N

N

Recovery of an inclusion in photoacoustic imaging

Yavar Kian, Faouzi Triki

» To cite this version:

‘ Yavar Kian, Faouzi Triki. Recovery of an inclusion in photoacoustic imaging. 2024. hal-04662148

HAL Id: hal-04662148
https://hal.science/hal-04662148

Preprint submitted on 25 Jul 2024

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-04662148
https://hal.archives-ouvertes.fr

RECOVERY OF AN INCLUSION IN PHOTOACOUSTIC IMAGING

YAVAR KIAN AND FAOUZI TRIKI

ABsTracT. In photoacoustic imaging the objective is to determine the optical properties of biological tissue
from boundary measurement of the generated acoustic wave. Here, we propose a restriction to piecewise
constant media parameters. Precisely we assume that the acoustic speed and the optical coefficients take two
different constants inside and outside a star shaped inclusion. We show that the inclusion can be uniquely
recovered from a single measurement. We also derive a stability estimate of Lipschitz type of the inversion.
The proof of stability is based on an integral representation and a new observability inequality for the wave
equation with piecewise constant speed that is of interest itself.

1. INTRODUCTION

Photoacoustic imaging (PAI) [3, 23, 28, 42, 4, 11, 10] is an imaging technique that couples acoustic and
optical waves to achieve high-resolution imaging of optical properties of biological tissues. In a typical (PAI)
experiment, near infra-red (NIR) photons are radiated into the biological tissue which is heated up due to
the absorption of the electromagnetic energy. The heating then results in the expansion of the tissue which
causes the generation of a pressure wave. The measurement of this later on the boundary is then used to
reconstruct the optical absorption and diffusion coefficients of the tissue.

The inversion procedure in (PAI) proceeds in two steps. In the first step, the initial pressure field
which is proportional to the local absorbed energy inside the tissue, is recovered from pressure wave bound-
ary data. Mathematically speaking, if the acoustic speed is known, this is a linear inverse source problem
for the acoustic wave equation [1, 2, 13, 15, 16, 17, 20, 22, 24, 32, 33, 34, 37]. In the second step, we
reconstruct the optical absorption and diffusion coefficients using internal data recovered from the first in-
version [7, 30, 31, 35, 9, 39, 8, 40].

Photoacoustic imaging provides both contrast and resolution. The contrast in (PAI) is mainly due to
the sensitivity of the optical absorption and diffusion coefficients of the tissue in the near infra-red regime.
For instance, different biological tissues absorb NIR photons differently. The resolution in (PAI) comes in
when the acoustic waves propagate inside the biological tissue without attenuation, and therefore the corre-
sponding wavelength provides a good resolution (usually submillimeter).

Due to the lack of information on the spatial distribution within heterogeneous biological tissue and
since more than 80% of the tissue is formed by water the acoustic speed in (PAI) is assumed to be a constant
equal to the acoustic speed of the water (such as 1540 m/s). However, in practice the true speed changes
as the acoustic waves propagate through different types of soft tissues. Indeed experimental studies suggest
that the acoustic velocity in biological tissues may have variations of up to 10% of the acoustic velocity in
water [43, 44]. Failure to compensate the acoustic speed variations in heterogeneous biological tissue leads
to aberration artefacts deteriorating the (PAI) image quality. Few mathematical works already proposed to
address this issue by simultaneously determining the acoustic speed and the initial pressure [38, 21, 29, 19].
However the inverse problem to recover both the speed and the initial state for wave equations without
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estimate.
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additional measurements seem to be severely ill-posed [38]. Most of the existing results show the uniqueness
of solution to the inverse problem by assuming additional technical conditions on both the acoustic speed
and the initial pressure [21, 29, 19].

In this work we are interested in solving the inverse problem with non-smooth parameters. In particular
we assume that the acoustic speed and optical coefficients are piecewise constant functions with the same set
of discontinuities. This was established in [41, Chapter 3], by considering the biological tissue as a mixture
of blood and water. The acoustic velocity in water being different from the acoustic velocity in blood, the
velocity of the biological tissue then depends on the spatial distribution of water and blood in the mixture.
Furthermore, the optical absorption in the mixture will be mainly caused by hemoglobin (as in a biologi-
cal tissue), and will therefore also depend on the location of blood in the mixture. We assume here that
the blood occupies a bounded inclusion, and the initial state is a function of the characteristic function of
such inclusion. Since the value of the velocity of the blood and water are known the (PAI) inverse problem
becomes a problem of identification an inclusion from the measurement of the acoustic wave on the boundary.

The paper is organized as follows. In section 2, we introduce the (PAI) inverse problem and announce
the main results of the paper. Assuming that the initial state which represents the absorption map of the
biological tissue, satisfies some reverse inequality with respect to the set of discontinuity of the acoustic
speed, we obtain a Lipschitz stability estimate. The main result is summarized in Theorem 2.1. The well-
posedness of the forward problem is studied in section 3. Precisely, the existence and uniqueness of solution
are provided in Proposition 3.1. In section 4, we derive a new observability inequality for the wave equation
with piecewise constant speed that is of interest itself. The proof of the stability estimate is based on an
integral representation formula of the pressure wave exposed in Theorem (5.1). The derivation of this latter
is detailed in section 5. Finally, section 6 is devoted to the proof of the main stability estimate of Theorem
2.1.

2. STATEMENT OF THE PROBLEM AND MAIN RESULT

In this section we introduce the (PAI) inverse problem and announce the main results of the paper.

Let  be a C? connected bounded open set of R®. Let a be a fixed constant within (3, 1) and consider
w an open set of R? such that @ C €2, and define

c:=14(a—1)1,, (2.1)

where 1, is the characteristic function of the inclusion w. We consider the following initial boundary value
problem

¢ 20p — Aup = 0, in (0, +00) x €,
p(0,)=f, 9wp(0,-)=yg, inQ, (2:2)
Oup + BOp =0, on (0,400) x 99,

where 3 € C?(9€; (0, +o0)) represents the damping of the acoustic transducers on the boundary. We assume
here that f € H2(2), g € H*(Q), and they satisfy the following compatibility conditions

/ c2gdz+ [ Bfdo(z) =0, 9,f+Bg=0on dN. (2.3)
Q o0

We will assume here that the initial condition f depends on the acoustic speed ¢, that is f = f(c,) €
H2(Q).

