) → 0) corre-
ponds to an infinite impedance, easily realized by fully open-circuit
oc) electrodes. In the material modelling of piezoelectric laminates, the
lectromechanical coupling is commonly represented by the change in
nergy between the (free) sc state and the (clamped) oc state [1,49].

. Target mode equations

When expanding the dynamic response in either free or clamped
ibration modes, the presence of an absorber introduces inter-modal
oupling, which a tuning procedure to a given mode 𝑗 = 𝑠 may account
or by including additional correction terms [19,20,35,36,55,58,59]
r a feed-through (DC) compensation [60–63]. As demonstrated, a
onsistent correction for the influence from residual modes will result
n different tuning expressions when applying either the free-mode
xpansion in (6) or the clamped-mode expansion in (8). This section
erives the single-mode equations for the damped structure, in which
he influence from other (residual) modes is accounted for by a single
orrection function.

.1. Inertia absorbers: m-[c...]

For the inertia absorbers m-[c...], this section derives the coupled
tructure-absorber equations for the targeted vibration mode 𝑗 = 𝑠,
rom both the free and the clamped modal expansion.

.1.1. Free-mode expansion
The free-mode expansion is introduced by the representation in (6),

ith 𝑟𝑗 as modal coordinate. By substitution of the modal summation
nto (1), pre-multiplication with 𝐮𝑇𝑗 gives the modal structure equation

(

𝑘 − 𝜔2𝑚
)

𝑟 + 𝑓 = 𝑓 , (13)
𝑗 𝑗 𝑗 𝑗
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in which the absorber force 𝑓 appears without scaling because of the
nit normalization in (6). The modal mass, modal stiffness and modal
oad are defined by the expressions

𝑗 = 𝐮𝑇𝑗 𝐌𝐮𝑗 , 𝑘𝑗 = 𝐮𝑇𝑗 𝐊𝐮𝑗 , 𝑓𝑗 = 𝐮𝑇𝑗 𝐟ext . (14)

When introducing the modal representation (6) and the absorber func-
tion (9) into (3), the associated absorber equation is obtained from (3)
as

− 𝜔2𝑚𝑣 + 𝑓 + 𝜔2𝑚
∑

𝑗
𝑟𝑗 = 0 . (15)

Hereby, the structure equation (13), absorber equation (15) and damper
relation 𝑓 = 𝐷(𝜔)𝑣 constitute the modal closed-loop system.

From the summation in (15), the targeted term 𝑗 = 𝑠 is extracted
as it is, while the modal coordinate 𝑟𝑗 for the remaining terms (𝑗 ≠ 𝑠)
s eliminated via the modal structure equation (13) without external
oading (𝑓𝑗 = 0). Hereby, the absorber equation (15) appears as

− 𝜔2𝑚𝑣 + 𝜔2𝑚𝑟𝑠 + 𝑓 − 𝜔2𝑚
∑

𝑗≠𝑠

1
𝜔2
𝑗 − 𝜔2

𝑓
𝑚𝑗

= 0 , (16)

which is an exact equation for free vibration analysis. The summation of
the dynamic flexibility from residual modes is conveniently represented
by the frequency dependent function

1
𝑅𝑠(𝜔)

=
∑

𝑗≠𝑠

1
𝜔2
𝑗 − 𝜔2

1
𝑚𝑗

, (17)

hereby the single-mode equation for the target mode 𝑗 = 𝑠 can be
ritten as

− 𝜔2𝑚𝑣 + 𝜔2𝑚𝑟𝑠 +
(

1 − 𝜔2𝑚
𝑅𝑠(𝜔)

)

𝑓 = 0 . (18)

The residual mode function 𝑅𝑠 will in the subsequent Section 4 be
expressed by an effective modal coupling factor (EMCF).

3.1.2. Clamped-mode expansion
For the clamped-mode expansion, the structure equation is obtained

by substitution of (8) into (4), introducing 𝐺(𝜔) = −𝜔2𝑚 and finally
pre-multiplying with 𝐮̄𝑇𝑗 . This gives the modal equation
(

𝑘̄𝑗 − 𝜔2𝑚̄𝑗
)

𝑟̄𝑗 + 𝜔2𝑚𝑣 = 𝑓𝑗 , (19)

in which the clamped-mode parameters are defined as

𝑚̄𝑗 = 𝐮̄𝑇𝑗
[

𝐌 + 𝑚𝐰𝐰𝑇 ] 𝐮̄𝑗 , 𝑘𝑗 = 𝐮̄𝑇𝑗 𝐊𝐮̄𝑗 , 𝑓𝑗 = 𝐮̄𝑇𝑗 𝐟ext . (20)

For inertia absorbers, the clamping of 𝑚 to the structure by 𝑣 = 0
seemingly implies 𝑚̄𝑗 > 𝑚𝑗 , although the corresponding change in mode
shape may compensate for some of the apparent increase.

The clamped-mode absorber equation becomes identical to the free-
mode Eq. (15), when simply replacing the coordinate 𝑟𝑗 by 𝑟̄𝑗 ,

− 𝜔2𝑚𝑣 + 𝑓 + 𝜔2𝑚
∑

𝑗
𝑟̄𝑗 = 0 . (21)

By the procedure already used in Section 3.1.1 to introduce the residual
mode approximation, the clamped-mode absorber equation can be
readily expressed as

𝑓 + 𝜔2𝑚𝑟̄𝑠 − 𝜔2𝑚
(

1 + 𝜔2𝑚
𝑅̄𝑠(𝜔)

)

𝑣 = 0 , (22)

here the residual function
1

𝑅̄𝑠(𝜔)
=
∑

𝑗≠𝑠

1
𝜔𝑗

2 − 𝜔2
1
𝑚̄𝑗

(23)

is now defined relative to the clamped-mode parameters. In the ab-
sorber equation (22), the damper element deflection 𝑣 is the coupling
variable to the structure equation (19), whereby 𝑓 = −𝜔2𝑚𝑟̄𝑠 represents
5

he absorber force needed to enforce the clamped limit 𝑣 = 0.
.2. Stiffness absorbers: k-[c...]

For the stiffness absorbers k-[c...], the coupled modal equations
rom the previous Section 3.1 for the inertia absorbers can be re-used
hen replacing inertia −𝜔2𝑚 by stiffness 𝑘. Thereby, the correction

or residual modes is directly normalized by the governing absorber
tiffness.

.2.1. Free-mode expansion
For the free-mode expansion, the structural modal Eq. (13) is unaf-

ected by the change in absorber type. When replacing absorber inertia
𝜔2𝑚 by stiffness 𝑘, the corresponding absorber equation from the

ree-mode expansion can be directly obtained from (18) as

𝑣 − 𝑘𝑟𝑠 +
(

1 + 𝑘
𝑅𝑠(𝜔)

)

𝑓 = 0 . (24)

Although the present residual mode function 𝑅𝑠 is defined as in (17) for
the inertia absorber, it will be evaluated differently in Section 4 because
the influence from residual modes depends on the absorber type.

3.2.2. Clamped-mode expansion
When replacing −𝜔2𝑚 by 𝑘, the clamped-mode structure equation

in (19) can be written as
(

𝑘̄𝑗 − 𝜔2𝑚̄𝑗
)

𝑟̄𝑗 − 𝑘𝑣 = 𝑓𝑗 , (25)

in which modal mass and stiffness are now introduced as

𝑚̄𝑗 = 𝐮̄𝑇𝑗 𝐌𝐮̄𝑗 , 𝑘𝑗 = 𝐮̄𝑇𝑗
[

𝐊 + 𝑘𝐰𝐰𝑇 ] 𝐮̄𝑗 , (26)

while modal load 𝑓𝑗 is defined in (20). Similarly, the clamped-mode
stiffness absorber equation

𝑓 − 𝑘𝑟̄𝑠 + 𝑘
(

1 − 𝑘
𝑅̄𝑠(𝜔)

)

𝑣 = 0 (27)

has been directly determined by simply replacing −𝜔2𝑚 with 𝑘 in (22).

4. Effective modal coupling factor

The absorber equations for target mode 𝑗 = 𝑠 are derived in the
revious Section 3, representing the influence from other modes by
he residual functions 𝑅𝑠 and 𝑅̄𝑠. In the present section, a consistent
nterpretation of the residual mode correction introduces a so-called
ffective modal coupling factor (EMCF), which is very similar to the ef-
ective electromechanical coupling factor (EEMCF) used in piezoelectric
hunt damping [10,12,14].

In the present section, the introduction of the EMCF yields general
xpressions for the modal frequency response functions (FRFs), which
onstitute the basis for the absorber tuning in the next Section 5.
urthermore, the derived FRFs for inertia and stiffness absorbers are
epresented by the equivalent mechanical models in Fig. 3, into which
ny damper element can be inserted.

.1. Inertia vibration absorber: m-[c...]

For inertia absorbers m-[c...], the effective absorber size is com-
only assessed in terms of a mass ratio and not an EMCF. However,

s demonstrated in this section, the EMCF represents an apparent mass
atio that directly includes the influence from residual modes, which
ay be of particular importance for the tuning of the inerter-based

bsorbers in Fig. 1(a, b).
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4.1.1. Free-mode expansion
From the free-mode expansion, the targeted modal structure equa-

tion is given in (13) with index 𝑗 = 𝑠. In the free limit (𝑓 = 0), this
modal equation directly defines the free-structure natural frequency

𝜔𝑠 =

√

𝑘𝑠
𝑚𝑠

(28)

eadily obtained by solving the eigenvalue problem (5). In the opposite
lamped limit (𝑣 = 0), the homogeneous structure equation (13)
nd absorber equation (18) are combined by eliminating the coupling
ariable 𝑓 , which results in a characteristic equation,

4 𝑚𝑠𝑚
𝑅𝑠(𝜔)

− 𝜔2
(

𝑚𝑠 + 𝑚 +
𝑘𝑠𝑚
𝑅𝑠(𝜔)

)

+ 𝑘𝑠 = 0 , (29)

that is seemingly of quadratic order in 𝜔2. Because the characteristic
Eq. (29) represents the clamped limit in Fig. 2(b), it must have 𝜔2 = 𝜔̄2

𝑠
as its single root. For the quadratic Eq. (29) to only have a single
root, its quadratic term (proportional to 𝜔4) must vanish. Thus, for
the present inertia absorber, the residual function 𝑅𝑠 in (17) must be
proportional to 𝜔2, which suggests the approximation

𝑅𝑠(𝜔) ≃ −𝜔2𝑚′
𝑠 (30)

that introduces the residual mode inertia 𝑚′
𝑠.

