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abstract We consider the parametric estimation of the volatility and jump activity in a stable
Cox-Ingersoll-Ross (a-stable CIR) model driven by a standard Brownian Motion and a non-
symmetric stable Lévy process with jump activity a € (1,2). The main difficulties to obtain rate
efficiency in estimating these quantities arise from the superposition of the diffusion component
with jumps of infinite variation. Extending the approach proposed in Mies [30], we address
the joint estimation of the volatility, scaling and jump activity parameters from high-frequency
observations of the process and prove that the proposed estimators are rate optimal up to a
logarithmic factor.

MSC 2020. 60G51; 60G52; 60J75; 62F12.
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1 Introduction

Jump processes are widely studied in the literature due to their many areas of application,
especially in financial modeling where interest rates or asset price evolutions are often described
by Itd semimartingales. These processes are characterized by the superposition of a drift term,
a diffusion part and a jump component and the estimation of the different components is the
subject of specific studies depending on the available observations. In this paper we are interested
in the estimation of the volatility and the jump activity from high-frequency observations.

The estimation of the volatility or integrated volatility (quantities of interest in financial
modeling) has concentrated a lot of activity in the last decades. For diffusion processes, it is
well known that the realized quadratic variation is a rate and variance efficient estimator of
the integrated volatility, but models with jumps are more appropriate to financial markets as
financial price series exhibit jumps (see Huang and Tauchen [14]). Jump activity is characterized
by the Blumenthal-Getoor index « € [0,2). When jumps are of finite variation (o < 1) the main
statistics to estimate the volatility are the truncated realized quadratic variation, which is rate
and variance efficient, and the bi-power or multipower variations, which are rate efficient but
not variance efficient. We refer to Mancini [27] [28] [29], Barndorff-Nielsen and Shephard [6],
Barndorff-Nielsen et al. [7] for the properties of these methods. When jumps are of infinite
variation, i.e. a > 1, the previous statistics are still consistent but with a rate of convergence
slower than the usual one /n (see Jacod and Reiss [16]) and also exhibit an asymptotic bias.
The first efficient estimator of the volatility, with optimal rate of convergence y/n, has been
proposed in Jacod and Todorov [19] and [20] in presence of infinite variation jumps with stable-
like behavior. Their method is based on the local estimation of the volatility by using the real
part of the empirical characteristic function and the asymptotic bias is eliminated by combining



statistics with different arguments in the characteristic function. Their estimator achieves rate
and variance optimality for o € (1,2) if the jumps of the driving Lévy process are symmetric,
and for o < 3/2 for non-symmetric jumps (the estimator is only rate efficient for larger values
of a) . For the truncated realized volatility, some debiasing procedures have been studied in
Amorino and Gloter [4] and in Cooper Boniece et al. [9]. By considering different truncation
levels and with a two-step debiasing procedure, efficiency for the estimation of the volatility is
obtained in [9], with the restriction a € (1,8/5).

Turning to the estimation of the jump activity, the previous discussion makes clear the
importance of the parameter «, in addition to its intrinsic interest. In presence of a diffu-
sion component, Ait-Sahalia and Jacod in [1] have proposed an estimator of « based on jump
counting. For locally stable jumps, their estimator is consistent with rate of convergence n®/10
(n®/8 in the stable case) but unfortunately it fails to achieve the optimal rate n®/*log(n)'~®/4
identified in Ait-Sahalia and Jacod [2]. This estimation method is improved in Bull [10] by
combining increments of the process with different time-scales, achieving the near optimal rate
of convergence n®4¢ for e arbitrarily small. All these methods are non-parametric and apply
to semimartingales but are not completely satisfactory. In a parametric framework, rate opti-
mality in estimating the jump activity has been attained by Mies [30] for a Lévy process with
characteristic triplet (i, 02, v), assuming that the jump part is close to the superposition of M
stable processes. Using a method of moments, a joint estimator of the volatility o2, the jump
activity indices o = (ayn)1<m<m and some scaling coefficients r = (7} r;)1<m<ns is proposed.
This procedure leads to an efficient estimator of the volatility (without debiasing procedure and
without restriction on the jump activity) and to rate optimal estimators of the jump activity
and scaling coefficients.

In this paper, our aim is to study the joint parametric estimation of the volatility and
jump activity of a stochastic differential equation with infinite variation jumps. We will focus
our work on the stable Cox-Ingersoll-Ross model (stable CIR model) mainly for the following
reasons. This parametric model is very popular in financial modeling (see Jiao et al. [21],
[22]) and it also presents some specific difficulties since the coefficients of the equation are not
Lipschitz and not bounded away from zero. However we mention that the estimation method
proposed in this paper could be extended to a larger class of stochastic equations with jumps.

The stable CIR model belongs to the class of affine processes (or Continuous Branching
processes with Immigration, we refer to Dawson and Li [11] and Li [25] for a general presentation
of these processes) and is described by the stochastic equation

dX; = (a — bXy)dt + 0 X,/*dB, + 6/ X} /AL,

where (By) is a standard Brownian Motion and (L{*) a spectrally positive a-stable Lévy process
with jump activity @ € (1,2). When o = 0 (pure-jump process), some estimation results have
been obtained in Li and Ma [26], Yang [33] and more recently in Bayraktar and Clément [8].
But when o # 0, there are almost no estimation results in the literature for the stable CIR
model and to our knowledge the only existing study concerns the estimation of the drift term
b proposed in Barczy et al. [5] from continuous observations of the process. Inspired by the
work of Mies [30], we propose here a joint estimation method of the volatility coefficient o2,
the scaling parameter § and the jump activity index « from high-frequency observations of the
process that leads to an efficient estimation of the volatility, for any a € (1,2), and attains rate
optimality up to a factor log(n) for the estimation of (J, ). Our main results are derived in the
case nA, fixed, where n is the number of observations and A,, the step between two consecutive
observations (we recall that in this framework and in presence of a Brownian component, the
drift parameters (a,b) are not identifiable) but also in the long time asymptotics nA,, — +oc.
The paper is organized as follows. In Section 2, we present the model and notation. In
Section 3, we describe the estimation method and study the asymptotic properties of estimators
in both cases nA, fixed and nA, — 4o0o. Section 4 contains some intermediate key results



that are of intrinsic interest. The theoretical results are illustrated in the case nA,, fixed by
numerical simulations in Section 5. Proofs are gathered in Section 6.

2 Setting and notation

We consider (Bi):>0 a Brownian motion and (L{')¢>0 an independent stable Lévy process with
exponent a € (1,2) defined on a filtered probability space (2, F, (Fi)e>0,P), where (F;)i>0 is
the natural augmented filtration. We assume that (L$):>0 is a spectrally positive Lévy process
with characteristic function

E (eiZL%) = exp <—|z]°‘ (1 —itan (%) sgn(z))) . (2.1)

This non-symmetric Lévy process is strictly stable (see for example Theorem 14.15 in Sato [32])
and admits the representation

t ~ ~ —
Lf‘:// zN(ds,dz), N =N — N,
o Jr,

where N is a Poisson random measure with compensator N given by

_ COL

N(dt,dz) = dtF*(dz) for F®(dz) = —771(0+00)(2)d2. (2.2)
z
From Lemma 14.11 in Sato [32], we have
ala—1) . /°° 1
o= . with D(a) = a-le=eq, 0. 2.3
c T2 = o) cos(ra/2) with I'(«) ; e Ydr, a> (2.3)

We will study the estimation of the parameter § = (02,8, a) of the process (stable CIR
model) given by the stochastic differential equation

dX, = (a — bX,)dt + 0 X;2dBy + 6V X /*dL®, X =z > 0. (2.4)

Assuming a > 0 ,b € R, 6 >0, 0 >0, 9 > 0, equation (2.4) admits a pathwise unique
nonnegative solution (see Fu and Li [12]), which has the Markov property. Since the coefficients
of (2.4) are not Lipschitz, the condition o > 1 is required to prove this result. If additionally
2a > o2, we have according to Proposition 3.4. in Jiao et al [21] that (X); is positive.

We use the following notation. For any random variable Z, we write E;(Z) = E(Z|F;a,,)
and for p > 0, EP(Z) = [E(Z)|P (EP(Z) is defined accordingly). For any process Y, we denote
the increments with step size A, by

AYY =Yira, — Yia

n*

We write = for the convergence in distribution, and £25 for the stable convergence in law.

Throughout the paper, we denote by C all positive constants (or Cy, if it depends on an auxiliary
parameter p), which might change from line to line.

3 Main results

From now on, we assume that we observe (X;a,, Jo<i<n that solves (2.4) for the parameter values
(ag, bo, bp) satisfying assumption H below.
H. We assume that 0y = (03,80, ) € © = (0, +00) x (0, +00) x (1,2) and ag > 03.