Under assumption (2.3), we show in Proposition 3.1 the unique existence of a solution p of (2.2) that lies
in C([0, +00); H2(2)) N C?%([0, +00); L2(£2)), and we consider the (PAI) inverse problem to determine simul-
taneously the sound speed ¢ and the initial pressure f from the knowledge of the pressure data ploox(0,1),
with T' > 0 sufficiently large. The objective of this paper is to derive stability estimate for this inverse



problem.

We fix M > 0 and we introduce the subset F of L>(Q) x H?(Q)) x H*(Q) such that for all (¢, f,g) € F
the following conditions are fulfilled:
(i) the map c takes the form (2.1).
(ii) g € H'(Q) solves Ag = 0 in Q and satisfies the boundary condition g = —3719, f on 9 [36].
(iii) ¢ = f(c,) is a measurable function on L*°(2), and satisfies the following bound for almost every
ce LOO(Q) with ||C||Loo(Q) <L

(e ) pr2 () < M- (2.4)
(iv) For j = 1,2 and for all ¢; of the form (2.1) with w = wj, there exists d > 0 independent of a such that
Hf(cla ) - f(CQ’ )HHl(Q) 2 dH]l‘-Ul - ]lw2||L°°(Q) ) (25)

and we have f(c1,-) = f(co,-) and 9, f(c1,-) = 0, f(ca,-) on O9Q.

Remark 2.1. Notice that since the normal derivative of the initial pressure stays the same for all ¢ of the
form (2.1), we deduce from condition (ii) that g is independent of c. The reverse inequality (2.5) indiquates
that one can determine in a stable way the set of discontinuity of the optical coefficients which is the same
as of the acoustic speed from the knowledge of absorption map [31].

The following stability estimate is the principal result of this article.

Theorem 2.1. For j = 1,2, let (¢, f(cj,-),9) € F, with ¢; of the form (2.1) with w = w;, and denotes by
p; the solution of (2.2). We fix T = 4diam(SY) and we assume that wo is star shaped. Then, there exists a
constant ag = ap(B,Q, M) € (%, 1) such that for any a € (ag, 1) we can find C = C(B,, M,a) > 0 such that
the following stability estimates hold

ller — 2l () < Cllpr — P2l a1 (0,7)x00)5 (2.6)

_1
1f(c1,-) = flezs )lme) < C (||P1 =220l 43 (0 xony T IE (@1 — 3tP2)||L2((o,T)xaQ)) ~ (2.7)

Remark 2.2. Notice that the assumption a € (ag,1) is in agreement with the physical setting. Indeed the
acoustic speed in the biological tissue can vary up to 10% from the constant acoustic velocity in water [43, 44].
Here the acoustic speed in the water is normalized to one and variation in the acoustic speed is bounded by
1— ap.

3. FORWARD PROBLEM

In this section we study the well-posedness of the problem (2.2). For equation with smooth coefficients,
the well-posedness of (2.2) can be deduced by following the analysis of [26]. Nevertheless, since we deal
here with non-smooth sound speeds coefficients ¢ € L>°(2), such properties need to be considered more
carefully. In addition, we show in our results that the solution of (2.2) can be estimated independently of
the parameter a appearing in (2.1).

We denote by L?(£2; c~2dx) the space of measurable functions h satisfying

/ c?|h|?dr < .
Q
We associate with L?(Q; ¢c~2dx) the scalar product

(u, U)LZ(Q;572dI) = / C_Z’U,Edm
Q
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and we recall that L?(Q;c~2dz) is an Hilbert space. Using the fact that 0 < a < ¢ < 1, we deduce that
L?(Q;c72dx) = L*(Q) with equivalent norms. We denote by H the linear subspace of H'(Q) x L?(Q; ¢~ 2dx)
of elements of (ug,u;) € HY(Q) x L?(Q; c~2dx) satisfying the condition
/ c 2uydx + Buodo(z) = 0. (3.1)
Q a0
We can prove the following.

Lemma 3.1. There exists a constant C > 0 depending only on B and Q such that, for all (ug,u1) € H, we
have

2 2 _
ol o) + luallzz o240y < C’/Q(IVUo\2 + 2 [*)da. (3:2)
Proof. 1t is clear that the proof will be completed if we can show that
2
a0y < € [ (a0l + s (33)

For this purpose, let us fix v € C1(Q; R?) and 5 € C%(Q) satisfying v = v and 3 = 3 on 9. Then, applying
the Green formula, we obtain

/ ﬁuoda(x):/div(éuo'y)dx
19) Q

(3.4)
= / BVuyg - vdx —|—/ uodiv(8y)dz.
Q Q
Using the fact that B> 0, we deduce that
/ div(fy)dz = / By - vdo(x) = Bdo(x) > 0.
Q Gle) o0
Therefore, applying the Poincaré-Wirtinger inequality, we deduce that
~ 2
di d
- M <C / Vo |2dz, (3.5)
Jo div(By)dx L) Q

with C > 0 depending only on 8 and . On the other hand, combining (3.4) with (3.1), using the fact that
% < a < ¢ <1 and applying the Cauchy-Schwarz inequality, we obtain

2 2
<2 + ‘/ ¢ 2ude
Q

with C > 0 depending only on 8 and Q. Combining this with (3.5), we obtain
2

/ uodiv(By)da
Q

/ BVuq - vydzx
Q

2
) < C’/(|Vuo|2+ fun [2)dz,
Q

div(By)d
uol2a ey < 20/ Voo 4 | Jotodiv e | C/ (Vo + s ),
Q Jo div(By)dx Q
with C > 0 depending only on 8 and Q. This proves (3.3) and it completes the proof of the lemma. O

According to Lemma 3.1, one can check that the space H endowed with the scalar product