The residual function 𝑅𝑠 in (30) is substituted into the characteristic
Eq. (29), from which the single remaining root directly determines an
expression for the clamped natural frequency,

𝜔̄2
𝑠 = 𝜔2

𝑠
1

1 + 𝜇 1
1 + 𝑚

𝑚′
𝑠

, (31)

hich contains the inertia correction ratio 𝑚∕𝑚′
𝑠 and the usual modal

ass ratio

= 𝑚
𝑚𝑠

. (32)

From (31), the inertia correction ratio can be determined as
𝑚
𝑚′
𝑠
=

𝜇
𝜇∗

− 1 , (33)

in which the effective modal coupling factor (EMCF) is introduced as

𝜇∗ =
𝜔2
𝑠 − 𝜔̄2

𝑠

𝜔̄2
𝑠

. (34)

t is seen from (33) that the EMCF 𝜇∗ represents an apparent mass
atio, which recovers the actual mass ratio (𝜇∗ = 𝜇) for vanishing
esidual mode correction (𝑚∕𝑚′

𝑠 = 0). Thus, in the following, the EMCF
s used for absorber tuning because it directly accounts for the influence
rom residual modes (𝑗 ≠ 𝑠). The free and clamped natural frequencies
n (34) can be determined either numerically as the solution to the
igenvalue problems in (5) and (10) or experimentally for the actual
tructure with the absorber in its two limits.

When introducing 𝑅𝑠 from (30) and then eliminating 𝑚∕𝑚′
𝑠 by (33),

he final form of the absorber equation (18) can be written as

− 𝜔2𝑚
𝜇∗
𝜇
𝑣 + 𝑓 + 𝜔2𝑚

𝜇∗
𝜇
𝑟𝑠 = 0 , (35)

with a modified absorber mass 𝑚𝜇∗∕𝜇. By first introducing 𝑓 = 𝐷(𝜔)𝑣
and then eliminating 𝑣 by (35), the modal structure equation (13) will
for 𝑗 = 𝑠 determine the frequency response function (FRF),

𝑟𝑠𝑘𝑠
𝑓𝑠

=
−𝜔2

𝜔2
𝑠
𝜇∗ +𝐷(𝜔)∕𝑘𝑠

(

1 − 𝜔2

𝜔2
𝑠

)(

−𝜔2

𝜔2
𝑠
𝜇∗ +𝐷(𝜔)∕𝑘𝑠

)

− 𝜔2

𝜔2
𝑠
𝜇∗𝐷(𝜔)∕𝑘𝑠

, (36)

for the modal coordinate 𝑟𝑠. The normalization of 𝜔 by the free-mode
frequency 𝜔𝑠 entirely cancels the mass ratio 𝜇, whereby the EMCF 𝜇∗
rom (34) constitutes the governing absorber mass ratio.
6

Fig. 3. Equivalent sdof models with (a, b) inertia and (c, d) stiffness absorbers from (a,
c) the free- or (b, d) the clamped-mode expansion. Any damper relation 𝑓 = 𝐷(𝜔)𝑣 can
e included in the dashed-blue box. Analytical tuning expressions derived for these four
dof-models can be used for flexible structures because the residual mode components
𝑚′

𝑠, 𝑘′𝑠, 𝑚̄′
𝑠 or 𝑘̄′𝑠) account for modal interaction.

It can be shown that the mechanical model in Fig. 3(a) corresponds
o the FRF in (36) when 𝑓 = 𝐷(𝜔)𝑣 and 𝑓𝑠 acts on the main mass
𝑠. Thus, for the present free-mode expansion, the residual inertia 𝑚′

𝑠
n (33) is placed directly in series with the inertance 𝑚, as shown in
ig. 3(a). In the free limit, the dashed-blue damper element in Fig. 3(a)
s unable to transfer force, whereby the mechanical model recovers the
ndamped structural oscillator for mode 𝑗 = 𝑠. In the clamped limit,
he damper element becomes rigid, whereby the inertia increases to
1+𝜇∗)𝑚𝑠 with the EMCF determined by (34). Both limits of the damper
lement are readily verified by 𝐷(𝜔) = 0 and 𝐷(𝜔) → ∞ in the FRF (36).

.1.2. Clamped-mode expansion
In the clamped-mode limit (𝑣 = 0) the associated structural Eq. (19)

etermines the natural frequency

𝜔̄𝑠 =

√

𝑘̄𝑠
𝑚̄𝑠

(37)

for the structural model in Fig. 2(b) with the additional inerter.
In the opposite free limit (𝑓 = 0), representing the structure without

bsorber in Fig. 2(a), the coupling variable 𝑣 is eliminated between (22)
nd (19), whereby the modal Eq. (19) for 𝑗 = 𝑠 determines the reduced
haracteristic equation

− 𝜔4 𝑚̄𝑠𝑚
𝑅̄𝑠(𝜔)

− 𝜔2
(

𝑚̄𝑠 − 𝑚 −
𝑘̄𝑠𝑚
𝑅̄𝑠(𝜔)

)

+ 𝑘̄𝑠 = 0 , (38)

which must have 𝜔 = 𝜔𝑠 as its only solution for the targeted mode. As
for the previous free-mode expansion, this single-solution requirement
implies that 𝑅̄𝑠(𝜔) ∝ 𝜔2, which yields the approximation

𝑅̄𝑠(𝜔) ≃ −𝜔2𝑚̄′
𝑠 , (39)

introducing the clamped-mode residual inertia 𝑚̄′
𝑠. By substituting this

expression for the residual mode function, the solution to (38) deter-
mines the free natural frequency as

𝜔2
𝑠 = 𝜔̄2

𝑠
1

1 − 𝜇̄ 1
1 − 𝑚

′

, (40)
𝑚̄𝑠
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introducing the clamped-mode mass ratio

̄ = 𝑚
𝑚̄𝑠

. (41)

From (40) the residual mode mass ratio
𝑚
𝑚̄′
𝑠
= 1 −

𝜇̄
𝜇̄∗

(42)

defines the clamped-mode EMCF

̄∗ =
𝜔2
𝑠 − 𝜔̄2

𝑠

𝜔2
𝑠

(43)

o that 𝜇̄∗ = 𝜇̄ when 𝑚∕𝑚̄′
𝑠 = 0. By the elimination of 𝜔̄2

𝑠∕𝜔
2
𝑠 between

34) and (43), it is obtained that 𝜇̄∗ < 𝜇∗, which demonstrates that
he effective absorber mass is smaller when using the clamped-mode
xpansion.

The absorber equation (22) is reduced by introducing (39) and then
liminating 𝑚∕𝑚̄′

𝑠 from (42),

− 𝜔2𝑚
𝜇̄
𝜇̄∗

𝑣 + 𝑓 + 𝜔2𝑚𝑟̄𝑠 = 0 . (44)

When substituting 𝑓 = 𝐷(𝜔)𝑣 into (44) and then using this ab-
sorber equation to eliminate 𝑣 in (19), the resulting structure equation
determines the modal FRF as

𝑟̄𝑠𝑘̄𝑠
𝑓𝑠

=
−𝜔2

𝜔̄2
𝑠

𝜇̄2

𝜇̄∗
+𝐷(𝜔)∕𝑘̄𝑠

(

1 − 𝜔2

𝜔̄2
𝑠

)(

−𝜔2

𝜔̄2
𝑠

𝜇̄2

𝜇̄∗
+𝐷(𝜔)∕𝑘̄𝑠

)

−

(

𝜔2

𝜔̄2
𝑠
𝜇̄

)2
. (45)

In this clamped-mode FRF, the mass ratio 𝜇̄ is not uniquely replaced by
the EMCF, whereby both 𝜇̄ and 𝜇̄∗ will appear in the subsequent tuning
xpressions, see [53].

Fig. 3(b) shows the equivalent mechanical model for the clamped-
ode FRF in (45). The structural mass 𝑚̄𝑠 is reduced by 𝑚 because the
odal mass in (20) implicitly contains the auxiliary absorber mass. In

he clamped limit, the mass 𝑚 from inerter and auxiliary mass cancel,
ecovering 𝑚̄𝑠 as modal mass. In the opposite free limit, the two inerters
n series represent the inertia relation (42) that defines the residual
ode correction. Thus, for the clamped mechanical model in Fig. 3(b),

he residual mode correction is consistently introduced by the negative
nertance in parallel to the (dashed-blue) damper element, whereby 𝑚̄′

𝑠
cannot be merged with 𝑚 to constitute an effective absorber inertance.
Consequently, the FRF in (45) contains both the modal mass ratio 𝜇̄
and the EMCF 𝜇̄∗.

4.2. Stiffness vibration absorber: k-[c...]

The use of an EMCF is common practice in design and tuning of
shunted piezoelectric transducers [14,38,39,41,43–48,64]. Therefore,
the present section only provides a brief summary of how the EMCF
consistently governs the modal equations for a structure with a stiffness
absorber, see Fig. 1(c, d). Furthermore, the previous expressions for the
inertia absorber in Section 4.1 are directly applicable for the present
stiffness absorber when replacing −𝜔2𝑚 with 𝑘.

4.2.1. Free-mode expansion
For the stiffness absorber, the clamped limit is shown in Fig. 2(c)

and the single natural frequency 𝜔 = 𝜔̄𝑠 is governed by the eigenvalue
problem (12) with an additional stiffness term. Therefore, the single
frequency solution requires that the correction function 𝑅𝑠 = 𝑘′𝑠 in (24),
with 𝑘′𝑠 being a stiffness component induced by residual modes. The
corresponding stiffness correction ratio 𝑘∕𝑘′𝑠 is then represented by the
EMCF

𝜅∗ =
𝜔̄2
𝑠 − 𝜔2

𝑠
2

, (46)
7

𝜔𝑠
which appears as the apparent stiffness ratio that retains the modal
stiffness ratio

𝜅 = 𝑘
𝑘𝑠

(47)

for vanishing residual mode correction (𝑘∕𝑘′𝑠 = 0). The free-mode FRF
for the present stiffness absorber can finally be written as
𝑟𝑠𝑘𝑠
𝑓𝑠

=
𝜅∗ +𝐷(𝜔)∕𝑘𝑠

(

1 − 𝜔2

𝜔2
𝑠

)

(

𝜅∗ +𝐷(𝜔)∕𝑘𝑠
)

+ 𝜅∗𝐷(𝜔)∕𝑘𝑠

(48)

by simply replacing −𝜇∗𝜔2∕𝜔2
𝑠 in (36) with 𝜅∗, which thereby acts as a

unified stiffness ratio.
Fig. 3(c) shows the equivalent mechanical model for the FRF in (48).