Under H, (X;)¢>0 is positive as previously mentioned, but also satisfies that E(1/X?) < oo
(see Proposition 4.1). To estimate 6y, we propose a moment method based on the increments of



X, that extends to stochastic equations the estimation method proposed in Mies [30] for Lévy
processes. For f: R+ R3, we consider the estimating function F,(6) defined by

n—1

F)== 5" [f (;T f%) - Pnf<an,9>] , (31)

=0
where the centering term P, f(z,0), defined by (3.2), is constructed on the following way. Con-
sidering the Euler approximation of A?X omitting the drift term

ATX = 00X \2AFB + 85/ O X L AT L,

up _APX . _Un z§?§f 3 n nrao
mm) by E;f (mm) Now observing that (A'B, ATL®)

has the distribution of (v/A, B, A,l/aLff), we set

we approximate E; f (

P.f(z,0) =E , (3.2)

1/
f (unaBl + (&f/)f unA}L/a_l/QL(f‘>

At this stage, we assume that u,, goes to zero as n goes to infinity and u, /v/A,, goes to infinity,
we will precise later the rate of convergence of the sequence (u,). We estimate the parameter
o by solving the estimating equation F,(6) = 0 for F), defined by (3.1) with f = (fx)1<k<3,
fi(x) = cos(x), fa(z) =1 — K(z), f3(x) = f2(22) and

1 if x| <1,
K(z) =1 (1+exp(gy — )" i1 <]z] <2,
0 if |z| > 2.

and in particular we have P, f(X;a, ,00) = E;f ( uy  A7X >

Let us comment this choice of estimating functions. To estimate the volatility o2, the idea is to

consider even functions, quadratic near zero. The choice fi(x) = cos(x) (also used in Jacod and

Todorov [19]) has the additional property that the expression of P, f] is explicit, it is the real
(Jx)l/“

part of the characteristic function of u,0B1 + TunAi/ a—1/ 2Lf‘ given by

2
P, fi(x,0) = exp (—uiz - 5x1a/2ugAka/2) cos(6z' Y 2uS AL~/ 2 tan(rar/2)). (3.3)

For the jump parameters a and 0, we follow the idea of Ait-Sahalia and Jacod [1], where to
neglect the diffusion contribution in estimating «, the following truncation of the small jumps
is considered

n
D liarxisags with 0<w <1/2.
i=1

We also refer to Jing et al. [23], who replace the indicator function by smooth functions not
vanishing near zero to take into account the small jumps. Here we replace the indicator function
(truncation of small jumps) by the smooth function 1 — K, with different truncation levels. P, fo
and P, f3 are not explicit (an asymptotic expansion is given in Lemma 4.2) but can be computed
numerically.

The asymptotic properties of estimators depend on the connections between the number of
observations n and the discretization step A, and we study separately the two cases nA,, fixed
and nA,, — +oo.



3.1 Fixed observation window

We consider that nA,, is fixed and without loss of generality, we assume that nA, = 1. We first
prove the existence of a joint estimator with non-diagonal rate of convergence A,, defined by

1 0 0
1 1 1
An(0) = % 0 NI ‘Hn(m) IIEINTEECYZ I I (3.4)
0 0 1

u%/QA}L/Z—a/4

Theorem 3.1. We assume H, nA,, = 1 and u, = 1/[In(1/A,)]P with p > 1/2. Then there
exists a sequence of random vectors (On) solving I, (9 ) = 0 with probability tending to one, i.e.
P(F,(0,) =0) — 1. This sequence satisfies 0, — 0y in probability as n — oo, and

An(80) ™" (B — o) === W (80)~'S(60)' /2N,

where N is a standard Gaussian variable independent of F1. X is the symmetric positive definite
matriz and W is the non-singular matrix respectively defined by

ot 0 0
1
SO =5 | 0 cdl(@X) [y LYo cadI(0, X) fy Jl”if§+l)dv 7 (3.5)
0 cadl(a, X) [ ];z{gz’ﬂ)dv cadl(a, X) [ |v|a+1dv
1 1 0 0
W) =510 —v@la,X) —dal(a)l(aX)] |, (3.6)
0 —2%p()I(a, X) —00a[2% ()] (e, X)]
with I(a, X) = f 1 a/2dt Y(a)=cq [ v |a+1dv and cq, given by (2.3).

We deduce from Theorem 3.1 that /n(62 — 03) — N(0,203), so the estimator is rate and
variance efficient, for any ag € (1,2). Turning to the jump parameters, with u,, = (log(1/A,))?,
the marginal estimation rates are respectively 1/((log(l/An)po‘OﬂAgO/4 log(un/v/Ay)) for § and
1/((log(1/An)pa0/2Af{°/4) for a. Since the asymptotic variance does not depend on the parame-
ter p and the estimation rate increases as p decreases, the theoretical asymptotic accuracy of the
estimation method is improved by choosing p as small as possible, with the restriction p > 1/2.
The restriction p > 1/2 comes mainly from Lemma 4.2 and ensures that the contribution of
the term given in (6.16) is negligible. However from the bound (6.16), this assumption could
be weakened up to the choice u,, = C/(log(1/A,))"/? with 0 < C' < 1/40¢ (similar to condition
(U) in [30]). As the choice of the constant C' depends on the unknown value o, we preferred to
assume in the statement of Theorem 3.1 the stronger condition u, = (log(1/Ay,))P with p > 1/2.
From the asymptotic theoretical point of view, the optimal choice would be p = 1/2 but in prac-
tice for finite sample, it is less clear and we refer to the empirical study carried out in Section 5
where the choice p = 1 gives satisfactory results.

Efficiency for the joint estimation of (J, «) in presence of a Brownian motion is still an open
problem even for the Lévy process X; = 0B, +0L$ with o > 0 (the Local Asymptotic Normality
property with non-singular information matrix is not established). However marginal optimality
has been discussed in Ait-Sahalia and Jacod [2] in the Lévy case showing that the marginal
optimal rates of convergence for the estimation of § and « are respectively 1/((log(1/A,)/ Nl 4)
and log(l/An)/((log(l/An)o‘/‘lAﬁM). These results have been completed in Mies [30] by showing
that a diagonal normalisation with marginal optimality for each parameter leads to a singular
information matrix, suggesting that the optimal rate of convergence in the joint estimation of
(0, ) is non-diagonal with a loss of rate of convergence of order log(1/A,,). These partial results



allow us to conclude that our estimator is near rate optimal up to a factor log(1/A,)¢, with €
arbitrarily small.

We now assume that aq is known and only consider the estimation of 3 = (02, §) by solving
F,(02,6,0) = 0, where F, is defined by (3.1) with f = (f1, f2). In that case, we can also prove
a uniqueness result, which implies that any solution to the estimating equation is consistent.

Theorem 3.2. We assume that g is known and that (o3, 8) belongs to the interior of a compact
subset of (0, +00) x (0,4+00). Then under the assumptions of Theorem 3.1 any sequence (G2, gn)
that solves Fy,(02,8,c9) = 0 converges in probability to (03,00). Such a sequence exists and
is unique in the semse that if (5721,5,1) is another sequence that solves Fy(c?%,3,aq9) = 0 then
P((62,5,) # (62,0,)) goes to zero as n goes to infinity. This sequence obviously satisfies the
asymptotic properties of Theorem 5.1.

3.2 Ergodic case

We consider in this section the long time asymptotics nA, — +o0o and we restrict our study to
the case by > 0. With this assumption, the process (X;):>0 is geometrically ergodic (we refer to
Li and Ma [26] Proposition 2.2 and Theorem 2.5) and the stationary distribution 7y has Laplace

transform
+o00 A
Y apx
/ e ¥mo(dy) =exp | — / — —50 dx |,
0 0 P24 Lz + byx

with dp"° = doavg/| cos(™§2)|. Since the Laplace transform is C! at zero, we check easily that
J5° zmo(dz) < 400, and setting I(a) = [ z'%/%m(dz) we deduce that o — I(a) is derivable
for o € (1,2).

Theorem 3.3. We assume H and by > 0, nA,, — +00 , up, = 1/[In(1/A,)|P with p > 1/2, and
the additional condition \/ﬁA}L/a0+a°/4_1/2_E° — 0 for ¢g > 0. Then the result of Theorem 3.1
holds with )

An(80) ™ (B — 8o) === W (60) ' E(60)"/°N,
where N is a standard Gaussian variable. Y is the symmetric positive definite (deterministic)

matriz and W is the (deterministic) non-singular matrix respectively defined by (3.5) and (3.6)
replacing I(a, X) by I(a) = 0+OO o= 2 (dx).

