N

N

Volatility and jump activity estimation in a stable
Cox-Ingersoll-Ross model

Emmanuelle Clément, Elise Bayraktar

» To cite this version:

Emmanuelle Clément, Elise Bayraktar. Volatility and jump activity estimation in a stable Cox-
Ingersoll-Ross model. 2024. hal-04662856

HAL Id: hal-04662856
https://hal.science/hal-04662856v1

Preprint submitted on 26 Jul 2024

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-04662856v1
https://hal.archives-ouvertes.fr

Volatility and jump activity estimation in a stable
Cox-Ingersoll-Ross model

ELISE BAYRAKTAR! and EMMANUELLE CLEMENT!

'LAMA, Univ Gustave Eiffel, Univ Paris Est Creteil, CNRS, F-77447
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Abstract. We consider the parametric estimation of the volatility and jump activity in a
stable Cox-Ingersoll-Ross (a-stable CIR) model driven by a standard Brownian Motion and
a non-symmetric stable Lévy process with jump activity « € (1,2). The main difficulties to
obtain rate efficiency in estimating these quantities arise from the superposition of the diffusion
component with jumps of infinite variation. Extending the approach proposed in Mies [16],
we address the joint estimation of the volatility, scaling and jump activity parameters from
high-frequency observations of the process and prove that the proposed estimators are rate
optimal up to a logarithmic factor.

MSC 2020. 60G51; 60G52; 60J75; 62F12.
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1 Introduction

Jump processes are widely studied in the literature due to their many areas of application, es-
pecially in financial modeling where interest rates or asset price evolutions are often described
by Itd6 semimartingales. These processes are characterized by the superposition of a drift
term, a diffusion part and a jump component and the estimation of the different components
is the subject of specific studies depending on the available observations. In this paper we
are interested in the estimation of the volatility and the jump activity from high-frequency
observations. The estimation of such quantities has concentrated a lot of activity in the last
decades and it is well known that the presence of jumps, and more precisely small jumps,
makes the estimation of the volatility more difficult. Jump activity is characterized by the
Blumenthal-Getoor index a € (0,2) and when jumps are of infinite variation, i.e. a > 1, the
usual statistics to estimate the volatility such as the truncated realized quadratic variation
have an asymptotic bias. On the other hand, the estimation of the jump activity is disturbed
by the presence of a diffusion component since the process is dominated by the Brownian
Motion.

In this work, we focus on processes with infinite variation jumps. Many works have
attempted to estimate the volatility or the jump activity in this context and we briefly present
the most relevant. An efficient estimator of the volatility, with optimal rate of convergence
v/n, has been proposed in Jacod and Todorov [11] in presence of infinite variation jumps
with stable-like behavior. Their method is based on the local estimation of the volatility
by using the real part of the empirical characteristic function and the asymptotic bias is
eliminated by combining statistics with different arguments in the characteristic function.
Their estimator achieves rate and variance optimality for o € (1,2) if the jumps of the



driving Lévy process are symmetric. For the truncated realized volatility, some debiasing
procedures have been studied in Amorino and Gloter [3] and in Cooper Boniece and al. [6].
By considering different truncation levels and with a two-step debiasing procedure, efficiency
for the estimation of the volatility is obtained in [6], with the restriction o € (1,8/5). Turning
to the estimation of the jump activity, Ait-Sahalia and Jacod in [1] have proposed an estimator
of «, in presence of a diffusion component, based on jump counting. For locally stable jumps,
their estimator is consistent with rate of convergence n®/1% (n®/® in the stable case) but
unfortunately it fails to achieve the optimal rate n®/*log(n)'~®/* identified in Ait-Sahalia
and Jacod [2]. This estimation method is improved in Bull [7] by combining increments of the
process with different time-scales, achieving the near optimal rate of convergence n®/4=¢ for e
arbitrarily small. All these methods are non-parametric and apply to semimartingales but are
not completely satisfactory. In a parametric framework, rate optimality in estimating the jump
activity has been attained by Mies [16] for a Lévy process with characteristic triplet (i, 0%, v),
assuming that the jump part is close to the superposition of M stable processes. Using a
method of moments, a joint estimator of the volatility o2, the jump activity indices a =
(am)1<m<m and some scaling coefficients r = (r}}, 7, )1<m<n is proposed. This procedure
leads to an efficient estimator of the volatility (without debiasing procedure and without
restriction on the jump activity) and to rate optimal estimators of the jump activity and
scaling coefficients.

In this paper, our aim is to study the joint parametric estimation of the volatility and jump
activity of a stochastic differential equation with infinite variation jumps. We will focus our
work on the stable Cox-Ingersoll-Ross model (stable CIR model) described by the stochastic
equation

dX; = (a — bX,)dt + o X,/*dB, + 6"/ X/ *dLy,

where (Bi) is a standard Brownian Motion and (L§) a spectrally positive Lévy process with
jump activity @ € (1,2). This model is very popular in financial modeling (see Jiao et al.
[12], [13]) and also presents some specific difficulties since the coefficients of the equation are
not Lipschitz and not bounded away from zero. When o = 0 (pure-jump process), some
estimation results have been obtained in Li and Ma [15], Yang [19] and more recently in
Bayraktar and Clément [5]. But when o # 0, there are almost no estimation results in the
literature for the stable CIR model and to our knowledge the only existing study concerns
the estimation of the drift term b proposed in Barczy et al. [4] from continuous observations
of the process. Inspired by the work of Mies [16], we propose here a joint estimation method
of the volatility coefficient 02, the scaling parameter § and the jump activity index a from
high-frequency observations of the process that leads to an efficient estimation of the volatility
and attains rate optimality up to a factor log(n) for the estimation of (4, ). Our main results
are derived in the case nA,, fixed, where n is the number of observations and A,, the step
between two consecutive observations (we recall that in this framework and in presence of
a Brownian component, the drift parameters (a,b) are not identifiable) but also in the long
time asymptotics nA, — +oo.

The paper is organized as follows. In Section 2, we present the model and notation.
In Section 3, we describe the estimation method and study the asymptotic properties of
estimators in both cases nA,, fixed and nA,, — +o0o. Section 4 contains some intermediate
key results that are of intrinsic interest. Proofs are gathered in Section 5.

2 Setting and notation
We consider (B¢)¢>0 & Brownian motion and (L{);>¢ an independent stable Lévy process with

exponent a € (1,2) defined on a filtered probability space (£, F, (F¢)e>0,P), where (Fi)i>o0
is the natural augmented filtration. We assume that (L$);>o is a spectrally positive Lévy



process with characteristic function

E (eiZL?) = exp (—|z|“ (1 — itan (%) sgn(z))) . (2.1)

This non-symmetric Lévy process is strictly stable (see for example Sato [18]) and admits the
representation

t
Lf‘:// zN(ds,dz), N =N —N,
0 JR,

where N is a Poisson random measure with compensator N given by

N(dt,dz) = dtF®(dz) for F(dz2) = 2110 00 (2)d. (2.2)
z

From Lemma 14.11 in Sato [18], we have

ala—1)
T'(2 — «) cos(ma/2

Ca = —

7’ with T'(«) :/ e "dr, a>0. (2.3)
0

We will study the estimation of the parameter § = (02,4, ) of the process (stable CIR
model) given by the stochastic differential equation

dX; = (a — bX,)dt + 0 X} 2dBy + 6V X}/dL?, X, =xo > 0. (2.4)

Assuming a >0,b€ R, 5 >0, 0 >0, zg > 0 and 2a > 02, we have according to Proposition
3.4. in Jiao et al [12] that (X}); is positive.