As for the previous free-mode model in Fig. 3(a), the residual mode
correction element 𝑘′𝑠 is directly combined with the governing absorber
component 𝑘 to yield the EMCF 𝜅∗ as the single governing absorber
arameter. For piezoelectric shunt damping, the natural frequencies 𝜔𝑠
nd 𝜔̄𝑠 refer to sc and oc limits, whereby 𝜅∗ in (46) represents the
ffective electromechanical coupling factor (EEMCF) used in e.g. [14,
0,65].

.2.2. Clamped-mode expansion
For the clamped-mode expansion, the residual function in (27) must

atisfy the form 𝑅̄𝑠 = 𝑘̄′𝑠 for the associated characteristic equation to
nly have a single solution 𝜔 = 𝜔𝑠 in the free limit, shown in Fig. 2(a).
he residual mode stiffness ratio is then eliminated in terms of the
MCF

̄∗ =
𝜔̄2
𝑠 − 𝜔2

𝑠

𝜔̄2
𝑠

, (49)

which for 𝑘∕𝑘̄′𝑠 → 0 recovers the classic clamped-mode stiffness ratio

̄ = 𝑘
𝑘̄𝑠

. (50)

The associated frequency response function is obtained by combining
the absorber equation (27) and the modal structure equation (25).
When eliminating the stiffness correction by the EMCF, the final form
of the FRF can be written as

𝑟̄𝑠𝑘̄𝑠
𝑓𝑠

=

(

𝜅̄2

𝜅̄∗
+𝐷(𝜔)∕𝑘̄𝑠

)

(

1 − 𝜔2

𝜔̄2
𝑠

)

(

𝜅̄2

𝜅̄∗
+𝐷(𝜔)∕𝑘̄𝑠

)

− 𝜅̄2
, (51)

hich corresponds to (45) when replacing inertia by stiffness. The FRF
ndicates that both 𝜅̄ and 𝜅̄∗ will appear in a subsequent absorber tuning
rom a clamped-mode expansion.

As the equivalent model in Fig. 3(d) is obtained from the corre-
ponding inertia absorber model in Fig. 3(b) by interchanging inertance
nd stiffness, the clamped-mode stiffness 𝑘̄𝑠 is now reduced by 𝑘, while
negative residual stiffness is placed in parallel with the damper

lement (dashed-blue box). Therefore, the residual mode component 𝑘̄′𝑠
and the absorber stiffness 𝑘 cannot be combined to a single governing
absorber parameter, leaving the FRF in (51) with both the stiffness
ratio 𝜅̄ and the EMCF 𝜅̄∗. In relation to piezoelectric shunt damping,
it may be noted that the tuning in Appendix A based on oc (clamped)
modal parameters must consistently use the EMCF in (49), which is
normalized by the oc natural frequency (𝜔̄2

𝑠).

5. Absorber tuning

Most tuning procedures use the modal frequency response functions
(FRFs) derived in Section 4 to either target a minimum vibration
amplitude or maximum attainable damping. Various tuning expressions
for typical absorbers are derived or summarized in [7,14–16,18,21,31,
46,50,66]. This section applies the pole-placement tuning by Krenk [21,
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Fig. 4. Idealized root locus diagram for normalized frequency 𝜌. The single-frequency solution on the real-valued axis at 𝜌 = 1 defines the unit-circle backbone trajectory, while
the inverse point frequencies 𝜌 = 𝜌0 and 𝜌 = 𝜌−10 describe the semi-circular path that defines a bifurcation point at its intersection with the backbone trajectory. The maximum
damping ratio 𝜁bif occurs for 𝜌 = 𝜌bif at the bifurcation (∗), while the desired tuning places the two inverse poles 𝜌 and 𝜌−1 on the semi-circular path (◦), sufficiently below the
bifurcation point to avoid amplitude amplification in the frequency response analysis.
Table 1
Tuning expressions for inertia (top) and stiffness (bottom) absorbers.
m-[c∥k] m-[c-k]

Free Clamped Free Clamped

𝜅 =
𝜇∗

(1 + 𝜇∗)2
𝜅̄ = 𝜇̄2 1 − 𝜇̄∗

𝜇̄∗
𝜅 = 𝜇∗ 𝜅̄ =

𝜇̄2

𝜇̄∗(1 − 𝜇̄∗)

𝛽 =

√

2
𝜇3
∗

(1 + 𝜇∗)3
𝛽 = 𝜇̄2

√

2
1 − 𝜇̄∗

𝜇̄∗
𝛽 =

√

1
2
𝜇∗ 𝛽 = 𝜇̄2

√

1
2𝜇̄3

∗

k-[c∥m] k-[c-m]

Free Clamped Free Clamped

𝜇 =
𝜅∗

(1 + 𝜅∗)2
𝜇̄ = 𝜅̄2 1 − 𝜅̄∗

𝜅̄∗
𝜇 = 𝜅∗ 𝜅̄ = 𝜅̄2

𝜅̄∗(1 − 𝜅̄∗)

𝛽 =

√

2
𝜅3
∗

(1 + 𝜅∗)3
𝛽 = 𝜅̄2

√

2
1 − 𝜅̄∗
𝜅̄∗

𝛽 =
√

1
2
𝜅∗ 𝛽 = 𝜅̄2

√

1
2𝜅̄3

∗

w

n
e

67], which secures equal damping in the two vibration forms associated
with the targeted mode 𝑗 = 𝑠. The tuning is only presented in detail
or inertia absorbers, while the expressions for the stiffness absorbers
n Appendix A are obtained by interchanging inertia and stiffness. The
ull family of tuning expressions derived in this section is subsequently
ummarized in Table 1.

.1. Bifurcation point equation

The desired root-locus diagram in Fig. 4 is governed by two limits
ith respect to the viscous coefficient 𝑐 as gain parameter. For each

absorber, a non-dimensional frequency 𝜌 is initially defined so that
𝜌 = 1 in the single-root limit at 𝑐 → ∞ for a parallel damper element
(… -[c∥ … ]) and 𝑐 → 0 for a series damper element (… -[c-… ]). In the
opposite limits of 𝑐, the targeted mode 𝑗 = 𝑠 is governed by two roots,

hich for the desired absorber frequency tuning are inverse values
𝜌 = 𝜌0 and 1∕𝜌0) on the real axis in Fig. 4. Hereby the root trajectories
n the complex plane meet at the bifurcation point 𝜌 = 𝜌bif, depicted by
he asterisk in Fig. 4.

The damping ratio 𝜁bif at the bifurcation point represents the max-
mum attainable damping, represented by the dotted line in Fig. 4.
owever, as demonstrated for both the tuned mass damper [21] and
iezoelectric shunt damping [14], the bifurcation point tuning creates
n amplified response amplitude. Therefore, a proper root placement
s slightly below the bifurcation point on the outer semi-circular paths,
s indicated in Fig. 4 by the two circles on the same dashed line.

The desired root locus diagram in Fig. 4 relies entirely on the
xistence of the bifurcation point 𝜌 = 𝜌bif, which guarantees that two
oots (◦) on the semi-circular trajectories have equal damping ratios
. A generic characteristic equation that governs a bifurcation point
bif = 𝑎 + 𝑖𝑏 can be constructed as

2 2
8

𝜌 − 𝜌bif) (𝜌 + 𝜌̄bif) = 0 , (52)
ith 𝜌̄bif = 𝑎 − 𝑖𝑏 being its complex conjugate.
As the bifurcation point resides on the unit circle, the two roots are

ormalized by |𝜌bif|
2 = 𝑎2+𝑏2 = 1, whereby the real-part is conveniently

liminated by 𝑎 =
√

1 − 𝑏2, while the imaginary part then directly
defines a damping ratio,

𝜁bif =
Im[𝜌bif]
|𝜌bif|

= 𝑏 , (53)

at the bifurcation point. Thus, the quartic equation (52) can be ex-
pressed as

𝜌4 − 𝜌2
(

2 + (2𝜁bif)2
)

+ 1 + 2𝑖𝜌(2𝜁bif)
(

−𝜌2 + 1
)

= 0 . (54)

In the following, a given absorber is tuned by direct comparison of its
characteristic equation with this generic polynomial in (54). Further
details about this balanced or equal modal damping calibration can be
obtained in [18,19,21,67].

5.2. Parallel inertia absorber: m-[c∥k]

For the parallel inertia absorber m-[c∥k] in Fig. 1(a), the damper
element inside the dashed-blue box is defined by the damper function

𝐷(𝜔) = 𝑘 + 𝑖𝜔𝑐 , (55)

which represents both a TMD [6,21] and a TID [28,31]. This section
derives the tuning expressions for this absorber from both a free- and
clamped-mode expansion, using the EMCF to directly account for the
influence from residual vibration modes.

5.2.1. Free-mode expansion
From a free-mode expansion, the FRF is obtained by substitution
of (55) into (36). The reference frequency 𝜌 is initially determined in
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w
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𝛽

𝜌

the single-root limit, which for the parallel damper element in (55) is
reached by 𝑐 → ∞, in which case the FRF reduces to
𝑟𝑠𝑘𝑠
𝑓𝑠

= 1

1 − 𝜔2

𝜔2
𝑠
(1 + 𝜇∗)

. (56)

s the reference frequency 𝜌 must be unity in this single-root limit, it
ollows from (56) that

= 𝜔
𝜔𝑠

√

1 + 𝜇∗ . (57)

When introducing 𝜌 from (57), the FRF in (36) can be written in
normalized form as
𝑟𝑠𝑘𝑠
𝑓𝑠

=

(1 + 𝜇∗)
(

−𝜌2𝜇∗ + 𝑖𝜌𝛽
√

1 + 𝜇∗ + 𝜅(1 + 𝜇∗)
)

(

1 + 𝜇∗ − 𝜌2
)

(

−𝜌2𝜇∗ + 𝑖𝜌𝛽
√

1 + 𝜇∗ + 𝜅(1 + 𝜇∗)
)

…

⋯ − 𝜌2𝜇∗
(

𝜅(1 + 𝜇∗) + 𝑖𝜌𝛽
√

1 + 𝜇∗
) ,

(58)

ith the stiffness ratio 𝜅 defined in (47), while the damper ratio

= 𝑐
√

𝑚𝑠𝑘𝑠
(59)

s normalized by the geometric mean of modal mass 𝑚𝑠 and stiffness
𝑠.