The condition ﬁA}/aﬁaoM*l/%eo — 0 is compatible with nA — +oo if ag € (1,2) but
stronger for aig near 2. We also mention that we can also prove in the ergodic case a uniqueness
result for the estimation of (62,4) (similar to Theorem 3.2) if we assume that ag is known.

Remark 3.1. Let us remark that the estimation of the drift parameters (a,b) is possible in the
long time asymptotic setting nA,, — +o0o. We refer to Amorino and Gloter [3] (that extends
Gloter et al. [13] to jumps with infinite variation), who propose an efficient contrast method
to estimate the drift parameters of a stochastic equation with jumps. Their method refines the
quasi-likelihood method based on the Euler approximation of the continuous part of the stochas-
tic equation by replacing the drift contribution in the Euler approximation by the conditional
expectation B; X ;1 1)a,, - The sufficient conditions given in [3] are not satisfied by the stable CIR
model, in particular the coefficients of equation (2.4) are non-Lipschitz and not bounded from
below and the process (X) has only finite moments of order p for p < ag. Consequently the
results of [13] or [3] cannot be directly applied. But using the results of Proposition 4.1, it should
be possible to extend them to the stable CIR model. We do not investigate the drift estimation
in this paper and we leave it for future research.



4 Auxiliary results

4.1 Moments and approximation

Since X is positive but not lower bounded by some strictly positive constant, we first establish
conditions to ensure that E(1/X?) is finite. We also give some bounds for the moments of (X3),
and its increments.

Proposition 4.1. Let (X;);>0 be the solution of (2.4) witha >0 ,beR,d>0,0>0, 20 >0

and 2a > o2. Then we have

(1) for1<p< %, SUP;>q E(%f) < 400,
and for 1 <p < «, 3C, > 0 such that Vt1,t2 € [0,1] and V0 <i<n—1
(ii) E (Supt1<u<t2 Xp|]:t1) < Cp(1+ XZ)
(i) E (Supse[mn (i+1)An) ‘fm xYeare ‘ > < CpAY® (1 + X%i) )
(iv) E (supsem Gan Xs = Xia, IP) < CAYR (14X, ),
(

p a a
7}) ( ) < C Ap/ +p/2 (1 + W leA/n) .

iAn
We next give a sharp bound for the Euler approximation (without drift) of the normalized
increments of X. This result can be seen as an extension of Lemma 11 in Jacod and Todorov
[19]. We obtain here a better rate of weak approximation and this result is a key step in the
proof of Proposition 4.2. To shorten the notation, we set

o= u, AX and 7 — u, APX
VAL Xia, VAL X,

where APX = oo X, 4> ATB + 6/ %XjA/“OAnLao and (X});0 solves (2.4) with ag > 0, by € R,
do > 0, O'()>O x0>0and2a0>00

(08 (xe _ xteyar

S—

(4.1)

Lemma 4.1. Let f be an even bounded C? function with bounded derivatives. Then we have
(with p}' and p}' defined by (4.1)) for e > 0, 3C, such that V0 <i<n—1
I

(i+1)An
Ei(F(ol) — F(7L))] <CeunAl/ao—e (1 + Xia, + 1+ —E / v
+ X0, (4.3)

Xin, A iA, Xy

and for 1 <p < ag, 3Cp such that VO <i<n—1

Ei(|f(p}) = F(B)P) < Cpub AYP(1+

p
Xz’An

Our estimating equations are based on the computation of the expectation P, f(x,#) given
by (3.2). For f(x) = cos(z) this expectation has an explicit expression but not for f(z) =
1 — K(x). The next lemma gives an asymptotic expansion of P, f(x,0) for functions vanishing
in a neighborhood of zero. It is similar to Lemma 6.1 (i) in [30] derived from It6’s Formula. Here
we propose a different proof, which easily allows higher order expansion, by using the explicit
form of the conditional distribution of the Euler approximation A”X as a convolution between
a Gaussian distribution and a Stable distribution.

Lemma 4.2. Let f: R +— R be a bounded even function such that f =0 on [—n,+n] for some
n > 0. We assume that u,[In(1/A,)]"/? = 0. Then we have ¥z > 0

dv 4+ uS A2, (0, %),  with cq given by (2.3),

Pof(2,0) = iugAl o2, 512 / ’1{'2 )

where for any compact subset A of ©, supyc 4 len(0,2)| < (1 + )&y, with e, — 0.

7



4.2 Convergences

The asymptotic behavior of the estimator 6,, is derived using the theory of estimating equations
(see [18]) and is based on the convergence of F,,(fp) defined by (3.1) and its gradient VyF,(0).
We set

A, (0) = /n diag (1 ! ! ) . (4.4)

U%, ug/QATIL/Q—a/éL’ u?{/ZA}Z/Q—a/4
We first state a Central Limit Theorem for F,(6y) with rate A, (o).
Proposition 4.2. We assume H and w,, = 1/[In(1/A,)]P with p > 1/2.

1. If nA,, =1, then we have the stable convergence in law
L—s
An(00)Fu(f0) === 5(60)/* N,

where N is a standard Gaussian variable independent of Fi and 3(6y) is the symmetric
positive definite matriz defined by (3.5).

2. If nA,, — 400, by > 0 and \/ﬁA,lh/aﬁao/%l/z*eO — 0 for some €y > 0, then we have the
convergence in distribution

An(0o) Fu(00) == S(60)' /2N,
where N is a standard Gaussian variable and X(0g) is the symmetric positive definite
matriz defined by (3.5) replacing I(o, X) by I(a) = 0+°O 1= 2y (d).

Turning to the convergence of VyF,, and recalling that A, () is defined by (3.4), we obtain
the following convergence.

Proposition 4.3. Let A be a compact subset of ©. We assume H and u, = 1/[In(1/A,)]P with
p>1/2.

1. If nA,, =1, then we have the convergence in probability

Slelg |An(9)v9Fn(9)An(9) - W(0)| — 0,

where W () is the non-singular matriz defined by (3.6).

2. If nA,, — +00 and by > 0, then we have the convergence in probability

Slelg |An(9)v9Fn(9)An(9) - W(0)| — 0,

where W (0) is defined by (3.6) replacing I(o, X) by I(a) = f0+°° 1= 2 (dx).

5 Monte-Carlo experiments

In this section, we investigate the finite sample performances of our estimator with a Monte-Carlo
study and compare with the estimators proposed respectively by Bull [10] for the Blumenthal-
Getoor index « and by Jacod and Todorov [19] for the volatility 2. We assume that (X;a,, )o<i<n
solves (2.4) with parameters (satisfying assumption H) xo = 1,a9 = 10,bp = 3,00 = 1.2, = 1.5
and for ap € {1.2,1.4,1.7}. The observations are simulated with the implicit Euler scheme (with
step 1/100n) proposed by Li and Taguchi [24] to preserve the positivity of the simulated process.



Instead of solving Fn(én) = 0, we minimize the weighted function given by

2
1 n
Zn |:f<\/“7\/7n>_ Tij( iAn>s ):|
sl g (g AmX ’
=0 I\ VAn \/Xin,
as this equivalent problem leads to better numerical results. The minimization is done in Python

using the scipy.optimize.newton method from the Scipy package, which uses the secant method.
We ensure that the initial value is intentionally distinct from the unknown true parameter value.

j=1,2,3 (5.1)

The computation of F},(#) requires the computation of the expectations (P, f(X;a,., 8))o<i<n—1-

P, f1 is explicitly given in equation (3.3), but P, fo and P, f3 require a Monte-Carlo method. We
calibrate P, fo and P, f3 with n.s;;, = 100 replications. Even using such a small number of repli-
cations and after parallelization of the computation of these expectations, the implementation
of the estimation method still remains computationally expensive. This is the main limitation
of this method for non-constant coefficients, and explains why we do less simulations than in
Mies [30].

We conduct our simulation study with the choice of the threshold parameter u,, = 1/log(n).
Our asymptotic results hold for u, = 1/(log(n))? with p > 1/2 and we already discussed that the
asymptotic properties of our estimators are improved by decreasing the parameter p. However
when experimenting smaller values of p, the failure rate in our minimization problem increases
(this is also observed in [30] Table 1). This poses a larger problem in our setting, as our estimator
is already very costly to compute due to the non-constant coefficients. The choice p = 1 leads
to a reasonable failure rate when minimizing F,,(6) (see Table 1 below) and shows good finite
sample properties of our estimation method.

According to Theorem 3.1, we have the convergences in law :

V(62 — of) :> 208N, (5.2)
up®*noo/t c-s

g7y O = 80) 252> 8oV ViV, (53)

ulo/2po/4 (4, — o) % VVasN, (5.4)

where \ is a standard Gaussian variable independent of F; and V (6p) = W (6p) =12 (60) (W (69)T) !

with W (6y) and 3(60p) defined in equations (3.6) and (3.5). We calibrate the (theoretical) asymp-
totic distribution of the estimators from the above convergences replacing, in the expression of
V(60), I(c, X) by the Riemann sum 1 ", Xll/nao/Q.

