
HAL Id: hal-04662711
https://hal.science/hal-04662711v1

Preprint submitted on 21 Nov 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution 4.0 International License

Fast Scrambling at the Boundary
Ancel Larzul, Anirvan M Sengupta, Antoine Georges, Marco Schirò

To cite this version:
Ancel Larzul, Anirvan M Sengupta, Antoine Georges, Marco Schirò. Fast Scrambling at the Boundary.
2024. �hal-04662711�

https://hal.science/hal-04662711v1
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr


Fast Scrambling at the Boundary

Ancel Larzul,1 Anirvan M. Sengupta,2, 3, 4 Antoine Georges,3, 5, 6, 7 and Marco Schirò1
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Many-body systems which saturate the quantum bound on chaos are attracting interest across
a wide range of fields. Notable examples include the Sachdev-Ye-Kitaev model and its variations,
all characterised by some form or randomness and all to all couplings. Here we study many-body
quantum chaos in a quantum impurity model showing Non-Fermi-Liquid physics, the overscreened
multichannel SU(N) Kondo model. We compute exactly the low-temperature behavior of the out-
of time order correlator in the limit of large N and large number of channels K, at fixed ratio
γ = K/N . Due to strong correlations at the impurity site the spin fractionalizes in auxiliary
fermions and bosons. We show that all the degrees of freedom of our theory acquire a Lyapunov
exponent which is linear in temperature as T → 0, with a prefactor that depends on γ. Remarkably,
for N = K the impurity spin displays maximal chaos, while bosons and fermions only get up to
half of the maximal Lyapunov exponent. Our results highlights two new features: a non-disordered
model which is maximally chaotic due to strong correlations at its boundary and a fractionalization
of quantum chaos.

I. INTRODUCTION

Unitarity of quantum mechanics implies that informa-
tion initially encoded in local degrees of freedom can-
not be lost under time evolution but only scrambled into
non-local ones, inaccessible to external probes [1–4]. The
ability of quantum many-body systems to act as scram-
blers has emerged in recent years as a new lens to classify
phases of matter. A powerful proxy to quantify quantum
scrambling is provided by out-of-time ordered correlators
(OTOC) [5–8] originally introduced in the quasi-classical
theory of superconductivity and more recently extended
to a variety of different settings, from field theories [9–11]
to random circuits [12–16] to models with local bounded
Hilbert space [17]. Whenever the early-time growth of
the OTOC is exponential in time one can define a quan-
tum Lyapunov exponent λL, which generalizes the but-
terfly effect to the quantum domain and it is often taken
as a measure of many-body quantum chaos. Quantum
mechanics fundamentally influences this exponent by set-
ting an upper bound on chaos [18–20], set essentially by
the temperature of the system, λL ≤ 2πkBT/ℏ. Sys-
tems which saturate this bound, so called fast scram-
blers, such as the celebrated Sachdev-Ye-Kitaev (SYK)
model [21–25], are therefore particularly interesting for a
broad range of communities [26–30].

A natural place to look for fast scramblers and maxi-
mal chaos are quantum phases of matter without well-
defined quasiparticles. These violate Landau’s Fermi
Liquid paradigm and display unusual transport proper-
ties, which have attracted continuous interest over the
past decades [31]. Recently a fresh new view on these

Non-Fermi-Liquids has emerged which is rooted in their
ability to thermalize in the fastest possible way [32–34]
and to efficiently (maximally) scramble quantum infor-
mation [2, 3]. Understanding the chaotic properties of
Non-Fermi Liquids has become therefore an urgent prob-
lem and recent literature has been devoted to the study
of OTOC for different types of models, including varia-
tions of the SYK model [35–38] or interacting fermions
coupled to critical bosons [39–41]. A common thread in
the search for Non-Fermi Liquids and maximally chaotic
quantum matter is the presence of quenched random-
ness in the form of all to all couplings, which are solv-
able [42]. Whether randomness is a fundamental require-
ment is however not understood. This raises the question
of what is the simplest model displaying maximal chaos.
In this work we show that, quite surprisingly, random-
ness is not needed for maximal chaos. Indeed we will be
able to display a model for maximal chaos which only
describes a quantum spin strongly coupled to bath, i.e.
a quantum impurity.

Quantum impurity models have been long known to
display exotic Non-Fermi Liquid behavior [43, 44], when-
ever for example a single magnetic impurity possibly with
non-trivial orbital character interacts with multiple chan-
nels of conduction electrons [45, 46] or in presence of mag-
netic interactions between impurities [47–50]. The two-
channels Kondo model in this respect is among the most
studied example of NFL behavior, also experimentally
relevant for mesoscopic physics [51–55]. Here the break-
down of Fermi Liquid theory occurs because two symmet-
rically coupled conduction electron channels compete to
screen the impurity, which is left partially unscreened,
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leading to a residual entropy at zero temperature and a
NFL groundstate [56–60].

A rich NFL physics is known to emerge upon enlarg-
ing the symmetry of the Kondo problem to a SU(N)
spin and SU(K) channels (flavours of conduction elec-
trons) leading to an overscreening of the impurity. In
this regime a controlled theory can be obtained by send-
ing N,K → ∞ at fixed ratio γ = K/N . The univer-
sal thermodynamic, spectral and transport properties of
this multichannel Kondo (MCK) model have been com-
puted and demonstrated emergent conformal invariance
and residual entropy [61, 62], features known to occur
in the SYK model. However, quantum chaos properties
of this class of NFL are not known. Here we fill this
gap, specifically by computing the leading low tempera-
ture behaviour of the OTOC for the MCK and extract
the associated Lyapunov exponent. In the MCK model
the impurity spin fractionalizes in auxiliary fermions and
bosons which are coupled to conduction electrons. Using
the ladder diagrammatics [63] we compute the OTOC of
bulk fermions, auxiliary fermions and bosons. We show
that all the degrees of freedom have Lyapunov exponent
λL linear in temperature as T → 0, with a prefactor
that is tunable with γ. For γ = 1, corresponding to
a number of channels equal to the size of the spin, the
Lyapunov exponent reaches its maximum value, equal
to half of the bound value. We develop a diagrammatic
technique to compute the OTOC of the physical impu-
rity spin, which is a composite object. Remarkably, we
show that the spin OTOC saturates the bound on chaos.
The MCK model emerges therefore as the simplest model
of maximally chaotic quantum matter, comprising only a
strongly coupled quantum spin at the boundary of a non-
chaotic system. This result, in addition to the structure
of the large N,K theory and its similarity with the SYK
model hints towards a gravity analogue for the MCK.

The paper is organised as follows. In the next section
II we summarise the main concepts and results of this
work, which will be presented in more detail in the rest
of the paper. In Sec. III we introduce the multichannel
Kondo model and review its large N limit solution lead-
ing to Non-Fermi Liquid scaling. In Sec. IV we discuss
the chaos properties of the model and compute in partic-
ular the leading low-temperature behaviour of the OTOC
for the fundamental degrees of freedom of the theory. In

Sec. V we extend the diagrammatic calculation of the
OTOC to the physical spin and obtain the low tempera-
ture behaviour of its Lyapunov exponent. In Sec. VI we
discuss our result in the broader perspective of integra-
bility and chaos of quantum impurity models. Finally,
Sec. VII is devoted to conclusions. In the Appendixes
we provide technical details on our calculations.