We use the following notation. For any random variable Z, we write E,(Z) = E(Z|F;a,,)
and for p > 0, EP(Z) = [E(Z)]? (EY(Z) is defined accordingly). For any process Y, we denote
the increments with step size A,, and the symmetrized increments by

APY =Yiia, —Yia,,  ASY = AP Y — ATY.

We write = for the convergence in distribution, and £2% for the stable convergence in
law. Throughout the paper, we denote by C all positive constants (or C,, if it depends on an
auxiliary parameter p), which might change from line to line.

3 Main results

From now on, we assume that we observe (X;a, )o<i<n that solves (2.4) for the parameter
values (ag, by, 0p) satisfying assumption H below.
H. We assume that 6y = (02,80, 9) € © = (0, +00) x (0,+00) x (1,2) and ag > o3.

Under H, (X});>0 is positive as previously mentioned, but also satisfies that E(1/X?) < oo
(see Proposition 4.1). To estimate 0y, we propose a moment method based on the increments
of X, that extends to stochastic equations the estimation method proposed in Mies [16] for
Lévy processes. For f : R — R3, we consider the estimating function F,(6) defined by

1 [n/2]-1 U, A;,nX
Fo(0) = ~ ;) [f (mm> Pnf(Xm,,,@)], (3.1)

where the centering term P, f(z, ), defined by (3.2), is constructed on the following way.
Considering the Euler approximation of A" X omitting the drift term

AGX = 00 Xo[3, A5 B + b5 X 0 AL,



we approximate Eo; f (\}Lf j%) by Eg; f (\/uT m) . Now observing that (A" B, A3 L®)

has the distribution of (v2v/A, By, (2A,)Y*S§), where S¢ is a symmetric stable random
variable, independent of By, with characteristic function Ee?*57

5Ny 1/«
P, f(z,0) = Eg f ( Un_ Aoy X ) [f (ﬁunaBlJr(Q‘munA;/a—l/QSf*)]. (3.2)

- , we have

VAL Xain, VT

At this stage, we assume that u,, goes to zero as n goes to infinity and u,, /v/A,, goes to infinity,
we will precise later the rate of convergence of the sequence (u,). We estimate the parameter
6o by solving the estimating equation F, () = 0 for F,, defined by (3.1) with f = (fx)1<k<s,
fi(z) = cos(x), falz) =1 — K(z), f3(x) = f2(22) and
1if|z) <1,
K(z) =< (I+exp(grpg — o) " 1<z <2,
0 if |z| > 2.

The choice of f; is natural to estimate o and has been used in Jacod and Todorov [11]. For
this choice, the expression of P, f1 is explicit, it is the real part of the characteristic function

of unA;’Z"Y/\ / AnXQiAn
P, f1(z,0) = exp(—u20? — 262~/ 2y AL =2/2), (3.3)

To estimate ¢ and «, related to the jump component of the process, we consider here smooth
truncations of the small jumps, with different truncation levels. P, fo and P, f3 are not explicit
(an asymptotic expansion is given in Lemma 4.2) but easy to compute numerically.

The asymptotic properties of estimators depend on the connections between the number
of observations n and the discretization step A, and we study separately the two cases nA,
fixed and nA,, — +o0.

3.1 Fixed observation window

We consider that nA,, is fixed and without loss of generality, we assume that nA,, = 1. We
first prove the existence of a joint estimator with non-diagonal rate of convergence A,, defined
by

1 0 0
1 Uy
An(l) = —= | ¥ e OGRS e | (3.4)
0 0 L

VRNV

Theorem 3.1. We assume H, nA,, =1 and u, = 1/[In(1/A,)]P with p > 1/2. Then there
exists a sequence of random vectors (6,,) solving F,,(0,) = 0 with probability tending to one,
i.e. P(F,(0,) =0) — 1. This sequence satisfies 0,, — 0y in probability as n — oo, and

An(80) ™ (0 — B0) === W (60) "' S(0)' /N,

where N is a standard Gaussian variable independent of F1. X is the symmetric definite
positive matrixz and W is the non-singular matriz respectively defined by

204 0 0
1 v 2f3)(v
$(0) = 5 0 cadl(a, X) [o |£2‘§+)1 dv  codl(o, X) o (]‘cvfall ) dw : (3.5)
0 cadl(a,X) [ };i{jJrf’)dv cadl(a, X) [o ‘fﬁfﬂ dv
1 1 0 0
W) =510 —p(@)I(a,X)  —=60a[th(a)I(a, X)] ; (3.6)

0 —2%Y(a)I(o, X) —00,[2%¢(a)](cr, X)]
with I(a, X) = f X, /241, P(a) = caflﬁ%dv and ¢, given by (2.3).



We deduce from Theorem 3.1 that /n(62 — 02) — N(0,403), so the estimator is rate
optimal and achieves the optimal variance up to a factor 2, which is explained by the use
of the symmetrized increments A" X. Optimality for the marginal estimation of (4, «) has
been discussed in Ailt-Sahalia and Jacod [2]. For the process X; = 0By + 0L$ with o > 0,
they show that the optimal rates of convergence for the estimation of § and « are respectively
1/((log(1/A,)2/4 A% and log(1/A,)/((log(1/A,)*/4*A%*). But from Mies [16] a diagonal
normalisation with marginal optimality for each parameter leads to a singular information
matrix, suggesting that the optimal rate of convergence in the joint estimation of (¢, «) is
non-diagonal with slower rate of convergence by a factor log(1/A,) and probably achieved
by the choice u,, = 1/(log(1/A,))"/? in (3.4). This choice is theoretically possible up to a
constant depending on the true value of the parameters since the proof of Lemma 4.2 still
works with u, = 1/(40¢(log(1/A,))*/?) (see (5.16)). This choice is not possible in practice,
this is why we assume the near optimal condition u, = 1/(log(1/A,))P with p > 1/2 in
Theorem 3.1.

We now assume that ag is known and only consider the estimation of 8 = (¢2,4) by
solving F}, (02,6, ) = 0, where F,, is defined by (3.1) with f = (f1, f2). In that case, we can
also prove a uniqueness result, which implies that any solution to the estimating equation is
consistent.

Theorem 3.2. We assume that og is known and that (08,50) belongs to the interior of
a compact subset of (0,400) X (0,400). Then under the assumptions of Theorem 3.1 any
sequence (&,21,5”) that solves F, (02,8, c9) = 0 converges in probability to (o,5). Such a
sequence exists and is unique in the sense that if (62,&) is another sequence that solves
Fo(02,0,00) = 0 then P((62,6,) # (62,0,)) goes to zero as n goes to infinity. This sequence
obuviously satisfies the asymptotic properties of Theorem 3.1.