The FRF denominator in (58) determines the characteristic equation

4 − 𝜌2
(

1 + 𝜇∗ + (1 + 𝜇∗)2
𝜅
𝜇∗

)

+ (1 + 𝜇∗)2
𝜅
𝜇∗

…

+ 𝑖𝜌
(

√

1 + 𝜇∗
)3 𝛽

𝜇∗

(

−𝜌2 + 1
)

= 0 .
(60)

A one-to-one comparison with the generic Eq. (54) then gives the tuned
absorber parameters. Initially, the stiffness ratio

𝜅 =
𝜇∗

(1 + 𝜇∗)2
(61)

is found by comparison of the constant terms in (60) and (54). This
expression corresponds to the absorber frequency tuning in [6,7,21]
when the EMCF 𝜇∗ is replaced by the mass ratio 𝜇. Comparison of the
quadratic terms then determines the damping ratio

𝜁bif =
1
2
√

𝜇∗ (62)

at the bifurcation point, which shows that the level of attainable
damping is entirely governed by the EMCF. Substitution of 𝜁bif into
the common odd-term coefficient in (54), followed by comparison with
(60), gives the absorber damper ratio

𝛽bif = 2

√

𝜇3
∗

(1 + 𝜇∗)3
, (63)

ssociated with the bifurcation point. To avoid the undesirable response
mplification at the bifurcation point, the damper ratio is reduced by
ivision with

√

2,

= 1
√

2
𝛽bif =

√

2
𝜇3
∗

(1 + 𝜇∗)3
, (64)

which places the roots at the circles in Fig. 4. The damper tuning in
(64) is equivalent to the absorber damping ratio proposed in [21,67].

For a single-mode structure, the blue-solid curves in Fig. 5 depict
the root locus diagram (a) and the dynamic magnification factor |FRF|
b) obtained from the FRF in (58) with 𝜇∗ = 0.02 and the absorber
arameters determined by (61) and (64). It is seen in Fig. 5(a) that
he complex roots follow trajectories for increasing 𝛽 that meet at a
ifurcation point, and then branch off along the desired unit circle. For
9

the |FRF| in Fig. 5(b), the two (blue) peaks are almost ideally levelled
into a flat plateau around the targeted resonance. The specific root
locus in Fig. 5(a) is exactly identical to those obtained for the other
absorbers, while the |FRF| may differ, as indicated by the red-dashed
curve in Fig. 5(b), which represents the free-mode tuning of the parallel
stiffness absorber in Appendix A.1.1. It is seen that the red-dashed curve
for the stiffness absorber is slightly inclined, corresponding to a flat
plateau for the acceleration amplitude 𝜌2|𝑟𝑠| in Fig. 5(d). The frequency
amplitude curves for the parallel inertia and stiffness absorber are
almost symmetrical for the velocity amplitude 𝜌|𝑟𝑠| in Fig. 5(c).

Fig. 6 shows the vibration amplitudes for the dynamic absorber
elongation. In Fig. 6(a) the elongation 𝑣 of the spring–dashpot damper
element (dashed-blue box) in Fig. 1(a) is obtained from the absorber
equation (35) as

𝑣𝑘𝑠
𝑓𝑠

=
−𝜌2

𝜇∗
1 + 𝜇∗

−𝜌2
𝜇∗

1 + 𝜇∗
+𝐷(𝜌)∕𝑘𝑠

𝑟𝑠𝑘𝑠
𝑓𝑠

, (65)

with respect to the FRF in (58) and with 𝐷(𝜌) in (55) expressed in terms
of the non-dimensional frequency 𝜌 in (57). For the parallel inertia
absorber (blue-solid), the tuning of 𝛽 in (64) yields a perfectly flat
plateau for |𝑣| in Fig. 6(a), an optimal property already discussed by
Krenk [21] for the TMD. Fig. 6(b) shows the corresponding elongation
of the inerter element, obtained from (3) as
(𝑢 − 𝑣)𝑘𝑠

𝑓𝑠
=

𝐷(𝜌)
𝐺(𝜌)

𝑣𝑘𝑠
𝑓𝑠

, (66)

with 𝐷(𝜌) from (55) and 𝐺(𝜌)∕𝑘𝑠 = −𝜌2𝜇∕(1 + 𝜇∗) expressed in terms
of the non-dimensional frequency 𝜌. The (blue-solid) amplitude curve
for the inerter elongation |𝑢 − 𝑣| exhibits a clear inclination, which
ecomes flat for the corresponding acceleration amplitude 𝜌2|𝑢 − 𝑣|.

The red-dashed curves in Fig. 6 depict the absorber elongations for
the corresponding parallel stiffness absorber k-[c∥m] with 𝜅∗ = 0.02,
ee Appendix A.1.1. It is seen that they are qualitatively interchanged
hen compared to the present inertia absorber (blue-solid), since the

nerter and spring elements are simply placed oppositely. The very
mall discrepancies that still remain occur because of the influence from
he absorber dashpot. For the stiffness absorber k-[c∥m], it is therefore
een that the red-dashed curve becomes ideally flat for 𝑢−𝑣 in Fig. 6(b),
hich represents the elongation of the spring in Fig. 1(c).

.2.2. Clamped-mode expansion
From the clamped-mode expansion, the frequency response function

FRF) is obtained by substitution of the damper function 𝐷(𝜔) from
55) into (45). For parallel absorbers, the single-root limit is attained
y 𝑐 → ∞, in which case the FRF identifies

̄ = 𝜔
𝜔̄𝑠

(67)

as the non-dimensional frequency that secures 𝜌̄ = 1. When introducing
̄, the full FRF can be written as

𝑟̄𝑠𝑘̄𝑠
𝑓𝑠

=
−𝜌̄2

𝜇̄2

𝜇̄∗
+ 𝑖𝜌̄𝛽 + 𝜅̄

(

1 − 𝜌̄2
)

(

−𝜌̄2
𝜇̄2

𝜇̄∗
+ 𝑖𝜌̄𝛽 + 𝜅̄

)

−
(

𝜌̄2𝜇̄
)2

, (68)

ith modal parameters 𝜇̄ and 𝜅̄ defined respectively in (41) and (50),
hile the clamped-mode damper ratio is defined similarly to (59) as

̄ = 𝑐
√

𝑚̄𝑠𝑘̄𝑠
. (69)

From the FRF denominator in (68), the characteristic equation can be
expressed as

̄4 − 𝜌̄2
𝜅̄ +

𝜇̄2

𝜇̄∗
𝜇̄2

− 𝜇̄2

+ 𝜅̄
𝜇̄2

− 𝜇̄2

+ 𝑖𝜌̄
𝛽

𝜇̄2
− 𝜇̄2

(

−𝜌̄2 + 1
)

= 0 . (70)
𝜇̄∗ 𝜇̄∗ 𝜇̄∗
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Fig. 5. (a) Root locus diagram obtained by solving the characteristic Eq. (60) for optimal 𝜅 in (61) and 𝛽 varying from 0 to ∞. Optimal damper tuning (64) at circles (◦) and
ifurcation tuning (63) at asterisk (∗). (b-d) |FRF| from free-mode expansion: Parallel inertia absorber (m-[c∥k]) with 𝜇∗ = 0.02 (blue-solid ——) and parallel stiffness absorber
k-[c∥m]) with 𝜅∗ = 0.02 (red-dashed – –). (b) Modal displacement amplitude |𝑟𝑠|, (c) modal velocity amplitude 𝜌|𝑟𝑠| and (d) modal acceleration amplitude 𝜌2|𝑟𝑠|. The modal
mplitude is normalized by the static deflection 𝑓𝑠∕𝑘𝑠 and 𝜌 is defined in (57).
Fig. 6. |FRF| from free-mode expansion: Parallel inertia absorber (m-[c∥k]) with 𝜇∗ = 0.02 (blue-solid ——) and parallel stiffness absorber (k-[c∥m]) with 𝜅∗ = 0.02 (red-dashed
–). (a) Damper element amplitude |𝑣| and (b) absorber element amplitude |𝑢 − 𝑣|. Modal amplitude is normalized by the static deflection 𝑓𝑠∕𝑘𝑠.
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omparison of the constant terms in Eqs. (70) and (54) determines the
ptimal absorber stiffness ratio

𝜅̄ =
𝜇̄2

𝜇̄∗
− 𝜇̄2 = 𝜇̄2 1 − 𝜇̄∗

𝜇̄∗
, (71)

while subsequent comparison of the quadratic terms provides the
bifurcation-point damping ratio

𝜁bif =
1
2

√

𝜇̄∗
1 − 𝜇̄∗

. (72)

he damper ratio 𝛽bif associated with the bifurcation follows from com-
arison of the odd-term coefficients, from which the desired damper
atio

̄ = 𝜇̄2

√

2
1 − 𝜇̄∗
𝜇̄∗

(73)

is obtained by division with
√

2.
From the clamped-mode expansion, the present tuning expressions

(71) and (73) contain both the EMCF 𝜇̄∗ and the mass ratio 𝜇̄. For a
single-mode structure, the mass ratio equals the EMCF, whereby the
10

t

root locus diagram and FRF become exactly identical to those from
a free-mode expansion in Figs. 5 and 6 for 𝜇̄ = 𝜇̄∗ = 0.02. However,
or the full flexible structure in Section 6 this will not be the case as
esidual modes are included, which leads to slightly different results for
he tuning with respect to free- and clamped-mode expansions.