II. SUMMARY OF MAIN RESULTS

In this section we present a summary of the main re-
sults of this work, which will be discussed more in de-
tail in the rest of the paper. The class of models that
we consider in this work are quantum impurity models
where a single quantum spin is coupled to a bath of non-
interacting fermions. We consider a SU(N) spin cou-
pled to a conduction electron bath featuring K channels
of spinful electrons, leading to the multichannel Kondo
Model (MCK). The Hamiltonian of the model is

Ĥ =
∑
k⃗,i,α

ϵk⃗ ĉ
†
k⃗iα
ĉk⃗iα + J

N

∑
k⃗,⃗k′,i,α,β

Ŝαβ ĉ
†
k⃗iα
ĉk⃗′iβ (1)

where ĉ†
k⃗iα

creates a conduction electron with moment
k⃗, channel index i = 1, · · · ,K and SU(N) spin index
α = 1, · · · , N . We use a fermionic (antisymmetric) repre-
sentation for the impurity spin with N auxiliary fermions
f̂α with a constraint such that

Ŝαβ = f̂†
αf̂β − Q

N
δαβ ,

N∑
α=1

f̂†
αf̂α = Q (2)

We will consider the limit where both N and K are
large keeping the ratio γ = K/N fixed. To ensure that
the large-N limit is well-defined we also need to take a
large spin size Q ≡ q0N [62]. When written in terms of
Abrikosov fermions the Kondo coupling describes interac-
tion between impurity fermions and conduction electrons,
which can be described by the exchange of a bosonic ex-
citation, leading to a simple diagrammatics in the large
N,K limit, that we review in Sec. III. We are interested
in the many-body chaos as encoded in the OTOC of our
composite degrees of freedom

CO(t1, t2) ∼ θ(t1)θ(t2)
∑
µ,ν

Tr
[√

ρ
[
Ôµ(t1), Ô†

ν(0)
]

±
√
ρ
[
Ôµ(t2), Ô†

ν(0)
]†

±

]
(3)

where Ô can be auxiliary fermions and bosons, conduc-
tion electrons as we all as the physical spin, µ, ν represent
the corresponding degrees of freedom and [, ]± denotes
a commutator or anticommutator whether we consider

bosonic or fermionic operators. We are interested in the
regime where the OTOC grows exponentially in time,

CO(t1, t2) ∼
(

1
N

)
eλLt
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with t = (t1 + t2)/2 the central time and where we can
identify a quantum Lyapunov exponent λL that we want
to compute in the low temperature limit.

From the point of view of auxiliary fermions the large
N,K theory turns out to be structurally similar to the
complex SYK model [31] and we show indeed in Sec. IV
that the OTOC of the auxiliary fermions can be com-
puted exactly at low temperature by resumming ladder
diagrams. We find that the Lyapunov exponent is lin-
ear in temperature with a prefactor that depends on
γ = K/N and which is maximal at γ = 1. Intriguingly,
at this optimal value the Lyapunov exponent is half of
maximal bound. Similarly we compute the OTOC of
the auxiliary bosons and show that the ladder structure
gives rise to the same equations as the fermionic auxiliary
degrees of freedom. As a result we conclude that the Lya-
punov exponent of bosons and fermions is identical and
reaches its maximum at γ = 1, where we get λL = πT ,
only half-value away from the bound. Auxiliary fermions
and bosons however are not physical (gauge invariant) de-
grees of freedom in our theory. It is therefore interesting
to compute the chaos properties of the physical degrees
of freedom. In Section IV we compute the OTOC of con-
duction electrons. We show that the OTOC of the lat-
ter can be obtained directly from the OTOC of fermions
and bosons and it is also lead to a linear in temperature
Lyapunov exponent, with the same prefactor as auxil-
iary fermions and bosons. This is a remarkable result:
conduction electrons in our model are essentially free de-
grees of freedom in the bulk which interact only with the
impurity at their boundary. Such a strong interaction
is however sufficient to generate a linear in temperature
quantum Lyapunov exponent, at least close to the impu-
rity site. Finally in section IV we compute the OTOC
of the spin, which is composite object in our theory of
fermions coupled to bosons. We show that the OTOC of
the impurity spin can be still computed in closed form
and that, strikingly, its Lyapunov exponent saturates the
bound on chaos for γ = K/N = 1. Strong correlations
at the boundary of our otherwise non-interacting system
lead therefore to maximal quantum chaos. This appears
to be equally shared by strongly coupled auxiliary de-
grees of freedom our quantum spin fractionalises into, a
sort of equipartition of many-body quantum chaos. We
present a detailed discussion of this remarkable result in
Sec. VI and present our conclusions in Sec. VII.

A. Relation to Prior Works

Here we wish to connect our work to previous literature
on many-body chaos in Non-Fermi Liquids and quan-
tum many-body systems. Models of coupled bosons and
fermions have been considered before, in the context of
Yukawa models for random Dirac Fermions [38, 40], an-
tiferromagnetic quantum critical points [64] or fermions
coupled to gauge fields [39, 41]. We note that these
works have typically focused only on OTOC of single

particle operators. Models of fractionalised degrees of
freedom have displayed similar large N theories [65–67],
but their quantum chaos content is not known. In this
respect our work goes beyond those studies in that we
compute explicitly the OTOC of a fractionalised state
of matter. This approach opens up the possibilities for
non-perturbative treatments of those couplings in lattice
models. Recently the information scrambling of the 2CK
model has been investigated within the Emery-Kivelson
solution [68], leading to an OTOC that reaches a con-
stant at long time. Similarly, the OTOC of a Bose-Fermi
Kondo model was evaluated at intermediate tempera-
tures [69]. With respect to these works here we con-
sider the large N,M limit as well as the low temperature
limit and extract the leading low-temperature behaviour
of the Lyapunov exponent. Similarly, our work differs
from the recent concept of boundary chaos introduced in
Ref. [70], where a quantum circuit with an impurity is
studied from the point of view of correlation functions
and entanglement.

III. MODEL, LARGE N, K SOLUTION AND
NON-FERMI LIQUID BEHAVIOUR

We start reviewing the equilibrium properties of the
MCK model, Eq. (1), in the large N,K limit [62]. The
partition function for the model, written as a path inte-
gral reads

Z =
∫

D[f, f, c, c, B,B, µ]e−S

where the action S = S0 + Sint is

S0 =
∫ β

0
dτdτ ′

∑
iα

ciα(τ)(G(0)
c )−1(τ, τ ′)ciα(τ ′)+

+
∫ β

0
dτ

{ ∑
α

fα(τ)
[
∂τ + iµ(τ)

]
fα(τ) − iq0Nµ(τ)

}
(4)

+ 1
J

∫ β

0
dτ

∑
i

Bi(τ)Bi(τ)

Sint = − 1√
N

∫ β

0
dτ

∑
iα

(
Bi(τ)ciα(τ)fα(τ) (5)

+Bi(τ)fα(τ)ciα(τ)
)

In this expression we have introduced auxiliary fermions
fα, fα to represent the spin, as in Eq. (2), auxiliary
bosons Bi, Bi to decouple the Kondo interaction in
Eq. (1) and we have denoted with µ(τ) the Lagrange
multiplier used to impose the constraint on the num-
ber of fermions. Furthermore we have integrated out the
conduction electrons in the bulk so that ciα ≡