((uo, u1), (vo,v1)) = / Vug - Vogdz +/ ¢ Puyvrda
Q Q
is an Hilbert space. Let us also consider the following density results on H.
Lemma 3.2. Consider the space KC defined by
K = {(uo,u1) € H*(Q) x H}(Q) : dyup =0 on IN}.
Then K NH is dense on H.
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Proof. Let us first show that the K is dense on H'(Q) x L?(Q; ¢ 2dz). Since H}(Q) is clearly dense in
L?(Q;¢=2dx), we only need to prove that the space {h € H?(Q) : d,uo = 0 on 9Q} is dense in H'(Q). For
this purpose, consider —Ay the Laplacian with Neumann boundary condition acting on L?(£2) and recall
that, since Q is C3, D(=Ayx) = {h € H3(Q) : d,uo = 0 on 9Q}. Then, recalling that —Ay is the unique
selfadjoint operator associated with the sesquilinear hermitian form

b(u,v)z/Vu-Vvdm, u,v € HY(Q),
Q

with domain H'(Q), we deduce that D(—Ay) is dense in H'(Q). This proves that K is dense on H!(Q) x
L?(Q; ¢ 2dx). Now recalling that that H is the kernel of a continuous linear form acting on H'(Q) x
L?(2; ¢ 2dx), one can check that K N # is dense on H. O

0 1
A= (CQA 0)
acting on the space H with domain
D(A) == {(ug,u1) € H : (u1,c*Aug) € HY(Q) x L*(Q; ¢ %dx), dyup + Buy =0 on 9N}

Let us observe that for all (ug,u;) € D(A) we have A(ug,u1) € H. Indeed, for all (ug,u;) € D(A), fixing
(vo,v1) = A(ug,u1), we obtain

We denote by A the operator

/c_Qvldx—i— 5v0da(x):/Auodx+ Buido(x)
Q a0 Q o0

:/&,uoda(x)—l—/ Buydo(z) = 0.
Q o0

This proves that (vg,v1) € H. Using the properties described above we will state our first result of existence
of strong solution of (2.2) as follows.

Proposition 3.1. Let (f,g) € H*(Q) x HY(Q) be such that the compatibility conditions (2.3) are fulfilled.
Then problem (2.2) admits a unique solutionp € C*([0, 4+00); L*(£2))NC* ([0, +00); H (£2))NC([0, +00); H?(£2))
and there exists C' > 0 depending only on 5, T and Q such that

IPlle2((0,+00);22(02)) F 1Pler 0,400y 11 (02 F 1Plle(o,400):m2(02)) < C N Dl 20y x 12 () - (3.6)
Proof. This lengthy proof will be divided into four steps.
Step 1: in this step we will show that D(A) embedded continuously into H?(Q2) x H'(€2). For this purpose,
let us first observe that for (ug,u;) € D(A), we have ug,u; € H'(Q), Aug € L*(Q) and d,updz + Buy = 0
on Q. It follows that uy € H(Q), satisfies Aug € L2(2) and 8,uo = —Buy € H2 () and applying [14,
Theorem 2.4.1.3] we deduce that up € H?(f2) and, in view of Lemma 3.1, we obtain

llwoll g2y + Nluall i) < € (||Au0||L2(Q) + [uoll g1y + luall o) + ||8VU0||H%(BQ))

N

O (11280l gpe-sny + sy + s gy + 18l 3 )
C(HCQAUOHL?,(Q;szdm) + ||u0||H1(Q) + ||u1||H1(Q))

C([[A(uo, ur)ll, + [[(uo, ur)ll4,)
Cl

\(U07U1)||D(A)=

NN N

with C' > 0 depending only on § and 2. Here we have used the fact that % < a < ¢ < 1. This proves that
D(A) embedded continuously into H2(2) x H*(Q2) and we deduce that

D(A) := {(ug,u1) € HNH*(Q) x H(R) : 8,up + Bu; = 0 on IN}.
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Step 2: In this step we will prove that the operator A generates a semigroup e*4. Recalling that the
space K N'H, with K defined in Lemma 3.2, embedded into D(A) and, in view of Lemma 3.2, we deduce that
D(A) is dense in H. Fix (ug,u1) € D(A) and notice that, integrating by parts, we obtain

R (A(ug, uy), (ug,u1)) =R (/Q Vu, - Vugdx +/9Au0u1da:>
(3.7)

=R (/89 &,uouldo(x)) =— /BQ B(x) 10, up|?do(x) < 0.

Thus, applying [12, Proposition 2.4.2], we deduce that A is dissipative. Now let us prove that A is maximal
dissipative. For this purpose, according to [12, Proposition 2.2.6], it is enough to show that for any F =
(Fo, F1) € H the equation Av — v = F admits a solution v = (vg,v1) € D(A). Let us first prove that
Ran(A—1d) is a closed subspace of H. For this purpose, let us consider a sequence (g, )nen of Ran(A—Id) that
converges in the sense of H to g. Then, there exists a sequence (hy)nen of D(A) such that g, = (A — Id)hy,
n € N. Then, for all m,n € N, we have

lgn = gmll5 = (A = Td)hs, — (A= Id)hon I3,
= |hn — Bunll3, + | Ahn — Ahu|3, — 29 (B — By A, — i) -
Combining this with (3.7), we deduce that
| — hmH?—[ + HA(hn - hm)H?—[ <lgn — gmHg-[ , myn €N,

which implies that (hy,)nen is a Cauchy sequence of D(A). Combining this with the fact that D(A) embedded
continuously into H?(Q) x H*(£2), we deduce that there exists h € D(A) such that (h,,)nen converges to h in
the sense of D(A) and we have g = (A — Id)h which proves that Ran(A — Id) is closed. Using this property
and applying a density argument, it would be enough to show that for any F = (Fy, F}) € H N H?(Q)?
the equation Av —v = F admits a solution v = (vg,v1) € D(A). For this purpose, let us observe that the
equation Av — v = F can be rewritten as

CzA’Uofv():Fo%*Fl, in Q,

v = F() + v, in Q, (38)

d,v9 + Bvg = —BFy, on 0f2.
Using the fact that 8 € C?(9%; (0, +0)), we deduce that for any F = (Fy, Fy) € H N H?(Q)? the problem

(3.8), which is an elliptic equation with Robin boundary condition with respect to vy, admits a solution
vo,v1 € H%(Q) satisfying d,v9 + Sv1 = 0 on 9. Moreover, using the fact that F' = (Fp, Fy) € H N H?(Q)?,

we obtain
/ Buogdo (z) :/ Bvlda(x)—/ BFydo(x)
o0 [5}9] o0

:/ ﬂvlda‘(.r)—‘,—/c_zFld:L‘
o0 Q

= Burdo(z) —|—/ Avgdz — / ¢ ?(vo + Fy)dx
X9) Q Q

:/ (8Vv0+ﬁv1)da(m)—/c_2v1dx
o0

Q
= —/ ¢ 2y dz.
Q

This proves that (vo,v1) € HNH?(Q) x HY(Q) and d,v9+ Bv; = 0 on 92, which implies that (vg,v1) € D(A).
Therefore, A is maximal dissipative with a domain dense in H and applying the Hille-Yoshida theorem (see
e.g. [12, Theorem 3.1.1.]) we deduce that it generates a semigroup e“.