.3. Series inertia absorber: m-[c-k]

This section considers the tuning of the series inertia absorber (m-
c-k]) in Fig. 1(b), for which the damper function is conveniently
xpressed in reciprocal form as
1

𝐷(𝜔)
= 1

𝑘
+ 1

𝑖𝜔𝑐
. (74)

he present series inertia absorber m-[c-k] is by construction identical
o the corresponding series stiffness absorber k-[c-m] in Fig. 1(d) and
ppendix A.2. However, the tuning will not give exactly identical
alues because the difference in damper element (dashed-blue box)
mplies a corresponding difference in the residual mode correction by

he EMCF.
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Fig. 7. |FRF| from free-mode expansion: Series inertia absorber (m-[c-k]) with 𝜇∗ = 0.02 (blue-solid ——) and series stiffness absorber (k-[c-m]) with 𝜅∗ = 0.02 (red-dashed – –).
a) Modal displacement amplitude |𝑟𝑠| and (b) modal velocity amplitude 𝜌|𝑟𝑠|. The modal amplitude is normalized by the static deflection 𝑓𝑠∕𝑘𝑠 and 𝜌 is defined in (75).
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.3.1. Free-mode expansion
The frequency response function for the free-mode expansion is

etermined by substitution of 𝐷(𝜔) from (74) into the FRF in (36). The
ingle-root solution is for a series absorber reached by 𝑐 → 0, for which
he normalized frequency

= 𝜔
𝜔𝑠

(75)

gives the desired single root 𝜌 = 1 on the real axis, see Fig. 4. Upon
introduction of 𝜌, the FRF in (36) is compactly written as

𝑟𝑠𝑘𝑠
𝑓𝑠

=
−𝜌2𝜇∗ + 𝑖𝜌

𝜇∗𝜅
𝛽

+ 𝜅

(

1 − 𝜌2
)

(

−𝜌2𝜇∗ + 𝑖𝜌
𝜇∗𝜅
𝛽

+ 𝜅
)

− 𝜌2𝜇∗𝜅
, (76)

ith the stiffness ratio 𝜅 and damper ratio 𝛽 respectively defined in
47) and (59). The characteristic equation from the denominator can
e written in similar form as the generic polynomial in (54), whereby
one-to-one comparison of coefficients determines the desired absorber
arameters as

= 𝜇∗ , 𝛽 =
√

1
2𝜇∗ , (77)

n which case the damper ratio 𝛽 =
√

2𝛽bif places the complex roots at
he circles on the semi-circular branches in Fig. 4.

Without residual mode correction, the EMCF recovers the mass
atio: 𝜇∗ = 𝜇. In that idealized case, the stiffness tuning in (77) reduces
o 𝜅 = 𝜇, which reflects the inherent equivalence of the two series
bsorbers in Figs. 1(b) and (d), where spring and inerter can switch
ositions without altering the absorber characteristics.

In Fig. 7 the modal structural response for the series inertia absorber
m-[c-k]) is represented by the blue-solid curve, while the exactly
dentical red-dashed curve represents the corresponding series stiffness
bsorber (k-[c-m]) from Appendix A.2.1. The FRF for the modal dis-
lacement |𝑟𝑠| in Fig. 7(a) is slightly inclined because the tuning is
ased on equal modal damping, see results in [18,68] for the piezo-
lectric absorber with a parallel RL-shunt. Thereby, the corresponding
elocity amplitude curve (𝜌|𝑟𝑠|) in Fig. 7(b) becomes almost ideally flat.

The amplitude curves for the absorber elongations 𝑣 and 𝑢 − 𝑣 are
hown in Fig. 8. The damper element elongation 𝑣 is found from the
bsorber equation (35) by introducing the absorber force as 𝑓 = 𝐷(𝜌)𝑣
nd 𝜌 from (75),

𝑣𝑘𝑠
𝑓𝑠

=
−𝜌2𝜇∗

−𝜌2𝜇∗ +𝐷(𝜌)∕𝑘𝑠

𝑟𝑠𝑘𝑠
𝑓𝑠

. (78)

n Fig. 8(a) the blue-solid curve for 𝑣 has an ideal flat plateau around
esonance. The corresponding inerter elongation 𝑢 − 𝑣 is subsequently
ound by (66), with the absorber function introduced as 𝐺(𝜌)∕𝑘𝑠 =
𝜌2𝜇. This response curve in Fig. 8(b) exhibits an inclination that makes

t flat for the corresponding acceleration amplitude 𝜌2|𝑢 − 𝑣|. The red-
dashed curves in Fig. 8 represent the series stiffness absorber (k-[c-m]),
11

𝜇

or which 𝑣 and 𝑢−𝑣 are practically interchanged compared to the blue-
olid curves for the present inertia absorber. Thereby, the amplitude
urve in Fig. 8(b) becomes entirely flat for the elongation 𝑢 − 𝑣 across
he spring in Fig. 1(d).

.3.2. Clamped-mode expansion
For the clamped-mode expansion, the frequency response function

s obtained by substitution of the damper function 𝐷(𝜔) from (74) into
he clamped-mode FRF in (45). The non-dimensional frequency is then
ntroduced as

𝜌̄ =
√

1 − 𝜇̄∗
𝜔
𝜔̄𝑠

(79)

because it secures the desired single-root solution 𝜌̄ = 1 when 𝑐 → 0.
hen introducing 𝜌̄, the FRF in (45) with 𝐷(𝜔) from (74) can be

xpressed as

𝑟̄𝑠𝑘̄𝑠
𝑓𝑠

=

(1 − 𝜇̄∗)
(

−𝜌̄2𝜇̄ + 𝑖𝜌̄
𝜇̄𝜅̄
𝛽

√

1 − 𝜇̄∗ +
𝜇̄∗
𝜇̄
(1 − 𝜇̄∗)𝜅̄

)

(

1 − 𝜇̄∗ − 𝜌̄2
)

(

−𝜌̄2𝜇̄ + 𝑖𝜌̄
𝜇̄𝜅̄
𝛽

√

1 − 𝜇̄∗ +
𝜇̄∗
𝜇̄
(1 − 𝜇̄∗)𝜅̄

)

…

⋯ + 𝜌̄2𝜇̄∗

(

−𝜌̄2𝜇̄ + 𝑖𝜌̄
𝜇̄𝜅̄
𝛽

√

1 − 𝜇̄∗

) ,

(80)

here the denominator directly defines the characteristic equation,
rom which the optimal absorber parameters are determined as

̄ =
𝜇̄2

𝜇̄∗(1 − 𝜇̄∗)
, 𝛽 = 𝜇̄2

√

1
2𝜇̄3

∗
, (81)

y applying the previous one-to-one comparison with the generic poly-
omial (54).

For the single-dof model with 𝜇̄∗ = 𝜇̄ = 0.02, the frequency response
urves are identical to those from the free-mode expansion, shown in
igs. 7 and 8. However, for a flexible structure, the influence of residual
odes (𝜇̄∗ ≠ 𝜇̄) implies small differences when using either the free-

r clamped-mode expansion, as shown in Section 6. Furthermore, the
pparent symmetry (𝜅 = 𝜇) between spring and inerter, observed for
he free-mode expansion in (77), is not obvious from (81) because
he factor (1 − 𝜇̄∗) accounts for the presence of the inertance 𝑚 in
he clamped eigenvalue problem (10) and in the auxiliary mass of the
echanical model in Fig. 3(b).

The tuning expressions for the corresponding series stiffness ab-
orber (k-[c-m]) from a clamped-mode expansion are presented in
ppendix A.2.2. Because the inertia and stiffness absorbers with series
amper elements in Fig. 1(b, d) are identical absorbers, the resulting
xpressions for optimal tuning are as well identical when interchanging
and 𝜅.
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. Damping of flexible structures

The tuning and efficiency of both inertia and stiffness absorbers are
ssessed with respect to damping of the generic shear-frame structure
n Fig. 1, where the horizontal displacements in
𝑇 = [ 𝑞1, 𝑞2, … 𝑞10 ] (82)

epresent the 𝑛 = 10 dofs of the numerical model. Further details on a
hear frame model can be found in [28,35,69]. This numerical model
s in general a suitable example to illustrate the influence from residual
odes because its frequencies are more closely spaced than those for

ransverse vibrations of beams.
All absorbers are placed between ground and first floor, whereby

he connectivity vector for the shear-frame model is
𝑇 = [ 1, 0, 0, …] . (83)

s demonstrated in [28,35], this absorber location is optimal with
espect to mitigation performance, while it also implies a substantial
nteraction with the residual modes (𝑗 ≠ 𝑠). In case the shear-frame’s
ottom inter-storey stiffness represents the restoring effects from a
ase-isolation system, the present absorber location in (83) resembles
he seismic protection system proposed by De Domenico et al. [70].

The tuning expressions for the various inertia and stiffness absorbers
re collected in Table 1, with the asterisks denoting the respective
MCFs. The expressions for the inertia absorbers in the upper half of the
able are derived in the previous Section 5, while the corresponding ex-
ressions for the stiffness absorbers in the bottom half are summarized
n Appendix A. It is seen that tuning expressions for inertia and stiffness
bsorbers are identical when interchanging 𝜅 and 𝜇.

The next Section 6.1 defines the absorber characteristics in the
umerical example, as well as summarizing the tuning procedure in
able 2. The accuracy of the proposed tuning strategy, based on the
MCF, is demonstrated by frequency response curves in Section 6.2 and
y a root-locus analysis in the final Section 6.3. All numerical results
re computed for the 10-dof shear frame structure in Fig. 1.

.1. Absorber properties

The tuning of the vibration absorbers is summarized by the steps
n Table 2. For the present examples, the size of the inertia and
tiffness absorbers is chosen so that their free-mode ratios are 𝜇 = 0.02
nd 𝜅 = 0.02, respectively. The governing mass and stiffness ratios,
nd the corresponding EMCFs, are presented for target modes 𝑠 = 1
nd 3 in Table 3. EMCFs around 2% correspond well with commonly
sed mass ratios for TMDs [2,71] and EEMCFs (often referred to as
2) in piezoelectric shunt damping [1,38–48,57,64]. For inerter-based

bsorbers, the mass ratio can be increased substantially beyond 𝜇 =
.02, utilizing gearing concepts to mechanically amplify the apparent
bsorber mass 𝑚. For example, in [28,30] inerter mass ratios between
.1 and 0.2 have been used for structural damping in TIDs. However, to
12
chieve comparable damping performance between inertia and stiffness
bsorbers, the rather conservative mass ratio 𝜇 = 0.02 is chosen also for
he inertia absorbers in the present numerical analysis.

For the inertia absorbers, in the left half of Table 3, the free-mode
MCF is slightly larger than the corresponding mass ratio 𝜇 = 0.02,
hereas for the clamped-mode expansion the EMCFs 𝜇̄∗ are smaller

han 𝜇̄. For the stiffness absorbers in the right half of the table, the
MCF to stiffness ratio relations are qualitatively opposite to those for
he inertia absorbers.