∑
k⃗ ck⃗iα

is the fermionic field at the impurity site and G0
c =



4∑
k⃗ 1/(iωn−ϵk⃗) the non-interacting on-site Green’s func-

tion. In the large N limit, the Green’s functions

Gf (τ, τ ′) = − 1
N

N∑
α=1

〈
fα(τ)fα(τ ′)

〉
(6)

GB(τ, τ ′) = + 1
K

K∑
i=1

〈
Bi(τ)Bi(τ ′)

〉
(7)

satisfy the Schwinger-Dyson equations [62]

G−1
f (iωn) = iωn + λ− Σf (iωn) (8)

G−1
B (iνn) = 1

J
− ΣB(iνn) (9)

with Σf and ΣB the self-energies

Σf (τ) = γ G0
c(τ)GB(τ) ΣB = G0

c(τ)Gf (τ) (10)

Here ωn = (2n + 1)π/β and νn = 2nπ/β are respec-
tively the fermionic and bosonic frequencies. Equations
(8-10) can be obtained by the saddle point method after
introducing the self-energies as Lagrange multipliers to
enforce the definitions of the Green’s functions Gf and
GB and integrating out the fields f , B and c to get an
effective action written only in terms of the bilocal fields
G and Σ. Here, λ is the saddle-point value of the field
µ(τ) and is fixed by the condition Gf (τ = 0−) = q0.
Another way of deriving the Schwinger-Dyson equations
(8 - 10) is to expand the two-point functions (6),(7) in
powers of the interaction vertex (5) and keep only the
diagrams of order O(1) in the 1/N expansion. The corre-
sponding Feynamn diagrams are shown in Fig. 1. Notice
that if one expands the conduction electron propagator
Gc(τ, τ ′) = −⟨c(τ) c(τ ′)⟩, one finds that it is equal to the
bare propagator G0

c in the large N limit (since in each
bubble correction the loop is of order O(1) and cannot
cancel the 1/N factor coming from the two interaction
vertices.)
At low energies ω, T ≪ TK , where TK is the Kondo tem-

perature, the Schwinger-Dyson equations (8 - 10) have an
emergent conformal and U(1) gauge symmetries and one
can derive an explicit expression for the Green’s functions
[62, 71]

Gf,B(τ) =


−Af,B e

α

(
τ
β

− 1
2

)
cosh α

2

(
π

β sin
(

πτ
β

))2∆f,B

0 < τ < β

ξAf,B
e

α

(
τ
β

+ 1
2

)
cosh α

2

(
π

β sin
(

− πτ
β

))2∆f,B

−β < τ < 0

(11)
ξ = 1 (resp. −1) for fermions (resp. bosons). To get
these expressions, one needs to use the fact that the local
non-interacting Green’s function of the conduction elec-
tron takes the scaling form G0

c(τ) = −ρ0π/(β sin(πτ/β))
(since the corresponding density of states is independent
of temperature). The scaling dimensions of the fermions
and bosons are given by

2∆f = 1
1 + γ

2∆B = γ

1 + γ
(12)

FIG. 1: Feynman diagrams for the Dyson equations
(8) and (9) in the large N limit. Double lines repre-
sent dressed propagators and simple lines non-interacting
propagators. Black solid lines correspond to the impurity
fermion f , dashed lines to the conduction electron at the
impurity site c and red lines to the auxiliary boson B. In
these diagrams, each interaction vertex is of order 1/

√
N

and each loop contributes a factor of N , so overall the
bubbles are of order O(1) in N and survive in the large
N limit.

α is an asymmetry paramater which is linked to the spin
representation parameter q0 by

α = ln
sin

(
πq0
1+γ

)
sin

(
π(1−q0)

1+γ

) (13)

Finally, the product of amplitudes AfAB satisfies the
constraint

2∆B = −2γAfABρ0Γ
(
1−2∆B

)
Γ

(
2∆B

) ∣∣∣ sin
(
π∆B − iα2

)∣∣∣2

cosh2
(
α
2

)
(14)

Details about the origin of these formulas can be found in
[62]. The saddle point large N,M solution of the MCK
model describes therefore a Non-Fermi Liquid associated
with the overscreening of the impurity spin by the K
channels of the bath. In the next section we will compute
the OTOC properties of this model.

IV. OUT OF TIME ORDER CORRELATOR
AND LYAPUNOV EXPONENT

In this section we compute the OTOC for the differ-
ent degrees of freedom entering our theory, namely auxil-
iary fermions and bosons as well as conduction electrons.
In particular we will derive Bethe-Salpeter equations for
these objects and extract the leading low-temperature
behaviour of the Lyapunov exponent λL, or scrambling
rate, describing the short-time exponential growth of the
OTOC.
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FIG. 2: Two-fold Keldysh contour used to define the
regularised OTOC that we consider in this work. The
imaginary time evolution is broken down into two time-
intervals, each with an evolution for an interval −iβ/2
and the real-time evolution can occur on the up (u) or
down (d) double contour.

A. f-fermion and B-boson OTOC

We start with the regularized retarded OTOC of the
auxiliary fermions

Cf (t1, t2) = θ(t1)θ(t2)
N2

N∑
α,β=1

Tr
[√

ρ
{
f̂α(t1), f̂†

β(0)
}

× √
ρ
{
f̂α(t2), f̂†

β(0)
}†

]
.

(15)

This correlator can be computed using the two-fold
Keldysh contour shown on Fig. 2. This complex time
contour consists of two real time folds separated by an
imaginary time segment of length −iβ/2. The position
of the fields on the contour is specified by a fold index
σ = u, d and a branch index s = +,− for forward and
backward time evolution respectively. To proceed it is
convenient to perform a Keldysh rotation on each fold
and define the classical and quantum components

fσ,cl/qα (t) = fσ,+α (t) ± fσ,−α (t)√
2

, (16)

f
σ,cl/q

α (t) = f
σ,+
α (t) ∓ f

σ,−
α (t)√

2
. (17)

A similar transformation is done for the auxiliary bosons
and the conduction electrons. Within the two-fold
Keldysh formalism, the regularized retarded OTOC can
be rewritten as the four-point function (see Appendix A)

Cf (t1, t2) = 1
N2

N∑
α,β=1

〈
fd,clα (t1)fd,clβ (0)fu,qα (t2)fu,qβ (0)

〉
,

(18)
where ⟨· · · ⟩ denotes the average over the two-fold
Keldysh contour. We now expand this correlator in
powers of the interaction vertex and keep only the di-
agrams at leading order 1/N . For convenience, we de-
fine Cf (t1, t2) ≡ Ff (t1, t2)/N . The 1/N diagrams form
and infinite series of ladder diagrams, which after resum-
mation are represented in Fig. 3. In these Feynman

FIG. 3: Resummation of ladder diagrams for the OTOC
of the auxiliary fermions, leading to a Bethe Salpether
equation for Ff (t1, t2). Dashed lines are conduction elec-
trons propagators while full red-lines are bosonic ones.
The resulting expression is given in Eq. (19).

diagrams, horizontal lines represent retarded/advanced
Green’s functions GR/A and vertical lines are Wightman
Green’s functions GKud or GKdu (see Appendix B). The re-
summation of all the ladder diagrams shown in Fig. 3
corresponds to the Bethe-Salpeter (BS) equation

Ff (t1, t2) = F
(0)
f (t1, t2) + γ

4

∫
dt3 dt4 Kf (t1, t2, t3, t4)