3.2 Ergodic case

We consider in this section the long time asymptotics nA,, — 400 and we restrict our study
to the case by > 0. With this assumption, the process (X;);>o is geometrically ergodic (we
refer to Li and Ma [15] Proposition 2.2 and Theorem 2.5) and the stationary distribution 7
has Laplace transform

+o0 N A aox
/ e Yro(dy) = exp —/ — =0 dz |,
0 0 701;2 + % + bol‘
2 (e 75)

with 8, ° = doaxo/| cos(79e)|. Since the Laplace transform is C' at zero, we check easily

that [, zmo(dz) < 400, and setting I(a) = [~ 2! ~*/?my(dx) we deduce that o — I(a) is
derivable for o € (1,2).

Theorem 3.3. We assume H and by > 0, nA,, — +oo , u, = 1/[In(1/A,)P with p >

1/2, and the additional condition \/ﬁA,l/O‘ﬁa”M*l/Q*EO — 0 for g > 0. Then the result of
Theorem 3.1 holds with

A (B) " (6 — 69) = W (0o) ' S(60)'/* N,

where N is a standard Gaussian variable. 3 is the symmetric definite positive (deterministic)
matriz and W is the (deterministic) non-singular matriz respectively defined by (3.5) and

(3.6) replacing I(o, X) by I(a) = O+OO 21 2my (dx).

The condition \/ﬁA,l/O‘”aOM_l/Z_eO — 0 is compatible with nA — 400 if ag € (1,2)
but stronger for ag near 2. We also mention that we can also prove in the ergodic case a
uniqueness result for the estimation of (02,4) (similar to Theorem 3.2) if we assume that o
is known.



4 Auxiliary results

4.1 Moments and approximation

Since X; is positive but not lower bounded by some strictly positive constant, we first establish
conditions to ensure that E(1/X7) is finite. We also give some bounds for the moments of
(Xt): and its increments.

Proposition 4.1. Let (Xi)i>0 be the solution of (2.4) witha >0 ,beR, 6 >0, 0 >0,
2. Then we have

zo > 0 and 2a > o°.
(1) for1<p < $, SUP;>o E(%f) < +00,
and for 1 <p < «a, 3C, > 0 such that Vt1,ts € [0,1] and Vi € [0;n — 1]

(“) E (SUPtlguth X5|]:t1) < Cp(l + Xfl)v

s 1/ a p « a
(#11) Bi (suPsepin, (i+1)an] | fin Xﬁ dLy ) < CpAl (1 +X1PA/") ;
(iv) E (supse[mmm_l An | Xs — Xin,, ) <Cp A{’/Q (1 + XfA ) ,
(’U (f(z+1 iia _X;Ai)dl/? ) < C Ap/a-l-p/? (1 T Xp(l - _|_X;0A/a>
iAn

We next give a sharp bound for the Euler approximation (without drift) of the symmetrized
normalized increments of X. This result can be seen as an extension of Lemma 11 in Jacod
Todorov [11]. We obtain here a better rate of weak approximation and this result is a key
step in the proof of Proposition 4.2. To shorten the notation, we set

n_ Un AP X u, APX
fTVALEa, T VAR,

where AS"X = 00X 42 A" B + 6,/ XL A" Lo and (X,)i>0 solves (2.4) with ag > 0,
by € R, 50>0,O’0>0,$0>0&Hd2&020’%.

(4.1)

Lemma 4.1. Let f be an even bounded C? function with bounded derivatives. Then we have

(with p* and p} defined by (4.1)) for € > 0, 3Ce such that Vi € [0;n — 1]

1 (+2)An gy
1+ —F, 290, @2
N /A X, (4.2)

1
Ei(1£08) = SFP) < Cub A1+ p— + XIL). (4.3)

—n «pg—E€ 1
Ei(f(67) = £ <CounAY (1 + XL 5

and for 1 < p < ag, 3C, such that Vi € [0;n — 1]

Our estimating equations are based on the computation of the expectation P, f(x, ) given
by (3.2). For f(z) = cos(z) this expectation has an explicit expression but not for f(z) =
1—K(z). The next lemma gives an asymptotic expansion of P, f(z, 6) for functions vanishing
in a neighborhood of zero. It is similar to Lemma 6.1 (i) in [16] derived from It6’s Formula.
Here we propose a different proof, which easily allows higher order expansion, by using the
explicit form of the conditional distribution of the Euler approximation Af’ny as a convolution
between a Gaussian distribution and a Stable distribution.

Lemma 4.2. Let f : R — R be a bounded even function such that f = 0 on [—n,+n] for
some n > 0. We assume that u,[In(1/A,)]*/? — 0. Then we have Yz > 0

Puf(z,0) = ut AL/, 521~/ / f)

o[+ dv +ul AL 2e,(0,2),  with co given by (2.3),

where for any compact subset A of ©, supge 4 len (8, )| < (1 + )&y, with €, — 0.



4.2 Convergences

The asymptotic behavior of the estimator 0,, is derived using the theory of estimating equa-
tions (see [10]) and is based on the convergence of F,(6y) defined by (3.1) and its gradient
VoF,(0). We set

. 1 1 1
An(0) = V/n diag (16%7 IEINYERES ua/QAl/Qa/4) : (4.4)

We first state a Central Limit Theorem for F),(6y) with rate A, (o).
Proposition 4.2. We assume H and u,, = 1/[In(1/A,)]P with p > 1/2.
1. If nA,, =1, then we have the stable convergence in law
An(60) Fu(0) === 5(80)' /2N,
where N is a standard Gaussian variable independent of Fy and 3(0y) is the symmetric
definite positive matriz defined by (3.5).

2. If nA,, — 400, bg > 0 and \/ﬁA}/aHao/%l/%e” — 0 for some €y > 0, then we have
the convergence in distribution

An(00)F,(0)) == X(0)'/?N,

n— oo

where N is a standard Gaussian variable and X(0o) is the symmetric definite positive
matriz defined by (3.5) replacing I(a, X) by I(a) = 0+Oc 1= g (dx).

Turning to the convergence of Vg F;, and recalling that A,,(0) is defined by (3.4), we obtain
the following convergence.

Proposition 4.3. Let A be a compact subset of ©. We assume H and u,, = 1/[In(1/A,)J?
with p > 1/2.

1. If nA, =1, then we have the convergence in probability

where W(0) is the non-singular matriz defined by (3.6).

2. If nA,, — 400 and by > 0, then we have the convergence in probability

sup ‘An(e)v@Fn (H)An(o) - W(9)| — 0,
e A

where W (0) is defined by (3.6) replacing I(c, X) by I(a) = f0+oo 1= 2y (dx).