The difference between the mass or stiffness ratios and their cor-
esponding EMCFs is a direct measure for the influence from residual
ibration modes. For the inertia absorbers, the ratios between absorber
ass and residual modal mass are given in (33) and (42), with similar

xpressions available for the associated stiffness absorbers. From these
xpressions the residual mode ratios can be readily derived as

𝑚𝑠
𝑚′
𝑠
= 1

𝜇∗
− 1

𝜇
,

𝑚̄𝑠
𝑚̄′
𝑠
= 1

𝜇̄
− 1

𝜇̄∗
,

𝑘𝑠
𝑘′𝑠

= 1
𝜅∗

− 1
𝜅

,
𝑘̄𝑠
𝑘̄′𝑠

= 1
𝜅̄
− 1

𝜅̄∗
, (84)

which are as well presented in Table 3. It is seen that the residual mode
ratios are negative for inertia absorbers, which reflects that most of
the 𝑛 − 1 = 9 residual modes have higher frequency and thereby act
statically on the target modes 𝑠 = 1 and 3. However, it is less negative
for 𝑠 = 3, since two (𝑗 = 1 and 2) out of the nine residual modes
perate inertially. For the stiffness absorbers in Table 3, the residual
ode ratios are consequently positive, with a smaller influence from

esidual modes for 𝑠 = 3. For even higher target modes, the residual
ode ratios in (84) may potentially vanish, whereby the EMCF equals

ts respective mass or stiffness ratio.

.2. Frequency response curves

For all absorber configurations, the coupled equations can be rewrit-
en by eliminating the absorber force as in (4). The governing equations
an then be expressed in the generic format
(

−𝜔2𝐌𝑎 + 𝑖𝜔𝐂𝑎 +𝐊𝑎
)

𝐪𝑎 = 𝐟𝑎 , (85)

with the augmented displacement vector 𝐪𝑇𝑎 = [𝐪𝑇 , 𝑣] containing the
damper element elongation 𝑣 as the additional dof, while the load vec-
tor 𝐟𝑇𝑎 = [𝐟𝑇ext , 0]. The three augmented matrices in (85) are presented
for each of the four absorber configurations in Appendix B, which also
presents the closed-form expressions for natural frequencies and mode
shapes of the 𝑛-floor shear frame in Fig. 1. The matrix equation (85) is
in the following used to obtain frequency response curves for the top-
floor displacement from an external load vector 𝐟ext ∝ 𝐮𝑠 that minimizes
any activation of other modes (𝑗 ≠ 𝑠).

Fig. 9 shows the frequency response curve for the top-floor velocity
amplitude |𝑖𝜔𝑞𝑡𝑜𝑝| with target mode 𝑠 = 1. The curves are all normalized
by the pseudo-static amplitude 𝜔1𝑞𝑠𝑡𝑎𝑡𝑡𝑜𝑝 , where 𝑞𝑠𝑡𝑎𝑡𝑡𝑜𝑝 is the top-floor
deflection in the static limit (𝜔 = 0). The solid curves represent

the proposed tuning, while the dashed curves neglect residual mode
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Table 2
Absorber tuning for a given mode 𝑗 = 𝑠.

Inertia Stiffness

(1) choose modal ratio 𝜇 = 0.02 𝜅 = 0.02
(2) solve free eigenvalue problem 𝜔𝑠, 𝐮𝑠, 𝑚𝑠, 𝑘𝑠
(3) determine absorber parameter 𝑚 = 𝜇𝑚𝑠 𝑘 = 𝜅𝑘𝑠
(4) solve clamped eigenvalue problem 𝜔̄𝑠, 𝐮̄𝑠, 𝑚̄𝑠, 𝑘̄𝑠
(5) determine clamped-mode ratio 𝜇̄ = 𝑚∕𝑚̄𝑠 𝜅̄ = 𝑘∕𝑘̄𝑠
(6) evaluate EMCF 𝜇∗ 𝜅∗

or 𝜇̄∗ or 𝜅̄∗
(7) tune damper parameters 𝜅, 𝛽 𝜇, 𝛽

or 𝜅̄, 𝛽 or 𝜇̄, 𝛽
(8) determine damper components 𝑘 = 𝜅𝑘𝑠, 𝑐 = 𝛽

√

𝑘𝑠𝑚𝑠 𝑚 = 𝜇𝑚𝑠, 𝑐 = 𝛽
√

𝑘𝑠𝑚𝑠

or 𝑘 = 𝜅̄𝑘̄𝑠, 𝑐 = 𝛽
√

𝑘𝑠𝑚̄𝑠 or 𝑚 = 𝜇̄𝑚̄𝑠, 𝑐 = 𝛽
√

𝑘̄𝑠𝑚̄𝑠
Table 3
Mass and stiffness ratios, EMCFs and residual mode ratios.

m-[c...] k-[c...]

Target mode Free Clamped Free Clamped

𝑠 = 1
𝜇 = 0.0200 𝜇̄ = 0.0235 𝜅 = 0.0200 𝜅̄ = 0.0165
𝜇∗ = 0.0219 𝜇̄∗ = 0.0214 𝜅∗ = 0.0184 𝜅̄∗ = 0.0180
𝑚𝑠∕𝑚′

𝑠 = −4.34 𝑚𝑠∕𝑚̄′
𝑠 = −4.18 𝑘𝑠∕𝑘′𝑠 = 4.35 𝑘𝑠∕𝑘̄′𝑠 = 5.05

𝑠 = 3
𝜇 = 0.02000 𝜇̄ = 0.0227 𝜅 = 0.0200 𝜅̄ = 0.0169
𝜇∗ = 0.0216 𝜇̄∗ = 0.0211 𝜅∗ = 0.0186 𝜅̄∗ = 0.0182
𝑚𝑠∕𝑚′

𝑠 = −3.70 𝑚𝑠∕𝑚̄′
𝑠 = −3.34 𝑘𝑠∕𝑘′𝑠 = 3.76 𝑘𝑠∕𝑘̄′𝑠 = 4.23
Fig. 9. |FRF| for top floor velocity amplitude |𝑖𝜔𝑞𝑡𝑜𝑝| of shear frame structure. Absorber types: (a) Parallel inertia m-[c∥k], (b) series inertia m-[c-k], (c) parallel stiffness k-[c∥m]
nd (d) series stiffness k-[c-m]. Tuning to mode 𝑠 = 1 from free-mode expansion in blue and from clamped-mode expansion in red. Proposed tuning with correction (solid ——)
sing EMCF and without correction (dashed – –) by EMCF equal to mass ratio (a, b) or stiffness ratio (c, d). Amplitudes normalized by 𝜔1𝑞𝑠𝑡𝑎𝑡𝑡𝑜𝑝 , where 𝑞𝑠𝑡𝑎𝑡𝑡𝑜𝑝 is static top-floor
isplacement.
w
t
F
m
7

F
i
f

orrection by replacing any EMCF by its corresponding modal ratio:
∗ = 𝜇, 𝜇̄∗ = 𝜇̄ in (a, b) for the inertia absorbers and 𝜅∗ = 𝜅, 𝜅̄∗ = 𝜅̄ in
c, d) for the stiffness absorbers. For the uncorrected tuning (dashed)
substantial amplitude amplification occurs (around 50%). Because of

he present tuning procedure’s ability to obtain near optimal amplitude
eduction at resonance, the very small amplitude increase, which can
e seen outside the resonance bandwidth in Fig. 10, is acceptable in
ngineering practice.

When using the optimal tuning (solid), the |FRF| curves from free-
ode (blue) and clamped-mode (red) expansion practically coincide,
13

r

hich demonstrates that the influence from residual modes is consis-
ently accounted for by the proposed tuning with the EMCFs in Table 1.
urthermore, the solid curves in Fig. 9 for the flexible 10-dof structural
odel almost exactly recover the analytical curves in Figs. 5(c) and
(b) for parallel and series absorbers, respectively.

The frequency amplitudes for the absorber deflections are shown in
ig. 10. From the previous Figs. 6 and 8 it is seen that a flat plateau
s obtained for 𝑣 by the inertia absorbers, while 𝑢 − 𝑣 becomes flat
or the stiffness absorbers. Thus, the apparent flatness of the absorber
esponse is observed across the spring element in Fig. 1. The solid
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Fig. 10. |FRF| for damper element elongation |𝑣| for (a) parallel inertia m-[c∥k] and (b) series inertia absorber m-[c-k], and absorber element elongation |𝑢 − 𝑣| for (c) parallel
tiffness k-[c∥m] and (d) series stiffness absorber k-[c-m]. Tuning to mode 𝑠 = 1 from free-mode expansion in blue and from clamped-mode expansion in red. Proposed tuning with
orrection (solid ——) using EMCF and without correction (dashed – –) by EMCF equal to mass ratio (a, b) or stiffness ratio (c, d). Amplitudes normalized by static top-floor
isplacement 𝑞𝑠𝑡𝑎𝑡𝑡𝑜𝑝 .
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urves in Fig. 10 for the flexible 10-dof structure model almost exactly
eplicate the analytical curves in Figs. 6 and 8 for the parallel and series
bsorbers, respectively. When the EMCF is equal to the corresponding
ass or stiffness ratio (dashed) an undesired amplitude amplification

s obtained, similar to what is seen for the structural response in Fig. 9.
For the higher target mode 𝑠 = 3, the frequency response functions

or the inertia absorbers are shown in Fig. 11. A comparison of (a, b) in
igs. 9 and 11 shows that for the proposed tuning, the amplitude curves
re almost equally flat, which demonstrates that the EMCF-based tuning
s also applicable for intermediate modes (𝑠 > 1). The same conclusions
re reached when comparing absorber deflection amplitudes 𝑣 in the
revious Fig. 10(a, b) for 𝑠 = 1 and the present Fig. 11(c, d) for
= 3. The curves for mode 𝑠 = 3 with the stiffness absorbers are not
resented, as they are practically identical to those for 𝑠 = 1 in Figs. 9(c,
) and 10(c, d).

.3. Root locus curves

The root locus diagrams are produced by solving the state-space
igenvalue problem
[

𝟎𝑎 𝐈𝑎
−𝐌−1

𝑎 𝐊𝑎 −𝐌−1
𝑎 𝐂𝑎

] [

𝐪𝑎
𝑖𝜔𝐪𝑎

]

= 𝑖𝜔
[

𝐪𝑎
𝑖𝜔𝐪𝑎

]

, (86)

or which the augmented matrices are given in Appendix B. Fig. 12
hows the root locus trajectories for tuning to the fundamental mode
= 1. The dots along the trajectories are obtained by solving the

igenvalue problem in (86) with respect to 𝑖𝜔 for varying viscous
oefficients 𝑐 in the augmented damping matrix 𝐂𝑎.