Step 3: In this step we complete the proof of existence of solutions of (2.2). In view of (2.3) we have
(f,g) € D(A) and, applying [12, Theorem 3.1.1.], we deduce the map ¢ + e*4(f, g) € C([0,+o0); D(A)) N
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C*([0, +0c0); H). Combining this with the continuous embedding D(A) C H?(2) x H (), we deduce that
problem (2.2) admits a solution p € C2([0,+00); L?(2)) N C1([0, +00); H1(2)) N C([0, +00); H?(2)) given
by (p(t),0:p(t)) = e*(f,g). Moreover, applying [12, Theorem 3.1.1] and the fact that D(A) embedded
continuously into H2(2) x H(9), we deduce that there exists C' > 0 depending only on 3, T" and Q such
that

S (P, 9ep)ll (0, +00):D(4))

<O 9 pay
<

CI DN g2 ynm (@) -

1Plle2((0,4-00);22(02)) F 1Pller 0,400y 2 (02)) F 1PNl 0,400): 12 (02))

From this estimate we obtain (3.6).
Step 4: In this step, we prove the uniqueness of solutions of (2.2). For this purpose, let us consider the
energy E defined by

E(t):/(zc_2|6tp(~,t)|2+\Vp(~,t)|2dx, t € [0, +00). (3.9)

Assuming that p € C2([0, +00); L2(2))NCL([0, +00); H(2))NC([0, +00); H%()) solves (2.2) with f = g = 0,
we deduce that E € C1([0,+o0)) and, integrating by parts, we get

E(0) =23t [ (¢ 20805 + V- VOpds
Q
= 2R / (c™20%p — Ap)Oypdx + 2R | O, pdpdo(x)
Q o0
=-2 Blowp|*do(x) < 0.
o0

Therefore, the map E is non-increasing and, using the fact that F(0) = 0, we deduce that £ = 0. Thus, p
is a constant function and using the fact that p(-,0) = 0 we deduce that p = 0. This completes the proof of
the uniqueness of solutions p € C?([0, +00); L2(2)) NCL([0, +o00); H1(2)) NC([0, +00); H?(Q)) of (2.2) and it
completes the proof of the proposition.

|

We can extend this result as follows.

Proposition 3.2. Let (f,g) € H?(Q) x HY(Q) be such that the following condition

Ouf+ Bg =0 on 09, (3.10)

is fulfilled. Then problem (2.2) admits a unique solution p € C*([0,+0o0); L2(Q2)) N C([0, +o0); HL(Q)) N
C([0,4+00); H?(Q)). Moreover, there exists a constant C > 0 depending on (3, 0 such that (3.6) is fulfilled.

Proof. Let us consider A € C, defined by

fQ ¢ 2gdx + f(,m Bfdo(x)
faQ ﬁda(x)

It is clear that (f — A, g) € H and we deduce that (f — A,g) € D(A). Therefore, noticing that constant
functions solve (2.2), with f constant and g = 0, we deduce that p = X + v, with v € C?([0, +00); L*(Q)) N
C*([0,400); HY(R2)) N C([0, +00); H2(Q)) given by (v(t),0w(t)) = e(f — A, g), solves (2.2) and p €
C?([0, +00); L2(22)) N C1(]0, +00); HY(2)) N C([0, +00); H3(Q2)). For the estimate (3.6) and the uniqueness
of such solutions of (2.2) we refer to Proposition 3.1.

A=

O
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4. OBSERVABILITY

In this section, we consider w a star-shaped domain and we recall that there exists zy € w such that for
all x € w the interval [z, ] is contained into w. As a consequence of this result, fixing n the outward unit
normal vector of w, we find

n-(x—x9) 20, z€dw. (4.1)
We define also the following constant
C(z0) = sup |z — o). (4.2)
e

Now let us consider the solution of the following initial boundary value problem

¢ 202u — Ayu = F(t, ), in (0,7) x Q,
U(07 ) = Uog, 3tu(0, ) = Ui, in Q7 (43)
u=0, on (0,T) x ON.

with T > 0, ug € H(Q), u; € L*(Q;¢ %dx), F € L*((0,T) x Q) and ¢ of the form (2.1). Following the
argumentation of [18, Lemma 2.34 and Lemma 2.39], we can prove that (4.3) admits a unique solution
u e C([0,T]; Hy(22)) N CH([0,T]; L*()) satisfying d,ul(o,myxo0 € L*((0,T) x 89)). We prove the following
observability inequality which is an extension of some known results to our class of equations with non-smooth
coefficients [45, 5, 6].

Proposition 4.1. Let (ug,u1) € H}(Q) x L*(Q) and T > 2C(z0)a=? with C(xo) defined by (4.2). Then,
for u the solution of (4.3), we have

2 2 2 2C (z0) T 2 T 2
/Q[\u1| + s < s (/0 /m O, ult, 7)) da(a:)dt+/0 /Q|F(t,a:)| dxdt) (4.4)

is fulfilled.

Proof. By a density argument, it would be enough to prove the result for ug,u; € C3°(Q2). With such
assumptions it is known that (4.3) admits a unique solution u € C3([0, +00); L?(2)) N C([0, +00); HL(Q)) N
C([0,+00); H2(£2)). Without loss of generality we assume also that ug, u; are real valued in such way that u
is also real valued. Fixing xg € w satisfying (4.1) and multiplying (4.3) by Vu - (x — x¢), we obtain

T T
/ / FVu- (x — xg)dadt = / / [02uVu - (x — 20) — 2AuVu - (x — x0)]dwdt
0o Ja 0o Ja
T T
= / / [02uVu - (x — xo)dadt — / / AUV - (x — x0)dadt = I, — Is.
0o Jo 0o Jo

(4.5)
From now on we denote by V the vector valued function V' (z) = z — x¢. Integrating by parts, we obtain