5 Proofs

5.1 Auxiliary results
5.1.1 Proof of Proposition 4.1

We only prove (i) since the other items can be deduced with similar arguments as the ones
given for the proof of Proposition 2.2 in [5]. The Laplace transform of X; has the explicit
expression (we refer to Li [14], see also Section 3.1 in [12] and Proposition 2.1. in [4])

E(e™"¥") = exp (IO“t(“) - /:<u) 28 dz) ’ .




where ¢ — v;(u) is the unique locally bounded solution of
0
&) = ~R{o(w), wo(w) = u. (5:2)

For the a-CIR model, the branching mechanism and the immigration rate are given by
2 0%

R(z) = %22 + %zo‘ +bz, F(z)=az,

z € [0, 4+00),

with & = 6/ (ar/| cos(Z2)[)1/ . Setting 2o = inf{z > 0, R(z) > 0}, 20 = 0 when b > 0 and
zo > 0 when b < 0 with zp < 400 as lim,_, ;o R(z) = +00. From Corollary 3.2 of Li [14],
limy o0 v (u) = 29 and V u > 2g, t — v(u) is decreasing. Now we have Vt > 0

1 oo
E(ﬁ) =G, uP B (e "X du.
¢ Ry

uP T E (e X ) du < Cp(20) + Cp
zo+1

inf{t > 0,v4(u) < w}. With ug, =

We fix € € (0,1) and for u > 2z + 1 we set &
max(zo + l,z(l)/e)

“+oo
uP™! l sup E(e %)+ sup E(e“xt)] du.  (5.3)

+o0
sup / uP T E (e ) du < /
t>0 Jug,. U0, te[0,t<] t>te
Using that ¢ — v(u) is non-increasing for u > zp, we obtain from (5.1) and observing that

vge (u) = uf
sup E(e‘“X*‘) < sup exp(—zove(u)) < exp(—zouc),
te[0,t] tef0,ts,]

sup E(e7"*t) < sup ex —/ dz | <exp| — dz .

e )»£p<mwma> P\ R
For z € [uf, ]

F(z) _ 2a 1 2a 1 52

> — > — ith =14+ —-.

N 25 = o2 gu)+ B glu) =1+ =

R(z) ~o®z(14 22 )4+ 2

Hence integrating the previous inequality
3 2 2 2
/ (2) 4 > =2 I ug(u) + 2 ) = S [In(u') + h(w)],
w R(2) o?g(u) ucg(u) + =

with

. g(u) + 2
hw‘1@w+£)'

We have g(u) > 1, limy,— 100 g(u) = 1 and limy, 400 h(u) = 0, then

“F _e)_2a
exp (— 86&') < C’g/u(1 )20

If 1 <p< 22 we choose € > 0 such that p — (27‘5 + 63—‘; < 0, then we deduce

—+oo u
/u uP~Lexp ( /ue 223 dz> du < 400,

0,e

and this allows us to conclude.



5.1.2 Proof of Lemma 4.1

We introduce a little more notation. We set

ay = e, <t<(i+2)An} — Lia,<t<(i+1)a,}, T € [1An, (i +2)An].

With this notation, we have

(i+2)A,, o (i+2)A,, (i4+2)An,
s,n s,n 1/2 1/« 1/
AY X:/A adX; and A7"X =00 XA R ardBi+0" 7" XA /A ardLg°.
We then deduce the decomposition p' = p* + 6(1) + 6(2)7 + 0(3)? with
(i4+2)A,
Up 1/2 1/2
91@:07/ a (X% — xY*)aB,,
( )’L Omm AL t( t lAn) t
(i+2)An
n __ Un 1/ap 1/ a
0(2); 751/%7/ an (X0 — X {)dLg,
0 /fAn TEA" (A t\Ag A, t
u (i+2)An
0(3)1 = —boin/ ar(X: — Xia,, )dt.
VAu/Xin, Jia, (X )
We have the following estimates
1
Vp € [1,0), Ei(|0(1)77) < Cpub ALP(1+ X7 ) (5.4)

Vp € [1,a0), E;(|(2)7[7) < Cpul, AL/ (1 + FXHOTP), (5.5)

xP/2+p(1=1/a0)

Ay

+ X200, (5.6)

Vp € [1,a0), Ei(|0(3)7'1") < Cpup AL (1 + — 75
iAn

We deduce easily (5.5) and (5.6) from Proposition 4.1, (5.4) follows from Burkholder’s in-
equality, Proposition 4.1 and the bound

Va,y € (0,+00) |y'/? — 2'/?| < Cly — | /z'/2.

Combining the estimates (5.4), (5.5), (5.6) and |f(z +y) — f(x)| < Cly| as f’ is bounded, we
deduce immediately (4.3).
We now prove (4.2). With the previous notation, we have the decomposition

Foi) = F(@7) =F (i) = f(pi" + 0(1)F" +0(2)7") + (i + 6(1)F" +6(2)7") — [(pi' +6(1)7)
+f(@F+00);) = F(77),

and since f’ is bounded it yields
Ei(f(pi") = f(pi))] < C(ElO3)7"] + Eal0(2)7" + [Bi(f (77" + 0(1)7") — f(i))])-

Using (5.5) and (5.6) with p =1

3/2—1/ag

1
Ei|0(3)"] + E;|0(2)7] < Cup AL/ (1 + P X4 (5.7)
[7ANS

It remains to bound |E;(f(p} + (1)) — f(p))|. Since f” is bounded, we have

[Ei(f (B} +0(1)7) — f(B7)] < [Ec(0(1)F f'(57)] + CEil (1) .



To finish the proof, we show the following estimates

2 2A 1 (i+2)A" d’U
E;|0(1)"? < .1 14+ —E; —1], .
P < o, (14 g e g B[ (58)
and for e > 0
1 1 4280 gy
. 1/ap—¢ o
IE:(0(1)7 £ (7)) < Ceuny/ 0™ <1+ 112 1+AHEZ /A | ) (5.9)

Collecting (5.7), (5.8) and (5.9), we deduce (4.2).
Proof of (5.8) We write Itd’s formula for the function x — /= which is C2 on (0, +00)

t t t
\/Xtﬂ/XS:/ Eq,var/ %dBer/ /a,_z\?(dv,dz),

where

- (ao—boXy) Ug 1/ao y1/a0 1 1/ev 1/040 o
b, = X172 — X2 + (\/va +6y X0 — Xy — 2X1£25 X, M02)F*(2)dz,

L= (X 480X 02 (X, )2

Moreover, we check that |b,| < C(1 + ﬁ +v/X,) and that [¢,| < C(1+ vX,)(Vz1{51) +
2140<z<1y). We obtain the decomposition

0(1);" = ()i + p2)7 + p@3)i, (5.10)

with

(i+2) t
p()r = —2n% at(/ bydv)dB,,

’ \V4 AnXiAn A

~
(i42)An
unoo 0o
oy — Um0 ay(B, — Bin. B,
w(2); A X / ¢ Bin, )dB;

U0 (i+2)An
3= n Co_ N dv dz) ) dB
N( )l \V A XzA (/ / > v

From Burkholder’s inequality and Proposition 4.1 (ii), we have

p e[L.2] Elu(1)tP < Cour AP (14— |14 LR, (DS _dv 5.11
p €[1,2], Ei|p(1)}' P < Cpup A JrXTf +A7n Jia x| ) (5.11)
) p 7 p/2
Vp > 1, B u(2)]] <Cp XPA/QA (5.12)
1
Vp € (ao, 2], Eifu(3)7 " < Cpub Ay (1 + X”“) : (5.13)
(AN

Note that to obtain (5.13), we have used

t _ (i+2)An _
E; sup |/ /EU,N(dudz)\p < CZ,EZ-/ /|Ev,|pN(dv7dz),
D, <t<(i42)A, Jil, iA,

combined with [¢,| < C(1 + v Xy)(v21z51) + 210<2<13). We then deduce (5.8) from the
previous bounds with p = 2.