The method used in Bull [10] has a tuning parameter m € N, where larger values of m
increase the rate of convergence, although they do not perform as well in practice. We set the
tuning parameters to C' = 0.05, p = 2, m = 3 as suggested in Bull [10]. The estimator of
Jacod and Todorov [19] is implemented as in equation (5.3) therein. To enhance the stability
of the estimator, we split the estimated bias term into two components as recommended. We
use the values ¢ = 1.5 and u/T = log(n)~ 1/30 a5 suggested by the authors. The values for all
of these tuning parameters are also the ones used in Mies [30]. For the last tuning parameter
in Jacod and Todorov [19], which is necessary for a stochastic equation, we set the number
of observations in each block to k, = 300. In practice, all these estimation methods are very
sensitive to the tuning parameters. For our estimation method, as previously mentioned, the
choice of u,, can affect the performance of the estimators, even for the estimation of the volatility
parameter whose rate of convergence does not depend on wu,. Similarly, the estimation method
is sensitive to the choice of the truncation functions fs and f3. We also note that although the
theoretical results are valid for any value of ag (providing assumption H), some values perform
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better numerically. The sensitivity to the true value of the volatility is also observed in Boniece
et al. [9] for the debiased truncated realized variation method.

In Table 1, we compare the finite sample performance of our moment estimator for the
estimation of the volatility o (comparison with the estimator of Jacod and Todorov [19]) and
for the estimation of the jump activity a (comparison with the estimator of Bull [10]). We
use the median absolute deviation to compare estimators, following what was done in Mies [30]
and Jacod and Todorov [19]. We choose n = 5000 (respectively n = 25000) to be compared to
h =1/n = 5/23400 (respectively h = 1/23400) in Mies [30]. Table 1 also presents the percentage
of simulations for which the minimisation did not converge. For the volatility o2, our estimator
performs better (for n = 25000) if g € {1.2;1.4} and is comparable to the one of Jacod and
Todorov in the case ap = 1.7. While the asymptotic theoretical variance of 62 does not depend
on «ag, we observe that the finite sample performance of our estimator decreases when ag is
close to 2. This is also the case in Mies [30] (Table 1), and in Boniece et al. [9] (Figure 1 and
Table 12), reflecting the difficulty to separate the contribution of the Brownian Motion from the
contribution of the small jumps, when «yg is close to 2. To complete the estimation results for the
volatility parameter, we also presents in Figure 1 the distribution of 62 for ag € {1.2,1.4}, and
the distribution of Jacod and Todorov estimator. This confirms that our estimator performs a bit
better, but in both cases the finite sample distributions are far from the theoretical asymptotic
distribution (not represented here).

For the estimation of the jump activity «, the results of Table 1 show that our method
performs better than the one of Bull, in all cases, even for small sample size n = 5000. The good
finite sample performance of our estimator is confirmed in Figure 2 representing the distribution
of &, compared with its asymptotic theoretical distribution. There is nevertheless a slight bias
when «y is large (ap = 1.7). These results are comparable to the one of Mies [30] (Figures 1 and
2) despite our simulations are more expensive since we estimate a stochastic equation. Figure 3
shows the distribution of 6, (not presented in [30]). As for the estimation of a, we see that the
estimation method works well and that the finite sample distribution of the estimator is more
concentrated than the asymptotic theoretical distribution, especially for large values of ayg.

To summarize the results obtained from these Monte-Carlo experiments, we conclude that
our estimation method leads to mixed results for the estimation of o2 as it is computationally
expensive and does not really improve the finite sample properties of the estimator proposed
by Jacod and Todorov. In contrast, this method shows good finite sample performance for the
estimation of the jump parameters, where the comparison can only be made with the estimator
of o proposed by Bull as the estimation of the scaling parameter has not be studied before for a
stochastic equation. We also emphasize that our method is the first near rate efficient method
for the joint estimation of (d, ) for a stochastic equation in presence of a Brownian component.

Table 1: Median absolute errors for the estimation of o2 and « for different estimators. All
values are based on 500 Monte Carlo replications.

a n 62 &n  Infeasible JT o2 Bull a
1.2 5000 0.10 0.12 0.46 0.11 0.41
1.2 25000 0.030 0.089 0.42 0.054  0.37
14 5000 0.12 0.10 0.38 0.14 0.46
1.4 25000 0.044 0.086 0.35 0.11 0.37
1.7 5000 042 0.19 0.49 0.22 0.58

1.7 25000 0.23 0.098 0.48 0.22 0.43
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(a) ag = 1.2, n = 25000 (b) ag = 1.4, n = 25000

Figure 1: Simulated distribution of 62 (02 = 1.44) and comparison with Jacod and Todorov

(based on 500 Monte Carlo replications)

04 06 08 10 12 14 16 18 20 06 08 10 12 14 16 18 20 22 08 10 12 14 16 18 2.0 22

(a) ag = 1.2, n = 5000 (b) ap = 1.4, n = 5000 (¢) ap = 1.7, n = 5000

(d) ap = 1.2, n = 25000 (e) ap = 1.4, n = 25000 (f) oo = 1.7, n = 25000

Figure 2: Simulated distribution of &, and comparison with its asymptotic distribution (based
on 500 Monte Carlo replications)

6 Proofs

6.1 Auxiliary results
6.1.1 Proof of Proposition 4.1

We only prove (7) since the other items can be deduced with similar arguments as the ones given
for the proof of Proposition 2.2 in [8]. The Laplace transform of X; has the explicit expression
(we refer to Li [25], see also Section 3.1 in [21] and Proposition 2.1. in [5])

E(e”%t) = exp (—wovt(u) [ F(z)dz) , (6.1)

v (u) R(Z)
where t — v;(u) is the unique locally bounded solution of
0
avt(u) = —R(v(u)), wo(u) = u. (6.2)

11
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(a) ap = 1.2, n = 5000 (b) ap = 1.4, n = 5000 (¢) ap = 1.7, n = 5000

0.8
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(d) ap = 1.2, n = 25000 (e) ap = 1.4, n = 25000 (f) ap = 1.7, n = 25000

Figure 3: Simulated distribution of 4, (6o = 1.5) and comparison with its asymptotic distribution
(based on 500 Monte Carlo replications)

For the a-CIR model, the branching mechanism and the immigration rate are given by

2 5%
R(z) = %22 + Eza +bz, F(z)=az, z€]0,+),
with § = 51/°‘(a/|cos(%)|)1/°‘. Setting zop = inf{z > 0, R(z) > 0}, 2o = 0 when b > 0 and
z0 > 0 when b < 0 with zp < 400 as lim,_, - R(z) = +o00. From Corollary 3.2 of Li [25],
limy_ 00 v (1) = 2o and ¥V u > zp, t — v¢(u) is decreasing. Now we have V¢t > 0
1 -1 —uX oo —1 —uX
E(+5) =Cp uPT E(e M) du < Cp(20) + Cp uP" E(e” ") du.
X Ry 0+1
We fix € € (0,1) and for u > zp + 1 we set t§, = inf{t > 0,v;(u) < u}. With ug, = max(zy +

1,2

+o0 +0oo
sup / uP IR (e X du < / P~ | sup  E(e7%%) + sup E(e X)| du. (6.3)
>0 Jug. g, t€[0,t5] t>te,

Using that ¢ — v¢(u) is non-increasing for u > zp, we obtain from (6.1) and observing that
vge (u) = uf

sup E(e ") < sup exp(—zove(u)) < exp(—zou),

te[0,t,] te[0,t5]
_ v F(z) ( /“ F(z) )
sup E(e "%t) < sup ex —/ dz | <exp| — dz | .
tZtIf)u ( )< tZtE: P ( ve(w) B(2) ) =P ue 1(2)
For z € [uf, u]

F(z) _ 2a 1 2a 1 , 52

> = - > withg(u) =14 — .
R(z) ~o® ;04 52 )+ 2~ o?zg(u)+ 3 with g(u) o2 e2—a)



Hence integrating the previous inequality

“ F(z) 2a In ug(u) + 32 2a l—e
uc R(Z)

with

“ F(Z) (1—€) 22—~
— < o2g(u) |
exp < /ue R(z)dz> < Ce/u g

Ifi1<p< %, we choose € > 0 such that p — 3—% + eg—% < 0, then we deduce

+o0 u F(Z)
uP~Lexp (— dz) du < 400,
/uo@ uc R(Z)

and this allows us to conclude.