× Ff (t3, t4)
(19)

where F (0)
f (t1, t2) = GRf (t1)GAf (−t2) and the kernel Kf

is given by

Kf (t1, t2, t3, t4) =
∫
dt dt′K

(1)
f (t1, t2, t, t′)

×K
(2)
f (t, t′, t3, t4) (20)

K
(1)
f (t1, t2, t3, t4) = GRf (t1, t3)GAf (t4, t2)GKc,du(t3, t4)

(21)

K
(2)
f (t1, t2, t3, t4) = GRB(t1, t3)GAB(t4, t2)GKc,ud(t4, t3)

(22)

Explicit expressions for the Green’s functions entering
the BS equation are given in Appendix B. With respect
to the standard ladder diagrammatics of the OTOC for
the SYK model [25] we note that here the kernel Kf is it-
self expressed as a convolution over product of fermionic,
bosonic and conduction electrons Green’s function. This
is a direct consequence of the structure of the Feynman
vertex of the theory. Similar structure appears in other
theories with fermions coupled to bosons [40, 41, 64, 72].
We note that a similar equation was written for the Bose-
Fermi Kondo model [69] and solved numerically to ex-
tract the Lyapunov exponent at high temperature. Here
instead we derive the scrambling rate λL in the T → 0
limit, by making use of the conformal expressions of the
Green’s functions given in Appendix B. Since we expect
Ff to grow exponentially, we neglect the first term F

(0)
f

in the ladder equation. The Bethe-Salpeter equation be-
comes

F (t1, t2) = Cei
α
β t12

∫
dt3 dt4 dt5 dt6G̃

R
f (t13)G̃Rf (t24)

× G̃Wc (t34)G̃RB(t35)G̃RB(t46)G̃Wc (t56)e−iα
β t56F (t5, t6) ,

(23)
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where we have used the notation tij ≡ ti − tj and with
G̃Rf,B(t) and G̃Wc (t) defined by

G̃Rf,B(t) = θ(t)
(

π

β sinh
(
πt
β

))2∆f,B

, G̃Wc (t) = π

β cosh
(
πt
β

) ,
(24)

and with

C = 16 ∆f∆B

Γ(1 − 2∆f )2Γ(1 − 2∆B)2 . (25)

To get rid of the exponential phase factors we define
F̃ (t1, t2) = e−iα

β t12F (t1, t2). The BS equation takes the
form of an eigenvalue problem K̃ · F̃ = k F̃ with k = 1.
To find the Lyapunov exponent, we assume that F̃ has
an exponential growth

F̃ (t1, t2) = eλL
t1+t2

2 f̃(t1 − t2) , (26)

and we determine the eigenvalues and eigenvectors of the
kernel K̃ in this subspace. λL should be seen as a free
parameter, which is fixed at the end of the computation
by setting k(λL) = 1. Plugging the exponential ansatz in
the BS equation and taking the Fourier transform with
respect to t1 − t2 we obtain

k(λL) f̃(ω) = C G̃Rf

(
ω + i

λL
2

)
G̃Rf

(
− ω + i

λL
2

)
×

∫
dω′

2π K̃(ω, ω′)f̃(ω′)
(27)

with

K̃(ω, ω′) =
∫
dΩ
2π G̃

R
B

(
Ω + i

λL
2

)
G̃RB

(
− Ω + i

λL
2

)
× G̃Wc (ω − Ω)G̃Wc (Ω − ω′)

(28)

Using the Fourier transforms of (24), we can eventually
rewrite the BS equation like

k(h)f̃(u) = 16∆f∆B

(2π)2

∣∣∣∣ Γ
(
∆f + h

2 − iu
)

Γ
(
1 − ∆f + h

2 − iu
) ∣∣∣∣2

×
∫
du′ dv

[∣∣∣∣ Γ
(
∆B + h

2 − iv
)

Γ
(
1 − ∆B + h

2 − iv
) ∣∣∣∣2

×
∣∣∣Γ(1

2 + i(u− v)
)∣∣∣2∣∣∣Γ(1

2 + i(u′ − v)
)∣∣∣2

f̃(u′)
]

(29)

Here we have defined h = λL/(2πT ) and made the change
of variable u = ω/(2πT ). Using the identity on gamma
functions∫ +∞

−∞
du′

∣∣∣Γ(1
2 + i(u− u′)

)∣∣∣2 ∣∣∣Γ(a
2 + iu′

)∣∣∣2

= 2π
a

∣∣∣Γ(1
2 + a

2 + iu
)∣∣∣2

(30)

FIG. 4: Normalised Lyapunov exponent h = λL/(2πT )
of auxiliary fermions and bosons in the MCK model, as
a function of γ = K/N , the ratio between number of
channels and spin indexes. We see that the Lyapunov
exponent vanishes for both small and large γ and has
a maximum for γ = 1. The maximal value obtained is
h = 0.5, corresponding to λL = πT .

we see that the function f̃(u)

f̃(u) =
∣∣∣Γ(

∆f + h

2 + iu
)∣∣∣2

(31)

is solution of the eigenproblem with eigenvalue

k(h) = 16 ∆f∆B

(2∆f + h)(2∆B + h) (32)

Setting k(h) = 1 and keeping only the positive solution
we finally obtain

λL = φ(γ) 2πT, φ(γ) =
−1 +

√
1 + 12 γ

(1+γ)2

2 (33)

We find that the scrambling rate is linear in temperature,
with a prefactor which depends on the ratio γ. The func-
tion φ(γ) is plotted in Fig. 4. It vanishes for γ = 0 and
γ = ∞ which corresponds to the scaling dimensions of the
fields (∆f ,∆B) = ( 1

2 , 0) and (∆f ,∆B) = (0, 1
2 ) respec-

tively. It is maximal when γ = 1 for which ∆f = ∆B = 1
4

and reach the value φ(1) = 1
2 . Notice that at the max-

imum γ = 1 both fields f and B have the same scaling
dimension as fermions described by the SYK Hamilto-
nian. However, differently from the SYK case, here the
Lyapunov exponent does not saturate the chaos bound
but only reaches a value that is exactly half of the max-
imal chaos, λL = λmax

L /2 = πT . We now turn to the
computation of the OTOC of the auxiliary bosons B.
As done previously, we define the regularized retarded
OTOC

CB(t1, t2) = θ(t1)θ(t2)
K2

K∑
i,j=1

Tr
[√

ρ
[
B̂i(t1), B̂†

j (0)
]

× √
ρ
[
B̂i(t2), B̂†

j (0)
]†

]
.

(34)
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FIG. 5: Resummation of ladder diagrams for the OTOC
of the auxiliary bosons, leading to a Bethe Salpether
equation for FB(t1, t2). Dashed lines are conduction elec-
trons propagators while full red-lines are bosonic ones.
The resulting expression is given in Eq. (36).