10



Proof of (5.9) Since f’ is bounded, we have using (5.10) and Holder’s inequality with ap <
p<2

_ _ 1
B0} f P < CElu(DF ] + [Ei(u(@)7 £ B + By [u(3)7 7). (5.14)
It remains to consider E;(u(2)? f'(pl)). We split p' in two parts (Brownian part and pure-
jump part)
1/(10 1/a0
— O0Un A s;n 6 X’LA Un « sn —1n | =2,n
i = =0 B+ —F= APTLY ="+
p A, A/ Xon, P Pi
and write

Ei(n(2)1 ' (p1)) = Es(n(2)7f (™) + Ea(w(2)7 (F (71 — ' (5:™))-

Since f’ is odd, an explicit computation gives Ei(u(2)?f’(ﬁg’")) = 0. For the second term,
we use successively that f” is bounded, Holder’s inequality with 1 < ¢ < «g and the scaling
property of L*® to obtain

Eilu2)P (f (7)) = F'(5i™)| < CEa|u(2)75;™" < Cy f(l + X R |u(2)) [T | AP Lo
< Cu(1+ 1/2 JAL o, (5.15)
Ay

We finally deduce (5.9) from (5.14) (using (5.11) with p =1 and (5.13) with p = ap + €) and
(5.15).
5.1.3 Proof of Lemma 4.2

We assume that 0 = (02,5,a) € A a compact subset of ©. We denote by g, the den-
sity of 5§, by ® the density of the standard Gaussian distribution and we set a,(x,0) =
(20)Y @ u, (xA,)/*= /2. Then

Pflwb)=2f 1 e [ g0 (a:&,ye)) e (ﬂina) e

Using successively a change of variables and Fubini’s Theorem yields

P.f(z,0) = 2/R<I>(z)dz A f(v)ga (U ;n\(/fug)‘jz> an(i 6)

Recalling that f = 0 on [—n, 0], we split the previous integral in two parts P, f(x,0) = I} +12

dv.

where
—V2u,oz 1
I}l N 2/ B(z)dz f(0)ga ? - dv,
{z]> 57—~} R, ( an(x,0) an(z,0)
I = 2/ @(z)dz/ F(0)ga v —V2uu0z 1 .
<5700t {v>n} an(z,0) an(x,0)

By assumption, u? = u,/In(1/A,) with u, — 0, so we deduce immediately, since f is
bounded, that
2

,'7 I‘TL
|1, < Cexp(— Thudo 5) < CAgT (5.16)

where C' and C” do not depend on #. Turning to I2, we observe that for |z| < and

v >,

2\fun

v —V2unoz S n

an(z,0) — 2an(x,0) > 0.

11



Using the asymptotic expansion of g, (see Sato [18]), we have

Ca C . . .
Yy >0 |ga(y)— W| < W, with ¢, given by (2.3)

and we deduce

v —V2u,o2 Caln(m,0)H! 1 0
o = 1+ R, (z,v)),
g ( an(x, ) > 2uatl (1- \/iaunz/v)a+1 ( (2,v))

with
n(z,0)% 1 <Can(x,9)"
v (1= 20u,z/v)™ ve

RO (z,0)| < C2

where we used |v/20u,z/v| < 1/2 for the last inequality. Moreover, we have the first order

expansion
1

(1 —V20u,z/v)ot!

Reporting these results in 12, we obtain

L= Jy<

=1+ R}(z,v), with |RL(2,v)| < Cunz/v.

L 0(2)dz [0 F(0) 20 (14 RL(2,0)) (1+ RY(2,0))dv

2\/51;,15
= Catn(z,0)* (f{v>n} Ufcgii)ldv + f{|z]>2\/{’ung} ®(z)dz f{'u>7]} 1{553)1 dv

ey @)% [y st [ (2, 0) (14 B (2,0)) +R2<z,v>1dv) :

This finally gives

o flv
I? = cqan(x,0) (/ } UCE+)1 dv+R, |, (5.17)
with o .
|R,| < C(AS /" 4w, 4+ ul(zA,) 2 < C(1 + Vo) (AT /" +u,).
From (5.16) and (5.17), we deduce the result of Lemma 4.2.

5.1.4 Proof of Proposition 4.2

The proof consists first to replace, in the expression of F,,(6y), p3, by p4; (defined by (4.1))
by using Lemma 4.1 and next to study the convergence in distribution of

[f(P%:) — Pnf(Xaia,, 00)]-

We set )
(3; = An(0o)

|

f(5:) — Pof(Xaia,, 00)], (5.18)

hence (3. = (Cg;")lgkgg, with

G = [f1(5%) = Puf1(Xain,., 00)],
1

A}L/Q*Oéo/‘l\/ﬁ

1

Ck:,n_
21 T ap/2
oo

[fr(P5i) — Pnfi(X2ia,,00)], for ke{2,3}.

12



1. Case nA, = 1. We first remark that for any 0 < p < 1 we have the convergence in
probability

Moreover from Proposition 4.1 and recalling ag > o3, we have for 1 < p < 2

1 [5]-1 1 1
El| - —— | <supE(—) < 400, 5.19

and using 1/(X;a, X,) < 1/(2X2 ) +1/(2X2)

lz)-1

1 (24 g 1
E El/ _ )< sup E(<=) < +o0. (5.20)
K3

1

n i—0 An A, XiAan t>0 t

Next from Lemma 4.1 and choosing € > 0 such that 1/ag —e > 1/2 and 1/ap —e > 1 — /4,
which is possible since 1 < oy < 2, we have the convergence in probability

L

—1

[E2i(f (p3:) — f(P:))| = .

w3
P

S|

An(GO)

o

i=

Observing that for f bounded Eo;|f(p%;) — Pnf(Xain, ,00))* < CEoi| f(P%) — Puf (Xaia,, 00)|P
with p < ag, we check with Lemma 4.1

lg]-1

> Eailfa(p) — [i(P5)F =0,
=0

lz]-1

> Eailfilph) — fe(@5)1> =0 ke {2,3}.
1=0

n 1

n 1
1—ao/2 p2
U AL0/2n

Consequently, we have the convergence in probability

31

> 1f(p5) — F(@5)] — 0, (5.21)

1=0

1
An(0g)—
n( 0) n
and the proof of Proposition 4.2 reduces to show the stable convergence

-1
[F(P5:) = Puf (Xaia,, 00)] == £(60)'/°N,

L

3
i

An<90)

S|
)

1=

for N a standard Gaussian variable independent of %(6y) defined by (3.5). According to
Theorem IX.7.26 in Jacod and Shiryaev [9], it is sufficient to show the following convergences

13



in probability (with (3. defined by (5.18))

12]-1
Ea;(Cy;) — 0, (5.22)
1=0
12]-1
Eoi(|CE™P) = 0 for somep >2, k=123, (5.23)
1=0
12]-1
Eoi (CEm¢bmy = $40(00) for  k,1=1,2,3, (5.24)
1=0
13]-1
Eai (G5 (Maitya, — Maia,)) — 0 for k=1,2,3, (5.25)
1=0

where the last convergence holds for any square integrable martingale M. The convergence
(5.22) is immediate since Eg; f(p5;) = Pnf(Xaia,,0) and (5.25) is addressed in Lemma 5.1
below.