6.1.2 Proof of Lemma 4.1

From the expressions of A?X and A X, we deduce the decomposition pf = pl' +6(1)" +6(2)" +
0(3)" with

(i+1)An
n_ Up, 12 1/2 ~1/2 1/2
(1) = ao/ (X272 = XY2VABy + wny/Bnao X% — boX {2,
VA Xia, Jia, ! an) (@0X;a, an)

6(2)7 = 6,/

)

Uy, (i+1)An 1o 1aos 17 a0
m A (X7 = XA, )AL,

0(3); = — X — Xia, )dt.

" (i+1)An
bp— /
OVAn\/ Xin,, Jia, (

We have the following estimates

1
iAp
. n @ p/Oé —p/2
Vp € [1,a0), Ed(9(2)717) < Gyl Ar/ (1 + T Y ) NG
¥p € [1, o). Ei(0(37 ) < Cpub AL (1 ot Xﬁ”ﬁi) ' (6.6
iAy

We deduce easily (6.5) and (6.6) from Proposition 4.1, (6.4) follows from Burkholder’s inequality,
Proposition 4.1 and the bound

v,y € (0,+00) |y — 2% < Cly — z|/z'/%.

Combining the estimates (6.4), (6.5), (6.6) and |f(z +y) — f(z)| < Cly| as f" is bounded, we
deduce immediately (4.3).
We now prove (4.2). With the previous notation, we have the decomposition

Foit) = 1(08) =5 (p}) = F(piF +0(1);7 +0(2)7) + f(pi' +0(1)" +6(2)7") — F(p}" +6(1)7)
+ (i +0(0)7) = f(pi),
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and since f’ is bounded it yields

[Ei(f (pi") = F(PP))] < C(El0(3) | + Eal0(2)7'] + [Ea(f (7] + 0(1)F") = f(Pi")])-
Using (6.5) and (6.6) with p =1

n n et 1 1/2
EZ‘(g(?))Z ‘ + EJ@(Q)Z ‘ S CunA}"/ 0 (1 + W + X1£n> . (67)
iAp
It remains to bound |E;(f(p} + 6(1)1) — f(pl))|. Since f” is bounded, we have

[E: (£ (27 +0(1)7) = FE)] < [Ea(0(1) f'(77))] + CEl0(1)7 2.

To finish the proof, we show the following estimates
1 (+D)An g,
1+ —E; —1 1, 6.8
vy N (63)

) . (6.9)
Collecting (6.7), (6.8) and (6.9), we deduce (4.2).
Proof of (6.8) We write Itd’s formula for the function x — /z which is C2 on (0, +00)

VX — VX, = /bdv+/dB //cv N(dv, dz),

E;|6(1)7? < Cul A, (1 + X, +

Xin,

and for e > 0

1 (i+1)A, d
I SY) 1+ E’/ 1U/2
AnJine X,

E0)! £/ (71))] < Coug Y0 €<HXZA !
[YANS

- ag — bo Xy 1/ 1/a 1 1/ 1/a @
B, = < i ) _ 1/2 /\/Xv_+50/ R A e U AP L O

e (2) = (Xom + 53/%;(;@02)1/2 — ()2,

Moreover, we check that |b,| < C(1 + \/% + v Xy) and that [¢,(2)] < C(1+ v Xy)(V21s1y +
214p<.<1}). We obtain the decomposition

0(1);" = p(1);" + p(2);" + pn(3)7, (6.10)
with
(i+1)Ap t
p(1)r = —n %0 ( / bvdv> 0B,
VARXA, Jin, iAn
n Un 00 00 (i+1)An -1/2 1/2
n(2); = / (Bt — Bin, )dBy + un v/ Ap(ao X!~ — boX;AL ),
ApXin, 2 Jia, " "

()= mon_ [UTDS ( / / 2y ()N (dv dz)> dB
Iu ’ V A XZAn An n o "

From Burkholder’s inequality and Proposition 4.1 (ii), we have

. 1 (i+1)An dv
vp (1,2, Balp()2P < Gt AL {1+ — |1+ EL»/ ) (6.11)
X2 A XP
Vp > 1, Balp(2)7P < Cpub A2 ( ”2) (6.12)
Wp € (00,2}, B (37 < CpulA, (1 7 ) (6.13)
iAp
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Let us give some details for (6.11). We have

uP (i+1)An t 2 p/2
. np < . m. 7
Ei|lp(1)PP < C,p AT E; /A (/A ]by\dv> dt

p (i+1)An P PAP 1 +D)An _
<0, R, (/ |bv|dv> <o, o 1By |Pdv
Ay 1Ay

p 2 2
Xy XU B
ZAZ 1 (i+1)An
<, dn=n 2 (1+ + XP/?)d,

= “p XfA/i A, Xp/?
and we conclude with E; sup;a, <u<(i+1)a, X% < C’(H—XfA/i) (Proposition 4.1 (ii)). The bound
(6.12) is immediate and to obtain (6.13), we use for p € [1,2] (see Lemma 2.1.5 in [15])

(i+1)A,
E; sup |/ / N(dv,dz)|P < C,E; / /|CU 2)|PN(dv,dz),
iA,<t<(i+1)A n A

combined with [¢,(2)] < C(1 + v X,) (V21513 + 21{0<z<1}). We then deduce (6.8) from the
previous bounds with p = 2.
Proof of (6.9) Since f’ is bounded, we have using (6.10) and Holder’s inequality with ag < p < 2

B (07 £/(B))] < CEAn(L}] + [Ba( ()7 £ B2 + B |u(3)7 ). (6.14)

It remains to consider E;(u(2)7 f'(pl')). We split p}* in two parts (Brownian part and pure-jump
part)
oo 1/a0X1A/a0
—n N % T AnTOQ —1n , =2n
;= APB 4+ L_in T Anpa0 . phny 52
PR, VAN X, SRS

and write
Ei(u(2)7 £ (p7)) = Ei(n()1 1 (™) + Eaw(2)7 (F' (BF) — f'(5;™)))-
Since f’ is odd, an explicit computation gives E;(x(2)% f/ (ﬁll ™)) = 0. For the second term, we use

successively that f” is bounded, Holder’s inequality with 1 < ¢ < ag and the scaling property
of L™ to obtain

n —n M n—2,n Un, 7 n|q 3 nra
B () — £ G| < ORI < a1+ XU )BT ()7 7B |67 0]

< Cyu (1 + - an> Al/eo, (6.15)

172
iAp

We finally deduce (6.9) from (6.14) (using (6.11) with p = 1 and (6.13) with p = a9 + €) and
(6.15).

6.1.3 Proof of Lemma 4.2

We assume that § = (02,0, a) € A a compact subset of ©. We denote by g, the density of L, by
® the density of the standard Gaussian distribution and we set a,(z,0) = 6'/%u, (zA,)/*~1/2,

Then
Puste.0)= [ 10w [ oo <a:<;,ye>) ek <uya> o

Using successively a change of variables and Fubini’s Theorem yields
UnTZ 1

0) z)d n dv.

Putted) = [[oesis | st (T ) oy
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Recalling that f = 0 on [—n,n], we split the previous integral in three parts P, f(z,0) =

I} + I2 + I where
Il_/ dz/f ( un0z> 1 dv
n {|Z]>2una :I,‘ 9) (.73,0) ’
— 1
fﬁ:/ @z)dz/ f(v)g (“ “"”“”) v,
{Iz]< ( {v>n} ()8 an(z,0) ) an(z,0)

3 V— UpOZ 1
b= /{m P /{} O e P

By assumption, u2 = %,/ In(1/A,) with @, — 0, so we deduce immediately, since f is bounded,
that

Zuna

2 —
1] < Coxp(— ) < CAT/™, (6.16)

n

where C' and C’ do not depend on . Turning to 2, we observe that for || < 7u5 and v > 1,

V— UpOZ n

an(@,0) = 2an(e.0)

Using the asymptotic expansion of g, (see Sato [32] equation 14.34 p88), we have

Ca ) '
vy >0 |ga(y) — ya+1| S Jpari’ with ¢, given by (2.3),
and we deduce
V— UpOZ Caln(, 9)a+1 1 .
o = 1 ’ 7
g < an(m, 0) > Uoz+1 (1 _ Uunz/v)a+1 ( + Rn(z ’U))
with e 1 "
R (2,0)] < ¢ (@:9) < an(z,0) :
v® (1= oupz/v)® 0

where we used |ou,z/v| < 1/2 for the last inequality. Moreover, we have the first order expansion

1

(1 — O'UnZ/U)O“H 1+ Rn(z7v)7 with ‘Rn(z,'y)‘ > CUnZ/U

Reporting these results in I2, we obtain

I} =

P= Jeny @)z [ F0)22E5 (14 RE(2,0))(1+ RS (2,v))dv

Quna

= Caan €T, 9 <f{v>n} v"‘+1 dv - f{| >2und

T ey @) [y HPHRL (2,0)(1+ BY(2,0)) + RY(2,v)]dv)

D(z)dz f{v>n} fﬁ)l dv

Quna

This finally gives

I? = chan(z,0)* (/{ ) };jfo&r)ld v+ R, > (6.17)
v>n

|Rn| < C(AS /™ 4wy + u®(2An) ™) < C(1 + Vo) (AS /™ 4 uy,).