T
I = 7/ / OuVosu - Vdadt +/ Owu(T, )Vu(T,x) - Vdx — / u1Vug - Vdzx
0o Jo Q Q
1 (T
= —5/ /[div(|8tu\2V)— |6tu|2div(V)]dmdt+/ 6tu(T,x)Vu(T7x)~de—/u1Vu0-de
o Ja Q Q
1T 3 (7
= 77/ / |0yul?V - vdo (x)dt + 7/ / |8tu|2d:17dt+/ (T, z)Vu(T,x) - Vdx — / u1 Vug - Vdx
2Jo Joo 2Jo Ja Q Q

T
= §/ /|6tu|2dxdt+/6tu(T,x)Vu(T,x)-de—/u1Vu0~Vdac.
2Jo Ja Q Q



In the same way, we find

I

T T
/ / AuVu - Vdzdt + o> / / AuVu - Vdzdt
0 Q\w 0 w

1 [T . 2 9. aj T . po L
,/O /Q\w[dlv(|Vu| V) — |Vul*div(V)]dzdt + / /[dlv(|Vu| V) — |Vul*div(V)]dzdt

1 T
7/ div(|Vul V)dxdt—f/ / \Vul2dzdt + & / /dlv |Vu|*V) dxdt——/ /|Vu|2d:cdt
2 0 Q\w Q\w

2-1)
(a 5 / / |Vul*V - ndo(x)dt + 5/ / |Vu|?V - vdo(z)dt — 5/ / | Vul?dxdt
0o Jow o Jog 0o Jo
(a?—1)

T 1 (T 3 (T
|Onu|?V - ndo (x)dt + = / / 10,u|?V - vdo (x)dt — 7/ / | Vul*dxdt.
O 2Jo Joa 2Jo Ja

Combining this with (4.5), we find

T
/ /FVu~(mfx0)dxdt:117I2
0 Q

/ / [0 u|2+02|Vu| dxdt—i—/@tuTx)Vu(T x)- Vd;v—/u1Vu0 Vdx

|0, u|*V - ndo(z t,,/ / |0, u|?V - vdo (z)dt
o0 o0

and we obtain

/ [|0cul? + | Vul!dzdt + | Owu(T,2)Vu(T,z) - Vdr — / u1 Vug - Vdzx
Q o

= l—a //|8 u|?V - ndo(x)dt + = //|(9u|V vdo (z dt+/ /FVU (x — xo)dadt.
o9 o9

Using the fact that a € (0,1) and applying (4.1), we obtain that

(1-a?) / /m|anu| V - ndo(z)dt

and it follows that

Recalling that ¢ > a® > 1

/ / |0pu|?® + ¢*|Vul?] da:dt—k/@wa)Vu(T x) - Vda:—/mVuo Vdz+

/ / |0,u|?V - vdo(z)dt + 2C xo/ /|F|2dxdt+ / /|Vu|2dmdt
oN

7> We obtain

T
/ / [|0sul® + 2| Vu|?]dzdt + / (T, z)Vu(T,x) - Vdx — / u1Vug - Vda+
0o Ja Q Q ) (4.6)

1 T T
< f/ / |8,,u|2V-Vda(x)dt+20(x0)/ \F2dudt.
2Jo Joa 0o Jo

Fixing

B(t) ::/Q[|8tu(t)\2+c2|Vu(t)|2]dx, te 0,7,
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we deduce that E € C1([0,T]) and E’ = 0. It follows that

//|8tu|2+02\Vu| ddt = /E #)dt = TE(0) = /[|u1|2+02|Vu0|]

On the other hand, using the fact that ¢ > a, we find

/ Ou(T,2)Vu(T, z) - Vdx — / u1Vug - Vdzx
Q Q

< [ 10wt )| [Vu@ )| 1VI+ [ furl[Vuol V] o
Q Q

< Clag)a 2(E(T) + B(0)) = 2C(xo)a> /Q[|u1|2 + 2|V 2ldz

Combining these estimates with (4.6), we obtain

T T
(T —2C(z0)a™?) / [Ju1|? + 2 |Vug|*)dz g/ / \ayu\Z\V\da(m)dt+2C(:co)/ / |F|2dadt
Q

xo/ / |0, u|?do (z)dt + 20( 330/ /|F| ddt.

This last estimate clearly implies (4.4). O

5. REPRESENTATION FORMULA

Let the condition of Theorem 2.1 be fulfilled with (c;, f(c;,-),g) € F, and denote f; = f(c;,-). Recall
that there exists a constant C' depending on £ and €2 such that

HQHHl Q) <C HfJHHZ(Q) (5.1)
and (f;,9) € H*>(Q) N H' () satisfies the compatibility condition (3.10) with (f,g) = (f;,9;), j = 1,2. Let
us consider p; € C?([0,+00); L*(2)) N C([0, +00); H(Q)) N C([0, +00); H*(2)) the solution of (2.2) with
c=c; and (f,9) = (f;,g;). Consider p = p, — p1 and notice that p solves the problem
07p — 30p = 3(c” — ¢ )Fp1,  in (0,+00) x ©,
p(oa ) = fa atp(oa ) =9, in Qa (52)
dup + Bowp =0, on (0, +00) x 99,

with f = f; — fo and ¢ = g1 — g2. The main result of this section can be stated as follows.

Theorem 5.1. Fiz T = 4diam(Q), a € (3,1) and define the space o H'((0,T)x99) := {h € H'*((0,T)x09Q) :

h(0,:) = 0}. Then, there exist three bounded linear operators G € B(L>(Q); H(R)), Z € B(L*((0,T) x
00); HY(Q)) and J € B(oH((0,T) x 9Q); H}(Q)) such that the identity

Gles(er> — 32— f = Z[B0pl0,ryxa0] + T pl0,1)x00] (5.3)

holds true. Here the operators G, I, J are chosen in such a way that there exists a constant C' > 0 depending

on ), and B such that

Hg”B(LOO(Q) H}(Q)) <C ||f1||H2(Q) ) (5.4)

1ZW L2 0.1y xo; 3 ) F 1T Wb (0,1 x002): 113 (02)) < C- (5.5)