We deduce (5.23) from Lemma 4.2 for k = 2 and k = 3. For k = 1, we recall that using
the notation (4.1) with fi(x) = cos(x)

Pofi(Xaia,,00) = Eo, f1(Py;) = exp(—u202 — 200Xy, 4/ “Culo AL-1/20), (5.26)

and
Eaif1(295;) = exp(—dupof — 2700 Xpia! P uo A7),

Using cos?(a) = (1 + cos(2a))/2, we deduce
Eai(f1(p5:)?) = (1+Ez f1(275;)) /2,
and for g > 2, since f; is bounded

. 1) 2_ SN
B (2 (P5)~ Py (Koo, 0)1%) < B 1 ()~ (7)) = ~2 12080 = B Tn PR 2 1

(5.27)
We now expand Eo; f1(p5;) and Eog; f1(2p5;) around 0 and get that

Eai f1(205;)~2E3, f1 (p5)+1 = 4uinog+ R, 60), with [Rn(x, 00)] < C(uptup A7) (14-2).
(5.28)
This gives (5.23) for k = 1.
We now prove (5.24). From (5.27) and (5.28) we have

\-%J_l L%J_l . 2 —
n 11 Eoi f1(2p5;) — 2E5, f1(p5;) + 1
Ezz‘(@l{ )2 _ s 2: 2i f1(2p5;) : 5.f1(P%;) Jé~
i=0 n =0

We then apply Lemma 4.2 to fx, f; and fif; with k,1 € {2,3}. Tt yields

Eoi[fr(P5:) — Pofr(X2ia,, 00)]1f1(P5;) — Pnfi(Xaia,, 00)]
= P, (fxf1)(Xaia,,00) — Pofr(Xain, , 00)Pnfi(X2ia,,, 00)

—a —« v « —a
= UzOAi O/2Ca050X21iAn0/2 / ﬁ|‘£lo(+3 dv + un‘)A}l 0/26‘”(00, XgiA"),

where
|5n(907X2iAn)| < (1 + XQZ‘An)c"':y“ with &, — 0.

14



Consequently, we deduce for k,1 € {2,3}

—1

L

w3
i

1 1
Eai( i;n éln) N 56%50/ X;—ao/zds/fkfl(v)dv
0

‘v|ao+1 ’

o

We finally address the cross terms ngfl Eaoi (C3"Ch™) for k € {2,3}. We have
Eai(f1(5:) = Puf1(Xain,,, 00)][f1(P5;) = P fr(X2ia,, 00))]
= Po(f1fr)(X2ia,, 00) — Pof1(Xaia,, 00) Po fr(X2ia,,, 00).

Using again Lemma 4.2 for fifi and fi with k& € {2,3} and observing that P, f1(Xaia,,,60)
is bounded we have

|P(f1fi)(Xain, , 00) — Pufi(Xain,,00) P fr(Xaia,, 00)] < Cul®AL=0/2(1 4 Xoin ),

and we obtain for k € {2, 3},

We finally conclude that

We have proved equation (5.24).
We check easily that 3(6)) is definite positive and we finish the proof of Proposition 4.2
in the case nA,, = 1 with Lemma 5.1 below.

Lemma 5.1. Let M be a square-integrable martingale. Let f1 and fo be even bounded func-
tions. We assume moreover that fi is Ct with bounded derivative, fo = 0 on [—n,n], forn >0
and that A, = 1/n and u, = 1/[In(1/A,)]P with p > 1/2. Then we have the convergence in
probability (where B3, is defined by (4.1) and A3 M = Msirnya, — Main,)

—1

Eoi[(f1(55;) — Puf1(Xaia,, 00)) A" M] — 0,

w3
.

1 L

0z 2

[=)

1311

.. 1 _ n

(44) AT > Eail(f2(5) — Pafa(Xaia,, 00)) A% M] — 0.
n n 1=0

Proof. From Theorem 2.2.15 in [8], we only consider the cases where M is the Brownian
Motion B or M is orthogonal to B.

(i) Proceeding as in the proof of (5.9), we separate the Brownian component and the
pure-jump component p%; = py." + pa;" and since f; and f] are bounded, for 1 < p < aq

Exil £1(75:) = 1@y < Couf AR/ e0=1/2 X012,
Choosing p close to «g and using Proposition 4.1 (ii), it yields for € > 0
E|f1(P5;) — f1(Py" )P < Ceupec AL/,

Setting

Ea:[(f1(P5:) — f1(Py")) A3 M],

15



we deduce from Cauchy-Schwarz inequality and the previous bound with € such that 1 —
ap/2—€>0
IR 13)-1 1z

1 € eAl—ap/2—¢€ 2,n 2
E[S}| < NG Z U0 AL ; E(A3" M) -0,

observing that the second sum is bounded since M is a square-integrable martingale. So the
proof of (i) reduces to S2 — 0 where

Sh = f Z Eoil f1(p3;") A5 M.

—1,n ToUn

If M = B, using that f; is even and recalling that p,;" = N

gives Eo;[f1 (ﬁé;”)Ag;nM ] = 0. If M is a square integrable martingale orthogonal to B, we
also have Ey;[f1(py") A2 M] = 0 from the representation Theorem and Itd’s Formula.

(ii) We follow the proof of Lemma 8 in [7]. We first assume that M = B. From Holder’s
inequality with p > 1, we have

Bl fo () A5 Bl < CEL”(£2(75))"V/An < CAL=0/D/P /AL (14 Xpin,),

where for the second inequality we applied Lemma 4.2 to f3. We deduce then (ii) in that case
choosing p < 2.

We now assume that M is orthogonal to B. From the representation Theorem (we refer
to Chapter IIL.4 of [9]), we have for some predictable process (G¢)

t 1
M, :/ /GSN(ds,dz) with IE/ /G?W(ds,dz) < oo
0 0

and also with (h;) and (H;) predictable and (H;) bounded (since f; is bounded)

A" B, an explicit calculus

2(i+1) 2(i+1)A _
fg(ﬁgz) — Pnf2(X2iAn; 00) = / hSdBS + / /HSN(dS, dZ)
2iA, 2iA,

We then deduce from Itd’s Formula
2(i+1)A,

Eoi[(f2(p) — Pufo(Xaia,,00)) A% M| = E2i/2 /HSGSW(ds,dz).