It remains to bound I3. Using that f is bounded and a change of variables we have

with

np<c @(z)dz/
} {

{lz]Smglc

y)dy < C'/ 9o (y)dy.
y< 2an (r 9)}
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From Sato [32] equation 14.35 p88, we have the bound

= 2
a—1

)

Cu 1
Yy <0 0<ga(y) SC’§227ae*£ <1+€> , with £ = (a—l)‘%

it yields changing y in —y and next setting £ = (o —1)(Z )a-T and €npor = (00— 1)(W)ﬁ

-1/«
3 Za ¢ §
Bo< c/%m& e <1+1/5>(a_1) de

< C’/ 6_55_1/2(1 +1/£)d¢ < Ce—fn,e,x/2(1 + 1/§n’97x)/ 6_5/25_1/2d§
§>€n91} R+

< Ce o214 1/6n0,)-
Since we have for z > 0, e 1/2%(1 4 z) < Cx?*(@=1D/® e finally obtain
I3 < Cay(x,0)* (6.18)
Collecting (6.16), (6.17) and (6.18), we deduce the result of Lemma 4.2.

6.1.4 Proof of Proposition 4.2

The proof consists first to replace, in the expression of F, (), pI' by p}* (defined by (4.1)) by
using Lemma 4.1 and next to study the convergence in distribution of

|
—

n

An(6o) (i) — Pnf(Xia, 00)].

SRS
.
|
=

1. Case nA, = 1. We first remark that for any 0 < p < 1 we have the convergence in probability

1 1
— X LN XPdt.
n 4

An n—o0 0

Moreover from Proposition 4.1 and recalling ag > 0(2] , we have for 1 <p <2

n—1
1 1 1
E|— <supE(—) < +o0, 6.19
and using 1/(Xia, X,) < 1/(2X2 ) +1/(2X2)
(i+1)An dv 1
<supR < +o0. 6.20
( Z A, / X@-An&,) ) (620

Next from Lemma 4.1 and choosing € > 0 such that 1/ag —e > 1/2 and 1/ap — e > 1 — ap/4,
which is possible since 1 < ag < 2, we have the convergence in probability

n—1
) S IEF (1)~ F@I)] = 0.
=0

Observing that for f bounded E;|f(p}) — Pof(Xia,,00)> < CE;|f(pl') — Puf(Xia,,00)|P with
p < ag, we check with Lemma, 4.1

n 1 n—1 B
ar S B = RGN o

—n\|2
aoAl a0 Al—00/2 2 ZE‘fk (') = fe(@i)" = 0 ke{2,3}.

17



Consequently, we have the convergence in probability

I
—

n

An(6o) [F(pi") = F(Pi)] = O, (6.21)

SEE
-
|
=)

and the proof of Proposition 4.2 reduces to show the stable convergence

|
—_

n

An(80)— D IF(PE) = Paf (Xia,, 00)] == S(60) /2N,

SR
-
I
S

for N a standard Gaussian variable independent of ¥(6y) defined by (3.5). We set

G = A0 S 70) = Paf (Xia,, 00), (622)

hence (" = (CF™)<p<s with

G = =LA~ Pufi(Xin,s )
1

—
) ug0/2A}L/2—ao/4\/ﬁ

fe(Pi) — Pufe(Xin,,00)], for ke {2,3}.

According to Theorem IX.7.26 in Jacod and Shiryaev [17], it is sufficient to show the following
convergences in probability (with (/" defined by (6.22))

n—1
> Ei(¢) =0, (6.23)
=0
n—1
> Ei(|¢f"P) » 0 forsomep>2, k=123, (6.24)
=0
n—1
S TR = Sea(Bo) for k,1=1,2,3, (6.25)
1=0
n—1
> B¢ (Miya, — Mia,)) =0 for k=1,2,3, (6.26)
=0

where the last convergence holds for any square integrable martingale M. The convergence
(6.23) is immediate since E; f(pl') = P, f(Xia,,,00) and (6.26) is addressed in Lemma 6.1 below.

We deduce (6.24) from Lemma 4.2 for K = 2 and k = 3. For k = 1, we recall that using the
notation (4.1) with f(z) = cos(z), we have E; f1(p') = P f1(Xia,,00) with

2
P, f1(Xin,, ,00) = exp <—u,2100 — 50(X¢AnAn)1_a°/2ugO> cos(éo(XiAnAn)l_aomugo tan(map/2)),
(6.27)

and
E;f1(2p}') = exp (—2ui08 - 2“050(X1AnAn)1_°‘0/2ug0) c0s(27080(X;a, Ap) ' ~0/200 tan(rag /2)).
Using cos?(a) = (1 + cos(2a))/2, we deduce
Ei(f1(p})?) = (1 +Ei f1(207))/2,
and for g > 2, since f; is bounded

f1(2p7) — 22 f1(pR
B (1170 — Pufu (i, 00)|%) < B (1) — Bofu ()2 = LGP ZZBRAGD +1 g g5

18



We now expand E; fi(p}') and E; f1(2p]') around 0 and get that

B £ (207) — 22 (1) +1 = ubod+ Ra(Xia,, 60), with | Ra(z, 80)] < C(ud +ug0 AL=20/2)(14.2)
(6.29)
This gives (6.24) for k = 1.
We now prove (6.25). From (6.28) and (6.29) we have
n—1 n— 4

ZEz( 2 ZEfl 2p;) —2E2f1(p2) 1_>Uo

We then apply Lemma 4.2 to fi, f; and fi f; with k,1 € {2,3}. It yields
Ei[fx(0}) — Pufr(Xia,, 00)Ifi(p]") — Prfi(Xia,, 00)]
= Po(fif1)(Xia,: 00) — P fi(Xia,, 00) P fi(Xia,, 00)

1
. uaOAI a0/2ca05 Xl a0/22 !|}Z€|,£l0(fz dv + ugoAqll—ao/an(QO’XiAn)’

where
len (00, Xin, )| < (1+ X5, )en, with &, — 0.

Consequently, we deduce for k‘,l € {2,3}

n—1 1
kn -ln 1 1—ap/2 fkfl(v)
;Ei(gi G )—>20a050/0 X1-e0/2gg ‘v’aoﬂdv.

We finally address the cross terms Y27 E;(¢1"¢F™) for k € {2,3}. We have

Ei[(f1(pi') — Pufi(Xia,, 00)][fk(P') — Pufe(Xia,,00))]
= Po(f1fx)(Xia,, 00) — Pufi(Xia,, 00)Pnfr(Xia,, 00)-

Using again Lemma 4.2 for fif; and f; with & € {2,3} and observing that P, f1(X;a,,00) is
bounded we have

| Po(fLfe)(Xia,, 00) = Puf1(Xin,, 00)Pufr(Xia,, 00)| < Cus® Ay (1 + Xia,),
and we obtain for k € {2, 3},

n—1
SR =0
=0

We finally conclude that

n—1
> Ei(¢HE)T) = S(00).
i=0
We have proved equation (6.25).
We check easily that 3(f) is positive definite and we finish the proof of Proposition 4.2 in
the case nA, = 1 with Lemma 6.1 below.

Lemma 6.1. Let M be a square-integrable martingale. Let fi and fo be even bounded functions.
We assume moreover that fi is C* with bounded derivative, fo = 0 on [—n,n], forn > 0 and that
A, =1/n and u, = 1/[In(1/A,)]P with p > 1/2. Then we have the convergence in probability
(where p} is defined by (4.1))

5 D El(A(P]) = Pufi(Xia,, 00)AFM] = 0,
Upv/ T i—0

1
ugo/QA}l/Q—aOM\/ﬁ por

(4)

n—1

(i)

Ei[(f2(p]") — Pnf2(Xia,, 00)) A M] — 0.
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Proof. From Theorem 2.2.15 in [15], we only consider the cases where M is the Brownian Motion
B or M is orthogonal to B.