The proof of Theorem 5.1 is based on the construction of a boundary operator that we build by applying

the observability inequality of Proposition 4.1. For this purpose, let us first recall the definition of solutions

of (4.3), when F = 0, in the transposition sense. For this purpose, let us consider the unbounded operator L

acting on L?(Q; ¢ 2dz) with domain D(L) = H(2) N H?(Q) defined by Lh = —c?Ah, h € D(L). It is well

known that L is a strictly positive selfadjoint operator with a compact resolvent. Therefore, the spectrum

of L consists of a non-decreasing sequence of strictly positive eigenvalues (Ag)g>1. Let us also introduce
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an orthonormal basis in the Hilbert space L?(£2;c~2dz) of eigenfunctions (pr)r>1 of L associated with the
non-decreasing sequence of eigenvalues (A;)r>1. For all s > 0, we denote by L*® the operator defined by

+00 +o0
Lg =) {g:0u) Nions g€ D(LY) = {he LAQ) Y g om)l X < oo}
k=1 1

and consider on D(L®) the norm

1
“+o0 2
l9llpers) = <Z|<g,¢k>2kis> , g€ D(L%).

k=1

We can also set D(L™*) the dual space of D(L?®), with respect to L?(Q2; ¢ 2dz), which is a Hilbert space

with the norm )

2

oo 9 o
[l pz-+) = (Z (0, 0n) o] A )

k=1
Let us recall that D(Lz) = HZ () with equivalent norm but due to the fact that the coefficient ¢ is not
smooth the space D(L~2) do not coincide with H=1(Q). In addition, one can check that

2 2
Il 3, = 190220y v € HI(®)

and deduce that there exists C' > 1 deppending only on 2 such that

O ol < ol 3, S Cllolmey v € HAQ). (5.6)

Fixing ¢y € L*(Q; ¢ 2dx), v1 € D(L™2) and g € L2((0,T) x 09), we consider the solution in the
transposition sense of

02 — BAL = 0, in (0,T) x Q,
1/)(07 ) = 1/’07 81‘7/}(07 ) = wla in Qv (57)
Y=g, on (0,T) x 0.

More precisely, for any F' € L*(0,T; L?(£2)) let us consider the solution v € C([0,T]; H}(Q))NC ([0, T]; L?(£2))
of

O?vp — 3Avp = F, in (0,7) x Q,
ve(T,) =0, Owp(T,-) =0, in Q,
vp =0, on (0,T) x 99Q.

The solution in the transposition sense of (5.7), is the unique element ¢ € L°°(0, T; L?(Q; ¢~ 2dx)) satisfying

T
A <¢(t7 ')7 F(t7 ')>L2(Q;c*2dm) dt
- (5.8)
= = (%0, 00 (0, ) p2(0ye-2am) + (Y1, 0F(0,2)) o3y fepdy —/0 - Oyvp (t, x)g(t, x)do(x)dt.
In a similar way to [18, Corollary 2.36], we can show that (5.7) admits a unique solution ¢ € C([0, T]; L*(Q; ¢~ 2dz))N
C([0,T] : D(L™2)) in the transposition sense.
Let us consider the problem

o — 300 =0, in (0,7) x Q,

@(Oa ) = Oa 8“0(0, ) = Yo, in Qa (5 9)
o(T,-) =0, Owp(T,-)=0, in Q, :
¢ = Ao, on (0,T) x 09,

with A a suitable control operator from D(L™2) to L2((0,T) x 89). We recall that ¢, takes the form (2.1)
with w = wy a star-shapped domain. Therefore, applying the observability inequality of Proposition 4.1, we
can prove the following result.
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Lemma 5.1. For T = 4diam(Q) and a € (2,1), we can define A € B(D(L™2); L2((0,T) x 6Q)) such that
for any @y € D(L™2), problem (6.5) admits a unique solution ¢ € C([0,T); L2(Q)) N CL([0,T]; D(L~2)) in
the transposition sense satisfying

ol Lo 07522 (0)) < CH<P0|| 1 (5.10)

with C > 0 depending only on Q.

Proof. Let us start by proving the existence of a solution of problem (6.5) in the transposition sense. Let
@0 € D(L™2), g € L2((0,T)x00Q), F € L*(0,T; L2()), (ug,u1) € HL(Q) x L%(Q) and consider the solutions
of the following initial boundary value problems

O?v — ¢y 2Ayv = F, in (0,7) x Q,
o(T,) =0, Ow(T,-)=0, in Q, (5.11)
u =0, on (0,T) x 99,
02w — A w =0, (0,T) x Q
’LU(T, ) = Uo, atw(T7 ) = Uy, in Qa (512)
w =0, on (0,T) x 09,
1 — A = 0, in (0,7) x Q,
wl(oa ) = 0) 8tw1(07 ) = $o; in Q7 (513)
P =0, on (0,T) x 04,
6?1/’2 - CgAaﬂ/}Q = 07 in (O’T) X Q7
wg(o, ) = 0, aﬂ/)Q(O, ) = 0, in Q, (514)
Y2 =g, on (0,T) x 0.

Let us recall that problem (5.13) admits a unique solution in the transposition sense ¢ € C([0,T]; L*(Q)) N
C*([0,T); D(L™2)) which is the unique element, of L>°(0, T’; L2(€; ¢~ 2dx)) satisfying, for all F € L'(0,T; L*(2)),
the following identity

[ atur = 0.9, 1) s (5.15)
with v € C([0,T]; H} (2)) N CL([0,T]; L*(£2)) the solution of (5.11). In the same way, problem (5.14) admits

1

a unique solution in the transposition sense 1 € C([0,T]; L%(Q)) N C1([0,T]; D(L~2)) which is the unique
element of L>(0,T; L*(Q)) satisfying for all F € L'(0,T; L?(Q2))

cy 2y Fdadt = ' gO,vdo (z)dt, (5.16)
I s

with v € C([0,T]; HE(2)) N CL([0,T]; L*(€2)) the solution of (5.11). Since T' > 2Diam(Q)a~2, Proposition
4.1 and the Poincarré 1nequahty 1mp1y that for any (ug,u1) € H}(Q) x L?(Q) we have

2Diam(2) 2
||u1HL2(Q + H“O”Hl(n) Ci ((Ta2 _ 2Diam(Q))> Ha’/wHLZ((O-,T)Xaﬂ) ’

with C7 > 0 depending only on ). Using the fact that a > % and T = 4diam(Q?), we deduce that Ta® —
2Diam(2)) > Di#(m) > 0 and we get

lurll g2y 4 luoll g o) < 4CL 10w wll L2 (0,7 x002) - (5.17)

Therefore, applying the Hahn Banach theorem, for any ¢y € D(L’%) we can define Apy € L2((0,T) x 09)
such that