[7ANS

With the decomposition Gs = Gs1|g,|>e, + Gslig,|<e,, the proof reduces to study the con-
vergence of

Ay
Ty = g = 2 Eu /Z(ZH) /H Gslig, |5, N(ds, dz),
w2 AL/t

2 1 B s, -
T, = WSO ALZe0/T Z Eas /7A /HSGsllGSISEnN(dS’dZ)'

Since H is bounded, we have immediately

l5]-1 2(i4+1)A 2
C "o G2
E|T}| < > E —2N(ds,d
‘ n| u%O/ZA%/27a°/4\/ﬁ pord /QiAn /6” ( S, Z)7

C ol c
< e /0 / GIN s, d) € —ey = (529)
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With e, = A3/®, we deduce E|[T| — 0.
We now turn to 72. We first apply Lemma 4.2 to f> to obtain

2(’L+1)An o

E2i/ /HfN(ds,dz) <o (fo(P) — Prfo(Xain, ,00)) < Cul®AL=00/2(1 4 Xyin ).
2,

From Cauchy-Schwarz inequality it yields

2(i+1)A, o
|E2i/ /HSG51|GS\§61LN(dSadZ)| <
210,

2(i+1) A, o
Cuco/2AL/2=a0/4(] 4 \/XMH)E;Q/ /G§1|Gs‘§€nN(ds,dz),
210,

and applying once again Cauchy-Schwarz inequality

n n 1/2
1 [3]-1 L21-1 eurnA, o
E|T? <C |E= (1+ Xain,) xE > / /G§1|Gq‘<€nN(ds,dz)
s i=0 V2iln o
The first expectation is bounded from Proposition 4.1, consequently
1
E|T2| < C]EW/ /G?l‘csgfnﬁ(d&dz). (5.30)
0

As €, goes to zero, we conclude E|T2| — 0 by dominated convergence and the proof of (ii) is
finished. O

2. Case nA, — +o0o. The proof follows essentially the same lines as in the previous case
and we only indicate the main changes. The bounds (5.19) and (5.20) still hold. From the
ergodic Theorem (if by > 0, the process (X;) is geometrically ergodic, see [15]), we have the
convergence in probability for 0 < p <1

1 nA, 400
p P
nAn /0 Xt dt n—>—oo> ) xT 7T0(d.'13),

since f0+°° xmo(dx) < +0o. Moreover we know that E(X;) — ag/bg (see [4]), then sup, E(X;) <
+00 and combining this with Proposition 4.1 (iv) we can prove

1 L%J*l 1 nA,
— D - p
]E|TL ; XQzAn InA,, o Xt dt| oo 0.

We deduce the convergence in probability

-1
p
XQiA

L

3
i

1
n n n—oo 2

+oo
L /0 xPmo(dx). (5.31)

[}

1=

1 4—1/2—
n/a-‘ra/ /2—¢€o _

Now replacing p%; by py;, we obtain (5.21) under the additional assumption /nA
0. It remains to prove the convergence in distribution of

“1
[f(P3;) — Pnf(Xain,,00)]-

L3

[

An(GO)

3=
=

1=

We check (5.22), (5.23), (5.24) (with ) by proceeding as in the case nA,, fixed but using
(5.31) and sup, E(X;) < 400 to conclude.
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5.1.5 Proof of Proposition 4.3
By definition of F,,(0), we have

|_n/2J 1
A (G)VQF (9) = —— Z An vapnf(XZLAnao)An(H)

We start by computing

802Pnf1(.’1,‘,9) 85Pnf1<xv9) 8O¢Pnfl(x?6>
V@-Pnf(xve) = 802Pnf2(xa9) 65P7lf2(xv9) 6(XPTLf2(x76)
802Pnf3(9379) aépnf?)(xaa) a()cPTLf3(‘T76)

As P, f1(z,0) = exp(—u20? — 262172/242 AL"*/%) | we have
Oy2 Py f1(2,0) = —u2 P, f1(x,0),
aSPnfl (LE, 0) = _2x17Q/2ugA7117a/2Pnf1 (:L’, 0)) (532)
aapnfl (.’t, 0) = 725%17&/2ugAiia/2 ln(un/ V xAn)Pnfl (Z, 0)

Next observing that Vg P, fo(x,0) = —V¢P, K (x,60) (the same connection holds for f3 replac-
ing K(z) by K(2z)), we evaluate Vg P, K(x,0). We recall that from (3.2)

25 1/«
K(2,60) = EK(V2u,0B) + %UHA;/M“%,
and we denote by g9, the density of V2un,oB; + %u Al/afl/QS“ We obtain the
following result where F f is the Fourier transform of f, defined by Ff(y) = [ e * f(z

Lemma 5.2. Let K be defined by (3). Then we have
0y2 P, K (z,0) = v P, K" (,0),
2
OpPuk (2,0) = —' = Pug Ao/~ / FE )Y Fon,o.2 )y,

— [e3 — 2 «@
0o PoK(z,0) = —5z! /MmA}l /2 (%/}'K(y)m In(|y|) Fgn.0,:(y)dy

(=) (D) [ FRO o) ).

Proof. Since K is compactly supported and even, its Fourier transform is a Schwartz function
and FFK = 2rK. We also have —y*>FK (y) = FK"(y). With the previous notation it yields

VP, K(x,0) = Ve/K(y)gn,e,z(y)dy: %Va/(fJ’K)(y)gn,e,m(y)dy
=3V [ PR Fonoaidy = 5= [ FEG)T0F 00000,
where we successively used duality and Lebesgue’s Theorem. By definition of g, ¢ ., we have
Fno.o(y) = exp(—ulo?y? — 2y|* ozt~ 22 AL=2/2), (5.33)

The computation of Vg Fgn g.. is straightforward and the expression of Vo P, K follows. [

Coming back to VP, fo(z,0) we obtain the following result.
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Lemma 5.3. We assume that u,[In(1/A,)]"/? = 0. Then we have Yz > 0

1

1
Waazpan(x’ 0) S E'n,(xﬂ 0),

(4)

(1) s 0oPa i, 0) = =/ 0(a) + =2 0,

Uy RAn

1 U,
() — 1= (aapnﬁ(x, 6) — 5In

S )ouP o 0)) — 52" (9,(a) - In(vE)(a)]

+ 217023 (1,0) — 2172 In(\/x)e2 (x, 6),

n

where () = ¢q [ ‘?J;T((ffrl = Cq f = fﬁf{ dy and for any compact subset A C ©
sup(ley, (z, 0)] + |e7 (2, 0)] + | (2, 0)]) < Cup(1 + V).
0cA

The same result holds for fs replacing ¥(a) by 2%¢(«).
Proof. We first prove that

;T/fK(y)|y|ady=ca/wdy_¢( ) (5.34)

By definition of ¢, we have 2|y|* = cq [ %f(ﬁy)du. Then for € > 0

—/]—‘K )y|*dy = —/}'K / L cos(uy) 3\ 4
r o fufort
/]:K / COS(luy)(l\ulée + 1y>e)du | dy.
R [ul*t

Since 1 — cos(uy) = h(uy)u?y? with h bounded, we can apply Fubini’s Theorem

= | FK(y)|y|*dy = ———T1<c | [ FK(y)h(uy)y?dy ) du
‘u|a+1 [ul<
WQH T Lju|>e (/ FK(y)(1 - cos(uy))dy> du.
Moreover, we have
/}'K(y)dy = 21K (0) = 2, /.FK(y) cos(uy)dy = F(FK)(y) = 2rK (u).