(i) Proceeding as in the proof of (6.9), we separate the Brownian component and the pure-
jump component p}' = :01, "+ D P@ " and since fi and f{ are bounded, for 1 < p < ap

Eilf1(35) = 1) < Cpub A0 2 x L o072,
Choosing p close to ag and using Proposition 4.1 (ii), it yields for ¢ > 0
ELAGE) — A7) < Caigo A0/~
Setting

1 n—1 . in .
Sy = W;;Ei[(fl(m) - fl(ﬂil’ ) A M],

we deduce from Cauchy-Schwarz inequality and the previous bound with e such that 1—ag/2—e >
0

n—1 n—1 1/2
C
1 € ap—€ A l—ag/2—¢ n 2
E|S}| < 2 (Zz;uno ALm00/2= S E(ATM) ) -0,

1=0

observing that the second sum is bounded since M is a square-integrable martingale. So the
proof of (i) reduces to S2 — 0 where

52 = quZE [f1(By™) AR M].

=1n gQUn

If M = B, using that f; is even and recalling that p;"" = \/TA?B, an explicit calculus gives

E;[f1 (pz- "JAPM] = 0. If M is a square integrable martingale orthogonal to B, we have from

the representation Theorem (Theorem IIT 4.34 in [17]) using that f; (ﬁzl ™) is adapted to the

Brownian filtration
(i+1)An

fl (pan) = Ezfl(ﬁzlm) + / hssta

Ay

and since M is orthogonal to B

t - 1 _
M, = / /GSN(ds,dz) with IE/ /G?N(ds,dz) < 00
0 0

where (h;) and (Gy) are predictable processes. We conclude with It6’s formula for the product
of stochastic integrals that E;[f; (pZ "APM] =0

(ii) We follow the proof of Lemma 8 in [10]. We first assume that M = B. From Hoélder’s
inequality with p > 1, we have

Eil f2(p}) AP B]| < CV/AGE!” fo(p2)P < CAU—0//P /AL (1 + Xia,),

where for the second inequality we applied Lemma 4.2 to fJ. We deduce then (ii) in that case
choosing p < 2.

We now assume that M is orthogonal to B. As previously, we apply Theorem III 4.34 in
[17] to write for some predictable process (G¢)

t 1
M, :/ /GSN(ds,dz) with E/ /G?N(ds,dz) < 00,
0 0
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and also for (h;) and (H;) predictable and (H;) bounded (since fy is bounded)

(i+1)A 7,+1
f(p) — Pufo(Xia,. th) =/ hsdB +/ /H N(ds, dz).

1Anp

We then deduce from [t6’s Formula for the product of stochastic integrals

(i+1)A
Eil(fo(p) — Pufo(Xin,,00))AF M] = E; / /H GN(ds, dz).

With the decomposition Gs = Gs1|g,[>e, T Gslia,|<e,, the proof reduces to study the conver-
gence of

n—1

1 (i+1)A
ZEZ»/ /H GsliG, |5, N(ds, dz),

2 A1/2— 4
w2 /%/mo

(i+1)A
2 _
T, = uao/Q 1/2 a0/4 ZE / /H Gs g, 1<en IV (ds dz).

Since H is bounded, we have immediately

E|T}| < ¢ s SN ds, dz)
nli — ugo/Q 1/2—010/4

C
2nT
eI /2 = / / GIN(ds, dz) < - AT (6.30)

With €, = AiO/s, we deduce E|T}}| — 0.
We now turn to T2. We first apply Lemma 4.2 to fa to obtain

T, =

n

Enll

(i+1)An, L
B / / HZN(ds,dz) <E;(f2(p!) — Pufo(Xin,, 00))* < CulOALT*0/2(1 + X;a,).

From Cauchy-Schwarz inequality it yields

(i+1)An
IE; / /H G, 1|G |<en (dS dz)| <

(i+1)A
Cuto2 A0/ (1 4 /Koa EV? / / G216 <0, N(ds, d2),

and applying once again Cauchy-Schwarz inequality

n

Z/HM /G 116, <e, N (ds, dz)>1/2.

n—1
1
E|T?| < C (IE » (14 Xia,) xE
n
1=0 1=0

The first expectation is bounded from Proposition 4.1, consequently

1
E|TZ| < CJEl/Q/ /G§1|GS|§€nN(ds,dz). (6.31)
0

As €, goes to zero, we conclude E|T2| — 0 by dominated convergence and the proof of (ii) is
finished. m
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2. Case nA,, — 4+0o. The proof follows essentially the same lines as in the previous case and
we only indicate the main changes. The bounds (6.19) and (6.20) still hold. From the ergodic
Theorem (if by > 0, the process (X;) is geometrically ergodic, see [26]), we have the convergence
in probability for 0 < p <1

“+o00

p P
A X dt — ; 2P (dx),

since f0+oo xmo(dz) < +o00. Moreover we know that E(X:) — ao/bo (see [5]), then sup, E(X;) <
+o00 and combining this with Proposition 4.1 (iv) we can prove

nAn

P P
Bl me o
We deduce the convergence in probability
1 Feo
Xa, — / xPmo(dz). (6.32)

Now replacing p* by pi', we obtain (6.21) under the additional assumption \/HA}/ ata/i=1/2=c

0. It remains to prove the convergence in distribution of

%

|
—

n

An(6bo) [f(?}) = Puf(Xia,, 00)]-

SR
-
Il
=)

We check (6.23), (6.24), (6.25) (with 3) by proceeding as in the case nA,, fixed but using (6.32)
and sup, E(X;) < 400 to conclude.

6.1.5 Proof of Proposition 4.3
By definition of F,(6), we have

A (Q)VQF( :_EZATZ VQPf [YANSS) )An(e)

n

We start by computing

aUQPTLf].(‘T)g) 85Pnf1($,9) 8aPnf1($,(9)
VoPof(x,0) = | 0y2Pnfa(x,0) 0sPpfa(x,0) 0uPpfa(z,0)
aU2Pnf3(x79) 8§Pnf3($79) 8O¢Pnf3(x7‘9)

As P, fi(z,0) = exp(—u%"; — 5w1_a/2uﬁA7lfa/2) cos(é:rl_o‘/ngAifa/z tan(ma/2)), an explicit
calculus gives (where the terms coming from the derivative of the cosinus are negligible)
u2
802Pnf1($, 9) = —%Pnfl (w, 9),
s Pofr(x,0) = o'~/ Puf AL (Py f(2,0) + e (2, 0)), (6.33)
Oa P fi(z,0) = =02~ 202 AL 2 In(u, ) /2D, (P fi (2, 0) +E0(x,6)),

with |9 (x, 0)|+[82(z,0)| < C’xl_a/Qu%A}fa/Q. Next observing that Vg P, fa(x,0) = =V P, K (x, )
(the same connection holds for f3 replacing K (x) by K (2z)), we evaluate Vg P, K (z, ). We recall
that from (3.2)

1/
K(z,0) = EK (unaBl + (69\5/)5 unA}/O‘WL?) :
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and we denote by g, ¢, the density of u,o0B + (&iﬁ/ unAl/ a=1/ 2L°‘ We obtain the following

result where Ff is the Fourier transform of f, defined by Ff(y) = [ e~ W f(2)dz and RF
denotes the real part of the Fourier transform.

Lemma 6.2. Let K be defined by (3). Then we have
u2
Oy P K (x,0) = %PHK”(:U, 0),
1
O PokK (z,0) = '~ Pup Agme/? <2W / FEW)y|*RF gno.2(y)dy + ez, 9)) :

—Q (07 —Q 1 (03
OaPoK (z,0) = —dz' /2y AL/ </FK(y)\y| In(|y)RF gn.0..(y)dy

() V)5 [ PRI RF g+ (2.0)).
with |el(z,0)| < Cxlfo‘/QuﬁA}z_am and |€2(x,0)| < Cwlfo‘/Qu%A,lz_aﬂ(l + | ln(\/%)]).

Proof. Since K is compactly supported and even, its Fourier transform is a Schwartz function
and FFK = 2rK. We also have —y?>FK (y) = FK"(y). With the previous notation it yields

1
VoPaK(@,0) = Vo [ Koy = 5-Vo [(FFE)W)gn00li)dy
V@/]:K fgn@ac( )d Vg/]:K R]:gnex( )dy
- [ FE)ViRF g2y

where we successively used duality and Lebesgue’s Theorem. By definition of gy, ¢ ,, we have

2
RF gno.(y) = exp <—u2"02y2 — \y[o‘&lﬁlamugA}laﬂ) cos(\y|°‘5w1*a/2u%A}fa/2 tan(ma/2)).

(6.34)
We compute explicitly VoRF gy 9. As previously the terms coming from the derivative of the
cosinus are negligible and the expression of Vy P, K follows. 0

Coming back to Vg P, fa(x,0) we obtain the following result.