The four sub-figures represent the loci for the parallel (a, c) and
eries (b, d) inertia absorbers, with tuning from a free-mode expansion
blue) and clamped-mode expansion (red). In (a, b) the loci are ob-
ained by the proposed tuning with EMCFs in Table 1, while in (c, d) a
etuning is obtained by letting the EMCFs be equal to their respective
ass ratios. The corresponding curves for the stiffness absorbers are not
resented, as they yield the same qualitative conclusions.
14
For both inertia absorbers in Fig. 12, the free- and clamped-mode
xpansions result in practically identical solutions. For the proposed
uning (a, b) the two branches almost meet for 𝛽 = 𝛽bif at the desired
ifurcation point (∗), previously depicted for the analytical solution in
ig. 5(a). The accuracy of the proposed tuning procedure is further
alidated by the two desired roots (circle) having practically equal
amping, as indicated by the almost coinciding blue and red (dotted)
ines from the origin through the blue and red circles, respectively.

hen neglecting the residual mode correction (c, d), the loci do not ap-
roach a bifurcation point, resulting in a small semi-circular trajectory
hat yields a substantial reduction in attainable damping.

Tables 4 and 5 present the two damping ratios 𝜁 for the two vibra-
ion forms associated with the targeted mode 𝑠 = 1 and 3, respectively.
he damping ratios are evaluated from the roots (◦) obtained for
ptimal tuning in Table 1 by the procedure in Table 2. Thus accurate
uning should yield a pair of identical damping ratios. The bottom half
f the tables present the damping ratios for the stiffness absorbers, for
hich the root locus diagrams are not presented. The left half of the

ables represents tuning based on free-mode expansion, while the right
art contains the damping ratios obtained from the tuning expressions
ased on a clamped-mode expansion. As the free-mode tuning only
ontains the EMCF (𝜇∗ or 𝜅∗), the corresponding mass or stiffness ratios
re not provided.

For both the left and right half of Tables 4 and 5, the first column
epresents the optimal tuning, while the second column represents the
etuning obtained by the EMCF equal to its modal ratio. The first
olumn (for each half in both tables) shows that almost exact equal
amping is assured by using the EMCF as depicted by the tuning
xpressions in Table 1. The largest error of around 8% (0.0426∕0.0462 =
.92) is found for the clamped-mode tuning of m-[c-k] with respect to
= 3 in Table 5. For the deliberate detuning in the second column, the

mallest deviation of around 43% (0.0308∕0.0541 = 0.57) between the
amping ratios for the free-mode tuning of m-[c∥k] in Table 5 verifies
he 50% overshoot observed for the dashed |FRF| curves in Figs. 9 and
1.
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Fig. 11. |FRF| for (a, b) top floor velocity amplitude |𝑖𝜔𝑞𝑡𝑜𝑝| of shear frame structure and (c, d) damper element amplitude |𝑣|. Absorber types: (a, c) Parallel inertia m-[c∥k] and
(b, d) series inertia m-[c-k]. Tuning to mode 𝑠 = 3 from free-mode expansion in blue and from clamped-mode expansion in red. Proposed tuning with correction (solid ——) using
EMCF and without correction (dashed – –) by EMCF equal to mass ratio. Amplitudes normalized by 𝜔3𝑞𝑠𝑡𝑎𝑡𝑡𝑜𝑝 (a, b) and the static top-floor displacement 𝑞𝑠𝑡𝑎𝑡𝑡𝑜𝑝 (c, d).
Fig. 12. Root locus diagram for inertia absorbers on shear frame structure: (a, c) Parallel inertia m-[c∥k] and (b, d) series inertia m-[c-k]. Tuning to mode 𝑠 = 1 from free-mode
xpansion in blue and from clamped-mode expansion in red. Proposed tuning with correction (solid ——) using EMCF in (a, b) and without correction (dashed – –) by EMCF
qual to mass ratio in (c, d). Dotted lines represent damping ratio for proposed tuning through circles (◦) in (a, b). Bifurcation tuning represented by asterisks (∗).
r
c
r

By construction the two series absorbers m-[c-k] and k-[c-m] are
dentical. However, their tuning is different because they are respec-
ively interpreted as inertia and stiffness absorber, with different resid-
15

al mode correction. Thus, the deviation between the pair of damping t
atios for these two series absorbers represents a measure for the
onsistency of the present tuning procedure and its correction with
espect to residual modes. For the damping ratios in Tables 4 and 5,

he largest apparent deviation between m-[c-k] and k-[c-m] is around
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Table 4
Two damping ratios 𝜁 for target mode 𝑠 = 1.

Free Clamped

𝜇∗ = 0.0219 𝜇∗ = 0.0200 𝜇̄∗ = 0.0214 𝜇̄∗ = 0.0235
𝜇̄ = 0.0235 𝜇̄ = 0.0235

m-[c∥k] 0.0473 0.0582 0.0477 0.0651
0.0480 0.0299 0.0475 0.0313

m-[c-k] 0.0479 0.0655 0.0484 0.0726
0.0470 0.0298 0.0466 0.0319

𝜅∗ = 0.0184 𝜅∗ = 0.0200 𝜅̄∗ = 0.0180 𝜅̄∗ = 0.0165
𝜅̄ = 0.0165 𝜅̄ = 0.0165

k-[c∥m] 0.0477 0.0730 0.0477 0.0668
0.0476 0.0308 0.0476 0.0285

k-[c-m] 0.0477 0.0655 0.0476 0.0592
0.0477 0.0298 0.0477 0.0283

Table 5
Two damping ratios 𝜁 for target mode 𝑠 = 3.

Free Clamped

𝜇∗ = 0.0216 𝜇∗ = 0.0200 𝜇̄∗ = 0.0211 𝜇̄∗ = 0.0227
𝜇̄ = 0.0227 𝜇̄ = 0.0227

m-[c∥k] 0.0447 0.0541 0.0454 0.0594
0.0449 0.0308 0.0442 0.0322

m-[c-k] 0.0454 0.0595 0.0462 0.0646
0.0431 0.0305 0.0426 0.0324

𝜅∗ = 0.0186 𝜅∗ = 0.02000 𝜅̄∗ = 0.0182 𝜅̄∗ = 0.0169
𝜅̄ = 0.0169 𝜅̄ = 0.0169

k-[c∥m] 0.0452 0.0652 0.0449 0.0604
0.0438 0.0311 0.0440 0.0289

k-[c-m] 0.0447 0.0595 0.0444 0.0544
0.0445 0.0305 0.0449 0.0289

4% (0.0426∕0.0444 = 0.96) for the clamped-mode tuning with target
ode 𝑠 = 3. This indicates, that the proposed residual mode accuracy,

omprised by the EMCF, is accurate to within a few percent.

. Conclusions

The present paper proposes a concise tuning procedure for the most
asic group of vibration absorbers, targeting a single vibration mode
f a flexible structure. The structural response is described by a modal
xpansion in vibration modes obtained with the absorber in either
ree or clamped conditions. In the associated absorber equation, the
eedback from the non-targeted (residual) modes is represented by a
ingle residual mode function, which is subsequently eliminated by
he introduction of the single natural frequency from the opposite –
lamped or free – absorber limit. Furthermore, this elimination directly
efines an effective modal coupling factor (EMCF), which constitutes
mass ratio for inertia absorbers and a stiffness ratio for stiffness

bsorbers. The modal frequency response functions (FRF) are then
erived for inertia and for stiffness absorbers, from both the free
nd clamped mode expansions. It is shown that the EMCF directly
eplaces the absorber’s mass or stiffness ratio when using the commonly
pplied modal expansion in free vibration modes, while the FRF from
clamped-mode expansion contains both EMCF and mass or stiffness

atio in a non-trivial combination.
The target-mode FRF, with the EMCF containing the influence from

esidual modes, can be used as the basis for any preferred tuning
rocedure. For the present pole-placement principle, an accurate tun-
ng must secure a bifurcation point in the root locus diagram, while
esulting in near optimal flat plateaus for the frequency amplitudes
f both structural velocity and absorber elongation. For the 10-dof
hear frame structure in the numerical example, the desired damping
16

p

performance is obtained by the present procedure, using the novel
explicit tuning expressions from the pole-placement principle, with the
EMCF accounting for the influence from residual modes. When using
mass or stiffness ratios instead of the EMCF, the vibration amplitudes
increase by 50%, underlining the importance of correctly using the
EMCF when relying on analytical tuning expressions derived for an
idealized single-mass structure.

Although beyond the scope of the current theoretical analysis, ex-
periments will be needed to validate the postulated importance of rep-
resenting residual modes by the use of EMCFs. Similarly, the assessment
of the tuning procedure with respect to model and method uncertainties
would be of great interest. As demonstrated by Trindade et al. [72],
an uncertainty in the piezoelectric capacitance translates directly into
notable detuning and thus loss of performance. To what degree the
present use of EMCFs has more importance than such uncertainties
must be investigated through future experimental campaigns.

CRediT authorship contribution statement

Jan Høgsberg: Writing – review & editing, Writing – original
raft, Methodology, Formal analysis. Boris Lossouarn: Writing – re-
iew & editing, Writing – original draft, Methodology. Jean-François
Deü: Writing – review & editing, Resources, Methodology, Funding
acquisition.

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.

Data availability

No data was used for the research described in the article.

Acknowledgement

The financial support of Jan Høgsberg by the Research Council at
Cnam is highly appreciated.

Appendix A. Tuning of stiffness absorbers: k-[c...]

This appendix concerns the tuning of the stiffness absorbers in
ig. 1 (c, d), which are mechanical equivalents to resonantly shunted
iezoelectric transducers, for which a vast variety of tuning expressions
re available [14–16,18–20,43,46,55,59].