T
| [ endsuwdoteyit = (T ) g emsiy = Otr (o)) iy sy 19
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Now let us consider A to be the continuous linear form on L' (0,T; L?(2)) x H& (Q) x L?(Q) given by
T T
N(F,up,uy) = —/ Apod,vdo (x)dt — / Apod,wdo (x)dt.
o Joo o Joo

Then, there exists ¢ € L>(0,T; L2(2)), by € L2(; ¢~2dx), hy € D(L™2) such that

T
A /Q’l/)QFdiL’dt+ <h1,U1>L2(Q) + <h2’uO>D(L7%),D(L%)

T T
= —/ / A(poa,,vda(x)dt—/ / Apod,wdo (z)dt.
0 o0 0 o0

Fixing ug = u; = 0, we deduce that 1, € L>(0,T;L?*()) satisfies (5.16) and from the uniqueness of
1

this expression, we deduce that 1o € C([0,T]; L?(2)) N C*([0,T]; D(L™2)) is the unique solution in the
transposition sense of (5.14) with ¢ = Ayg. In the same way, fixing F' = 0, we deduce that hy = ¥9(T),-)
and hy = =002 (T, ) and it follows

T
(T, ‘)7u1>L2(Q;C—2d:L.) — (0o (T, .)7u0>D(L,%)7D(L%) = */0 /asz Apo0,wdo(x)dt.

Combining this with (5.18), we deduce that 13 (T, ) = —¢1(T, ) and O¢p2(T, ) = —0up1 (T, ) and ¢ = P1+12
solves (6.5) in the sense of transposition. This completes the proof of the first statement of Lemma 5.10. In
order to complete the proof of the lemma, we need to prove the estimate (5.10). For this purpose, let us first
observe that using the fact that % < a < ¢ < 1 and applying classical energy estimates, one can check that
there exists a constant Co > 0 depending only on  such that for v € C([0,7]; Hi(2)) N C1([0,T]; L*())
solving (5.11) and w € C([0, T]; H}(Q)) N C1([0,T]; L*()) solving (5.12), we have

vl eqo,mpma @) + 1vlloro,myez@)) + 1000l 220,y x00) < C2I1E 10,7020 - (5.19)

lwll o, rp;m20)) + Wl o,ry;220)) T 100wl 20,y x00) < Callltoll o) + luall2q))- (5.20)

In the same way, following the argumentation in [18, Lemma 2.42], we can prove that there exists a constant
C3 > 0 depending only on 2 such that

||w1||c([O,T];L2(Q)) + ||/(/)1||C1([O,T];D(L7%)) < C3 ||@O||D(L7%) . (521)

Combining formula (5.17)-(5.18) with (5.21), we deduce that

T
/ Apod,wdo (x)dt
0 oN

< lle o,z (0) uoll L2y + le”cl([O,T];D(L’%)) [uall g1 (o)
< Cs ||‘PO||D(L—%) (lwoll L2y + lwall g qy)
S AGCLI0vw 20,7y %00 ll0ll 5 -3 -
Thus, we have A € B(D(L™2); L2((0,T) x 9Q)) with

1Al g o3 yin20myxony S 4030 (5.22)

Now recall that for any F € L'(0,T;L?(Q)) and v € C([0,T]; H}(Q)) N C1([0,T]; L3(£2)) solving (5.11), we

have
T T
/ / CQngFdxdt = —/ / Apodyvdo(z)dt
o Ja o Joa



14 YAVAR KIAN AND FAOUZI TRIKI

and applying (5.19) and (5.22), we obtain

T
/ / ¢y 2po Fdxdt
0 Q

< 1 Apoll pz¢0,m)x00) 190001 20,7 %00

<4030, ||<P0HD(L—%) Cy ||F||L1(0,T;L2(Q)) :

Therefore, we find
H¢2||L°°(07T;L2(Q)) S 4GC0 ||‘P0HD(L—%) :

Combining this with (5.21) and recalling that ¢ = ¢4 + 12 we deduce (5.10). This completes the proof of
the lemma. 0

Applying Lemma 5.1, we are now in position to complete the proof of Theorem 5.1.

Proof of Theorem 5.1. Let us first recall that, following the arguments of [25, Theorem 2.1] (see also
[18, Lemma 2.43]), for all vg € H}(Q), g € oH*((0,T) x 99Q), F € L'(0,T; L*(Q)) one can check that the
problem

020 — 3Av=F, in (0,7) x Q,
U(O7 ) = Vo, &,v(O, ) = Oa in Qa
v =g, on (0,T) x 99,

admits a unique solution v € C*([0,T]; L*(Q)) N C([0,T); H(Q)) satisfying d,v € L?((0,T) x 9€) and the
estimate

[vll e jo,71;220)) F 1l oo, 7,11 0) T 19w 0l 20,7y x00) < Cllluoll gy I E L1 0,7;22()) 19l a1 0,7y x00))»
with C' > 0 depending on Q and 3. Therefore, applying Lemma 5.1, we can consider ¢ € C([0,T]; L*())
solving (6.5) and we can define the normal derivative of ¢ as an element of the dual space o H'((0,7T) x 69)’
of H((0,T) x 9Q) given by
T
(00, 9) 11101 x 09 0 1 (0.1)x02) = T {0, V0) -1y 1y 1) T+ (AP0, D) 20,7y x00) T /0 /QSDde'

Using this property, the fact that, since fi = fo on 99, we have f € H}(Q) and the fact that p €
C?([0,4+00); L?(Q)) N C1([0, +00); HY(22)) N C([0, +00); H%(£2)), we obtain the following identity

(o, f>D(L—%) DLy~ <A80078VP>L2((0 T)yx09) T <8V90ap>0H1((0 T)x Q) ,0 H ((0,T) x9R)

/ / tp cl A,p)pdrdt = /02(01 —c5 / atplgodtdx

Now using the fact that d,p = —8dp on (0,T) x I, we obtain

{0, f>D(L’%),D(L%) + (A0, BOD) 12((0.1)x00) T (OvP: D)y 111 ((0.1) x09) 10 HY ((0,T) % 02)