Lemma 6.3. We assume that u,[In(1/A,)]"/? — 0. Then we have Yz > 0

(i maﬁpn fo(2,0)| < 2L (,0),
() e Pafa(0,0) = 52~ 0(e) +20.0),
(iii)m (aapn fo(z,0) — 51n(\/“£7)agpn fQ(x,e)) = %(5:{:1_‘1/2[(%@/}(@) — In(vx)1p ()]
' + gfl(x, 0),
where P(a) = cq [ éiﬂl dy = cq f |a${) dy and for any compact subset A C ©

sup(|gL(x, 0)| + |2(x, 0)| + |E2 (2, 0)|) < Cun(1 4 ).
feA
The same result holds for fs replacing ¥ (o) by 2%Y(a).
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Proof. We first prove that

— /]—'K )y|“dy = ? Wdy _ @) (6.35)

By definition of ¢, we have |y|* = % [ 1]5?5&%3/) du. Then for € > 0

Cor cos(u
o [ FEWllrdy =52 [ 7RG (/ “Mﬁwd)@
cos(uy
/]:K (/ |u|°‘+(1 )(1‘u‘§6 + 1|u|>€)du> dy.

Since 1 — cos(uy) = h(uy)u?y? with h bounded, we can apply Fubini’s Theorem

/]-"K )y|%dy _Z \u|a+11|“‘<€ (/}“K (uy)y Qdy) du

w52 [t ([ FRO - costuay )

Moreover, we have
/fK(y)dy = 271K (0) = 2m, /FK(y) cos(uy)dy = F(FK)(u) = 2K (u).

Letting € go to zero, we obtain (6.35).
Next from (6.34), we have

sup [RFg,.0,0(4) = 1] < Cua(1 +9)(1+ V).
S

and consequently

¥le)
2

1 (07
sup | — /fK(y)!yl RF gn0.2(y)dy — | < Cun(1 + V),
gcA 2T

0,

1 (6%
gggl%/fK(y)!y\a1n(!y\)7€fgn,a,z(y)dy_ wz(o‘)‘ < Cun(1 + V7).

Since fo = 1— K, we obtain (i) combining Lemma 6.2 with Lemma 4.2 (applied to K”'), (ii) and
(iii) follow from Lemma 6.2, (6.35) and the previous uniform bounds. O

With this background, we can finish the proof of Proposition 4.3. An explicit calculus leads
to An(0)VoP, f(z,0)An(0) = W, (x,0) with

U 20,2 P f1 uy?vn0sPufi wn 20p[0aPufi — 0 ln( )85]3 fil
W, = | 0n02Pufe  0205P0fo V2[00 P fo — 0 In(-22 395 o] R m
wOpPufs  EOPufs  VEl0uPufs— S )0sP, S Un' A

1. Case nA,, = 1. We check the uniform convergences in probability for a € [a,a], with 1 < a <
a <2

1
up. |—ZX3A:“/2— / X7t — o, (6.36)
a€la,al 0
1
sup. |—ZX1 2 /Xn, —/ X7 1 \/Xdt| — 0. (6.37)
a€la,al 0
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We just detail (6.37). Let h(o, z) = 2'~%/?In(y/z). We have for € > 0,

1

/

1
W(l + |In(x)|) < C(1 +

and from Taylor’s formula for z,y > 0

1
(1—c)z+ Cy)a/2+e)dc

1
h9) = hoa)] < Cly—al [ (1+
Choosing € such that @/2 + € < 1, we deduce

1
sup.[h(a,y) = h(e )| < Cly - l(1+ ).

a€la,al

From Proposition 4.1 it yields

E; sup sup |h(a, Xi) — h(a, Xin,)| < CV/AL(L + Xia, +
t€[iAn,(i+1)An] a€la,a] Xin,

);

and we obtain (6.37).
Furthermore, from Lebesgue’s Theorem o — I(«, X) fo

Ol (a, X) = —fo 1 /2] n(v/Xt)dt, so in the expression of W(H) (3.6), we have

1 o/ th admits a derivative and

Ba(h()I(a, X)) = Oat)(a) /Olth_o‘/2dt— / X7 (/X7 dt.

Consequently, combining (6.33) and Lemma 6.3 with (6.36) and (6.37), we obtain

sup |— Wn(Xia,,, 0 W) — 0,
%An;% W)

and we finally conclude from A, (0)VgFE,(0)A,(0) = —1 Z?:_()l Whn(Xina,,,0). We see easily that

W is non-singular since "
1
det W(0) = ééw(a)zl(a,X)QT‘ In(2) # 0.

2. Case nA,, = co. When nA,, — +00, we first prove the convergences in probability

n—1

1 1—a/2 oo 1—a/2
sup |— ZXM” —/ x mo(dz)| — 0, (6.38)
aclaa T i—0 0
1—a/2 oo
51[1p I |— Z Xl.gf/ In\/X;n, — /0 2172 In /azmo(dz)| — 0. (6.39)
agla,a

We give the details for (0.39) and study separately the uniform convergences in probability

sup |—§:X1 O‘/21n\/ Xin,, — A / X1 a/zln\/)Ttdﬂ—)O (6.40)

aclaa T
1 nAn 1—a/2 oo 1-a/2
X, In / Xdt — x In /zmo(dz)| — 0. (6.41)
a€la,al nAn Jo 0
The proof of (6.40) is similar to the one of (6.37) and we omit it. It remains to check (6.41).
We set Hy(a) = i O"A” th */21n /X;dt and H(a f+°° 1=a/21y \/zmy(dz). The map
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a — H,(a) is continuous on [a,a] and Hy(a) — H(«), Va € [a,a]. Moreover for oy, as € [a,al
and z > 0, 3¢ € (a1, ag) such that

|22 In(/z) — 217222 In(v/7)| < | — ao|(In(2))22 % < Clay — az|(1 + ).

With sup, EX; < 400, it follows that V& > 0, sup, Esup o, —a,|<s [Hn(a1) — Hp(az2)| < C9, so
the sequence (Hp()qeq,q)) is tight and we obtain the uniform convergence (6.41).

Observing that d,I(ar) = — [;° 21=%/2 In(y/z)mo(dz) and using the same arguments as in the
case nA,, fixed ,we obtain from (6.33), Lemma 6.3, (6.38) and (6.39)

n—1

1
sup |— n(Xin,,0) + 0)| — 0.
eeAn;_OW( Ay 0) +W(0)|

This achieves the proof of Proposition 4.3.

6.2 Main results
6.2.1 Proof of Theorem 3.1 and Theorem 3.3

In both cases, nA,, fixed and nA,, — +oo, we apply Theorem A.2. in Mies and Podolskij [31],
that extends the results of Jacod and Sgrensen [18]. We just detail the first case, where we
have strengthened condition (E.1) in [31] by assuming the stable convergence in law. With our
notation, the result of Theorem 3.1 is a consequence of the following conditions:

(B-1) An(60)Fa(60) === 3(60)' /2N,
(E.2) 0 — F,(0) is C* and for 7, a sequence of real numbers we have the convergences in
probability
A (0)|] | An(0) Ay (00) 7t
b (4 (0)VoFa(0)00(0) - W(O)| >0, sup ROIIAOLGIL

0eB., (0o) n—00 0€B;,, (60) Tn n—00

(E.3)  sup  (|[An(0)An(b0) ™" — || + ||An(@)An(b0) ™" — Ld]| + [[W(8) — W (6o)[]) —— 0,

0eB;,, (00) n—00

where B, (6p) is the ball with center 6y and radius 7, || - || & matrix norm and Id the identity
matrix. Condition (E.1) is proven in Proposition 4.2 and the first condition of (E.2) is proven
in Proposition 4.3. The second condition in (E.2) and condition (E.3) are easily checked with
= 1/In(Ay)2.

6.2.2 Proof of Theorem 3.2

The existence is a consequence of Theorem 3.1. To prove the global uniqueness result we consider
the renormalized estimating function (restricted to 8 = (02,8) with f = (fx)1<k<2)

- ~ - 1 1
2 _ 2 . o .
F.(0%,0) = Ap(ao)Fn(0?,0, ap), with A, (o) = diag (u%’ u%OA}l—aOﬂ) .

From Proposition 4.2, we deduce Fn(ag ,00) — 0. Next, an explicit calculus gives

VsFn (02, 6) 1 "221 %8U2Pnf1(XiAn,o'2,5) éaépnﬁ(an,a%é)
n\0 = —— ’
6 "= wrarsern 0o Pufo(Xisn,0%.0) - et OsPa foXin, 0%, 0)
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and from Proposition 4.3, we have the convergence in probability for any compact subset A of
(0, +00) x (0, +00)

1.2 2

3(0* —a5)
blao) fof X; T dtSo - 6) |

The global uniqueness result follows then from Theorem 2.7.a) of Jacod and Sgrensen [18], since
(02,60) is the unique root of F(o2,6) = 0.

Funding. This work was supported by french ANR reference ANR-21-CE40-0021.

sup “Vﬁpn(a2,5) - Vﬁﬁ'(JQ,é)H — 0, where F(0?2,6) =
(02,6)eA
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