.1. Parallel stiffness absorber: k-[c∥m]

The parallel configuration of the dashpot and inerter in Fig. 1(c) is
overned by the damper function

(𝜔) = 𝑖𝜔𝑐 − 𝜔2𝑚 , (87)

hich represents the mechanical equivalence of a series RL shunt for

iezoelectric vibration damping [15].
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A.1.1. Free-mode expansion
The FRF from the free-mode expansion is obtained by substitution

of (87) into (48). The single-frequency solution is attained in the limit
𝑐 → ∞, from which the non-dimensional frequency is defined as

𝜌 = 1
√

1 + 𝜅∗

𝜔
𝜔𝑠

. (88)

When introducing 𝜌, the FRF can be written as
𝑟𝑠𝑘𝑠
𝑓𝑠

=

−𝜌2(1 + 𝜅∗)𝜇 + 𝑖𝜌𝛽
√

1 + 𝜅∗ + 𝜅∗
(

1 − (1 + 𝜅∗)𝜌2
)

(

−𝜌2(1 + 𝜅∗)𝜇 + 𝑖𝜌𝛽
√

1 + 𝜅∗ + 𝜅∗
)

…

⋯ + 𝜅∗
(

−𝜌2(1 + 𝜅∗)𝜇 + 𝑖𝜌𝛽
√

1 + 𝜅∗
) ,

(89)

ith EMCF 𝜅∗ determined in (46), mass ratio 𝜇 in (32) and damper ratio
in (59). The characteristic equation is governed by the denominator in

89), from which a one-to-one comparison with the generic polynomial
54) determines the absorber parameters as

=
𝜅∗

(1 + 𝜅∗)2
, 𝛽 =

√

2
𝜅3
∗

(1 + 𝜅∗)3
. (90)

The |FRF| is shown in Fig. 5(b) by the red-dashed curve. The associated
damper element elongation 𝑣 is subsequently derived from the absorber
quation (35),
𝑣𝑘𝑠
𝑓𝑠

=
𝜅∗

𝜅∗ +𝐷(𝜌)∕𝑘𝑠

𝑟𝑠𝑘𝑠
𝑓𝑠

, (91)

here 𝐷(𝜌)∕𝑘𝑠 is introduced from (87) with respect to 𝜌 in (88).
ubsequently, the spring elongation 𝑢 − 𝑣 is obtained from (66) with
(𝜌)∕𝑘𝑠 = 𝜅. The absorber elongations 𝑣 and 𝑢− 𝑣 are both represented
y red-dashed curves in Fig. 6.

.1.2. Clamped-mode expansion
From the clamped-mode expansion, the FRF is obtained by substitu-

ion of (87) into (51), which for 𝑐 → ∞ determines the non-dimensional
requency

𝜌̄ = 𝜔
𝜔̄𝑠

. (92)

By introduction of 𝜌̄, the FRF can be written as

𝑟̄𝑠𝑘̄𝑠
𝑓𝑠

=

(

−𝜌̄2𝜇̄ + 𝑖𝜌̄𝛽 + 𝜅̄2

𝜅̄∗

)

(

1 − 𝜌̄2
)

(

−𝜌̄2𝜇̄ + 𝑖𝜌̄𝛽 + 𝜅̄2

𝜅̄∗

)

− 𝜅̄2
. (93)

he denominator defines the characteristic equation, from which a
irect comparison with (54) derives the absorber tuning as

̄ = 𝜅̄2
1 − 𝜅̄∗
𝜅̄∗

, 𝛽 = 𝜅̄2
√

2
1 − 𝜅̄∗
𝜅̄∗

. (94)

or a single-mode model with 𝜅̄∗ = 𝜅̄, the values for 𝑐 and 𝑚 from the
resent clamped-mode expansion tuning recover those obtained from
he free-mode expansion in (90).

.2. Series stiffness absorber: k-[c-m]

The series dashpot-inerter element in Fig. 1(d) is represented by a
amper function 𝐷(𝜔) in the reciprocal relation
1

𝐷(𝜔)
= 1

−𝜔2𝑚
+ 1

𝑖𝜔𝑐
, (95)

hich is equivalent to the mechanical model of a parallel RL-shunted
iezoelectric transducer, see e.g. [20].
17
.2.1. Free-mode expansion
The FRF is found by substitution of (95) into (48), which defines

he normalized frequency

= 𝜔
𝜔𝑠

(96)

from the single-root solution when 𝑐 → 0. The FRF can then be written
as

𝑟𝑠𝑘𝑠
𝑓𝑠

=
−𝜌2𝜇 + 𝑖𝜌

𝜇𝜅∗
𝛽

+ 𝜅∗

(

1 − 𝜌2
)

(

−𝜌2𝜇 + 𝑖𝜌
𝜇𝜅∗
𝛽

+ 𝜅∗

)

− 𝜌2𝜇𝜅∗

. (97)

When interchanging the asterisk (∗), this FRF is identical to that for the
series inertia absorber in (76). Thus, the tuning expressions from (77)
can be directly adopted,

𝜇 = 𝜅∗ , 𝛽 =
√

1
2𝜅∗ , (98)

now with the EMCF 𝜅∗ from (46) as the governing parameter. In Fig. 7
the red-dashed curves represent the frequency response curve for 𝑟𝑠
from (97). The damper element elongation 𝑣 is obtained by substitution
of (95) into (91), while 𝑢 − 𝑣 follows from (66) with 𝐺(𝜌)∕𝑘𝑠 = 𝜅. The
amplitude curves for both absorber elongations (𝑣 and 𝑢−𝑣) are shown
in Fig. 8.

A.2.2. Clamped-mode expansion
The FRF is obtained by substitution of the damper function (95) into

(51), from which the normalized frequency

̄ = 1
√

1 − 𝜅̄∗

𝜔
𝜔̄𝑠

(99)

is determined when 𝑐 → 0. Hereby, the FRF is expressed as
𝑟̄𝑠𝑘̄𝑠
𝑓𝑠

=

−𝜌̄2(1 − 𝜅̄∗)𝜇̄ + 𝑖𝜌̄
𝜇̄𝜅̄
𝛽

√

1 − 𝜅̄∗
𝜅̄
𝜅̄∗

+ 𝜅̄2

𝜅̄∗
(

1 − 𝜌̄2(1 − 𝜅̄∗)
)

(

−𝜌̄2(1 − 𝜅̄∗)𝜇̄ + 𝑖𝜌̄
𝜇̄𝜅̄
𝛽

√

1 − 𝜅̄∗
𝜅̄
𝜅̄∗

+ 𝜅̄2

𝜅̄∗

)

…

⋯ − 𝜅̄
(

𝑖𝜌̄
𝜇̄𝜅̄
𝛽

√

1 − 𝜅̄∗ + 𝜅̄
) ,

(100)

from which comparison of the associated characteristic equation with
(54) gives

̄ = 𝜅̄2

𝜅̄∗(1 − 𝜅̄∗)
, 𝛽 = 𝜅̄2

√

1
2𝜅̄3

∗
. (101)

or a single-mode structure with 𝜅̄∗ = 𝜅̄, the present tuning gives
he same values for 𝑐 and 𝑚 as by (98) for the free-mode expansion.
urthermore, the present tuning expressions are similar to those for the
eries inertia absorber in (81) when interchanging stiffness and mass
atios.

ppendix B. Augmented matrices

The present appendix presents the augmented matrices used in (85)
o obtain the frequency response curves (|FRF|) and also used in the
omogeneous state-space form (86) as the governing equation for the
oot locus analysis.

For the 𝑛-dof shear frame model in Fig. 2(a), explicit expressions are
vailable for the natural frequencies and mode shapes, see [69] and
eferences herein. They are obtained from the symmetric modes of a
ibrating string, spatially discretized by finite differences. For a given
ode 𝑗, the natural frequency 𝜔𝑗 and mode shape 𝑢𝑗,𝑘 are given by the

xpressions

𝑗 = 2

√

𝑘𝑠𝑡𝑜𝑟𝑒𝑦 sin
(

𝜋 2𝑗 − 1
)

, 𝑢𝑗,𝑘 = 𝑢𝑗,0 sin
(

𝑘𝜋
2𝑗 − 1

)

, (102)

𝑚𝑓𝑙𝑜𝑜𝑟 2 2𝑛 + 1 2𝑛 + 1
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where 𝑘𝑠𝑡𝑜𝑟𝑒𝑦 and 𝑚𝑓𝑙𝑜𝑜𝑟 are respectively the constant inter-storey stiff-
ess and floor mass of the shear frame in Fig. 1, 𝑘 = 1, 2 … 𝑛 is the
loor number and 𝑢𝑗,0 is a modal scaling factor that is chosen to secure
he desired mode shape normalization.

The four absorber types are shown in Fig. 1, with the two inertia
bsorbers in (a, b) and the associated stiffness absorbers in (c, d). The
atrices are expressed with respect to the augmented displacement

ector 𝐪𝑇𝑎 = [𝐪𝑇 , 𝑣], which combines the structural dofs in 𝐪 and the
elongation 𝑣 of the damper element inside the dashed-blue box.

For the parallel inertia absorber m-[c∥k] in Fig. 1(a), the augmented
matrices are

𝐌𝑎 =
[

𝐌 𝟎
−𝑚𝐰𝑇 𝑚

]

, 𝐂𝑎 =
[

𝟎𝟎𝑇 𝑐𝐰
𝟎𝑇 𝑐

]

, 𝐊𝑎 =
[

𝐊 𝑘𝐰
𝟎𝑇 𝑘

]

,

(103)

where 𝟎 is an 𝑛 × 1 zeros column vector.
For the series inertia absorber m-[c-k] in Fig. 1(b), the augmented

matrices are

𝐌𝑎 =
[

𝐌 + 𝑚𝐰𝐰𝑇 −𝑚𝐰
−𝑚𝐰𝑇 𝑚

]

, 𝐂𝑎 =

[

𝟎𝟎𝑇 𝟎
−𝑚𝑘

𝑐 𝐰𝑇 𝑚𝑘
𝑐

]

,

𝐊𝑎 =
[

𝐊 𝟎
𝟎𝑇 𝑘

]

. (104)

Considering the augmented mass matrix for such a series inertia ab-
sorber, the use of damper elongation 𝑣 as the additional dof implies
that the absorber mass 𝑚 supplements the structure mass in 𝐌.

For the parallel stiffness absorber k-[c∥m] in Fig. 1(c), the aug-
ented matrices are

𝑎 =
[

𝐌 𝑚𝐰
𝟎𝑇 𝑚

]

, 𝐂𝑎 =
[

𝟎𝟎𝑇 𝑐𝐰
𝟎𝑇 𝑐

]

, 𝐊𝑎 =
[

𝐊 𝟎
−𝑘𝐰𝑇 𝑘

]

,

(105)

which correspond to those for the parallel inertia absorber in (105)
when interchanging mass and stiffness.

For the series stiffness absorber k-[c-m] in Fig. 1(d), the augmented
matrices are

𝐌𝑎 =
[

𝐌 𝟎
𝟎𝑇 𝑚

]

, 𝐂𝑎 =

[

𝟎𝟎𝑇 𝟎
−𝑚𝑘

𝑐 𝐰𝑇 𝑚𝑘
𝑐

]

,

𝐊𝑎 =
[

𝐊 + 𝑘𝐰𝐰𝑇 −𝑘𝐰
−𝑘𝐰 𝑘

]

. (106)

Although the series absorbers m-[c-k] and k-[c-m] are identical, the
mass and stiffness matrices in (104) and (106) are respectively opposite
because the damper element elongation 𝑣 is chosen as the governing
absorber variable.
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