Letting € go to zero, we obtain (5.34).
Next from (5.33), we have

Sup |Fgn,0,0(y) — 1| < Cun (14 y*)(1 + Va),
0cA

and consequently

supl - L [ PRI Fonaa o)y - (@) < Cunl1+ V)
sup I; /fK(y)IyI“ In(|y) Fgn,0,2(y)dy — Oato(a)| < Cup (1 + V).
pecA &T

Since fo =1 — K, we obtain (i) combining Lemma 5.2 with Lemma 4.2 (applied to K"), (ii)
and (iii) follow from Lemma 5.2, (5.34) and the previous uniform bounds. O
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With this background, we can finish the proof of Proposition 4.3. An explicit calculus
leads to A, (0)VoP, f(x,0)An(0) = Wy (x,0) with

w052 Pufi 3505 fr % [0a Prf1 — 6 In(—f=)05 Py f1] .
Wn — 'Unaa2Pnf2 v, 35P f2 n[a P f2 — 611’1(\/—”)85P f2] s Unp = W
naa2pnf3 UnazSPnfS n[aapnf?) - 5111( An )8513 f3] tn "

1. Case nA, =1. We check the uniform convergences in probability for a € [a,a], with
l<a<a<?2

1 [n/2]—1 1 /!
sup |~ S X f/ X724t — 0, (5.35)
aclaal M 2 Jo
Ln/QJ -1 1t
sup |ﬁ Z X2/ Xaia,, — 5/ X} I /Xdt| = 0. (5.36)
a€la,al 0
We just detail (5.36). Let h(a,z) = £'~*/2In(y/x). We have for € > 0,
1 1

I
Vo >0, |k (o, x)] < e

1+ ]In(2))) < CA + —70),

and from Taylor’s formula for z,y > 0

1
(1 =)z + ey)o/2+e

Ih(,y) — (e 2)] < Cly — | / (1+ Jde

Choosing € such that @/2 + ¢ < 1, we deduce

1
sup |h(0{,y) - h(a7x)| < C|y - .’L‘|(1 + E)

a€la,a]

From Proposition 4.1 it yields

1
Eo; sup sup |h(a, X)) — h(a, Xoin,)| < C\/i 14 Xoin, +
te[2iA,,2(i4+1)Ay] acla,a) Xoin,

);

and we obtain (5.36).
Furthermore, from Lebesgue’s Theorem a +— I(a, X) fo
and 0o (o, X) = — fo X, /2] n(v/X¢)dt, so in the expression of W(H) (3.6), we have

1 @/ 2dt admits a derivative

1
Da (¥() (e, X)) = Bath(c)) / X102 / X102 (/X dt.
0
Consequently, combining (5.32) and Lemma 5.3 with (5.35) and (5.36), we obtain
[n/2]-1
— W, (Xaia,,,0) + W (0 0
Slelg|n ZZ:; n( 210y )+ ( )|—> )
and we finally conclude from A, (0)VoF,(0)A,(0) = —1 Z}Zéﬂfl Wi (X2, ,0). We see

easily that W is non-singular since
1
det W (0) = g&l)(a)QI(a,X)QT)‘ In(2) # 0.
2. Case nA,, — co. When nA,, — +o0, we first prove the convergences

[n/2]—1 1 +oo
sup |— Z X;;AO;/Q — 5/ 21~ 2o (d)| — 0, (5.37)
0

a€laal M i=0
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L 21 too
a 1 _
. \ﬁ E X P I/ Xoia, — 5/ 2172 In \/xmo(dx)| — 0. (5.38)
a€la,a 0

We give the details for (5.38) and study separately the uniform convergences in probability

Ln/2J -1

o | A
sup |~ Z X;ZAH/an«/XgiAn—2 X X} In\/Xydt| = 0, (5.39)
a€la,a 1 nan Jo
+oo
X} ln\/Xtdt—/ 212 In \/xmo(da)| — 0. (5.40)
a€la,al TLA 0

The proof of (5.39) is snnllar to the one of (5.36) and we omit it. It remains to check (5.40).
We set Hy (o) = 75~ [of Ar x 17210 /Xpdt and H(a) = f0+°° '=%/2In \/zrmo(dz). The map
o — H,(a) is continuous on [Q @] and H, (o)) = H(a), Va € [a,a]. Moreover for ay, a2 € [a,a]
and « > 0, 3¢ € (a1, a2) such that

22 (V) — 2! (/)] < |a — asl(n(2))*a’ =2 < Clay - as|(1 + 2).

With sup, EX; < +o0, it follows that V& > 0, sup,, Esup|,, _a,<s [Hn(a1) — Hp(a2)| < C6,
so the sequence (H,,(a)qe[q,q)) s tight and we obtain the uniform convergence (5.40).
Observing that 0,I(c) = — [ 2'=/21n(y/x)mo(dz) and using the same arguments as in
the case nA,, fixed ,we obtain from (5.32), Lemma 5.3, (5.37) and (5.38)
ln/2] -1
2‘53'5 Z Wo(Xain,,0) + W ()| — 0.

This achieves the proof of Proposition 4.3.

5.2 Main results
5.2.1 Proof of Theorem 3.1 and Theorem 3.3

In both cases, nA,, fixed and nA,, — 400, we apply Theorem A.2. in Mies and Podolskij
[17], that extends the results of Jacod and Sgrensen [10]. We just detail the first case, where
we have strengthened condition (E.1) in [17] by assuming the stable convergence in law. With
our notation, the result of Theorem 3.1 is a consequence of the following conditions:

(E.1) An(00)F, (90):>Z( 0)'/2N,

(E.2) 6 — F,(0) is C i and for 7, a sequence of real numbers we have the convergences in
probability

sip [ An(O)VoFu(@An(O)- WO —— 0, sup MnOIIAOAG)T

0€B.,, (60) n—oo 0€B., (60) Tn nree

(E.3) peP, )(IIz‘ln(e)An(%)’1 — Ld|| + [|An(0)An(00) ™" — Ld|| + [[W(6) — W (Bo)[[) —— 0,

where B, () is the ball with center 6y and radius 7, ||-|| a matrix norm and Id the identity
matrix. Condition (E.1) is proven in Proposition 4.2 and the first condition of (E.2) is proven
in Proposition 4.3. The second condition in (E.2) and condition (E.3) are easily checked with

P = 1/In(A)2.

21



5.2.2 Proof of Theorem 3.2

The existence is a consequence of Theorem 3.1. To prove the global uniqueness result we
consider the renormalized estimating function (restricted to 3 = (¢2,0) with f = (fx)1<k<2)

Fo(02,0) = Ap(ag)Fu(0?,0, ), with A, (o) = diag < L 1) .

20 1—ap/2
un U%UAn 0/

From Proposition 4.2, we deduce I:_'n(a%, dp) — 0. Next, an explicit calculus gives

n\0 = " I s
’ noS \ e te il mpinOiale

and from Proposition 4.3, we have the convergence in probability for any compact subset A
of (0, +00) x (0, +00)
3(0% —a)

F,(0?,0) — VE(0?,6 here F(0?,4) = _ :
sup Hv (07 ) \Y (Ua )H*)07W ere (Ua ) (éw(ao)folth ao/th((sO_é-))

(02,6)€A
The global uniqueness result follows then from Theorem 2.7.a) of Jacod and Sgrensen [10],

since (02, 0y) is the unique root of F(o2,8) = 0.
0
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