N o o [T (5.23)
Z/CQ(CI —cy )/ Ofp1pdtde.
Q 0

Let us consider the operator K defined by

T
0

Using the fact that p; € C%([0, +00); L2(2)), ¢ € C([0,T]; L*()) and applying Lemma 5.1 and estimate
(3.6), (5.1), we obtain

||K900||L1(Q) T HP2||C2 ([0,T];L2 (%)) ||<P||C(OT] L2(Q) S <G ||f1HH2 Q) H@O”
with a constant C, > 0 depending on Q and 3. Thus K € B( (L~2); L}(Q)) and we have
Ci [l 1l g2

”K”B(D(ra) Ll(Q))
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In light of (5.6), can define K* € B(L>(); D(L2)) = B(L>°(Q); H}()) to be the adjoint operator of K as
follows

/Qchpodx = <¢0’K*¢>D(L*%);D(L%) , YeL®Q)
and, applying (5.6), we recall that
* v * v ’
HK HB(LOO(Q);H(%(Q)) =C ||K ||B(L°°(Q);D(L%)) =C ||K||B(D(L7%);L1(Q)) < C C* ||f1||H2(Q) ) (524)

with C’ > 0 depending only on Q. In the same way, we define the map M : D(L_%) S o — Oyp €

oH((0,T) x 0€)" where ¢ solves in the transposition sense (6.5). In view of Lemma 5.1 and the estimates

(5.6) and (5.22), we have M € B(D(L™2); o H'((0,T) x 9Q)’) and there exists a constant C. > 0 depending

only on € such that

) <Ol
(5.25)

* ! * _ !
M ‘|B(0H1((0,T)x69):Hé(Q)) < M ”B(OHI((O,T)xaQ);D(L%) =C ”MHB(D(L*%);oHI((o,T)xaQ)/

Thus, (5.23) can be rewritten as

(o, K7lea(er” = 3”)] = 1) pe-typty = (P0 A B0l ) xo0] + M7 [blor)xo0]) -3 ) ity
Since here ¢y € D(L™2) is arbitrary chosen, we obtain the identity (5.3) by choosing G = K*, T = A* and
J = M*. Moreover, we deduce (5.4) and (5.5) by applying the estimates (5.22) and (5.24)-(5.25). This
completes the proof of the theorem. O

6. PROOF OF THEOREM 2.1

We fix a € (%, 1) to be determined and denote f; = f(c;,-). Applying Theorem 5.1, we obtain the
following representation

Glez(er? = )] = (f1 = fo) = Z[Bpl 0.1y x00] + T [Pl(0.m)x00); (6.1)
with p = p; — pa solving (5.2). In view of (2.4) and (5.4), there exists a constant C' > 0 depending on 2 and
M such that

191e3(er® = 2l gra ey < C lled (e = 2 gy = Cller™ = 2| oy - (6-2)

On the other hand, we have
Cl_2 - 02_2 = (a72 - 1)(11002 - ]lwl)'
Recalling that, for j = 1,2, % < a < ¢ <1, we obtain
||Cl_2 - 62_2||Loo(g) < 6(1 - a) ”1002 - ]lwl HLOO(Q) .
Combining this with (6.2), we obtain

’|g[cg(cfz - 652)]’|H1(Q) < 60(1 - a) ||]lw2 - ]lwl HLOO(Q) .

ag = ma; §1—i
0 — X 47 60 )

with d > 0 the constant appearing in (2.5), and applying (2.5), for any a € (ag, 1], we find
19[c3(c1? = )] = (i = f)l oy = I = Fellargy = 19163060 = 2| oy
2 (d—=6C(1—a)) Lo, — Lo, |l o (qy

where (d — 6C(1 —a)) > (d — 6C(1 — ag)) = 0. Combining this with (5.5) and (6.1), for any a € (ag, 1], we
obtain

Fixing

ClIBll Loy +C
||Ilw2 - ]1w1||L°°(Q) < (d _ 60(1 — CL)) HpHHl((O,T)XE?Q)
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which clearly implies (2.6).

In order to complete the proof of the theorem, we only need to show (2.7). From now on, we denote by
C > 0 a constant depending on 2, 5, a and M that may change from line to line. Recalling that f; = f5
and 0, f1 = 0, f2 on 0f), we have

p(0, ) = fi(z) = fa(x) =0, 8p(0,2) = gi(x) — ga(x) = B~ (x) (D, fo(x) — D f1(2)) = 0, € HN.
Therefore, in view of [27, Chapter I, Theorem 2.3], we can find G € H?((0,T) x ) such that
Glo,ryxo0 = Plo,ryxo0, G(0,-) = &G(0,-) =0,

(6.3)

G20,y x) < C1 (le =020l 2 0.1y o0y T I1E(Oep1 — 3tp2)||L2((o,T)xaQ)> ; (6.4)

with C; > 0 depending only on 2 and 7. Then, we can decompose p into two terms p = v + G such that v
solves the problem

v — 300 = 3(c;? — c;2)02pm — (072G — 3A,G), in (0,7) x Q,
v(0,-) = f, 0ow(0,-) =g, in €, (6.5)
v =0, on (0,T) x 09,

Applying the observability inequality of Proposition 4.1, we obtain

_ _ 2
1152 ) < € (1000113 0.1y omy + 3672 = 20201 = (93G = 30|32 0.1y 0e0)
2 — _ 2 2
<C (”avUHL?((O,T)XaQ) +2||e3 (e ?—¢*)0im HL2((O,T)><Q) +2|(07G - CgAmG)HLz((o,T)xQ))

2 2 2 2
<C (||al/v||L2((0,T)><69) + Doy = Loy [0 (0 IP1 20, 73;220)) T HG”HQ(O,T)XQ)) .
Combining this with (2.4), (2.6), Proposition 3.1 and (6.4), we obtain

12y <€ (||avv||L2((o,T)xaQ) + llp1 — P2||Hg((07T)XaQ) + 1672 (Bupr — 3tp2)HL2((o,T)xaQ)) (6.6)
Meanwhile, we get
Ou(t,x) = O,p(t,x) — 0,G(t,x) = —B(x)0p — 0,G(t,z), (t,z) € (0,T) x O
and it follows
1000l 220,17y x002) < 1Bl Loe 00y 19PNl 120,17y x002) T 10V Gl L2((0,7) % 002)
< CUIPl i 0,1y %00 + 1G 20,7y x )

N

C (||101 _pQHH%((o,T)xaQ) +|It72(Oip1 — (9t;02)||L2((0,T)xaQ)) :
Combining this last estimate with (6.6), we obtain (2.7). This completes the proof of the theorem.
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