The OTOC can be rewritten as a four-point function on
the on the two-fold Keldysh contour introduced above

CB(t1, t2) = −1
K2

K∑
i,j=1

〈
Bd,cli (t1)Bd,qj (0)Bu,cli (t2)Bu,qj (0)

〉
(35)

Doing a similar diagrammatic expansion as for the aux-
iliary f -fermions, we find that the 1

N part FB of CB sat-
isfies the following ladder equation in the limit N → ∞

FB(t1, t2) = F
(0)
B (t1, t2) + γ

4

∫
dt3 dt4KB(t1, t2, t3, t4)

× FB(t3, t4)
(36)

where

KB(t1, t2, t3, t4) =
∫
dt dt′K

(1)
B (t1, t2, t, t′) (37)

×K
(2)
B (t, t′, t3, t4) (38)

K
(1)
B (t1, t2, t3, t4) = GRB(t1, t3)GAB(t4, t2)GKc,ud(t4, t3)

(39)

K
(2)
B (t1, t2, t3, t4) = GRf (t1, t3)GAf (t4, t2)GKc,du(t3, t4)

(40)

The corresponding Feynman diagrams are shown in
Fig. 5. We note that the kernel KB entering the
bosonic OTOC has a similar structure with respect to
the fermionic one, namely two loops made with fermionic
(bosonic) Green’s function and vertical (Wightman) con-
duction electons one. In the low-temperature limit, using
the conformal expressions for the Green’s function, we
conclude that the two kernels Kf and KB are equal upon
changing the scaling dimensions of auxiliary fermions and
bosons, i.e. upon sending ∆f ↔ ∆B . Then the compu-
tation of the Lyapunov exponent proceeds in exactly the
same way as above. The eigenvector (31) has the same
form with ∆f replaced by ∆B . Remarkably, the eigen-
value k(h) is symmetric under exchange of ∆f and ∆B .
As a result the scrambling rate for the auxiliary bosons B
is the same as for impurity fermions f and given again by
Eq. (33) and plotted in Fig. 4. To summarize in our MCK
the physical spin fractionalizes in strongly coupled aux-
iliary fermions and bosons. Their scrambling properties
at low temperature turns out to be identical, a Lyapunov
exponent λL linear in temperature with a prefactor that

depends on γ. Intriguingly for γ = K/N = 1 both modes
acquire their maximal scrambling rate which is however
only half of the maximal value allowed by the bound on
chaos. This result is therefore different from other mod-
els of fermions coupled to bosons in which the two sectors
acquire a Lyapunov exponent parametrically smaller one
from the other, as well as from the maximum allowed
value [64]

We should remark at this stage that these auxiliary
degrees of freedom are not physical, gauge invariant ob-
jects but only serve to represent the quantum spin. In
order to fully elucidate the many-body chaos content of
our MCK model it is therefore crucial to evaluate the
OTOC of physical degrees of freedom, such as conduc-
tion electrons and the impurity spin as we will do in the
next sections.

B. Conduction electrons

We now turn to the computation of the OTOC of the
conduction electrons at the impurity site

Cc(t1, t2) = θ(t1)θ(t2)
N2K2

K∑
i,j=1

N∑
α,β=1

Tr
[√

ρ
{
ĉiα(t1), ĉ†

jβ(0)
}

× √
ρ
{
ĉiα(t2), ĉ†

jβ(0)
}†

]
(41)

which can be represented as the four-point function on
the two-fold Keldysh contour like

Cc(t1, t2) = 1
N2K2

K∑
i,j=1

N∑
α,β=1

〈
cd,cliα (t1)cd,cljβ (0)

× cu,qiα (t2)cu,qjβ (0)
〉 (42)

We expand this correlator in powers of the interaction
vertex including 1/N corrections

Cc(t1, t2) = 1
NK

GR,0c (t1)GA,0c (−t2)+ 1
N

1
NK

Fc(t1, t2)+· · ·
(43)

In the large N limit, Fc(t1, t2) satisfies the ladder equa-
tion shown on Fig. 6.

Fc(t1, t2) = F (0)
c (t1, t2) +F (B)

c (t1, t2) +F (f)
c (t1, t2) (44)

The first two diagrams, which correspond to F (0)
c , are

the 1/N bubble corrections to the bare electronic prop-
agator. The exponential growth will come from the
last two diagrams F (B)

c and F
(f)
c and we will focus on

these two. Notice that this ladder equation is not a
self-consistent equation as the previous BS equations for
fermions and bosons, i.e. Fc only appears on the left
hand side at the leading order. This is ultimately due to
the structure of the diagrammatics in our MCK model,
with a vertex coupling fermions, bosons and conduction
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FIG. 6: Resummation of ladder diagrams for the OTOC of the conduction electrons, Fc(t1, t2). Dashed lines are
conduction electrons propagators while full red-lines are bosonic ones. The resulting expression is given in Eq. (44-45).

electrons. As such we can evaluate the OTOC of conduc-
tion electrons directly since we already know Ff and FB
from the previous section.

We detail the derivation for the diagram involving Ff ;
it is then straightforward to adapt the computation to
the other one. The fermionic contribution F

(f)
c (t1, t2)

can be read off from Fig.6 and it is given by

F (f)
c (t1, t2) =

∫ i=6∏
i=3

dtiG
R
c (t1, t3)GAc (t4, t2)GKB,ud(t4, t3)

× Ff (t3, t4, t5, t6)GRc (t5)GAc (−t6)GKB,du(t5, t6)
(45)

In this expression, Ff (t1, t2, t3, t4) is a generalisation of
Ff (t1, t2) where we replace the times 0 by t3 and t4
on the right end of the ladders in (4). To compute
this quantity, we replace the exponential ansatz (26) by
F̃ (t1, t2, t3, t4) = eλL

t1+t2−t3−t4
2 f1(t1 − t2)f2(t3 − t4). Af-

ter Fourier transform with respect to t1−t2 and t3−t4, f2
drops out of the ladder equation and f1 satisfies (27) and
so is equal to (31). Taking the inverse Fourier transform
we obtain

Ff (t1, t2, t3, t4) = ei
α
β (t1−t2)eλL

t1+t2−t3−t4
2 ×

×
Γ

(
∆f + h

2
)

(2πT )2∆f +h−1

(
π

β cosh
(
πt12
β

))2∆f +h
f2(t3 − t4) (46)

Pluggin this expression in (45), the integral over (t5, t6)
factorises and gives a constant. If we replace GKB,ud by
its conformal expression given in Appendix B, we finally
obtain

F (f)
c (t1, t2) = cte × eλL

t1+t2
2 H(t1 − t2) (47)

with

H(t) =
∫
dω

2π e
−iω(t1−t2)GR,0c

(
ω + i

λL
2

)
×GA,0c

(
− ω + i

λL
2

)
fc(ω),

(48)

with fc(ω) ≡
(

π

β cosh
(

πt
β

))1+h
. One would find a simi-

lar expression for F (B)
c and so we can conclude that Fc

grows exponentially Fc(t1, t2) ∼ eλL
t1+t2

2 witht the same
Lyapunov exponent λL as the impurity fermions and

the auxiliary bosons. This result is particularly remark-
able, since the conduction electrons are essentially non-
interacting degrees of freedom in their bulk and hence
non-chaotic (their Lyapunov exponent far away from the
impurity should vanish). However due to the strong cou-
pling at the boundary with the impurity spin they de-
velop many-body chaos with a linear-in temperature Lya-
punov exponent. This suggests that the OTOC of the
conduction electrons should develop a non-trivial spatial
dependence, analogue to the Kondo screening cloud. We
leave the investigation of this interesting feature to fu-
ture work. Next we focus on the OTOC and scrambling
properties of the impurity spin.

V. IMPURITY SPIN OTOC

In the previous sections we have computed the OTOC
of auxiliary fermions, bosons and conduction electrons.
These types of correlators can be written as two-particle
Green’s functions in the doubled Keldysh contour and
their evaluation can be done, to large extent, following
similar calculations for the SYK model. In this section we
tackle a more challenging OTOC correlator of the impu-
rity spin, which as discussed, is a composite object in our
theory of the MCK model. As we are going to show this
results in a different diagrammatic structure, summing
simple ladder diagrams will not be enough. Remarkably
we will be able to extract the leading low temperature
behavior of the Lyapunov exponent and show that it sat-
urates the bound on chaos.

Let us consider the regularised retarded OTOC for the
impurity spin, defined as

CS(t1, t2) = θ(t1)θ(t2)
N4

N∑
α,β,γ,δ=1

Tr
[√

ρ
[
Ŝαβ(t1), Ŝδγ(0)

]
× √

ρ
[
Ŝαβ(t2), Ŝδγ(0)

]†
]

(49)

First we need to rewrite this correlator as an average over
the two-fold Keldysh action. We perform the Keldysh
rotation for the spin degrees of freedom and define

Sσ,clαβ =
Sσ,+αβ + Sσ,−αβ√

2
, Sσ,qαβ =

Sσ,+αβ − Sσ,−αβ√
2

(50)
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FIG. 7: Feynman diagrams for the impurity spin OTOC. Resummation of ladder diagrams for the OTOC of the
impurity spin fermions. Dashed lines are conduction electrons propagators while full red-lines are bosonic ones. The
resulting expression is given in Eq. 57.

with Sσ,±αβ = f
σ,±
α fσ,±β . Then we can rewrite CS as

CS(t1, t2) = − 1
N4

∑
α,β,γ,δ

〈
Sd,clαβ (t1)Sd,qδγ (0)Su,clβα (t2)Su,qγδ (0)

〉
.

(51)
It will be convinient to express Sσ,cl and Sσ,q in terms of
fσ,cl and fσ,q:

Sσ,clαβ = Ψσ

αγ
qΨσ

β Sσ,qαβ = Ψσ

αγ
clΨσ

β (52)

where

Ψσ =
(
fσ,cl

fσ,q

)
, Ψσ =

(
f
σ,cl

f
σ,q

)
, (53)

and where

γcl =
(

1 0
0 1

)
, γq =

(
0 1
1 0

)
(54)

The impurity spin OTOC now takes the form

CS(t1, t2) = − 1
N4

N∑
α,β,γ,δ=1

〈
Ψd

α(t1)γqΨd
β(t1)Ψd

δ(0)γclΨd
γ(0)Ψu

β(t2)γqΨu
α(t2)Ψu

γ(0)γclΨu
δ (0)

〉
= −

∑
µ1···µ4
ν1···ν4

γqµ1µ2
γclν2ν1

γqµ4µ3
γclν3ν4

Cµ3ν3;µ4ν4
µ1ν1;µ2ν2

(t1, t2) .
(55)

with

Cµ3ν3;µ4ν4
µ1ν1;µ2ν2

(t1, t2) = 1
N4

N∑
α,β,γ,δ=1

〈
f
d,µ1
α (t1)fd,µ2

β (t1)fd,ν2
δ (0)fd,ν1

γ (0)fu,µ4
β (t2)fu,µ3

α (t2)fu,ν3
γ (0)fu,ν4

δ (0)
〉

(56)

As previously, we expand the correlator Cµ3ν3;µ4ν4
µ1ν1;µ2ν2

(t1, t2)
in powers of the interaction vertex and keep only the
leading diagrams in the large N and K limit, which are
shown on Fig. 7. Remarkably, these diagrams can be

factorized into the product of auxiliary fermions OTOC

Cµ3ν3;µ4ν4
µ1ν1;µ2ν2

(t1, t2) = F
µ3ν3
µ1ν1

(t1, t2)Fµ4ν4
µ2ν2

(t1, t2) , (57)
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where

Fµ4ν4
µ2ν2

(t1, t2) = 1
N2

∑
β,δ

〈
fµ2,d
β (t1)fν2,d

δ (0)fµ4,u

β (t2)fν4,u
δ (0)

〉

(58)

F
µ3ν3
µ1ν1

(t1, t2) = 1
N2

∑
α,γ

〈
f
µ1,d

α (t1)fν1,d
γ (0)fµ3,u

α (t2)fν3,u

γ (0)
〉

(59)

Using the expressions of the matrices γcl and γq, the
fact that the correlator ⟨fqf cl⟩ is zero and symetries be-
tween the different OTOCs we can simplify the sum into

CS(t1, t2) = −
[
F++(t1, t2)F−−(t1, t2)∗

− F+−(t1, t2)F−+(t1, t2)∗ + c.c
] (60)

with

Fss′(t1, t2) ∝ 1
N2

N∑
α,β=1

Tr
[
√
ρ
[
f̂α(t1), f̂†

β(0)
]
s

× √
ρ
[
f̂α(t2), f̂†

β(0)
]†

s′

] (61)

with s, s′ = ±. The four possible combinations of prod-
uct of commutator and anticommutator Fss′ appear in
the definition of the OTOC. We have already computed
the first one F++ and one could be tempted to write
down a ladder equation for the other three and try to
find the scrambling rate by the same technique that we
have used above. However the Keldysh structure of the
resulting Bethe-Salpeter equations makes it hard to find
a closed analytic solution. Since we are only interested in
computing the scrambling rate of the spin, we will take a
different approach. To simplify the discussion from now
on we drop the spin and channel indices and we take
t1 = t2 = t. Then we can write

CS(t) = −4 θ(t) Re
{

Tr
[√

ρf̂(t)f̂†(0)√ρf̂†(t)f̂(0)
]2}

+· · ·
(62)

Here we have only shown the OTOC part of CS which
is responsible for the exponential chaotic growth. To see
how it behaves, notice that

Tr
[√

ρf̂(t)f̂†(0)√ρf̂†(t)f̂(0)
]

= Tr
[
ρ

1
4 f̂

(
t+ i

β

4

)
ρ

1
4 f̂†(0)ρ 1

4 f̂†
(
t+ i

β

4

)
ρ

1
4 f̂(0)

]
= F1/4

(
t+ i

β

4 , t+ i
β

4

)
(63)

with

F1/4(t1, t2) ≡ Tr
[
ρ

1
4 f̂(t1)ρ 1

4 f̂†(0)ρ 1
4 f̂†(t2)ρ 1

4 f̂(0)
]

(64)

This function F1/4, which corresponds to a different
OTOC regularisation [19, 73], satisfies the same ladder
equation as the retarded OTOC

F1/4(t1, t2) = F 0
1/4(t1, t2) +

∫
dt3dt4 K(t1, t2, t3, t4)

× F1/4(t3, t4)
(65)

with K(t1, t2, t3, t4) the kernel defined above. Thus
F1/4(t1, t2) is of the form

F1/4(t1, t2) = ei
α
β (t1−t2)f(t1 − t2)eλL

t1+t2
2 (66)

with f a real function (the expression is written above).
Then we conclude that F1/4 grows exponentially with a
Lyapunov exponent λL equal to the one of the retarded
OTOC correlator.

F1/4

(
t+ i

β

4 , t+ i
β

4

)
= f(0) ei

βλL
4 eλL

t1+t2
2 (67)

Using this result and the expression for the spin OTOC
in Eq.(62) we obtain

CS(t) ∼ f(0) cos
(βλL

2

)
e2λL

t1+t2
2 (68)

We conclude therefore that the impurity spin OTOC has
a Lyapunov exponent given by twice the value of the
fermionic and bosonic one. This factor of two is crucial
since it allows the impurity spin, a physical and gauge in-
variant degree of freedom of our theory, to become max-
imally chaotic and to saturates the bound on chaos for
γ = 1, i.e. when the size of the impurity spin is equal
to the number of channels. Right at this point bosons
and fermions, the composite degrees of freedom of the
impurity spin are also chaotic, but only acquire half of
the maximal Lyapunov exponent, a sort of equipartition
of maximal chaos.

VI. DISCUSSION

The results obtained in the previous section show that
the MCK model in the infinite N,K limit at fixed K/N
is maximally chaotic and saturates the bound on chaos.
This is a striking result from several standpoints that we
briefly highlight here. First, maximal chaos occurs in a
model that, quite differently from the SYK and its vari-
ations, does not present any random all-to-all coupling
but only boundary interactions between a large quantum
spin, strongly coupled to a large number of free fermionic
channels. As we will argue this has direct consequences
on the physical origin of the fast scrambling dynamics of
the MCK model that sets it apart from other well known
examples.

A second reason for which this result is remarkable
is from the point of view of the properties of the MCK
model. Infact these models are integrable [74, 75] at any
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finite N,K. For example, for N = K = 2 the model
reduces to the two-channel Kondo model (2CK) which is
known to be integrable at low energy. In particular it is
known from CFT that the spectrum is made of a finite
number of tower of states, where within each tower is
the levels are equally spaced by πvF /L. Hence, although
the system is a non-Fermi Liquid, there is a quasipar-
ticle description which is revealed by CFT [46, 49, 58].
Furthermore in this case at zero temperature there is
a residual entropy coming from a decoupled Majorana
mode [56]. Recent work investigating the OTOC in the
2CK model [68] did not find any trace of exponential
growth and Lyapunov chaos, a result which is compatible
with the fact that models with finite local Hilbert space
(i.e. spin chains) do not have an exponential regime for
the growth of OTOC.

To reconcile the known results at finite N,K with our
results in the limit N,K → ∞ is it crucial to under-
stand how the finite-size spectrum, residual entropy and
OTOC evolve in the MCK as the large N,K limit is ap-
proached. The case of the SYK model in this respect
is well understood: the finite-size spectrum contains ex-
ponentially many states above the groundstate, with ex-
ponentially small level spacing, leading to an extensive
residual zero temperature entropy [31] if the large volume
limit is taken first with respect to the zero-temperature
one. However the structure of the spectrum for the finite
N,K MCK model is very different from the case of SYK.
In the 2CK model the residual entropy at T = 0 arises
from high-energy, large quantum number states whose
level spacing is still regular and set by the inverse system
size. In the thermodynamic limit, as the level spacing
becomes small, these high-energy states with high degen-
eracy yield a residual entropy, when temperature is sent
to zero after the taking the thermodynamic limit [46]. A
similar mechanism is at play for any K,N finite, with
levels described by SUK(N). We can now understand
qualitatively how the structure of the spectrum of the
MCK model evolves as N,K are increased: while the
CFT tower with the 1/L spacing is always there, the key
is the behavior of the spectrum at large quantum num-
bers and whether exponentially many-levels contribute.
This interpretation is indeed confirmed by looking at the
residual entropy of the MCK for generic N,K, computed
in Ref. [62], which gives a result of order N in the large N
limit, where N is the size of the spin. We conjecture that
the fast scrambling we find in our calculation is associ-
ated with this manifold of states with high-degeneracies.

What are the consequences for the OTOC at finite but
large N,K? The exponential growth of the OTOC is ex-
pected to hold on time scales shorter than the Ehrenfest
time [18], that in the present case should be identified
with tE ∼ logN . In the case of the SYK the long-time
dynamics of the OTOC is controlled by Goldstone-mode
fluctuations associated to time-reparametrization. These
fluctuations act as a restoring force giving rise to a time
scale above which a power-law decay of the OTOC is
observed [76, 77]. We can speculate that a mechanism

similar to this one will be at play in controlling the long
time behavior of the OTOC for t ≫ tE at finite N,K.

VII. CONCLUSIONS

Models that saturate the quantum bound on chaos are
appealing for a wide range of communities, from high-
energy theory to condensed matter and statistical me-
chanics. While few examples displaying maximal chaos
exist, beyond the celebrated SYK model, they typically
involve extended systems with random all to all interac-
tions or conformal symmetries. In this work we exhibit
arguably the simplest model of fast scrambler: a quan-
tum SU(N) spin coupled to a metallic bath with K chan-
nels, in the large N and K limit, with fixed γ = K/N .
In this limit the quantum spin fractionalise due to strong
correlations into auxiliary fermionic and bosonic degrees
of freedom, coupled to the conduction electrons of the
metallic bath. Using the generalised two-fold Keldysh
time contour, we have computed diagrammatically the
OTOC for auxiliary fermions and bosons as well as the
conduction electrons. We have demonstrated that for all
these degrees of freedom the Lyapunov exponent is linear
in temperature as T → 0, with a tunable prefactor max-
imum at γ = 1. Finally, we have shown that the OTOC
of the physical impurity spin factorizes in the large N
limit and can be deduced from the OTOC of the auxil-
iary fermions. In particular for the value γ = K/N = 1
the spin OTOC saturates the bound on chaos.

The onset of maximal chaos raises the intriguing ques-
tion of whether there is a gravity analogue of the MCK
model, i.e. whether the effective theory of the soft
mode associated to a broken reparametrization symme-
try would be related to some model of gravity. Re-
markably, holographic realization of Multichannel Kondo
impurity models have been proposed in the context of
the AdS/CFT correspondence [78–80], even though their
chaos properties on the gravity side has not been inves-
tigated to the best of our knowledge.

The field theory technique used in this work to evalu-
ate the OTOC and Lyapunov exponent of composite op-
erators such as the impurity spin could find immediate
applications in the investigation of scrambling and chaos
in models for doped quantum spin glasses which display
similar fractionalisation [65–67]. Finally, a natural ex-
tension of the present work would be to investigate the
non-equilibrium properties of this model and compare it
to the known results on the SYK model. In particular, it
could be interesting to see if the relaxation towards ther-
mal equilibrium in this model also displays a Planckian
behaviour, with a thermalization rate proportional to the
temperature.
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Appendix A: Details on Double Contour

In this appendix we provide additional details on the two-fold Keldysh technique used in the main text to compute
the retarded regularized OTOCs, like the f -OTOC

Cf (t1, t2) = θ(t1)θ(t2)
N2

N∑
α,β=1

Tr
[√

ρ
{
f̂α(t1), f̂†

β(0)
}√

ρ
{
f̂α(t2), f̂†

β(0)
}†

]
, (A1)

where √
ρ = e−βĤ/2 and f̂α(t) = eiĤtf̂αe

−iĤt. By rearranging the exponential factors, Cf (t1, t2) can be rewritten like

Cf (t1, t2) = θ(t1)θ(t2)
N2

N∑
α,β=1

〈{
f̂α

(
t1 − i

β

2

)
, f̂†
β

(
− i

β

2

)}{
f̂α(t2), f̂†

β(0)
}†

〉
β

, (A2)

with ⟨· · · ⟩β = Tr[· · · e−βĤ ]/Z the thermal average. The partition function of the model Z along the two-fold time
contour of Fig. 2 is given by

Z =
∫

D[f, f, c, c, B,B, µ]ei(S0+Sint) (A3)

with S0 the non-interacting action and Sint the interacting part

Sint = − i√
N

∫ +∞

−∞
dt

∑
σ=u,d

∑
s=+,−

∑
iα

(
B
σ,s

i (t)cσ,siα (t)fσ,sα (t) +Bσ,si (t)fσ,sα (t)cσ,siα (t)
)

(A4)

σ = u, d denotes the upper and lower folds of the contour and +,− the forward and backward branch on the
corresponding fold. Thermal expectation values ⟨· · · ⟩β can then be represented as averages over the action S on the
two-fold contour ⟨· · · ⟩S , like for instance〈

f̂
(
t1 − i

β

2

)
f̂†

(
− i

β

2

)
f̂†(t2)f̂(0)

〉
β

=
〈
fd,−(t1)fd,+(0)fu,−(t2)fu,+(0)

〉
S
. (A5)

The retarded OTOCs, like A2, are more easily represented by using the Keldysh rotated fields on each time fold σ

fσ,cl/qα (t) = fσ,+α (t) ± fσ,−α (t)√
2

, f
σ,cl/q

α (t) = f
σ,+
α (t) ∓ f

σ,−
α (t)√

2
(A6)

B
σ,cl/q
i (t) = Bσ,+i (t) ±Bσ,−i (t)√

2
, B

σ,cl/q

i (t) = B
σ,+
i (t) ±B

σ,−
i (t)√

2
(A7)

c
σ,cl/q
iα (t) = cσ,+α (t) ± cσ,−iα (t)√

2
, c

σ,cl/q
iα (t) = cσ,+iα (t) ∓ cσ,−iα (t)√

2
(A8)

In this basis, the interacting part of the action on the two-folds Keldysh contour is expressed as

Sint = − i√
2N

∫ +∞

−∞
dt

∑
i,α,σ

[
B
σ,cl

i

(
cσ,cliα fσ,clα + cσ,qiα f

σ,q
α

)
+B

σ,q

i

(
cσ,cliα fσ,qα + cσ,qiα f

σ,cl
α

)
+Bσ,cli

(
f
σ,cl

α cσ,cliα + f
σ,q

α cσ,qiα
)

+Bσ,qi
(
f
σ,cl

α cσ,qiα + f
σ,q

α cσ,cliα

)] (A9)

The intra-fold two-point functions are the same as in the usual single-fold Keldysh formalism and are identical on
the upper and lower folds:
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Gσσ
f =

(
GRf GKf
0 GAf

)
Gσσ
c =

(
GRc GKc
0 GAc

)
Gσσ
B =

(
GKB GRB
GAB 0

)
σ = u, d (A10)

In these notations the matrix elements for a given field ψ are [Gσσ′

ψ ]ss′(t, t′) = −iξ⟨ψσ,s(t)ψσ
′,s′

(t′)⟩ with σ, σ′ = u, d
and s, s′ = cl, q and where χ = 1 (resp. −1) if ψ is fermionic (resp. bosonic). We have omitted the spin and channel
indices to simplify notations. The retarded, advanced and Keldysh Green’s functions are defined by

iGRψ (t, t′) = ξθ(t− t′) ⟨[ψ̂, ψ̂†(t′)]ξ⟩ (A11)

iGAψ (t, t′) = −ξθ(t′ − t) ⟨[ψ̂, ψ̂†(t′)]ξ⟩ (A12)

iGKψ (t, t′) = ξ ⟨[ψ̂, ψ̂†(t′)]−ξ⟩ (A13)

where the average is over the thermal density matrix and [A,B]ξ = AB + ξBA. For the inter-fold Green’s functions,
only the Keldysh component is non-zero

Gσσ
f =

(
0 GKf,σσ(t, t′)
0 0

)
, Gσσ

c =
(

0 GKc,σσ(t, t′)
0 0

)
, Gσσ

B =
(
GKB,σσ(t, t′) 0

0 0

)
(A14)

where we used the notation u = d and reciprocally. These are the so-called Wightman correlators, which are defined
as the thermal averages

iGKψ,ud(t, t′) = 2ξ
〈
ψ̂

(
t− i

β

2

)
ψ̂†(t′)

〉
, iGKψ,du(t, t′) = −2ξ

〈
ψ̂†

(
t′ − i

β

2

)
ψ̂(t)

〉
(A15)

To write the OTOC A2 as a four-point function on the two-fold contour 2, one can develop the product of the two
anti-commutators and use the identity

θ(t)
(
f̂(t)f̂†(0) + f̂†(0)f̂(t)

)
= 1

2

[
T

(
f̂(t)f̂†(0)

)
− T̃

(
f̂(t)f̂†(0)

)
+ f̂(t)f̂†(0) + f̂†(0)f̂(t)

]
, (A16)

where T and T̃ are the time-ordering and anti-time ordering operations. Using identities like A5 and the definition
of the rotated fields A6, after some rearrangements we finally get

Cf (t1, t2) = 1
N2

N∑
α,β=1

〈
fd,clα (t1)fd,clβ (0)fu,qα (t2)fu,qβ (0)

〉
(A17)

Appendix B: Real time Green’s function

For bosons and fermions, the real time retarded, advanced, and Wightman two-point functions are related to the
imaginary time Matsubara Green’s function by analytic continuation

GR(t) = iθ(t)
(
G(τ = it+ ϵ) −G(τ = it− ϵ)

)
, (B1)

GA(t) = −iθ(−t)
(
G(τ = it+ ϵ) −G(τ = it− ϵ)

)
, (B2)

GKdu(t) = 2iG
(
τ = it+ β

2

)
, (B3)

GKud(t) = 2iG
(
τ = it− β

2

)
. (B4)



14

By using the conformal expression of the Matsubara Green’s functions 11, one finds after some simple manipulations
for the auxiliary fermions f :

GRf (t) = −2iAfθ(t) cos
(
π∆f − i

α

2

) ei
α
β t

cosh
(
α
2

)(
π

β sinh
(
πt
β

))2∆f
(B5)

GAf (t) = 2iAfθ(−t) cos
(
π∆f + i

α

2

) ei
α
β t

cosh
(
α
2

)(
π

β sinh
(

− πt
β

))2∆f
(B6)

GKf,du(t) = −2iAf
ei

α
β t

cosh
(
α
2

)(
π

β cosh
(
πt
β

))2∆f
(B7)

GKf,ud(t) = 2iAf
ei

α
β t

cosh
(
α
2

)(
π

β cosh
(
πt
β

))2∆f
(B8)

For the auxiliary bosons B, we have

GRB(t) = −2ABθ(t) sin
(
π∆B − i

α

2

) ei
α
β t

cosh
(
α
2

)(
π

β sinh
(
πt
β

))2∆B
(B9)

GAB(t) = −2ABθ(−t) sin
(
π∆B + i

α

2

) ei
α
β t

cosh
(
α
2

)(
π

β sinh
(

− πt
β

))2∆B
(B10)

GKB,du(t) = −2iAB
ei

α
β t

cosh
(
α
2

)(
π

β cosh
(
πt
β

))2∆B
(B11)

GKB,ud(t) = −2iAB
ei

α
β t

cosh
(
α
2

)(
π

β cosh
(
πt
β

))2∆B
(B12)

Finally, we get for the conduction electrons

GKc,du(t) = −2iρ0
π

β cosh
(
πt
β

) (B13)

GKc,ud(t) = 2iρ0
π

β cosh
(
πt
β

) (B14)
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